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We present an exact solution of the linearised semiclassical Boltzmann equation (SBE) beyond
the relaxation-time approximation for multifold semimetals under arbitrarily oriented electric and
magnetic fields. The framework treats the Berry curvature, orbital magnetic moment, Lorentz-force
operator, and scattering terms on equal footing. Momentum-independent scattering-amplitudes
couple the Fermi-surface sheets through intranode, interband, and internode processes. The scat-
tering kernel has a finite rank and the SBE reduces to a linear system for a few moments, which
is closed by the electron-number constraint. We apply this approach to four systems involving
quadratic-corrected triple-point, Weyl, and Rarita-Schwinger-Weyl nodes, including tilted triple-
point nodes. We obtain analytical results at zero field and to leading orders in the magnetic field,
alongside numerical solutions for the full field dependence. Our results elucidate the roles of the
topological properties, Lorentz-force operator, tilt, and intra- and internode scatterings in shaping
the magnetoconductivity and planar-Hall response for noncollinear fields. It cures severe shortcom-
ings of previous treatments like incomplete ansétze and incomplete treatment of the Lorentz-force
operator.
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I. INTRODUCTION

Three-dimensional (3d) semimetals host symmetry-protected band crossings near the Fermi level, where the density-
of-states (DOS) vanishes [1-7]. Chiral crystals admit nodes beyond the twofold nodes of the Weyl semimetals (WSMs)
[1, 2, 8], such as the threefold nodes of pseudospin one that define the triple-point semimetals (TSMs) [4, 5, 7, 9], and
nodes of higher pseudospin. Each node is a source or a sink of the Berry curvature (BC) in momentum space, and the
sign of its monopole charge defines the chirality y = &. The charges of all the nodes in the Brillouin zone (BZ) add up to
zero [10], and the node that compensates a given node need not have the same pseudospin [5, 7]. An example is a TSM
node of the charge +2 at the I' point and a fourfold node at the R point, which consists of two Weyl nodes of the same
chirality and carries the charge —2 [7, 11]. A candidate material is CoSi [7].

At the linear order in the momentum, the TSM node has a flat-band, which is an artefact of the truncation. The
symmetries allow a quadratic correction proportional to the identity matrix [12], which makes this band dispersive. We
call the resulting node the quadratic-corrected TSM (QTSM). The correction leaves the spinors unchanged, and the BC
and the orbital magnetic moment (OMM) remain those of the TSM. The band that is flat at the linear order has a
vanishing BC and a nonvanishing OMM. For ¢ > 0, with ¢ the coefficient of the quadratic term, and a positive chemical
potential, this band contributes to the transport together with the upper band, and the QTSM node has two Fermi-surface
(FS) sheets [7, 12, 13].

Multifold band crossings occur in two distinct situations. In the first, the two conjugate nodes belong to the same
pseudospin variety, and the BC of their bands differ by an overall factor of x. A pair of TSMs is an example of this
situation [4, 9], and the systems of Secs. V and VI belong to it. In the second, the two nodes carry different pseudospin
quantum numbers and therefore have distinct BC fields. In chiral cubic crystals, a TSM node at the I'" point can be
compensated by a fourfold-degenerate node at the R point, which consists of two copies of a Weyl node of the same
chirality, with equal and opposite net monopole charges of magnitude 2 [7]. Similarly, an RSW node at the I' point with
the monopole charge of magnitude 4 can be compensated by a sixfold-degenerate node at the R point, which originates
from the doubling of the pseudospin-1 excitations [14-17]. These are the systems of Secs. IIT and IV. In realistic materials,
multifold band crossings therefore do not in general arise in conjugate pairs of the same pseudospin representation. The
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Nielsen-Ninomiya theorem [10] is satisfied by the vanishing of the net monopole charge, which is summed over all the
nodes of the BZ.

The linear response of such systems is usually obtained from the linearised semiclassical Boltzmann equation (SBE)
in the relaxation-time approximation (RTA), which discards the in-scattering term. For the chiral anomaly, the RTA
treatment of the internode scatterings requires a phenomenological internode relaxation time, as in Ref. [11]. Knoll et
al. [18] provided the pioneering methodology to solve the SBE beyond the RTA under collinear electromagnetic fields,
considering a pair of conjugate Weyl nodes with intranode and internode scatterings. Refs. [13, 19] extend this treatment
to multifold nodes. Refs. [20, 21] also consider multifold nodes, and the latter considers noncollinear fields and tilts.
These works have several shortcomings, which we discuss in Sec. VII. In particular, both of them use an OMM for the
pseudospin-1 node that differs by a factor of two from Eq. (27). For noncollinear fields, the Lorentz-force operator (LFO)
couples the components of the mean free-path vector. Earlier treatments of noncollinear fields are incomplete because they
use a truncated ansatz [22, 23], or they expand in the LFO [24-26]. Ref. [27] has built the formalism to account for the
LFO and the in-scattering term together and treated Weyl/multi-Weyl nodes. Here, we apply its framework to multifold
nodes. The first system has the QTSM node at I and two Weyl nodes at R. The second has the Rarita-Schwinger-Weyl
(RSW) node of spin 3/2 at T' and two TSM nodes at R, which first-principles calculations find in chiral cubic crystals
[16, 28]. The solution of Ref. [13] for two conjugate QTSM nodes and collinear fields is the simplest scenario of a pair of
multifold nodes. We generalise it to arbitrary angles between E and B, and we also add a type-I axial tilt.

The nodes of the first two systems are untilted, as the crystal symmetry requires. All the nodes sit at time-reversal-
invariant momenta of a chiral cubic space group. A tilt is a term proportional to the identity matrix and odd in the
momentum. Time reversal maps k to —k and leaves the identity matrix unchanged, and it therefore forbids the tilt at
these momenta. The little group of each point, which is the tetrahedral group in the space group 198 and the octahedral
group in the space group 212, has no vector that is invariant under all its rotations, and it would forbid the tilt on its own
[5, 16]. The quadratic term proportional to the identity matrix is even in the momentum and remains allowed [5]. An
axial tilt is allowed at momenta that are not time-reversal invariant and whose little group contains a rotation axis, which
is the direction of the tilt. We include it for the pair of conjugate QTSM nodes, restrict ourselves to the type-I regime,
and do not specify a space group. The tilt reverses its sign under a rotation by = about an axis perpendicular to it. The
Onsager relation then connects the conductivity at the tilt ¢ with that at the tilt —¢ [cf. Eq. (180)]. As a consequence,
the diagonal elements acquire terms that are odd in B, and the Hall element has a part that is even in B and does not
vanish at zero field.

The scattering amplitudes are momentum independent. Compared with a pair of Weyl nodes, the QTSM and Weyl
system has a larger span of the finite-rank kernel, because the squared spinor overlap of the QTSM node is of second
degree in the pseudospin direction, and it has four F'S sheets coupled by interband, intranode, and internode amplitudes.
In the untilted systems, the FS of every sheet is axisymmetric about B. For B along the polar axis, the LFO is then
diagonal in the azimuthal harmonic, and its resolvent is algebraic. For the tilted nodes, the FS is axisymmetric about B
only for B along the polar axis. For all the other orientations of B, we evaluate the resolvent by a Galerkin expansion
in spherical harmonics. We also give the RTA limit of every system, including the internode contribution that requires a
phenomenological internode relaxation time.

The paper is organised as follows. Sec. II sets up the SBE and its exact solution for a finite-rank scattering kernel. The
QTSM and Weyl nodes and the RSW and TSM nodes are then treated in Secs. III and IV, followed by two conjugate
QTSM nodes without and with an axial tilt in Secs. V and VI. A comparison with earlier works, the summary, and the
outlook conclude the main text. The appendices contain various intermediate details of the results presented in the main
text.

We use natural units with A = kg = 1 and retain the electronic charge e in the analytical expressions. The BC and
OMM contributions are switched off by the factors ng,no € {0,1} attached to © and m, which are displayed explicitly.
The temperature is zero throughout.

II. SEMICLASSICAL BOLTZMANN EQUATION

We follow Refs. [13, 18, 19, 29-32] for the linearised SBE of the FS sheets. Let a = (v, s) label the FS sheets, with
v the node and s the band index, and let x, be the chirality of the node to which the sheet a belongs. The carriers
have the charge —e and occupy a band with the BC Q% and the OMM m?®. The OMM shifts the band energy e, (k) to
& = €; —no B - m?, and the group velocity is w, = Vg&s. The semiclassical equations of motion read [30, 31]

F=w,—npkxQ*, k=—e(E+7xB). (1)
The second term in the equation for 7 is the anomalous velocity. Solving Eq. (1) for 7 and k gives

=D fw, +npeEx Q% +npe(Q°-w,)B], k=—eD;'[E+w,x B+npe(E-B)Q,
D,=1+ngeB-Q°". (2)

The factor D, is the phase-space factor due to the BC, and the invariant momentum-space measure is D, d>k/(27)3.



For time-independent and spatially uniform fields, the distribution function f,(k) of the sheet a obeys k-Vi fa = Icon,
with I.op the collision integral. To the linear order in E, f, = np(£s) + gr with np the Fermi-Dirac distribution, and the
deviation is parametrised as

gk =eOenp E - Ay(k), (3)
where A, (k) is the vector mean free-path of the sheet a. The LFO is
L=(wxB)-Vy, (4)

the derivative along the cyclotron orbit. Since (w x B)-w = 0, it annihilates J¢np and acts only on A,. The kinetic
equation to the linear order in F is

—eD np E - [ﬁa+eiAa} = Lon, h =wl+ngeB’ (Q% w,). (5)

We consider elastic and nonmagnetic point scatterers with momentum-independent amplitudes vea' - The collision
integral is

L / / »
coll Z/ k,) Wkk,/ (gk/ - gk) Wl?l(;/ =27n |Vaa |2 Oaa’(kv k,) 5 (gs'(k/) - gs(k)) ) (6)

where n is the density of the scatterers and Qg4 is the squared overlap of the spinors of the sheets a and o’ [cf. Eq. (30)].
For two sheets of the same node, O, is the squared overlap of the eigenvectors of the two bands, and it does not vanish
for s # s’. The rate follows from Fermi’s golden rule, and the energy-conserving delta function removes the equilibrium

part of f,. We write > ., = >, [ d&*k' Do (K')/(27)3.
Inserting Eq. (6) in Eq. (5) and dividing by — e d¢np yields the SBE for each Cartesian component j of the vector A,

SR elng = )y Wi (A% (k) = AL (). (7)

Since the scattering is elastic, the sum over k' is restricted to the FS. Let a2k’ be the solid-angle element and p, =
2D,/ (w, - k) the FS weight, which contains the phase-space factor. We assume that the FS of every sheet is a graph
over the unit sphere with a single-valued radius k,(k), which holds when & increases monotonically along every ray, i.e.,

for w, - k > 0. Functions on the FS, such as AJ, can then be expanded in spherical harmonics of k. The collision term of
Eq. (7) becomes

Do (M- AL () - (cn) =2 —Z [ R ) W e ) A0, ).

—Z/d2k:’pa (k') Waar (K, k') .
(8)

Here W, (l%, k' )= Wa/a(l%’, 12:) > (0 is proportional to the spinor overlap and absorbs all constant factors. With the source
hi = D1 hi, Eq. (7) becomes

(é—epglfi) A =i 9)

The operator on the left-hand side has a constant zero mode.

A. Zero mode, number constraint, and pumping

For AJ =1 on every sheet, the LFO term vanishes because L is a derivative, and the collision term vanishes because the
in-scattering integral reproduces 1/7, of Eq. (8). Elastic scattering conserves the electron number, and a uniform shift of
A enters gy o< O¢np as a shift of the chemical potential, which cannot relax. Two properties of the operator follow. First,
C is symmetric with respect to the measure p, d2k, since p, ph Waa is symmetric under the exchange of (a, k) and (o', k).
Second, D, 17, is antisymmetric with respect to the same measure, because the flow w, x B is tangent to the FS and
divergence-free, as w, = V& is curl-free. Multiplying Eq. (9) with hJ = 0 by p, A7 and integrating, the antisymmetric
part drops out, and

Z/d%pa/xg (éAJ) Z/koko’pa P Waar (A — N, (k’))2 ~0. (10)

a,a’



The kernel W, is nonnegative and vanishes only at isolated directions. The homogeneous solution is therefore constant
on every set of sheets connected by the scattering, with one zero mode for each such set. Here the scattering connects all
four sheets, and there is a single zero mode. In the finite-rank representation of Eq. (A16), it is the vector of moments of
the weight p, itself. Its amplitude is fixed by the conservation of the electron number in the linear response, which gives
the number constraint

Z/d2i€pa A =0 (11)

for every j. Since constants are also left zero modes of the operator, integrating Eq. (9) against p, d?k over the connected
set gives the solvability condition

Z/d2kpahg:0. (12)

This is the continuity equation.

The zero mode exists for every orientation of E and B and is lost only if the scattering does not conserve the electron
number.

The pumping rate follows from the geometry of the FS. With dS and 7 the area element and the normal of the FS,
pa bl 2k = dS (ﬁj +npeBl Q*. ﬁ) The first term integrates to zero over a closed surface, and the second gives the
Berry flux,

/d21%pah£:2ﬂnBijCa, (13)

where C, is the Chern number of the FS sheet a. This is the rate e*C, E - B/(47?) of electron-number change, i.e., the
chiral-anomaly term [11]. The band-velocity term w?, which includes the OMM velocity, integrates to zero and carries no
anomaly. The rate vanishes for every E 1 B. For E || B, Eq. (12) reduces to ), C, = 0 over the connected set, which
holds for the Chern numbers of the sheets of each system.

B. Exact solution for a finite-rank kernel

The scattering kernels of all the systems considered here have a finite rank. For each sheet a, the squared spinor overlaps
fix a finite set of functions f]‘}(k), which includes the constant function f§ = 1 and spans the range of the in-scattering

term of Eq. (8). The kernel then takes the form W,o (k, k') = Yo Ip (k) gg: f;,,(fc/), where p and p’ label the functions

and the constant matrices Q‘m/ follow from the overlaps. The unknowns of the in-scattering term are the moments
Mi = [ dPk pa f3 A, for each Cartesian component j of E. The equation for AJ is

. . ’ . ~ N\ —1
SN =N QM. Re=(n - eDL) (14)

a’ pp’

Here R, is the resolvent, which exists because D, 17 is antisymmetric with respect to p, d?k and 7.1 > 0. The exact
solution is

=R 0]+ 555 My R ] (15)

For L — 0, R, — 7, and Eq. (15) reduces to the truncated form of the earlier works. Multiplying Eq. (15) by p, f; and
integrating over the sphere gives the linear system for the moments,

>~ (Gawr S — ZK“,, 8 ) My = S K;p,z/d%paf;m (], Sg;,pz/d%pafgvéa (W] (16)

=
a’,p

The matrix of Eq. (16) is the same for the three components j, which differ only through the sources. Its only null vector
is the zero mode of Eq. (9), and the number constraint of Eq. (11), 37, M}, ; = 0, closes the system. The solvability
condition of Eq. (12) holds because the Chern numbers of the sheets add up to zero. The equations of the system are
linearly dependent, since their combination that corresponds to the integration against p, d?k is satisfied identically once
Eq. (12) holds, and the right-hand side lies in the range of the rank-deficient matrix only under this condition. The number
constraint is therefore not an additional condition on an overdetermined system. It supplies the independent equation
that fixes the amplitude of the zero mode.



For a general orientation of B, the resolvent is evaluated by a Galerkin expansion. The ansatz for each sheet a and
component j is the expansion in spherical harmonics,

Imax

l
MR =303 el YimlR) s el = (1" (i) (17)

=0 m=—1

where the second relation expresses the reality of AJ. The coefficient vector ¢/ is fixed by the equation of motion as

el = F {Ulni] + 23" Qg Mo, VIR | (18)

a’ p,p’

with (Fa)pm 1o = finf Y, (chl - BD;1i> Yy and U, = fdQIAc Y;¥ w. The only free parameters are the moments
M which solve Eq. (16).

a,p’?

C. Cyclotron flow and resolvent for axisymmetric Fermi surfaces
The LFO acts on the FS as the cyclotron flow on the unit sphere,

j)u:V~V,;_u:V9(99u—|—Sivﬁ3¢u, V = |(w, x B) —kk - (w, xB)] /k, (19)

where V5 = V - 6 and Vo = V - ¢ are the components of V' along 6 = (cosf cosp,cosf sinp, —sinf) and ¢ =
(—sin g, cos ¢, 0).
When the FS of every sheet is axisymmetric about B, as for the untilted spherical nodes, we take B = B 2 without
loss of generality, and the LFO becomes
w

L=-B=0,, (20)

with &, = ksin® and w, the cylindrical radial component of w,. It is diagonal in the azimuthal harmonic m of A o ™%
and annihilates the sector m = 0. The resolvent is then algebraic in 6,

R u(e) etmey

. eBq, W
R [u(@)e!™?| = ,
[u( Je ] 751(9)+imwa(9)

wa(f) = "D, %= sng (21)

sinf’

with the explicit forms of ¢, and D, given in Appendix A. The general Galerkin construction of Ref. [27] provides an
independent evaluation of the resolvent.

The zero mode and the number constraint are confined to the sector m = 0, which is the component A* for E || B. The
sectors with m = 0 have no zero mode, number constraint, or pumping. The sources of A and of A* + ¢ AY have m =0
and m = +1, respectively, and the sectors with |m| > 2 have no source. The solution for m = —1 is the complex conjugate
of that for m = 1. For E = E (sind, 0, cosv), the deviation from equilibrium is proportional to sin? AZ + cos9 AZ, and
the two sectors are solved once at the full B. When the kernel or the FS is not invariant under the rotations about B,
the LFO couples the harmonics m and m £ 1, and the resolvent is evaluated by the Galerkin matrix of Eq. (18).

D. Conductivity tensor

The conductivity tensor is the sum of the Boltzmann part and the Fermi-sea anomalous-Hall (AH) part,

e? 27 i e 27 kak) 2 e
oij:ﬁz dkpahaAfl—WqﬂZ k| dkEOf. (22)

The direction of E enters only through the sources. The mean free-path is therefore needed for the three Cartesian
components j = x,y, z, and the deviation from equilibrium for E = E FE is proportional to E - A,. For E = E E with
cos? = E- B and sin? # 0, the unit vectors along the in-plane direction perpendicular to E and the out-of-plane direction
are

cosVE — B R BxE
i ——y g .
sin ’ H sin

vpa =

(23)



The current components along E, Upu, and Dy are

In natural units, the speed of light is unity and 4mey = 137. We take the Fermi velocity vz = 15 x 10° m s~!, which
equals 0.005 in these units, from Ref. [33]. The transport time is of the order of 7 = 10713 s, which equals 152 eV,
following Refs. [34, 35]. The magnetic field ranges from 0 to 10 Tesla, which equals 0 to 2000 eV? [36]. The chemical
potential ranges from 0.01 to 0.1 eV, which equals 1.6 x 1072 to 1.6 x 1072° J [33]. The remaining parameters of each
system are specified where they are used. The magnetic field enters through the dimensionless parameters a, = e B/(2 k2)
with k, the FS radius of the sheet @ at B = 0, and through the products w, 7, of the angle-dependent cyclotron frequency
of Eq. (21) and the transport time. The solution depends in addition on the ratios of the scattering amplitudes entering
Eq. (A16). The range of B is restricted by the semiclassical limit, in which the cyclotron energy is small compared with
1, as shown in the Supplemental Material of Ref. [18]. The field range quoted above has to be cut accordingly for a given
1. The numerical implementation is described in Appendix E.

III. QTSM AND WEYL NODES

The system comprises the QTSM node at the I' point and the two Weyl nodes at the R point. It is realised without
SOC in chiral cubic crystals of the space group 198, such as CoSi, in which four bands near the Fermi level originate from
four orbitals per unit cell [5, 12, 14, 16, 37]. At T, these four bands form the threefold node of the QTSM and a singlet
band. At R, all four bands meet in the fourfold node, which consists of two Weyl nodes of the same chirality [5, 12]. The
Hamiltonians are

Hr (k) = vr (kg Sz + ky Sy + xr k2 S2) + cop k* 353,
HRi(k):’T)F(kmdz+ky0y+XszCTZ)7AH2X2, 1 =1,2. (25)

Here S = {S;, Sy, 5.} is the vector of the spin-1 matrices of Appendix A, & is the vector of the Pauli matrices, k = |k,
vp and Up are the isotropic velocities of the QTSM and Weyl nodes, and c is the coefficient of the quadratic correction.
The chiralities are xp = +1 and xgr = —1, and A is the energy offset of the nodal points at R with respect to that at T
The eigenvalues are

ers(k) =vp (sk+ck2), s€{1,0,-1}, er(k) =0rpk—A, (26)

where the second expression is the upper band of a Weyl node. We consider ¢ > 0 and g > 0 and restrict to the momenta
with ck < 1, where the band s = —1 stays below the nodal point and does not take part in the transport. The chemical
potential cuts the bands s = 1 and s = 0 at I and the upper band at each node at R, which gives the four FS sheets
a€e {(T,1),(T,0),(R1,+),(Ra,+)}.

The BC and the OMM of the four sheets have the common form

_XVNaI% o_ Xveu,Gok

Q" = = _XveU Tl
2k2 0 ™ 2%

(27)

where vp = vp, Vg, = Vg, = UF, and k = k/k. The numbers {N,, G,} are {2,1} for the sheet (I',1), {0,2} for the sheet
(I",0), and {1,1} for each sheet at R. The Chern number of the sheet a is C, = —x, N,, which equals —2, 0, +1, and
+1 for (T, 1), (T,0), (Ry1,4), and (Ra,+), and these values add up to zero. The sheet (T',0) has a vanishing BC and no
anomalous pumping, and it enters through the number constraint and the scattering.

The energy shifted by the OMM, the phase-space factor due to the BC, and the group velocity are

Xvev, Gy (B - k)
2k ’

v Nae (B k)
2k ’

gs(k) :Es(k)+770 Da = 1—7713 W :vk£s~ (28)

At B =0, the FS radii and the FS weights p, = k?/(0xe,) follow from Eq. (26) as

~1+/1+4cu/vp I w+ A kf kr,o k%
5 , kro=4/—, kr — =
c CUR

kr = =——-, pr1= Pro=-—", PR==

Vp vp(1+2ckpy)’ 2cup p Up
(29)

For B # 0, the radius ka(fc) is the root of &,(k l%) = p along each ray, which is given in Appendix A.

The scattering amplitudes are B,. = \/n/(4 ) \V““/| = Bara, and the kernel strengths are 32 ,. The two nodes at R
are taken to be equivalent. The independent amplitudes are then 8L, for the scattering between (T, s) and (T, s’), with
Bio = BL, BE... = Br,r:, and BLE for the scattering between (I, s) and either node at R.

intra
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Let ny, = (lAcx, ];'y, Xv l%z) be the unit vector along the vector d of the node of the sheet a. The squared spinor overlaps

~ ~ !
depend only on 7, - ng, and are

—_

1+n-7), (30)

|~

1 N a2 o a2 N a2
Ow ey =7 1+7-2)" Oworo = (7). Owimwo = [1*(71'”’)}7 ORr,r, =

2
with i = n§ and n’ = ﬂ%/” as derived in Appendix A. The spinors of the QTSM node and of a Weyl node have different
dimensions, and the overlap between a sheet at I' and a sheet at R is therefore not fixed by the spinors alone. Its
form is fixed by the orbital content of the model, as discussed below [cf. Eqs. (35) and (37)]. The kernel of Eq. (8) is
Waw (k, k') = (B2, /) Oua (k, k'), which reduces to (B2/27) (1 + 7 - ') for two Weyl nodes. The dependence of Oy
on kis a polynomial of second degree in the components of 7z for the sheets at I" and of first degree for the sheets at R.
The range of the in-scattering term is therefore spanned by the functions

v v_ o on o Oig -

fo=1, fi=n (i=my9,2), fi;j=nin;— 5 (five independent) , (31)
where the last set is absent for the Weyl nodes. The overlaps of the sheet (T',0) with every sheet at I are even under
n — —n, and the range of its in-scattering term is spanned by f§ and the five functions [fi;- The range of the sheet (r,1)
contains all nine functions, and the range of each sheet at R contains four. The moments of a sheet involve the same
functions as its range, since the kernel is symmetric. The spans do not depend on the direction of B. They define the
finite-rank form of the kernel of Sec. II B, with the matrices Qaa, of Appendix A.

The two Weyl nodes at R have the same dispersion, and the bands of R; and Ry are therefore degenerate at every k.
The blocks Hp, and Hp, are independent of k in the copy basis, and the BC, the OMM, and the phase-space factor of
the degenerate band are those of each copy times the identity in the copy space.

The two copies at R are nodes of the same nature, namely two Weyl nodes in this section and two TSM nodes in Sec. I'V.
Their Hamiltonians are block diagonal in the copy basis, and the overlap between the two copies therefore vanishes. The
amplitude between R; and Ry is accordingly absent, and Eq. (30) lists only the overlap within one copy. The copies
remain coupled through the collision integral, since both overlap with the sheets at I'. The calculation of this section
treats R; and Ry as independent sheets with this coupling. A nonvanishing overlap between the copies requires a 2 x 2
distribution matrix in the copy space, and both cases are outlined in Appendix A 6. The systems of Secs. V and VI have
no such copies, and their internode amplitudes refer to the two conjugate nodes.

The nodes at R are equivalent if 817 is the same for both and g, r, = Br,r,- The exchange of R; and Ry then
maps the configuration onto itself and leaves the number constraint invariant. The solution of Eq. (9) is unique once
the number constraint is imposed, and hence Aﬁl = Af%z = A%, and only one sheet at R has to be expanded. The
two nodes at R enter the equations of the other sheets through 52 g with the factor two. The number constraint reads
M%F,l),o + M?F,O),O + 2/\/1%%,0 = 0. Both points act on the same four-dimensional orbital space. At I', the Hamiltonian is

Hr in the triplet block, accompanied by the decoupled singlet of the energy F 4, and at R, it is the block-diagonal matrix
of Hp, and Hp,:

e = " 2 L = [T 0] )

The energy E4 is set so far from p that the singlet provides no FS sheet. The squared overlap between a sheet at " and
a sheet at R is then \@/}E(k’) Yr(k)|? for the four-component spinors.

The unitary transformations that relate the eigenbasis of the Hamiltonians of Eq. (25) to the orbital basis are fixed
by the spinless four-orbital tight-binding model of the space group 198 of Ref. [16]. Let 7, and fi, be two sets of Pauli
matrices that act on the four sites of the unit cell, and let 7y and [y be the corresponding identity matrices, which are
not written out. The Hamiltonian of the model is

Hios(k) —U1|:TICO§< 2)00&( 5 ) +Tx/,L$COb< 2>COb< 5 ) —‘y—/ngCOb( 2)005( 2)}
~ o~ k:v . ky ~ o~ ky . kz ~ kz . kw
+ v, {Tyuz 005(2) sm<2> + Ty fiz cos<2> Sln(2> + fiy cos(2) sm<2> }, (33)

where v; and v, are real parameters. Let k be measured from I' and g from R. The expansions to the linear order are

%

- -~ -~ ~ Up . ~ -~ -
9 (My ky + Tylhz ky + Tyl kZ)7 H198(7T+q) ~ -2 (Ty,“z Az + Tyl Gy + [y q2)7

7'1198(’9) ~ v (7-:v + %zﬁr + llx) + 9
(34)

with 7w = (7, 7, ). These agree with the expansions of Ref. [16] up to the signs that are suppressed there. The three ma-
trices in each expansion anticommute. At I', the first term separates the singlet, whose orbital-space vector is (1,1,1,1)/2,
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from the triplet, and the second term acts on the triplet as the spin-1 matrices with the velocity |v,|/2. At R, each of
the two degenerate pairs of bands has the velocity |v,|/2. The matrices at R are those at I' with the cyclic relabelling
r — y — z — x of the Cartesian indices. Let ko and g, be the Cartesian components of the unit vectors along k and q.
The overlaps depend on the positions of the four orbitals in the unit cell, and we distinguish the scenario of Ref. [16] from
that of Ref. [5].

In the first scenario, which we call the Chang scenario, the orbitals sit at the sites g4 = (0,0,0), gg = (1/2,1/2,0),
gc = (1/2,0,1/2), and gp = (0,1/2,1/2) in units of the lattice constant, and Eq. (33) is used as it stands. The overlap of
the upper and the middle band of the triplet at I" with the upper pair at R, which is summed over the two copies at R, is

R 1

1 . R s
O(F,l)(R,Jr) = 5 (1 —dx ky — 4y kz — 4z kZE) s O(F,O)(RA,Jr) = 5 . (35)

In the second scenario, which we call the Flicker scenario, the orbitals sit at the Wyckoff positions g4 = (v,v,v),
g = (1/24+v,1/2 —v,—v), g = (1/2 —v,—v,1/2 + v), and gqp = (—v,1/2 +v,1/2 — v). Here, v is a dimensionless
parameter that is fixed by the crystal structure and for v = 0 the positions are those of the first scenario. The Hamiltonian
is H, (k) = U} (k) Hi9s(k) U, (k) with the diagonal matrix

U, (k) = diag (eiu(km+ky+kz)’ ¢i 0 (ke —ky=k2) giv (kaky—ka) eiv(ky—km—kz)) (36)

for the orbitals ordered as A, B, C, and D [5]. This transformation leaves the bandstructure unchanged and modifies the
eigenvectors. At I', the matrix U, is the identity. At R, the orbitals B, C, and D acquire the same phase, and the orbital
A acquires a different one, so that U,(w) = e~ diag (ew, 1,1, 1) with ¢ = 47wv. Only the relative phase ¢ enters the
overlaps. Let s, = sgn(v,), and let the indices a, a + 1, and a + 2 run cyclically over z, y, and z. The overlaps are then

1 I cosp—1 /» ~ S, Sin “ “ .
O(F,l)(R,+) = 2{1 - ZQa [kaJrl + % (ka+1 - ka+2) + pT¢ (/fz —kay1 ka+2) } },

Or,0)(R4) = ;{1 + Sp SQiH¢ Zda [2 (]2;2 — ]Afa_,_l /%a+2) — 1} } (37)

For ¢ = 0, Eq. (37) reduces to Eq. (35), which is the case of the first scenario. For ¢ = m, the overlap of the upper band
is that of Eq. (35) with k., in place of ke 1, which reverses the cyclic order, and the overlap of the middle band is 1/2.
For the other values of v, the terms proportional to sin ¢ appear, and they change sign with v,. The two scenarios thus
give different overlaps between I' and R, although they describe the same bandstructure. In both scenarios, the overlap
depends on the azimuths of k and q separately and not only on their difference. The scattering between I" and R therefore
couples different azimuthal harmonics, and the sector equations of Eq. (39) hold only without this scattering. This is the
second of the two cases distinguished in Sec. III B, where its set-ups are classified.

The cancellation of the Chern numbers of the F'S sheets, which Eq. (12) requires, follows from the Nielsen-Ninomiya
theorem [10] and can be read off from Eq. (34). Let XL = (fi,, 7y fiz, Tyiiz) and S8 = (7, iz, Tyfi, fiy) With a = x,y, 2 be
the three matrices in the expansions at I and at R, respectively. Both sets satisfy

{Ea, 50} =200, [Xa, 5] = 24 €qpe Xe (38)

and hence ¥;¥,Y. = ¢ in the whole four-dimensional space. This product fixes the handedness of every Weyl block
into which the representation splits. The two copies at R therefore have the same chirality, which is the property of
the fourfold node that Eq. (25) assumes. At I', the matrices XL projected onto the triplet are spin-1 matrices S, with
[Sa; Sb] = i €abe Sc. The Hamiltonian of the triplet is then H = (v,/2) k- S, and by Eq. (27), its upper band has the Chern
number —2sgn(v,). At R, the Hamiltonian is H = — v, ¢+ s with s, = X2 /2, which satisfy the spin-1/2 algebra, and each
of the two copies contributes +sgn(v,) to the Chern number of the upper pair of bands. The total of the pair is +2sgn(v,),
and the Chern numbers of the two pockets add up to zero for either sign of v,. The quadratic terms proportional to the
identity matrix do not change these values, since they leave the spinors unchanged. No further pocket with a net Chern
number is present near the Fermi level in the DFT bandstructures of RhSi and CoSi, whose Fermi surfaces consist of the
pockets around I" and R only [16, 37]. The sheets (I',1), (R1,+), and (Rz,+) therefore realise the cancellation required
by Eq. (12), and the sheet (I',0) does not carry a Chern number.

A. Solution for the magnetic field along the polar axis

The equation for each azimuthal sector follows from Eq. (9). Let A((Zm)(é) be the coefficient of e!™¥ in A,, and let

hgm) (6) be the corresponding harmonic of the source h,. By Eq. (20), the LFO term acts on ¢!™% as the multiplication
by i mw,. Together with the collision term of Eq. (8), this gives

aa’

[721(0) + imwa(0)] AL (0) = h{™ (0) + Y / " 40 sing par (0) K™ (0,6) ATV (07, (39)
o 70
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where /ngl,)(e, 6") denotes the kernel of Eq. (A16) for the harmonic m. The sectors m = £2 are reached by the kernel of
the sheets at T', but they have no source and give no contribution. The kernel vanishes for |m| > 3, and the out-scattering
rate follows from Eq. (A17) with the FS weights of Appendix A and the amplitudes of Eq. (A16).

We first consider E || B, which is the sector m = 0 of A, and is annihilated by the LFO. The source is

_ Waq,k
hy =D~ [w, . —np v, N,eB } 40
o |[Waz =B Xy NaeB 25 (40)

where wq ;; and w,, . are the radial and the z components of w,. Let M,gn) = foﬂ df sin @ cos™ 0 p, A, be the moments of
the solution, with n = 0, 1,2 for the sheet (I',1), n = 0,2 for the sheet (I',0), and n = 0,1 for the sheets at R. Inserting
the kernel of Eq. (A16) into Eq. (39), the in-scattering term becomes a polynomial in cosf of the degree given by the
span, with the moments as coefficients. We obtain

Aa(0) = 74(0) [ha(e) +3°3" o) Ma@], (41)

where the polynomials Q((IZ), (0) follow from Eq. (A16). This form is exact, because the right-hand side of Eq. (39) lies

in the span of h, and the functions listed in Eq. (49). Inserting Eq. (41) into the definition of the moments gives a
linear system with one null vector, which is the zero mode of Eq. (9). The number constraint of Eq. (11), which reads

> Méo) = 0, closes the system. The solvability condition of Eq. (12) holds because the pumping rates of the four sheets
add up to zero. The conductivity is

e? T
= — df sin pg he Ay . 42
= ) e (12)

Next, we consider E L B, which is the sector m = £1 of A, £iA,. For i = z,y, the component B; vanishes, and the
source is hfl = Dglwa,i. Since wy £iwy = wy etie — qa sin @ e** ¥ the source has the harmonic h((ll) = (¢q/D,) sin 6.
Writing A, + 4 A, = £,(0) €', the kernel of Eq. (A16) turns the in-scattering term into A sing + A sin@ cosd. The
coefficients ;\510) and 5\&1) are complex numbers, which are linear combinations of the moments foﬁ df’ sin? @’ py €, and
foﬁ df’ sin? 0’ cos 0’ py Lo with the coefficients of Appendix A. For the sheets at R, only 5\,(10) is present, and for the sheet
(T",0), only 5\31) is present. With L — —i Bw, [k, the equation is algebraic in 6 up to these numbers,

(qa/Da + 5\20)) sin 6 + 5\((11) sin @ cos 6
Ta H(0) +iwe ()

la(0) = (43)

The LFO enters only as an imaginary, angle-dependent addition iw, to the scattering rate. Inserting Eq. (43) into the
definitions of 5\((10) and 5\,(11) gives a complex linear system. The conductivities from the Boltzmann part are

e2 g . 3 Ga £y B e? T .. 3 qa Ly
UL_W;/O df sin GpGD—a Re<sin9)’ UH_W;/O df sin HpGD—a Im(sin9>' (44)

Here o = 0y, for B || 2. The equilibrium AH term follows from the second term of Eq. (22).
By axisymmetry, the full tensor is oy; = 01 (d;; — bib;) + 0 bib; — oy €5 b with b = B, and three scalar functions
therefore determine everything. For E = E (sin, 0, cos ), the current has the components

jE:(O'L sin219+0” C08219)E, ij:(aL—UH)sinﬁ cosY E, jy=oygsind F, (45)

along E, along the in-plane perpendicular direction (cosd, 0, —sin)) (in-plane transverse), and out of the plane spanned
by E and B (out-of-plane transverse), respectively. The solution is not a superposition of the results for the components
of B along and perpendicular to E, because £, Dy, pa, wq, and 7, depend on the full magnitude B. The two sectors of
Egs. (41) and (43) are therefore solved once at the full B, and the angle enters only through the weights in Eq. (45).

B. Symmetries and classification of the set-ups

With AJ known for j = x,y, 2, the conductivity tensor o follows from Eq. (22). Since E enters only through the sources
[see Eq. (24)], the tensor o contains the response to every direction of E, and the geometry is specified by B alone. The
orientation of E does not define a separate case. All the nodes are untilted, and the dispersions are spherical. A rotation
R of B rotates the tensor whenever the kernel is invariant under the rotation of all the momenta,

oc(RB)=Ro(B) R". (46)
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Case Reference set-up Relations Independ;zfn Z_ clements Solver
(@) B=Bz axisymmetry about B, three: sectors of Egs. (41)
(B || é in the second case) Eq. (47) o, 01, 0H and (43)
SIX! Ozz, Oyy, Ozz,

e s oA Re(m) and Eq. (47), Oy = Oyz, general solver,

(b) B=Bz z2=¢ Eq. (48) Cuz = —0ua, Eq. (16)

Oyz = —O0zy

B = B (sinfp,0,cos0g), . general solver,

© | 0 cop </ z=e¢ Eq. (17) e Eq. (16)

TABLE 1. Independent geometries of the QTSM and Weyl nodes. The set-up (a) is the only one of the first case, and the set-ups
(b) and (c) arise in the second case. All directions of E follow from the reference set-ups.

Time reversal maps a node onto a node of the same chirality at —k. The quantities {5, D,, and p, are unchanged under
k — —k and B — —B, whereas w, and L change sign, and the in-scattering kernel is symmetric. The operator of
Eq. (14) is thereby mapped onto its adjoint, which gives the Onsager relation

0ij(B) = 0ji(—B). (47)

The intranode overlaps and the overlap between the two Weyl nodes depend on n - 1/ with equal chiralities and satisfy
this condition. Two cases are distinguished by the overlaps between I' and R. In the first case, the impurity matrix is
symmetry adapted, so that these overlaps depend on ¢ — ¢’ only and satisfy the condition above. The sectors of different
m decouple, the exchange of Ry and Rj is a symmetry, and Eq. (46) holds. The tensor o is fixed by o, 01, and oy at
the full magnitude of B. The overlaps of this case are not fixed by the spinors alone. In the second case, the impurity
potential is the identity matrix in the orbital space, and the overlaps of Eqs. (35) and (37) depend on the azimuthal
angles at T' and at R separately. Eq. (46) is then not available for a general rotation. A direct evaluation shows that
the overlaps of both scenarios are invariant under the rotations of all the momenta about the axis ¢ = (1,1,1) /v/3 and
under no other rotation. The intranode overlaps and the overlap between the two Weyl nodes are invariant under every
rotation. Improper elements are not symmetries, since they map the QTSM node of chirality +1 onto a node of the
opposite chirality, which is absent. The orientations of B with the same polar angle 5 to ¢ are therefore related by a
rotation, and Eq. (47) relates 65 and m — 6. We use the frame with the polar axis along é for the second case, and the
classification is collected in Table I.

In the first case, all the orientations of B are equivalent, and the reference set-up is B = B 2. In the second case, the
same set-up is B || ¢, for which the overlaps depend on the azimuths about é through their difference only. In both cases,
the sectors m = 0 and m = 41 decouple, the sector m = +2 has no source, and the tensor o is fixed by o, 01, and og.
The exchange symmetry of the two nodes at R, which is discussed after Eq. (18), reduces the number of unknowns in both
sectors. For B L ¢ in the second case, the rotation Rz(7) maps B onto —B and leaves the kernel invariant. Together
with Eq. (47), it gives

Jij = ’177, nj Uji s (48)

where ¢ and j label the axes of the frame with 2 = ¢, and n, = +1 and 7, = n, = —1. This leaves six independent
elements. For the other orientations, no symmetry beyond Eq. (47) exists, and the nine elements of o are independent.

C. Ansatz for the mean free-path

The exact form of A7 is Eq. (15) with the functions f¢ of Eq. (31). The sheet (I',1) carries nine functions, the sheet
(T",0) carries six, and each sheet at R carries four. Only one sheet at R is expanded, since A%—il = Aﬁg. This gives nineteen

moments Mg’p for each j, which are reduced by one through the number constraint. The set-ups are the cases (a) to (c)
of Table I.

For case (a), the ansatz is closed in the azimuthal sectors m about B. In each sector, the in-scattering term of the sheet
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a is spanned by a set .Z™ of functions of #, which are multiplied by €™ . For the sheets at I' and at R;, these sets are

{1, cos®, 3cos?0 -1}, m=0,

Fr1y = {sind, sinfcosb}, m==+1,
{Sin2 0} ) m = :l:?,
{1, 3cos?0 -1}, m=0,
F o) = { {sinfcosb}, m==+1,
{sin2 0} ) m = :|:2,
{1, cosb}, m=0,
F (i) = {{sln 0}, m==+1. (49)

The sheets (R;,+) contain no function in the sector m = +2.

(n)

The components of A are those of Egs. (41) and (43). The unknowns are the seven real moments M, "’ of the sector

m = 0, which are subject to Eq. (11), and the four complex coefficients A of the sector m = 1.

For the cases (b) and (c), no rotation fixes B, and the LFO couples the harmonics m and m 1 about ¢é. No pointwise
relation between the components of A exists. The relation of Eq. (48) follows from the Onsager relation, which involves
the adjoint operator, and it constrains o but not AJ. The ansatz is Eq. (15), where the sheets at R enter the sum
over ¢’ with the factor two. The same nineteen moments are unknown for each j in both cases, with the constraint
M{F,l),o + M%F,o),o +2Mp, =0.

D. Limit of the relaxation-time approximation

In the RTA, the in-scattering term is dropped, and every sheet relaxes with the constant time 7. For E || B, Eq. (42)
reduces to o, = (e*7/4n?) foﬂ df sin@ p, h2. The sheets at T" are those of Eq. (25), and the sheets at R have the linear
dispersion. We consider a sheet with ¢, = u, k measured from its node, the numbers N, and G, of Eq. (27), and the
velocity v, in the OMM. Let u, be the chemical potential measured from the node, so that k, = pa/u, at B =0. To the
first order in B, the radius is

a vev, Gg Beosl
kal0) = 52 =0 H : (50)

and the expansion of p, h? in B with the quantities of Eq. (A4), followed by the integration over cosf, gives

RTA_62T/J,3 etru, B
Tlhe = 6x%u, 12077 22

(815 N2 u2 —9nE 10 No Ga ug vy + 510 G2 02| + O(B*) . (51)

The term linear in B vanishes. For each Weyl node at R, we have u, = v, = vp, N, = G, = 1, and pu, = p+ A, which
gives

SRTA _ 27 (n+A)?  etrod B? <773 31 No 770)

= _ + 52
R 6n20p 2 (1 D) (52)

40 24

The term proportional to np is the contribution of the BC, that proportional to 1o is the contribution of the OMM, and
the product is their cross term. The contribution of the two nodes at R is twice this value. The RTA does not contain the
scattering between the sheets, and the interband scattering within the QTSM node is absent. The internode scattering
between I' and R is added through the relaxation time Tipter in Eq. (55) below. The derivation of Egs. (51) and (52), and
of the corresponding expressions for the QTSM node at I'; is given in Appendix C.

For noncollinear fields, the RTA drops the in-scattering term and keeps the LFO, as in Sec. VD. For E 1 B, the sources
carry no pumping term, and every sheet has the mean free-path ¢, = (q,/D,)sinf7/ (1 +iw, 7). Equation (44) then
gives

2
qa/Da
oL —iok = Z/ df sin Gpa%7 (53)

where the sum runs over the four sheets (I',1), (I',0), (R1,+), and (R2,+). The expansion in B of one sheet is given
by Eqgs. (140), (141), (142), and (143), which hold for every sheet. In these equations, b, is the coefficient of the linear
term of the dispersion, ¥, = Or€s at kq, and N,, G, and v, are those of Eq. (27). For the sheets at I, we have b, = vp,
Ug =vp(1+2ckp1), Ny =2,and G, =1 for s =1, and b, = 0, 9, = 2cvp kro, N, = 0, and G, = 2 for s = 0, with
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v, = vp in both cases. For each sheet at R, the dispersion is linear, so that b, = v, = v, = U and N, = G, = 1. The
term of Eq. (140) proportional to 7o then vanishes, and with pur = p+ A we obtain

2,2 473 2 433 B2
RTA € TUR , € TUnB (nB_ano)_eTvFB

CLR T 620, | p2p2, \120 40 672

s omm _CTRB (o Tun _no) ek B? 54
L,R; IR 2 /ﬁ% 20 120 24 672 ’
The leading terms of the Hall conductivity of one Weyl node are ag’};‘gA = 372 ugir B/ (6 7r2) and GI[-\If{Ri _

neno e vr B/ (24 2 MR)- The sheet (T',0) has a vanishing BC and therefore no AH part, and the AH part of the
sheet (T',1) is npno € vr B/ (12 72 kra ﬁa) to the leading order in B. The totals are the sums over the four sheets, with
the two nodes at R counted twice. The overlaps between I' and R do not enter these expressions, since the RTA contains
no scattering between the sheets.

The internode scattering between I' and R is included with the relaxation time Tipter following Ref. [11]. In this
construction, the node at I' and the fourfold node at R are the two nodes, and the two degenerate copies at R form a
single node. The nodes have different DOS and different pumping vertices, and the intranode collision term relaxes the
distribution of each node towards its own local chemical potential. The internode term relaxes it towards the mean of the
two local chemical potentials. The tensor of the internode current is proportional to B; B; at the order B2. Tt therefore
acts on the component of E along B, and it vanishes for £ | B in line with the sector m = 1, in which 7Tiyte; does not
enter. Let g, be the density-of-states of the node v at B =0 and T, its pumping vertex of Eq. (C17). For E | B = B 2,
the contribution of the node v is, in terms of the node 7 that is the other one,

o_inter _ 62 TIQ/ |:2Tinter Ov _ 7_:|
v Ov or + Or

The pumping vertices follow from the BC and the OMM of Eq. (27). With 9, = Okes at k,, the vertex of a sheet is
Y,=-x,¢eB [773 N,/ (4 7r2) +nov, Go/ (12 2 @a)}, and the sums over the sheets of the two nodes are given by

(55)

eB eB

2
_ g "r _
12720 "R qon2

1
Er, SF:6773+770UF<+>a Er=06n5+210. (56)
w1 wo

Tr =

With pr = p1 + po and pr = 2 pg, the densities-of-states are or = pr/ (2 7r2) and or = pr/ (2 7r2), and the sum over the
two nodes of Eq. (55) is

inter __

64 32 53 2 Tinter ﬁD
i

_v —T 3 .
pr + Pr ] +o(5) &7

e —
2r v=I" R Pv

The derivation is given in Appendix C5. The term is of the order B? and it adds to the intranode expressions of this
subsection. For pr = pg, it is proportional to Tinter — 7 as for the conjugate nodes of Sec. V D. For unequal densities-of-
states, it does not vanish at Tinter = 7. As in Sec. VD, the OMM part of the vertices is specific to the RTA, and the exact
solution contains the OMM through p,, h,, and w,.

The RTA treatment of the TSM node with the linear dispersion was carried out in Ref. [26], and that of the Weyl nodes
in Refs. [33, 35, 38], for an arbitrary orientation of B relative to E. The works on the Weyl nodes do not include the
LFO or the internode scattering, and Ref. [35] also neglects the OMM. The longitudinal RTA conductivity of the QTSM
node was given in Ref. [13], and the RTA contribution of the internode scattering between a TSM node at I" and a double
Weyl node at R was reported in Ref. [11] for linear dispersions. The noncollinear expressions of the sheets at I' with the
quadratic correction ¢ are reported here. The internode term of Eq. (57) extends that of Ref. [11] to the QTSM node at
I with the quadratic correction.

E. Results

The analytical results for the QTSM and Weyl nodes are collected here, and the intermediate steps are given in
Appendix D 2. They concern the limit B — 0 and the terms that are linear in B, for which the moment system of Eq. (16)
closes in a few unknowns. The overlaps between the sheets at I and at R enter through the isotropic form that is required
by Eq. (46). The span {1, cos @} of the sheets at R in Eq. (49) makes these overlaps linear in &/, and the absence of sin ¢
in the span of the sheet (', 0) removes the dependence on k for this sheet. With C' = k - k’, the overlaps are therefore

Ory(rit) =01+01C, Owoyri4) = 00, (58)

where the real constants 01, p1, and oy are fixed by the impurity matrix. We abbreviate k1 = kr1, ko = kr, kr, and

p1=pri, po = pro, pr of Eq. (29), as well as By = BL,, g5 = LT, and yp = (ﬂﬁtm)Q + ( fflter)Q. The velocities at the
FS for B=0are w; =vp (1 +2cki), wo = 2cvp kg, and wg = Up.
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1. Longitudinal magnetoconductivity for parallel fields

At B = 0, the mean free-path of every sheet is proportional to cosf for E || 2. We write A, = A, cosf, with
Ar, = Ar, = Agr. The out-scattering rates of Eq. (A17) become

(ﬁ%o p1+ B3 PO) +800 95 PR »

Q| >

_ 4 _ _
=3 (Blipr+ Blopo) + 8016t pr, 7ol =
Th' =27r pr +4 (0197 p1 + 00 95 po) - (59)
The sheet (I",0) decouples from the in-scattering term, and the amplitudes of the other two sheets obey a 2 x 2 system

with the entries

2 1 i 8
Nrr = 2 Btipu+ 5 Blopo +8019i pr, Nrr =51l pn,

4 4
Ngr = 52519%/)1, Ngrr = §7RpR+4(519%/’1 + 00 95 po) - (60)

With N = Npr Ngrr — Nrgr Ngr, the amplitudes are

N, N, N N,
A = RR’wlj\‘/ FRwR7 Ap = FFwRJ-\F[ Rrwl7 Ao = 70w . (61)

The zero-field conductivity, which is the reference for the magnetoconductivity, is

62

70 =52 (

k? Ay + kg Ao + 2 k% Ag) (62)
The number constraint of Eq. (11) is satisfied identically, since the weights are constants at B = 0 and the integral of
cos 0 vanishes. The term with p; is the vertex correction that couples the sheet (I',1) to the sheets at R. For p; = 0, we
obtain A; = wy/Nrr and Agr = wr/NRg.

2. Planar-Hall and Hall response for perpendicular fields and a general angle

For B = 0, the sector m = 1 obeys the same equations as the sector m = 0 [cf. Appendix D?2]. Consequently,
oL = o) = 09 and oy = 0, and Eq. (45) gives jpg = 0 and jg = oo F for every angle ¥ between E and B. A
nonvanishing planar-Hall response therefore requires o, # o at finite B.

To the leading order in B, the Boltzmann part of the Hall conductivity follows from the imaginary part of the sector
m =1. With YV, = w, A,/k, and

_ NgrV1 + Nrr VR z Nrr Yr + Nrr W1
N 5 R N ’

Z Zo=710W0, (63)

it reads

e’ B
o8 ~ W(k:le+k§zo+2k%ZR). (64)

The AH part of Eq. (22) is linear in B as well. Only the product of the BC and the OMM contributes at this order, and
it is

UAHNUBnoe?’B 2 N 20p
H = o47n2 |k (1+2cky)  p+A]°

(65)

The sheet (T',0) does not contribute, since its BC vanishes. The term of the sheet (I',1) is half of the corresponding
expression of Eq. (130) for the two conjugate QTSM nodes.

3. Ezxpansion to the third order in B

The expansion of Sec. VE 3 applies to the sheets of this section. Equations (151), (152), (156), (157), (158), and (159)
hold with the sums over the four sheets (I', 1), (I, 0), Ry, and Ry, and with the kernel IC((IZL,) of Eq. (39). Let A, = 1 for the
sheets (T, 1) and (R;,+), and let A, = 0 for the sheet (T',0). Let v, and ¢, be vg and ¢ for the sheets at T', and 9 and 0
for the sheets at R. We define v, = S\G + 2 ¢4 kq, such that w, = v, ¥,. The numbers N, and G, are 2 and 1 for (I, 1),
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0 and 2 for (I',0), and 1 and 1 for each sheet at R. The radius of each sheet is the positive root of the cubic equation of

Appendix A 1, which holds for the sheets at R with ¢, = 0, and its expansion is Eq. (152) with these parameters. The

first-order coefficients of the weights, of the sources, and of the frequency are those of Eq. (155). Since af) = aﬁo) in this

section, Eq. (45) gives the planar-Hall current jpy = (O'(f) - aﬁz)) B?sind cosd E + O(B*).

The sum of Eq. (153) over the four sheets gives the AH part. The sheet (I",0) does not contribute, since N, = 0. With
k1 =kry and kr = (n + A) /OF, the sums are

2(2+11ck +162 k) LA
K (1+2cky) K

A, MBNOE ] UL (66)

TH = oqm2 | ki(1+2cki) | kn 160 72

The first term is Eq. (65). Neither term depends on the scattering amplitudes.

The weights and the rates are constant at B = 0, and the overlaps of Eq. (58) are invariant under (0,6') — (7 — 6,7 — 6’).
Every sheet then has a definite parity in cos# separately. For m = 0, the function Aj is odd, as in Sec. VE 1, and Ay
is even. The even function A; contains the zero mode, and the constant drops out of Eq. (158), because Ggl[1, f] = 0

follows from 7, ' =", [ par K9 and $5[1] = 0 follows from Eq. (12). For m = 1, the function Ay is even, and we write
Ay = AR 4+ i Al The imaginary part Al is even, and the real part AR is odd in cosf. The coefficients S5 and S{" are
given in terms of elementary quantities in Appendix D 2 h.

4. Dependence on the scattering amplitudes

The intranode and internode amplitudes of the Weyl nodes enter Egs. (59) and (60) only through . The zero-field
conductivity cannot discriminate between 8%, . and B, _ . For go = g1 = 0, the sheets at I and at R decouple. The Weyl
nodes then give

2 52
e vy

OR = 42 o ) (67)
which does not depend on p and A. The sheets at I' give
2 k2 k2
op = = L% 0 %o (68)

- + .
672 %6%1 p1+ %6120 Po % (6120 P1 +5§0 pO)

The zero-field result is continuous at gy = g1 = 0, and its sum is 09 = or + og in this limit. The limit does not extend
to B # 0, since the Chern numbers of the two decoupled sets of sheets do not add up to zero separately, and Eq. (12) is
violated for E || B.

5. Role of the quadratic correction, the velocity ratio, and the energy offset

The parameters 0r and A enter the zero-field results through kg = (u+ A)/0p, pr = k%/f}p, and wr = vF only. The
part of Eq. (65) due to the Weyl nodes depends on them through op /(1 + A) = 1/kg.

The limit ¢ — 0 is singular for the sheet (I',0), because kg = \/u/(cvr) and pg = ko/(2 cvp) diverge, whereas ki, p1,
and pg stay finite. For nonzero S19, Boo, and 9y go, the in-scattering into the sheet (T',0) suppresses the contributions of
the sheets (T', 1) and R. The zero-field conductivity is then dominated by the sheet (T',0), and

2

_ecvpp 3/2>
= —F—5 O( . 69
o) 271_2530 + ¢ (69)

This leading term vanishes linearly with ¢ and is independent of vz, A, and of all the amplitudes except Syg.

6. Numerical results

The figures show the exact solution of the moment system of Eq. (16) for B = B2, which is case (a) of Table I.
The field enters through o = e B/(2k?), where k; is the radius of the sheet (T',1) at B = 0, and both signs of o are
shown. The parameters are taken from the tight-binding model that was fitted to the DFT bandstructure of RhSi in
the Supplemental Material of Ref. [16]. The fitted values in eV, with the lattice constant set to unity, are v; = 0.55,
v, = —0.76, and vy = 0.16, where v, multiplies the second-neighbour hopping [cos k; + cos k, + cosk;] L. The velocities
of the QTSM node and of the Weyl nodes are vp = 0 = |vp|/2 [cf. Eq. (34)]. The second-neighbour term contributes
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FIG. 1. QTSM and Weyl nodes for B || 2. (a) Left: o multiplied by 10® for E at the angle ¥ = 7/6 (navy), /3 (crimson), and
7/2 (green) to B. Right: oy multiplied by 10? (navy), o5 multiplied by 10° (crimson), and the planar-Hall change for ¥ = 7/3
multiplied by 10% (green), in units of o, at B = 0. (b) For E || B, o is multiplied by 10°. Left: rg = 0.4 (crimson), 0.6 (amber),
0.8 (green), 1 (navy), and 1.4 (sky). Right: rg = 1/2 with ng =no =1 (navy), no = 0 (crimson), and ng = 0 (green).

—v3k?/2 at T and +wv3 ¢?/2 at R, and we set cvp = —vy/2 for the QTSM node, which gives ¢ = —5.5 x 1073 v /u for
1= 0.01 eV. The corresponding term of the Weyl nodes is not part of Eq. (25). The energies of the nodes at " and at R
are —v1 + 3vg and —3ve, which gives the offset A = 0.41 eV, in agreement with the Supplemental Material of Ref. [16].
The chemical potential is g = 0.01 eV, measured from the node at I'; and p 79 = 15 with 7y the out-scattering time of the
sheet (I',1) at B = 0. Since ¢ < 0, the band s = 0 of the QTSM node does not cross p, and the sheet (I',0) is absent. The
system has the three sheets (I',1), Ry, and Ry, and their Chern numbers add up to zero. One amplitude § is used for all
pairs of sheets within the QTSM node and within each Weyl node, and the amplitude rg 3 is used for all pairs of sheets
that belong to different nodes, which are (I',1)R; and Ry Ry. We set rg = 1/2 unless stated otherwise. The overlaps of
Eq. (58) are 01 = 1/4 and p; = 0 for each copy at R. They are half of the average of Eq. (35) over the rotations of all the
momenta, with equal weights for the two copies. The average of ¢, l%y + Gy k. + q- ks vanishes, since the trace of the cyclic
permutation matrix is zero. All the quantities are normalised to the corresponding values at B = 0, and the numerical
implementation is described in Appendix E.

By Eq. (47) and the axisymmetric form of the tensor, o) and o are even and o is odd in «, and the curves of Fig. 1(a)
display this symmetry. The diagonal response of this set-up has therefore no term odd in B. The radius of the sheets at
R exceeds that of the sheet at I' by the factor (1 + A) /u, and the sheets at R carry almost the whole of o¢. The changes
in units of o0 at B = 0 are therefore small, which is why the factors in the captions are large. For an oblique E, the
change of the current along F is negative and grows in magnitude as ¢} increases. In the right panel, the Hall response
is dominated by the Boltzmann part, and the AH part is much smaller. The Hall response increases monotonically with
« in the range shown. The planar-Hall change is negative for both signs of «, in accordance with the decrease of ¢, and
the increase of o) in Eq. (45).
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FIG. 2. QTSM and Weyl nodes for B || 2. (a) The field is fixed at @ = 0.05. Left, middle, and right: dependence on c/crus;i,
9r /vr, and A/p. In every panel, o multiplied by 10° (navy), —6o multiplied by 10*® (crimson), of multiplied by 10? (green),
and o5 multiplied by 10 (amber), in units of the values at B = 0. (b) The parameters are ¢ > 0 and A = 0.225 eV. Left: op in
units of its leading term of Eq. (69) (navy, left axis) and the contribution of the sheet (I',0) to oo in units of oo (crimson, right
axis) versus c. Middle and right: do multiplied by 10° and —do 1 multiplied by 10® for ¢ = 10~ (crimson), 3 x 10~% (amber), 1072
(green), 3 x 1072 (navy), and 10~ (sky), in units of the values at B = 0.

For E || B, the change of o) is positive and even in « for all the ratios in Fig. 1(b), and it decreases with increasing
r3. No change of sign occurs in this range. The right panel separates the contributions of the BC and the OMM to the
longitudinal change. Both are positive, and the combined change is smaller than the BC contribution alone, which shows
that the cross term is negative. The OMM contribution alone is the smallest of the three.

Figure 2(a) shows the dependence on the parameters of Sec. IITE5. In each panel, one of ¢, O, and A is varied about
the RhSi values, the other two are kept fixed, and the field is fixed at the value o = 0.05 of the RhSi parameters. The
changes are in units of the values at B = 0 of the same parameters. The quadratic coefficient is varied in the range for
which the sheet (T, 0) is absent, since the limit ¢ — 0 is singular [cf. Eq. (69)].

The dependence on c is weak. The change doj| and the magnitude of do; decrease slightly with |c|, and UI% and UﬁH
increase slightly. This is consistent with the fact that the sheets at R, which are independent of ¢, carry almost the whole
of 0g. The dependence on vr and A is strong, since they set the radius kg = (u + A)/Ur of the sheets at R. All four
quantities increase monotonically with o and decrease monotonically with A. The curves have no sign change in the
ranges shown, and the Boltzmann Hall part remains larger than the AH part throughout.

The RhSi parameters give ¢ < 0, and the role of the sheet (I", 0) is therefore not visible in the figures above. Figure 2(b)
shows the system with ¢ > 0, in which this sheet is present. The offset is A = 0.225 eV, which is the value predicted for
CoSi in Ref. [39], where the SOC is weak, and the velocities are those of RhSi. The values of ¢, in units of vp/u, are those
of a model and do not follow from a bandstructure fit. All the other parameters are as above.

In the left panel of Fig. 2(b), the ratio of oy to the leading term of Eq. (69) decreases towards unity as ¢ — 0, and
it is about 1.4 at the smallest value shown. The amplitude Sy in Eq. (69) is the one fixed by p 7y for the given ¢. The
contribution of the sheet (I',0) increases towards unity in the same limit, and it is small for larger ¢. Values of ¢ below
the range shown are not included, because the linear system is ill-conditioned there. In the middle and right panels, do
is positive and increases with ¢, and the change do | is negative. Its magnitude decreases with ¢ up to ¢ = 3 x 1072 and
is larger again at ¢ = 10~!. The curves are even in « in both panels.
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FIG. 3. QTSM and Weyl nodes for £ = é&. (a) Case (b) with B || &. Left: do,, multiplied by 10° (navy), §o,, (crimson), and o
(green) multiplied by 10®. Right: do,, multiplied by 10? (navy), 6o, (crimson), and do, (green) multiplied by 10°; in units of
0o0. (b) Case (c) with B = B (sinfp,0,cos0p). Left: oo = B - §o - B multiplied by 10° for 0 = 0 (navy), /12 (crimson), 7 /6
(green), /4 (amber), and 7/2 (sky). Right: for p = 7/4, the eigenvalues do 1 1 (navy) and do 2 (crimson) of the symmetric part
of o in the plane perpendicular to B multiplied by 10, the component H)| of the Hall vector along B (green) multiplied by 102,
and its components H; (amber) and H» (sky) along (cosfg,0, —sinfg) and along § multiplied by 10?, in units of o.

The cases (b) and (c) of Table I are solved with the general solver of Eq. (16), which treats the three components j
together and does not use the azimuthal sectors. The implementation is described in Appendix E. These cases belong to
the second case of Sec. III B, and the overlap between (I',1) and one copy at R is therefore taken from Eq. (35) of the

Chang scenario. It reads (1 — ¢, lAcy — qy I%Z — 4, I%w> /4, since the two copies have equal weights. The Flicker scenario is

not shown, and the other parameters are those of Sec. I[II E6. The tensor is written in the frame with £ = ¢, and we take
B = B (sinfp,0,cos0p). The value 85 = 7/2 is the case (b), and the value 85 = 0 is the case (a) of the second case, in
which the overlap of Eq. (35) replaces its average over the rotations that was used in Fig. 1.

The kernel is invariant under the rotations about ¢ only, and o at B = 0 is therefore uniaxial about ¢. Its anisotropy
is small. All the changes are measured from the tensor at B = 0, and they are given in units of oy = tre(0)/3. For
B 1 ¢, the rotation Rs(m) maps B onto —B and leaves the kernel invariant, which gives o;;(—B) = n; n; 0;;(B) with ;
of Eq. (48). The diagonal elements and o,, are therefore even in «, and o, and o, are odd. For a general orientation,
Eq. (47) makes the symmetric part of o even and the antisymmetric part odd in . The diagonal elements are therefore
even in every case, and the terms that are odd in B are confined to the antisymmetric part. The numerical tensor has
these properties and satisfies the relations of Table I.

In Fig. 3(a), the element do,, is the change for E || B. It is positive at the larger values of ||, and it has a shallow
negative minimum at smaller values. The elements do,, and do,, are the changes for E L B along the axis perpendicular
to € and along €, respectively. Both are negative, and they differ, with the larger magnitude for éoy,. The transverse
response therefore depends on the orientation of E relative to the crystal axis ¢, which is absent in the case (a) of the first
case. The element o, is the Hall response. It is odd in « and close to linear. The elements o,, and o4, do not exist for
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units of B - &(0) - B.

an axisymmetric tensor, and they are smaller than o,, by more than two orders of magnitude. The element o, is odd,
and o, is even, in agreement with the parities above.

The Hall vector H of Fig. 3(b) is defined by the antisymmetric part of the tensor, 03 = —¢;; H;. For E || B, the
change 0o is positive at the largest |a| for all the orientations shown. It is largest for fp = 0, decreases with g up to
/4, and is larger again at w/2. For §5 > 7/6, it is negative in an interval at smaller ||, and it changes sign. In the right
panel, the two eigenvalues of the symmetric transverse block are negative and close to each other, and their difference
measures the dependence of the transverse change on the direction of E in the plane perpendicular to B. The Hall vector
is dominated by H|, which is close to linear in o. The components H; and Hy perpendicular to B are odd and smaller
than H) by more than two orders of magnitude, and they are not monotonic. They vanish for 65 = 0, since H is then
parallel to B by the axisymmetry.

Figure 4 shows the dependence of the longitudinal change on rg and on the BC and the OMM. In the left and middle
panels, do| is positive at the largest |a| for rg = 0.4 only. For rg > 0.6, it is negative, and its magnitude increases
monotonically with 5. The curves for rg = 0.6 have a minimum at an intermediate |a|, and they are flatter at the largest
|ee|]. The sign of the longitudinal change therefore depends on rg, which differs from the case (a) of Fig. 1(b), where the
overlap of Eq. (58) was used. The two orientations give the same ordering, and for rg > 0.6 the magnitudes are smaller
for 5 = 7/2. In the right panel, the change with no = 0 is positive, and the change with ng = 0 is negative. The
combined change is smaller than the BC contribution alone, and it has a negative minimum at an intermediate || and
turns positive at the largest |«|. It differs from the sum of the two contributions, and the cross term is negative at the

largest |a.

IV. RSW AND TSM NODES

In the chiral cubic crystals, the spin-orbit coupling (SOC) splits the multifold nodes of the spinless bandstructure. At
T, the threefold node of the pseudospin-1 operator L combines with the electron spin /2. The sixfold space splits into
the J = 3/2 and J = 1/2 multiplets by the SOC term €L - &, whose eigenvalues are € and —2¢€ [37]. At R, the double
Weyl node splits into a sixfold node, which is a double pseudospin-1 node, and a twofold Kramers pair [28, 37]. The
Hamiltonians below are written in the isotropic limit, with the quadratic corrections, and with the couplings between the
multiplets dropped. The case c3/5 = ¢1/2 = cg = 0 is the one with linear dispersions, in which the node at R is the TSM
node. Both cases are kept below, and the linear one is stated explicitly for the FS radii and for the RTA.

The Hamiltonian at I is the six-dimensional block-diagonal matrix of the RSW node with the quadratic correction, and
of the Weyl node of the J = 1/2 multiplet. The Hamiltonian at R consists of the two copies R; and Rs of the pseudospin-1
node, which are its upper and lower blocks. At T', J is the vector of the spin-3/2 matrices of Appendix A 3, & is the vector
of the Pauli matrices, Er and Ey are the energies of the RSW node and of the Weyl node, and vz, > 0 and v; /3 > 0 are
the corresponding velocities. At R, A is the vector of the spin-1 matrices of Appendix A 4, Eg is the energy of the nodes,
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and vgr > 0 is their velocity. The coefficients c3/2, ¢1/2, and cg multiply the quadratic terms. The Hamiltonians are
Er + c3/0v3/9k?) 1y +vg0 k- J 0
Hf(k): ( r 3/2Y3/2 ) 4 3/2 ) _|.
0 (EW+01/2U1/2k)]IQ+U1/2k'O'

kE-A 0]

Hr(k) = (Er +crvrk®) s + vr [ 0 k-A (70)

The projection of k - L on the two multiplets gives vs/; = v1/5 = 2v/3 and Eyw — Er = —3 ¢ in the isotropic limit, with
the quadratic term cv k2 Ig of the spinless model, that is €3/2V3/2 = C1/2 V172 = cv. The cubic anisotropy makes the two
velocities different in general. In the basis of Ref. [5], the Hamiltonian at R is Hr = diag [H3¢(7/6, k), Hss(57/6, k)]
with

0 ek, e 1%k,
Hap(p k) =vr (e ks 0 ek, |, (71)
ek, e 19k, 0

which has the eigenvalues 0 and +vg k for ¢ = 7/6, 7/2, 57/6, and both copies are therefore isotropic. In the model of
Ref. [28], the two copies are coupled, and this coupling is dropped here. Without SOC, the node at R is the double Weyl

node Hgg) = FErly+ xrvr k-0 ® 7y, in which the two copies have the same chirality xz and 7y is the identity matrix in
the copy space. The Weyl nodes of Eq. (25) correspond to Eq. (70) with k - A replaced by k - &.

The chirality of the RSW node is xr = +1 for vz/; > 0. The matrices A, are left-handed, and each copy at R has the
chirality xg = —1. The Weyl node at I' has the same chirality as the RSW node. Its energy Eyw will be set so far from pu
that it provides no FS sheet. It remains in the matrix of I', so that the spinors at I and at R have the same dimension.
The net topological charge of the nodes at I' and R does not vanish if this Weyl node is included, since the charges of
the RSW node and of the Weyl node at I" add up to 4 + 1 in magnitude, whereas the two copies at R carry —2 — 2. The
Nielsen—Ninomiya theorem [10] is satisfied in the actual bandstructures by additional Weyl nodes at generic points of the
BZ between I and R, which are not part of the model [28]. We choose p such that neither the Weyl node at I" nor these
additional nodes provide a F'S sheet. The charge bookkeeping below is then that of the four sheets at the Fermi level, for
which it closes within the model.

The overlaps between the sheets at I' and at R require the unitary matrix I/ that relates the eigenbasis of Hr to that of
‘Hpr through the common orbital basis. The squared overlap of the sheets is |’(/)L(kl YU ¢r(k)|?. The spinors of the RSW
node vanish on the two orbitals of the Weyl node, and only the 6 x 4 block ) of U between the four orbitals of the RSW
node and the six orbitals at R enters. The 6 x 2 block that involves the Weyl node at I' gives no contribution to the
overlaps and thus not to the conductivity. Unitarity of U requires Yty =1, Let ), and )5 be the 3 x 4 blocks that
belong to the copies R; and Rs.

A rotation by an angle o about the z axis is generated by J, at I' and by the third spin-1 matrix at R in the bases
of Appendix A 4. Let jr and jr be the eigenvalues of these generators, which label the components of the spinors. The
squared overlap depends on ¢ and ¢’ only through ¢ — ¢’ if every nonzero element of ); connects the components with
Jjr — jr = d;, where d; has the same value for all the elements of the block (Appendix A 4). We take d; = —1/2 and
dy = +1/2 for the two time-reversed copies. With the components of ¢r ordered by jr = 3/2,1/2,—1/2,—-3/2, and those
of each copy ordered by jr = +1,0, —1, unitarity then gives, after the phases are absorbed in the spinors,

’ y2: ) <2+T]2:1 (72)

Sy O
o O O
o OO
o O3
Sy O
— o O

1 0

Yi=10 0

00mn

We take the same ratio in the two columns that are shared by the copies. The ratio of ( and 7 is not fixed by the symmetry
and is a parameter of the microscopic model.

The helicity operator k - J commutes with the RSW block of Hr, and its eigenvalues ¢ € {3/2,1/2,—1/2,—3/2} label

the four nondegenerate bands of the RSW node. The bands of the RSW node, of the Weyl node, and of each copy at R
are

GFJZ)(]G) = E[‘ + 1]3/2 (1;]45 + 63/2 k’2) s €W7i(k') = EW + 1}1/2 (:l:k + C1/2 k'z) y
ers(k) = Er +vg (sk+crk?) for s € {1,0,—1}. (73)

For > Er, the chemical potential cuts the bands @Z = 3/2 and 7]1 =1/2 at I. For u > FEg, it cuts the band s = 1 of each
copy at R. We consider these four sheets, a € {(I',3/2), (I',1/2), (R1,+), (Rz,+)}, which are continuously connected to
the sheets of the linear model. The two sheets at I' are nested, and the sheet (I',3/2) has the smaller radius. For c3 1250
and cg < 0, the remaining bands of the RSW node and of the nodes at R are not cut. For a positive coefficient, the bands
with ¢ < 0 at I and with s < 0 at R are also cut at a large radius, and these sheets are not included. At B = 0, with
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Sheet a | xv | No| Ga | Ca
(1,3/2)|+1] 3 [3/2]-3
(T,1/2)|+1] 1 |7/2|-1
(Ri,+) |—-1] 2 | 1 |+2

TABLE II. The numbers N, and G, entering the BC and the OMM of Eq. (27), and the resulting Chern numbers, for the four FS
sheets of the RSW and TSM nodes.

pur =y — Er and pp = pu — Eg, the FS radii and the FS weights p, = k?/(0xes) are

P+ \/152 + 4 c3/2 pr/v3 )2 ) —1++/1+4crur/vr
- R = )

k. -~
L. 2C3/2 ’ 2 CR
kz ~ k2
T,
Prg = s » PR= £ (74)

vpy/1+4cr pr/vr

For ¢35 — 0 and cg — 0, the radii become kr 3/5 = 2 ur/(3vs)2), kr,1/2 = 2 ur/vs 2, and kr = pr/vr. The parameters
of Eq. (25) correspond to these by Er = 0 and Fr = —A for the offset of the nodes at R.
The BC and the OMM of the four sheets have the common form of Eq. (27), with vr = v3/2 and vg, = vg, = vg. For a

band of helicity ¢ of a node E + v k- J with the spin J, the numbers in that equation are N = 24 and G = J(J+1)— 2.
They reproduce the values of the pseudospin-1 node of Eq. (27). For the RSW node, they agree with the BC and the
OMM of Ref. [32], whose OMM is written without the factor 1/2 of Eq. (27), so that its values 7/4 and 3/4 correspond to
G, =7/2 and 3/2 here. The quadratic terms are proportional to the identity matrix, and they leave the spinors, the BC,
and the OMM unchanged. The values for the four sheets are collected in Table II. The quantities &5, D,, and w, follow
from Eq. (28) with these numbers. The Chern number of the sheet a is C, = —x, N,, and the four values of the sheets at
the Fermi level add up to zero. The magnitudes 3 and 1 of the two sheets at I add up to 4, and the magnitude 2 at each
copy at R gives the same total.

v3/9 \/1/32 + 43/ pir/vs/2

A. Fermi surfaces and scattering kernel

The scattering amplitudes are defined as in Eq. (A16). The independent amplitudes are BE & between the sheets (T, 1/;)
and (I',) with ﬁ§/271/2 = ﬁf/273/2, BE. . within one copy at R, and ﬁERi between (I, 1) and the copy R;. The squared
overlaps follow from the spinors and from the block Y of Eq. (72), as given in Appendix A 4.

The overlaps between two sheets at I' and between two sheets of the same copy at R depend only on C' = k- k' and are
given in Egs. (A9) and (A10). The overlap between the two copies vanishes, because the spinors of the two copies have
no common nonzero component. The copies are therefore coupled only through the sheets at I'. The overlaps between I’
and R of Eq. (A11) depend on ¢ — ¢’ only, and they have the azimuthal decomposition of Eq. (A14) with the harmonics
0, 1, and 2. The overlaps with Ry and Ry differ [cf. Eq. (A13)], and the exchange of the two copies alone is therefore not
a symmetry of the kernel. It is a symmetry only when it is combined with a rotation or with time reversal (Sec. IV C and
Appendix B 1a).

The two copies at R have the same dispersion, and their bands are therefore degenerate at every k. The coupling
between the copies is dropped, and the copy basis is independent of k. The BC, the OMM, and the phase-space factor of
the degenerate band are those of each copy times the identity in the copy space. The calculation below treats the copies
as independent sheets that are coupled through the sheets at I'. This neglects the coherences between the copies, which
the sheets at I' generate and which are kept in the matrix treatment of Appendix A 6.

The kernel between two sheets at I' is a polynomial of degree three in C, and the range of its in-scattering term is
spanned by the spherical harmonics with | < 3. For the sheets at R, the kernel is of degree two in C, and the range is
spanned by the harmonics with [ < 2. The overlaps between I' and R are polynomials of the same degrees in the direction
at T and at R (Appendix A 5). The kernel for the harmonic m is given by Eq. (A16) with m = 0, £1, +2 for the overlaps
between I and R, and with |m| < 3 for the sheets at I'. The kernel vanishes for |m| > 4. For B along the polar axis, the
LFO is diagonal in m, and the sectors decouple.

The overlaps of Eq. (All) are defined in the bases of Eq. (70), which are not tied to the orbitals of a crystal. A
model with the orbital content of the space group 198 exists for the spin-orbit-coupled case as well. It is the eight-band
tight-binding model of Ref. [16], in which an s orbital with spin sits on each of the four sites of the unit cell. Let &, be the
Pauli matrices of the spin, and let V;.; and V;; be the spin-orbit terms of that reference. The Hamiltonian of the model
is Hios(k) = 7:[198(’6) ® o¢ + Zle [Vi.i(k) + Vs.i(k)], where H1os is the spinless Hamiltonian of Eq. (33). Its bands near
I" consist of a fourfold node, which is the RSW node, and two twofold nodes. Its bands near R consist of a sixfold node,
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which is the double spin-1 node, and a twofold band [16]. The orbital embedding enters as in the spinless case, through
the matrix U, (k) ® 6o with U, of Eq. (36) [5]. At T, this matrix is the identity. At R, it is e~"™" diag ( @ 1,1, 1) ® 79
with ¢ = 47wv. The Chang scenario with v = 0 and the Flicker scenario with v # 0 of the QTSM and Weyl system
therefore apply here with the same phase ¢. In both scenarios, the overlap between a state ¢ at I' and a set of bands at
R with the projector Pg is (¢r| U} (7) Pr U, () |¢r). The matrix U, () changes the relative phase of the orbital A, and
the two scenarios thus give different overlaps for the same bandstructure. The eight-band model has only the symmetry
of the chiral tetrahedral group, which acts jointly on k and gq. Its overlaps between I' and R are therefore not required to
depend on ¢ — ¢’ only, in contrast to Eq. (A11).

To the leading order in the spin-orbit coupling, the overlaps of the eight-band model can be written in closed form.
Let XL and ©F be the matrices defined above Eq. (38), extended to the spin space by the identity matrix, and let
[s) = (1,1,1,1)/2 be the singlet at T in the orbital space. The projector onto the triplet is @ = (1 — |s)(s|) ® 79, and
S, = QXL Q are the spin-1 matrices of the triplet. We define Jr = § + /2 and Jp = (ER + 5‘) /2. The mass term of
the spin-orbit coupling at R is proportional to 3 -& [16], and the sixfold node is the eigenspace of this operator with the
eigenvalue 1. Its projector is Ps = (3 + X - &) /4. At T, the fourfold node is the sector with Jp = 3/2 of the triplet and
the spin, and its projector is P, = (S - + 2@Q) /3. The subspaces of the fourfold node and of the sixfold node coincide
with these projectors. This identification is not stated in Ref. [16]. We built the screws, the threefold rotation, and time
reversal in the eight-band representation of that reference, and we found the Hermitian matrices that they allow at each
of the two points. These form spaces of dimensions 4 at I' and 2 at R. For the fitted parameters of the reference and
for random members of these spaces, the fourfold subspace at I' is the image of Py, and the sixfold subspace at R is the
image of Ps. The identification does not depend on the values of the spin-orbit parameters, as long as the representation
is that of the eight-band model. Projecting the linear terms of Eq. (34) onto them, and neglecting the linear terms of the
spin-orbit coupling, we obtain Hr =~ (v,/3) k- Jr and Hg ~ — (vp/2) g - Jr. The first is the RSW Hamiltonian with the
velocity |vp|/3, and the second consists of two copies of the spin-1 Hamiltonian with the velocity lvpl/2.

Let ¢ and ¢ take the values +3/2 and +1/2. The projector onto the helicity ¢ at T'is P;, ( )=Palljiss (k Jr — ¢’) / (1; — @Z')

The projector onto the helicity m = £1 of the pairs of bands at R is P(q) = (G- Jr) (¢ Jr + m) /2. The upper bands

of the two nodes have the helicities s, zZ and —sp, respectively. The overlaps of the sheets (I',¢) with the upper pair at
R are then

i 3
Ow gy =T [Ps,,u;(k) Ul(m) P, (g) Um(w)} , P=3, (75)

w\»—*

where the trace runs over the eight-dimensional space and U, () is the matrix given above. For v = 0, Eq. (75) is the
Chang scenario, and for v # 0, it is the Flicker scenario. The overlap is a polynomial of the third degree in the components
of k and of the second degree in the components of ¢. It depends on the azimuths of k and g separately, since the matrices
Y are the matrices X a1 With the cyclically shifted index, whereas the matrices &, are not shifted.

The trace of Eq. (75) reduces to a short closed form. Let k, and Go be the Cartesian components of k and q, with the
indices a, a + 1, and a + 2 running cyclically over z, y, and z. We define

CFR— A d wi—ZQa atl gk_zkav gq:Zéa7 gqq:ZCja‘ja+l7 quk:Z(ja (l%g_ka—i-ll%a-&-Q)-
a a a
(76)

Let O™ and O™ be the overlaps O(r,1)(r,+) and O(r gy(r,+) of Eq. (37) of the four-orbital model. In the present notation,

they read

1—cos¢
4

sp sin 1 s, sin
O = L (- wy) - (@ —wy) - 2, ogh =L+ 2R g ). ()

DN | =

The overlaps of Eq. (75) are then

1 1 1
Ows/2)(r+) = 3 (1—crr) 07, Owajaymy) = 6 (1+crr) OF™ + 3 (1—crr) 03" + Irg,
1 1 — cos S, sin
Irr=y¢ (Sqq — crrR@+) — qu crr(w- —wy)+ -2 5 s [err (Sq — Sqkk) — Sk Sqql - (78)

For the Chang scenario with ¢ = 0, these overlaps become

1 1 1 1
Owarar+ =7 A —crr) A =wi), Owazr+) = 15 A+ err) (1 —wi) + o (1—crr) + & (g — crrws) . (79)

We obtained Eq. (78) by fitting the trace of Eq. (75) to polynomials in the components of k and §. The factor (1 — crg) /2
is the squared overlap of the spin states. The state of the helicity s,3/2 at T' is the product of the orbital state of the
upper band of the triplet and a spin state, and the overlap factorises accordingly. The state of the helicity s,/2 is a
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superposition of two such products with the weights 1/3 and 2/3, whose spin factors are (1 + crgr) /2 and (1 — crr) /2.
This gives the first two terms of the overlap, and Zrg is the interference between the two products. The overlap is of
the third degree in the components of k and of the second degree in those of §. Its azimuthal harmonics therefore have
|m| < 3 in the azimuth of k and |m/| < 2 in that of ¢, for any orientation of the polar axis. They follow from Eq. (78) by
inserting the polar angles. They do not depend on ¢ — ¢’ only, because the cyclic sums of Eq. (76) contain the components
of the two vectors separately.

B. Solution for the magnetic field along the polar axis

For B = B 2, the equation of each azimuthal sector is Eq. (39), with the four sheets of Eq. (70) and the kernel of
Eq. (A16). The frequency w, is that of Eq. (21), evaluated with the quantities of Eq. (A4) for the numbers of Table II.
Let ©;,,,(6) be the normalised associated Legendre functions, foﬂ df sin @ ©y,,, Oy, = dyyr, s0 that Y, = Oy, (0) 8™ /y/2 .

The in-scattering term of the sheet a in the sector m is then Y, >, O (0) K((m,)”, M(, 1+ with the moments

M = [0 50 01n(0) u(0) A 0), (%0)
0

where | < 3 for the sheets at T, I < 2 for the sheets at R, and [ > |m|. The matrices KS:,) follow from Appendix A 5.
They are diagonal in | between two sheets of the same node, and they couple I and I’ between I and R. The solution of
the sector is

_ hgm) (9) + Za/ Zl,l’ ®lm(9) aa’ 174 M(;ml)’
Ta 1(0) + imwe(6) '

(81)

This form is exact, because the in-scattering term lies in the span of @y, with the above values of I. Inserting Eq. (81)
into Eq. (80) gives the linear system

D (G Syt D K0 | M) = s (s2)
with

(m)
(m) — / db sin 9 pa @pnz @qnz / d0 sin 9 pa @pm h (83)

)
@Pd —|—zmwa —|—zmwa

For m = 0 and E | B, the source is hy = Dz [Wa,2 — N5 Xv Na € Bwai/(2 k2)] as in Eq. (41). The system has
2 x4+ 2 x 3 = 14 real unknowns, and the number constraint of Eq. (11), >~ M, 5?3 = 0, removes its null vector. For m =1
and E L B, the source is h) = (¢a/Ds) sin @ with ¢, of Eq. (A4). The system has 2 x 34 2 x 2 = 10 complex unknowns.

The conductivities are given by Eqgs. (42) and (44) with the sums over the four sheets of this section. The Fermi-sea

term of Eq. (22) has only the component along B, since the FS of every sheet is axisymmetric about B [cf. Eq. (130)].
Its value is

nse

o Ry ZXVN/ du ke ( (84)

with u = cos € and k,(u) the radius of the sheet a, and the numbers of Table II. For B # 0, the radius is the positive root,
continued from Eq. (74), of the cubic equation

nOXVe’UGaBu

CUk3+1/~JUk2—MFk‘+ 5

=0 (85)

for the sheets at T" with ¢ = ¢3/3, v = v3/2, and the same equation with 1; — 1, ¢ = ¢cgr, v = vR, ur — pg for the sheets
at R.

C. Symmetries and classification of the set-ups

The set-up is classified by symmetry in the same way as in Table I, except that the nodes are untilted and the geometry
is therefore fixed by B alone. The intranode overlaps depend on C only, and the overlap between the two copies vanishes.
These overlaps are invariant under the rotation of all the momenta. The overlap between the sheets at I' and R is not
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Independent elements

Case B Relations of o Unknowns

. R:(9), three: 14 and 10

(a) Bz Eq. ("'17) J|,01,0H (m =0, 1)
R Cor P four: oze, Oyy, Ozz 25 for each j

b Bw ) » Y YYs ) )

®) Eq. (47) 0y = —02y (G =29.2)
©) B (sin 3,0, cos B),| Cay P, s ;“’_Ugy’ Tz 50 for each j
0<B<m/2 |Eq. (47) Gy = —Ogas Tur = — 0y (G ==,v9,2)

TABLE III. Independent geometries of the RSW node at I and the two TSM nodes at R. The nodes are untilted, and the geometry
is fixed by B. All directions of E follow from the three solutions j = x,y, z.

fixed by the spinors alone, since it depends on the block Y of Eq. (72). It depends on ¢ — ¢’ only, and it is invariant
under (i) the rotations R,(0) about the polar axis, (ii) the rotations Cs, and Cs, combined with the exchange P of the
copies Ry and Ry, and (iii) the inversion of all the momenta combined with P, which is time reversal. These statements
are proved in Appendix B 1 a. The exchange P alone, the rotations about axes in the xy plane by generic angles, and the
improper elements are not symmetries. Time reversal gives the Onsager relation of Eq. (47) for every orientation of B.

By (i), B is brought into the zz plane, B = B (sinf3,0,cos 3). By (ii), Co, P maps § — 7 — 3, and 0 < 8 < 7/2 is
sufficient. The direction of F is arbitrary in all the cases. The three distinct set-ups are collected in Table III.

For B = B %, the rotations R,(d) give the form below Eq. (44). For case (b), Eq. (B3) with g = Cy, removes o4y, 042,
Oyz, and o,,. The element Cy, maps B onto —B, and together with Eq. (47) it gives o,, = —0,. For case (c), only this
last argument applies, and it gives 0y = —0yz, Oy, = —0.y, and 0, = 0., with three independent diagonal elements.
The sectors m = 0 and m = £1 decouple only in case (a), where the sectors |m| > 2 have no source. The Fermi-sea term
of Eq. (84) has only the component along B for every orientation, since the FS of every sheet is axisymmetric about B
[cf. Eq. (130)].

D. Ansatz for the mean free-path

The mean free-path of the sheet a is given by Eq. (81), and no truncation in [ is needed. For case (a) of Table III, the
sectors of Eq. (81) contain 14 and 10 unknown moments for m = 0 and m = 1, respectively, and the in-scattering term of
the sheet a in the azimuthal sector m is spanned by a set .#."* of functions of 6, which are multiplied by e?™%. For the
sheets of the RSW and TSM nodes, these sets are

{1, cosf, 3cos? —1, 5cos®f —3cosf}, m =0,

Zm {sin @, sinfcosé, sinf (5 cos2 6 — 1)} , m==+1,
4) ~ {sin?® 6, sin” @ cos O}, m==+2,
{sin®0}, m=+3,
{1, cosf, 3cos?0 -1}, m=0,
yﬁﬁ) = ¢ {sinf, sinfcosb}, m= %1, (86)
{sin? 6}, m=+2.

The sheets (R;,+) contain no function in the sector m = +3.

The numbers of the unknown moments of the sectors are given in Appendix B 2.

For B not along the axis z of the nodes, the sectors do not decouple, and the sources j = z,y, z are solved separately
by Eq. (15). The basis of the in-scattering term is the set of real harmonics f,(k) with I < 3 at T’ and with [ < 2 at R.
The matrices Q% are the matrix elements of the kernel W,;, = (ﬁgb / 7r) Ogp in the orthonormal real harmonics,

= [k [ R 0 Wl ) 1B, (&7

Between two sheets of the same node, they are diagonal, Q?m,l’m’ = 0w O 482, 01/(21 + 1), with o; of Eq. (A27).

Between (I',1)) and R;, they follow from the overlap of Eq. (A11) and the harmonics 0, 1, and 2 of Eq. (A14), and they
are nonzero for [m —m’| < 2 with the selection rules of the azimuthal decomposition. The cases of Table III differ by the
reduction of Eq. (16) with the relations of Appendix B 1 a.

Case (b), B = B&. The element Cy, fixes B, and Eq. (B4) holds with ¢g,, = +1 and gy, = g.. = —1. The ansatz of
the sheets at I' then contains only the moments Wlth gii€p = +1,

Azr,ll;) = 7%(1‘&5) [ (T, ) + Z Z Q(Fﬂm(r)d) (F @) fp] + R (T',9) [Z (QI(JL;;IZJ)Rl + 9jj € Q( n ) Mlj%l P’ fp] , (88)

! PP’ p,p’
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and the copy R; has the same form with the in-scattering from (T',') and from itself, whereas A%, (k) follows from A%,
by Eq. (B3). The unknowns are the eight moments of each sheet at I' with g;; ¢, = +1 and the nine moments of Ry,
which gives 25 for each j (Table IX). Only j = x has the null vector.

Case (c), B = B (sinf,0,cos 8) with 0 < 8 < 7/2. No proper rotation fixes B, and the ansatz of Eq. (15) is used with
all the moments of the four sheets, 2 x 16 + 2 x 9 = 50 for each j. The element Cy, relates the solution at B to that at
—B, and it enters only in the form of the tensor. The null vector is removed by the number constraint for each j.

For 8 = 0, the ansatz of Eq. (15) reproduces the sector form of Eq. (81).

E. Limit of the relaxation-time approximation

For ¢3/5 = cg = 0, all the sheets have linear dispersions, and the RTA with the constant time 7 gives the contribution

of each sheet by Eq. (51). With ur = u— Er and pur = u — Eg, the sheets of the RSW node have u, = 7,[31)3/2, vy = V3/2,
and (N, G,) of Table II, and the contributions are

4,3 2
GRTA  _ Crpp | €TV BY 81y 2430510 | 9n0

[1,(T,3/2) 9 12 372 2 ,Uf% 40 320 64

4

rea b CTER B (g 2ngno  49m0

OIC1/2) T 32 T T2 2 190 +
T U3/2 T Uf 120 320 192

oRTA erup el T”R B* (4ns  3npno Lo (89)

LRt = Gr20p T w2p 15 20 24 )"

The total is the sum over the two sheets at I' and the two copies at R. In the RTA, the overlaps between I' and R do not
enter, and the dependence on the orientation of B relative to the axes of the spinor basis is absent.

For nonzero c3/5 and cg, in the RTA, the in-scattering term is dropped, and every sheet relaxes with the constant time
7. For E || B, Eq. (42) reduces to oy, = (e?7/47?) [ df sinf p, h. The sheets at ' and at R have the quadratic
dispersion €, = uq k + w, k? measured from the node, with u, = @ng,/g and w, = c3/3v3/2 at I, and with u, = vg and
w, = crvgr at R. Let v, be the velocity in the OMM, which is v3/p at I' and vg at R. With u, the chemical potential
measured from the node, let 7, = \/u2 + 4w, p, be the group velocity at the FS for B = 0, so that k, = (05 — ug) /(2w,).
The expansion of p, h? in B with the quantities of Eq. (A4), in which dre, = u, + 2w, k, followed by the integration over
cos @, gives

rTA €2 T2, et T B?

_ 2 _
Ola = G2 +1207r2kg {SUBNava—anoNaGavu

7ua—|—217a 9 271) + 6u, Uy — 3u§ 4
- 0 G2 3 [ +o(BY). (©0)
The term linear in B vanishes. For w, — 0, we have 9, = u, and k, = pq/uq, and Eq. (90) reduces to Eq. (51). The
term proportional to np is the contribution of the BC, that proportional to 7o is the contribution of the OMM, and the
product is their cross term. The total is the sum over the two sheets at I' and the two copies at R, with the numbers N,
and G, of Table II. The RTA does not contain the scattering between the sheets. The overlaps between I' and R do not
enter, and the dependence on Y is absent. For noncollinear fields, the RTA drops the in-scattering term of Eq. (43) and
keeps the LFO. For E L B, the sources h, = D, ' w,; with i = z,y carry no pumping term, since B, = B, = 0. The
mean free-path of every sheet is then ¢, = (q,/D,)sinf7/ (1 +iw, 7), and Eq. (44) gives

oL — Z/ df sin® 6 p, ——— (4a/Da)” ’ (91)

14+ iwe T’

The sum runs over the two sheets at I and the two copies at R. At B = 0, each sheet contributes e? 7 k2 v,/ (6 7r2), which
is its value of o in Eq. (90). No planar-Hall current flows at B = 0. For np = no = 0, the integrand is independent of 6
and the result is exact in B,

e2r k24, e B,
— 1 = — _— «a = — . 92
T T iwer ke (92)

To expand in B with the BC and the OMM, we use the sheet dispersion €, = u, k + wg k% and the quantities ¥4, k4, Na,
G., and v, of Eq. (90). Expanding the integrand of Eq. (91) to the third order in B [cf. Appendix C 2], we obtain for one
sheet
2. 1.2 5% 4 2 = = 2
rra € TkiT,  e'TB 9 - 40, —uq 2 2(a—Ua)
= NZv, — N, Gov, ———— —no G, v, ————
TLa 672 120722 [P e Ve TBNO v, o 253

a

—2072k25}] + O(BY),
(93)
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and for the Boltzmann part of the Hall conductivity

3,27 =2 5.2 n3

BRTA _ €°T ka5 e’7° B 2.2 -5 2-3 - 2.2 _

Ha = gu2 —24071_2]{:2%[407 kava—GnBNava+8773noNaGavl,va(3va—ua)—noGavy(llva—Qua)}
ro(). (09

The AH part of Eq. (22) does not depend on 7, and its expansion is

e3 B e’ G2 vk (802 — B5ug U, + u2) B3

AH +
2412 kg Vg 320 72 kD v2

OH,a ="nBT"oO Na Ga Uy

+0(B%). (95)

The difference of the transverse and longitudinal conductivities of one sheet, which governs the planar-Hall current of
Eq. (45), follows from Eqgs. (90) and (93) as

et B2 Vg —4u 402 +2u, Vg — u?

RTA P:};A: 7120”2]%%[—77]BN21_J&*2773770N&G&UV7& 7 ¢ no G2 v? ot 175 2 a72072k262]+(9(34).
(96)

The terms linear in B of ag”Z{TA do not depend on np and 1o, and OEEA has no odd orders. The terms with 72 inside

the brackets are the expansion of Eq. (92). The totals are the sums over the four sheets with the numbers N, and G, of

Table I1, with the copies at R counted twice. For c3/3 = cr = 0, we have 0, = ug, so that the term of Eq. (93) proportional

to no vanishes. With ur and pg as in Eq. (89), the sheets give

- e 64Tv§’/232 81ns  8lnsno 964T3v§/2B2
OL(r3/2) = + -

972039 72y 320 320 16 72 ’
O'RTA _ 627'/_//12_‘ 64TU§/2 32 ni _ 7773 no _ 647'3 U§/2 32
L0127 3 a2y, 72 960 320 4872 7
SRTA  _ 2T  etro} B (1773_ 7IB770> el B? o7)
1,(R;,+) 671—2 VR 7-(-2 /j‘?% 30 20 67'('2 )

and the differences entering the planar-Hall current are

RTA RTA  _ 13, B? (8lnpno  567Tns 9o 9etrivg,, B
01,(r,3/2) ~ 9),(T,3/2) = -

72 1 160 320 64 1672
e4TU§/232 Tosno o 49m0 _647'31};’/232
72y 48 2 ’

SRTA _ gRTA _
1.(r.1/2) T Ora/2) = 160~ 960 _ 192
RTA RTA et vy B (nB no _Tns _ ’70) _ T B (98)

OL(Bet) T I(Ret) T T a2 2 62

10 30 24

The leading terms of the Hall conductivity are UEI’ETA =372 o Ug B/ (6 7r2) and Jﬁ’}; =B NoO €3 Ny Go v, B/ (24 2 ,ua)7
with p, = pr for the two sheets at I and p, = pug for the sheets at R. The AH part of the two sheets at I' adds up to
ne Mo €3 vss B/ (372 ur), and that of the two copies at R to npno e®vg B/ (672 pug). The RTA does not contain the
scattering between the sheets, and the overlaps between I' and R do not enter.

The internode scattering between I' and R is included with the relaxation time Tipter following Ref. [11], in the same
way as in Sec. IITD. The RSW node at I" and the double-TSM node at R are the two nodes, and the two copies at R
form a single node. The contribution of the node v for E || B = B 2 is given by Eq. (55), and the tensor of the internode
current is proportional to B; Bj, so that it vanishes for E 1L B. With the numbers of Table II, the sums of the sheet
vertices of Eq. (C23) over the sheets of each node are

eB eB

7
__=2 s —
12720 TET qon2

2n0o
_ _l’_
283/ 2512

)7 5R:12773+77 (99)
Sr

Tr = Er, 51“—12773"'7]0(

where S = \/1[12 +4c3/0 pr/vsy2 and Sk = \/1+4cgpur/vr are the group velocities at the F'S in units of v, and vg.
With pr = pr 3/2 + pr,1/2 and pr = 2 pr of Eq. (74), the sum over the two nodes is

s 4 B2 52 2 inter P
O_\llnter _ € v # — 7| + 0(33) . (100)
72 w2 R Py pr + pr
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The derivation is given in Appendix C6. The term is of the order B? and it adds to the intranode expressions of this
subsection. It is proportional to Tinter — 7 for pr = pr and does not vanish at Typter = 7 otherwise, as in Sec. IIID. The
OMM part of the vertices is specific to the RTA, and the exact solution contains the OMM through p,, h,, and w,.

These results are the reference for the solution beyond the RTA of Eq. (15). The derivation of Egs. (89) and (90) is
given in Appendix C. For linear dispersions, the RTA treatment of the RSW node and of the TSM node was carried out
in Refs. [25] and [26], respectively, for an arbitrary orientation of B relative to E. Those works give the longitudinal and
planar-Hall components up to O(BQ), since the odd orders vanish for the isotropic dispersions. They give the intrinsic
anomalous-Hall and the Lorentz-force-contributed components up to O(BB). The longitudinal RTA conductivity of the
RSW node was also studied in Ref. [32]. Equation (89) is therefore the case E || B of the earlier linear-dispersion
results, and the coefficients of B? of the two sheets at I' agree with the longitudinal conductivity of Ref. [25]. Here,
these contributions are collected for the four sheets of the present set-up, with the BC and the OMM tracked separately
through np and no. Equation (90) is a general expression for a sheet with the dispersion e, = u, k + w, k? for E || B.
The quadratic expressions of the QTSM node in Ref. [13] follow from it, and it also applies to the sheets of the RSW
and TSM nodes with the quadratic corrections c3/3 and cg. The term linear in B vanishes and the next correction is
of the order B*, so that Eq. (90) is complete up to (’)(33). For noncollinear fields, Egs. (93)—(96) include the quadratic
corrections of the sheets, in the same way as Sec. V D does for the QTSM nodes. The RTA contribution of the internode
scattering between the RSW node at I' and the double-TSM node at R was reported in Ref. [11] for linear dispersions, for
an arbitrary orientation of B, and up to O(BQ). Eq. (100) reproduces it for ¢35 = cg = 0 and extends it to the quadratic
corrections and to the separate tracking of the BC and the OMM. It is not part of Eqgs. (89) and (90), which contain only
the intranode scattering.

F. Results

The analytical results for the RSW node at I" and the two TSM nodes at R are collected here. They concern the limit
B =0 and the terms that are linear in B, for which the sectors m = 0 and m =1 of Eq. (82) close in a few unknowns. We
abbreviate kj = k. ; and pj; = pp ; for ¢ = 3/2,1/2, while kg and pp are those of Eq. (74). The velocities at the F'S for

B =0 are w; = v3/2 (1; +2c3/2 kd?) and wg = vg (1 4+ 2cg kgr), and they satisfy p, w, = k2. The scattering amplitudes

are @M), = 651/;,7 95 = BER", and Bg = B .. The amplitude gy 1s the same for both copies [cf. the discussion below

Eq. (B2)]. The two copies are equivalent, and we therefore have Sr, r, = Br,r, = Br. The amplitude between the two
copies does not enter, since their overlap vanishes [cf. Eq. (A10)].

1. Longitudinal magnetoconductivity for parallel fields

At B = 0, the source of the sheet a is h, = w, cos 8 for E || 2, and the weights p, are constants. The out-scattering rates
follow from Eq. (A17). For two sheets of the same node, only the coefficient oy of Eq. (A27) contributes, and it gives the
term 4 32 og p for each pair. For the overlaps between I' and R, we integrate over the solid angle of the momentum that is
not fixed. The projector vy vi of Eq. (A7) averages to (4 7/3) I3 over the directions at R. The projector (O w; ; averages

to w1l over the directions at I', by Schur’s lemma. Equation (72) gives ))I Y1+ yg Yy =14 and Yy )}I = diag (1, ¢, nz).
The rates of the sheets at I' are therefore independent of 8, whereas the rates of the copies depend on it. They are

_ 4 _ 4
7'r,:lz/2 = /69%/2,3/2 p3j2+ 5:?/2,1/2 P12+ 3 9%/2 PR, TF,}/Q = ﬁg/z,uz p3/2 + 5%/2,1/2 P12 + 3 9%/2 PR,

_ 4 1—cos8) +n%(14cosd)® (2 sin®6 _ _
Tr, (0) = 3 Bror + <g§/2pa/z+gf/zp1/2) [( ) 1 ( L 5 | TR O) =7 (m—0). (101)

At B = 0, the field does not restrict the proper rotation ¢g in Eq. (B3). We use g = Ca,, for which g,, = —1. For

o . . _ _ _ (0)
the component of A along £, this gives A ;) (m — 0) = —A 7)(0) and Ag,(0) = —Ag, (7 —0). Let Mj, = M(F,J;),l
and Mp; = M((}%)l ! be the moments of Eq. (80). The moments of the sheets at I" vanish for even [, and the moments
of the second copy are M((IO%)Q,Jr),l = - (—1)l Mp,. The independent unknowns are thus M, and M , for Y= 3/2,1/2,

together with Mg o, Mg 1, and Mg 2, which makes seven. The number constraint of Eq. (11) is satisfied identically, since
My o =0and M((Ig)l,ﬂ,o + M((Ig)27+)’0 = 0. The solvability condition of Eq. (12) holds because the sources are odd in cos 6.
The system therefore has no null vector at B = 0.

Let 072, be the matrix elements ol(lo,) of Sec. IV A for the pair (I',¢) and R;. By Eq. (B1) and Oy(7 — 0) = (—1)" ©50(6),

I+

the matrix elements for the pair (T, 1[)) and Ry are (—1) 072,. For odd [, the in-scattering from the two copies into the
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sheet (I, %)) therefore adds up to 4gw Do 0”, Mp . The integrals give, for the rows [ = 1,3 and the columns I’ =0, 1,2,

V3 (1+¢?) 4= V15 (2 - ¢?)

032 _ 15 20 300 12 1 350 1/2 3/2
oy = ) ) | 011/' =3 ”/, , Ogp 27303{, . (102)
VT(2-3¢%) V21(2-3¢%) V35(4+3¢%)
105 420 2100

For the in-scattering within the node at T', let ol(ww/z be the coefficient o; of the pair (T, 1/3) and (T, 1;’) in Eq. (A27), and
let olf be that of the pair (R;,+) and (R;,+). Let T, and T, be the integrals

T

T, = /0 df sinf cos 6 Opo(8) TR, (0), Tpg = /0 df sin 6 ©,0(0) ©q0(0) Tr, (6) . (103)

Eq. (81) then gives the closed linear system for the seven unknowns. For [ = 1,3 and 1/; = 3/2,1/2, the equations of the
sheets at I' read

52 ww ) 2

_ 1/”/1’ 2 P
Mg, = P54 \[ j0n + Z 20+ 1 49y Z oy Mry | (104)

'=0
and for p = 0,1, 2, the equations of the copy R; read
& 45308 q
Mg = [y +3 T S Mg +2 38 57 o) | 109
q=0 b 1=1,3

The zero-field conductivity, which is the reference for the magnetoconductivity, follows from Eq. (42) with cosf =
\/2/3@10( and M((I(-)E) +) —MRJ7

62

2
o) |B:0 = 4772\/; (w32 Msya1 4 w1/ M1j21 +2wg Mp1) . (106)

In contrast to the QTSM and Weyl nodes of Sec. III, the mean free-paths are not proportional to cos@ for 95 # 0. The

sheets at I' acquire the component with [ = 3 through the matrix elements oéf’l,, and the rates of the copies depend on 6
through Eq. (101).

2. Planar-Hall and Hall response for perpendicular fields and a general angle

At B =0, the sector m = 1 has the source h(l) = w, sin § and the rates of Eq. (101), and it has no frequency w,. The

rotation Co, has ¢g,, = +1. Eq. (B3) therefore gives Aér)w)(ﬂ —-0) = AE;)@(Q) and Agz) 9) = Agl) (m —0). We fix the sign

of the functions ©;; by ©;1(0) = /(21 +1) (I —1)!/[2(I +1)!] sin@ P/(cos#), which obeys O (7 — 0) = (—=1)" 0 (0).

Let My, = Mys |

vamsh and those of the second copy are M(R = (fl)lJr1 MRJ. The independent unknowns are Mﬂ?,l and Md;’?) for
=3/2,1 / 2, together with M r,1 and M Rr,2- They are six real numbers, in place of the ten complex unknowns at finite B.
Let 0”,) ¥ be the matrix elements of O") between the sheet (T, 1/1) and R, defined as the elements ol(ly,") of Sec. IV A for
m = 1. By Eq. (B1), those for the second copy are (—1)l+l ol(l,) w. For odd [, the in-scattering from the two copies into

(T, 1/;) therefore adds up to 2912[) Do ol(ll/)’w MRJ/. For the rows [ = 1,3 and the columns I’ = 1,2, the integrals give

¢C(V6+2v2n) ¢ (2v10n—/30)

and MRZ = M((Il%) )il be the moments of Eq. (80). The moments of the sheets at ' with even [

1),3/2 _ 10 50 1),1/2 1),3/2 1),1/2 _ 1),3/2
o .o goiz? P2 ol = =30, (107)
¢(V21-3vT7n) ¢ (V105+3v350)
105 525

For the in-scattering within a node, the matrices K (!) have the same diagonal elements 4 32 o, /(214 1) as the matrices
KO, Let T,Sl) and T,S,}’ be the integrals

T = / df sin® 0 ©,1(0) 7r, (0), Ty = /O df sin 6 0,1 (0) ©,41(0) Tr, (0) . (108)
0
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For | =1,3 and ¢ = 3/2,1/2, Eq. (81) gives the equations of the sheets at I" as

2 O(IZHZJ) 2 5
- , Db
51~ PTG “’w on + Z ?ﬁ T My 205 ) o M| (109)
r=1
and for p = 1, 2, it gives the equations of the copy R; as
- BR ~ )% 77
Mpp = pr |wp TSV +ZT<1> X +i R +Zgw Z o My, |- (110)
q=1 b 1=1,3

The first integral of Eq. (44) gives, with sin¢ = (2/v/3) ©11(6) and MY

(o)1 = =M R,1, the zero-field conductivity perpen-
dicular to B,

62 ~ ~ ~
UJ"B:O: W (’LU3/2M3/2’1—|—U]1/2M1/2’1+2wRMR71)7 O'H|B:0:0. (111)

The Hall conductivity vanishes, because the sector m = 1 is real at B = 0. For g3/ = g1/2 = 0, each node is invariant
under all rotations. The sector m = 1 then obeys the same equations as the sector m = 0, and we have 0, = o) = or +0Rr
with the expressions of Sec. IVF 4. For g; # 0, the difference o, — oy at B = 0 follows from Egs. (106) and (111), and

Eq. (45) gives the planar-Hall current jpy = (O'J_ — U”) sind cos? E at B = 0 for an oblique E.

To the leading order in B, the Boltzmann part of the Hall conductivity follows from the imaginary part of the sector
m = 1. At this order, the terms that depend on 15 and o do not contribute to it, and only the frequency w, = e Bw,/k,
acts as a perturbation of the real solution ¢, at B = 0. Because the operator of the sector is symmetric with respect to
the weight p,, we obtain

Z“’“ / d0 sin 0 p, 2(0), (112)

where /¢, is the real solution of the sector m = 1 at B = 0 and the sum runs over the four sheets. The second copy
contributes as much as the first one. The AH part of Eq. (84) is linear in B as well. The radius of the sheet a changes by
0ko = —mo xvev Gy B cosf/ (2k, w,) at this order, and only the product of the BC and the OMM contributes,

u__nMBnoe’ B [ 932 T3z dvg (113)

7z = 24 2 2k3/2w3/2 2k1/2w1/2 k?R’U}R

It does not depend on the scattering amplitudes. For c3/5 = cg = 0, the bracket becomes 3/k3/2 + 7/k1j2 + 4/kg, and
the two terms of the sheets at I' add up to g no e3 V3/2 B/ (3 2 ,up) while the two copies give g no e vg B/ (6 2 MR)~
These are the values of the RTA [cf. Eq. (95)].

For g3/ = g1/2 = 0, we have {, = A,sinf with the amplitudes A3/, and A;/3 of Sec. IV 4 for the sheets at I' and
Ag =3wg/ (2% pr) for the copies, and Eq. (112) gives

e3 B
O'II?I 6 2 (kg/QAB/Q+k1/2A1/2+2kRAR) (114)

The solution is not a superposition of the results for the components of B along and perpendicular to E, since the
quantities of the sheets depend on the full magnitude B. The two sectors are therefore solved once at the full B, and the
angle enters only through the weights in Eq. (45).

3. Fxpansion to the third order in B

The expansion of Sec. VE3 applies to the sheets of this section. Equations (151), (152), (156), (157), (108) and
(159) hold with the sums over the four sheets (T',3/2), (I',1/2), R;, and Ry, and with the kernel IC (9 0 =
Y10 Oum(6) K K 00m(@) of Eq. (81), which obeys K (6,8") = KUY (6/,8). Let A, = o for the sheet ( ,) and

aa’
)\R = 1. Let v, and ¢, be v3/o and c3/5 for the sheets at I', and vg and cg for the sheets at R. We define v, = Na+2cq Ko,
such that Wq = Vg Vq. The numbers N, and G, are those of Table II. The radius of each sheet is the positive root of the
cubic equation below Eq. (84), and its expansion is Eq. (152) with these parameters. The first-order coefficients of the
weights, of the sources, and of the frequency are those of Eq. (155), and the coefficients of the higher orders are polynomials
in cos 6 of the same degrees at most. The sum of Eq. (153) over these four sheets gives the AH part to the third order. Its
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first term is Eq. (113). For ¢35 = cg = 0, the second term becomes np n}) e® B (6/]{32/2 + 686/16?/2 + 8/k}r’%) / (160 72).

Neither term depends on the scattering amplitudes. The coefficient ag) of Eq. (159) reproduces Eq. (112).

The solution Ag at B = 0 is that of Secs. IVF 1 and IVF 2. At B = 0, the rotation Cs, exchanges the two copies at
R and maps each sheet at I' onto itself, and the parities of A; follow from Eq. (B3). For m = 0, the function A; has
the opposite parity to Ag, namely Ay 5y (m —0) = A 1 5)(0) and Ay g, (#) = A1, (7 — 0). It contains the zero mode,
and the constant drops out of Eq. (158) for the reason given in Sec. IIIE3. For m = 1, we write A; = AR +4iAl. The
imaginary part Al has the symmetry of Ag, and the real part A} has the opposite one, with AI:”( 3 (r—0) = —AR

(T, L(F,iz)(o)
and A p (0) = —AT R (7 —0).

4. Dependence on the scattering amplitudes

For g3/2 = g1/2 = 0, the sheets at I" and the copies at R decouple. The kernel of each node then preserves [, and the
mean free-paths are proportional to cosf. For the sheets at I', we write A(Dﬂ?) = AI; cos . The rates of Eq. (101) lose
their terms with 9 and the amplitudes obey a 2 x 2 system with the entries

2 14
N3j23/2 = 5 ﬂ§/2,3/2 p3/2 + 53/2,1/2 pr/2s Nijpip = 533/2,1/2 P3/2 + 15 5%/2,1/2 P1/2;
1 1
N3ja.1/2 = 5 53?/271/2 P12, Nijzze = 5 55/2,1/2 P3/2 - (115)
With N = N3/2’3/2 N1/2’1/2 — N3/271/2 ]\[1/2’3/27 the amplitudes are

B N3/2,3/2 Wy/2 — N1/2,3/2 w3 /2

. N1/2,1/2 Ww3z/2 — N3/2,1/2 Wi /2 A
) 1/2 — N )

A3/2_ N

(116)

and the sheets at I' give

62

- (K32 Asys + Ky Ars) (117)

ar

For each copy at R, the rate is 71;1 = (4/3) 8% pr and the vertex correction is (2/3) 8% pr. The amplitude is therefore
3wgr/ (2 512% pR), and the two copies together give

e w
= . 118
IR 272 [312{ (118)

For ¢cg = 0, we have wr = vg, and or does not depend on pur and on the energy of the nodes at R. The zero-field
conductivity is continuous at g3;2 = g1/2 = 0, and it is o}|p=0 = or + or in this limit. The limit does not extend to
B # 0. The Chern numbers of Table II add up to —4 for the sheets at I" and to +4 for the copies at R, and Eq. (12) is
therefore violated separately for each set of sheets if E || B.

The amplitudes 85,2 3/2, B3/2,1/2, and B /2,12 enter Eq. (101) only through the rates of the sheets at I' and through the
in-scattering of Eq. (104). The amplitude S enters the rate of the copies and their in-scattering, and the amplitude Jo2is

inter

does not appear at all. The ratio (/5 of the block ) enters only through the rates of the copies and through Eq. (102).

5. Numerical results

The figures show the exact solution of the sectors m = 0 and m = 1 of Eq. (82) for B = B 2, which is case (a) of
Table III. The field enters through oo = e B/(2 k12“,3/2)v where kr 3/ is the radius of the smallest sheet at B = 0, and both
signs of a are shown. The parameters are taken from the fitted tight-binding model of RhSi that is described in Sec. II1 E 6.
To the leading order in the spin-orbit coupling, the velocities are vs/o = [vp|/3 and vg = |vp[/2 [cf. Sec. IV A], and the
small spin-orbit terms of the fit are neglected. The second-neighbour hopping gives c3/3 v3/2 = —v2/2 and crvg = v2/2.

The offset of the nodes is Er — Fr = A = 0.41 eV, and we set ur = 0.01 eV and pur = ur + A. The bands with 15 <0
at I' are not cut for ¢35 < 0. For cg > 0, the bands with s <0 at R are cut at a large radius, and these sheets are not
included, as stated below Eq. (73). We take ur 70 = 15 with 7y the out-scattering time of the sheet (I',3/2) at B = 0, and
¢ =n=1/v/2in Eq. (72). One amplitude 3 is used for all pairs of sheets within the RSW node and within each copy at
R, and the amplitude 73 8 is used for all pairs of sheets (T, z/;)RZ-. The copies at R are coupled only through the sheets at
I'. We set rg = 1/2 unless stated otherwise. All the quantities are normalised to the corresponding values at B = 0, and
the numerical implementation is described in Appendix E.



32

0.0 1
2 -
-0.5 1
. © A
hg _1.0 7 = O 7 —\
-1.5 1 —27
-0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04
& (e
— =7 =—=7)3 =—=rn/2 og o oPH
(a)
20
20 7
1517
15 1
o 5 101
ba~] ,]O i o
5 _\ / 5
0 1 e 0
-0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04
o [0
— gy =0.4 T3 =0. m—y=0.8 mm—;=1 rg=1.4 —gp=tp=1 =——jqp=0 =——qnp=_0

FIG. 5. RSW and TSM nodes for B || 2. (a) Left: o multiplied by 10® for E at the angle ¥ = /6 (navy), /3 (crimson), and
7/2 (green) to B. Right: og multiplied by 10% (navy), o' multiplied by 10° (crimson), and the planar-Hall change for ¢ = 7/3
multiplied by 10% (green), in units of o1 at B = 0. (b) For E || B, §oy is multiplied by 10°. Left: rs = 0.4 (crimson), 0.6 (amber),
0.8 (green), 1 (navy), and 1.4 (sky). Right: rg = 1/2 with ns5 =no =1 (navy), no = 0 (crimson), and ng = 0 (green).

By Eq. (47) and the axisymmetric form of the tensor, o) and o are even and o is odd in «, and the curves of Fig. 5(a)
display this symmetry. The diagonal response of this set-up has therefore no term odd in B. For these parameters, o
and o differ at B = 0, since the overlap between I' and R is invariant only under the rotations about the polar axis. A
planar-Hall current thus flows at B = 0 for an oblique E [cf. Eq. (45)], and the right panel shows its change relative to
the value at B = 0. The sheets at R carry almost the whole of o, as in Sec. IITE 6, and the changes in units of o, at
B = 0 are therefore small. The change of the current along E is negative and grows in magnitude as v increases. The Hall
response is dominated by the Boltzmann part, the AH part is much smaller, and the Hall response increases monotonically
with « in the range shown. The change of the planar-Hall current is negative for both signs of a.

For E || B, the change of oy is positive and even in « for all the ratios in Fig. 5(b). It is not monotonic in 74, and
the smallest change among the values shown occurs for rg3 = 1. No change of sign occurs in this range. The right panel
separates the contributions of the BC and the OMM to the longitudinal change. Both are positive, and the combined
change is smaller than the BC contribution alone, which shows that the cross term is negative. The OMM contribution
alone is the smallest of the three.

Figure 6 shows the dependence on the parameters of Sec. [V I'5. In each panel, one of the quadratic coefficients c3/;
and cg, the velocity vs/, at fixed quadratic coefficients, the offset A, and the ratio ¢ of Eq. (70) is varied about the RhSi
values, with ¢ =1/ V2 as the reference. The other parameters are kept fixed, and the field is fixed at the value a = 0.05
of the RhSi parameters. The ratio { is not fixed by the symmetry, and it is not obtained from the DFT bandstructure.
CoSi is not used in this section, since the RSW node requires strong SOC, whereas the SOC of CoSi is weak [39].

The dependence on ( is weak. The change do) decreases monotonically with ¢ and stays positive, the magnitude of
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FIG. 6. RSW and TSM nodes for B || £ at fixed o = 0.05. The panels show the dependence on c3/2, cr, v3/2 (in units of the RhSi
values), on A/pu, and on ¢. In every panel, do multiplied by 10° (navy), —do, multiplied by 10® (crimson), o multiplied by 102
(green), and o™ multiplied by 10 (amber), in units of the values at B = 0.

S0, has a maximum at an intermediate value of ¢, and o2 and U}}H are almost independent of (. The assumption on
¢ therefore does not change the conclusions of Sec. IVF5. The coefficient c3/, has a weak influence, except that do
decreases rapidly and changes sign at about three times the RhSi value. The coefficient cg has a weak influence on do
and a strong one on the magnitude of §o; and on o5, which increase with cg, whereas o decreases slightly. As v3 /2
increases, do|| and U?IH increase, and the magnitude of do; and o2 decrease. The change do is negative below about 0.6
times the RhSi value of v3/,. All four quantities decrease monotonically with A.

The cases (b) and (c) of Table IIT are solved with the general solver of Eq. (16), which uses the full overlaps of Eq. (A11)
with the harmonics 0, 1, and 2 and no sector decomposition. The implementation is described in Appendix E. The
parameters are those of Sec. IVF 5, and we take B = B (sinfp,0,cosfp) with 5 = 0 for the case (a), 0 = 7/2 for
the case (b), and 0 < 8 < 7/2 for the case (c). The tensor at B = 0 is uniaxial about the polar axis, since the kernel is
invariant under R,(4). All the changes are measured from this tensor and are given in units of o9 = tr a(0)/3.

For every 0p, the rotation C, P maps B onto —B and leaves the kernel invariant, and the exchange P does not change
the total current. It gives o;;(—B) = n;n; 04;(B) with n, = n. = —1 and 7, = +1. The diagonal elements and o,
are therefore even in «, and o, and o, are odd. This is consistent with Eq. (47), by which the symmetric part of o is
even and the antisymmetric part is odd. The diagonal elements are even in every case. The numerical tensor has these
properties and satisfies the relations of Table III. In the case (b), the elements 04y, 0., 0y, and o, vanish and are not
shown.

In Fig. 7(a), the change do,, for E || B is positive and grows with |o| without a sign change. The changes do,, and
00, for E 1 B are negative, and the magnitude of oy, is larger. The Hall element o, is odd and close to linear in
«a. Its AH part is smaller than the total by almost four orders of magnitude, and the Hall response is therefore of the
Boltzmann type.

The sign of do in Fig. 7(b) depends on the orientation of B. It is positive for 5 = 0 and 7/2, where the two curves
are close, and it is negative for 5 = 7/6 and 7/4, with the most negative values at g = 7/4. For 0 = 7/12, it is small,
with a shallow negative interval at smaller |o| and a positive value at the largest |a|. The change thus depends strongly
on the angle between B and the polar axis. In the right panel, the two eigenvalues of the symmetric transverse block are
negative and close to each other. The Hall vector is dominated by H), which is close to linear in . Its component H;
perpendicular to B is odd and smaller than H) by more than two orders of magnitude. The component along § vanishes,
since 0,, = 0,, in Table III, and it is not shown.

In the left panel of Fig. 8, do for 0p = 7/4 is negative for rg > 0.6, and its magnitude increases monotonically with
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FIG. 7. RSW and TSM nodes. (a) Case (b) with B || #. Left: §o., multiplied by 10° (navy), §o,, (crimson), and o, (green)
multiplied by 10%. Right: do,. multiplied by 10? (navy) and its AH part multiplied by 10* (crimson), in units of oo. (b) Case
(c) with B = B (sinfp,0,cos0p). Left: do = B - do - B multiplied by 10° for 5 = 0 (navy), 7/12 (crimson), 7/6 (green), /4
(amber), and 7/2 (sky). Right: for §p = m/4, the eigenvalues do1 1 (navy) and do L 2 (crimson) of the symmetric part of do in
the plane perpendicular to B multiplied by 10, the component H | of the Hall vector along B (green) multiplied by 10%, and its

component H; (amber) along (cos@p, 0, — sin @) multiplied by 10, in units of oo.
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FIG. 8. RSW and TSM nodes for B = B (sinfp,0,cos0p). Left and middle: o multiplied by 10° for 5 = 7 /4 [case (c)] and
0 = /2 [case (b)], respectively, with rg = 0.4 (crimson), 0.6 (amber), 0.8 (green), 1 (navy), and 1.4 (sky). Right: 6 = 7/4 and
rg = 1/2 with ng = no = 1 (navy), no = 0 (crimson), and s = 0 (green), multiplied by 10°. All changes are in units of B-¢(0)- B.
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FIG. 9. RSW and TSM nodes in the Chang scenario (navy) and in the Flicker scenario with ¢ = 7/2 (crimson) and ¢ = m (green,
dashed). (a) Panels from left to right: do = B - o - B multiplied by 10° for 5 = 0, 7/4, and 7/2, in units of B - o (0) - B. In the
left panel, the three curves coincide. (b) Here §p = /4. Left: component H; of the Hall vector along (cosfg,0,—sinfg). Right:
component H» along 4. Both are multiplied by 10* and given in units of ¢o. In the left panel, the curves of the Chang scenario and
of ¢ = 7 coincide. In the right panel, the component H> of ¢ = 7/2 vanishes and is not drawn.

rg. For rg = 0.4 it is close to zero, with a shallow negative interval and a small positive value at the largest |a|. In the
middle panel, o for 65 = 7/2 is positive for all the ratios, and it decreases monotonically with r5. The two orientations
therefore have opposite signs and opposite dependences on rg for g > 0.6. In the right panel, both the BC and the OMM
contributions are negative, and the combined change is smaller in magnitude than their sum. The cross term is therefore
positive, which is opposite to the sign for the QTSM and Weyl nodes in Fig. 4.

The orbital overlaps of Eq. (78) between I" and R are now used in place of Eq. (A11). The overlap of Eq. (78) is summed
over the two copies at R, and each copy carries one half of it. The intranode overlaps and the vanishing overlap between
the copies are unchanged, and the amplitude r3 63 multiplies the overlaps between I and R as before. The Chang scenario
is the case ¢ = 0 of Eq. (79), and the Flicker scenario is shown for ¢ = 7/2 and ¢ = 7, which correspond to v = 1/8 and
v = 1/4, since v is not specified here. The terms of Eq. (78) that are proportional to sin ¢ are odd under the simultaneous
inversion of k and q. Time reversal exchanges the two copies at R and inverts both momenta, and the overlap that is
shared equally between the copies must therefore be even under this inversion. With the odd terms kept, the numerical
tensor violates Eq. (47), and doy for B || € acquires a term linear in B. We therefore use the part of Eq. (78) that is even
in ¢, namely [O(¢) + O(—¢)] /2, for which the dependence on s, drops out. The Chang scenario and the case ¢ = 7 are
not affected, since sin ¢ vanishes there.

The overlaps of Eq. (78) are invariant under the rotations of all the momenta about é = (1,1,1) /v/3 for every ¢. The
set-ups are therefore those of the second case of Table I, with 2 = ¢ and B = B (sinfp,0,cosfp). The tensor at B = 0
is uniaxial about €, and its anisotropy is small. For B L ¢, the rotation Rs(7) and Eq. (47) give the parities of Eq. (48).
The out-scattering rate of the sheet (I',3/2) depends on the direction of k for these overlaps. The time 79 with pur 70 = 15
is therefore defined through the average of this rate over the sheet at B = 0. All the other parameters are those of
Sec. IVF 5, and the solution is obtained with the general solver of Eq. (16). The changes are measured from the tensor at
B=0.

Fig. 9(a) shows the longitudinal change for three orientations of B. All the curves are even in «, as required by Eq. (47).
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For B || ¢, the three scenarios give the same positive change. For 0 = 7/4, the change is negative in the whole range
for all three scenarios. The curves of the Chang scenario and of ¢ = 7 coincide, and the change of ¢ = 7/2 is smaller in
magnitude. For 5 = 7/2, the Chang scenario and ¢ = 7 again coincide. The change is negative at smaller |«| and turns
positive at larger |«|, whereas for ¢ = /2 it remains close to zero at smaller || and is positive and larger at larger |a.
The sign of do thus depends on the orientation of B in every scenario. It is positive for B || ¢ and negative at an oblique
angle, in the same way as in Fig. 7(b). The scenarios differ in the magnitude and in the sign at smaller |«| for B L ¢,
and this dependence on the position of the orbitals is absent for the overlaps of Eq. (A11). The agreement of ¢ = 7 with
the Chang scenario follows from the reversal of the cyclic order, which gives the mirror image of the Chang overlaps and
leaves the diagonal elements of the tensor unchanged.

Fig. 9(b) shows the components of the Hall vector H that are perpendicular to B for g = 7/4. The component H|
along B dominates in all the scenarios, and it differs only slightly between them. The components H; and Hs are odd in
« and smaller than H) by more than two orders of magnitude. The component H; is almost independent of the scenario.
The component Hs along § vanishes for the overlaps of Eq. (All), since 0,, = 0,, in Table III. It is nonzero for the
Chang scenario, which has no mirror symmetry, and it changes sign for ¢ = 7. For ¢ = /2, it vanishes, since the part
that is even in ¢ is invariant under the reversal of the cyclic order. The AH part of the tensor depends on the FS only,
and it is the same in all the scenarios.

V. TWO UNTILTED QTSM NODES

We consider here two conjugate QTSM nodes with the chiralities y = 1 and the same nodal energy [13], such that
Hx(k) = VF (k‘a; Sm—i-kiy Sy—‘er‘z SZ)+CUF k}QHng. (119)

Time-reversal maps a node at K onto a node at —K with the same monopole charge, and hence with the same chirality.
The two nodes of opposite chiralities in this section are therefore not time-reversal partners. The threefold nodes at the
P point and at its time-reversed partner —P of the chiral space groups 199 and 214 in the presence of SOC [5] are such
partners and have the same chirality. A chiral space group contains no improper operation, and it has no operation that
maps one of these nodes onto a node of opposite chirality. An example of an opposite-chirality pair at K = P and K’ = —P
is provided by the magnetic space group 14'3d’ (No. 220.91) [40]. This group does not contain time reversal. It contains
the product of time reversal and the mirror m,7y, which maps P onto —P and thus relates the two nodes with opposite
chiralities.

The eigenvalues are those of Eq. (26) for er s at both nodes, and we consider ¢ > 0, u > 0, and ck < 1 as in Eq. (26).
The chemical potential cuts the bands s = 1 and s = 0 of each node, which gives the four FS sheets a = (x,s) with
s € {1,0}. The FS radii and the FS weights at B = 0 are those of kr 1, kr o, pr.1, and pro in Eq. (29), for both nodes.
The BC and the OMM are given by Eq. (27) with v, = vp and the numbers {N,,G,} = {2,1} for s = 1 and {0, 2} for
s = 0. The Chern numbers C, = —x N, are —2, 0, +2, and 0 for the sheets (+,1), (+,0), (—, 1), and (—,0), and they add
up to zero. The quantities &, D,, and w, follow from Eq. (28).

The scattering amplitudes between the sheets of the same node are denoted by ﬁfntra, and those between the sheets of

s ’
different nodes by S2fT. We use Sinfra = fintra and ginter — ginter and the amplitudess do not depend on the chirality, as in
Ref. [13]. The squared overlaps are those of Eq. (30) for the sheets of the QT'SM node, with the variable X = x x’ cos 6 cos ¢’
of Appendix A 5, which equals cos 6 cos ' within a node and — cos 0 cos§’ between the nodes. The sheets (x, 1) have the
range of nine functions of Eq. (31), and the sheets (x,0) have the six even functions, as described below Eq. (31).

For B = BZ and E || B, each node has three moments on the sheet (x,1) and two on the sheet (x,0). This gives
ten unknowns for the two nodes, and the number constraint of Eq. (11) removes the null vector of the resulting system
[13]. For E L B, each node has two complex unknowns on the sheet (x,1) and one on the sheet (x,0), which gives six
unknowns without a null vector.

For B = B 2, we write u = cos and p = 3u? — 1, and the primed symbols refer to the final state. Eq. (A14) then gives

the components of the overlaps with m = 0 and m = 1 in the form

(0) 1 oxxfed ppt 0 B ) O _1_py
e =375 T Phown =315 %Gnwo =3 13
(1) _Y (1) _ ) _
Oty = 5 EHxx ud)s Oplo oo =2xxX wd'Y, Op g = —xx ud'Y, (120)

with Y = sin 6 sin#’. The components with m = 2 do not enter [cf. Eq. (39)], since no source feeds this sector.

A. Solution for the magnetic field along the polar axis

Egs. (39), (41), and (43) apply with the sheet index a = (x, s), and we write u = cos§. The two nodes are exchanged
by the reflection k, — —k., because H, (ky, ky, —k.) = H_(k), and this reflection leaves B = B £ invariant. Egs. (28)
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and (A4) show that kq, Da, Wk, qa, Pa, and w, depend on x and u only through the product y u. These quantities for
the sheet (—,s) at u therefore equal those of the sheet (+,s) at —u. The component w, , and the source h, change sign
instead,

w(_7s),z(u) = 7’UJ(+7S)72(7U) y h(_7s)(u) = — h(+,s)(7u) . (121)

Eq. (120) is invariant under (y, x’,u,v’) = (—x, —x’, —u, —u’), and the amplitudes do not depend on the chirality. The
equations of the node — are thus the mirror images of those of the node +. For E || B, the constant zero mode,
whose amplitude is fixed by Eq. (11), is even under this exchange, whereas the source is odd. The solution is therefore
odd, A_ o(u) = —A4 o (—u), and it satisfies the number constraint identically. For E L B, the solution is even,
l— o (u) = €4 5 (—u). In both cases, the two nodes contribute equally to the conductivities, and the quantities of the
node + carry the single index s below.

(n) _

We denote by ps f duu™ ps the moments of the weight and by M f duu™ ps As those of the solution for

E | B, withn=0,1,2 for s =1 and n = 0,2 for s = 0. For moments Xé ") and amplitudes 7,4, the kernel of Eq. (120)
with m = 0 generates the polynomial Z?:o Rs,j u’ with the coefficients

Sro(X,7) = T (3x10 = xP) + 22 (X7 + X)), Rua(X9) = yu XY,

R12(X,7) = i1 (3X(2) —X1(0)) 710 (BX( ) Xéo)),

4 2

fo.0(X,7) = 20 (X7 + X7 ) 4900 (X = X§7), Ro1(X,7) =0,
foa(X,7) = =58 (3x% = X{V) 4900 (317 - x{”). (122)
The sum over the final states of both nodes follows from Eq. (121) and from the relations pgi)s) = (-1)" pEj_)S) and

n n s intr 2 inter 2 3
M((_)é) = —(—1)" M((+) y- With vE, = (Bina)” £ (Biter)” and g, = 7i5, the out-scattering rate of Eq. (A17) and the

mean free-path become
W) =D Re(pr ) Wl As(w) = o) [holu) + D0 Ry (M) . (123)
j=0 =0

The rate involves the sum of the intranode and internode strengths, whereas the in-scattering term involves their difference,
since the solution is odd under the exchange of the nodes. Multiplying Eq. (123) by u" ps and integrating over u closes
the problem as five linear equations,

2 1
Ms(n) = (u" h8>! + Zﬁs,j (M777) <un+j>! ) <f>L| = / dups s f (124)
j=0 -1

for n =0,1,2 with s = 1 and for n = 0,2 with s = 0. The null vector of the full problem has the opposite parity, and the
matrix of Eq. (124) is therefore regular. The conductivity of Eq. (42), summed over the two nodes, reads

= [+ s 00 ) ()] (125)

=0

For B — 0, the weights and the times are constants, hs = w?

MS(O) and MS(Q) vanish. Eq. (124) is then solved in closed form. Let ps = pr s and ks = kp s be the quantities of Eq. (29).
The rates are 7 ' = 3 (71} p1 + 775 po) and 75" = 2 (v o1 + 1o po), and the conductivity is

u with w? = Oker,s evaluated at kr g, and the moments

€2 k%w?ﬁ
= |71 k20 . 126
UII|3:0 372 1—§7ﬂp1ﬁ+ 0 Wo 70 (126)

The denominator is the vertex correction of the sheet s = 1. The sheet s = 0 has none, since its overlaps with all the
sheets are even in u. The same expression holds for o with 7;; replaced by 7;;. The two results coincide for pinter — ()
as required by isotropy. They differ otherwise, because the factor x x’ in Eq. (120) makes the internode overlap depend
on the orientation of the z axis.

For E 1 B, we write Gs(u) = [7;'(u) + iws(u )]71 with 7,1 of Eq. (123), and we define the complex moments

s
£ = f duv1 —u?u" psls withn = 0,1 for s =1 and n = 1 for s = 0. For the even solution, E(")S) =(-1" LEZ{S),
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and the kernel of Eq. (120) with m = 1 fixes the coefficients 5\20) and 5\21) of sinf and of sinf cos# in the in-scattering
term of Eq. (43),

+ +
(0 g 0 (1 Y 1 1 (0 (1 1
AP =B, A = B e, AV =0, AV = -y £ + 2000 £5 (127)
Both the rate and the in-scattering term involve 4T in this sector, since the solution is even under the exchange of the

nodes. The mean free-path is £, = G, sin [qs/DS + A0 4 3 u} With (f}j‘ = f_ll du (1 — u?) ps G f, the moments
obey three complex linear equations,

i L i
1= 37 (L —svh (v (W £ {1/ D1) "
1
-3 (W 1—39 <u N (W) ) £V | = (war/Dy)y |- (128)
1
0 o (ut)y 120 (u?)y ) \£g” w0/ Do)y

Eq. (44), summed over the two nodes, gives
i 1,3 1
oL—ioh=1 Z [((@u/D))” 450 (0o Do)+ 30 g/ D)L ], (129)
The Fermi-sea term of Eq. (22) has only the component along B, and only the sheets with s = 1 carry a BC. With
Eq. (121), it becomes
2

AH npe? [
oH =53 [1 duw kg 1y(u). (130)

To the leading order in B, the OMM shifts the radius, and oﬁH ~ ngnoe’ B/ [6 w2 kr (1+ QCkF’l)]. The Hall con-
ductivity is og = UB + Uﬁ}H. The perpendicular and Hall conductivities are new compared with the collinear solution of
Ref. [13].

B. Symmetries and classification of the set-ups

For B = B %, the invariance under the rotations about the z axis gives the tensor form below Eq. (44) for every direction
of E, with the three independent functions oy, o1, and oy. The currents follow from Eq. (45). The reflection of Eq. (121)
relates the two nodes and gives equal nodal contributions to each of the three functions. Time reversal yields the Onsager
relation of Eq. (47), which this tensor form satisfies identically. The internode overlaps of Eq. (120) depend on the product
X X' cosf cosf’, and the kernel is therefore invariant only under the rotations about the z axis and not under a general
rotation. Eq. (4()) holds for the intranode scattering alone. For B”‘ter # 0, the orientations of B other than 2 do not
follow from the reference set-up by a rotation. The set-ups with B at a general direction are therefore classified by the
symmetries that remain.

The overlaps of Eq. (120) depend on k - k' within a node and on k - Tk’ between the nodes, with T = diag (1,1, —1).
A transformation g of the momenta leaves the kernel invariant if g commutes with T. These transformations are the
rotations R, about the z axis, the rotations by 7 about axes in the zy plane, the reflections II, and II, normal to the z
axis and to an axis in the xy plane, the inversion J, and their products. Proper elements map every node onto itself, and
improper elements exchange the two nodes [cf. Eq. (121)]. The field B is a pseudovector and transforms as det(g) g B,
whereas E transforms as a vector. Appendix B 1b gives the derivation. The inversion fixes B for every orientation, and
it gives

A (k) = = A, (). (131)
The number constraint of Eq. (11) is then satisfied identically, and only the node + has to be expanded. The rotations
R. relate orientations of B with the same polar angle g to the z axis, and we take B = B (sinfp,0,cos6p). The
classification is collected in Table IV, and all directions of E follow from the reference set-ups.

C. Amnsatz for the mean free-path

The nodes are untilted, and the FS of every sheet is axisymmetric about B for every orientation of B. The distinct
set-ups are the cases (a) to (c) of Table IV.
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Independent elements
of o
three:
0,01, 0H
four: o4z, oyy, 022,

Case |Orientation of B|Symmetries

(a) QB =0 Rz, HZ7 j

(b) O = 77/2 0217 I, 7

Uyz = _Uzy

SIX: Ozz, Oyy, Ozz, Ozz = Ozz,

(c) | 0<Op<m/2 J

Oxy = —Oyz, Oyz = —Ozy

TABLE IV. Independent geometries of the two conjugate QTSM nodes. The elements of o follow from the symmetries and from
the Onsager relation of Eq. (47).

For each sheet a = (x, ), the exact form of AJ is Eq. (15) with the functions f of Eq. (31). The only unknowns are
the moments M{l - The sheets (x,1) carry nine functions and the sheets (x,0) carry six, which are listed for the sectors
about the z axis in Eq. (49). The out-scattering rate in Eq. (15) is of finite rank as well,

’% =N k) QN N = /dzkpa : (132)
p,p’

a’

where ./\/;? are the moments of the weight p, at the given B.
For case (a), B = B 2, the rotations about the z axis make the ansatz closed in the azimuthal sectors for every angle ¢
between E and B. The components of the node + are

2
Af, 5 =7s(0) {hs(e) + Zﬁs,j(Mm_) cos’ 9} o Al +ZA ) = =e'? sin

=0

0 qs/Ds + 5\20) + 5\21) cos

75 1(0) + i ws(0) ’ (133)

where R ; and A are given by Egs. (122) and (127), and 75, ws, ¢s, and Dg by Egs. (123) and (21). The unknowns

are the five real moments MS(") of the sector m = 0 and the three complex moments z@”) of the sector m = 1. The
mean free-path of the node — follows from the mirror relations of Eq. (121), which read A7_ ) (0) = — A, (7 — 0) and
U= 5)(0) = Liy,5)(m — ).

For the cases (b) and (c), the internode overlaps of Eq. (120) depend on the orientation of the z axis, and the rate of
Eq. (132) is not axisymmetric about B. The mirror relations of Eq. (121) are not available. Only the node + is expanded,
since inversion fixes B for every orientation and gives Eq. (131). The moments of the node — then follow from Eq. (B6),
and the ansatz is

(’+ S)(ic) ng Y [ N S)] n ZZ ( (+,,s)(+,s’) e, Qz();,s)(f,s’)) Mz‘ﬁy)@/ 7@(%8) {fﬁ,s)} 7 (134)

with j = x,y, z and the signs €, of Eq. (B6). The number constraint of Eq. (11) is satisfied identically, since ey = +1,
and the unknowns are not reduced further by it.
For case (c), B = B (sinflg,0,cosfp) with 0 < 0 < 7/2, only inversion fixes B. All the fiftecen moments ./\/l(Jr )

independent for each j, with nine on the sheet (+,1) and six on the sheet (4,0). For case (b), B = B &, the rotation

Coq gives A7, o (m—0,—¢) = Af, ,(0,¢) and A?(J+ o(m—0,—p) =— A%js (0, ¢). The moments that are odd under this

relation vanish [cf. Appendix B 1b]. This leaves nine unknowns for j = x, with five on the sheet (+,1) and four on the
sheet (4,0), and six unknowns for j = y, z, with four and two, respectively. The limits 5 — 0 and 0 — 7/2 of case (c)
reduce to the cases (a) and (b).

are

D. Limit of the relaxation-time approximation

In the RTA, the intranode and internode contributions are computed with the relaxation times 7 and Tipter, and the
quantities that depend on B are expanded up to the order B? [13]. The contributions of the Drude, BC, and OMM parts
for the intranode scattering of the sheets s =1 and s = 0 are given by

a e’ Icp+up (o —\/4c,u+vp)2 o = 64 B ¢* et TUF NZYITE

o, -

o=t (2m)2 x 62 \vp 7 ZSZI_(ZW) x 15 (Vo — 4c,u+vp)2
—2B?c*et ol [121}%+420uvp+160p\/vp dep+vp) +\/v%(4cp+vp)} (135)
O,Onlm 135
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(27)2 x 15 (dep+vp)? (Vor —vVAcnFor)’
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and
B 7BQﬁe4Tv;/2

4¢? u% T bc| _
=0 (27)2 x 30

dr o

oo = @ 3cop’

respectively, with ¢, ¢”¢, and ¢°™™ the parts that are independent of the BC and the OMM, due to the BC, and due
to the OMM. The internode contribution of the sheet s =1 is

BQ€4T(CUF)% V4CM+UF< 4CZiUF +6) [VC/”L@F( 4czljer +6) +,UF}

_ (Tiuter 1)
s=1 " - )
T
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367r2\/ﬁ(vf, —vpVidcp+up +2cpu g+ Jcuug \/4c,u+vp>

B264T(C’UF)%’UF 4cu—|—vp( AR v —|—6)

V Vbt (T 1) 3
3 .
3671'2\//j(’l};—v—UF\/4CM+’UF+20/,61/UF+,/C,U/UF\/4C/,L+’UF) T

The intranode expressions for the two sheets are those of Ref. [13], and they are derived in Appendix C from the general
formula of Eq. (90) for a sheet with a quadratic dispersion [cf. Appendix C3]. The internode contributions follow from
the scattering between the two sheets at the same node [cf. Appendix C4]. The expressions are given for the comparison
with the solution beyond the RTA.

The RTA is not expected to reproduce the exact solution, and we do not use it as a quantitative reference for the
internode term. In particular, the OMM part of the pumping vertex T of Eq. (C17) need not appear in the exact
solution. The exact solution contains the OMM through the radius k,(0; B), the weights p,, the sources h,, and the
frequency w,. The net pumping of a node is ) f_ll du ps hs, and it is the quantity that drives the mode that is uniform
over the node. To the first order in B, the OMM part of this integral is the integral of a total derivative over the closed
sheets, and it vanishes. Only the BC part remains, and it is —ng xe B)_, N, for the node x. If the mode that is uniform
over the node is relaxed with a single time Tiyter in the exact formalism, the internode term is therefore given by the BC
part of T4 alone. The OMM is then not lost. It enters the exact solution through ps, hs, and ws at the higher orders in
B, and through the in-scattering with the full kernel, which the RTA does not contain.

For noncollinear fields, the RTA drops the in-scattering term of Eq. (43) and keeps the LFO. For E 1 B, the sources
hfl = D;l Wq,; With ¢ = z,y carry no pumping term, since B, = B, = 0. The internode relaxation time 7iner therefore
does not enter the sector m = 1, and it affects only the longitudinal response. With the constant time 7, the mean
free-path is €, = (qa/Dq)sinf7/ (1 + iw, 7), and Eq. (44), summed over the two nodes, gives

2 1 2
SDS
oL—ioh =175 /1du(1—u2)p(q/) (138)
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At B = 0, this reduces to 0 = o) = (62 T/3 7r2) >, k2 w?, which is twice the Drude expressions above for one node. No
planar-Hall current flows at B = 0 in the RTA. For ng = no = 0, the integrand is independent of u and the result is exact
in B,

e’r k2 w? e Buw?

LTS ) Thiwr T R (139)
S

To expand in B with the BC and the OMM, we consider a sheet with the dispersion e, = b, k + g, k% measured from
its node. Let 0, = Okes at kq, so that dZes = (U, — by) /ka, and let N, G4, and v, be the numbers and the velocity of
Eq. (27). Expanding the integrand of Eq. (138) to the third order in B [cf. Appendix C 2], we obtain for one node

2125 4 2 = = 2
RTA _ € Ty Ta eTB 2 5 404 — ba 2 2 (Ua —ba) 272.2 -3 4
Ta = g2 120 72 2 {UBNaUa—WBUONaGaUVT—WOGaUVW—QOT kava}—&—(’)(B),
(140)
and for the Boltzmann part of the Hall conductivity
e3 72 k, 02 e® 12 B3 B B _ B _
JE’ETA: 67r2a a T 20Tk, {407'2162112—67713va2+8n3noNaGavyva(3va—ba)—noGivg(llva—Qba)}
+0(B%). (141)

The terms linear in B do not depend on np and 7o, and UT;A has no odd orders. The terms with 72 inside the brackets
are the expansion of Eq. (139). The AH part of Eq. (130) does not depend on 7 and has the expansion

e3 B e’ G2 vZ (802 — 5b, U, + b2) B?

O(B%). 142
2472 k, 0, + 320 72 k5 03 +0(B) (142)
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The corresponding expansion of the longitudinal conductivity is Eq. (90) with the replacement of u, by b, in the notation

of that equation, and the difference of the transverse and longitudinal conductivities of one node, which governs the
planar-Hall current of Eq. (45), is

4. p2 = =2 = 2

RTA rra _ € 7B 2 - Vg — 4, 9 9405 +2b,0, — b5

01.a _UH m _7nBNaUa_2anONaGaUVT_nOGaUV 172

~2072k253) + O(BY).
(143)

It vanishes at B = 0. For the two conjugate QTSM nodes, the totals are twice the sums over s of these contributions,
Wlth by = vp, Vg = w(f, N, =2, and G, =1 for s =1, and with b, =0, v, = wg, N, =0, and G, = 2 for s = 0, and with
= vf for both.

E. Results from beyond-RTA treatement

For B = B 2, the angle ¥ between E and B enters only through the weights of Eq. (45), and the problem reduces to
the three functlons o|, 01, and og. This is case (a) of Table IV. We abbreviate ks = krs, ps = pr,s, and w? = Oer,s at
ks, with w{ = vp (1 +2ck;) and w) = 2cvp kg. The rates 7,1 at B = 0 are those given below Eq. (124). The vertex
corrections of the sheet s = 1 differ for the two orientations of E, since the amplitudes enter as v;; for E | B and as v}
for E | B. We therefore define

[1

o1 2 -l _—1_2 4 =l =l -1 | Ws L
T Ay =—, A7 =

=1 =T —571191a =7 _5711917 0==0 —To > (144)
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The amplitudes A! and AL are the coefficients of u and of sin € in the mean free-path at B = 0 for the two orientations

of FE, respectively. The intermediate steps are given in Appendix D 3.

1. Longitudinal magnetoconductivity for parallel fields

For B || E, the results of Ref. [13] apply. There, the change of the longitudinal magnetoconductivity of the sheets with
s = 1 has contributions from the BC and from the OMM, which have opposite signs, and the OMM can reverse the sign of
the total for large values of the ratio ﬂmt“ / ﬂm”a The sheets with s = 0 are affected by the OMM alone. The RTA does not

show these sign changes. In the notation of Eq. (144), the zero-field limit of Eq. (126) reads o|p=o = (?/372%) 3, k?
2. Planar-Hall and Hall response for perpendicular fields and a general angle

For B = 0, the sector m = 1 obeys the equations of the sector m = 0 with ~;; replaced by ’71+1 [cf. Appendix D 3a].
The conductivities are

2
_ ¢ Z 2 4L _
O'J‘|B:O - 37T2 ks As ) OH B=0 — 07 (145)

and the difference of the transverse and longitudinal conductivities is

(ﬁmter)

:'H =l
=t =

1

(UJ— - UH) ’B:O 972 (146)

The difference is positive and vanishes for i3** = 0. By Eq. (45), a planar-Hall current jpy = (0 - 0”) sin? cosv E
flows already at B = 0 for an oblique E. It originates from the dependence of the internode overlap on the orientation of
the z axis, which was discussed below Eq. (126), and not from the magnetic field.

To isolate the effect of the LFO, we first switch off the BC and the OMM, ng = no = 0. The FS radii, the weights p;,
and the rates 7, ! are then independent of u and of B, and the cyclotron frequency is ws = e Bw?/ks. The sector m = 0 is
annihilated by the LFO, and o keeps its zero-field Value The sector m = 1 is solved exactly by f = wsin6/ ( EL 44 ws)
for every B |[ct. Appendlx D 3b], which gives

oL —ioy = W2ZHL+W : (147)
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The real and imaginary parts are the Lorentzian and dispersive functions of w,/Z+, with the vertex correction of the sheet
s = 1 absorbed in Z;. For weak fields, Eq. (147) gives

et B2
372

e’ B

3
(-A?) +O(B4)7 OH = 373

ol =01y - Sk (AN +O(BY). (148)
S

For w, > =&, the conductivity o, decays as B~2, and the Hall conductivity saturates to oz — e (k:f + kS’) / (3 w2 B)7
which is independent of the scattering amplitudes. The planar-Hall current then approaches — o) sin cosv E, since o
does not depend on B in this limit. The solution is not a superposition of the responses to the components of B along
and perpendicular to E, since the angle enters only through the weights of Eq. (45).

With the BC and the OMM, the weights, the rates, and the vertex corrections acquire a dependence on u and on B.
The Hall conductivity to the leading order in B is nevertheless unchanged, since it is determined by the imaginary part
of the sector m =1 at the first order in w, [cf. Appendix D 3¢|. The Boltzmann part is

2
e > ko (AY)7 (149)
and the AH part of Eq. (130) adds to it. The total Hall conductivity is
e B 2 1B N0
~ ks (AL =12 150
TH = 3 Z (A7) o+ 2ck) (150)

The first term does not depend on np and 7o at this order, and it coincides with the linear term of Eq. (148). The second
term requires both the BC and the OMM, and the sheet (x,0) does not contribute to it, since its BC vanishes.

=l =L

The amplitudes enter the results above only through Zs, =, and 75 ! The rates and o involve the sums 7;;,, and only
the vertex correction of o involves v;;. The zero-field anisotropy of Eq. (146) therefore isolates the internode amplitude
piter of the sheets with s = 1. The zero-field conductivity is isotropic for Bitter = 0, whatever the values of B3 and

inter - since these amplitudes enter only through y*. The sheet s = 0 has no vertex correction in any sector. The
Boltzmann Hall term of Eq. (149) scales as the inverse square of the scattering strength through AL, whereas the AH

term does not depend on the amplitudes. The AH term thus dominates for strong scattering, and the Boltzmann term
dominates for weak scattering.

3. Ezxpansion to the third order in B

The field enters the equations of the sectors only through p,, 7%, w,, and the sources, and these are analytic in B at
B =0. By Eq. (47), the terms of the Boltzmann conductivities that are allowed by symmetry are

oj=0" +o? B2+ 0(BY), oL=0"+cPB*+0BY), of =0y B+oy B +0(B). (151)
Eq. (45) gives the currents with the same orders. For example, the planar-Hall current is
jou = |0 — crﬁo) + (o’f) - aﬁ2)> BQ} sind cosd E 4+ O(BY),

where the zero-field difference is given by Eq. (146).

Let A, = 1 for the sheets (x,1) and Aa = 0 for the sheets (x,0), and let v, = vp and ¢, = ¢ for all the sheets. We define
Ua = Aa 4 2 Cq ka, such that w, = v, 7, gives w? and wY of Sec. V E. The numbers N, and G, are 2 and 1 for s = 1, and
0 and 2 for s = 0. The symbol x,, = x is the chirality of the node of the sheet a. The radius k,(6; B) is the positive root
of the cubic equation of Appendix A 1 with this chirality, and it is continued from k, = kr s at B = 0. Its expansion is

7720 Gi (S\Q + 3¢, k:a)

3.3 J
4k v

3
ka(;B) = ko + > (e B)" cos™ 6+ O(BY), &V = —’7;):7”:;“ R -
n=1 a “a

o WG (2 22 4 11 cq Aa ko + 1662 kg)
_ , 152
fa 8kSvd (152)

The Fermi-sea term of Eq. (22) is Eq. (130), which reads o5 = — (nz €?/87%) Y., X» Na [y df sin6 cos 0 k,(0; B), where
the sum runs over the four sheets. With Eq. (152), it gives the AH part to the third order,

3 (922 A 2 1.2
3B N, G, 3 05 B3 N, G, (2)‘a+1lca>‘aka+160aka>
A 1B10C 2 N L BmHe |
24 72 - ko Va 160 72 - K500

(153)
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The sheets with s = 0 do not contribute, since N, = 0, and the two sheets with s = 1 contribute equally. With k; = kr 1,
the sums are

SAH np 1o e’ B np 1Y e’ B (2+1lck1+16c k2)
H 6772/{31 (1+20k1) 407T2kd(1+26k1)

(154)

The first term is the leading term below Eq. (130). Neither term depends on the scattering amplitudes.

The Taylor coefficients in e B of the weights, of the sources, and of the frequency are obtained by inserting Eq. (152)
into Eq. (A4). The coefficient of (e B)" is a polynomial in cos @ of the degree n at most for p, and for q,/Dy, of the degree
n+ 1 at most for the source h, of Eq. (41), and of the degree n — 1 at most for w,. The terms of the first order are

pazfi—xl,noG )\Zw—:Z;N Va 2eB cosf+ OB ) wa:%eB—i—O(Bg),
Ga Uq [nBNayg—%yoGa (S\a—FSCGka)] )
D—a:wa+xu W2, e B cosf + O(B7),

Vg, [7]0 G, (I/a -2 (S\Q + 3¢, ka) cos? 9) —np N, 1/2 sin? 0]

ha = wq cos O + X, e B+ O(B?). (155)

2k2v,

The rate 7, ! of Eq. (A17) follows from the weights, and its coefficients are 74 ' ) = =Yy do’ sint’ pa, (9’) ICEL?L),(G, 0"
with the kernel of Eq. (39). This kernel obeys K™ (6,6") = K7 (¢, 6).

aa’

To obtain the terms of the second and the third order from the solutions at B = 0, we use a variational form of the
sector equation. For two sets of functions f = (f,(0)) and g = (g4(#)) on the four sheets, let an) be the bilinear form
and .V)(m) the linear form as follows:

1,9 Z/ df sin p, (7" +imw,) faga — Z/ do 51119/ db’ sin @’ pa(0) par (0") ICS:,)(G,G') fa(0) g (6),

a,a’

(m) / d sinf py h™ f, . (156)

gg") is symmetric, since it has no complex conjugation. Multiplying Eq. (39) by sin€ p, f, and summing over the sheets
gives gg”) [f, At™)] = ﬁ(m) [f] for every f. The functional F[f] = 2ﬁ(m) [f]1— (m) [f, f] is therefore stationary at f = A™),
and its value there is 5’)537" [A(™)], which gives the conductivities through Egs. (42) and (44). A trial function that deviates

from A("™) at the order B? changes F only at the order B*. Let G,, and £,, be the coefficients of B™ in the expansions of
the forms, let Ay be the solution at B =0 of Secs. VE1 and VE2, and let A; be defined by

Golfs A1) = 91[f] — Gi[f, Ao] for every f. (157)
This is the first-order term of Eq. (39), which reads

7o PN o+ (r;“” - imwgn) Aga=h{) + Z/ ' sin 0’ [ng K Ao+ p3 K Ao ar
a/ 0

The trial function Ag + B Ay gives Hp[A™)] = 22:0 S, B" + O(B*) with

So = $0[Mo], S1=291[Ao] — G1[Ao, Ao], S2 =2892[Ao] +291[A1] — Ga[Ao, Ao] — 2G1[Ao, A1] — Go[A1, A1],
S3 = 293[Ao] +292[A1] — Gs[Ao, Ao] —2G2[Ag, A1] — Gi[A1, A4]. (158)
The coefficients of Eq. (151) are then
o _ 5" o8 o _ PReS) o) ?Resy) o) I s e _ =< Im S5

U = 4nx2 0 % T Tgpz 0 L T T gz 0 %L T T gz 0 %H " 872 ’
(159)

where the superscript of S is the value of m. By Eq. (47), the coefficients S ) and S (0) vanish, and so do Re Sg , Re Sél),
Im SO , and Im S(l) At the first order, only the term i p, w ) A2 of G; contributes to Im S( ) and the coefficient al(q) of
Eq. (159) reproduces Eq. (64).

The two nodes are exchanged by the reflection of Eq. (121), and this relation holds at every order in B. For m = 0, the
solutions obey A(_ () = —A 5)(m —0) at every order, and the constant zero mode violates this relation. The function
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Ay therefore has no zero mode, and Eq. (157) has a unique solution in this sector. The two nodes contribute equally to

the conductivities, and the quantities of the node + suffice. For this node, the function Ay = !0059 is odd and A is
even in cosf. For m = 1, the solutions obey ¢(_ () = {(4 4 (7 — 0), and we write Ay = A} + i A] for the node +. The
function Ay = A} sinf and the imaginary part Al are even, and the real part A} is odd in cos .

For ng = no = 0, the coefficients of Eq. (151) follow from Eq. (147). The conductivity o) does not depend on B, and

oL —iog = (e2/3n%) Y k2wl/ (EF + iws) with wy = e Bwl/ks. The expansion in B gives Ul(f) =0 and

2 _ ¢ s o€ IRCIE) ¢ (4
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s s s °

The first two are the coefficients of Eq. (148), and the third is new. Egs. (158) and (159) reproduce all three. The
coefficients Séo) and Sél) are given in terms of elementary quantities in Appendix D 3 d.

4. Numerical results

The figures show the exact solution of the moment system of Eq. (16) for B = B 2, which is case (a) of Table IV. The
field enters through a = e B/(2k%), where k; is the radius of the sheets with s = 1 at B = 0. We take u 7 = 15 with 7
the transport time of the sheet (+,1) at B =0, ¢ = 0.1vg/u, and one scattering amplitude for all pairs of bands within
a node and one for all pairs between the nodes. Their ratio is rg = Bnter/ginta and rg = 1/2 unless stated otherwise.
All the quantities are normalised to the corresponding values at B = 0, and the numerical implementation is described in
Appendix E. Both signs of a are shown. By Eq. (47) and the axisymmetric form of the tensor, o and o, are even and
op is odd in . The curves display this symmetry, and the diagonal response of this set-up has no term odd in B.

The solution with R, — 7,, which drops the LFO, is compared with the exact one only in the left panel of Fig. 10(a).
For an oblique E, the exact change of the current along E is negative and grows in magnitude as i increases. The
truncated change has the opposite sign and is smaller by orders of magnitude. It is multiplied by a common factor, and
it is not drawn for ¥ = 7/2, where it is negligibly small. The change is thus the classical LFO contribution, which the
truncated solution misses almost entirely. In the right panel, the Hall response is dominated by the Boltzmann part, and
the AH part is small and grows linearly with a. The planar-Hall change is negative, in accordance with the decrease of
o1 and the nearly constant o in Eq. (45).

For E || B, the change of o) is positive and quadratic in « for all the ratios in Fig. 10(b), and it decreases with increasing
r3. No change of sign occurs in this range, in contrast to the Weyl case. The response for E 1 B does not depend on
rg for either o) or oy, as we find numerically, and it is therefore shown with one value of rg in Fig. 10(a). The right
panel of Fig. 10(b) separates the contributions of the BC and the OMM to the longitudinal change. Both are positive,
and the combined change is smaller than the BC contribution alone, which shows that the cross term is negative. The
OMM contribution alone is the smallest of the three.

Figure 11 shows the dependence on the parameters of this set-up. In each panel, one of ¢, u 7, and rg is varied about
the values of Fig. 10(a), the other two are kept fixed, and the field is fixed at the value a = 0.05 of ¢ = 0.1vp/u. The
changes are in units of the values at B = 0 of the same parameters.

All four quantities increase with ¢ in the range shown, and o5 has a shallow maximum near the upper end of the range.
The change o) does not depend on 7o in the numerical solution. The magnitude of do; and 0% increase with p 7o,
where the increase of 0B saturates at the largest values, and o& decreases monotonically. The dependence on rg is
confined to do |, which decreases monotonically with rs as in Fig. 10(b). The quantities do | , UE, and Uﬁ}H do not depend
on rg in the numerical solution. No sign change occurs in the ranges shown, and the Boltzmann Hall part remains larger
than the AH part throughout.

The cases (b) and (c) of Table IV are solved with the general solver of Eq. (16), which uses the ansatz of Eq. (134) and
does not use the azimuthal sectors. The implementation is described in Appendix E. The overlaps are the full squared
overlaps of Eq. (30), with k-k' replaced by k- Tk’ between the nodes, and the other parameters are those of Sec. V E4.
We take B = B (sinfp,0,cos0p), with 5 = 0 for the case (a), 0 = m/2 for the case (b), and 0 < 5 < 7/2 for the case
(c). The tensor at B = 0 is uniaxial about the z axis, and its anisotropy is small. All the changes are measured from this
tensor and are given in units of oy = tro(0)/3.

For a general orientation, Eq. (47) makes the symmetric part of o even and the antisymmetric part odd in a. The
diagonal elements are therefore even in every case. The numerical tensor has these properties and satisfies the relations
of Table IV. In the case (b), the elements 04y, 0., 0y, and 0., vanish and are not shown.

In Fig. 12(a), the change do,, for E || B is positive and grows with |a| without a sign change. The changes oy, and
d0,, for E 1 B are negative and differ only slightly, in contrast to Sec. III E 6, where the transverse response depends on
the orientation of E relative to the crystal axis. The Hall element o, is odd in o, and its magnitude increases sublinearly.
Its AH part is smaller than the total by more than two orders of magnitude, and the Hall response is therefore of the
Boltzmann type.
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FIG. 10. Two conjugate QTSM nodes for B || 2. (a) Left: dog for E at the angle ¥ to B. The solid curves are the exact solution
for ¥ = 7/6 (navy), /3 (crimson), and 7/2 (green). The dashed curves are the truncated solution multiplied by 10* for ¢ = /6
(sky) and 7/3 (amber). Right: om (navy), o&" multiplied by 10% (crimson), and the planar-Hall change for ¥ = 7/3 (green), in
units of the value of o1 at B = 0. (b) For E || B, do is multiplied by 10°. Left: rs = 0.4 (crimson), 0.6 (amber), 0.8 (green), 1

(navy), and 1.4 (sky). Right: rg = 1/2 with ng = no = 1 (navy), no = 0 (crimson), and np = 0 (green).
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FIG. 11. Two conjugate QTSM nodes for B || £ at fixed & = 0.05. Left, middle, and right: dependence on ¢/crer with crer = 0.1vr /1,
on 7o, and on rg. In every panel, o multiplied by 10® (navy), —6o multiplied by 10 (crimson), of multiplied by 10 (green),

and o™ multiplied by 10® (amber), in units of the values at B = 0.

The change do) in Fig. 12(b) is positive for all the orientations shown, and the curves are close to each other. No sign
change occurs, in contrast to Figs. 3(b) and 7(b). The change increases with #p up to 7/4 and is smaller again at /2.



46

2
2 -
‘I -
£ 0 L 07
_'I — _2 |
-0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04
8] [0}
zT Yy zz — yz, AH
(a)
2.0
1.5 1 27
5 107 2 0
0.5 7
-2
O‘O i T T — -7:777-”{ - T T T T T T T
-0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04
[0 «
—p =0 m— Oy =7/12 — = /0 P —1 [ — R Sy S — H

(b)

FIG. 12. Two conjugate QTSM nodes. (a) Case (b) with B || &. Left: do,, multiplied by 10% (navy), doy, (crimson), and do..
(green, dashed) multiplied by 10. Right: do,, multiplied by 10 (navy) and its AH part multiplied by 10% (crimson), in units of &.
(b) Case (c) with B = B (sinfp,0,cosfp). Left: o = B -0 - B multiplied by 10° for 05 = 0 (navy), 7/12 (crimson), 7 /6 (green),
/4 (amber), and 7/2 (sky). Right: for 6 = 7/4, the eigenvalues do | 1 (navy) and do o (crimson, dashed) of the symmetric part
of o in the plane perpendicular to B multiplied by 10, the component H) of the Hall vector along B (green) multiplied by 10, and
its component H; (amber) along (cosfz,0, — sin0g) multiplied by 10*, in units of oo.

In the right panel, the two eigenvalues of the symmetric transverse block are negative and indistinguishable on the scale
of the figure. The Hall vector is dominated by H), which is odd in o and sublinear. The component H; perpendicular to
B is odd, smaller than H| by more than two orders of magnitude, and not monotonic. The component along § vanishes,
since 0,, = 0., in Table IV, and it is not shown.

Figure 13 shows the dependence of the longitudinal change on 73 and on the BC and the OMM. In the left and middle
panels, do|| is positive and decreases monotonically with 75 for both orientations, as in Fig. 10(b). The magnitudes for
Op = m/2 are smaller than those for 5 = 7/4 at every ratio. No sign change occurs for any ratio, in contrast to Figs. 4
and 8. In the right panel, both the BC and the OMM contributions are positive, and the combined change is smaller than
the BC contribution alone. The cross term is therefore negative, and the OMM contribution alone is the smallest of the
three, as in the case (a).

VI. TWO TILTED QTSM NODES

A tilt of the two conjugate QTSM nodes of Sec. V is a term t - k that is proportional to the identity matrix. At a
time-reversal-invariant momentum, time reversal maps k to —k and forbids the tilt term, and the little group of the chiral
cubic space groups has no invariant vector, as stated in Sec. I. Neither argument applies to a pair of nodes at a momentum
K and at a momentum K’ # K of the BZ. Time reversal then relates the two nodes and does not constrain each node
separately. It maps a node with the tilt t onto a node of the same chirality with the tilt —t, since it maps k to —k and
leaves the identity matrix unchanged. The conjugate pair of TSMs of Sec. V [4, 9] has opposite chiralities, and the two



47

2.5
2.0 1 2.0 7
2.0 1
1.5 1 1.5 7
1.5 1
e 5 1.0 5
1.0 1.0
S S S 10
0.5 1 0.5 1 0.5 -
0.0 - 0.0 1 —— 0.0
-0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04 -0.04 -0.02 0.00 0.02 0.04
« (e} «
—ry=04 r3=006 =——r3=08 =——rgz=1 rg=14 ——np=n0=1 =—=10=0 =——1gp=0

FIG. 13. Two conjugate QTSM nodes for B = B (sinfp,0,cos0p). Left and middle: éo|; multiplied by 10° for 65 = 7/4 [case (c)]
and 6p = 7/2 [case (b)], respectively, with rg = 0.4 (crimson), 0.6 (amber), 0.8 (green), 1 (navy), and 1.4 (sky). Right: g = 7/4
and rg = 1/2 with g = no = 1 (navy), no = 0 (crimson), and ng = 0 (green), multiplied by 10%. All changes are in units of
B.o(0)- B.

nodes are therefore related by an improper operation, which is the mirror of Eq. (121), and not by time-reversal alone.
The magnetic space group that realises such a pair has the little group of the space group 199 at P, and this little group
contains no invariant vector [40]. A tilt therefore requires a little group with a rotation axis, as discussed below, and we
do not specify a space group for the tilted nodes in this work.

A threefold node has no symmetry protection at a generic momentum, as discussed in Sec. VII. It must therefore sit
on a high-symmetry point or line, whose little group contains a rotation about an axis. A rotation by 27/n with n > 2
leaves invariant only the vectors along its axis. A tilt that is allowed by this little group is thus directed along the axis,
and we call such a tilt axial. We take the axis along £, which is the polar axis of Sec. V. Tilts in other directions require
a lower symmetry of the little group, for example a mirror plane that contains the tilt, and are not treated here.

The Hamiltonian of each axially-tilted node is that of Eq. (119) with the additional tilt term, as represented by

Hx(k) = vr (kjw S, + k‘y Sy =+ sz Sz) +cup k‘z I343 + xXtvr k. I3x3, (161)

with the dimensionless tilt parameter ¢. The sign x of the tilt term follows from the mirror relation between the two
nodes. The Hamiltonian of Eq. (161) obeys H_, (kz, ky, —k.) = Hy (kz, ky, k), and the tilt vectors of the two nodes are
t, = xt 2. Since the tilt is proportional to the identity matrix, the eigenstates are those of Sec. V. The BC and the OMM
are therefore given by Eq. (27) with the numbers {N,,G,} = {2,1} for s = 1 and {0, 2} for s = 0, and the Chern numbers
are C, = —x N,. The eigenvalues are

ex,s(k) =vp (sk+ck2+xtku), s=1,0,—1, (162)

with u = cosd = k,/k. We consider ¢ > 0, p > 0, and ck < 1 as in Sec. V, and the chemical potential cuts the bands
s =1 and s = 0 of each node. This gives the four FS sheets a = (x, s). We write w, s(u) = s+ xtw and i = cpu/vp. For
¢ >0 and p > 0, the function €X7S/UF =k (wx’s + ck) is a parabola in k that vanishes at kK = 0. The equation €x,s = [
therefore has exactly one positive root for every ¢, and every ray from the node crosses the sheet once. At this root, the

radial velocity is
1 -
—8kex’5:wx’s+2ckx,s:1/w>2<s+4u>0, (163)
VE ’

where we have used the radius k, s of Eq. (165) below. The condition Jrey,s > 0 on the sheets is thus satisfied for
every t, and the restriction on |¢| comes from the range ¢k < 1. Multiplying the equation for the radius by c¢ gives
(chys)® + @y chys = fi. Since ky  is the larger root, the condition cky o < 1 is equivalent to i < 1+ @, <(u). The
product x u takes every value in [—1, 1], and the worst case is x tu = —|¢|. The sheets s = 1 and s = 0 therefore lie inside
the range ck < 1 in all directions if

c c
H<2-L =1, <1-L (s=0. (164)
VR UF
At t = 0, these bounds are the conditions ckr; < 1 and ckr g < 1. The bound for s = 0 is the stricter one, and it requires
cp/vp < 1. Tt implies the bound for s = 1, and it implies || < 1. The two nodes are then of type I, since the slope
1+ xtu at the node is positive for the band s = 1 in every direction. We restrict ourselves to this case and do not treat
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type-1I tilts. The band s = —1 must not reach p inside the range ck < 1. Its radius obeys (c k)2 + (=14 xtu)ck = q,
and the larger root satisfies ck > 1 if i > xtw. In all directions, this requires |t| < cu/vp. For cu/vp < 1/2, this is
stricter than both bounds of Eq. (164), and all the tilts used below satisfy |¢t| < cpu/vp.

At B = 0, the radius of the sheet (¥, s) in the direction u is the positive root of ck? + (s + xtu) k = p/vr,

—(s+xtu)+ \/(s+xtu)2 +4cp/vp

kX’S(u - 2c¢

(165)

The sheets are no longer spherical, and they depend on u even for B = 0. The ingredients of the SBE are those of Eq. (28)
with es(k) replaced by €, (k) of Eq. (162). The tilt adds the constant vector vg t, to the velocity,

xevp Gy (B - k)
2k

: (166)

W, = UF [(s+2ck)l§:+tx} + Vi |10

and the density-of-states factor of a sheet is po(k) = k2 D, /0k€, evaluated on the FS. The function &, is invariant under
(x,u) = (—x, —u), and the mirror relations of Eq. (121) therefore remain valid.
For B = B 2, the function

xevp G, Bu

&a(k,u) =vp (sk+ck® + xtku) +no ok

(167)

depends on k only through k£ and w, and the vector w, = Vi&, has no azimuthal component. Its radial and polar
components are

G, B 1 . G, B
wa,k:akga:UF(S"i_QCk""_Xtu)_nO%a waﬁ:kaega:_vFXSIHG(t"’_nOeZkQ >’ (168)
where 6 is the polar angle of k and 0y = —sin§d,. The component along 2 is w, ., = wwq i — sinf wg ¢, which is given

in Eq. (170) below. For B # 0, the radius kq(0) is fixed by &, (kq,u) = p. After multiplication by k, this is the cubic of
Eq. (169), and we take the root that tends to Eq. (165) for B — 0.

The spinors do not depend on the tilt, and the squared overlaps are those of Eq. (120) with the variable X =
x X' cosfcosf. The amplitudes B2 and S are momentum independent, and the kernel has the finite span of
Eq. (49), with nine functions on the sheets (, 1) and six on the sheets (x,0). The tilt enters only through the weights p,
and the FS data, which depend on v at B = 0 and are no longer constants in the sector with m = 0. The out-scattering
rates, which are constant for the untilted nodes at B = 0, then depend on the direction of k. The rates, the weights, and
the zero-field solution of the tilted nodes are given in Sec. VI A.

A. Solution for the magnetic field along the polar axis

For B = B 2, every sheet remains axisymmetric about B, and the sectors m = 0 and m = 1 of Sec. V A are retained
for the tilted nodes. The radius k, () is the positive root of

G.B
chkS—l—vF(s-i-xtu)kQ—pk—i—W=0, (169)

which reduces to Eq. (165) for B = 0. The phase-space factor, the velocity components, and the function ¢, of Eq. (21)

are

xN,eBu
2k2 7

xevr G, Bu

Dailf’nB 2]€2 ,

Wa . = VF (8 +2ck+ xtu) —no

xeve Gy B (1—2u?)
2 k2 ’

xevr G, Bu

Wq,, =Vp[(s+2ck)u+xt]+n0o 12 ,

go =vr (s+2ck) —no (170)

with po = k* Dy/war and w, = e Bq,/ (kD,). The tilt depends on the radius in D, and g, and appears explicitly
in we, and wg .. The source of the sector m = 0 is h, = [wa,Z — N X NgeBwg/(2 kg)] /D., and that of the sector
m = 11is go/D,. All the quantities depend on x and u only through x u, except for w, , and h,, which change sign
under (x,u) = (—x, —u). Eq. (121) therefore holds for the tilted nodes, and Eq. (120) is invariant under (x, x’, u,u’) —
(=x, —x', —u, —u'). The equations of the node — are thus the mirror images of those of the node +, as in Sec. V A. For
E || B, the solution is odd, A(_ 5)(u) = —A(4 s)(—u), and it satisfies the number constraint identically. For E L B, it
is even, £(_ 4 (u) = £(4 ) (—u). The two nodes contribute equally to the conductivities, and the quantities of the node +
carry the single index s below.
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The equations of Sec. V A apply with the tilted quantities. The moments pi”) and M §") are defined with the tilted
weights p,, and the coefficients £ ; of Eq. (122) are unchanged, since they follow from the kernel alone. The out-scattering
rate, the mean free-path, and the conductivity for E || B are Egs. (123), (124), and (125), with ps(u), ws(u), and hs(u)
built from Eq. (170). For E 1 B, they are Egs. (127), (128), and (129). As in Sec. V, each node has five real moments
for E || B and three complex moments for E 1 B. The null vector of the full problem has the opposite parity to the
solution, and the matrix of Eq. (124) is regular also for ¢t # 0. The Fermi-sea term is Eq. (130) with the radius of the
tilted sheet (+,1), and the Hall conductivity is o = 0§ + opf as for t = 0.

The explicit forms follow from inserting the coefficients K, ; of Eq. (122) into Eqgs. (124), (125), and (129). The weights
ps and the rates 75 are not even functions of u for ¢ # 0, and the odd moments do not vanish. For E || B, we define, for
the tilted sheets,

ar =@, b=, HO =@ h)l, a =02, (171)

s

with = 0,...,3 and 7,¢ = 7,,,. Then the five moments Ml(o), Ml(l), Ml(z), Méo), and MéQ) obey

n n 3a, — 3 —
MU = B g [ Un = Ani2 3 0) o () 4 30nt2 = dn Ml(ﬂ

1 4
+ % [(an + anto) Méo) + (an, — 3apy2) MSQ)} forn=0,1,2,
MM = B 4 750 [(b Fbga) MO 4 (by — 3bpse) M{”} + Y00 [(bn — bg2) MV + (3bnis — bn) Méﬂ for n=0,2.

(172)

For t = 0, the odd moments a1, as, H§°) and Hé(?) vanish or decouple by parity, and Eq. (172) reduces to Eq. (124). The
conductivity is

2

UHZQ

{01 +Go+ T (30 - ) "+ antV B + (300 - m(”) B

# 250 [ ) (W s ) 5 (a0 2 ) 5+ (a0 3007 17

+ 00 [ (17 = M) B + (3008 — m”) 5P| } (173)

For E L B, the system is Eq. (128) with 7, and the tilted brackets (f}sL The matrix is that of ¢ = 0, but the entries
with (u)>

- 1o longer vanish. The coeflicients of the in-scattering ansatz are

~ + X
O ¥ Lo 0= % PR O (S I (R oy S Y o (174)

2 )

i
With Qs = <(qs / DS)2> , the transverse and Hall conductivities from the Boltzmann part are

S

o2 1 + 1 1
i a e () o [ ] (), bt sl (o) )
1 0

(175)
The conductivity o is the real part and o5 is minus the imaginary part. The anomalous Hall part is
B e’
52 / du ks (), (176)

where k(4 1)(u) is the radius from Eq. (169), and o = o 4+ o', For t = 0, the odd brackets vanish and Egs. (125) and
(129) are recovered.

The closed forms for B — 0, however, do not carry over. The weights are no longer constants, and the moments pgn)
with odd n enter the rates. At B = 0, the rate of the sheet (+,s) is given by Eq. (123) with the moments of the tilted
weights, and the sheet (—, s) follows from T(ilAS)(’LL) = T(jrls)(—u). Here D, = 1, and the radial velocity of Eq. (163) gives

the weight and its moments,
ki s (u) '
pys(u) = S = [ (), (a77)
(s+tu) +4p -1
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for n =0,1,2 with s = 1 and for n = 0,2 with s = 0. Inserting these moments into Eq. (122) with 'y;;/ gives

+ + + +
- Y Y Y Y
0= 2 (5ol? ) 4 00 () ol [T (0 o) - 70 (0 )]
+ +
- Y 0 2 0 2 v 2 0 2 0
i () = 2 (08 + p) + it (o — o) + [—;0 (30 = o) + 50 (3087 - ol ))] u? . (178)

The moment pgl) is the only odd moment that enters, and it produces the term linear in u of 7, L For t — 0, we have

pgl) =0 and pgo) = 3p£2), the terms in u and u? vanish, and the rates reduce to the constants of the untilted nodes.

For E || 2, the zero-field solution keeps the form of Eq. (123),

2

Ay () = 74(u) [hs(u) +) Ry (M) uﬂ} L he(u) = vp [(s+ 2cky o) u+ 1], (179)

where hy = wg . of Eq. (170) at B = 0 and x = +1. The five moments Mg(n) obey Eq. (124) with ps, 75, and hy of

Egs. (177)—(179). For t = 0, the moments M and Ms(z) vanish by parity in w. For ¢ # 0, the source hs has an even
part, which contains the constant vrt, and the rate 7 ! has the odd part 71+1 pgl) u. All five moments are therefore
nonzero and coupled. The closed form of Eq. (126) does not hold, and Eq. (124) is solved as a linear system with the

tilted weights in the integrals. For E | 2, we have ws = 0 at B = 0, and the mean free-path of Eq. (133) becomes
ls = 75(u) sinf |:’UF (s+2cks s(u)+ A0 L XM u} The source ¢s does not contain ¢ explicitly, since the tilt cancels in
the combination of w, j and wg ¢ that defines it. The tilt enters this sector only through ky s(u) and 74(u).

B. Symmetries and classification of the set-ups

The dispersion of Eq. (162) and the kernel are invariant under the rotations R, about the z axis, the reflection II,
normal to the z axis, and the inversion 7, and under their products. The inversion maps the node y onto the node —y,
and it leaves the tilt term invariant, since x k, is invariant under (x, k.) — (—x, —k.). The same holds for II,. A rotation
by 7 about an axis in the zy plane maps each node onto itself and reverses k,. It reverses the sign of the tilt term, and
it is therefore not a symmetry for ¢t # 0. Since the reflection II, normal to an in-plane axis is the product of this rotation
and J, it is not a symmetry either. The set-ups differ from those of Table IV for this reason. The field B transforms as
det(g) g B, and we take B = B (sinfp,0,cosfp) as in Sec. V B. The classification is collected in Table V.

Time reversal maps the node x onto a node of the same chirality at —k with the reversed tilt, and it therefore maps
the pair with the tilt ¢ onto the pair with the tilt —¢. The quantities &, D,, and p, are unchanged under k — —k,
B — —B, and t — —t, whereas w, and L change sign, and the in-scattering kernel is symmetric. The proof of Eq. (47)
in Appendix B 1b then gives the Onsager relation of the pair in the form

0ij(B;t) = 0ji(—B; —t). (180)

Eq. (47) at a fixed tilt does not hold for ¢ # 0. In a crystal with time-reversal symmetry, the pair is accompanied by its time-
reversed partner, which has the tilt —¢. By Eq. (180), the conductivity of the two pairs is J,E?t(B) = 0;;(B;t)+0;/(—B;t),
and it obeys Eq. (47). The terms of a single pair that violate Eq. (47) cancel in this sum. We present the response of a
single pair, which contains the information on both.

A rotation Cyp by 7 about an axis 7 in the xy plane maps every node onto itself and leaves the kernel invariant, and
it reverses k, and with it the tilt. It is a proper rotation, and it gives o(CapB; —t) = Cas 0(B;t) Cy,. For B L f, we
have Cy5 B = —B, and Eq. (180) eliminates the tilt,

Oij =1 Mj Oji, (181)

where i and j label the axes of a frame with one axis along n, and 7; = 1 for that axis and 7; = —1 for the other
two. This is the invariance under time reversal combined with Cs5, which maps the pair onto itself and fixes B. Every
orientation of B has such an axis. For B }f 2 it is n || 2 x B, and for B || £ every axis in the xy plane serves. For
B = B (sinfp,0,cos0p), it is the y axis, and Eq. (181) gives 0,y = —0yz, 0y = —0,y, and 0y, = 0,,. These are the
relations of the case (c) of Table IV. They no longer follow from a unitary symmetry, since Cy, reverses the tilt, and they
follow from its combination with time reversal, as for the tilted WSMs of Ref. [27].

For the case (a), the field is fixed by R., II,, and 7, and the tensor has the form below Eq. (44). No unitary element
maps B 2 onto —B £ at a fixed tilt, since Ca, and II, reverse the tilt. The relation o(—B;—t) = Co, o(B;t) C, then
shows that o] and ¢ contain terms that are odd in B and odd in ¢ [41], and that o contains a term that is even in B
and odd in ¢. The latter is the Fermi-sea AH term of Eq. (22), which does not vanish at B = 0 because the radii k, are
not even in u.
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. . . I 1
Case | Orientation of B|Symmetries ndependent elements

of o
three:
(a) 05 =0 R., 1L, J
O, 0L, OH
(b) Op = 7/2 T, Ra(m), |8iX: Ouz, Oyy, Ozzy Ooy = —Oya,
2y Ozz = Ozg, Oyz = —Ozy

six, as in (b),

(c) | 0<bp<m/2 T, T Cay without parity rule

TABLE V. Independent geometries of two axially-tilted conjugate QTSM nodes, where T denotes time reversal. The elements of
o follow from the symmetries and from the Onsager relation of Eq. (180).

For the case (b), the rotation R, (7)) maps B onto —B and leaves the kernel, the dispersion, and the tilt invariant. It
gives 0;;(—B) = [R.(m)],; [R+(m)],; 0:;(B). The diagonal elements and o, are therefore even in B, and 0, and oy are
odd. In contrast to Table IV, the elements o, and o,, do not vanish for the case (b), since Cy, is broken by the tilt. For
the case (c), R.(m) maps B onto (—sinfp,0,cosfp) and not onto —B. Only J and 7 Cs, fix B, no relation connects B
and —B, and the diagonal elements contain terms odd in B as in the case (a).

For every case, o) = B .o B is the response to E || B. For the cases (b) and (c), the symmetric part &5 = (c+0T) /2
has no zy and yz elements, and ¢ is a principal axis. We denote by o, ;1 and o » the eigenvalues of oS in the plane
perpendicular to B. The antisymmetric part is 03 = —e¢;5 H; with the Hall vector H, which has H, = 0 and lies in the
plane spanned by B and £. Its components are H = B-H and H, = é, - H with é; = (cosfp,0,—sinfg). At B =0,
the vector H points along 2 and is the AH term. In the sum of the pair and its partner, the symmetric part is twice the
part of o5 that is even in B, and the Hall vector is twice the part of H that is odd in B. The terms odd in B of ¢ and
the terms even in B of H, which include the AH term at B = 0, belong to a single pair and cancel in o,

C. Ansatz and linear system

The exact form of AJ, is Eq. (15) with the functions f; of Eq. (31), and the unknowns are the moments M, , of Eq. (16).
The sheets (x, 1) carry nine functions and the sheets (x,0) carry six, as in Eq. (49), since neither the spinors nor the

overlaps depend on the tilt. The tilt enters through k,(k), w,, and p,, and hence through the rates 7, ! and the resolvent
Ra. At B = 0, the weight p, = k2/01€, is not even in k for ¢ # 0, and the moments of the odd functions [y do not

vanish. The rates of Eq. (132) therefore depend on the direction of k already at B = 0. The inversion 7 maps the node
x onto —Y, fixes B for every orientation, and leaves the tilt term invariant. Eq. (131) then holds for the tilted nodes, and
the moments of the node — follow from those of the node + by Eq. (B6). The number constraint holds identically. Only
the sheets of the node + are expanded, which leaves fifteen moments for each j.

The case B || £ is solved in Sec. VI A.

For the other orientations, the F'S is not axisymmetric about B. The component B -k is conserved along the cyclotron
motion of Eq. (1), because B - (w, x B) = 0, and the orbits are the intersections of a sheet with the planes B - k = o.
Without E, we have k = —e D;'w, x B, and the operator —e D;lf/ is the derivative 0, with respect to the time s along
the orbit. The period and the cyclotron frequency of the orbit are

D, dl _ 27
Ta(0) = 7{ m7 Wa(0) = Tu(0)’ (182)

where dl is the line element of the orbit in momentum space and w,, | g is the component of w, perpendicular to B.
With the orbit angle ¢ = @q(0) s, Eq. (9) becomes |7, (0,%) + @, (0) 8y ] A = u on each orbit, and the resolvent is

a

0o P
Ralul(0,9) = - /0 dé u(0, — ) exp [ ! /w ) dw’] . (183)

Wa(0)
1 > 0, and it reduces to 7, for @, — 0. For B | 2, the orbit is the ring of constant 6, we have
Wa = wq (), and the rate is constant along the ring. The integral then gives the algebraic resolvent of Eq. (21) for each
m. For t = 0, the orbits are the rings about B, but the rates depend on the angle around them, and Eq. (183) is not
algebraic. For ¢t # 0 and B Jf 2, the orbits are not circles, and @, and 7, ! both vary along them.

We evaluate the resolvent by the Galerkin expansion of Eq. (18) in the spherical harmonics Y}, with | < [, with the
polar axis along 2. The LFO acts on the harmonics through Eq. (19), and the matrix elements are

It converges since 7,

R V.,
Fdmme = [ Ehepa¥i [ Vi — D7 (ve 9 + @aw) Yzfmf} 7 (184)

sin 6
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with e = 1 and with the weight p, d2k also in Uj,,. The weight is the measure for which D 7 is antisymmetric, and
the symmetric part of F, is then positive definite. The matrix is therefore invertible for every field, and the truncation is
stable. For B || 2, F, is diagonal in m, and the expansion reproduces Eq. (21). For ¢ = 0, it reproduces the solution of
Sec. V for every orientation of B.

D. Limit of the relaxation-time approximation

In the RTA, the in-scattering term of Eq. (43) is dropped, and the out-scattering rate is replaced by a constant 1/7. This
is the intranode RTA of Sec. VD for Tipter = 7, for which the internode correction proportional to Tipter/7 — 1 vanishes.

For B = B £, Egs. (125) and (129) hold with M™ =0, 3" =0, and 7, = 7, and they give

' +/Ds)”
/ dupsh?, o —ioh = Z/ du (1 —u?) M, (185)
T /-1

1—|—le7

with ps, Ds, qs, ws, and hg of Eq. (170) for the node +. For t = 0, the second expression is Eq. (138), and the first one
reproduces the intranode terms of Sec. VD to the order B2.
At B = 0, we have D, = 1. We define A,(u) = (s + tu)” +4 [, so that Eq. (165) gives 2¢ky s = — (s + tu) + /A, and
s+2cky s =+As—tu. Egs. (163) and (170) then give
k3

pszm, hszvp{u@+t(l—u2)}, qS:vF(@—tu), (186)

and the conductivities of Eq. (185) at B = 0 are

2

erup k‘QS U\/ +t(1—u)]2 e Tup 1—u k‘QS(\/AS—tu)
o) po = oz Z/ = N v 0Llpg = AnZ Z/ +\/E
(187)

Both are even in t. We write 7, = /82 + 41 = w? /vp, with ks = kr s and w? of Sec. V A. Expanding to the order 2, we
obtain

2 2 2
UH|B=0 Zk 1+as ), JL}B:O Zk 1+bt)
3(5V1—2V1—1) (31— 1) (5 +1) 3
= b = =by = . 188
“ 107 o 107 0T T o5 (188)
The tensor at B = 0 is uniaxial. Its anisotropy comes from the sheet s = 1 only, and it is
e2r 9 0201 +1 , 4
il =0l =—=kjw — 1+ O(t%). (189)
‘B_O Il ‘B_O 32171 Ty o ( )

To the first order in B and in ¢, the tilt generates terms that vanish for ¢ = 0. The coefficients below are obtained by
expanding the integrals of Eq. (185) with the radius of Eq. (169), where Ny = 2 and G5 = 1 for s = 1, and Ny = 0 and
Gs =2 for s = 0. The parts of o and o, that are odd in B are

3
godd _ € Tup Bt

g (3208 +1473) + o (3 —1177) . 22770]

AT T o 1508 15 oo
Sodd _ rop Bt | 2[np (407 —20F) +no (1 - 797)] N 28 1o (190)
LT 42 1503 1570 |’
and the part of the Boltzmann Hall conductivity that is even in B, which vanishes at B = 0 in the RTA, is
B,even _ € 472 Ug Bt _ (ﬂ% B 1) (8 B UL — 9770) + 6no o (191)
H N 472y 15174 5 '

These terms are linear in np and 1o with no cross term at this order. They are odd in ¢, as required by the parity rules
of Sec. VIB. The AH conductivity does not depend on 7, and its terms at B = 0 and to the first order in B are those of
Sec. VIE.
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For Tinter # 7, the longitudinal response has the internode term of Sec. V D. We generalise it to the tilted sheets by
keeping the form of Eq. (C16), in which the velocity v and the energy e = vp (s k4+ck?>+tk u) of the node + are those
of the tilted sheets. The BC and the OMM do not depend on ¢, because the tilt is proportional to the unit matrix. The
BC term of T, does not depend on t either, since fdk: Ores 0(es — ) = 1 in every direction. The OMM term is evaluated
like that of Appendix C4, with m3 v, , = —evp Gsuvs ./(2k) and the tilted velocity vs . = vp [(s +2ck) u + t]. For the
node y = +, we obtain Y, = —e Ba(t)/ (127?) with

2 12

1 k2 5

where d; = (7 + 1)2/(2 7) and dy = 1/ (22¢), with g of Eq. (188) and the terms of the order t* taken from the
expansion of the integrals over u. The terms linear in ¢t vanish. For the node —, we have T4 — —7Y,. The internode term
of the two nodes is then

inter ' B? (Tinter — T) [0’1 (t) + ao(t)]Q

T e S ardn O 199

For ¢ = 0, this is the sum of the internode expressions of Sec. V D over s and over the two nodes. To the order t2, we have
o—hnter = U\1|nter|t:0 (1 + Cinter tz), where

2
= 25, al? X, (k2 /ul) dy (194)
5, al” Y k3jwd

and ago) and ag) are the coefficients of t° and t? in Eq. (192). Since Y, is proportional to B, the internode term is of

the order B2, and it is even in ¢ at this order. Its part odd in B starts at the order B3. The linear magnetochiral term
of Eq. (190) is hence independent of Tinter- As in Sec. VD, the OMM part of Y is specific to the RTA, and the exact
solution contains the OMM through ps, hs, and ws.

E. Results

The tilt enters the solution of Sec. V A only through the FS data. For B | 2, by Eq. (180) and the rotation Cs,, the
tensor at B = 0 obeys 04;(0;¢) = 0;(0; —t) and o (0; —t) = Ca, 0(0;t) C3,. The elements o|/(0) and o, (0) are therefore
even in ¢, and oy (0) is odd. The tensor at B = 0 is uniaxial about £ for every ¢t. The element o (0) is the Fermi-sea
AH term, which is given by Eq. (130) with the radius of the tilted sheet (+,1). To leading order in ¢, this radius is
k(_hl)(u) ~ kl",l [1 — tu/ (1 + 26]451'*71)], and

np e’ tkr
372 (1+20kr71) '

UII}H|B:0 ~ (195)
The OMM term of Sec. V A is ngno e B/ [6 w2 kr (1+2 Ckp’l)] . The ratio of the tilt term to the OMM term is ¢/ (no «)
with o = e B/(2k ), and the tilt term dominates the AH conductivity for o < t. Neither term depends on the scattering

amplitudes.
For t — 0, the solution reduces to that of Sec. V A, and the RTA limit is given in Sec. VID.

1. Longitudinal magnetoconductivity for parallel fields

For B || E || 2, the tilt couples all five moments of Eq. (172), and the conductivity is given by Eq. (173). By Eq. (180)
and the rotation Ca,, we have o||(B;t) = o) (—B; —t). Hence o is even in ¢ at B = 0, and its part odd in B is odd in t.
In the RTA, this part is the linear magnetochiral term of Eq. (190). Beyond the RTA, it arises from the odd moments a1,
as, H§°>, and H§2) of Eq. (171), which vanish for ¢ = 0. It has no closed form, because Eq. (172) must be solved with the
weights and rates at nonzero B.

At B = 0, an analytical treatment is possible. The weights and sources depend on ¢ and w only through the product t u,
and we set v = 1 in the remainder of this subsubsection. With 7, of Eq. (188) and p, = k2 /s at t = 0, the expansions
to the order 2 read

205 + s _3(178+s)2

~9 ) qs - ~4 )
V2 205

ho(u) = gu+t|1— (1— =) u? Lk (196)
R 2 20 '

ps(u):ps [1+pstu+qst2u2]a Ps = —

® W
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For t = 0, the only nonzero moment is Ml(l) =2p .Al and o reduces to the zero-field limit of Eq. (126). The term of
the order t in hyg is even in u, and the odd part of the weights is ps. Together they drive the even moments MS(O) and Ms(z)
at the order ¢ through a linear system of four equations. Its matrix is the even block of Eq. (124) with the amplitudes
V4ar» and its source terms are fixed by ps and 1 — s/7, of Eq. (196). These moments feed back into Ml(l) and into o at
the order 2, and the term linear in ¢t vanishes. We solved this perturbation series and compared it with the numerical
solution of Eq. (172) at small ¢, and the coefficient of t? agrees with the exact solution. The first-order moment system
and the explicit coefficient of ¢? are given in Appendix D4 b.

The result has the form o) |p=o = aﬁo) (1 +Cy tz), with a coefficient C| that is a rational function of 1, 7, and the
amplitudes W;ts,, which is given in Appendix D4 b. It differs from the RTA coefficients as of Eq. (188) in two respects. The

vertex correction through v, dresses the amplitudes Al and the rates 7s(u) of Eq. (178) depend on u through the odd
moment pgl), whereas the RTA uses a constant 7. The dependence on the scattering amplitudes is analysed in Sec. VI E 4,

and that on B is shown numerically in Sec. VIE 5.

2. Planar-Hall and Hall response for perpendicular fields and a general angle

For E L B with B | 2, the sector m = 1 is governed by Eq. (128) with the tilted weights, the complex rates
77 (u) + iws(u), and the in-scattering coefficients of Eq. (174). The transverse and Hall conductivities are given by
Eq. (175). Eq. (180) and the rotation Cy, imply that the Boltzmann Hall conductivity is odd under the simultaneous
reversal of B and ¢. Its part odd in B is therefore even in ¢, and its part even in B is odd in ¢, in agreement with Eq. (191).
At B =0, we have ws; = 0, and the Boltzmann part o5 vanishes. The Hall conductivity is then the AH term of Eq. (195),
which is odd in ¢t and does not depend on the scattering amplitudes.

At B = 0, the transverse conductivity can be treated in the same way as the longitudinal one. We keep vp = 1 and use

Tg, ps(u), and hg(u) of Eq. (196). The source of the sector m = 1 is qs(u) = /(s + tu)* + 4 i — tu, which expands as

_ s v2-s2 , 3
qs(u) = g — L—o)tust 253 2 u? 4+ 0(t%). (197)

For t = 0, the only nonzero moment is 40), and o reduces to Eq. (145). The parity of this sector is opposite to that of
the sector m = 0. The moments Egl) and Eél) are driven at the order ¢ by the odd parts of ¢s;(u) and of the weights, and
they feed back into EEO) and into o, at the order t2. The term linear in ¢ vanishes. The coefficient of t2 was obtained by

solving the perturbation series with 7:5, in both the rates and the in-scattering terms. Hence o, |g—g = U(f) (1 +C1 162)7
where C, is a rational function of 7y, 7, and v, [cf. Appendix D 4c].

The zero-field anisotropy follows from C; and C). It is the sum of two contributions. The first is the internode term
of Eq. (146), which requires 35" = 0. The second is generated by the tilt at the order ¢2. It remains for e = 0,
where fy:;/ = 7., as in the RTA of Eq. (188), since the tilt makes the zero-field tensor uniaxial. The planar-Hall current
JPH = (UJ_ — o)) sind cosy E at B = 0 is therefore no longer a probe of the internode amplitude alone.

For nonzero B and ng = no = 0, the weights and rates are independent of B, but they depend on u through ¢, and
ws(u) = e Bgs(u)/k4 s(u). The closed form of Eq. (147) then no longer holds, since 7, (u) + i ws(u) is not constant. The
Hall conductivity to the first order in B reduces to Eq. (149) for ¢ — 0. Its dependence on ¢ is even, and the first correction
is of the order 2. The part even in B is absent for ng = 1o = 0 and requires the BC or the OMM, in agreement with the
terms linear in np and 7o in Eq. (191). The total Hall conductivity at the leading orders is the sum of the Boltzmann
part and of the AH part of Eq. (195). Its tilt contribution at B = 0 dominates over the OMM term of Eq. (150) for o < ¢,
as stated below Eq. (195).

3. Ezpansion to the third order in B

For t # 0, the weights, the rates, the frequencies, and the sources remain analytic in B at B = 0, but the parity
rules of Sec. VIB replace those of Eq. (151). By Eq. (180) and the rotation Cb,, we have o(B;t) = o) (—B;—t),

o1(B;t) = 01 (=B;—t), and oy (B;t) = —ou(—B;—t). Writing o = >_, aﬁ")(t) B™ and likewise for o, and o%, the
coefficients obey

ol (t) = ()" o|" (1), o (=) == (-1)" o (1) (198)

The odd powers of B therefore appear in o] and o, with odd powers of ¢, and the even powers of B appear in oy with

odd powers of t. The leading terms are the linear magnetochiral conductivity and the Hall conductivity of the order B?¢
of Eq. (191). For the planar-Hall current, the same rules give terms odd in B that are absent for the untilted nodes.
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The variational construction of Egs. (156) to (159) carries over, with the tilted weights, rates, and sources in the forms

gg") and S’Jgn). The coefficients S,(Im) of Eq. (158) now exist for every n < 3, and the coefficients S%O) and Séo) of the
sector m = 0 no longer vanish. They are odd in ¢ by Eq. (198). The leading terms of the order ¢t B in o and o, have

closed forms, which are given in Appendix D4e. A closed form of the coefficient Séo) and of the terms of higher order
in t is too lengthy to be informative, and we do not carry it out. These coefficients follow from the linear systems of
Egs. (172) and (128) with the tilted moments and can be obtained numerically whenever needed, as in Sec. VIE5. The
Hall conductivity of the Boltzmann part at the orders t2B and t B? is given in Appendix D 4f.

The AH part is the exception, because it involves only the radius of the sheet (4,1). For the tilted node, the cubic
equation of Appendix A 1 has the same form with A\, — s + tu, and the expansion of Eq. (152) holds at every u with
coefficients that depend on w through k¥ = ky 1(u) and A = 1+ tu. With » = A+ 2ck and b = e B, the radius is

kyi(u;B) =k + 30 nbt, (bu)" + O(B*), where

1 A+3ck 2A2 4+ 11cAk+16c% k2
- —_ o= = — ) 1
b 2k’ 2 4303 7 ts ] k5 15 (199)
Inserting this into Eq. (176) and expanding in ¢ gives, with k1 = kr 1 and 7y = 1+ 2c¢ky,
AH nBezt]fl 3(914‘1) 2 7737]0833 9(171—1) 2
oy ~ = 1 —T— | + 5 = |1— —
312 1074 672k in 1077
2 4 2 ~ 3
nenoe BTt | o ~ 25(m —1)" ,
— |87 — 9 3— ———t
T ones T TInT 251
3 .5 n3 ~4 ~3 ~9 -
neng e’ B3|, .. 5 (1287 — 32508 + 34507 — 17504 + 35) 4 o
——— |87 — 5 1 t o(t*, BY). 200
+ 8072 kY op Y1 vl 14 7 +O(th, BY) (200)

The terms of the orders B®, B!, and B? at t = 0 are those of Eqs. (195) and (153), and the order of the powers of t agrees
with Eq. (198). The new term is the one of the order B?t, which requires the BC and the squared OMM, and it is the AH
counterpart of the even-in-B Boltzmann Hall term of Eq. (191). None of the terms depends on the scattering amplitudes,
and the sheets with s = 0 do not contribute. The derivation of Eq. (200) is given in Appendix D4 d.

4. Dependence on the scattering amplitudes

The tilt does not change which amplitudes enter each sector. For E || B, the rates 74(u) of Eq. (178) and the weights
(f )H involve the sums v, whereas the in-scattering terms of Eqs. (172) and (173) involve the differences v__,. For E 1 B,

Egs. (174) and (175) contain 4, only. For ¢ # 0, all three amplitudes 717, 1o, and 7o, enter o already at B = 0, through
the even moments that the tilt drives at the order ¢ [cf. Eq. (D53)]. For ¢ = 0, only ~y;; enters at B =0, as in Eq. (126).
The AH conductivity of Egs. (195) and (200) does not depend on the amplitudes.

The dependence on the overall strength follows from a scaling. Let ’yi, — ffy;ts/ for all the amplitudes. Then 75(u) —
7s(u)/f and <f>£ — <f>! /f for every f, so that H" | Gy, and M™ of Eggs. (171) and (172) scale as 1/f, and the products
Vss' @n and vsg by, are invariant. Eq. (173) then gives o — UH/f for every B and t. The relative change do is therefore
independent of the scattering strength, and in particular of u 7. In the sector m = 1, the frequency ws does not scale,
and §o and o2 depend on the strength through wy 7s.

For the ratio 75 of the figures, we have S = rz B9 for all the pairs of bands, so that v, = (1 + 7"?3) (6229”)2-

S8

The time 7¢ is the rate of the sheet (+,1) at B =0 and ¢ = 0, and it depends on fys':/ only. Fixing 79 therefore fixes ’y:;,
and leaves the amplitudes in the in-scattering of the sector m = 0 as

2

1—TB
2

1—|—T5

Vow =078, 8= (201)

with é € (—1,1]. Two consequences follow. The sector m = 1, and hence o, UE’,, and O’IA{H for B || 2, do not depend on

rg at fixed 79, for every B and t. The longitudinal conductivity depends on 7g only through 5, and the scan over rg in
Fig. 14(b) is a scan over the vertex correction of the sector m = 0 alone.

For rg = 1, we have 6 = 0, and the in-scattering of the sector m = 0 vanishes. Eq. (172) gives Ms(n) = Hgn), and
Eq. (173) reduces to

o)

e? n
"3 > (2, (202)
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FIG. 14. Two axially-tilted conjugate QTSM nodes for B || £ [case (a)]. (a) The curves are for ¢ = 0 (green), 0.04 (navy), and 0.08
(crimson). Left: do| multiplied by 10%. Middle: do; multiplied by 10. Right: o5 multiplied by 10®, in units of o, at B = 0.
(b) For E || B and t = 0.06, o is multiplied by 10°. Left: rs = 0.4 (crimson), 0.6 (amber), 0.8 (green), 1 (navy), and 1.4 (sky).
Right: 73 = 1/2 with ng = no =1 (navy), no = 0 (crimson), and np = 0 (green).

This is the RTA with the rate 7,(u) of Eq. (178) in place of the constant 7 of Sec. VID. For rg < 1, the factor § is positive,
and for rg > 1 it is negative, which changes the sign of the vertex correction.
At B=0and ¢t =0, Eq. (126) and its counterpart for o give

2 1-6)g
(‘U—UH)‘ =gk uln ( ) , a=szmimm, (203)
(1-a)(1-5a)

[N )

B=0 3m2

where 0 < & < 1/2 by the expression of 7; ! below Eq. (124). The difference is proportional to 1 —§ = 273/ (1 + 7“[2.3) at

fixed 7, and it vanishes for 75 = 0, in agreement with Eq. (146). For ¢ # 0, a second contribution remains at rg = 0, as
discussed in Sec. VIE 2.

5. Numerical results

The figures show the exact solution for the system of Table V. The parameters are those of Sec. VE4, with ur9 = 15,
¢=0.1vp/p, and rg = 1/2 unless stated otherwise. The scattering amplitudes are fixed by 7y of the sheet (+,1) at B =10
and t = 0, and they do not change with ¢. The field enters through o = e B/(2k?), where k; is the radius of the sheets
with s =1 at B=0and t =0, and ¢ is in units of vp. All tilts obey |t| < cp/vp. The change do is relative to B = 0 and
in units of the value of the same element at B = 0 for the case (a), and in units of o = tro(0)/3 for the cases (b) and
(c). Both signs of o are shown. For B || 2, the solution coincides with that of the sectors of Sec. V A, and for ¢ = 0 with
that of Sec. V.
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FIG. 15. Two axially-tilted conjugate QTSM nodes for B || £ at o = 0.05 as functions of ¢ for 0 < ¢ < 0.09. Left: even (navy)
and odd (crimson) parts of do| multiplied by 10%. Middle: even part of do; multiplied by 10 (navy) and odd part multiplied by
102 (crimson). Right: even part of o5 multiplied by 102 (navy), o' at B = 0 multiplied by 10® (crimson), and odd part of o™
multiplied by 10% (green), in units of o, at B = 0.

Fig. 14(a) shows the three functions of the case (a). For ¢t = 0, the curves are even in « and reproduce Sec. VE4. For
t # 0, do) acquires a term odd in «, which grows with ¢ and is the linear magnetochiral term of Sec. VIB. It increases
0oy for a > 0 and decreases it for a < 0. For the larger tilt, do| is negative in a range of a < 0. The asymmetry of do is
weaker. Its magnitude is larger for a < 0, and the tilt increases it for a < 0 and reduces it for & > 0. In the right panel,
the AH conductivity is linear in « with a nonzero intercept, which is the tilt term of Eq. (195). The intercept grows with
t, and the slope, which is the OMM term, decreases slightly. The Hall response is dominated by the Boltzmann part as
for t = 0, and the planar-Hall response follows from the first two panels through Eq. (45). It is dominated by the classical
difference o — o, as in Sec. VE4, and it is not shown. In the sum of the pair and its time-reversed partner, only the
parts of o and o that are even in o remain. The odd parts are properties of a single pair.

Fig. 14(b) shows the dependence of doj on 73 and on the BC and the OMM. At fixed 79, only o) depends on 75, and

it does so through § of Eq. (201). In the left panel, the even part of the change is positive and depends only weakly on
r3. The odd part decreases monotonically with rg and changes its sign at a ratio of order unity. The sign of the term
linear in B is therefore controlled by the ratio, as the sign of the even term is for ¢ = 0 in Fig. 10(b). In the right panel,
the odd part has opposite signs for the BC and for the OMM, and the OMM contribution is larger. The combined odd
part is smaller than the OMM contribution alone, and the cross term is small. The even part is positive for both, and it
is dominated by the BC.

Fig. 15 shows the dependence on ¢ at fixed a. The even part of do is positive and decreases monotonically with ¢. The
odd part vanishes at ¢ = 0 and grows almost linearly with ¢t. The same holds for the odd part of o, which is positive,
whereas the even part of do; is negative and decreases in magnitude with ¢. In the right panel, the Boltzmann Hall
conductivity acquires a part even in «, which vanishes at t = 0 and increases with ¢. It is the counterpart of the AH term
at B = 0, which also increases with ¢, whereas the odd part of the AH conductivity decreases slightly. The terms odd in
« for the diagonal elements and even in « for the Hall element are all odd in ¢, as required by Sec. VI B.

For the case (b), we take B = B& and t = 0.08, and the tensor is obtained from the general solver. In Fig. 16(a),
the change do,, for E || B is positive and even in «, as the parity rule of Sec. VIB requires. It has the sign of the
untilted nodes in Sec. VE4, and its magnitude is smaller than that of the transverse elements by more than two orders
of magnitude. The tilt perpendicular to B removes the axisymmetry about B. The changes doy, and o, are negative
and even in a, and they differ only slightly. In the right panel, the Hall element o, is odd in a and large. The elements
0z, and o4y are smaller by more than two orders of magnitude. They vanish for ¢ = 0 and are due to the tilt, since Cy,
is broken. The element o, is odd in « and is not monotonic, and o, is even in «.

Fig. 16(b) shows the case (c) as a function of §p. The even part of do| is positive at all angles. It is the longitudinal
change of the case (a) at 5 = 0, it changes weakly at small 65, and it decreases to its smallest value at 0 = 7/2,
which is the case (b). This is the sign of the untilted nodes (Sec. VE4). The odd part is positive, has a maximum at
an intermediate angle, and vanishes at 0p = 7/2, where the parity rule of the case (b) makes do even in B. In the
right panel, the two eigenvalues of the symmetric transverse block are negative. They coincide at g = 0, where the
axisymmetry is restored, and they split with increasing 6. The Hall vector is dominated by H), which is positive and
decreases with . The component H; is negative and smaller than H I by more than two orders of magnitude. It vanishes
at 5 = 0 and is not monotonic. The component along ¢ vanishes by Eq. (181) and is not shown.
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FIG. 16. Two axially-tilted conjugate QTSM nodes with ¢t = 0.08. (a) Case (b) with B || @. Left: 6o, multiplied by 10* (navy),
d0yy multiplied by 10 (crimson), and do. multiplied by 10 (green, dashed). Right: doy. multiplied by 10 (navy), dos. multiplied
by 10® (crimson), and o, multiplied by 10 (green), in units of ¢o. (b) Case (c) with B = B (sin 5,0, cos§5) and a = 0.05. Left:
even (navy) and odd (crimson) parts of do; = B - $o - B multiplied by 10°. Right: eigenvalues 6o, ;1 (navy) and o » (crimson,
dashed) of the symmetric part of do in the plane perpendicular to B multiplied by 10, the component H); of the Hall vector along
B multiplied by 10 (green), and its component H; along (cos g, 0, — sin §p) multiplied by 10* (amber), in units of .

VII. COMPARISON WITH EARLIER WORK

Here we compare the exact solution with the RTA, including the phenomenological modelling used to interpret the
measurements on CoSi [7]. We then discuss the inadequacies of the earlier works that our treatment fills in. Ref. [20]
treats conjugate nodes of pseudospin 1 and 3/2 beyond the RTA for collinear fields, and Ref. [21] extends the treatment
of pseudospin-1 nodes to noncollinear fields and tilted nodes.

A. Relaxation-time approximation and the exact solution

The RTA of Sec. II1 D drops the in-scattering term and relaxes all the sheets with the time 7 = 7 of the reference sheet,
which fixes Bintra in the exact solution. Fig. 17 compares the two for the systems of Secs. 111 and IV, with the parameters
of Figs. 1(a) and 5(a) and B || 2. Every curve is in units of the value of its own solution at B = 0, and the Hall response
is in units of o, at B = 0. Table VI gives the ratios of the RTA to the exact solution at the largest field.

The RTA overestimates the conductivity at B = 0 in both systems, since the sheets at R, which carry almost the whole
conductivity, have shorter out-scattering times than the reference sheet. It does not depend on 7g, because the internode
amplitude enters only through the in-scattering term and through the fixed time 79. The longitudinal change has the same
sign and the same quadratic dependence on « in the two solutions, but the RTA underestimates it, by a larger factor for
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FIG. 17. Exact solution (navy) and RTA (crimson) for B || 2 and rg = 1/2. Top: QTSM and Weyl nodes. Bottom: RSW and
TSM nodes. Left: do multiplied by 108. Middle: —6o ) multiplied by 10%. Right: ¢& multiplied by 10%. The two curves of a panel
have the same scale factor.

System J”(O) (50’H doL J}BI

QTSM and Weyl nodes| 3.33 |0.30|1.95|3.21
RSW and TSM nodes | 1.81 {0.49(2.09|1.77

TABLE VI. Ratios of the RTA to the exact solution for B || 2, rg = 1/2, and o = 0.05. The first column is the ratio of the
conductivities at B = 0. The other columns are the ratios of the changes, each measured in units of the value of its own solution
at B =0.

the QTSM and Weyl nodes. The magnitudes of the transverse change and of the Hall response are overestimated. The
ratios of Table VI differ between the two systems and between the quantities. For E || B, the RTA solution is A = 7 h,
and its relative longitudinal change is therefore independent of 7. No rescaling of 7 removes the difference in the column
of 6o. The AH conductivity depends only on the FS [cf. Eq. (84)] and is the same in the two solutions in absolute
units, and it differs in Fig. 17 only through the normalisation. The in-scattering term thus changes the longitudinal, the
transverse, and the Hall responses quantitatively at the field strengths of the figure.

The interpretation of the longitudinal magnetoconductance of CoSi in Ref. [7] goes beyond the RTA with a single time.
It uses the intranode time 7, the internode time 7,, and a shift §u oc E - B of the chemical potential, and it keeps the BC
and the OMM of the linear band of the threefold node at I" and of the two Weyl nodes at R. For E at the angle 0 to B,
the change of the conductivity is

o—og (a+b1,/T) cos’> — ¢ €2 B2

- ) 204
00 20 (1 +279) K2 (k£)4 (204)

with @ = -9+ 27, b=10 B+mr),c=2+4r,r = (k?/k?)zvR/vF, and ro = (k?/k§)2vR/Up. For 7, =7 and 6 = 0,
the contribution of the Weyl nodes reduces to the RTA expression of Eq. (52), up to the factor 2 of the spin degeneracy
that is kept in Ref. [7]. The ratio 7, /7 is a fitting parameter there, whereas in the exact solution the internode scattering
enters through the amplitude rg 8 and the overlaps. We therefore define an effective ratio (7,/7).4 as the value for which
Eq. (204) at @ = 0 reproduces the coefficient of B? of the exact o, which is obtained from two small values of a by
extrapolation. Fig. 18 shows it as a function of rg for the system of Sec. III.

For the three parameter sets, the effective ratio decreases monotonically with rg. For small rg, the product (7,/7).4 r%
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FIG. 18. QTSM and Weyl nodes: effective ratio (7,/7).s versus rg. A (navy): linear dispersions, kR =5k%, and vg = vr. B
(crimson): the same with vg = vr/v/3. C (green): the RhSi parameters of Sec. I11E 6.

is approximately constant, and the effective ratio is therefore proportional to 7“;2. This is the dependence expected of an

internode time that is set by the internode rate, which is proportional to rg. For rg 2 1, the effective ratio is of order

unity, which corresponds to the RTA with equal times. The sets A and B have the ratio k% /kL = 5 of that reference,
and the set C has the larger ratio of Sec. III E6. Eq. (204) is not an exact solution, and this mapping relates only its B>
coefficient at § = 0 to the exact one. It shows that the large ratio 7,/7 ~ 102 fitted in Ref. [7] corresponds, within the
exact treatment, to weak internode amplitudes rg < 1 for all three sets.

Four consequences for the interpretation of the measurements follow from the comparison of Eq. (204) with the exact
solution. First, the dependence on 6 in Eq. (204) follows from the axisymmetry about B. For isotropic nodes, the
symmetric part of the tensor has the form of Eq. (46), and the change of the current along E is do sin®@ + do cos? @
for every strength of the scattering. The cos? # dependence therefore does not identify the chiral anomaly by itself, which
enters through the coefficient. For the second-case overlaps, the dependence on the orientation of B relative to ¢ in Fig. 3
is a correction to this form. Second, the expansion of the distribution function in Ref. [7] is truncated at the second order
in 7. The term of the third order, which gives the classical B? dependence of the response for E L B, is therefore absent
from Eq. (204). By Eq. (54), the ratio of the classical term of a Weyl node to its BC term is 20 (ug 7')2 in the units
h =1, which is large for pr 7 > 1. Third, the finding of Ref. [7] that the OMM reduces but does not overcome the BC
contribution to the longitudinal magnetoconductance agrees with Figs. 1(b) and 5(b). In both, the OMM contribution
alone is smaller than the BC contribution alone, and the combined change is smaller than the BC contribution alone.

Fourth, the cubic-in-B term of the Hall resistivity, which Ref. [7] attributes to the BC and the OMM of the linear band
at I', is dominated by the Boltzmann response of the sheets in the exact solution. For B perpendicular to the plane of
the current, the resistivity of the in-plane block is py = o/ (02l + U?{). Its terms beyond the linear one in B arise
already from the dependences of 0| and ¢B on B for the Boltzmann response of several sheets with different radii and
times. We extract the coefficients of a and o of p,, from a fit for a < 0.02, for the parameter set A of Fig. 18 with
rg = 0.07 and 0.5 and for the RhSi parameters with 73 = 1/2. The AH conductivity contributes a negligible part of the
cubic coefficient in all three cases, and the cubic coefficient with and without the AH part is practically the same. The
RTA underestimates the ratio of the cubic to the linear coefficient considerably. In this model, the cubic term of pgy is
therefore not a signature of the BC and the OMM. It follows from the classical response of the sheets at I' and R, and
the in-scattering term changes its size appreciably.

B. Inconsistent orbital magnetic moment

Refs. [20] and [21] use an OMM of the pseudospin-1 node that is twice the value given by the starting expression of
Ref. [13]. With m*(k) = — (ie/2) [kas]Jr X [(H — €®) Vg1)s], the upper band of the pseudospin-1 node has the magnitude
evp/(2k), which is Eq. (27) with G, = 1, whereas the two works quote evp/k. For the pseudospin-3/2 node, Ref. [20]
quotes the weights 7/4 and 3/4 of Ref. [32] and Table I1. The OMM weights of its pseudospin-1 and pseudospin-3/2 nodes
are therefore inconsistent with each other. The BC is not affected, but the balance of the OMM and BC contributions of the
pseudospin-1 node is wrong by a factor of two. This balance fixes the sign reversals of the longitudinal magnetoconductivity
and of the planar Hall conductivity, the critical amplitudes @&, including their angular dependences in Ref. [21], and the
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FIG. 19. Two conjugate pseudospin-1 nodes with one FS sheet per node. (a) Here E || B || 2. Left: do multiplied by 10% versus 74
for a = 0.05, with the correct OMM (navy), the doubled OMM (crimson), and the BC alone (green). Right: do multiplied by 10°

versus « for rg = 0.8, with the correct OMM (navy) and the doubled OMM (crimson). (b) Here FE || 2 and B = B (cos 9,0, sin 15)

The exact solution is shown in navy, and the truncated solution with 7%& — T, 1n crimson. Left: do.. versus 9. Middle: 0> VETSus
9. Right: do., versus u7o for 9 = 7/4.

comparison with the pseudospin-1/2 node. The quantitative pseudospin-1 results of both works are therefore likely to
change when recomputed with the correct OMM.

To estimate the size of this error, we use the model of these works, which has two conjugate pseudospin-1 nodes with
a linear dispersion and a single FS sheet per node. This is the system of Sec. V without the sheets (x,0) and without
the quadratic term. The other parameters are those of Sec. VE4, with p19 = 15, a = 0.05, and rg = 1/2 unless stated
otherwise. The ratio of the internode to the intranode strength of Refs. [20, 21] enters the rate linearly [cf. Eq. (206)]
and therefore corresponds to r3. We solve the model for E || B || 2 with the OMM of Eq. (27), with the doubled OMM,
and with the BC alone. Ref. [20] does not specify the magnetic field of its figures in terms of the model parameters, since
neither the Fermi energy, nor the Fermi velocity, nor the impurity strength is given a value, and the absolute scale of its
curves cannot be reproduced. The calculation therefore isolates the effect of the doubled OMM within the present solver.

Fig. 19(a) shows the longitudinal change in units of the value of the same solution at B = 0. With the BC alone, the
change is positive and decreases with increasing r3. The OMM reduces it for every rg, and the doubled OMM reduces
it further. With the OMM, the change reverses its sign at a critical internode amplitude, which is considerably smaller
for the doubled OMM than for the correct one (Table VII) and does not depend on p7y. For the amplitudes between
the two critical values, the change is positive and quadratic in « with the correct OMM, and negative and quadratic with
the doubled OMM. The doubled OMM therefore gives the wrong sign of the longitudinal magnetoconductivity in this
window, and it changes the magnitude by a factor of order unity outside it. It also doubles the AH conductivity, which
requires both the BC and the OMM. The transverse and the Boltzmann Hall responses are practically unchanged, since
the classical LFO contribution controls them (Table VIT). In the two-sheet system of Sec. V, the longitudinal change stays
positive for all the internode amplitudes that we have examined, because the sheets with s = 0 remove the reversal of the
single-sheet model. The sign reversal is therefore a property of the model with an inert flat band, and its location is fixed
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by the balance of the BC and OMM terms.

C. Shortcomings of earlier beyond-RTA treatments

Ref. [20] considers two conjugate pseudospin-1 nodes for E || B || 2, with momentum-independent amplitudes and the
ratio & of the internode to the intranode amplitude as the control parameter. The flat band of each node is inert, and
every node carries a single FS sheet. This is the system of two conjugate QTSM nodes with the sheet (y,0) omitted,
because the quadratic correction to the dispersion is not taken into account. Their overlap in Eq. (14) is the azimuthal

. 2
average of [(1 +k-Kk')/2| , where the upper sign refers to intranode and the lower sign to internode scattering. The

in-scattering term therefore lies in the span {1, cos, cos? §} for each node, which is the span of Eq. (49) for m = 0. Their
ansatz in Eq. (20) uses the four functions 1, cos*(#/2), sin®(6/2), and sin? @ in the factor multiplying the out-scattering
time. These functions are linearly dependent, since

1
cos® (Z) + sin4(§> + 3 sin?f =1, (205)

and they span the same space as {1, cos#,cos?#}. The ansatz thus has the structure of the first line of Eq. (133) for a
single sheet per node, which is appropriate for this geometry because the LFO vanishes on A*. However, it carries four
coefficients per node for a space of dimension three. A shift of the coefficients of the four functions by {4, —d, —d, —d/2}
leaves A, unchanged, and the eight coefficients therefore determine only six independent numbers, which are the moments

M>(<n) of Eq. (41) for the two nodes. This redundancy has no physical meaning and is unrelated to the zero mode of
Sec. IT A. The moment system has dimension six, and its only null vector is the zero mode, which makes the rank five. The
number constraint of Eq. (11) closes the system, and the solvability condition of Eq. (12), which is the continuity equation,
holds because the pumping rates of the two conjugate nodes cancel. Equating the coefficients of four linearly dependent
functions is sufficient but not necessary, since only three conditions per node are independent. The paper states eight
equations for eight unknowns and imposes the constraint of its Eq. (21) in addition, which on its face value makes the
system overdetermined. It does not explain that one combination of the equations is redundant by the continuity equation,
which makes the system consistent and the constraint an independent equation. The solution quoted in Appendix B of
Ref. [20] fixes the redundancy by Ay = ¢y = 0, and its Appendix A works with the six remaining unknowns. The
redundancy therefore does not affect the results for E || B. The relation by = a4 printed in that appendix should
read by = —ax. At B = 0, the source is odd under § — 7 — 6, and the solution is odd as well, since the even sector
is homogeneous and contains only the zero mode removed by the number constraint. For AL = cy = 0, this requires
ay + by = 0. The solution with ay = vp (& —1)/(3&+ 1) then reproduces its Eq. (B6). The collinear problem was
solved properly in Ref. [13] for the QTSM nodes, including the second sheet and the interband scattering within a node,

with the independent moments M." of Eq. (41).

Their zero-field conductivities in Eq. (25) follow from the same kernel. For B = 0, the transport rate of a single sheet
is proportional to

Tt;l X / ko/ (]- - C) [Ointra(c) +a Ointer(c)] ) (206)

since the upper bands of the two conjugate nodes have the same velocity direction, and the in-scattering term enters
with the same sign for both nodes. For pseudospin 1, with Oiptra = (1 + C)2/4 and Oipeer = (1 — C)?/4, Eq. (206) gives
(1 +3a)/6. For pseudospin 1/2, with Oiptra = (1 + C)/2 and Oipter = (1 — C)/2, it gives (1 +2a)/3. These are the
dependences on & of their zero-field conductivities. The BC that they quote for the four bands of the pseudospin-3/2 node
agrees with that of the sheets (T, 7]1) in Table II. The sign reversal of the longitudinal magnetoconductivity that they find
only with the OMM is the mechanism of Ref. [18] for Weyl nodes.

The ansatz of Ref. [20] has the form of the out-scattering time multiplied by a polynomial in cos#, for the pseudospin-1
nodes in Eq. (20) and for the bands of the pseudospin-3/2 nodes in Appendix D. This form is exact only when the LFO
acts trivially, which holds for E || B in the geometry that they consider. It corresponds to the replacement Ry — 7o in
Eq. (15), which is the truncation of Refs. [22, 23]. For a field with a component perpendicular to E, the LFO couples the
components of the mean free-path, and the function multiplying the in-scattering moments is no longer the out-scattering
time. The Hall and planar-Hall responses are then missed. They make no claim for these responses, and their ansatz
cannot be carried over to them. The overlaps are also written as functions of the two polar angles after the azimuthal
terms are dropped. This is exact for E || B because A* has no azimuthal dependence. For a general direction of E or B,
the terms with ¢ — ¢’ generate the sectors m # 0, and the harmonics of Eq. (A14) are required. Finally, the channels are
studied one at a time, with all the amplitudes except the intranode-intraband one set to zero, and with the amplitudes of
the two conjugate nodes varied together. The sign of the response that follows is a property of the isolated channel, and
it does not hold for a crystal in which all the channels are present with ratios fixed by the microscopic model.
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Ref. [21] considers two conjugate pseudospin-1 nodes with E || 2 and B = B (cos 9,0, sin 15), with and without tilts

along & or 2 that act on the dispersive bands only. The overlap is the same as in Ref. [20], and the in-scattering term
therefore has the span of the harmonics with [ < 2 also for the tilted nodes. The LFO term of the kinetic equation is
dropped at the outset, on the ground that it is of order w. 7 relative to the anomaly term. The ansatz below its Eq. (21)
is then the out-scattering time multiplied by a combination of ten angular functions, with the unknowns 5\, 41,2, 5172, 1,2,
and J172,3 for each node. This is again the replacement 7%(1 — T4. The justification is not sufficient, because the LFO

contribution of Eq. (139) exceeds the BC and OMM corrections by a factor set by (u 7)2, and not by w. 7 alone. The
classical LFO contribution therefore dominates for noncollinear fields in the semiclassical regime, and it is absent from
the longitudinal, the planar-Hall, and the ordinary Hall conductivities of Ref. [21]. The magnitudes, the signs, and the

critical amplitudes a.(1) obtained there do not reflect the actual scenario.
To estimate the effect, we use the model in question for FE || 2 and B = B (COS &,O,sin 15), without the tilts. The

exact solution is the Galerkin solution of Eq. (134), and the truncated solution replaces Ra by 7,. The parameters are
rg = 1/2, @ = 0.05, and 79 = 15 unless stated otherwise. Both do,, and o,, are in units of 0., at B = 0, and o,
vanishes at B = 0 for this orientation. Fig. 19(b) compares the two solutions. For noncollinear fields, the exact change
of 0., is negative and large over most of the range of angles, and its magnitude decreases as B turns towards E. This is
the classical LFO contribution. The exact change reverses its sign close to ¥ = 7/2 and merges with the truncated one
for B || E, where the LFO has no effect. The truncated change is small and positive, and it vanishes for B L E. It
therefore has the opposite sign to the exact change except in a narrow range of angles near B || E. The exact planar-Hall
conductivity has the same sign as the truncated one, and it is much larger. Both vanish for B || E and for B 1 FE (see
Table VII). In the right panel, the truncated change does not depend on p 79, whereas the magnitude of the exact change
grows with p 7y and saturates for large p 9. The two solutions are comparable only for p 1y of order unity, and the error
of the truncation increases with the purity of the sample, in agreement with the dependence on (u 7)2 stated above.
The ten functions of the ansatz are not independent either, since

cos? 0 4 sin?  cos? ¢ +sin? @ sin® o = 1, (207)

and they span a nine-dimensional space, which is the space of the harmonics with | < 2 generated by the kernel. The
ansatz thus carries one redundant coefficient per node, which leaves the mean free-path unchanged. The count of 20
equations for 20 unknowns that is stated for the two nodes corresponds to equating the coefficients of the ten functions,
which is sufficient but not necessary, since only nine conditions per node are independent. A shift along the redundant
direction changes the left-hand side of the matched equations but not their right-hand side, because the in-scattering
term depends on the coefficients only through A, . The redundant directions are therefore not null vectors of the matched
system, and its only null vector is the zero mode, which the number constraint of its Eq. (23) removes. The paper
states 20 equations for 20 unknowns and imposes the constraint in addition, which on its face value makes the system
overdetermined. It does not explain that one combination of the 20 equations is redundant by the continuity equation,
which makes the system consistent and the constraint an independent equation. The kernel of its Eq. (16) also lacks the

term 3 sin® 6 sin® ¢’ sin ¢ cos ¢ sin ¢’ cos ¢’ of the expansion of [(1 + C) /2)?, which arises from cos?(p — ') and generates

the coefficient ds of the ansatz. Whether this is a misprint or whether it enters the numerical solution cannot be decided
from the text. We remove the term from the kernel of the model, for the exact and for the truncated solution, for rzg = 1/2,

1, and 2, and for all the angles 9. The relative changes of do,, and o,. are negligible (cf. Table VII), and the term is
therefore immaterial for the untilted model. The BC is quoted as —x k/k® in the text, which corresponds to the monopole
charge 2, and as —x k/(2k%) below the equations of motion, which is the value for a Weyl node. The effect of the two
quoted values on the numerical results cannot be assessed from the text. The moments of Eq. (41) and the Galerkin form
of Eq. (18) contain only independent unknowns and give the exact solution for the same kernel.

Ref. [21] places the two nodes at the P point of the space groups 199, 214, and 220 and assigns tilts to them. A symmetry
analysis does not support this assignment for the pair of opposite chiralities of that work. In none of these space groups
does the little group at P admit a tilt, since it contains the twelve rotations of the space group 199, which leave no vector
invariant. In the space groups 199 and 214, the nodes at P and —P have the same chirality, since time reversal and the
proper rotations preserve it. In the space group 220, the improper operations of the little group force the flux of the BC
of each band through a sphere around P to vanish, and this space group therefore hosts no chiral node at P. The unitary
little group at P of the magnetic group 220.91 is that of the space group 199, and it excludes a tilt as well. A pair of
nodes with opposite chiralities and non-vanishing tilts of the kind assigned in Ref. [21] is thus not obtained in any of these
cases. The derivation, with the counts of the operations, is given in Appendix F.

The two conjugate RSW nodes of Ref. [20] cannot occur in a chiral crystal. The fourfold degeneracy of the RSW node
is enforced by the time-reversal-symmetric corepresentation of the little group of a high-symmetry momentum, which
is the chiral tetrahedral group in the space group 198 and the octahedral group in the space group 212 [5, 16]. The
RSW node therefore sits at I', whereas R hosts the sixfold node and M the double spin-1/2 node [5, 28]. At a generic
momentum, the little group is trivial and two bands cross only at a twofold Weyl point. Two RSW nodes at conjugate
generic momenta would therefore have no symmetry protection and would require a fine-tuned Hamiltonian, and the BZ
contains a single RSW node at I". The crystal thus contains a single RSW node at I', compensated by the TSM nodes at
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Limitation Set-up Quantity Exact | Limited
Doubled OMM | E || B, rs =1/2 10% o 1.96 | 0.97
Doubled OMM E| B,r3 =08 10° 6o 3.70 | —3.93
Doubled OMM E | B critical rg 1.04 0.65
Doubled OMM | E L B, rg =1/2 103 o5t /o1 (0) 1.67 | 3.38
Doubled OMM | E L B, rg =1/2 10% o5 /o1 (0) 29.96 | 29.90
Dropped LFO E| 2 9=mn/12 102 60 —78.66| 0.12
Dropped LFO E| 2 0=m/4 102 60 —35.56| 0.97
Dropped LFO E| 2 v=5n/12 10% 60 —2.49 | 1.83
Dropped LFO E| 2 vy=mr/4 10% 0,5 /0.2(0) 53.01 | 1.44

Missing kernel term |E || 2, 0 < v < 7/2 largsfsg;ia;ir\;g Zl;&:nge 0 |3x107*

TABLE VII. Effect of the limitations of Refs. [20, 21] in the model of two conjugate pseudospin-1 nodes with one FS sheet per node,
for o = 0.05 and p 79 = 15. The column Exact is the solution of this work. The column Limited is the same solver with the limitation

imposed, which is the doubled OMM, the dropped LFO, or the kernel without the term % sin? @ sin? @’ sin ¢ cos @ sin ¢’ cos ¢’

R, which is the system of Sec. IV. It differs from the conjugate-pair description in four respects. First, the two ends of
the internode channel carry different pseudospins, and the kernel has the degree three on the sheets at I' and the degree
two on those at R [cf. Eq. (86)]. Second, the sheets are not related by an exchange of equivalent nodes, since there are
two nested sheets at I' and one sheet on each of the two copies at R. Third, the overlaps between I' and R are fixed
by the unitary block of Eq. (72), whose ratio ¢/n is a parameter of the microscopic model, and they differ for the two
copies [cf. Eq. (A13)]. Fourth, the two copies at R are coupled only through the sheets at T', since their mutual overlap
vanishes. Appendix D of Ref. [20] remarks that unequal numbers of bands in the two valleys are allowed, but no such
system is solved there. The quadratic correction, which turns the flat band of each TSM node into a dispersive band, and
the interband scattering within a node are not included for the pseudospin-1 nodes either. Since the tilt is forbidden at T’
and R (see the Introduction), Ref. [21] describes a different physical situation from the chiral crystals, in addition to the
incomplete ansatz.

The exact solution for general orientations of E and B is given neither in Refs. [13, 18, 20], which are confined to
collinear fields, nor in Ref. [21], whose noncollinear treatment has the shortcomings above. The solution of this work
covers the longitudinal, the transverse, the Hall, and the planar-Hall responses with the LFO kept.

VIII. SUMMARY AND OUTLOOK

We have solved the linearised SBE beyond the RTA for four set-ups, which are two conjugate QTSM nodes without
and with a type-I axial tilt, a QTSM node with two Weyl nodes, and an RSW node with two TSM nodes. The nodes of
the last two set-ups are untilted, as required by the symmetry of the crystal. The orientations of E and B are arbitrary,
and the BC, the OMM, and the LFO are all kept. The momentum-independent amplitudes make the scattering kernel of
finite rank, which reduces the problem to a linear system for a few moments of the mean free-path vector. The number
constraint removes the zero mode and closes the system.

The FS of every sheet of the untilted nodes is axisymmetric about B, and the LFO is therefore diagonal in the azimuthal
harmonic. For the tilted nodes, this holds only for B along the polar axis. In both cases, the resolvent is algebraic for
B along the polar axis, and it is evaluated by a Galerkin expansion otherwise. The symmetries of each set-up fix the
independent geometries, the independent elements of the conductivity tensor, and the form of the ansatz [cf. Tables IV,
V, I, and III]. For the tilted pair, the Onsager relation takes the form of Eq. (180). The terms of the diagonal elements
that are odd in B and the term of the Hall element that is even in B are then odd in ¢. They belong to a single pair and
cancel in the sum with its time-reversed partner. The relations between o;; and o; follow from time reversal combined
with a rotation by 7 about an axis perpendicular to the polar axis [cf. Eq. (181)]. For B perpendicular to the polar axis,
the tilt makes the elements 0., and o,. nonzero.

The results are available in closed form at zero field and to the leading orders in B, and numerically for the full field
dependence. The amplitudes enter the two sectors differently. The sum of the intranode and internode strengths governs
the rates and the sector of E | B, whereas their difference governs the in-scattering for E || B. For the tilted pair with
B along the polar axis, this implies that the dependence on the ratio of the amplitudes is confined to the longitudinal
conductivity at fixed scattering time, and that the relative longitudinal change does not depend on the overall scattering
strength. The AH part depends only on the radius of the sheet with s = 1, and it does not depend on the amplitudes.
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For the untilted pair, it requires both the BC and the OMM. For the tilted pair, the tilt generates a term that requires
only the BC and does not vanish at zero field. For E || B without a tilt, the longitudinal change is positive and quadratic
in B for the ratios of the amplitudes that we have scanned, and it does not change sign, in contrast to the Weyl case.
The BC and OMM contributions have the same sign, and their cross term is negative. For the tilted pair, the tilt adds
a term that is odd in B for E || B, and its sign is controlled by the ratio of the amplitudes. For a noncollinear E, the
change of the current along E is dominated by the classical LFO contribution, and the Hall response is dominated by the
Boltzmann part.

A planar-Hall current flows already at zero field for an oblique E in the systems whose internode overlap depends on
the orientation of the polar axis. For two conjugate QTSM nodes without a tilt, it vanishes when the internode amplitude
between the sheets of the upper band vanishes. For the tilted pair, the tilt makes the zero-field tensor uniaxial at the
order t? even without the internode scattering. The planar-Hall current at zero field is therefore no longer a probe of the
internode amplitude alone. For the QTSM and Weyl nodes and for the RSW and TSM nodes, the sheets at R carry almost
the whole zero-field conductivity for the parameters of RhSi, and the changes relative to it are therefore small. For the
first of these two systems, the dependence on the quadratic coefficient is weak. When the overlap of the Chang scenario
replaces its rotational average, the response depends on the orientation of B and E relative to the crystal axes, and the
sign of the longitudinal change depends on the ratio of the amplitudes. For the RSW and TSM nodes, the longitudinal
change is positive and even in B for the ratios that we have scanned, and the cross term of the BC and the OMM is again
negative.

The RTA contains the internode scattering through the pumping of the nodes by the BC and the OMM. We have
extended its expression for conjugate nodes to the tilted pair, and to nodes of different type and DOS at I' and at R.
This term is of the order B?, and it acts only for E || B. For the tilted pair, it is even in ¢ at this order, and the linear
magnetochiral term of the RTA does not depend on the internode relaxation time. The OMM part of the pumping vertex
is specific to the RTA, since the exact solution contains the OMM through the weights, the sources, and the frequencies.

The comparison with the earlier works shows that their beyond-RTA treatments are confined to conjugate pairs and
to collinear fields, and that for noncollinear fields the truncated ansatz removes the classical LFO contribution. Their
pseudospin-1 results should be recomputed with the correct OMM and with the LFO kept, which is a direct application
of the present framework. The pair of conjugate RSW nodes of Ref. [20] does not occur in chiral crystals.

The framework also offers a route to the thermal and thermoelectric responses beyond the RTA. In the RTA, the
magnetothermoelectric and magnetothermal transport of WSMs has been studied extensively [3, 25, 33, 42-44]. Tt includes
the Nernst and thermal Hall effects and the contributions of the thermal and gravitational chiral anomalies [45, 46], which
have been probed experimentally through the thermopower and the thermal conductivity [47-49]. In these treatments, the
chiral-anomaly-induced thermoelectric conductivity obeys the Mott relation, whereas the longitudinal thermal conductivity
violates the Wiedemann-Franz law [45, 50, 51]. Both are also broken in the hydrodynamic regime, where inelastic electron-
electron collisions separate the charge and heat channels [52, 53]. At finite temperature, elastic scattering conserves the
electron number on every energy shell, and the zero mode and the number constraint of Eq. (11) acquire an energy label.
The solution with the energy-resolved moments entering the Sommerfeld expansion would show whether the Mott relation
and the Wiedemann-Franz law survive when the in-scattering term and the full LFO are kept for multifold nodes. It
would also supply the elastic-scattering reference for the violations in the hydrodynamic regime. Further directions are
the coherences between the two degenerate copies at R, which are kept in the matrix treatment of Appendix A 6, the tilts
that are not directed along a rotation axis, and the type-II tilts.

[1] A. A. Burkov and L. Balents, Weyl semimetal in a topological insulator multilayer, Phys. Rev. Lett. 107, 127205 (2011).

[2] B. Yan and C. Felser, Topological materials: Weyl semimetals, Annual Rev. of Condensed Matter Phys. 8, 337 (2017).

[3] I. Mandal and K. Saha, Thermoelectric response in nodal-point semimetals, Ann. Phys. (Berlin) 536, 2400016 (2024).

[4] B. Bradlyn, J. Cano, Z. Wang, M. G. Vergniory, C. Felser, R. J. Cava, and B. A. Bernevig, Beyond Dirac and Weyl fermions:
Unconventional quasiparticles in conventional crystals, Science 353, 10.1126/science.aaf5037 (2016).

[5] F. Flicker, F. de Juan, B. Bradlyn, T. Morimoto, M. G. Vergniory, and A. G. Grushin, Chiral optical response of multifold
fermions, Phys. Rev. B 98, 155145 (2018).

[6] I. Mandal and H. Freire, Transport properties in non-Fermi liquid phases of nodal-point semimetals, Journal of Physics:
Condensed Matter 36, 443002 (2024).

[7] F. Balduini, A. Molinari, L. Rocchino, V. Hasse, C. Felser, M. Sousa, C. Zota, H. Schmid, A. G. Grushin, and B. Gotsmann,
Intrinsic negative magnetoresistance from the chiral anomaly of multifold fermions, Nature Communications 15, 6526 (2024).

[8] N. P. Armitage, E. J. Mele, and A. Vishwanath, Weyl and Dirac semimetals in three-dimensional solids, Rev. Mod. Phys. 90,
015001 (2018).

9] 1. C. Fulga and A. Stern, Triple point fermions in a minimal symmorphic model, Phys. Rev. B 95, 241116 (2017).

0] H. Nielsen and M. Ninomiya, A no-go theorem for regularizing chiral fermions, Phys. Lett. B 105, 219 (1981).

1

2]

A
B

[1
[1
[1

I. Mandal, Chiral anomaly and internode scatterings in multifold semimetals, Phys. Rev. B 111, 165116 (2025).

Z. Ni, K. Wang, Y. Zhang, O. Pozo, B. Xu, X. Han, K. Manna, J. Paglione, C. Felser, A. G. Grushin, F. de Juan, E. J.
Mele, and L. Wu, Giant topological longitudinal circular photo-galvanic effect in the chiral multifold semimetal CoSi, Nature
Communications 12, 154 (2021).


https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1146/annurev-conmatphys-031016-025458
https://doi.org/10.1002/andp.202400016
https://doi.org/10.1126/science.aaf5037
https://doi.org/10.1103/PhysRevB.98.155145
https://doi.org/10.1088/1361-648X/ad665e
https://doi.org/10.1088/1361-648X/ad665e
https://doi.org/10.1038/s41467-024-50451-5
https://doi.org/10.1103/RevModPhys.90.015001
https://doi.org/10.1103/RevModPhys.90.015001
https://doi.org/10.1103/PhysRevB.95.241116
https://doi.org/https://doi.org/10.1016/0370-2693(81)91026-1
https://doi.org/10.1103/PhysRevB.111.165116
https://doi.org/10.1038/s41467-020-20408-5
https://doi.org/10.1038/s41467-020-20408-5

66

[13] I. Mandal, Longitudinal magnetoconductivity in multifold semimetals exemplified by pseudospin-1 nodal points, Eur. Phys. J.
Plus 141, 75 (2026).

[14] P. Tang, Q. Zhou, and S.-C. Zhang, Multiple types of topological fermions in transition metal silicides, Phys. Rev. Lett. 119,
206402 (2017).

[15] Y. Shen, Y. Jin, Y. Ge, M. Chen, and Z. Zhu, Chiral topological metals with multiple types of quasiparticle fermions and large
spin Hall effect in the SrGePt family materials, Phys. Rev. B 108, 035428 (2023).

[16] G. Chang, S.-Y. Xu, B. J. Wieder, D. S. Sanchez, S.-M. Huang, I. Belopolski, T.-R. Chang, S. Zhang, A. Bansil, H. Lin, and
M. Z. Hasan, Unconventional chiral fermions and large topological Fermi arcs in RhSi, Phys. Rev. Lett. 119, 206401 (2017).

[17] K. Nakazawa, T. Yamaguchi, and A. Yamakage, Nonlinear charge and thermal transport properties induced by orbital magnetic
moment in chiral crystalline cobalt monosilicide, Phys. Rev. B 111, 045161 (2025).

[18] A. Knoll, C. Timm, and T. Meng, Negative longitudinal magnetoconductance at weak fields in Weyl semimetals, Phys. Rev. B
101, 201402 (2020).

[19] I. Mandal, Disentangling contributions to longitudinal magnetoconductivity for Kramers-Weyl nodes, Sci. Rep. 15, 37542
(2025).

[20] A. Ahmad and G. Sharma, Longitudinal magnetoconductance of higher-pseudospin fermions, Phys. Rev. B 112, 045135 (2025).

[21] A. Ahmad, Chiral anomaly and planar Hall conductance in pseudospin-1 fermions, arXiv e-prints (2026), arXiv:2606.11364.

[22] A. Ahmad and G. Sharma, Longitudinal magnetoconductance and the planar Hall effect in a lattice model of tilted Weyl
fermions, Phys. Rev. B 103, 115146 (2021).

[23] G. Sharma, S. Nandy, and S. Tewari, Sign of longitudinal magnetoconductivity and the planar Hall effect in Weyl semimetals,
Phys. Rev. B 102, 205107 (2020).

[24] J. Suh, S. Park, and H. Min, Semiclassical Boltzmann magnetotransport theory in anisotropic systems with a nonvanishing
Berry curvature, New Journal of Phys. 25, 033021 (2023).

[25] R. Ghosh, F. Haidar, and I. Mandal, Linear response in planar Hall and thermal Hall setups for Rarita-Schwinger-Weyl
semimetals, Phys. Rev. B 110, 245113 (2024).

[26] F. Haidar and I. Mandal, Reflections of topological properties in the planar-Hall response for semimetals carrying pseudospin-1
quantum numbers, Annals of Physics 478, 170010 (2025).

[27] 1. Mandal, Beyond-RTA solutions for conductivity from Weyl/multi-Weyl semimetals within linearised Boltzmann formalism,
SSRN 10.2139/ssrn.7640978 (2026).

[28] J. Z. S. Gao, X.-J. Gao, W.-Y. He, X. Y. Xu, T. K. Ng, and K. T. Law, Topological superconductivity in multifold fermion
metals, Quantum Frontiers 1, 3 (2022).

[29] N. Ashcroft and N. Mermin, Solid State Physics (Cengage Learning, 2011).

[30] G. Sundaram and Q. Niu, Wave-packet dynamics in slowly perturbed crystals: Gradient corrections and Berry-phase effects,
Phys. Rev. B 59, 14915 (1999).

[31] D. Xiao, M.-C. Chang, and Q. Niu, Berry phase effects on electronic properties, Rev. Mod. Phys. 82, 1959 (2010).

[32] I. Mandal, Distinguishing features of longitudinal magnetoconductivity for a Rarita-Schwinger-Weyl node, Journal of Low
Temperature Physics 222, 120 (2026).

[33] L. Medel, R. Ghosh, A. Martin-Ruiz, and I. Mandal, Electric, thermal, and thermoelectric magnetoconductivity for Weyl/multi-
Weyl semimetals in planar Hall set-ups induced by the combined effects of topology and strain, Scientific Reports 14, 21390
(2024).

[34] S. J. Watzman, T. M. McCormick, C. Shekhar, S. C. Wu, Y. Sun, A. Prakash, C. Felser, N. Trivedi, and J. P. Heremans, Dirac
dispersion generates unusually large Nernst effect in Weyl semimetals, Phys. Rev. B 97, 161404 (2018).

[35] R. Ghosh and I. Mandal, Direction-dependent conductivity in planar Hall set-ups with tilted Weyl/multi-Weyl semimetals,
Journal of Physics: Condensed Matter 36, 275501 (2024).

[36] S. Ghosh, D. Sinha, S. Nandy, and A. Taraphder, Chirality-dependent planar Hall effect in inhomogeneous Weyl semimetals,
Phys. Rev. B 102, 121105 (2020).

[37] B. Xu, Z. Fang, M.-A. Sénchez-Martinez, J. W. F. Venderbos, Z. Ni, T. Qiu, K. Manna, K. Wang, J. Paglione, C. Bernhard,
C. Felser, E. J. Mele, A. G. Grushin, A. M. Rappe, and L. Wu, Optical signatures of multifold fermions in the chiral topological
semimetal CoSi, Proceedings of the National Academy of Science 117, 27104 (2020).

[38] I. Mandal, Anisotropic conductivity for the type-I and type-II phases of Weyl/multi-Weyl semimetals in planar Hall set-ups,
Annals of Physics 482, 170181 (2025).

[39] D. S. Sanchez, 1. Belopolski, T. A. Cochran, X. Xu, J.-X. Yin, G. Chang, W. Xie, K. Manna, V. Sii, C.-Y. Huang, et al.,
Topological chiral crystals with helicoid-arc quantum states, Nature 567, 500 (2019).

[40] J. Cano, B. Bradlyn, and M. G. Vergniory, Multifold nodal points in magnetic materials, APL Materials 7, 101125 (2019).

[41] K. Das and A. Agarwal, Linear magnetochiral transport in tilted type-I and type-II Weyl semimetals, Phys. Rev. B 99, 085405
(2019).

[42] R. Lundgren, P. Laurell, and G. A. Fiete, Thermoelectric properties of Weyl and Dirac semimetals, Phys. Rev. B 90, 165115
(2014).

[43] I. Mandal and K. Saha, Thermopower in an anisotropic two-dimensional Weyl semimetal, Phys. Rev. B 101, 045101 (2020).

[44] K. Das and A. Agarwal, Berry curvature induced thermopower in type-I and type-II Weyl semimetals, Phys. Rev. B 100,
085406 (2019).

[45] K. Das and A. Agarwal, Thermal and gravitational chiral anomaly induced magneto-transport in Weyl semimetals, Phys. Rev.
Res. 2, 013088 (2020).

[46] B. Z. Spivak and A. V. Andreev, Magnetotransport phenomena related to the chiral anomaly in Weyl semimetals, Phys. Rev.
B 93, 085107 (2016).

[47] M. Hirschberger, S. Kushwaha, Z. Wang, Q. Gibson, S. Liang, C. A. Belvin, B. A. Bernevig, R. J. Cava, and N. P. Ong, The
chiral anomaly and thermopower of Weyl fermions in the half-Heusler GdPtBi, Nature materials 15, 1161 (2016).

[48] U. Stockert, R. Dos Reis, M. Ajeesh, S. Watzman, M. Schmidt, C. Shekhar, J. Heremans, C. Felser, M. Baenitz, and M. Nicklas,


https://doi.org/10.1140/epjp/s13360-025-07283-z
https://doi.org/10.1140/epjp/s13360-025-07283-z
https://doi.org/10.1103/PhysRevLett.119.206402
https://doi.org/10.1103/PhysRevLett.119.206402
https://doi.org/10.1103/PhysRevB.108.035428
https://doi.org/10.1103/PhysRevLett.119.206401
https://doi.org/10.1103/PhysRevB.111.045161
https://doi.org/10.1103/PhysRevB.101.201402
https://doi.org/10.1103/PhysRevB.101.201402
https://doi.org/10.1038/s41598-025-22023-0
https://doi.org/10.1038/s41598-025-22023-0
https://doi.org/10.1103/81wj-62rc
https://arxiv.org/abs/2606.11364
https://arxiv.org/abs/2606.11364
https://doi.org/10.1103/PhysRevB.103.115146
https://doi.org/10.1103/PhysRevB.102.205107
https://doi.org/10.1088/1367-2630/acc122
https://doi.org/10.1103/PhysRevB.110.245113
https://doi.org/https://doi.org/10.1016/j.aop.2025.170010
https://doi.org/10.2139/ssrn.7640978
https://doi.org/10.1007/s44214-022-00001-1
https://books.google.de/books?id=x_s_YAAACAAJ
https://doi.org/10.1103/PhysRevB.59.14915
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1007/s10909-026-03452-1
https://doi.org/10.1007/s10909-026-03452-1
https://doi.org/10.1038/s41598-024-68615-0
https://doi.org/10.1038/s41598-024-68615-0
https://doi.org/10.1103/PhysRevB.97.161404
https://doi.org/10.1088/1361-648X/ad38fa
https://doi.org/10.1103/PhysRevB.102.121105
https://doi.org/10.1073/pnas.2010752117
https://doi.org/https://doi.org/10.1016/j.aop.2025.170181
https://doi.org/10.1038/s41586-019-1037-2
https://doi.org/10.1063/1.5124314
https://doi.org/10.1103/PhysRevB.99.085405
https://doi.org/10.1103/PhysRevB.99.085405
https://doi.org/10.1103/PhysRevB.90.165115
https://doi.org/10.1103/PhysRevB.90.165115
https://doi.org/10.1103/PhysRevB.101.045101
https://doi.org/10.1103/PhysRevB.100.085406
https://doi.org/10.1103/PhysRevB.100.085406
https://doi.org/10.1103/PhysRevResearch.2.013088
https://doi.org/10.1103/PhysRevResearch.2.013088
https://doi.org/10.1103/PhysRevB.93.085107
https://doi.org/10.1103/PhysRevB.93.085107
https://doi.org/10.1038/nmat4684

67

Thermopower and thermal conductivity in the Weyl semimetal NbP, Journal of Phys.: Condensed Matter 29, 325701 (2017).

[49] J. Gooth, A. C. Niemann, T. Meng, A. G. Grushin, K. Landsteiner, B. Gotsmann, F. Menges, M. Schmidt, C. Shekhar, V. S8,
R. Hiihne, B. Rellinghaus, C. Felser, B. Yan, and K. Nielsch, Experimental signatures of the mixed axial-gravitational anomaly
in the Weyl semimetal NbP, Nature (London) 547, 324 (2017).

[50] G. Sharma, P. Goswami, and S. Tewari, Nernst and magnetothermal conductivity in a lattice model of Weyl fermions, Phys.
Rev. B 93, 035116 (2016).

[61] A. Sekine and N. Nagaosa, Quantum kinetic theory of thermoelectric and thermal transport in a magnetic field, Phys. Rev. B
101, 155204 (2020).

[52] A. Lucas, R. A. Davison, and S. Sachdev, Hydrodynamic theory of thermoelectric transport and negative magnetoresistance in
Weyl semimetals, Proceedings of the National Academy of Science 113, 9463 (2016).

[63] Y. Messica, P. M. Ostrovsky, and D. B. Gutman, Heat transport in Weyl semimetals in the hydrodynamic regime, Phys. Rev.
B 107, 235102 (2023).


https://doi.org/10.1088/1361-648X/aa7a3b
https://doi.org/10.1038/nature23005
https://doi.org/10.1103/PhysRevB.93.035116
https://doi.org/10.1103/PhysRevB.93.035116
https://doi.org/10.1103/PhysRevB.101.155204
https://doi.org/10.1103/PhysRevB.101.155204
https://doi.org/10.1073/pnas.1608881113
https://doi.org/10.1103/PhysRevB.107.235102
https://doi.org/10.1103/PhysRevB.107.235102

SUPPLEMENTAL MATERIAL FOR “BEYOND-RTA MAGNETOCONDUCTIVITY OF MULTIFOLD
SEMIMETALS UNDER GENERIC ORIENTATIONS OF ELECTROMAGNETIC FIELDS”

In this supplemental material, we provide the details of our derivations and arguments presented in the main text.

Appendix A: Spinors, overlaps, FS ingredients, and degenerate copies
1. Spinors and FS ingredients of the QTSM node

The spin-1 matrices are
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Since the quadratic correction multiplies the identity matrix, these spinors are those of the TSM, and the BC and OMM
of Eq. (27) are unchanged by it. They are the eigenstates of the spin-1 projection along 7 with the eigenvalues s = 1 and
s =0, and their squared overlaps depend only on the angle between fv and i’ [cf. Eq. (30)].

For B = B 2z, the FS radius is the positive root of &, (k 12:) = p that is continuously connected to the radius of Eq. (29).
The equation for the root reads

No Xxr e vr B cos

copk® +opk? — pk+ > =0 for (I',1),
cvpk® — pk +no xrevr Beos® =0 for (T',0). (A3)
The phase-space factor and the group velocity have the components
Dy =115 Xv Ny e Bcos6  wek = eew— 10 Xv eV, G4 Bcosf ’
2 k2 ' 2 k2
§in 6 wap — —10 X,,ev,,GaBsiHQH = Wa, L _ Deen — 10 Xv eV, G4 Bcosb (A4)

2 k? 2 ’

with w, ., = cosOw, , — sinf wg, 9. All quantities are evaluated at k = k,(#). The derivative dies equals vp (1 4+ 2ck) for
(I',1), 2cvp k for (T',0), and 0 for the sheets at R. The FS weight is p, = k? D, /wq, .

2. Spinors and FS ingredients of the Weyl nodes

The Hamiltonian of a Weyl node with the chirality xz is Op k1 -0 — A with 1 = (sinf cos ¢, sin 6 sin ¢, xg cos ). The
upper-band spinor is the spin-1/2 coherent state along 7, and the squared overlap is Og, g, of Eq. (30). For B = B 2, the
FS radius is

,u—‘rA—l—\/(/L—FA)Z—QnoxRef}%BCOSQ
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and the quantities of Eq. (A4) apply with N, = G, = 1 and Ore; = Op.
3. Spinors and FS ingredients of the RSW node
With ky = k, £ ik, the spin-3/2 matrices enter the RSW Hamiltonian of Eq. (70) through
3 V3
\/% k., 71 k- 0 0
kg |2 he 2k b D (A6)
0 ky  —5k. 5k

0 Lky 3k,
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The eigenvalue of k - J is the helicity ¢. For B = B 2, the quantities of Eq. (A4) apply to the sheets of Eq. (70) with the
numbers N, and G, of Table II. The derivative Oxes equals 1 vg /2 for the sheets at I' and vg for the sheets at R, and v,
is replaced by vs/o and vg, respectively.

4. Spinors and overlaps of the RSW and TSM nodes

The spin-1 matrices at R are the left-handed set A = (S, Sy, —S.) with the matrices S, of Appendix A1l. The
eigenvectors of k - A follow from those of the QTSM node by § — m — 0, and the eigenvector of the band s =1 is

o 0p) = (s (), S o (9)) (a7)

Its components are labelled by the eigenvalues jp = +1,0, —1 of S., and the component jp carries the phase e~ (1T7r) ¢
The spinors of the upper bands at I' are four-component vectors, whose components are labelled by the eigenvalues
Jjr =3/2,1/2,-1/2,-3/2 of J,. For u > Ep, the relevant bands are 1) = 3/2 and ¢ = 1/2,

tr3je = (e"”“" cos3(g), V3e 2i¥ cosQ(Q) sin (Q), V3e ¥ cos (g) sin? (Q>’ Sin3(g)>T7

2 2 2 2
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The component jpr carries the phase e~*(3/2+7r)¢ and these spinors agree with the eigenvectors of Ref. [32] up to the

convention for the components. Let C = k - k' be the cosine of the angle between the momenta. The squared overlaps
between the sheets at I' are

14+ 0)° 1+0)(3C—-1) 31+0)*1-cC
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and those within a copy at R and between the two copies are

(14 0C)?
Owitrit) =+ Qe+ =0. (A10)

The spinors of Ry and Ry are (vy,0,0,0)" and (0,0,0,v4)" in the six-dimensional space. The amplitude from (', 1))
into R; is A; = vi(@’, ) Vi z/)Fﬂ;(H, ¢) with Y; of Eq. (72), and the squared overlap is O(F,J))(Ri,-s-) = |A;|%. Let 7, with
p =1,...,4, be the real functions of 6 that multiply the phases in the components of Ur [cf. Eq. (A8)]. The phases

combine into the factors et (¢’ =29) ¢iir (¢'=9) for Ry and ¢! (¥’ ~9) ¢iin (¢'=¢) for R,. The global factors drop out of the
modulus, and with the real amplitudes
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the overlap is O 7y g 4y = | Z;:_l t; eij(‘p,"p)|2. It depends only on ¢ — ¢’ and has the decomposition of Eq. (A14)
with

0O =2 182 +t2,, OW =2(ty 1ty +tot_y), O =2t,t,. (A12)

The components r, are polynomials of degree 3 in cos(6/2) and sin(6/2), and the amplitudes ¢; are polynomials of degree
2 in the half angles at R. The harmonic m = 2 is
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These differ for the two copies, and the exchange of R; and Rp is therefore not a symmetry of the kernel. Only the four
orbitals of the RSW node enter, and the 6 x 2 block of ¢/ that belongs to the Weyl node at I' gives no contribution.



5. Fermi surfaces and scattering kernel

For two sheets of the same pseudospin, -7’ = X + Y cos(¢ — ¢’) with X = x,, X,,/ cosfcosf and Y =sinfsinf’. The

squared overlaps of Eq. (30) then have the azimuthal decomposition O, = (’)(0, + Oaa, cos(p — ')+ (’)((51), cos[2 (¢ — ¢")],
with
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The azimuthal integrals needed are
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With Wae = (82, /7) Ouar, the kernel acting on ¢’ ¥, with the factor ¢/ % stripped off, becomes

m=0: 282,09

a’

m==+1: 2,08, m=+2: 2,02 (A16)

It vanishes for |m| > 3. The out-scattering rate follows from contracting the m = 0 kernel with A =1 in Eq. (8),

Z 232, /0 o’ sin 6’ po (8) 0% (6,6') . (A17)

For two Weyl nodes, Egs. (A16) and (A17) reduce to the kernel and the rate of the companion work [27].

The overlaps of Eq. (35) between the sheets at I" and at R are summed over the two copies at R. In the lattice axes,
they depend on the azimuths of k and ¢ separately. In a frame with the polar axis along é = (1,1,1)//3, they depend
only on the difference of the azimuths. We choose é; = (2, —1,—1) /v/6 and é; = (0,1, —1) /v/2 with é; x é; = ¢, and let
(0, ) and (0, ¢') be the polar and azimuthal angles of k and ¢ in the frame (é1,€2,¢€). Another choice of é; shifts ¢ and
¢’ by the same angle. Let Rz be the permutation matrix with R & = 4, Re§ = 2, and Rz 2 = &, which is the rotation
by 27 /3 about é. The sum in Eq. (35) is §x l%y + 4y k. + q» ky =k -Re q, and the Rodrigues formula for this rotation gives
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The overlaps of Eq. (35) then become
1 / 1 . . 7 ’ s 1
Or 1) (r+) = 3 (1 —cos@ cosf') + 3 sin @ sin 6 cos(ap —¢' + g) s Owo)r+) = 3 (A19)

where the phase 7/3 follows from the identity cos(¢ — ¢') — v/3 sin(p — ¢') = 2 cos(p — ¢’ 4+ 7/3) applied to Eq. (A18).
The overlap of the sheet (', 1) contains the harmonics m = 0 and |m| = 1 only. It is not even under ¢ — ¢’ — — (p — ¢'),
which reflects the absence of improper symmetries.

Let ICS:,)(H,G’) be the kernel of the sector m for the scattering from the sheet o’ = (R, +) into the sheet a = (T, s),
defined as in Eq. (A16), and let 8 be the amplitude of this pair. The integral fo% dy' cos(p — ' +7/3)ei™me =
mel™mPetmT/3 (5, 1 4 6m 1) replaces the third integral of Eq. (A15), and we obtain

K©

TRty = = B%(1 —cosf cosh'), KED 62 sinf sin @ e /3, IC(IQ)O)(R b= =B, (A20)

(D) (R+) —

while all the other sectors vanish. For the opposite direction, the phase of the sectors m = +1 is complex-conjugated,
since Wy (K, k') = Wara(K', k). The sectors with different m remain decoupled in this frame. If the exchange of the two



copies at R is a symmetry, each copy carries half of the overlaps of Eq. (A19), and the kernels of a single copy are half of
those of Eq. (A20).

The matrices Q® of Eq. (14) follow from the expansion of W,as in the functions of Eq. (31). Let f, and f,, be these
functions for the unit vectors m and n’ of the sheets a and a’. The symbol ), y fij fi’j denotes the contraction of two

symmetric traceless tensors, and the correeponding block of Q" is the identity on the space of these tensors. With
n-n' =5 fi fl and (n- 7' )? = >_4; fij fi; +1/3, the kernels between the sheets of the same node are

g2 |1 1 1 Bl |1
Weney = % 3t3 > ki 1 DLl Weowo = % 3t > fii il
i i i

2
6R11R'L
m

g2 11 1
W(F,l)(F,O) = % g - 5 Zflj fZ/j ) WRiRi =
L ij

11 ,
5 + i;fz fz‘| . (A21)

These matrices are built from 7 - 7/ and do not depend on the orientation of the frame, whereas the kernels between I
and R do. Let 8, = BT, let xr be the chirality of the nodes at R, and let xyp = +1 for the QTSM node. Then k; = f;
and ¢, = xr f. for the polar axis 2 of the frame in use. In the lattice axes, Eq. (35) gives

5 52
Wiy (r+) = fofo (fy fotfofy+xrfef2)|, Wroyr+ fo fo (A22)
and in the frame with the polar axis along ¢, Eq. (A19) and the identities sin sin 6’ cos(p — ¢') = fu f; + f, f, and
sin 0 sin 0’ sin(p — ¢') = f,, f — fa f,, give

ﬂ

2
v Bl @)

ﬂ
W) (r+) = f fo— 5[ i+~ (fa fot Ty fy) — (fyfo="Tc )| Wiroyr+) =
The entries of Q* are the coefficients of the products f, fp in Egs. (A21), (A22), and (A23). All entries with a function

fi;j vanish for the pairs between I' and R, and the matrices of the opposite pairs are the transposes, QZ:; = gg:. The
sheets at R have no functions f;;, and the sheet (I, 0) has no functions f; in its range.

The decompositions of the overlaps of Egs. (35) and (37) are both obtained in the frame with the polar axis along é.
Only the block of the projection between the three triplet orbitals of the QTSM node and the four orbitals at R enters,
because the singlet provides no FS sheet. The cyclic sums in Eq. (37) are

1 3
an kat1 = cosf cos@’—ismﬁ sin 0’ cos(p — <p)+§s1n0 sin 0’ sin(¢ — ¢') an— 3 cost',
S (ke — Fuia) = VB s sn'sint =),

cha (127121 — kas1 ]%aJrz) = g sin? @ cos 0’ + /3 sin 6 cosf sin 0’ cos(p — ¢'). (A24)

The first sum is Eq. (A18). The second follows from ) G, I%a+2 = k- RYq and the antisymmetric part of the rotation,
(Ré — RE) 4 = V3 ¢éxq, together with é- (tj X IE:) = sinf sin §’ sin(p — ¢’). The third follows by inserting the components

of k and § in the frame. Eq. (37) then has the decomposition O(r g (r,4+) = Oég)‘s)(R ot 2 Re [g(pys)(R,_,_) el (“’*5"/)] with

—_

O(O)

R4 = (1—COS€COS@)—§SPSIH¢SIH 6 cos®’,

1
IO 1) (Rt) = 3 sin 6 sin 6’ (1 — \/§sp sin ¢ cos 6 +i\/§cos¢) ,
V3
4

s, sin ¢ cos? 0 cos @,
3
9(r,0)(R,+) = % spsing cosf sinf sinf’ . (A25)

The overlaps of both scenarios therefore contain the harmonics m = 0 and [m| = 1 only. The Chang scenario is the case
¢ = 0, for which g 1y(r,4+) = 7 sm& sin @’ e*™/3 reproduces Eq. (A19). For ¢ = 7, the phase of 9T 1)(R,+) 18 e 7/3 and



the overlap of the sheet (I',0) is 1/2, which is the reversed cyclic order stated below Eq. (37). The kernels of the sectors
follow as in Eq. (A20),

IC(O)

_ 2 (0)
(T,s)(R,+) — 255 O

+1) (=1 _ 9 Q2 %
Y(R,4) IC RA+) — 25 9(T,s)(R,+) » IC(F’S)(R’JF) - 2ﬁs 9(r,s)(R,+) > (A26)
with B = B and all the other sectors vanish. As for Eq. (A20), the sectors m = 41 are complex-conjugated for
the opposite direction, and the sectors with different m remain decoupled in the Flicker scenario as well. The terms
proportional to sin ¢ are quadratic in k and linear in q. They give entries of Q" between the functions fij at T and f]
at R for both sheets at I'. The statement above that all entries with a function f;; vanish for the pairs between I' and R
therefore holds for the Chang scenario only.
The kernels of the RSW and TSM nodes are treated analogously. The overlaps of Egs. (A9) and (A10) are polynomials
in C, and their expansions in the Legendre polynomials, O = ", 0; P;(C), have the coefficients
{00,01702703}(1173/2)(1*_’3/2) = {4 % i %} {00701702703}(11,1/2)(1*71/2) = {47
3
207

5650 4
—1 7500 {00,01,02} (p, 1y(ris) = 15306 - (A27)

By the addition theorem, P;(C) = (2/(21+ 1)) Z 101 (0) O (0) €™ (¥¢) with the functions Oy, used for the
moments of Eq. (16). The azimuthal harmonics of the overlap between two sheets of the same node are therefore
0O = 3, (20,/(21 4 1)) ©19(8) Oy(#) and O™ = 32, (40,/(21 4 1)) O (6) O (6) for m > 1. The matrices K™
of Eq. (81) are then diagonal in [ with the entries 4 32, 0,/(21 + 1) for every m, and the kernel between the sheets of the
same node has the range [ < 3 for the RSW node and l < 2 for the TSM node.

with m = 0,1, 2 follow from the amplitudes of Eq. (A11).

{00,01,02,03} (1 39y 01/2) = {4

For the overlaps between I and R, the harmonics om
Let

(Fﬂ/))( i)

m) _ " a0 sino [ do s (m)
o 7/0 df s1n0/0 df’ sinf" Oy, (0 )O(Zflb)(R“—&-)( 0O (0). (A28)

- 2
The matrix of Eq. (81) between the sheet (T',4) and the copy R; is Kl(;,n) =Cn (BER") ol@ with ¢cg =2 and ¢; = ¢ =1,

and the matrix between R; and (T, 1;) is its transpose. The range of the kernel follows from a multipole argument. As
a function of the direction at I', the overlap is O(Fﬂ[’)(Ri:"F) = z/JF 3 (y* ’UJF’U+ yz) P B where the matrix in brackets is

Hermitian and 4 x 4. It is a sum of the multipole operators of the spin 3/2 with the rank I < 3. By the Wigner—Eckart
theorem, the expectation value of such an operator in the eigenstate 1. 3 of k - J is proportional to Y}, (k) with the

same [. As a function of the direction at R, the overlap is O(F D) Rit) = v+ (yz Y ¢¢ ) vy, where the matrix in

brackets is Hermitian and 3 x 3 and contains the multipoles of the spin 1 with the rank ! S 2. The expectation value in
the eigenstate vy of k'- A is then a combination of Ylm(fc’) with [ < 2. The ranges are therefore | < 3 at ' and [ < 2 at R.

The out-scattering rate of the sheet a is given by Eq. (A17), since the overlaps depend only on ¢ — ¢’. The contribution
of the copies at R to the rate of the sheet (T, ) is

T 92 FR / o’ sin6’ pg, (9’)(’)(F im0 (A29)

and the expression for the sheet (R;, +) follows by exchanging the roles of § and ¢’ and using the weights pp. ;.

6. Degenerate copies at the R point

The copies R; and Ry have the same dispersion, and every band s of the node at R is therefore twofold degenerate. Its
Berry connection is the matrix A™" = i (u,,|Vgu,) in the copy space, and the curvature is @ =V x A —i A x A. The
blocks of the Hamiltonian at R [cf. Eqgs. (25) and (70)] are independent of k in the copy basis. The connection is therefore
diagonal, A= diag(ARl,ARQ), the commutator term vanishes, and the curvature reduces to Q = Q21 with the abelian
curvature of Eq. (27). The OMM, the phase-space factor, and the velocity are likewise proportional to I. The field terms
of the SBE are thus the scalar ones for each copy, and all differences from the scalar treatment arise from the collision
integral.

We distinguish two cases, according to whether the overlap between R; and R, vanishes. If it vanishes, as for the
block-diagonal Hamiltonians of Eqs. (25) and (70), the direct scattering between the copies is absent and BE, . = 0.
The copies remain coupled through the sheets at I', whose spinors overlap with both copies. The scattering from a
sheet a’ into the coherence of the copies carries the factor (ur, (B)|V uq (K')) (uq (E')|VTug,(k)), which is nonzero for
the block Y of Eq. (72), and the coherences feed back into the populations at I'.” With the amplitudes A; and Ay of



Appendix A 4, the in-scattering from the band at R into the sheet (I',4)) involves (A}, A3) Ag (A1, A2)" = |41 |2Ay; +
|A2|2A22 + 2 Re (AT As A12>, and the last term is the contribution of the coherence. It does not vanish for the overlaps
of Eq. (A11), since A7 Ay # 0 in general. The scalar equations of the main text keep only the populations of R; and Rs
and therefore drop this term, whereas the matrix treatment below includes it.

If the overlap between R; and Ry is nonzero, the same formalism applies. The matrix treatment, which keeps the
coherences, covers both cases. The degenerate band a at R carries the distribution matrix

3
Aa=D N7y, 7=, (A30)

n=0

with the Pauli matrices 71 23 in the copy space. The scalar sheets R and Ry correspond to the populations A% + A3, and
Al and A2 are the coherences. Let ka/ = (U, (k)|V |t (K')) be the matrix element of the impurity potential between
the spinors of the bands a and a’, where m and m’ are copy indices and a sheet at T" has a single index. The gain term of
the collision integral maps a matrix X of the band a’ onto Waa/ (X)mn = Y, Vi (V,Z,Z,/)* Xmme, which is normalised
as the scalar kernel of Eq. (A16). The bar denotes the disorder average. The loss term is the anticommutator with the
matrix f‘a, which follows from the same matrix elements by summing over the final states at the Fermi energy. In the
basis of the 7,,, the two superoperators are the 4 x 4 matrices

1 1 . .
th;:’ = 9 Tr[%/i Waa’(%l/)] . Y= 1 Tr {7:/1 (Fa T+ Ty Fa)} . (A31)
For a nondegenerate sheet, only the entry p = v = 0 exists, and it is the scalar overlap of Eq. (30). The field operator is
proportional to I in the copy space, and it acts on the azimuthal dependence of each component. Eq. (39) therefore holds

for the four-component column Af;") of the sector m in the form

[Fa(e) +iw,(0) M(m)} AT (0) = haeo + > / o’ sin 6’ po (0) W (6,6") ATV (9) (A32)
o Jo

with ey = (1, 0,070)T7 Wé;n) the azimuthal harmonic of W”, as in Eq. (A16), and M(™) = diag (m,m,m—¢,m+¢) in
the basis ( A3 v AN12,6, Aot a) with Ajs = A* —iA? and A21 = A' + i A2, The integer ¢ is the angular momentum of the
coherence between the copies, and it is determined at the end of this subsection. The source acts only on A?, and the
components A123 are generated by the off-diagonal entries of the kernel. The azimuthal decomposition and the finite-rank
closure of the main text apply to each entry. The velocity is proportional to I, and the current involves only the trace
Tr A, = 2A%. Eq. (22) therefore holds with A, replaced by Tr A, for the degenerate bands.

If the exchange of Ry and Rj is a symmetry of the kernel, which does not hold for the overlaps of Eq. (A13), it maps
71 — 71 and To 3 — —T2,3. The source is even, the components Ag and Ag decouple, and only Ag and A}l remain. The
number of moments of each degenerate band then doubles with respect to the exchange-symmetric scalar sheet.

The matrix elements of Eq. (A31) follow from the amplitudes of the two models. The impurity potential is a scalar in the
orbital space, and its disorder average gives V™™ (V)" = (82/7) (wp|up ) (un|un) in the normalisation of Eq. (A16).
The copy basis does not depend on the direction of g, and the overlap between two directions at R is therefore diagonal
in the copy index in both models, (t,(§)[tn (")) = Smn (W(@)|u(d@')). Let am(k,q) = (Um(d)|¢p 1/J( )) be the amplitude

from the sheet (T, 1/;) into the copy m, which is A,, of Appendix A4 for the six-dimensional model. We define the real
four-vector

no = |ai|? + |az|? = Orgyr+)» M =2Re(afaz), np=2Im(ajaz), nz= la|? — |as]?, (A33)

which is n, = aTﬁL a and satisfies n? + n3 + n? = n3, since a is a single spinor in the copy space. The scattering from
(I', %) into R has the matrix Wy 5y (2 )imn = (B%/7) am af, 2 for ascalar 2, and the scattering from R into (I, ) has
Wir gyr(X) = (B8%/m) a’ X a. With Eq. (A31), the entries are

B2 _ B

—n, w*‘o ) = 5 WRR_BRRO 5 (A34)

Ov
Wiriyr =

and all the other entries of these blocks vanish. The factor 1/2 in the second entry is the normalisation of the trace in
Eq. (A31), and the first two entries satisfy W(F DR W“O 7y which is compensated by TrAr = 2A%. The scalar

overlap Ogrpr of the two directions at R is that of Eq. (AM) for the four-orbital model and that of Eq. (A10) for the
six-dimensional model. The loss matrix of the degenerate band follows from the same amplitudes,

&

Prl@)=> 3=
¥

[ o Znu (o) 5+ P22 [ 4 p O, (A35)
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since aal = %Zu Ny T FoNr Tr =TT+ > I77;, Eq. (A31) gives % =TI 10 = [Y9 = T and I''* = T94§/%. The
scalar rate of the sheets (I',¢) is not modified, since its loss into R involves only ng = (’)(Fﬂ[))( Rot) summed over the copies.

For the six-dimensional model, the amplitudes of Appendix A4 are A; = ei(“"LQ“’)Tl and Ay = ei(‘plﬂp)TQ with
T, = Zj ty) e‘ij(“’_“’/), where t;l) are the real amplitudes of Eq. (A11) for the copy R;. The populations are ng =

Ty |2 + |T3|? and n3 = |T1|? — |T2|2, and each has the harmonics O™ + O™ of Eq. (A11) for m = 0,1, 2. The coherence
is ny +zn2 = 2ATA2 with

2
Ay =e? 3 0, 00 g, ) =D 0w = S
p=-2 J
Uy = €@ 02wy = @), (A36)

The coefficients W,, are real. The contribution of the coherence to the gain term of the sheet (I, ) is (B%/7) (A1 Az Az +c.c.).
If A% and A3 of the band at R are proportlonal to e!™¥" the integral over ¢’ shows that the sector m of the sheet (T w)
receives the coherence Ajs o et (m—1) ¢’ with the kernel 2 B2 W,,_1, which is nonzero for —1 < m < 3, and the coherence
Aoy ox €f (m+1)¢" with the kernel 28%2W_,,_1, which is nonzero for —3 < m < 1. The kernels for the populations are
cm B2 (Ogm) + Oém)) with ¢g = 2 and ¢; = ¢ = 1 as in Eq. (A16), and the upper sign belongs to A°. The azimuthal
average of Eq. (A35) contains the populations Ogo) + Ogo) and the coherence iy + ifip = 2¢'% W_;.

For the four-orbital model, the copy space is the space of the operators that commute with the matrices ¥ of Eq. (38),
since the upper pair of bands at R is the product of the spin-1/2 doublet of ¥ with this space. The matrices 7, = 7, fly,
Ty = 7y, and 73 = 7, [i,, written with the Pauli matrices of Eq. (33), commute with the matrices Y and YL, and satisfy
T1 T2 = i 73 together with its cyclic permutations. They act as 7,, in the copy space and do not depend on ¢. The connection
is therefore diagonal, as in the first paragraph of this subsection. With the projector Pr(q) = (1 —5pq- ER) /2 on the

upper pair and the phase matrix U = diag ( 1,1, 1) of the Flicker scenario, n,, = wlt b Ut Pgr(q) T U Yp B with 7o =1,
and U = I for the Chang scenario. We use the components n| = (n1 + na + n3) /V/3 and ny = (2n1 —na —n3) /V6 £

i (n2 — n3) /v/2, which are those along the axis (1,1,1) /v/3 and in the plane perpendicular to it in the copy space. In the
frame of Eq. (A24), they have the decomposition

ng =00 42 Re(g et (“0_“0/)) ;o on = Oﬁo) +2 Re(g” e (‘p_“’/)) , Ny = P (wo + e e 4 o 6_2i(“0_“0/)) , n_
(A37)

I
3
+*

where O(©) and g are those of Eq. (A25). For the sheet (', 1), the remaining coefficients are
(’)ﬁo) = —%p cosf (1 —cosf cosf') + ? sin ¢ sin @,
1 . . / - .
g = 3 sin @ sin 6 [\/gsm(b — spcosf (1 +1 \/gcosqb)} ,
wy = % sin? @ sin 0’ {1 —3cos¢—iV3(1+ COS(ﬁ)} , Wy = %p sin?@ sin @’ 27 /3
Sp . , ) V3o ) ,
W=y sinf (1 — cos @ cos ') [1 +3cos ¢+ i3 (cosp — 1)} ~5 sin @ sin ¢ (1 - ’L\/g) (cosf — cosd'), (A38)

and for the sheet (T',0) they are

3
Oﬁo):%sinqbcosQQ—%0089’(260829—1), g = s—pc05981n08m9'<1+i 3(308(;5)7

wy = %p cos? 0 sin 0’ {1 —3cosp—iV3(1 —G—Cosqb)} , Wy = —%p sin® @ sin @’ €27 /3
w = —%p cos @ cosf’ sinf {1 +3cos¢+iv3(cosp— 1)} + ? cos f sin 6 sin ¢ (1 —Z\/g) ) (A39)

For the Chang scenario, ¢ = 0, the vector (n” S, Mg n_) of the sheet (T', 1) takes the form —s, O 1)(r,+) (cos 0, sinfe %, sinf e* ‘”),
which depends on the direction katT only through a unit vector in the copy space. The component n is proportional
to e~i¥" in Eq. (A37), and the coherence of the copies at R therefore carries an angular momentum with respect to the
axis ¢. With A and A+ = A} F4 A} the components of AR along the axes of the copy space defined above, the gain term
of the sheet (Rzﬁ) is (62/7) [no A + A+ % (nyA_ + n,AJr)]. If A and A are proportional to et™m?" the sector
m of the sheet (I',1)) receives these with the kernels 232 times O©) and Oﬁo) for m = 0, and 2 4% times g and g, or



their complex conjugates, for m = £1, as in Eq. (A26). The sector receives A_ oc e’ (m+1)¢" with the kernel B2 @|pm| for
m=0,-1,-2, and A} o € (m=1)¢" with the kernel B2 w‘*m‘ for m = 0,1,2. The kernels of the opposite direction follow
from Eq. (A34) with the complex-conjugated phases.

In both models, the sector equation of the degenerate band involves four components whose azimuthal numbers are
(m,m,m —¢,m+c¢) for (A% A3 A1z, As1), with ¢ = +1 for the six-dimensional model, and (m,m,m+ 1,m — 1) for
(AO, Ay, A, A+), which is ¢ = —1, for the four-orbital model in the frame with the polar axis along ¢é. The field term of
Eq. (A32) acts with the azimuthal number of each component.

Appendix B: Symmetries, classification, and ansatz for the mean free-path
1. Symmetries and classification of the set-ups

Rotations about B map every FS sheet onto itself, since the sheets are axisymmetric about B [cf. Eq. (A4)]. The LFO
of Eq. (20) is proportional to d,, commutes with these rotations, and is therefore diagonal in the azimuthal harmonic m
[cf. Eq. (21)]. The collision operator commutes with the rotations if the overlaps depend only on ¢ — ¢’. This holds for
the overlaps between the sheets of the same node and for the overlaps between I" and R of Eq. (A11). It fails for the
overlaps with terms m # m’ such as Eq. (35), for which the sectors are coupled.

Let P be the exchange of the sheets R; and Ry, that is, of the two nodes at R. If the amplitudes and the overlaps of the
two nodes are equal, the collision operator and the operator D' L commute with P, and the source, the null vector with
the components p,, and the number constraint are P-invariant. The solution is unique once the constraint is imposed and
is therefore even, AJ, = AJ . This symmetry is used after Eq. (18). It is absent for the RSW and TSM nodes, since the
overlaps with T’ dlffer for the two copies [cf. Eq. (A13)].

a. RSW and TSM nodes

The overlaps between two sheets of the same node depend only on C, and the overlap between R; and Ry vanishes.
We write P for the exchange of Ry and Ry, with P(T,¢)) = (T,¢). Let L{p( ) and UR(g) be the unitary representations
of a proper rotation g at I' and at R, and let 7r and Tr be the antiunitary operators of time reversal. The overlap
O(Fd)(Rm_)(ic, I%’) is the squared modulus of the matrix element of the block Y; of Eq. (72) between the spinors of the
two sheets. The overlap of Eq. (A1l) is invariant under R, (6) for every d, and it satisfies, for g = C, and g = Cyy,

(’)(RIZ;)(R“H(g k,gk') = (')(F,@(Ri,ﬂ(k, E), 7=3-1, (B1)
and for the inversion of both momenta,

Oedy(ret) (R —K) = O gy, 1) (K K - (B2)
The helicity projectors transform covariantly, P(g k) = U(g) P(k) Z/IT(g), and Eq. (B1) follows from Z/{};(g) ViUr(g) =ids
up to a phase, which is verified for the block of Eq. (72) with ¢ +n? = 1. For Eq. (B2), time reversal maps the helicity "
at k onto the helicity ¢ at —k, since k and J both change sign, and the blocks satisfy Vo = Tr W1 ’7}_1. An antiunitary
operator preserves the modulus of the matrix element. The overlap with R; at (—k, k' ) therefore equals that with Rs at
(IAe, lAc’), and the same argument gives BERl = B2 for non-magnetic scatterers. The elements R, (J), P Cayz, P Cay, and
P Tk, where J is the inversion of the momenta, thus leave the kernel invariant. The exchange P alone and the rotations
about axes in the xy plane by generic angles are not symmetries.

The BC, the OMM, and the dispersion are identical for Ry and Rs, and P acts trivially on the single-particle part of
the SBE. For a proper g with ¢ B = B, the arguments below Eq. (B5) in Appendix B 1 b apply, and the kernel is invariant
under (g, P). The solution is unique once the number constraint is imposed, and it satisfies

Npo(gk) = ng ' oc=gog". (B3)

Let ¢, be defined by f,(gk) = ¢, f,(k) for the real harmonics f,. Changing the integration variable in the moments, we
find for diagonal ¢

M3, , = 9jjep M3, . (B4)
For the sheets at I', this is a condition on a single sheet, M = gj;€p M , and the moments with g;;e, =

(T ).p (T 9).p
—1 vanish. For the copies, MIJ{Q’ 9jj €p MRlp For ¢ = Cy, = diag(l,—1,—1) and the real harmonics fj,,



P™(cos 0) {cos mep, sinmep}, we have £, = (—1)!*™ for the cosine-type and —(—1)"*™ for the sine-type functions. For
[ < 3, there are eight functions with ¢, = +1 and eight with ¢, = —1. For [ < 2, there are five with £, = +1 and four
with €, = —1.

The same relations with g = Cs, = diag(—1,1,—1) map B = B (sin 3,0, cos §) onto —B and, combined with Eq. (B2),
give the Onsager relation of Eq. (47) for all the orientations of B. In the proof of Appendix B 1b, the third property
holds for the RSW and TSM nodes with the exchange of the copies, because of Eq. (B2). The identity o,;(B) = 0;;(—B)
and the transformation of Eq. (B3) with g = Cy, give 04y = —0ys, 0yz = —04y, and 04, = 0, for B in the xz plane. For
B = B &, the relation with g = Cy, removes 0.y, 04, Oyg, and 0.

b.  Two conjugate QTSM nodes

Let n¢ =T, k be the unit vector of the sheet a = (x,s) with T =T and T_ = T. The overlaps depend only on

a
k
~a  oal

ng-ng, =k-T, T k' Let (g,7) be a transformation g of the momenta that maps the node x onto the node 7(x). The
kernel is invariant if g7 Trt) Tex) 9 = Ty Ty for all x and x'. Since T_, T_\» = T, T,» and T2 = 1, this condition
reduces to g* Tg = T for both choices of 7. It means that g commutes with T. The Hamiltonian must also be mapped
onto itself by a rotation of the pseudospin, which requires that T,y g Ty be a proper rotation. For g commuting with
T, its determinant is det(g) for 7 = id and — det(g) for the exchange of the nodes. Proper elements therefore keep every
node, and improper elements exchange the nodes. A rotation about an axis in the zy plane by a generic angle is not a
symmetry.

The BC and the OMM of Eq. (27) are proportional to Xlz: divided by powers of k. For a proper g that keeps the
node, Q% (g k) = g Q*(k). For an improper g that exchanges the nodes, Q7 X(g k) = — g QX(k), and m® obeys the same
relations. With B — det(g) g B, the quantities & and D, are therefore mapped onto those of the image sheet, and w,
transforms as a vector. Eq. (9) is thus invariant if E — ¢g E, and for the transformations that fix B we obtain

AZr(a) (k)= gy M (k), o=gog". (B5)
j/

The inversion has g = —I and det(g) = —1, which leaves B unchanged, and it gives Eq. (131).

The elements that fix B follow from det(g) g B = B. For B || 2, they are all the rotations R, the reflection II,, and
J, and Eq. (B5) gives the azimuthal sectors and Eq. (121). For B || &, they are Cy,, the reflection II, normal to B, and
J, and the relation o = go g7 with g = Cy, removes Ozys Ozz, Oya, and 0,,. The rotation R, (m) maps B onto —B and
leaves the kernel invariant. Together with the Onsager relation of Eq. (47), it gives 0;;(B) = [R.(m)];; [R(7)];; 0;:(B)
and hence o,, = —0,,. For B in the 2z plane at a generic angle, only J fixes B. The rotation Cy, = diag(—1,1,—1)
maps B onto —B, and the same argument gives 0,y = —0yz, 0y, = —04y, and 0, = 0,;. The three diagonal elements
remain independent, as listed in Table IV.

The moments are M}, = [d?kp, f¢ A} with fo = f, (ﬁ@ of Eq. (31). Under J, we have n_, = R.(r)k and

p—(—k) = py(k), and Eq. (131) gives

M —ep M{, (B6)

—.8),p P

2
. y’
The number constraint Y5, M} ; = 0 holds identically, since ¢g = +1. For case (b), Eq. (B5) with g = Cy, gives

M%-hs),p =5 Eg MJ(+,S),p with s, = +1 and s, = s, = —1, where 5”; = +1 for 1, ng, Ny N, ﬁi — ﬁi, and Sﬁg — 1, and
ey = —1 for ny, N, 2y Ny, and 7, 7,. The sheet (+,1) keeps five moments for j = x and four for j =y, z, and the sheet
(+,0) keeps four and two, respectively.

The relation of Eq. (47) follows from time reversal, and the proof uses three properties. First, {;(k; B) = ¢s(—k; —B)
and D, (k; B) = D,(—k; —B), which follow from Eq. (28) and the oddness of 2 in k. The FS of the reversed field is thus
the inversion of the original F'S, and w, changes sign. Second, the operator D, 17, is antisymmetric with respect to the
measure p, dQI%, so that its transpose equals its value at the reversed field. Third, the collision operator is symmetric and
invariant under the inversion of all the momenta combined with the exchange of the sheets that are mapped onto each
other by time reversal. The last property holds for the overlaps of the sheets of the same node, which depend only on C.
It is not assumed for the overlaps between I' and R. For the reference set-up, the relation follows from the axisymmetric
form of the tensor, which satisfies Eq. (47) identically.

where £, = +1 for the functions 1, A, f,fn,, A2 — 72, and 372 — 1, and €, = —1 for Ny, Ay, Ny Ay, and Ay A,.

2. Ansatz for the mean free-path

The unknowns of the solver for the reference set-up of Table I, B = B 2, follow from the spans of Eq. (49) in the sectors
that carry a source. The sector m = 0 carries the source of E || B, and the sectors m = +1 carry that of E L B. The
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Sheet |m = 0 (real)|m = 1 (complex)|General B (real)
(T, 1) 3 2 9
(T, 0) 2 1 6
(R, +) 2 1 4
Total 7 4 19

TABLE VIII. The numbers of the unknown moments for the QTSM and Weyl nodes, with the exchange of the two nodes at R
used.

Sheet (a), m =0[(a), m = 1/(b), j = z|(b), j = y,2|(c), each j
(real) (complex) | (real) (real) (real)
(T, 3/2) 4 3 8 8 16
(I, 1/2) 4 3 8 8 16
(R1,+) 3 2 9 9 9
(Ras+)| 3 2 0 0 9
Total 14 10 25 25 50

TABLE IX. The numbers of the unknown moments for the RSW and TSM nodes for the cases of Table 111, where case (a) is
B = BZ2. For case (b), the moments of Ry follow from those of Ry by Eq. (B4). The null vector is removed by the number
constraint for (a) with m =0, (b) with j = z, and (¢).

Sheet (a), m =0]|(a), m =1|(b), j =z |(b), =y, 2| (c)
(real) | (complex) | (real) (real) (real)
(+,1) 3 2 5 4 9
(+,0) 2 1 4 2 6
Total 5 3 9 6 15

TABLE X. The numbers of the unknown moments for two conjugate QTSM nodes, with the moments of the node — following from
those of the node +. The cases are those of Table I'V.

sector m = %2 has no source and does not contribute. The two sheets at R have the same mean free-path by the exchange
symmetry of Appendix B 1 and are counted once. The numbers of the unknown moments are collected in Table VIII.
Only the sector m = 0 has a null vector, which is removed by the number constraint of Eq. (11).

For the RSW and TSM nodes, the exchange symmetry is absent, and the two copies at R are counted separately. For
B = B2, the spans of Eq. (86) in the sectors m = 0 and m = 1 give the numbers of case (a) in Table IX, and only the
sector m = 0 has a null vector, which is removed by the number constraint.

For the other orientations of B (Table I1I), the exchange of the copies is combined with a rotation, and the symmetry
relations of Appendix B 1a reduce the unknowns. The harmonics of the sheets at I' are those with I < 3 (sixteen real
functions), and those of the copies at R are those with [ < 2 (nine real functions). The numbers of Table IX follow
from the dimension of the eigenspace of the symmetry operator. For case (b), the I' sheets keep the eight functions with
g;j €p = +1, and the copy Ry follows from R;, which keeps all nine functions. The null vector of the number constraint
has the weights p, and is invariant under every symmetry of the kernel. It therefore lies in the symmetric sector, that
is, in the sector j = z for case (b) and in the sector of every j for case (¢). For j = y, z in case (b), the constraint holds
identically, and there is no null vector.

For the two conjugate QTSM nodes, the spans of Eq. (49) give the numbers of Table X. For B = B 2, the mirror
reflection of Eq. (121) relates the node — to the node +, and the number constraint of Eq. (11) holds identically in the
sector m = 0. The sector m = 1 has no null vector. For cases (b) and (c), the two nodes are related by Eq. (131), and the
constraint again holds identically.

Appendix C: Derivation of the expressions in the RTA limit

The expressions for E || B follow from one formula for a sheet with the dispersion e, = u, k + w, k? measured from the
node. The linear coefficient u, contains the band index, for example u, = svp for the QTSM sheets s = 1,0. The linear,
Weyl, RSW, TSM, and QTSM expressions are special cases of this formula.
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In the RTA, the collision operator of Eq. (9) is replaced by the constant rate 7=!. For E || B = B £, the LFO annihilates
the sector m = 0, and hence A, = 7 h, with h, of Eq. (41). Equation (42) gives the contribution of a sheet as
k2 Da 1 Wq,k
hazi[wa,z_nBXUNaeB2k_2}~ (Cl)
The second term in h, is np e B (2% - w,) of Eq. (5), since Q% - w, = —x, N, wa /(2 k?) by Eq. (27). From Egs. (28) and
(A4), the ingredients are

a

2 T
oRTA — er df sin 6 p, h? =
Il,a 472 J, Pa Pa Wk D,

Xv Ng e Bcost
2 k2 ’
Xvev, Gy B sin? 6
2 k2 ’
where the expression for w, , follows from w,_, = cos w, j —sin 0 w, g. All quantities are evaluated at the radius k = k,(6)
of the FS.
Let 0, = ug + 2w, k, be the group velocity at the FS for B = 0, with ¢,(kq) = po. With f = 1o Xy eV, Gqcos60/2,
the condition & = p, of Eq. (28) reads €,(k) + éB/k; = pta. We insert k = k, + k) B + k) B2 and use €, (kq + ) =
ltq + Vg 8 + w, 62. The terms of the first and second order in B give

Xy e, Gy Bcosb
2k2 ’

Da - 1_773 Wa, k Zakﬁa—ﬂo

Wq,» = cos G wg i + Mo (C2)

4 ¢ PN D\ 2 gk(l) _
Bk + =0, 5 K + w, (K0 — S =0 (C3)
and the solutions are
- A (1) 2
m__ & @_ 1|k (1)
F koVs’ b Va [ k2 Wa (k ) ’ (C4)

The first of them reproduces the radius that is quoted in Sec. III D for w, = 0.

1. Expansion of the integrand and integration for parallel fields

We insert k = ko + k™ B+ k) B? of Eq. (C4) in Eq. (C2), where Oyeq = ug + 2w, k, and we expand p, h2 of Eq. (C1)
to the second order in B. The relations x2 = 1, n% = np, and 7]20 = no simplify the products. The result is a polynomial
in cosf,

62 B2
Pa hi = k26a00529+ Xv e B (0'41 0089+d300539) + 5

a

(BO + B cos? 0 + f34 cos® 9) + (’)(33) , (C5)

with the coefficients

GG. v a_6_a Na_2
dl:nOGavVinBNa(Daa dSZnO v (LI v)+nB Va

b

20,
Bo = i (no G2v2 —215m0 No Go vy Uy + 1 N202)
Bo = f% [0 G2 + 1510 Ny Gavy, (g — 47,) +np N2 02,
Ba = ~3w [770 G2 02 (ug — 14)> = 20100 Ny G0, 02 (Ug — 474) — 205 N2 1‘)3] . (C6)

The terms of the first order in B are odd in cos# and vanish in the integration. With [ df sinf = 2, [ df sinf cos®§ =
2/3, and foﬂ df sin 6 cos* § = 2/5, the combination of the second order is

TJJ
30
Multiplying with e 7/(472) and with the prefactor e? B?/(k2 v,) of Eq. (C5) gives the second term of Eq. (90), and the

first term of Eq. (C5) gives the Drude term €2 7 k2 v, /(6 72).
For w, — 0, we have 0, = u, and k, = p1q/us. Eq. (90) then gives

2.2 4.3 B2 2.3 2 2
RTA _ € TH e*Tv, B° (N2 3N, G,r Ger, _Ug

Il.a —GWQUZ 22 ( (115‘17713— 0 “npno + 54 o). ra="
which is Eq. (51). For a Weyl node, 1, = 1 and N, = G, = 1 give the coefficients 1/15, —3/40, and 1/24 of Eq. (52). For
the sheets of the RSW and TSM nodes, the values of Table II and the ratios r, = 3/2, 1/2, and 1 for (T, 3/2), (T, 1/2),
and (R;,+) give the coefficients of Eq. (89). The Drude terms follow from e* 7 2 /(6 7% ug) with u, = 3v3/2/2, v3/2/2,
and vg.

Tug + 20, 702 6(17@—32
Toet 2oy poctop Tt (o

= 2 . 2 .
200+ 5 B2+ £ Ba= 815 N2 Ua = N 10 No Go vy —— —
3 5 Uq 203

; (C8)
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2. Expansion of the RTA integrals for the transverse and Hall conductivities

The derivation is written for a single sheet with generic b,, Uy, Ng, Go, and v,. It therefore applies also to the
sheets of Secs. III and IV, with b, = u, in the notation of Eq. (90) for the latter. For one node, the RTA gives 0 o —

z'oIB{@ = (62 T/8 71'2) fil du (1 - u2) F, with F, = p, (qa/Da)2 /(1 +iw, 7). We write €5(k) = by k + (0, — ba) k2/(2k4)
and p, = ko (U4 + ba) /2, and we use n% = np and n3 = no. The radius solves €5(k) + 1o ev, Go Bu/(2k) = g, and its
expansion k = k, + Zizl k() B™ follows order by order,

_noevyGau k(2)__noe2v?,G§u2(3@a—ba) k(g)__noesngiug (817275ba17a+b,21)
2k, Vo B 8 k3 03 ’ N 16 k3 v5 '

a “a

L) —

(C9)

With Okes = U4 + (U4 — by) (k — kq) /kq inserted into Eq. (A4), the quantities Dy, wq k, and g, are, to the second order,

ng NeeuB npno Ny Gqe?v, u? B?

2k2 2k2 0, ’
~ noGaevyu(29, —b,) B no G2 e* v2u? (702 — 4b, 4 + b2) B2
Wq,k = Vq 2]{% 'lja 8k3 ’Dg 5
o = B no Gaev,,u(3_17a —bJ) B no G? % v2 u? (11@3;4%% +b%) B2 . (C10)
2k27, 8 ki3

The weight p, = k? D,/w, ) and the frequency w, = e Bq,/ (k D,) then give the series p, (qa/Da)2 = >, fnB" and
We = anl wy, B™ with

_ eu B -

fo=Fk2 v, f1:2_ (8 Na 02 =100 Ga vy (60, — ba)]
Vq

e u? 2.2 2 9 o 4

f2:_8k2*3 {nOGavy(@a_ba) +2anoNaGaUV’Da(4’DG_ba)_2773Na1_}a1|,
a/va

5 2
wy = 6};;@7 “’2:72231;@ (15 Na©2 =10 Ga vy (204 — ba)] »
w__63u2 G202 (1232 —5b. © B2) — 9 N. G b 52 — 9mn N2 54 c11
3= 8 k5 3 [770 avl’( Va a Vo + a) NB 70 {Na Ga Uy Ua Uy nB a’Ua]. ( )

The expansion (1 +iw,7) " =1 —iw, T — w272 +iwd 73 4+ ... gives, for the orders that survive the integral over u (the
terms odd in u vanish),

e2r 1 e? 72 !
o= 82 du(1—v?) [fo— 72w} fo], opl) = —5w fO/ du (1 —u?),
’ ™ ] ’ 8w 1
B _ 1 [ 2 3.3
OHa = Q2 _ldu (1 —v?) [ (w3 fo+wa f1 +wi fa) =77 wi fo] . (C12)

With f_ll du (1 —u?) =4/3 and f_ll du (1 —u?) u? = 4/15, these are the terms of Egs. (140) and (141). The zeroth order
is (e?7/872) (4/3) fo. For the AH part, Eq. (130) gives O’ﬁljl = — (npe?/87?) N, fil duuk(u), and the terms k) and
E®) with fil duu? =2/3 and fil duu* = 2/5 give Eq. (142). The difference of Eq. (143) follows by subtracting Eq. (90).

3. Intranode expressions of the QTSM node

The sheet s =1 has u, = vp, Wg = cUF, U, = UF, g = i, and (N, G,) = (2,1). With S = \/4cpu+ vp, we have

S—ur v, 4Acvd?
T}a:\/ﬁsa ka: UFa %: © % SQ' (013)
2¢\/vF k2 (5_\/1;)

The Drude term €2 7 k2 7, /(6 72) and the BC term e* 7 B2 np 8 N2 0,/(120 7% k2) then give 0| _ and o¢| _, of Sec. V D.

22| ,_, is the sum of the two terms of Eq. (90) that contain 7o, namely

The expression 03}

et T B2 2vF(7vF+21‘;a)+U%(7173+6UF17@—31112,)

12072 k2 | Ta 203 ’ (C14)
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and it therefore contains the cross term with the BC.
The sheet s = 0 has u, = 0, wg = cop, v, = vp, and (Ng, G,) = (0,2). Hence k, = \/p/(cvr) and 7, = 2cvp kq,
which give k20, = 2 43/?/,/cvr. The BC term vanishes, and the Drude and the OMM terms are

ol - e? 7 usl? yomm _ et T B2G2 v T _ 7et T B2v% \JcuR (C15)
##ls=0 372 /fcop ' zz  1s=0 240 72 k2 v, 120 72 p3/2

These are the expressions of Sec. V D, and all of them refer to one node.

4. Internode contribution of the QTSM node

The internode scattering of the pair of conjugate QTSM nodes is included with the relaxation time Ty, following
Ref. [11]. For two nodes with the same dispersions and without an energy offset, the contribution of the sheet s of one
node to the conductivity along B is

2 3 2
inter| __ € (Tinter - T) o d’k . ks
Ozze |s_7’r5 E :TS'7 Po = E /(27T)3 6(ES_M)— E m7 (016)

Po

where w? = Ope (ks) and

d*k
T, = B/<2ﬂ_)3 [e(92° - vs)d(es — p) + mi s, nlp(es)], v = Vies. (C17)
The first term of Y, is the BC and gives, with % - vy = —x Nyw?/(2k?) and [dkd(e; — p)w® = 1, the value

— X NyeB/(47?). In the second term, ms v, = —xevp Gycos? 0w’/ (2k), and [ df sinf cos? § = 2/3. Changing the
variable from k to €5 and integrating by parts, we use [ de k(e) n(€) = 1/w? at T = 0, which gives — x e Bup G5/(12 72 w?).
The sum is

(C18)

N,
Tsz—xeB( = vr G )

472 1272wl

For the sheets s = 1 and s = 0 of the QTSM node, Y5 = —x e Bas/(127?) with

vp VR 2vrp [
—64+ E g ) E = Ve _ U C19
“ er? * deptop wl c (C19)

With py = (2 772)71 (k3 /w) + k3 /w]) and the radii and velocities of Appendix C3, one finds kf/wi + kd/w) =
D/ (2 v S), where D is the common denominator of the expressions in Sec. V D,

D= v:;/Q —vp\dcpu+vrp+2cu\oF +\/cuvp\/JAcu+vp. (C20)
Eq. (C16) then reads

inter 643202v2m
Zzt |s = 36F7_[_2 D Qg (al + ao) (Tinter - 7—) . (021)

ag

These lead to the expressions of Sec. V D.

5. Internode contribution of the QTSM and Weyl nodes

The general internode formula of Ref. [11] applies to two nodes with different DOS. Let g, be the DOS of the node
v at B =0, and let op¢ = (or + ¢r) /2. The intranode collision term of each node relaxes its distribution with the
time 7 towards the local chemical potential of the node. The internode term relaxes it with the time Tihter towards the
chemical potential i, which is the mean of the two local chemical potentials. To the order B? and for E || B = B 2, the
contribution of the node v is

2
inter __ € [Tinter Op — T QG] 2 o
T = s 2, T,=) Ta, (C22)

acv
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where Y, is the vertex of Eq. (C17) of the sheet a. For gr = gg, it reduces to Eq. (C16) summed over the sheets, and the
two nodes then contribute equally. The two copies at R have the same dispersion and the same chirality. They are one
node of the DOS pr = 2 ggr, and of the vertex Tp =271pg,.

The vertex of a sheet follows as in Appendix C 4, with the BC and the OMM of Eq. (27) and m% v, . = —x, e v, G4 cos? 05,/ (2 k).
The BC part is —x, ng No e B/ (47%), and the OMM part is —x, no e Bv, G,/ (1272 0,). Hence

nB Ng o Vv G,

T, = —x,eB
@ X € 472 1272 9,

(C23)

The sheets (T, 1) and (T',0) have xr = 1, (N,,Go) = (2,1) and (0,2), v, = vp, and 9, = w; and wg. The sheets at R
have xg, = -1, N, = G, = 1, and v, = ¥, = Up, and each of them gives T, = eB3ns+1n0)/ (127r2). The sums
are Eq. (56). At B = 0, the weight of a sheet is p, = k2/0,, so that 0, = p,/ (272) with pr = p1 + po and pr = 2 pg.
Inserting these into Eq. (C22) and writing [Tinter 05 — T 06| /06 = 2 Tinter 05/ (0r + 0r) — T gives Eqs. (55) and (57). For
¢=0and ng =no =1, only the sheet (T',1) is present, and &r = 7 and g = 8. These are the values of the pseudospin-1
node at I and the two Weyl nodes at R in Ref. [11].

6. Internode contribution of the RSW and TSM nodes

The contribution of each node is Eq. (C22), with the node I' of the RSW sheets (I',3/2) and (T, 1/2) and the node R
of the two copies (R;,+), which have the same dispersion and the same chirality. The vertex of a sheet is Eq. (C23) with

xr =1, xg, = —1, and v, = v3/ or vg. For the RSW sheets, v, = v3/2 S with (Na, Go) = (3,3/2) for ) = 3/2 and
(1,7/2) for ¢ = 1/2. Each copy at R has 0, = vg Sg and (N,,G,) = (2,1). Hence

eB

Tp=———_
r 1272

3 7 2eB
31 (3+1)+no <+>} TR:e|:6nB+nO:|7 (C24)
253/2 251/2 s

which is Eq. (99). The weights at B = 0 are p, = k2 /0, of Eq. (74), and the DOS are gor = pr/ (27?) and or = pr/ (27?)
with pr = prsse + pr.ij2 and pr = 2pgr. The steps from Eq. (C22) to Eq. (100) are those of Appendix C5. For
c3/2 = cr = 0 and np = no = 1, we have S3/; = 3/2, S1/2 = 1/2, and Sk = 1, which give &r = 20 and £r = 14. The
two sheets at I' then have the same vertex Y, = —10e B/ (12 772), in agreement with the equal contributions of the bands
s=1/2 and s = 3/2 in Ref. [11], and Eq. (100) reproduces the expressions of that reference for the two nodes.

Appendix D: Derivation of the analytical results

1. Ingredients of the second-order coefficients

The expansions are taken in e B. We denote by S$™ the coefficient of (e B)?, which gives S{™ = 2 5{™ and Eq. (159)
becomes UﬁQ) =el 5‘%0)/ (47%) and U(f) =e’ Re 5‘%1)/ (872).

Let ko, wa, Va, Aay Va, Cay Nay Ga, and x,, be those of Sec. IITE 3 for the sheets of the QTSM and Weyl nodes and of
Sec. VE3 for the node + of the two conjugate QTSM nodes, and let p, = k2/w,. The coefficients gfln) of the weights,

(n) e

ga ’ of the source of the sector m = 1, and hglo) and of the source of the sector m = 0 are defined by

pa(0;B) = pa + o e Beos + oY (e B)? cos® 0 + O(B?),

lq)—a = wy +qY e Beost + ¢ (e B)? cos? 0 + O(B?),
a

he = wg cos 6 + (hfllo) + ¢ cos? 9) eB + (hff” cosf + ¢\?) cos® 9) (e B)’ + O(B%). (D1)

They follow from inserting Eq. (152) into Eq. (A4). The coefficients of cos? § in the first order and of cos® § in the second
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Pair (T, 1)(T", 1)| (T, 1)(T, 0) | (T, 0)(T", 0) | R; R: | (T, 1) R: | (T, 0) R
00 1/3 1/3 1/3 12| & o
01 1/2 0 0 12| B 0

TABLE XI. The Legendre coefficients op and o1 of the squared overlaps.

order of the source h, are the coefficients q((ll) and q((f) of qu/Dy. With x2 = 1, the coefficients are

no Ga [3770Ga (ya—j\a) —2np N, v2 (2ya—)\ )]

G, )\ + N, V
o) = —x, 12 15 ol? =

dwerz 0 % T ’
(1) — Va [UB Na Va, - 2770 Ga, ()\a + 30@ ka):| h(lo) — Va (770 Ga — B Na l/a)
Y 2k2 v, $ e v 2k2 ’
@ [néGi(S\g—45\aua+1ll/g)+2773770GaNa1/2<ya—>\)—ZnBNQ 4]
G’ =~ 8k-4l/3 )
pen _ (29 i+ 1m0 Ga N (va = 3a) — i, N v D2
‘ 4k, ' (D2)

2. QTSM and Weyl nodes
a. Zero-field reduction of the kinetic equation

For B = 0, we have & = ¢,, D, = 1, and w, = e, k. The FS radii and the weights are those of Eq. (29), and they
are independent of the direction. The source for E = E 2 is h, = w, cos 0, with w, = O€s at k,. The LFO vanishes, and
Eq. (9) reads

S / G o W (s 1) A () = wa . (D3)

All the overlaps depend on C' = k - k/, since nn- A/ = C for two sheets of the same chirality, and since the overlaps between
I' and R are taken as in Eq. (58). We expand Oqor = ), 0f* P;(C) in the Legendre polynomials. By the addition theorem
and the orthogonality of the spherical harmonics,

. . 4 &
4’k Pi(C) Yim(K') = ——— du Yim(k). D4
[ PUC) Yien(B) = 517 b Vi () (D4)
The overlaps of Eq. (30) are polynomials in C. With C? = (1 4 2 P»(C)) /3, we obtain
Dsopolylp i dp o l,2p Lo oo 1 1, 1.0 11
4(1+C) =gtshtgh, C_3+3P2, 2(1 C)_3 3P 2(1+C)_2+2P1. (D5)

The coefficients og and 07 that enter below are collected in Table XI. Eq. (58) gives og = 01 and 01 = p; for (I', 1)(R;, +),
and oy = 0p and o; = 0 for (T, 0)(R;, +).

By Eq. (D4), the contraction of the kernel W, ,» = ( 3(1,/77) war With A = 1 gives 432 , 08“ times po/, and with A = k,
it gives (4/3) 32, 099" por k. The sum over the final sheets contains both copies at R for the sheets at T, and the sheets
(', 1), (T',0) and both copies at R for a sheet at R, whose amplitudes combine into yg. The rates are therefore

-1 _ {5%1 P1 5120 P1 Bgo Po

+20191p3] T01:4|:+

4 ZioPo ﬁm Po

TR PR}
3 3 ’

T 5
(

3 3 +20098PR}7 7151:4[5193P1+5093P0+

D6)

which is Eq. (59). The source ]%Z is closed under the in-scattering, and the ansatz A, = A, 12;2 gives

_ 2 8 _ 4 _ 2 _
(7'1 = 5551 Pl) A — §p19prAR =wi, _gplgfplfll + (TRl B 3'YRPR> Ar=wr, 75 Ay=wo. (D7)
The sheet (T',0) has 0 = 0 for every partner, and its equation is therefore decoupled. The diagonal entries are Nyr =
7' —(2/3) B p1 and Nrr = 75" — (2/3) vr pr, which are the entries of Eq. (60). The factor 2 in Nrp is due to the two
copies at R.
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b. Solution and conductivity

The system of Eq. (D7) is Nrr A1 — Nrr Ag = wy and —Ngr A + Nrr Ar = wg. Cramer’s rule with N’ = Npr Npg —
Nrg Ngr gives Eq. (61). The conductivity is obtained from Eq. (22), in which the AH term vanishes at B = 0. We have

e? > » 7 e
UZZZWZ/koprakZ‘AU«kz: 877"3 3 Zpawa a - (DS)

With p, w, = k2, and with the two copies at R counted separately, this is Eq. (62). The sum rule of Eq. (12) holds
trivially, because the source has no [ = 0 component.

c. Isotropy of the zero-field solution

For B = 0 and w, = 0, the sector m = 1 of Eq. (43) is 7,14y = wesin® + >, [df' sin® p, 52, O((m, Ly, With
ly = Agsinf and the harmonics of Egs. (A14) and (58), the integrals follow from [ d6’ sin® @’ = 4/3 and from the
vanishing of the integrals of the terms that are odd in cos@’. For the pairs (T',1)(T,1) and R;R;, O = 1Y (1+X)
and 1Y give 2 82 p' A'sin6 each. For (I',1)(I',0) and (I',0)(T",0), O) = —X'Y and 2X Y are odd in cos6’, and they
give zero. For (I',1)R;, O = p, Y gives 2 py 8% p' A’sin6, and the pair (I',0)R; gives zero. These values coincide with
(4/3) 8% p' 01 A’ of Table XI, and the rates are those of the sector m = 0. The amplitudes A, of Eq. (D7) therefore solve
the sector m = 1, and they are real. Eq. (44) gives o = 0 and

e? 4 . 3 e? 2
UL:Wza:pawaAaA df sin ezwza:ka/lazao' (D9)

The AH term vanishes at B = 0, and o] = o follows from Appendix D 2b.

d. Hall conductivity to the leading order in the magnetic field

The sector m = 1 is

[7750) +iwa(0)] £y = = 81119 + Z/ do’ sin® po B2, (’)(1 Ly (D10)

1. pas Ga, Da, and the kernel are real and analytic in B. Only w, is imaginary, and it equals e B w, /kq
at the leading order, since g, — wq, Dy — 1, and kq(0) — kq. Writing £, = £X + i L, the imaginary part of the equation
at the first order in B is

The quantities 7,

e — Z/ o’ sin€’ pos B2, O 01, = —w, A, sinb (D11)
!’ O

where the zeroth-order solution /& = A, sinf has been used. The right-hand side is proportional to sinf. Hence ¢} =
A’ sin 6, where the amplitudes obey the system of Eq. (D7) with the sources w, replaced by —e BY, and YV, = w, A, /kq.
The solution is A/, = — e B Z,, with the Z, defined above Eq. (64). In Eq. (44), the imaginary part of ¢,/sin6 is A}, at
this order, and p, ¢o /Do — k?l This gives

3
B _ Z 2 A — e’ B Z 2
Oy = 87‘[‘2 k a W e ka Zaa (D12)
which is Eq. (64), where the sum counts the two copies at R separately.

e. Anomalous-Hall conductivity to the leading order in the magnetic field

For axisymmetric sheets, the second term of Eq. (22) has only the component o,,. With ¢ of Eq. (27), foka dk k% Q8 =
—Xv Ng k., kq(0)/2, and oy = 0yy = —0yy gives

oA — 77836 N, / du kgl (D13)
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as in Eq. (84). To the first order in B, the radius is k,(u) = ko + 0ko(u) with Oges 0ka = —no xv ev, Go Bu/(2k,), which
follows from &; = p in Eq. (28). The term k, does not contribute, because Ll1 duu = 0. Using fjl duu? = 2/3, we obtain

3
An_ NBNoe’ B N, G, vy
~ D14
oH 24 72 Z ko we ( )

where the sum is over the four sheets and x2 = 1 has been used. The numbers of Eq. (27) give N, G v,/ (kqw,) =
2/ k1 (1 +2cky)] for (T, 1), zero for (T',0), and 0p/(n + A) for each copy at R, which is Eq. (65). For the two conjugate
QTSM nodes, the sum over the two nodes doubles the term of (I, 1), which is the result of Eq. (130).

f- Decoupled sets of sheets

For g9 = g1 = 0, we have Nrg = Ngr = 0, and 7'1_1 and 7'0_1 lose the terms with g;. Eq. (61) gives Ay = wy/Npr
with NI‘F = (2/3) ﬂ%l p1+ (4/3) ﬂ%@ £0, .Ao = Wo To with 7'0_1 = (4/3) (ﬂl20 p1+ ﬂgo p()), and AR = wR/NRR with NRR =
(4/3) YR pr. Inserting k% = pr 0p and wr = ¥ in the term of the Weyl nodes of Eq. (62), we obtain
€2 3Up e? o2
= _—_ .9k2 = L D15
R T P T (D15)

g.  The limit of vanishing quadratic correction

For ¢ — 0, k1 and p; tend to p/vp and p?/v3, and pg stays finite, whereas k¢ = p/(cvp), wo = 2,/cvr 1, and

= /u/(cvr)/(2cvF) scale as ¢t /2, and ¢ 3/2. We assume S19 # 0, foo # 0, and 59 g9 # 0. The entries of
Eq. (60) then satisfy Nyr = 3 8% po [1+ O(c*/?)] and Nrr = 4060 g2 po [1 + O(c*?)], while Nrg and Ngr are finite.
Hence N' = Nrr Ngg [1+ O(c?)], A1 = O(c¥?), and A = O(c*/?). The terms of (I',1) and R in Eq. (62) are therefore
O(c3/?). For the sheet (I',0), 75" = 4 83, po [1 + O(c*/?)], and

3cvp p
B0

2cup
4500 1/ (cvr)

B A= L 2yeurn [1 + 0((;3/2)} - [1 + 0(c3/2>} . (D16)

Inserting this in Eq. (62) gives Eq. (69).

h. Kernels and rates of the second-order coefficients

The sheets are a = 1, a = 0, and @ = R, which stand for (T', 1), (T, 0), and each of the two copies at R. The copies have
the same weights and amplitudes, and the first-order equation is the same for both. We therefore have A; g, = A1 g,, and
the sums over the sheets in Eq. (156) count the sheet R twice. We write ny = ng = 1 and ng = 2 for these multiplicities.

Let K™ be the kernel of Eq. (39) for the scattering into one representative sheet of a from all the copies of a’. With

aa’

the intranode overlaps of Eq. (A14), the internode overlaps of Eq. (58), and the sums over the copies at R, the kernels of
the sector m = 0 are

2
ICE?) = @ (34 4cosf cos® — cos®f — cos® ' + 3cos® § cos0') K9 =k = % (14 cos® @ + cos® ' — 3cos®§ cos®0')
KL = 600 (1 — cos® @ — cos® 0’ + 3cos®f cos*0') IC%) = 4¢3} (61 + p1cosh cosh'), ’5551) =2g7 (61 + p1cosh cosd'),
IC((B% =4gi o0, Kggg =2gi 00, IC%I)% =g (1 + cosf cos®'). (D17)
We denote by naa pq the coefficient of cos? 6 cos? 6" in iiffj},. The kernels of the sector m = 1 have the form /Cé?/ =

sin 6 sin ¢’ (/{S}, 00 T /@((m), 11 cos B cos 9’), with

1 B% 1 1 1 1
(“gl)007”g1)11> = A (1,1), (’igo)oo’“go)u) = (0’ _5fo)v (580{007580)10 = (072330)’

(’fggpm 5211) (291 10170)7 (“gi 00" 5311) 11) = (9%15170)’ (“gz)%,om gz)% 11) = (771%’0)7 (D18)
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and all the elements for the pairs (0, R) and (R,0) vanish. The kernels of the pair (0,1) are equal to those of the pair
(1,0). The rate 7, ! is that of Eq. (59), and its coefficients of the first and the second order, which follow from the weights

of Eq. (D1) in Eq. (A17), are 7o M = ¢ cos g and 74 P = 29 + 3 cos? 0 with

2 0 1 0 0 2 0 0
tH = 3 Z “Em)/ 11 Q((z/) ) Z Qa, ( Em)/ 00 T 5 c(za)’ 02) , 18P = Z g( : < E“L)' 20 Jr 5 ‘(“)/ 22) - (D19)

a’

i. Longitudinal second-order coefficient

Let Méi)(r) be the moments foﬂ de sin@pfli)(G) cos” 0 of the coefficients of the weights, with p( ) = pa. They are
MO (r) =2pq/ (r+1) for even r, Mél)(r) =2 gfll)/ (r 4+ 2) for odd r, and Mm? (r)y=2 QQQ)/ (r 4+ 3) for even r, and they
vanish otherwise. For m = 0, the solution at B = 0 is A, = .A cos @ with the amplitudes of Eq. (61). The first-order
equation below Eq. (157) reads 7, ' A1 — > fo de’ sin €’ py IC ) » A1,4 = Sq, where s, collects the first-order terms of

the weights, the rates, and the source acting on Ag. It is the even polynomlal Sq = s,(l ) + 3(2) cos? § with

2
o =K+ 50 o e (it g ) o = 0 A ol o (Gl F ) 020

The in-scattering term lies in the span of the even powers of cosf up to the second one [cf. Eq. (49)]. The function
A1 o = Capo + Ca2 cos? 0 therefore has six coefficients, which obey, for p = 0, 2,

o) y (0) 2¢a0 | 2¢a2 D21
Cap = 54 +Zp qZO:Q ‘“",m<q+1+q+3 : (D21)

The matrix of this system has the null vector ¢, = const and ¢, 2 = 0. It does not matter for 5’;0), since

Zna Pa (2 s 4 2532)/3) =0
by Eq. (12). We obtain

s

2 2
S(O) (0 4 Z Ng Pa {2 Ca,0 5(0) + 3 (Ca,o 532) + Ca2 s((lo)) + £ Ca.2 5&2)} , (D22)

with the local term

2 2
(0 =3 na{Q.Aa [pa ( hEY + 2 q(2)> + oM <3 he? + = qfﬁ) + ¢ Wa 9(2)}
2 2 2
_ A2 24(20) 4 24(22) 2 oM (D) (2) -1
‘Aa|:pa<3ta +5ta )+5<Qa ta +Qa Tq >i|}

S oA 3 R, S MO+ 1) ME g4 ). (D23)

a,a’ p,q=0 =0

j. Transverse second-order coefficient

For m = 1, the solution at B = 0 is Ag, = Aysinf with the same amplitudeb and we write Ay = All)‘ + iA{. The
imaginary part obeys the equation of the sector m = 1 with the source —wg )Ao a, Where w( ) = = wq/kq, and its solution

is A] , = —Z,sin6 with the amplitudes Z, of Sec. IIIE2. Its contribution to S( ) s — (4/3) >4 naka Za Aq. The real

part is odd in cos# and has the form Alfja = ¢o sinf cosf. The kernels of Eq. (D18) act on this form through Ii( ), 11 only,

and the sheet R is therefore decoupled from the sheets at I'. With the coefficients

be = gD — ¢ A + Z k1ol Aw (D24)
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the three coefficients ¢, obey

To ' ba = ba + 15 Z Iiaa’ 11 Pa’ P - (D25)

For a = R, the sum vanishes, and ¢z = 75 br. For the sheets at ', Eq. (D25) is a 2 x 2 system. The real part of Sél) is
(1) _ (1) _4
Re Sy =1 + 1 Z Na Pa Ga ba 3 2@: Na ka Zo Aq s (D26)

with the local term

0 = 0 ) i (4 ) (005

a

16
+ ZnaA A |: t(l{l)’ 00 (pa Q((z ) + Q(Q) ) + 558 2925 ((1%1)’ 11 Q((ll) Q((zl):| . (D27)

a,a’

The imaginary part of S’él) vanishes.

3. Two untilted QTSM nodes

For B = B 2, the two nodes contribute equally, and we use the notation of Eq. (144).

a. Zero-field reduction of the two sectors

For B = 0, the weights p, and the velocities w? do not depend on u, and ¢s/D, = w!. The moments of the weight are
pgo) = 2ps, pgl) =0, and p§2> = 2 ps/3. Inserting them into Eq. (122) with X = p and v = 4, we obtain
4 4
fro=3 (Wi +ror0), foo=3 (Mor+00r0), Koy =Rz =0. (D28)

The coefficients £ o are the rates 7; ' and 7, ' of Eq. (123), which are constants.

For E || B, we insert A; = A, u into Eq. (123). The moments M and M vanish by paurlty7 and MV = =2ps As/3.
Hence R11(M,y~) = 2v1; p1A1/3 and K1 = 0, and the equatlon Asm7t = wl + Rs,1 gives Es As = wY, which defines

I Eq. (125) then yields oy|p=o = (e*/37%) 3, k2 A, with p, w? = k? from Eq (29).

For E | B, the integrals needed are f_ll du(1—u ) =4/3, f_l du (1 —u?)u? = 4/15, and f_ll du (1 —u?)u=0. With
Gs = 75 at B = 0, the angular brackets of Eq. (128) are (1)L = 4p,7./3, (u)+ = 0, and (u?)L = 4 p, 7,/15. The sources
are (qs/Ds)t = 4ps s w?/3 and (uqs/Ds)+ = 0. The system of Eq. (128) then splits into a first row, which determines

£g0)7 and a homogeneous 2 x 2 block for Egl) and [,(()1). The block has a nonvanishing determinant, since the operator of
Eq. (9) is invertible in this sector, and therefore L’gl) = Egl) = 0. The first row gives

4 0/3 4
Ego) _ 01271le/ =~ pL AL, (D29)
I=571mn 3

Eq. (127) then gives /\( ) = 251, p1 Af/3 and )\(0) AW = 0, and the mean free-path is £, = AL sin 6, with =- AL = w?.
Eq. (129) becomes

UL|B 0 47r22 Ps Ts W (w Jr)\o)) e 2Zk2¢4§‘, (D30)

where w? + A0 = AL 77! has been used. The Hall conductivity vanishes, since /4 is real. Subtracting the two conduc-
tivities, we obtain

et 5 of L 1 et 5 OE!_E%
(1 =) |poo =g vl |\ 1~ o7 ) ~ g Mo o (D31)
=151
since the sheet s = 0 has the same amplitude in both sectors. With E! — = = % (Vfrl — 'yfl) p1 = % (Biﬁter)zpl and

p1w) =k, this is Eq. (146).
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b. Lorentz-force-only limit of the sector m =1

For np = no = 0, we have {5 = ¢, and D, = 1. The FS radii ks, the weights ps, the rates 7! of Eq. (123), and ¢5 = w?
are independent of u and of B. The cyclotron frequency of Eq. (21) is ws = e Bw?/k,. The sector m = 0 does not contain
B, since the LFO annihilates it, and o) equals its zero-field value.

In the sector m = 1, we make the ansatz ¢; = cssinf with complex constants ¢, that are the same for both nodes, in
accordance with the even solution of Appendix B 1. The moments are Ego) =4 pscs/3 and £§1) = 0, and the coefficients

of Eq. (127) are ;\go) =2+ p1c1/3, 5\(()0) =0, and A{Y = 0. Eq. (43) then reduces to

0
Wy

—_— D32
Bl +iws ( )

L 2
(ot +iws)es =wl + 051 27 prer, cs =

3

The solution is unique, since =i = %'yf'l p1+ %71"0 po and =g = 74 ! are positive. Eq. (44), summed over the two nodes,

gives 0 —iop = (e2/47%) Y, f_ll du (1 —u?) pswd cs. With f_ll du (1 —u?) = 4/3 and p,w? = k2, this is Eq. (147).
The AH term vanishes for ng = 0. The real and imaginary parts are

2 2, 0=l
e ks wg = k2wl w,
oL = , O D33
L 37'['2 (Eé_)z_i_w? H = 371-22 +(JJ2 ( )
For w, < EL, the expansion (E+iw) ' = 21 —iwE"2 —w?Z3 4 ... and the relation k2 ww? = ¢2 B2 (w2)3 give

Eq. (148), where w?/Z} = Az has been used. For w, > EF, we have oy — (e2/37%) Y, k2 g/wszezs 3/ (372 B),
and oy — (e2/37%) >, k? s_j‘/wSOCB 2,

c. Hall conductivity to the leading order in the magnetic field

For general np and 1o, the sector m =1 is

[ (u) +iws(u)] € = lq)—s sin § 4 in-scattering term of Eq. (43). (D34)

The argument of Appendix D 2d applies. The quantities 7,1, ps, qs, Ds, and the coefficients 5\( ") are real and analytic in
B, and only w; is imaginary. We write £, = (& +i /L. At B = 0, the real part is /& = ALl sinf, and the imaginary part
vamshes The imaginary part of the equation reads

7,1 ¢ — (in-scattering term of ') = —w, €% (D35)
The right-hand side is of the first order in B, and so is £.. The kernel, the rates, and the weights on the left-hand side
are therefore those of B = 0, since the first-order corrections of p,, qs, Ds, and 7,! are odd in u and enter £} only at the
second order. At the leading order, ws, = e Bw!/k; is independent of u. The equation is then that of Appendix D 3 a with
the source w? replaced by —e Bw? AL /k,, and its solution is

Buw? AL B
f= - S e = - G2 (1) o (D3
s —g S

In Eq. (44), summed over the two nodes, we have Im({s/sinf) = —e B (.Aj‘)2 /ks and ps qs/Ds — k2. Hence

oh = Zk2< By )

(D37)

which is Eq. (149).
For the AH part, Eq. (130) involves only the sheet (+,1). To the first order in B, the radius is k¢ 1)(u) = ki 4 0k with
w) 0k = —no evp Bu/ (2ky), which follows from &, = u in Eq. (28). The term k; does not contribute, since fi1 duu = 0.

Using f_ll duu® = 2/3, we obtain

AH TanoengB_ ngno e* B

_ . D38
oH 672k w?  6m2ky (1 +2ck) (D38)

The sum of the two parts is Eq. (150).
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d. Kernels and rates of the second-order coefficients

The sheets are s = 1 and s = 0 of the node +, and those of the node — follow from the exchange symmetry of Sec. V E 3.
The sums over the four sheets in Eq. (156) are therefore twice the sums over s, and we write ny = 2.
The sum over the two nodes in Eq. (123) reduces the kernels of Eq. (120) to those of the node +. The rates involve

77/, the in-scattering of the sector m = 0 involves 7__,, and both involve v, for m = 1. For v = 4F, let /Ci‘;?’i be the
kernels of the sector m = 0,

+
i:’hl

KE(P’ 4 ([3+4cos0 cosd' — cos? § — cos® 0’ + 3 cos®  cos? o),

+
l@g?’i = l@gi)’i = % (14 cos® 0 + cos® ' — 3cos® § cos®0') /Cé%)’i =nE (1 — cos® @ — cos® @’ + 3cos® f cos® ') .
(D39)

ﬁ‘ﬂ?’jq the coefficient of cos? 8 cos? 8’ in IC 0) % The kernels of the sector m = 1 have the form ICE? =

sin @ sin 6’ ( 22 o0t /{iﬁ 11 cos @ cos 6’ ), with

We denote by &

+
“1117007“111,11 =5 W “1%) 00> 10,11 ) = Y =710) > ’10%),007“0%)711 = U4%0)
(1) (1) 11 (1,1) (1) (1) (0 +) (1) (1) (02 +) (D40)

and the kernels of the pair (0,1) equal those of the pair (1,0). The rates 7, ! are those below Eq. (124). Their coefficients

of the first and the second order, which follow from the weights of Eq. (D1) in Eq. (A17), are 7 bW = M
~1(2) _40) | 4022)

cosf and

cos? 0 with

2 0 2 0 2 0
tgl) =3 Hgsz 11 Qs' ) t(20) Z Oy ) ( '00 + g g82 02) ) t(zz) ZQS ) ( Ss’ 20 + g g; 22) . (D41)

S/
e. Longitudinal second-order coefficient

Let M, l)( ) be the moments fo de sm@ps (0) cos™ 8 of the coefficients of the weights, with p§0> = ps. They are
MS(O)(r) =2ps/(r+1) for even r, M )( ) = 2”/ (r 4+ 2) for odd r, and M§2)( ) = 2Q(2)/ (r 4 3) for even r, and they
vanish otherwise. For m = 0, the solution at B = 0is Ag s = All cos 0 with the amplitudes of Eq. (144). The first-order
equation below Eq. (157) reads 7, 1Ay s — Y, [ df’ siné’ py KL

ss’

~ Ay, = 55, where s; collects the first-order terms of

the weights, the rates, and the source acting on Ag. It is the even polynomial s, = sgo) + 522) cos? § with

2 _ 2 _
Ss 10) + Z & “4 ( ' 100 00 + 5 “222102) ) Sf) = q( 1) 'AH + Z Qg v “4 ( 222,20 + 5 “222:22) . (D42)

The in-scattering term lies in the span of the even powers of cos # up to the second one. The function Ay 5 = ¢ 0+¢s2 cos? 0
therefore has four coefficients, which obey, for p =0, 2,

_ 2 ¢y 2cgr
“1. — 40 4Cs',0 s',2
Ts SpJFZp’Z SS,pq(q+1+q+3>‘ (D43)
s’ q=0,2

The matrix of this system is regular, since the null vector of the full problem has the opposite symmetry [cf. Sec. V E 3].
We obtain

- 2 2
S;O) =10 4 Z Ng Ps [2 Cs.,0 s§°> + 3 (0510 352) +Cs,2 sgo)> + E Cs,2 322)} , (D44)

with the local term

2 2
0) — Il (21) (2) (1) (10) (1) (2)
[ —E nS{QAS[pS<3h —|—5 )+Q (Sh +55>+5wsg ]

s _(ADZ [p (;tgm)_‘_;tgﬂ)) +5( 1)t(1)—|—g 2) - 1)}}

2
FY AL AL S R S MO+ ) ME g+ 1), (D45)

s,8’ p,q=0 =0
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f. Transverse second-order coefficient

For m = 1, the solution at B = 0 is Ag s = .A sinf, and we write A; = A} + 7 Al. The imaginary part obeys the

(1 _

equatlon of the sector m = 1 with the source — ws Ao s, where ws’ = wy/ks. The sheet s = 1 has the vertex correction

of 2 and the sheet s = 0 has none, and the solution is therefore A} , = — (.Aé‘)2 sinf/ks. Its contribution to gél)
—(4/3)> > ns (ASL)S. The real part is odd in cosf and has the form A, = ¢,sinf cos. The kernels of Eq. (D40) act

on this form through I{(SB 11 only. With the coefficients

by = ¢ WAL 4 IR Z ngB 11 QS/ (D46)
the two coefficients ¢4 obey the 2 x 2 system
17 s = by +—an2 11 Ps' O - (D47)
The real part of Sél) is

ReS() = (1) 4 =5 nspy by — 5 Soms (A2)° (D48)

with the local term

8
M=% "{Ts AL (pea® + 0 gV + w, o)

9 s 40 4 e) 4 (e £ + o 7))
t t t
(45) (35 Tt ) T e e

+ 3 0 AR AL {45 w200 (00 08 + 0 00 ) + 5o 225 Foat a0 QS)} (D49)

s,s’

The imaginary part of S'él) vanishes.

4. Two tilted QTSM nodes

The two nodes contribute equally, and we set vp = 1. We write vy = /82 +4 i, ps = k’? /Us, and 75 for the rates at
t = 0. The amplitudes A; are A! for the longitudinal and AL for the transverse conductivity.

a. FEzpansion of the weights, the rates, and the sources at B =0

At B = 0, the radius of the sheet (+, s) obeys ck? + (s +0) k = u with © = tu, and py s(u) = k2/1/(s + D) Y +4fiis a

function of ¥ alone. Since dk/d0 = —k/Ds at © = 0, a Taylor expansion gives
20 + s 3 (7 +5)°
p-‘r,s(u) = Ps [1 +pstu+gs t2 U2] + O(tS) y Ps=— 2 y Us = % : (D50)

The sources of the two sectors are hy = v, u +t [1 — 0 u2] +e,t?2ud and g (u) = 7y — 05 tu + e t? u?, with

(D51)

The moments of the weight are p”) = 2 p, (1+qst2/3), PV = 2p,p,t/3, and p{¥ = 2p, (1+3q5t?/5) /3. Inserting
them into Eq. (178) gives the rates

_ _ _ _ 2 2 8
() = Fatut (b Fau’) 7 () =76+ (bo +eou?) £, a:§7ﬁ013317 51237ﬂ01q1+15%opo%7
2 4 8 4 4
€1 = 15 711 P11 — 15 710 podo, bo= 5 710 P11+ ¢ 15 '700,00 Jo, Co = 15 ’710 P11+ ¢ 15 'Yoopo qo - (D52)

The times follow from 7,(u) = 75 {1 —Ts 6T + (7'5 675_1)2}, where 67, ! is the sum of the terms of the orders ¢ and ¢? in

Eq. (D52). The moment p( ) is the only source of the term linear in w.
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b. Longitudinal conductivity at the order t>

For t = 0, the solution is A; = Asu with Ml(l) = 2p1 A1 /3. We expand the moments as Ms(n) = tmg") for the even

moments and Ml(l) =2p1 A1 /3+12 mgl). Inserting Egs. (D50)—(D52) into Eq. (172), the terms of the order ¢ give a linear
system for the four even moments,

_ 0 — 0 0
(1*3017'1711)7”&)*%PlTl'Ylomg):Sf )v
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with the sources
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The terms of the order 2 of the equation for Ml(l) fix mgl) in terms of these moments. Inserting the result into Eq. (173),
the terms of the order ¢ cancel, and

2 2
€ 2 € 2
Ol poo = 32 2R A 55T 1, (D55)
S
where T = >, ™M + ‘Sh"c with the coefficients

O = &[4p0 A0 71090 = 298 71 A1 90 A P+ 31 AL P — 40 70 750 %0 + 10 p0 To 770 — 31 7110 01+ 10p1 T AT
o) = —%[600«4071_0130+2Pf71«4171_1’7f1131 =3p1 A1y P —6,007071_0004'3,017171_101}7
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clP = %[MOAw&) Po + 27 71 A1 vi9 i1 P1 — 301 A1 10 P1 — 60 T0 Y50 90 + 31 T vfobl}- (D56)

The local part is

T 1
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The coefficient of Sec. VIE1is ¢ =/ [% D os Ps Us As].

c.  Transverse conductivity at the order t2

For t = 0, the solution is £§°) =4p; A1 /3 with A, = AL. We expand £ = te, and use Eqgs. (D50)—(D52) and g, (u)
in Eq. (128). The terms of the order ¢ give

(1—%91T171+1)£1+%,017171+040:%Plfhpl—%Plﬁm—%ﬁﬁ%ﬁfhpla

%png’yﬁ)&-‘r (1—1%p070’y&))€0= %pvopo—%poﬂ)ao. (D58)

The terms of the order ¢? fix the correction to £§0). Eq. (175) then gives
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4
135
The coefficient of Sec. VIE2 is C1 =T 1/ (3 2, ps s AL).

d. Series of the anomalous-Hall conductivity

For the sheet (+,1), the radius at B # 0 is the root of ck® + Ak* — pk +nobu/2 =0 with A=1+tu and b= eB.
Let k be the root at b = 0, which obeys yt = ck? + A k. The derivative of the cubic at b= 01is k7 with o = A+2ck, and
the expansion in b gives Eq. (199). Inserting it into Eq. (176), we obtain

2 3 1
ol = _772B€2 Z ne (eB)" Jn, Jn= / duu™ e, (u), (D61)
T
n=0

—1

with €y = k4 1(u). The functions ¢, depend on w only through tu. We expand them in ¢ = ¢tu at fixed k; = kpr; and
1 = 1+ 2ck; and integrate term by term. The integrals are

2k, k(i +1) 1 3(0y —1)
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802 —5in+1 12804 — 32508 + 34502 — 1750 + 35
Jg=——2 ! L= 2+ 0t D62
s A0k 07 112k5 9 +O(t), (D62)

and they give Eq. (200). The integrals of the odd integrands vanish, which fixes the parity of Eq. (198).

e. Terms of the order t B

The terms of o and o that are linear in both B and ¢ are the leading terms odd in B [cf. Eq. (198)]. We write b= e B
and keep vp = 1. The radius of the sheet (4, s) obeys the cubic equation of Sec. D4d with A = s + tu and the term
no Gsbu/2, and all the sheet functions therefore depend on ¢ and b only through the products ¢t and bu, apart from
the explicit factors in the sources. Expanding them to the first order in each parameter, including the mixed term of the
order tb, gives

pis(w) =ps [L+ (pht+p0b) u+pPtou?], ho(u) =Tsu+ Z v (b + b u?) +tb (B u+ b uP),
1=t,b

:ﬂS+Zngu+tbg’;bu2, (D63)
v=t,b

where g, and Dj are the quantities of Appendix A. The coefficients for the tilt are p!, = py, bfy , = 1, and b} . = g/ = -0,
of Egs. (D50) and (D51). With ks = kr s, the coefficients for the field are
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The coefficients p} and pf reflect that the sheet s = 0 has no BC, so that only the OMM modifies its radius.

For the sector m = 0, we write Mﬁn) = tmi(

with the sources

n) —&—bmz(n) for the even moments. For ¢ = ¢, b, the moments solve Eq. (D53)

SO = pyry (20, + 205 ) + 2 pg Aspl — 81 & p2 T Aupl
SL ) = PsTs (g bf),s + % bg’s) + %ps As pg - 551 % P% 1 71+1 ‘Al pi . (D65)

For ¢ = t, they reduce to those of Appendix D 4b. The coefficient of ¢b in Eq. (173) is (¢*/27°) e T}, where

T =3 (I m) + CI b ) 4 T (DG6)

The coefficients are linear functions of the data of one parameter,
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and the local part is
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For the sector m = 1, the moments cél) =t L4 + b0 solve, for L =t,b,

(L= Fon) b+ 5ol = 150 At — g5 P T Akl + (5 LT
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with A; = AL from here on. The frequency w,(u) contributes only to the Hall part at this order, since it enters o through
even powers. The coefficient of ¢ b in the real part of Eq. (175) is (e?/472) e T with TP = 3" (C[b] ¢4 + C-[t] 65) —&—‘Ilfftb.
The coeflicients are
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and the local part is
T, = gt [ A3 po bl (8400758 — 22) + 10843 po o1 7y p17 — 90 po Ao (Pl g + Pl a6 + 8i) — 90 po o 8 b
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f. Hall conductivity at the orders t>B and t B*

The Hall conductivity at the orders 2B and t B? is linear in the frequency ws(u), since the terms with three powers
of ws are of the order B®. We therefore expand Eq. (175) to the first order in ws and keep the weights, the sources, and
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the in-scattering term at ws = 0. The in-scattering kernel is symmetric under the exchange of the sheets with the weights
(1 - u2) ps(u), and this gives

b = 46? Z /_1 du (1 —u?) ps(u) ws(u) Ag(u)?, (D72)

where A, (u) = 74(u) [qs(u)/Ds(u) + ;\é(u)] is the real solution of the sector m = 1 at ws = 0, with A, (u) of Eq. (174). For
t =0 and ng =no = 0, Eq. (D72) gives the Hall conductivity linear in B of Eq. (149). We write ws = b@ws with b =e B
and expand w,(u) in powers of tu and bu as

@s(u) = 1o s + (0Lt +1w00) u+ (w2 +wPeb)u + ... (D73)
with
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The remaining data are those of Egs. (D50), (D51), and (D64), with pi = g, and gi = ¢,. We use A, = AL and the
moments £ of the previous subsection. The notation (¢,¢) € i denotes the ordered pairs with ¢+ = 7, which are (¢,t) for
r=tt and (t,b) and (b,t) for i = tb.

We expand the solution as As(u) = Ag + >, e Abu+ Y ;7 (Af, + Ab  u?). The odd part of the rate at the first order
isa* = %'yf'l p1p4 for s =1 and vanishes for s = 0. The coefficients of the first order are

A= foi+ 50l —vib o —a AL Ab =0 [gh— i 6 + 290 6] - (D75)

For the second order, we need the rate coefficients b2 and ¢, which are those of Eq. (D52) with g, replaced by p%, and
the second-order part %Wﬂ X% of A\;. With D; = (1 — %pl Ty 'yfl)_l7 the moment X of the order 7 is
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and the second-order coefficients of A; are

Aby=m [0 37 X =00 A, AL =7 (gl — LA — 6 D> atAf . (D77)
(e,)eT

Inserting these expansions into Eq. (D72) and integrating over u with the weight 1 — u? gives
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The term of the order t?B is the correction to the Hall conductivity linear in B. It does not depend on 1z and no,
because B enters only through wy at this order. The term of the order ¢ B? is the leading Hall term that is even in B. For
ne = no = 0, the latter vanishes, as stated in Sec. VI E 2.

Appendix E: Numerical implementation

The numerical solution of the SBE that underlies the figures of Secs. III, IV, and V uses e = h = 1. The sheets are
specified by the dispersion €,(k) = v, (5\(1 k+cq k2>, the chemical potential p, measured from the node, the chirality x,,
and the numbers N, and G, and the velocity v, of Eq. (27). The offset A enters through pr = p+ A.
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1. Fermi surfaces and kinetic ingredients

The radius k,(6) of the sheet a is the positive root of &, (k,0) = u, [cf. Eq. (28)] that is continued from the radius at
B = 0. It is obtained by the Newton iteration at every direction of the grid. The quantities Dg, Wq i, Ga, Pa; Wa, and hq
of Eq. (A4) follow from k,(0) with the analytical derivatives. Sheets that do not cross u, or that are cut by the quadratic
term at a large radius, are not included, as stated in Secs. [IIE6 and IV F 5. The grids in € are Gauss-Legendre grids in
u = cos ), and the weights of the quadrature are denoted by w;.

2. Magnetic field along the polar axis

For B = B 2, the sector equations of Eq. (39) are discretised on the grid u; with the weights w;. In the sector m, they
read

[7’ ) + zmwa(ul A(m) (u;) Zsz Par (i) Ko ,)(ui7 wir) Ag,n) (uir) = h((lm)(ui) , (E1)

with the out-scattering rate of Eq. (A17) evaluated by the same quadrature. The in-scattering term lies in the finite
spans of Eq. (49), and the discretised equations are therefore the moment system of Eq. (16) on a grid. In the sector
m = 0, the null vector of Eq. (9) is removed by appending the number constraint of Eq. (11) as an extra row, and the
overdetermined system is solved by least squares. The conductivities oy, o1, and op follow from Egs. (42) and (44) by
the same quadrature, and o3 follows from Eq. (84).

3. General orientation of the magnetic field

For the cases (b) and (c), the sectors are coupled, and Eq. (15) is solved with the moments of Eq. (16). The functions
I, are the real orthonormal spherical harmonics of the frame of the nodes with I < l,, where [, is the highest rank of
the kernel at the sheet a. The overlaps are polynomials in the Cartesian components of k and k' of the degrees given in
Appendix A. The matrices

aa/ — 50.0.’ /d2 /ko f'a aa,(}%jk’) f;’,/(lgil) (E2)

are therefore evaluated exactly by a product of a Gauss-Legendre grid in cos # and a uniform grid in ¢, and the finite-rank
form of Sec. II B is exact. The overlaps with the full dependence on both azimuths are used, namely Eq. (35) for the
QTSM and Weyl nodes, and Eq. (A11) with O = O© + OW cos (p — ') + OP cos (2¢p — 2¢') for the RSW and TSM
nodes. The intranode overlaps are the functions of C' = k- k' of Eqgs. (A9) and (A10).

For B along (sinfp,0,cosfp) in the frame of the nodes, we introduce the frame (él, és, E) with the polar angle 6’
and the azimuth ¢’ about B. The FS of every sheet is axisymmetric about B, and the LFO of Eq. (20) is wq(0") 0,
in this frame. The resolvent R, = (7, ' +wq 6¢/)_1 is evaluated on a product grid of Gauss-Legendre points in cos 6’
and uniform points in ¢’, with the Fourier spectral differentiation matrix for d,. At every ¢’, the matrix 7, ' + w, O, is
inverted, and the result is applied to the sources h}, and to the functions f;. The sources are

hi =

a= [Wa,j + 1B € B; (2 - w,)], (E3)

where w, = wq i k+ Wq,0 ' is rotated into the frame of the nodes, and B; is the component of B. The matrices Kgp,
and the sources S’Zl')p of Eq. (16) are the moments with the weight p, on the same grid. The number constraint closes the

moment system as in the sectors, and one matrix serves all of j = x,y, 2. The mean free-path is then reconstructed from
Eq. (15), and the tensor follows from

62 . i X A
Tii T g3 Z/d2kpa hy A — o e By, (E4)

with o3 of Eq. (84). The unknowns, the ranks I,, and the grids are collected in Table XII.

4. Normalisation

The amplitude Bintra is fixed by the out-scattering rate of the reference sheet at B = 0, which is set to 1/79 = u/ (1 70)
with g9 = 15. The reference sheet is (I', 1) for the QT'SM and Weyl nodes and (I",3/2) for the RSW and TSM nodes.
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Quantity QTSM and Weyl nodes| RSW and TSM nodes
Ranks s Vo By Sl
Moments for each j 17 50
Grid of the resolvent, 6 x ¢ 24 x 24 24 x 24
Grid of the matrices Q““,, 0 x e 10 x 20 16 x 32
Grid in u for B || £ 120 120

TABLE XII. Ranks of the harmonics, numbers of moments, and grids of the numerical solution. The sheet (T',0) is absent for the
parameters of Sec. III E 6, and the moments of the two copies at R are counted separately.

The amplitudes between the nodes are rg times Bintra- For the overlaps of Egs. (58) and (A11), the rate of the reference
sheet at B = 0 is independent of the direction. For the overlaps of Eq. (78), the rate depends on the direction, and its
average over the grid with the quadrature weights fixes SBintra. The field is measured by o = e B/ (2 kfef) with the radius
kref of the smallest sheet at B = 0, and the conductivities are given in units of the values at B = 0 stated in the text.

Appendix F: Symmetry of the nodes at the P point

In this appendix, we derive the statements about the little group at the point P in the space groups 199, 214, and 220
that are used in the comparison with earlier work. The space groups are generated from the general positions of their
conventional cells together with the centring translation (1/2,1/2,1/2) of the body-centred lattice. The operations are
enumerated, and the rotation part of each of them is tested against the condition for the little group at P. The numbers
obtained in this way are collected in Table XIII.

1. Action of the point group on P

The rotation part of every operation of the three space groups is a signed permutation matrix g = diag (1, to,t3) B,
where B is a permutation matrix and tv; = £1. In units of 27/a, the point P is at kp = (1/2,1/2,1/2). Since every row
of g contains a single nonzero entry, we have

gkp = %(‘Chtz,t?,). (Fl)
The reciprocal lattice of the body-centred lattice consists of the integer triples with an even sum. The difference g kp — kp
has the components (t; — 1) /2, which are 0 or —1, and their sum equals minus the number n_ of minus signs among the t;.
Therefore g kp is equivalent to kp for an even n_. For an odd n_, the sum g kp + kp has the components (t; + 1) /2 with
the sum 3 —n_, which is even, and g kp is equivalent to —kp. The points P and —P are inequivalent, since 2kp = (1,1,1)
has an odd sum. The relation det g = t1 v t3 sgn B turns the condition for an even n_ into

gkp ~kp <= titat3 =1 <= detg=1sgnB, (F2)

where ~ denotes the equality up to a reciprocal-lattice vector. A proper rotation belongs to the little group at P if its
permutation is even, and an improper operation belongs to it if its permutation is odd. The twelve proper rotations
with an even permutation form the tetrahedral group T. They are the identity, the three twofold rotations about the
coordinate axes, and the eight threefold rotations about the (111) axes. The twelve improper operations that satisfy the
condition are the six mirrors, which exchange two coordinates, such as m;iq, and the six fourfold rotoinversions about the
coordinate axes. Together with T, they form the group T4. The remaining twelve rotations of the group O have an odd
permutation and map P onto —P. They are the six twofold rotations about the (110) axes and the six fourfold rotations
about the coordinate axes.

2. Absence of a tilt at P

Let t be the tilt, such that the tilt term at the node is t - k with k measured from P. This term is invariant under the
unitary little group if and only if gt = t for every rotation part g of the little group, since both t and k are polar vectors.
In the space groups 199 and 214, the little group has the twelve rotation parts of T, and in the space group 220 it contains
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G Point Operations in Rotation parts Rotation parts Invariant
"OUP| oroup | the conventional cell mapping P to P mapping P to —P | vectors
12
199 | T 24 (12 proper) 0 0
12 12
214 O 48 (12 proper) (6 twofold, 6 fourfold) 0
24
220 | Tq 48 (12 proper, 12 improper) 0 ’
B 18 12 12
220.91{4 3m (24 unitary) (all unitary) (all antiunitary) 0

TABLE XIII. Numbers of operations of the space groups 199, 214, 220, and of the magnetic group 220.91, and their action on the
point P. The last column gives the dimension of the space of vectors t that are invariant under the unitary little group at P.

them. The group T is generated by the threefold rotation C5 about [111] and the twofold rotation Cs, about 2 [40]. The
first operation permutes the components of t cyclically, and the second acts as

Cozt = (—ty, —ty,t2). (F3)

The invariance under Cs requires t, = ¢, = ¢, and the invariance under Cy, requires ¢, = t, = 0. Hence t = 0 in the
space groups 199, 214, and 220. The additional improper operations of the space group 220 do not change this conclusion,
since they only add conditions on t.

3. Chirality of the nodes at P and —P

The rotations of the space groups 199 and 214 are proper, and they preserve the flux of the BC through a sphere around
the node. Time reversal maps the node at P onto a node at —P with the same flux. In the space group 199, all operations
map P onto itself, and none of them relates P to —P. In the space group 214, the twelve rotation parts that map P onto
—P are proper, and they again relate two nodes of the same chirality. No operation of these groups maps a node onto one
of opposite chirality, and a pair of nodes with opposite chiralities at P and —P does not occur.

For the space group 220, we consider an improper operation g of the little group at P. It maps a small sphere . around
P onto itself, and it maps each band onto the band of the same energy. The BC is a pseudovector, and it transforms as

Qs (gk) =detg g (k). (F4)

The outward normal of the sphere obeys n(gk) = gn(k), and g is orthogonal. The flux of the band s through .7,
;= ¢, dAn - Q,, thus satisfies

n(gk) Qs (gk)=detgn(k) Qs (k) = &, =detg®;. (F5)

For det g = —1, this gives &5 = 0. If a band is degenerate on the sphere, the same argument applies to the trace of the
non-Abelian curvature over the degenerate multiplet. The mirror m;1q is an improper operation of the little group at P,
and the flux of every band through .% vanishes. The space group 220 therefore hosts no chiral node at P, and the nodes
at P and —P are related by time reversal only.

4. The magnetic group 220.91

The unitary subgroup of the magnetic group 220.91 is the space group 199. The improper operations of T4 enter only
in the product with time reversal [40]. An antiunitary operation, which is the product of time reversal and the improper
operation g, maps k onto —g k. Since all operations of Tq map P onto itself, it maps P onto —P, and it is not an element
of the little group at P. The little group at P thus consists of the twelve unitary rotations of the space group 199, as given
in Table XIII, and it has no invariant vector [cf. Eq. (F3)]. A tilt at P is therefore excluded. The antiunitary operations
relate P to —P. Since the improper operation reverses the flux of the BC and time reversal preserves it, they relate nodes
of opposite chirality. The tilt of these nodes vanishes by the argument above, and a pair of opposite chiralities with
non-vanishing tilts is not obtained.
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