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Abstract

Volume 1 (ai.viXra:2610.0045v2) showed that the Riemann Hypothesis (RH) is equivalent to
unitarity, meaning the absence of negative-norm (“ghost”) directions, of the logarithmic scaling
flow for the Weil form Q. This volume measures that obstruction directly, in one geometric
language: the Weil form is the transverse part of a Lorentzian form. For curves over F,, the
Hodge index theorem makes NS(C' x C)r Lorentzian, the graph of Frobenius is the diagonal
boosted by rapidity % log g, and Weil’s bound is Cauchy—Schwarz on the transverse part (Ch. 14).
For (, the pole plane minus @Q is a form £ that can be computed without zeros, and RH is
equivalent to £ having Lorentzian index < 1 on every finite-dimensional subspace (Ch. 15, a
restatement of Weil’s criterion). We then certify positivity of Q on every window of length < 1.6
(Ch. 16, computer-assisted); give the arithmetic action a Lagrangian, Noether, Ostrogradsky
and transmission-line reading (Ch. 17); make the damped (o-shifted) window index exact, with
© = sup Re p characterized by it (Ch. 18); separate trace bounds from Rosati positivity (Ch. 19)
and read T}, as two boosts (Ch. 20); prove no-go theorems for zero-side certificates, prolate detec-
tors, tropicalization and h-deformation (Chs. 21-23, 26); correct the explicit counting constants
and certify zero-sampling inequalities on Platt’s zeros (Chs. 24, 24A, 24B); read each zero as a
telegrapher line in a Krein space, with a passivity ladder from the functional equation to RH
(Ch. 25); show that ghost birth is a two-stage event (Krein-space degeneration, then a Krein colli-
sion) (Ch. 27); and prove pole dominance for damped forms, with an exact closed-form threshold
AP = 2 arcsin(20 — 1)//o(1 — o) (Chs. 28-29). Every statement carries a claim label (legend
below). RH is not proved. The positivity source that geometry supplies for curves is not found
for SpecZ x Spec Z; several natural candidates are proved not to supply it.

Status of this volume

This volume was assembled on 22 October 2026 from the standalone notes TAA Lemmas 14—
29, using their latest versions. The note texts are reproduced verbatim except for (i) chapter-
prefixed labels and canonical citation keys; (ii) two macro names renamed because they had
different meanings in different notes (Reor in Ch. 26 is printed with \RcConvex, S in Ch. 24B
with \SalignB); (iii) “Questions for J.W.” renamed “Open questions”; and (iv) footnotes marked
[Vol. 2 editorial note|, which point to later corrections. All corrections are collected in
Appendix A. Computations that were still running are placeholders (Appendix B; macro file
pending.tex). No value has been filled in by estimate or extrapolation.






Statement of Intellectual Honesty

The Riemann Hypothesis is NOT proved in this volume.
Nothing here implies it. No result here should be quoted as progress “towards a
proof” beyond what is listed in Part 1.

Numbers refer to this volume. Chapter k is the standalone note “TAA Lemma k” (Chapter 23
is the note tropical_note.tex; Chapters 24A and 24B are the two supplements to Lemma 24).
A statement numbered k.s.n is statement s.n of that note. References to Lemmas 1-13 are to
Volume 1.

Claim labels

The notes use several tag systems. Each tag belongs to exactly one of six volume classes.

Volume class Meaning Tags used in the chapters
Theorem Proved: here, or a cited published theo- [THM], [THM], “rigorous”, “theorem”;
rem used as stated, or computer-assisted cited:  [CITED|, [CITED]; computer-
with rigorous (interval/ball) arithmetic. assisted: [THM,ca], [cA], [CERT]; in-
Sub-kinds are kept visible. ference from cited universal properties:
[DEDUCTION]; definitions [DEF], [DEF]
(not claims)
Restatement Equivalent to a known statement (RH, [RH-EQUIV], [=ERH], [= © < o, open for
GRH, O < 0); no new content. every o < 1], [RESTATEMENT], [=GRH
for the family], “reformulation”
Analogy Structural parallel or heuristic argument; [ANALOGY], [ANALOGY], [HEUR], Heuris-
proves nothing. tic and Analogy environments, [CITED,
SEMICLASSICAL]
Conjecture A stated expectation, with evidence. [conJ], [CONJECTURAL]J; items (Sn) in
Part 2
Open A question or gap explicitly left open. [OPEN], Question environments, “Open
questions” sections, Lemma 24.2.4
Numerical Floating-point computation or cost esti- [NUM]|, [NUM], [EST], “data”, “numerical

mate; not a proof.

check”; and the placeholders of Appen-
dix B

A statement with two tags (e.g. [THM|+[NUM]) is a theorem whose numerical illustration is not
part of the proof. “Certified” always means rigorous interval arithmetic (Arb). Certifying a finite
window never implies RH.

Part 1. What we have proven

la. Theorems with complete proofs in this volume.

14 Prop. 14.1.1:

the constant %

in the smooth zero count, from argf(% +

%)

Castelnuovo—Severi (Thm. 14.4.2) from Hodge index.

iii

Proof of
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Thm. 15.1.2 (the Lorentzian form £ = P — Q is Tj-invariant; 7} is a boost on the pole
plane); Thm. 15.1.3: supy n4(L]y) = 1 + N4 [Theorem; the corollary “RH <= index < 1" is a
Restatement]; Prop. 15.2.1 (curves: ny = 1, rank < 2 + 2g).

17 Thms. 17.2.1, 17.3.1 (field and window actions; stationary values, k4 non-decreasing);

18

19

20
21
22
23
24
24A

24B

25

26

Props. 17.4.1, 17.4.2; Thm. 17.5.3 (the Weil action has no Ostrogradsky ghosts; its possible
ghosts are complex-frequency pairs); Prop. 17.7.1; Thm. 17.9.8 (for curves, “distortionless”
is Cauchy—Schwarz on the transverse part). Thms. 17.9.2, 17.9.9 are [Restatement].

Thm. 18.2.1 (Q, = W)+ point forms of the zeros right of 0); Cor. 18.2.2; Prop. 18.3.1
(monotonicity in A and o); Thm. 18.3.3 (O-equivalence) [Restatement at each fixed oJ;
Thm. 18.4.3 (explicit 0.(A) < 1 for every window); Prop. 18.5.2 (invisibility exponent %,
finitely many ghosts); Prop. 18.5.3.

Props. 19.1.2, 19.2.2; Thm. 19.2.3 (shadow vs. body: one trace bound is not the full statement
for g > 2; integer “coin” polynomial 1 — 2272 + 497*); Thm. 19.4.1 (J.W.s volume/area
sandwich: valid after one fix); Prop. 19.4.2. Thm. 19.3.2 is [Restatement].

Prop. 20.1.1; Thm. 20.2.1 (T,/\/p as two boosts plus a transverse part, given Eichler—
Shimura); Props. 20.2.3, 20.4.1, 20.4.2.

Thm. 21.2.1: no certificate from counting-only zero data exists for windows A > At =
2.113; Props. 21.3.1, 21.5.1; Thm. 21.7.1 (three-band identity).

Props. 22.3.1, 22.4.1 (no subspace detects a ghost earlier than the full window), 22.4.2.
Props. 23.1.1, 23.1.2; Thm. 23.2.1; Prop. 23.2.2 (tropical positivity = single shadows).
Lemma 24.1.1 (corrected counting bound Rcq,); Prop. 24.2.1 (sharp band edges collapse the
frame bound).

Prop. 24A.1.1 (no penalty-free sampling bound for a finite set); Thm. 24A.3.1 (exact reduc-
tion to a finite model space).

Thm. 24B.2.3 (multi-block sampling bound with constants independent of the number of
blocks).

Thm. 25.1.2, Props. 25.1.6, 25.1.7 (operator model of the zero space; JppBJrg = 1 — 3;
three energies); Thm. 25.2.2 (telegrapher normal form; the line of p is distortionless iff
Rep = 1); Props. 25.2.3, 25.2.4, 25.2.6, 25.3.2, 25.3.3, 25.5.1, 25.6.3; Thm. 25.4.1 (last
clause [Restatement]).

Lemma 26.1.2, Thm. 26.1.3 (inertia of the transported form is A-independent), Prop. 26.2.1,
Thm. 26.3.2 (the Weil index is not first-order definable over R®"veX),

27 Prop. 27.1.1, Thm. 27.1.3 (an off-line pair is a boost composed with a rotation; RH <=

28

29

14

19
20
25

[Uy,Jre] = 0, [Restatement]); Prop. 27.3.2; Lemma 27.4.1; Prop. 27.4.2 (k4 = nc + n-);
Thm. 27.4.4 (two-stage mechanism, under its stated hypotheses); Thm. 27.9.3; Thm. 27.9.5.
Lemma 28.1.1, Prop. 28.2.2, Prop. 28.3.2 (density theorems bound the negativity mass of
the damped symbol), Lemma 28.3.5, Thm. 28.3.6 (pole dominance).

Thm. 29.2.2; Prop. 29.2.4 (the inequality asked in Question 3.8 of Lemma 28 is false);
Cor. 29.2.6; Thm. 29.2.9; Thm. 29.3.1 and Cor. 29.3.2 (exact A{,’Ole; Coo = m; exact pair
thresholds).

1b. Results resting on cited theorems (complete given the citations).
The chain prequantization — Lefschetz (1, 1) — Hodge index — Castelnuovo—Severi — Weil’s
RH for curves (Thm. 14.2.1 and the cited theorems of §14.4).
Prop. 19.1.1; Thm. 19.2.1 (Rosati positivity is the full statement).
Cor. 20.2.2 (weight-2 Ramanujan, classical); Prop. 20.3.1.

Prop. 25.1.8 (passivity ladder; rungs from Wiener—Ikehara, de la Vallée Poussin, von Koch);
Props. 25.3.1, 25.6.1 (classical).
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26 Thm. 26.3.1 (Garg—Aujla monotonicity).

27 Prop. 27.2.1, Cor. 27.2.2; Thm. 27.4.3 (Krein—Gel'fand-Lidskii definite-type stability).

28 Prop. 28.2.4 (Connes’ block decomposition); Cor. 28.3.3 (Ingham, Huxley, Guth-Maynard).
29 Cor. 29.2.12 (damped positivity at almost every height, given the cited density bounds).

lc. Computer-assisted, certified (ball arithmetic).

15 Inertia of £ on 99 explicit subspaces of dimension up to 31 (certified LDLT): signature
(I,n — 1) whenever a timelike vector is present; a planted off-line quadruple gives n4 = 3.

16 Thm. 16.2.1: A\*(4) > 3.5368-10713 and A\*(e!®) > 9.2792-10718. Hence Q is positive definite
on every window of length < 1.6. This is the largest certified window in this volume.

18 Thm. 18.4.1 (inf;w; = my = 2+ v — log4n exactly; \y(A) > m, for ¢ > 1 and all A);
Thm. 18.4.2 (short windows, all o > 3).

24 Certified rows of the Lemma 12 rerun with R, (Table 24.1; “pend.” cells are not certified,
see Appendix B); the Lemma 18 tail constant g(5000) = 0.07167; Thm. 24.2.2 (padded frame
bound on Platt’s zeros).

24A Thms. 24A.4.1, 24A.5.1: per-block sampling inequality for all of PW, at A = 2.4,...,3.0.
24B Thm. 24B.4.1, Cor. 24B.5.1: every block of the Lemma 21 middle band certified at A = 2.4,
2.6, 2.8, 3.0. These are sampling inequalities, not window positivity (Appendix A, item B1.).
29 [CERT] brackets of relative width < 10~ containing the closed form of Thm. 29.3.1.

Certificates logged by the Lemma 24 Toeplitz/Levinson pipeline after the notes were written
(window A = 2, and others) are not counted here; their write-up is pending (Appendix B).

Part 2. What we suspect to be true

Each item is labelled and its evidence stated. None is used in any proof of Part 1.

(S1) Damped detection length scales like ¢~'/? at fixed abscissa [Conjecture]. A ghost
of displacement ¢ = § — o is first seen by K, 4 at Aget = /b/e, b the local background
(Ch. 18, item (5)). Ewvidence: ghost-injection numerics (local exponent falling from 0.85 to
0.60); the rigorous lower bound with exponent % (Prop. 18.5.2); the exact pair threshold
AP (g ) < /y/ew (Cor. 29.3.2). This replaces Volume I's guess ¢/(8 — o) (Vol. I, S5).

(S2) Ghost birth is two-stage for ( windows [Numerical]. Birth (det G4 = 0) precedes the
Krein collision (6, < dc, both decreasing in &), with the boost law d.(6) = 2.70 + 0.275log 3
against the birth law dj(8) = 2.40 +0.172log 5 (parity 0; Ch. 27). Evidence: ka = nc+n—
in all 1012 4 282 runs; the theorem is Thm. 27.4.4 under stated hypotheses, which are
checked numerically, not proved, for (.

(S3) Window Grams are Lorentzian polynomials [Numerical; on all windows a Restatement].
Lemma 15’s window Gram matrices with h > 0.1 are numerically Lorentzian in the sense
of Brandén-Huh (Prop. 23.2.3).

(S4) Near-radical dimension [Numericall. K(d) = 2d — ¥ £ 0.7 for 2 < d < 13.5, i.e. the
Shannon number in log z minus 2N (27d), matching Connes—Consani’s prolate count up to
1 (Ch. 22).

(S5) h-threshold [Numerical]. The true ¢ Grams lose Lorentzian-ness for A < 1, with A, — 1 as
the window grows (Ch. 26, certified inertia on 72 windows; the law A, — 1 is a fit).

(S6) Hybrid certificates reach beyond A = 1.6 [Open]. Logged certificates at A = 1.5, 1.55,
1.6 and A = 2 (Appendix B) indicate that the Toeplitz/Levinson pipeline extends certified
window positivity; the run at A = 2.4 is [pending: P1]. Until written up, nothing beyond

A = 1.6 is claimed. Even a success at any finite A excludes no zero (Ch. 16, the corollary
to Thm. 16.2.1; Volume I, Ch. 12).
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(S7) Model-space approximation lemma [Open]. Lemma 24.2.4; and a Kadec/Avdonin-type
sampling theorem for the ordinates using local counting (Ch. 21, Open questions).

(S8) Arithmetic positivity source [Open]. A Hodge-index/Rosati-type positivity for Spec Z x
SpecZ. Evidence: only the proved curve case (Chs. 14, 17, 19, 20, 27). Caution, as in
Volume I: such a structure exists iff RH, so its existence is not evidence; only a construction
independent of the zeros would be. Chs. 22, 23 and 26 show that three natural candidates
(prolate operators, tropicalization, i-deformation) do not supply it.

(S9) Analogies kept as analogies [Analogy]. Bohr-Sommerfeld/Maslov for % (Ch. 14; refined
later, Appendix A); L4/Ls stability for ghost birth (Ch. 27, Addendum B); Heaviside’s
distortionless line (Chs. 17, 25); the physical dictionary of the TAA vocabulary.

Part 3. Our final goal

The goal of the TAA programme is unchanged from Volume I: to derive RH as a unitarity

(ghost-freedom) theorem. That means exhibiting a positivity principle on the “arithmetic surface”
SpecZ x SpecZ, constructed without reference to the zeros, that does for { what the Hodge
index theorem does on C x C. In the language of this volume, the target is concrete. It is a
reason why the zero-free Lorentzian form £ has index < 1 on every finite-dimensional subspace
(Ch. 15). Equivalently, it is a Hilbert structure making the half-density scaling flow unitary
(Ch. 19, Thm. 19.3.2), i.e. a flow that commutes with the functional-equation symmetry Jpg
(Ch. 27, Thm. 27.1.3). It is the step from the passivity rung that is free (Ch. 25) to the rung
6=0.
Status. RH is not proven here. Every chapter does one of three things. It restates the obstruction
in a sharper geometric form (Chs. 14, 15, 17-20, 25, 27). It certifies finitely many windows, which
cannot imply RH (Chs. 16, 18, 24). Or it proves that a candidate mechanism fails (Chs. 21, 22,
23, 26, 28, 29). The unconditional positive results (pole dominance, the exact threshold AR°,
the bound o.(A)) are data-blind. They hold for every “fake ¢” with zeros in the closed strip, so
they cannot give © < 1, let alone © = %

Place in the series

The series is organized in volumes of about 10-20 lemmas, each titled by its overarching
thread. Lemmas 14-47 are split into two volumes, with the break after Lemma 29:

Volume Title Contents and status

I Arithmetic Unitarity I: Where the Riemann Lemmas 1-13; ai.viXra:2610.0045v2
Hypothesis Lives in the Scaling Flow

II Arithmetic Unitarity II: The Light Cone of Lemmas 14-29 (this volume): the ob-
the Weil Form struction measured on the Weil form it-

self (signature, certified windows, damp-
ing, Krein collisions, pole dominance)

111 Arithmetic Unitarity III: In Search of Posi- Lemmas 30-47 (in preparation): the ax-
tivity — G5, Polarization, and Hilbert ver- ioms G1-G6, the G5 line, polarization,
sus Krein (proposed) Hilbert vs. Krein, Verschiebung

The break after Lemma 29 is where the questions change. Up to Lemma 29 every note asks what
the Weil form, its window restrictions and its damped versions can see. From Lemma 30 on, the
notes ask which structure could supply positivity, in the form of the axioms G1-G6.
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Introduction

The thread of this volume. Volume I ended with one obstruction: positivity of the Weil
form Q on windows of every length, or, structurally, a positive trace built without the zeros. For
curves over [F, that positivity is the Hodge index theorem. This volume takes the Hodge index
theorem literally and asks what it looks like on the ( side. The answer organizing every chapter
is a light cone. On C x C the span (H, V') is a hyperbolic plane, Frobenius is a boost of rapidity
%log q, and positivity lives on the spacelike complement. For (, the two poles of the completed

zeta function, at s = 0 and s = 1, give the hyperbolic plane (the pole form P, built from ﬁ(i%)),
the scaling flow is the boost, and the Weil form is minus the transverse part: £ =P — Q. An off-
line zero is a second timelike direction, a ghost. The chapters measure that ghost: by signature,
on certified windows, after damping to abscissa o, through sampling of the actual zeros, as a lossy
transmission line, and at the moment of its birth.

Chapter by chapter.

Ch. 14 (light cone): Bohr—Sommerfeld — prequantization — Lefschetz (1,1) — Hodge index
— Castelnuovo—Severi — Weil, every link a theorem for curves, and what is missing for
SpecZ x Spec Z. Frobenius is a boost; the constant % of the zero count is derived and checked.
Later errata: the Maslov reading of —% and the attribution of the +1 (Appendix A).

Ch. 15 (signature test): supy n4(L|y) = 14+ Ni: RH is the statement that the zero-free form
L has Lorentzian index < 1. Certified inertia on 99 subspaces.

Ch. 16 (certified windows): Volume I’s certificate is extended from log3 to log4 and to 1.6,
independently confirming Zhu’s window.

Ch. 17 (Lagrangian): The arithmetic action at three levels (field, window, particle), Noether
charge, the Ostrogradsky analysis (ghosts can only be complex-frequency pairs), and Heavi-
side’s distortionless line, which for curves is Cauchy—Schwarz on the Hodge-negative part.

Ch. 18 (o-window index): The damped form decomposes exactly into the Lagarias form plus
point forms of the zeros right of . © is characterized by the damped index. Unconditional re-
sults for o > 1 and short windows; a numerical scaling law for detection that refutes Volume I’s
guess. Later errata: constants rechecked in Ch. 24.

Ch. 19 (trace vs. Rosati): One trace bound is Cauchy—Schwarz for one “shadow”; the full
statement is Rosati positivity. An integer “coin” polynomial passes the first shadow and fails
the second. J.W's volume/area sandwich is checked.

Ch. 20 (7}, as two boosts): Eichler-Shimura in Lorentzian form; CM calibration; Sato—Tate
in the rapidity variable. Classical content, new presentation.

Ch. 21 (zero-side no-go): Counting-only data cannot certify windows beyond 2.113; a three-
band hybrid (prime side, zero side, prime side) is the honest version of J.W's “lithography”
idea. Later errata: the “sharp” cost column needs padding (Ch. 24).

Ch. 22 (prolate test): What Connes—Moscovici and Connes—Consani(—Moscovici) prove versus
observe; the prolate operator does not detect ghosts earlier than window positivity. Contains
the erratum to Volume I's Lemma 11 ghost numerics (already applied in Volume I v2).

xi
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Ch. 23 (tropicalization): RH is tropical (0 = %), no known mechanism forcing it is. Plain
tropicalization cannot yield a Hodge index theorem.

Chs. 24, 24A, 24B (constants and sampling): Corrected explicit counting constants (Trud-
gian 2014 — Rcor), the Lemma 12 and Lemma 18 reruns, a certified padded frame bound on
Platt’s zeros, its proof as a penalised per-block sampling inequality, and an mn-independent
multi-block version. Pending: uncertified cells of the Lemma 12 rerun; hybrid certificates
(Appendix B).

Ch. 25 (telegrapher): Each functional-equation channel is a uniform telegrapher mode with
Heaviside residual 62. On the zero space the functional equation is one identity, JppBJrr =
1 — B. A passivity ladder runs from the free rung € [0, 1] to RH.

Ch. 26 (h-deformation): Neither reading of the Viro deformation adds anything to Ch. 15; it
is not a detector.

Ch. 27 (ghost birth): An off-line pair is a boost composed with a rotation. Ghost birth is not
a Krein collision but a degeneration of the Krein space, followed later by a genuine collision.
Later refinement: Lemma 41 (Appendix A).

Ch. 28 (spatial modes, O < 1, pole dominance): Hecke characters as the spatial variable;
why density theorems cannot give © < 1; pole dominance.

Ch. 29 (index—mass link): The inequality asked for is false and a corrected one is proved; the
pole threshold is found in closed form. It records errata to Ch. 28.

What is and is not claimed. Nothing in this volume proves RH or any statement known
to be equivalent to it. Equivalences with RH are labelled [Restatement]. Their value is that they
place the obstruction in a specific geometric object: a second timelike direction of £, a boost on
the zero space, a nonzero Heaviside residual. Certified computations reach window length 1.6. By
Volume I, Ch. 12, and Ch. 24 here, they exclude no zero: the explicit detection lengths are > 9.

Conventions and reading guide. Statements are numbered chapter.section.item. A cross-
reference “Lemma k, Thm. s.n” in the text refers to statement k.s.n here when 14 < k < 29, and to
Volume I when k£ < 13. “Lemma 24, supplement” and “L34” refer to Chapter 24A; “supplement
b” and “L34b” to Chapter 24B. Lemmas 30-47 are cited by number; they form Volume III.
Notation and the conventions that differ between chapters are collected in Appendix C. Files
num/. .. named in the text are computation scripts and logs.



CHAPTER 14

Lemma 14: Sommerfeld, integral classes and the Hodge index

The light cone of NS(X)gr, Frobenius as a boost, and what is missing for SpecZ x Spec Z
Standalone note lemmal4.tex, October 21, 2026.

Summary. We put one chain of ideas in order:

Bohr—-Sommerfeld — prequantization (integrality) — Lefschetz (1,1) — Hodge index
— Castelnuovo—Severi — Weil’s RH for curves.

Every link is a theorem for curves over F,. We also record precisely what is absent for
SpecZ x SpecZ.

Hodge index makes NS(X)gr Lorentzian. In that picture, Castelnuovo—Severi is a
reversed Cauchy—-Schwarz inequality, and the graph of Frobenius is, numerically, the
diagonal boosted by rapidity %logq plus a transverse spacelike part. Weil’s bound is
ordinary Cauchy—Schwarz on that transverse part.

The Berry—Keating count with Maslov —é gives N(T) = % log % + %.1 We derive
the constant from arg (3 + L) and check it on the first 1000 zeros: the mean of S(T')
is 2-107* with £, against —0.125 with +1.

Each statement is labelled theorem, analogy or heuristic. Nothing here bears on

RH for (.
14.1. (a) Bohr—Sommerfeld for H = z{ and the constant %
PROPOSITION 14.1.1 (smooth zero count; theorem). Let 6(T) = arg (3 + L) — L logn, with

the continuous branch and 6(0) = 0. Then

The Riemann—von Mangoldt formula N(T) =

grves
T T 7
N(T)= —log=— + =+ S(T) +O(T™).
(1) = o log 5 + L+ S(T) + O
PROOF. Use Stirling’s formula log'(z) = (2 — 3)logz — 2+ S log2m + 13- +... at 2 =  + L

and take imaginary parts. The term —% is Im (—1)log(iT/2) = -1 - Z.

So % =1- %: the +1 comes from the pole of ( at s = 1 (argument principle on the rectangle),
and the —% comes from the T-factor.?
Numerically, at T = 1000 the difference 6/ + 1 — N equals 6.631 - 1076 = 1/(487T) to all

printed digits (num/lemmai4_checks.out). O

![Vol. 2 editorial note] Later correction (Lemma 36, Vol. III): the —1 is a Stirling phase of I'(§ 4+ L), not
an integer Maslov index in the standard convention. See Appendix A, item B4..

2[Vol. 2 editorial note] Refined by Lemma 36 (Vol. III): the +1 is L Aarg[s(s — 1)], shared between the
factors s and s — 1 of £, asymptotically % each. See Appendix A, item B3..

1
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HEURISTIC 14.1.2 (Berry—Keating [7, 8]; semiclassical, not a theorem). Take the classical
H = z€ on the region x > I, { > l¢, H < E. Its area is

E
zbg

(checked symbolically). With Il = 27h, E = T and a Maslov correction —%,
A 1 T (

onh 8 2w

which is N(T') exactly, constant included [137].
What is heuristic here:

e the trajectories are not closed, so “Bohr—Sommerfeld” is an area count, not a quantization
of periodic orbits;

e the cutoffs [;,l¢ are put in by hand, and the Planck-cell normalisation [l = 2mh is
chosen precisely so that the +1 appears;

e the —% is matched to the —7/8 of Proposition 14.1.1 rather than derived from an index
computation. (For a closed orbit with two turning points the Maslov term would be %,

as for the oscillator.)

log ~ 1)+1 1
oo L _ 1
g27T 8’

Sy

What is a theorem: Proposition 14.1.1, i.e. that % =1- %, with —% equal to
arg (3 + ).

- (—%) from

REMARK 14.1.3 (Connes’s count [35]; comparison). Connes cuts off by |z| < A, || < A
instead. In the semiclassical count the total is the area ~ % -2log A (up to normalisation), and
the zeros enter with a minus sign: the smooth count is the area under the hyperbola removed
from the box. They appear as an absorption spectrum.

Connes—Consani [31] show that this semiclassical computation and the Berry—Keating emis-
sion picture coincide up to that sign. Neither cutoff fixes the constant g on its own; in both
pictures it is a matching with the I'-factor.

PROPOSITION 14.1.4 (numerical check; data). Write v1 < -+ < 1000 for the first 1000 ordi-
nates, and let (N —N.) be the ezact time average of N(T') — (5 log 5= +¢) over [y1,v1000). This
average equals the mean of S plus (% —c). We find

(N = Ngg) =217-107%, (N — Np) = —0.1248.

So the data select g over the Maslov-free value 1. (That the mean of S(T') tends to 0 is Littlewood’s
theorem fOTS = O(logT).)

14.2. (b) Prequantization: Sommerfeld as integrality

THEOREM 14.2.1 (Weil [156], Kostant [84], Souriau [141]). Let (M,w) be symplectic. There
is a Hermitian line bundle L — M with a connection V of curvature by = —%w if and only if
[w/27h] € H?(M,R) lies in the image of H*(M,Z). In that case c1(L) = [w/27h], and the choices
of (L,V) form a torsor under H*(M,U(1)).

REMARK 14.2.2 (Sommerfeld as holonomy; theorem). Let A C M be Lagrangian. Then
V|a is flat, and its holonomy around a loop v = 9% is exp(—% sw) = exp(—% §Vpdq) when
w = dp Adq near X. So “V|, has trivial holonomy” is exactly the old Bohr-Sommerfeld condition
§ pdq € 2whZ. The half-form (metaplectic) correction replaces it by 27ni(Z+ p/4), where p is the
Maslov index (u = 2 for the oscillator).

Integrality of [w/2mh] is the global version of the same condition: every closed surface carries
an integer number of Planck cells.
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HEURISTIC 14.2.3 (one A per prime; labelled). The local factor (1 — p~%)~! has poles at
s = 2miZ/log p. These are the Bohr—Sommerfeld levels of a single periodic orbit of period log p:
the level spacing is 27/ logp, i.e. “the action quantum in the t variable is log p”. Since the logp
are Q-linearly independent (unique factorisation), no common % makes all primes integral at once.
This is a theorem about the numbers log p; reading it as an obstruction is heuristic.

14.3. (c) Lefschetz (1,1)

THEOREM 14.3.1 (Lefschetz (1,1) [60]). Let X be compact Kihler. A class in H*(X,Z) whose
image in H?(X,C) has type (1,1) is c1 of a holomorphic line bundle. Consequently NS(X) =
im H%(X,Z) N HY!,

PROOF. Use the exponential sequence 0 — Z — O — O* — 0: ¢; : HY(O*) — H?*(Z) has
image ker(H?(Z) — H?*(0) = H%?). O

COROLLARY 14.3.2 (prequantum = ample; theorem). Suppose w is a Kdhler form with
[w/27h] integral. By Theorem 14.2.1 and Lefschetz (1,1), the prequantum bundle can be cho-
sen holomorphic. By the d0-lemma it carries a metric with curvature form w/h, so it is positive,
hence ample (Kodaira), and X is projective.

In words: a Kdhler form satisfying Sommerfeld integrality is a polarisation, i.e. a timelike
class in the sense of §14.5.

REMARK 14.3.3 (scope). Lefschetz (1,1) is a statement over C. Over F,, NS is defined
directly by divisors modulo numerical equivalence; Weil’s argument uses that definition and needs
no transcendental input. The chain “Sommerfeld — integral (1,1)-class — divisor” is therefore
literal over C and an analogy in characteristic p.

14.4. (d) Weil’s proof via C' x C

Let C/F, be smooth, projective, geometrically connected, of genus g, and let X = C' x C'. Put
I=Cxptandm=ptxC,s0l?=m?=0andl-m=1.

Let A be the diagonal and I" = {(z, F'(x))} the graph of the g-Frobenius. Then
A*=2-2g, T?=¢q(2-29), T:l=q, T'm=1, Al=A-m=1, A.T =N;:=#CF,)
(63, V Ex. 1.10].

THEOREM 14.4.1 (Hodge index [63], V Thm. 1.9). On a projective surface, if H> > 0 and

D - H =0, then D? <0, with equality iff D = 0. Equivalently, the intersection form on NS(X)r
has signature (1,p —1).

THEOREM 14.4.2 (Castelnuovo—Severi [63], V Ex. 1.9). For every divisor D on C x C,
D? <2(D-1)(D - m).
PrROOF. Let E=D — (D -m)l—(D-l)m. Then E-l=FE-m =0,s0 E-(l+m) =0 with
(I+m)? =2 > 0. Hodge index gives 0 > E? = D? —2(D -1)(D - m). O
THEOREM 14.4.3 (Weil [158]). [Ny — ¢ — 1| < 2g,/3.

Proor. Apply Theorem 14.4.2 to D = rI'+ sA. Here D -l =rq+sand D-m = r + s.
Expanding gives
gqr* — (N1 —q—1)rs+gs®>>0 for all 7, s € Z.
A binary quadratic form that is nonnegative on Z? is nonnegative on R?, so its discriminant is
< 0: (N; — q—1)? < 4¢g%q. The same argument with F™ gives the bound for all N,,, hence

|Oéi| = \/a O
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REMARK 14.4.4 (conventions; correction). With H ;=1 = C x pt and V := m = pt x C,
the numerical class of T in (H,V) is H + ¢V, since I' - H = q is the V-coefficient. The form
“I'; = qH + V7 in the brief is correct only with the opposite naming H := pt x C. The brief’s
“D=aA+bl',I'-H=¢q, "V =17 agrees with our convention.

ProposITION 14.4.5 (link to Lemma 3; data). For the Lemma 3 curves, E/F5 with P =
14+ 3T +5T? and Cy/F7 with P = 1+ 3T +4T? 4+ 2173 + 49T*, the quantities § -y = Ny, —q™ — 1
of §14.6 satisfy |6 - v| < 2gq™/? for m < 6. For example:

e E, m=4: Ny =675, sod-v=49 <50,
e (Uy: N,, =11,49,398,2377,..., matching Lemma 3.

See num/lemmal/_checks.out.

14.5. Light-cone section
(a) Null coordinates. With u =t + 2 and v = t — z, we have ds® = dt*> — dx? = du dv.

(b) The hyperbolic plane (H,V). Since H?> = V2 =0 and H -V = 1, the Gram matrix is
(9%). So (aH +bV)? = 2ab, which is 2 dudv under (a,b) <> (u,v); the factor 2 is a normalisation.

H and V are null, and H+V (ample) is timelike. By Hodge index, NS(X)r = (H, V)& (H,V )=+
with the complement negative definite. So NS(X)g is Lorentzian, and the ample cone lies inside
the forward light cone. Theorem.

(c) Castelnuovo—Severi as reverse Cauchy—Schwarz. Write D = aH + bV + Dy with
Do L (H,V). Then D-V =a, D-H = b and D? = 2ab + D3. So Theorem 14.4.2 is equivalent
to D < 0, the negativity of the complement. For timelike x,y in a Lorentzian space one has
(x-y)? > 2%y? (reverse Cauchy-Schwarz); Hodge index is exactly this statement for y = H + V.

HEURISTIC 14.5.1 (J.W.s “ghosts”; labelled). A “ghost” is a putative extra timelike direction
in (H,V)t. If one existed, D3 > 0 would be possible, Castelnuovo-Severi would fail, and the
discriminant argument in §14.4 would give no bound. “No ghosts” is Hodge index.

(d) Binary quadratic forms as R?! (theorem, classical [37]). For f = az?+ by + cy?,
b —dac=b* — (a4 c)® + (a — ¢)?,
which has signature (2,1). GLa(R) acts by substitution and multiplies the discriminant by det?,
which gives PSLy(R) = SOT(2,1).

Positive definite forms with fixed discriminant D < 0 form one sheet of a two-sheeted hyper-
boloid, identified with H via the root 74 = (—=b+ v/D)/2a. Degenerate forms (nz — my)? (with
D = 0) are null rays, and the rational null rays are the cusps m/n € P}(Q). Examples:

e 22+ y? has D= —4 and 7 = 3;

o 22 +ay+y?>has D= —3 and 7 = p = e2™/3 (

checked in sympy).
These are the two elliptic points; their stabilisers have orders 4 and 6 (= w).

(e) Arithmetic surfaces: Faltings—Hriljac.

THEOREM 14.5.2 (Faltings [52], Hriljac [70]). Let X — Spec O be a regular arithmetic
surface with generic fibre X, and use Arakelov intersection theory [3, 90]. For a divisor D of
degree 0 on X, let ®(D) be the vertical correction making D + ®(D) orthogonal to every vertical
component, including fibres at infinity. Then

(D, D)nr = —(D + (D)),

up to a normalising factor depending on the height convention. Consequently (D + ®(D))? <0,
with equality iff [D] is torsion in Jac(Xg): the arithmetic Hodge index.
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What is missing for SpecZ x SpecZ.

e Faltings—Hriljac needs a base (Spec Ok) over which X is a curve, and a Jacobian whose
Néron—Tate height supplies the positivity. For ¢ there is no base below SpecZ and no
Jacobian.

e The proposed replacements are the scaling site [32] and its Riemann—Roch and Hodge-
type programme [28, 22], and Deninger’s foliated dynamical systems [44]. Both are
research programmes; neither has a proved Hodge index.

(f) Ribet’s theorem (theorem). Ramanujan’s congruence 7(n) = o11(n) (mod 691) says
A = Fj3 modulo 691 on non-constant coefficients; here 691 | num Bjs with Bjy = —691/2730.
We checked it for n < 1200.

Ribet [128] uses this cusp/Eisenstein congruence to construct an unramified Z/691-extension
of Q(1691) on which Gal acts by w™!t. That proves the converse of Herbrand’s theorem for this
eigenspace.

Correction of emphasis: “691 | h(Q(ue91))” already follows from Kummer’s criterion [155],
since 691 | Bi2 and 12 < 688. Ribet’s contribution is the will—eigenspace, constructed from the
congruence.

J.W's pasted heuristics, with corrections (labelled heuristic).

For T = tan@, dT/df = sec? § = 2 at 45°. It is finite; the blow-up is at 90°.

A = (Q3 — R?) /1728 with Q = E;, R = Eg. We checked = ¢[](1 — ¢")?* through ¢%.
Twistors [121]: a point of (complexified) space-time corresponds to one line CP' c PT,
not to a point.

None of these heuristics implies, or is claimed to imply, RH.

14.6. (g) Frobenius as a Lorentz boost
Write A = (H+ V) +6 and T' = (H + ¢V) + v with 6,y € (H,V)*. From the intersection

numbers,

6% = —2g, 7?2 = —2¢q, A-T=q+14+6-v=DN;.
The boost By, : (a,b) — (e "a, e"b) preserves 2ab. With e = | /q,
H+qv

V4

So the hyperbolic part of I'/, /g is the diagonal boosted by rapidity n = %log q (checked symboli-
cally).

The transverse parts ¢ and 7/,/q both have square —2g. Since Hodge index makes them
spacelike, Cauchy-Schwarz in the negative-definite complement gives |6 - 7| < 2g,/g, which is
Weil’s bound again.

Interpretation (equivalent to the theorem, not stronger): numerically, I'/,/q is the diagonal
boosted along (H, V), with a transverse part of the same length. The statement |o;| = /g says
that F*/,/q acts on H ! by a unitary “rotation”.

By(H+V) =

HEURISTIC 14.6.1 (comparison with the scaling flow; labelled). In the TAA scaling flow, the
prime-p orbit has period logp. Frobenius at ¢ is a boost of rapidity %log q. The factor % is the
/4 normalisation, the same factor as the “TAA time ¢/2” of Lemma 7.

Every first-quadrant ray (1,k), k > 0, is timelike with rapidity %log k. The slope v/3 (60°)
gives rapidity %log 3, the hexagonal value of Lemma 7, i.e. “Frobenius at ¢ = +/3”. This is
suggestive only: v/3 is not a prime power, and no curve is attached.
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14.7. (h) Why SpecZ x SpecZ is not a surface

Theorem. 7. &z 7. = 7, so SpecZ Xz Spec Z = SpecZ. A genuine product needs a base
below Z, the “field with one element”. Several F; formalisms exist [95, 28], but none
has an accepted intersection theory on SpecZ Xy, SpecZ.

Theorem (Arakelov). On an arithmetic surface X — Spec O, the fibre F}, has sz =0
and is numerically log Np times a normalised fibre F' (with F'- D = deg D) [3, 52, 90].
Vertical fibres are null rays weighted by log Np.

Heuristic: this is the same log p as the period of the prime-p orbit and as the Bohr—
Sommerfeld spacing 27/ log p of the poles 2miZ/log p (§2). The brief’s shorthand “Aiw =
log p” should read “orbit period logp”, since the level spacing is 27/ log p.

Heuristic. For C/F,, the 2g zeros of CC(% + it) fill one period window 0 < t < 27/ loggq.
Formally put logq = 1/d and count the zeros of { in [¢t| < 2wd. This gives an “effective
genus” g = N(27d) — 00, 80 A% = 2 —2g.¢ — —oo: the diagonal is infinitely spacelike-
heavy, and no finite-dimensional NS(X)g can hold it.
Remark on a naive construction (neutral). One might set H -V = 1, take D? = 2 —
Zp logp (one null fibre per prime), and invoke k = 0 to close the argument. This fails
for three reasons:

e the weights are wrong: log p enters fibres, not self-intersections, and the sum diverges

without a renormalisation that is itself the content of the explicit formula;
e invoking x = 0 is circular, since Lemma 1 gives only RH < k = 0;
e Faltings—Hriljac applies to curves over Ok, not to this object.

Status
Item Status Evidence
% from arg T’ theorem Stirling; 1/(48T) check
BK count = N heuristic cutoffs, Maslov by matching
mean S ~ 0 with I data 2.2-10* vs —0.125
prequantization < integrality theorem Kostant /Souriau/Weil
Lefschetz (1,1), prequantum = ample theorem over C; analogy in char p
Hodge index = CS = Weil theorem Hartshorne V; Lemma 3 data
Frobenius = boost % logq + transverse theorem (reformulation)  symbolic
binary forms in R%! theorem classical
Faltings—Hriljac theorem only over Og
Ribet 1976 theorem congruence checked n < 1200

SpecZ x Spec Z surface
geft, ghosts, slope /3

does not exist (naively)

heuristic

7ZRL =17
labelled

Obstruction. Each step of Weil’s chain uses a finite-dimensional Lorentzian NS(X)r that con-

tains A and I'. For (:

e the ambient surface does not exist (by (h)(1));
e the diagonal’s transverse part would have infinite length (by (h)(3));
e the only proved arithmetic Hodge index (Faltings—Hriljac) lives one level up, over Of-.

What would be needed is a positivity statement for the Weil distribution. That is equivalent to
RH (Weil’s criterion), so it cannot be imported.

Open questions.

(1) Should the “rapidity % log q vs. orbit period log p” factor of 2 be identified with Lemma 7’s
t/2 in the volume, or kept as a remark?
(2) Is (h)(3)’s ger = N(27d) the normalisation you intended (window || < 27d, logq = 1/d)?



CHAPTER 15

Lemma 15: The signature test

The Weil form plus its pole plane is Lorentzian iff RH; certified inertia on diagonal, prime-fibre
and boosted test families

Standalone note lemmal5.tex, October 21, 2026.

Summary. Let Q be the Weil form of Lemma 1 (zero side), and let P be the rank-two

pole form built from ﬁ(j:%) Put £ =P — Q. By the explicit formula, £ equals the

prime side minus the archimedean term, so it can be computed without zeros. It is the

analogue of the intersection form on the span of the Frobenius graphs I'),, C C' x C.
We prove four things.

(i) The scaling flow T; preserves £ and acts on the pole plane as a Lorentz boost of
rapidity ¢/2.

(ii) supy n4+(Lly) = 1 4+ N4, where V runs over finite-dimensional subspaces and
Ny = #{p : Rep > 1}. Hence RH <= L has Lorentzian indez < 1 on
every finite-dimensional subspace. This is the exact analogue of the Hodge index
theorem.

(iii) For curves the analogous Gram matrices have ny = 1 exactly (Hodge index) and
finite rank < 2 + 2g.

(iv) For ¢, the inertia of £ is certified in Arb (entry radii < 2.4-10~78, certified LDLT)
on 99 subspaces. These are built from cubic B-spline “diagonal”, “Frobenius-
power” (boosted), “prime-fibre” and Hecke-symmetric families, of dimension up
to 31. Whenever a timelike vector is present the signature is (1,n — 1), and there
is never a null direction.

A planted off-line quadruple is detected as np. =3 =14 N,.

Circularity: (ii) is a reformulation of Weil’s criterion, and finite certificates cannot
imply RH. What is new is the precise Lorentzian dictionary and an unconditional,
certified pipeline.

15.1. The Lorentzian Weil form

Notation is as in Lemma 1. F(z) = [ F(u)e®**du, and (T,F)(u) = F(u —t), so T,F(z) =
eiZtF(Z)' Q(Fa G) = Zp mpF(’YP)G(:Y,D)u Wlth ’yp = _/L(p - %)

DEFINITION 15.1.1. For F € C2(R) let a(F) = F(i) = [Fe /% and b(F) = F(-
[ Fe'/2. Define

) =

[\S]EN

P(F,G) = a(F)b(G) + b(F)a(G), L:=P—Q.

Write H = F x G*. Then P(F,G) = ﬁ(%) + I;T(—%) is exactly the pole term of the explicit
formula. Lemma 1 eq. (EF) gives

1 [ - 1 ir A(n)
(15.1.1) L(F,G) = H(0) logw—%/RH(r) Rer<4+2)dr+%\/ﬁ(ﬂ(logn)+lf(logn)).

No zeros enter (15.1.1).
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THEOREM 15.1.2 (structure; unconditional). (a) L is Hermitian and Ty-invariant.

(b) a(TiF) = e t2a(F) and b(T;F) = €/?b(F). So on the pole plane (a,b), where P is
the hyperbolic form (9 3) of signature (1,1), the scaling flow acts as a Lorentz boost of
rapidity t/2.

(¢) In particular, translation by logq is a boost of rapidity %log q. This is the number-field
form of “Frobenius = boost” (Lemma 14(g)).

~_Proor. (a) holds for P by (b), and for Q by Lemma 1(i)-(ii). (b) and (c) follow from
T,F(£%) = eT/2F(£L). O

THEOREM 15.1.3 (Lorentzian index; theorem). Let ny(-) be the number of positive squares.
Then

sup ny(Lly) =1+ Ny € {1,2,...,00}.
VCC®(R), dim V<oo

Consequently, RH holds if and only if ny(L|y) < 1 for every finite-dimensional V. Moreover
supy n—(L|y) = oo unconditionally.

PROOF. Upper bound. P has rank < 2 and signature (1, 1) on the image of (a,b), so n4(P|y) <
1. By Lemma 1(vi), ny(—Qly) < k(Q) = N4. Since ny is subadditive (Weyl), ny(L|y) < 1+ Ny

Lower bound. Fix a finite N < N;. Lemma 1(vi) gives Fi,...,Fy € C2° on which Q is
negative definite. Fix a bump y > 0 with ag = a(x) > 0 and by = b(x) > 0. For A > 0 put

xt =T xx/(€*?ay), X~ = Tax/ (e ?bo).

Then a(x") =1, b(xT) = e *bo/ag — 0, b(x~) =1 and a(x~) — 0.

For fixed G, Q(Txxx,G) is a sum over p of terms of modulus < 6A|Rep7%|mp|)2(7p)é('7p)|.
These are summable (by the bound lemma of Lemma 1), and |Rep — 1| < 3. By dominated
convergence:

[ ]
o Q(X aXi) — Q(X,X)C_)\/(Ig —0 (OI‘ with bo),
e O(xt,x7) = Q(T,gAx,X)/(e)‘aobo) — 0, using 2| Rep — %\ < 1.

Put Fy, = Fj, — a(Fi)xt — b(Fi)x~. Then a(F}),b(Fy) — 0 and Q(Fy, Fy) — Q(Fy, F1), so
L(Fy, Fy) — —Q(F}, F}), which is positive definite.

Let e = xt + x~. Then L(e,e) — 2 and L(e, Fy) — 0. For X large, the Gram matrix of
L on span{F},...,Fy, e} is positive definite, so ny > N + 1. The case N = 0 gives ny, > 1
unconditionally.

n_ is unbounded (sketch). Apply the interpolation argument of Lemma 1(vi) to the infin-
itely many zeros on the line (Hardy). This makes Q positive definite on subspaces of any finite
dimension; making them primitive as above gives £ negative definite there. O

REMARK 15.1.4 (relation to the literature; circularity). Theorem 15.1.3 is equivalent to Weil’s
criterion [157] together with the ghost count of Lemma 1(vi). The latter is in the spirit of
Bombieri’s theorem [14]: for large truncations, the number of negative eigenvalues of Weil’s
functional is half the number of off-line zeros. The only new content is the “+1”: the pole terms
supply exactly one timelike direction, on which the scaling flow acts by boosts.

It therefore says nothing new about RH. Any proof of “ny < 1 for all V” is a proof of RH.
Yoshida [163] shows that Q is positive definite on functions with sufficiently small support, so
n4+(L]y) < 1 holds unconditionally for such V.
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15.2. The C x C model

Let C/FF, have genus g and Frobenius eigenvalues «;, and let I';, be the graph of F™, with
I'g=A. For m > n,

Fm'rn:anm—n'A:qum—na Ny = A2 =2-—2g.
Normalising by ¢(™+™/2 and writing e" = /g,

29

Gun = 2cosh ((m —n)n) — > o/ )™

J=1

This is literally the Gram matrix of £ on Frobenius translates, P «+ 2 cosh and Q + (e //9)*,
with the test functions replaced by Dirac masses on logq - Z.

PROPOSITION 15.2.1 (theorem + exact computation). (a) Hodge index gives ny(G) < 1
for every n. Also rank G < 2 + 2g, since the Toeplitz part has rank < #{a;}.
(b) Ezact rational LDLY, forn =1,...,25 (num/lemmal5_ff.out), gives:
e E/F5: (ny,n_,ng) = (0,0,1) forn =1 (A null, g = 1), then (1,n — 1,0) for
n=2,3,4, then (1,3,n —4).
o Cy/F7: (0,1,0) forn = 1 (A% = —2, spacelike), then (1,n — 1,0) for n < 6, then
(1,5,m — 6).
The rank saturates at 2 + 2g.
(c) Ghost model (not a curve): q = 4 with a/\/q € {4,%}, which keeps the symmetry
z+ 1/z. It has inertia (2,2,n —4): ny. =2 =1+ #ghosts.

15.3. Certified computations for (

Method.

o Test functions. ¢c(u) = My((u — ¢)/h + 2), a cubic B-spline of half-width 2h centred at
c. Then H = ¢ x ¢% = hMg((u — d)/h+4) with d = ¢ — ¢, s0 L(¢¢, pr) =: £(d).

e Pole part. Exactly, a(¢g) = b(do) = h(%f =: ag and P = 2a3 cosh(d/2).

e Computing £(d) from (15.1.1). We use Arb (python-flint, 320 bits) with:

— exact rational Mg pieces;

— a finite prime-power sum;

— the archimedean term rewritten as H,(0)¢(3)+2 J5° e_“/2%du, integrated
piecewise by certified Gauss—Legendre. On the first piece we use the entire form
—e"/?r(u)/ sinhe(u); the tail is summed with a rigorous geometric bound.

All entry radii are < 2.4 - 10778, -

o Cross-check. P — { agrees with the zero sum 23 - $0(7)? cos(dy) over the first 1000
zeros to 10717 (for h = 1,1). This is a check of (15.1.1), not an input.

e Inertia. Symmetric pivoted elimination in ball arithmetic (with 2 x 2 pivots of certified
negative determinant). The inertia is certified when no pivot ball contains 0 (Sylvester).

Results (all certified unless stated).
(A) Diagonal-like. For a single ¢g, £(0)/a3 = 2 — 2geg(h):

h 1 1 1 1 1 1 1

2 4 10 20 50 100
¢(0)/a3 2.000 2.000 1.982 0215 —6.46 -38.5 —110.5
Jeft 1078 6-1077 0.009 0.89 423 20.2 56.2
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The diagonal turns from timelike to spacelike between h = % and %, and geg — 00

as h — 0. This is the certified form of Lemma 14(h)(3): A? = 2 — 2gog — —oo. Under
RH, gegt(h) = Zﬁ/>0(<%(’y)/a0)2 is a smoothed zero count.
Frobenius-power (boosted) family. V = span{¢rs : 0 < k < n} with s = log2,log3,
h€ {5 15,5, 5} and n < 12 (59 cases).

e For h > 45 (1,n—1) for all n > 2.

e For h = &, s =log2: (0,1),(0,2), then (1,n — 1) from n = 3 on.

e For h = 2—10, s = log 3: the Lorentzian onset is at n = 2.
This is the same pattern as C2/F7 (spacelike diagonal, then Lorentzian). The smallest
leigenvalue| ranges from 1.9 - 1073 (at h = 55, n = 12) down to 6 - 107! (at h = 3,
n = 12).
Prime-fibre and Hecke families. V = span{¢o, piogp : p < P} and its Hecke-symmetric
version {¢o, ¢+ 1ogp}, for P < 47 (dimension up to 31; 40 cases). All are (1,n—1), except
the single case h = %, P =2, which is (0,2).
Contrast with curves. No certified null direction ever occurs (ng = 0 in all 99 cases),
whereas curves have ng = n—2—2g. This is the finite-rank versus infinite-rank dichotomy
of Lemma 12. Soft near-degeneracy does appear: overlapping translates (s < 4h) leave
4-7 pivots uncertified at 320 bits (grids with s = %, %07 h = %, run alongside (E)).
These are reported as uncertified, not as zeros.
Ghost injection (sanity check of Theorem 15.1.3). Add a hypothetical quadruple {+~y +
ib} (e. Rep =1 +b, Ny = 2) to the zero side.

e (709,b) = (30,0.25) and (30,0.4): inertia (3,n — 3), certified on the boosted grids

with s = 2, 1.
e (14.13,0.1): inertia (2,-) or (3,-).
e (30,0.1): not detected on these V' (still (1,n—1)), consistent with the theorem being
a supremum over V.

In every case ny <14+ Ny =3.

=~

~—

Status
Statement Status Note
T; = boost of rapidity ¢/2 on pole theorem unconditional
plane
supy ny(Lly) = 1+N4; RH <= theorem = Weil criterion + Lemma 1(vi)
index <1
CxC:ny=1rank <242 theorem; exact data Hodge index
¢: (1,n—1) on 99 listed V certified (uncondi- no zeros used; not evidence for RH
tional)
Jot(h) — 00 certified values; limit Lemma 14(h)(3)
under RH
ghost == ny =3 certified (hypothetical sanity check
data)

Obstruction. The certified V’s only see zeros with |y| < a few/h, which are known to be on the
line. Detecting a ghost at height 7' needs V' adapted to T (Lemma 12), with the soft degeneracy
getting worse. The signature test is a faithful reformulation, not a lever: “n, <1 for all V7 is
RH.

Open questions.

(1)

Should the volume adopt £ = P — Q, the “intersection form”, as the primary object,
with Q as its primitive part (the analogue of (H,V)1)?
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(2) Is the Hecke-symmetric family the “prime-fibre-like” class you intended, or did you mean
log p-weighted null limits (Arakelov F), = logp- F')? The latter are boost limits (A — o0o0)
and sit on the null cone.






CHAPTER 16

Lemma 16: Certified Weil positivity on windows of length log4

and 1.6

(independent check of Zhu), with cost extrapolation
Standalone note lemmal6.tex, October 21, 2026.

Summary. We extend Lemma 10’s computer-assisted certificate from d =3 to d =4
(primes 2, 3 active) and to window length 1.6 (d = e*5; n = 2,3, 4 active). The method
is unchanged (Lemma 10, Thm. 3.1): a frequency split at 7', a Legendre block Ay in
Arb ball arithmetic, and explicit super-exponential tail constants. We prove

\*(4) > 3.5368- 10713, M (er®) > 9.2792. 10718,

By monotonicity, the Weil form is positive definite on every window of length < 1.6
(the d = 4 bound is the sharper constant on the subrange < log4).

The value 9.2792-10718 is to be compared with Zhu’s claimed certified 8.9-10718 <
A* < 2.27-10717 at support [—0.8,0.8] [165], and with our own uncertified Galerkin
value 1.640 - 10717 (Lemma 11). We also prove that x4 is non-decreasing in A (Re-
mark 16.3.1). We extrapolate the cost: window 1.8 needs =~ 400x and window 2 needs
~ 4 -10*x the d = 4 run, which took 15 minutes.

16.1. Setting and method

Notation is that of Lemma 10. \*(d) is the infimum of Q(F, F)/| F|| over F supported in an
interval of length L = logd, and h = L/2. Lemma 10, Thm. 3.1 gives, for any 7" with 87 > 0 and

any N,

where:

N(d) > min (Amin(AN), B —ep) —eB,

o By = Red)(% + %) —logm — Ag and Ag =Y, 42A(n)//n;
e Ay is the leading Legendre block of gpl + C + P;
e c¢p and ep are the explicit tail norms.

Implementation changes (num/lemmal6_certify.py), all rigorous:

(i)

(i)

(iii)

For Rez > max(8,n + 2) we evaluate j,(z) by the exact upward recurrence jipi1 =
%Tij — jg—1 from jo = % and j; = S‘Z% — ©2% in ball arithmetic. This is stable for
k < |z|. Otherwise we use Lemma 10’s entire o F form. Both expressions define the same
entire function, so acb.integral’s analyticity requirement holds on every ball that is
evaluated.

Parity split: C and P preserve parity, so Ay = AY" @ A‘]’\}ld exactly, and A, is
certified block by block (shifted Cholesky with residual bounded by Weyl’s inequality, as
in Lemma 10).

Entries are checkpointed to num/lemmal6_A_*.jsonl, so the computation can resume

after an interruption.

Regression. For d = 3, T = 40, 200 entries recomputed with the new code agree with

Lemma 10’s stored entries to 2.0 -1

0~42, and all balls overlap.

13
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16.2. Certificates

d L T Br N bits  Amm(Ay) > B €D
3 (L10) 1.0986 40 0.8707 72 160 1.4476-10°8 4810726 3.3.10756
4 1.3863 100 0.51846 160 200 3.5368- 1013 2.0-10734 1.4.10°™
el s 1.6 200 0.51846 280 240 9.2792-107'% 1.0901-1027 2.9357-10762

TABLE 16.1. Certified runs. The max entry radius is 2.5 - 10744 for d = 4 and
1.98 - 1073 for €', The Cholesky residuals are < 10743, For d = 4 the floating-
point bottom eigenvalues are 3.93 - 10713 (even) and 2.07 - 1071° (odd). The run
took 928s on 7 cores (num/lemmal6_d4_T100.log, lemmal6_results.jsonl).

THEOREM 16.2.1 (rigorous, computer-assisted). For every F' € D supported in an interval of
length < log4,

Q(F,F) > 3.5368 - 10~ 13| F||3.
For length < 1.6 the constant is 9.2792 - 10718,

Proor. Apply Lemma 10, Thm. 3.1 with the certified numbers of Table 16.1. Use the mono-
tonicity of A* in d and the reduction to real F', as in Lemma 10, Thm. 3.3. U

REMARK 16.2.2 (relaxation loss). Compare with Lemma 11’s Galerkin values of A* (uncerti-
fied, 120 modes/parity): 7.530-107'3 (even) and 4.754-10710 (0dd) at d = 4; 1.640- 10717 (even)
at €10, The certified bound for d = 4 is therefore smaller by a factor 2.13 (even) and 2.29 (odd).
This is the cost of discarding W4 — 87 > 0 on [t| > T (Lemma 10, Remark 3.2). At e! the factor
is 1.77.

16.3. Monotonicity of x4

REMARK 16.3.1 (k4 is non-decreasing; rigorous). Let D4 = {F € CX®(R) : suppF C
[—A/2,A/2]}. Let k4 be the supremum of dim V' over subspaces V' C D4 on which Q is negative
definite (Lemma 6). Then:

(a) if A S A/ then R A S KA,
(b) k4 does not depend on the position of the window;
(c) if A*(e?) > 0 then s = 0 for all A’ < A.

PRrROOF. (a) [—A/2,A/2] C [-A'/2,A"/2] gives Dy C Dy. Every V. C Dy on which Q is
negative definite is also such a subspace of D4/, so the supremum over the larger family is at least
as large.

(b) Q(T,F, T;G) = Q(F,G) (Lemma 1(ii)), and T} is a linear bijection from functions supported
in I onto functions supported in I +t. So negative-definite subspaces correspond one-to-one, with
the same dimension.

(c) If X*(e) > 0, then Q(F, F) > X*||[F||? > 0 for 0 # F € D4, so no nonzero negative vector
exists and k4 = 0. Then (a) gives ka4 < k4 =0 for A’ < A. O

COROLLARY 16.3.2. k4 = 0 for all A <log4 and for all A < 1.6. Combined with Lemma 12’s
certified ghost-detection lengths (Ao > 9.36 ), this still excludes nothing (Lemma 12, Cor. 5.1).

1[Vol. 2 editorial note] With the corrected counting constant Rcor of Chapter 24 the smallest certified value
is Ag = 9.14 (o = 71, global, § = 0.5; Table 24.1). The conclusion is unchanged.
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16.4. Comparison with Zhu, and cost

e Zhu [165] (unrefereed) claims 8.9 - 10718 < \* < 2.27- 10717 for supp f C [~0.8,0.8]. That is
our window L = 1.6. We certify A* > 9.2792-107'8, which confirms positivity on Zhu’s window
independently. Our constant is above Zhu’s 8.9 - 107! and consistent with his upper bound
2.27 - 1077, Our implementation shares the frequency-split principle and the Legendre basis
with Zhu'’s. It differs in the envelope (the exact digamma value at T'), the software (Arb), the
quadrature (acb.integral), the PSD test, and the Bessel evaluation.

e Cost law. We choose T so that fr ~ 0.518, and N so that zV/(2N + 1)!! < 10735 with
x = Th. Measured relative to the d = 4 run, the costs are as follows.

L Aq T N entries cost (relative to d = 4)
logd 2.249 100 154 5.9-10% 1 (measured 928s)
1.6 2.942 200 284 2.0-10* ~ 6 (measured: 46 min (7 cores))
1.8 4.381 843 1102 3.0-10° ~4-10? (days)
2.0 5.852 3671 5062 6.4 -10° ~4-10* (a year)
24 8521 53-10* 8.6-10* 1.9-10° ~ 108

So T = 2me/ath with Ag ~ 4el/? (Lemma 10, Remark 3.4): the cost is doubly exponential
in L, and the required precision grows like |log \*| (A\*(e??4) ~ 7-107%°, Lemma 11). Window
1.6 is the practical end of this method on this machine.

Status
Statement Status Note
A\*(4) > 3.5368 - 10713 certified Arb, full tail
A*(el0) >9.2792 - 10718 certified independent check of Zhu
k4 non-decreasing; k4 = 0 for A <log4 theorem / certified Remark 16.3.1
(< 1.6)
cost ~ doubly exponential in L extrapolation measured to L = 1.6

Obstruction. This is the same as Lemma 10: pointwise control of the prime comb makes T grow
like e4¢“’*. Any fixed window is a finite fragment of RH, and certified windows (< 1.6) remain
far below the detection lengths Ay > 9.36 of Lemma 12.

Question for J.W. Should the volume cite Zhu’s 1.6 as “independently confirmed” (with our
weaker constant), or report only our certified range?






CHAPTER 17

Lemma 17: The arithmetic action as a Lagrangian

Three levels of action, stationary values, Noether, Ostrogradsky, the transmission-line form, and
the confluence of field, window and orbit

Standalone note lemmal7.tex, October 21, 2026.

Summary. J.W. asked for a definition of “arithmetic action” that is fully consistent
with Lagrange’s principle of stationary action. We give one, at three levels, and we say
exactly where each level is a theorem and where it is only an analogy.

e (L-I) Field action on the whole log-scale line: S[F| = Q(F,F) = pole +
(F,K(D)F) — >, ;ﬁ% 2Re(F, TkiogpF). The kinetic symbol is K = 20’ =
Rew(i + %) —log 7, i.e. the smooth zero density ¢’ /7. It is a logarithmic Laplacian:
K(r) = log 1 + O(r~2) (Thm. 17.2.1, Prop. 17.8.1).

e (L-IT) Window action Sy: S restricted to fields supported in an interval of length
A. Hamilton’s principle with a norm constraint gives an Euler-Lagrange eigen-
equation. The stationary values are the eigenvalues A (A) of a self-adjoint operator
with compact resolvent; the lowest is A\*; the number of negative-action stationary
points is k4; k4 is non-decreasing (Thm. 17.3.1). RH <= the trivial path is a
minimum for every window, a Jacobi—-Morse no-conjugate-point condition.

e (L-III) Particle action: closed orbits of period mlogp are critical points of a
Hamiltonian/Maupertuis action in Definition 5’s local model; their weights have
Gutzwiller form.

We add a Noether theorem (charge = Q(Dg.F, F), spectrum = zero ordinates), an

Ostrogradsky/Pais—Uhlenbeck analysis (ghosts of higher-derivative theories come from

negative residues at real frequencies; the Weil action has all residues m, > 1, so its only

possible ghosts are complez-frequency pairs, exactly Ny of them), the function-field
model (finite-rank Toeplitz Lagrangian, genus as a mass term, Sx > 0 by Weil /Rosati),

a transmission-line (Heaviside) reformulation (for curves, “distortionless” is exactly

Cauchy—Schwarz on the Hodge-index-negative transverse part of NS(X)g; for ¢, dis-

tortion <= an extra timelike direction of £), and a section on how the three actions

meet. Nothing here proves RH. Every equivalence with RH is a reformulation of

Weil’s criterion; we flag each one.

Labels. [THM]: proved here or classical with proof indicated; [CITED|: a published theorem
used as stated; [CA]: computer-assisted; [NUM]: numerical check, not a proof; [HEUR]: heuristic;
[ANALOGY]: structural analogy, not a derivation. Circularity flag [RH-EQUIV]: the statement
is equivalent to RH through Weil’s criterion (Lemma 1(iv)), so it is a reformulation, not progress.
Conventions (Lemma 1). u = logz; F(z) = [F(u)e*“du; (F,G) = [FG = %fﬁ’idr;

(TiF)(u) = F(u—t); H=F % G*, G*(u) = G(—u), so H(x) = (F,T,G) and H(r) = F(r)G(r)
for real r. Q(F,G) = mepﬁ’('yp)é(%) with p = 1 +i7y,. Ds = i%, S0 [/);:77(,2) = 2F(z)
and T; = €Ps (the sign is chosen so that Lemma 1(v)’s generator is multiplication by Yp)-
a(F) = F(%), b(F) = F(—%), P(F,G) = a(F)b(G) + b(F)a(G) (Lemma 15).

17
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17.1. Three Lagrangian levels

DEFINITION 17.1.1 (the three actions).  (L-I) Global field action. S[F] := Q(F,F) for F
in Lemma 1’s class A D C°(R), with no cutoff. Its “time” is u € R; its symmetry is Tj.

(L-ITI) Window action. For an interval I of length A, Sy[F] := S[F]onD; = {F € D : supp F' C
I}, where D = {F € L? : [|F[*log(2 + |r|) dr < oo} is Lemma 10’s form domain. By

translation invariance only A matters. The constraint set is {||F'|| = 1}.
(L-IITI) Particle action. On M, = T*RY [(¢p), Op(x,§) = (px,&/p), with Hy = 2§ Ar(y) =
¢, &dr — fo a(v(t)) dt on loops R/TZ — M, (Definition 5, Prop. 2.4), and the reduced

(Maupertuis) actlon SO = ¢ £ dx on an energy shell.

L-I and L-IT are the same Lagrangian on different path spaces; L-III is a different kind of object
(a classical action on loops). Section 17.10 explains where they meet.

17.2. L-I: field-theory form of the action
THEOREM 17.2.1 (kinetic + interaction + pole; [THM]). For F' € C°(R),

lo
(17.2.1) S[F] = 2Re (a(F)b(F)) + = kg/f 2Re(F, T iogpF),
p k>1 P
P(F,F): pole kinetic
interaction
where D = —idi and

K(r) = Rey (3 + Z) —logm = 20/ (r), 0(r) = argl'(1 +Z) — Llog .

Equivalently (F,K(D)F) = fR\ﬁ(r)P@dr: the kinetic weight is the smooth zero density
N'(r) = 0'(r)/m. In position space,
(17.2.2)

e lul/2

(FK(D)F) = = [ (H(u) = H(O) ko) du = (logm = b() HO),  kuelw) = 1.

with H = F * F* and logm — ¢(,) = log 87 + g + § = 5.3722. Finally L="P — S (Lemma 15):
L[F] = —(F,K(D)F) + 3, 1(;5’2’2 Re(F, Tiiogp ) contains no pole term and no zeros.

PRrROOF. Lemma 1 eq. (EF) with G = F. The pole term is f](%) + ﬁ(—%) = ab + ba. For real
r, H(r) = |F(r)|?, so —H(0) log 7 + %fﬁ Retp = 5= [ |F|?K = (F,K(D)F) by Plancherel (K is
even, so the sign convention of D is immaterial). Since H(—xz) = H(z) and H( ) = (F,T,F),
H(logn) + H(—logn) = 2Re(F, TiognF); write n = pk. 0'(r) = 1 Rez/;( ”) — 3logm
by differentiating 6. For (17.2.2): Lemma 15 (§3, method) uses fHRew = H.(0)y(3) +

2 [y 0 gu/ QMdu H, the even part; this is the classical 1ntegra1 representation of ¢ (Bi-

net/Gauss form) applied termwise, and it is checked numerically below. Rewriting 2 [;°(H.(0) —
He(u))koo = [g(H(0) — H(u))k gives (17.2.2). O

REMARK 17.2.2 (signs; what “kinetic” does and does not mean). K is not positive: K(0) =
—5.3722, and K(r) < 0 exactly for |r| < rp = 6.28984, the minimum of 6 [NUM]|. So the “kinetic”
term is a high-frequency (ultraviolet) positive operator and an infrared negative one. The pole
term is indefinite of signature (1,1) (Lemma 10, §1), and the interaction is indefinite. Positivity
of §, when it holds, is a cancellation among three indefinite pieces. Table 17.1 shows a Gaussian
whose action is &~ 0 because pole 3.344, kinetic —2.238 and interaction —1.106 cancel to 16 digits.

REMARK 17.2.3 (frequency-space Lagrangian; [THM| under RH, distributional). Under RH,
S[F) = [z |F(r)|? dNsym(r), where Ngym counts zeros at £. The Riemann—von Mangoldt formula
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splits dN = %,dr + dS (Weyl + oscillatory), and dS is formally —% >on % cos(rlogn)dr plus
the pole correction. Theorem 17.2.1 is the rigorous, smeared form of this split: kinetic = Weyl
term, interaction = oscillatory (Gutzwiller) term. This is the content of the “Weyl + Gutzwiller”
reading of Berry—Keating; the semiclassical interpretation is [ANALOGY].

TABLE 17.1. [NUM] Theorem 17.2.1 for Gaussian fields F = e~ (u=¢)*/2s* g—igou
(num/lemma17_checks.out). Prime side = pole + kinetic + interaction (n < 4-10°,
closed-form H); zero side = 1000 zero pairs.

s c 9o pole  kinetic interaction prime side zero side
0.5 0 0 3.3442 —-2.2379 —1.1064 —3.5-107'7 6.4-10722
04 0.7 0 20927 —-1.5823 —0.5104 2.6486-107'* 2.6331 10714
0.6 0 v 1073 0.8583 1.4037 2.2619467973  2.2619467973
0.6 0.3 30 104! 1.6617 0.5600 2.2216857570 2.2216857570

Rows 1-2: the action is tiny because |F| is concentrated below 1 ; the residual agreement (10716) is at

double-precision level. Rows 3-4: agreement to 6 - 10716, Also: K = 26’ to 15 digits at r = 1,14.13, 100;

.. 1
(17.2.2) equals the frequency form to 15 digits for s = 3.

17.3. L-II: the variational principle on a window

THEOREM 17.3.1 (constrained stationary action; [THM]). Fiz a window I of length A.

(a) Sa is a closed Hermitian form on L?(I), bounded below, with form domain D;. By
Kato’s first representation theorem [81, Thm. VI.2.1] it defines a self-adjoint operator
Sa on L3(I), and Sa has compact resolvent. Its eigenvalues \1(A) < Ag(A) < -+ — +o0.

(b) (Euler-Lagrange = Lagrange multiplier.) F' € Dy with |F|| =1 is a stationary point of
Sa on the sphere iff there is A € R with

(17.3.1) Q(F,G) = \N(F,G) VYG € Dy, ie. 1;(W=F)=M\F onl,

where W x F' = P-kernelx F' + K(D)F =37 %(Tklogp + T kiogp)F. The multiplier
equals the on-shell action: A = Sz[F].

(¢) (Rayleigh-Ritz, Courant-Fischer [127, Thm. XIIL.1].) Ax(A) = mingim v=f maxpey,)| F|=1 Sa[F];
in particular A (A) = X*(e?) (Lemma 10).

(d) (Ghost count.) The number of stationary points with negative action, counted as the di-
mension of their span, is #{k : \x(A) < 0} = k4, the negative indezx of Q on C°(R)(I°)
(Lemma 6). It is finite for every A.

(e) (Monotonicity.) A +— Ay(A) is non-increasing, so A — k4 is non-decreasing; sup, ka4 =
N+-

(f) [RH-EQUIV] RH <= A (A) >0 forall A <= ka =0 for all A.

PROOF. (a) By Lemma 10, Lemma 1.1, So[F] = P(F, F) + o= [ |F|*¥y, d = 4, with U (r) =
K(r) — > h<a 2]\\/(5) cos(rlogn). Since K(r) = log% + O(r=2) (Prop. 17.8.1) and the comb is
bounded by A, there are ¢,C > 0 with clog(2 + |r|) — C < Uu(r) < Clog(2 + |r|). The pole

term satisfies |P(F, F)| < 2||F||? [; eldu by Cauchy-Schwarz (window centred at 0), so it is a
I

bounded rank-two perturbation. Hence Sa + C'| - || is equivalent to the norm [ |F|?log(2 +
|7|), which is closed on D; (the support condition is preserved under L? limits). Compactness:
the unit ball B of Dy satisfies %Lﬂr|>R’F|2 < 1/log(2 + R), while F' = 1;,cgF" is Hilbert—

Schmidt on L?(I) (kernel 17(u)1,<pe™). So the embedding D; < L*(I) is a norm limit of
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compact maps, hence compact, and the resolvent is compact. (b) For ||F|| = 1 and G € Dy,
4|, (Sa[F + €G] — M| F +€G||*) = 2Re(Q(F, G) — A(F,G)); replacing G by i@ gives (17.3.1). The
distributional form follows from Q(F,G) = W=« F,G) for G € C°(R)(I°) and the decomposition
of Thm. 17.2.1. Taking G = F gives A = S4[F]. (c) is the min—max principle for S4. (d) The span
of eigenvectors with A\ < 0 is a maximal negative subspace, of dimension #{\; < 0}; finiteness
from (a). C°(R)(I°) is a form core: dilate towards the centre (continuous in the form norm,
since log(2 + |r/(1 — €)|) < log(2 + |r|) + log2 and dominated convergence) and then mollify; so
the negative index on CS°(R)(I°) equals that on Dy. (e) An interval of length A’ > A contains
one of length A, and S is translation invariant; min-max over a larger space can only decrease.
Any finite-dimensional negative subspace of C°(R) lies in some window, so sup k4 = k(Q) = N4
(Lemma 1(vi)). (f) is (e) with Lemma 1(iv). O

ANALOGY 17.3.2 (Jacobi-Morse: ghosts are conjugate points; [ANALOGY] with a precise half).
In classical mechanics, the second variation of the action along a trajectory on [0,7] with fixed
ends is a Jacobi operator; its number of negative eigenvalues (Morse index) equals the number of
conjugate points in (0,7") and is non-decreasing in 7' (Morse index theorem, [104, Thm. 15.1]).
For the oscillator —% — w? with Dirichlet ends the index is |wT/m|. Theorem 17.3.1 has exactly
this shape: Sy is a quadratic action on paths u — F'(u) with fixed (zero) data outside the window,
its Morse index is k 4, and it is non-decreasing in the “time length” A. Define the conjugate lengths
w =inf{A : \;(A4) < 0}. Then [RH-EQUIV] RH <= A} = o0, i.e. Jacobi’s necessary condition
for a minimum holds for every window. Unconditionally A7 > log3 (Lemma 10), and under
Lemma 12’s hypotheses an off-line zero forces A7 < Ay. The precise half is Thm. 17.3.1(c)—(e);
the identification with conjugate points of a classical trajectory is an analogy, because Sy is
non-local and there is no underlying point-particle Lagrangian. The finiteness of k4 comes from
K — 400, the analogue of the strengthened Legendre condition.

TABLE 17.2. [NUM]| Stationary values of S4 (Lemma 11’s exact geometric-side
Galerkin, 240 Legendre modes; num/lemmall_eigs240. json). Lower bounds for
A < log3 are certified in Lemma 10 [cA]. Right: first conjugate length A in
Lemma 11’s  ghost model (zero -~ moved to % + 0 4+ i

num/lemmall_ghost_table.json).

A )\ (even) A2 (even) A1 (odd) ghost A} even Af odd

log2 1.33-1073 0.661 7.31-1072 1,0 =04 0.80 1.00
1 933-1007 1.80-1072 1.94-107* ~1, § = 0.01 1.20 1.30
log3 5.53-107% 1.46-107% 1.49-107° v,6=10"%  1.80 1.80
1.6 1.64-107'7 831-107'2 1.55-107% 44, 6=04 1.30 1.30
2 5.76-10730 2.11-1072% 1.45.1072¢  ~,, 6 =0.01 1.50 1.60
2.6 7.86-1072 4.18-107% 7.57-107% 44, 6=10"%  2.00 2.10

A1(A) is non-increasing on the whole grid (20 windows). The ghost columns are grid resolution
(AA =~ 0.1); they are the “conjugate points” of a hypothetical zeta with one off-line pair, not statements
about (.

17.4. Noether: scaling symmetry and its charge

PROPOSITION 17.4.1 (Noether charge; [THM]). (a) S[TIF] = S[F]| (Lemma 1(ii)). In-
finitesimally, Dg. = i% is Q-symmetric: Q(DsF,G) = Q(F,DsG) for F,G € C(R).

(b) The Noether charge of the scaling symmetry is the quadratic form E[F| :=
Q(DgF,F). It is real, conserved (E[T;F] = €E[F]), and has the spectral form
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E[F] = 2, mp o F () F(p). It is computable from primes alone via Thm. 17.2.1 with
(F,G) — (DsF, F).

(c) Under RH, E[F] =}, m,,|F(7,)[%, and the generator of the unitary realization is
multiplication by v, with simple pure point spectrum {v,} (Lemma 1(v)): the charge
spectrum is the set of zero ordinates. For real F, E[F] = 0 (the £ contributions
cancel).

PRrROOF. (a) Differentiate Q(T3F, T;G) = Q(F,G) at t = 0: Q(F',G) + Q(F,G’) = 0; with
Dsc = 90 and antilinearity in the second slot this is Q(Dg.F,G) = Q(F,DsG). (b) Reality from
(a) and Hermitian symmetry; conservation from [Dg, 7] = 0 and invariance; the spectral form
from [/);ﬁ(z) = 2F(2). (c) Lemma 1(v). O

PROPOSITION 17.4.2 (ghosts as complex charges; Krein/Pontryagin picture; [THM]). Assume
N, < co. On the model space K = (*(Z5,m) @ Dpcz, C? with Krein form [z,y] = Yz mzj +

Yz, my(x192 + x291), the map JF = ((F(7))z,, (F(7,), F(3,))z.) satisfies [JF,JG] = Q(F,G)
and JDs. = AJ with A = diag(y). A is [-,-]-self-adjoint; its non-real eigenvalues are the pairs
Yo:Yp (p € Z4); each eigenvector of a non-real eigenvalue is neutral ([e,e] = 0); the root spaces
of v, and 7, are dually paired and span a hyperbolic plane. The number of non-real eigenvalues in

the lower half-plane is Ny = k(Q), which saturates Pontryagin’s bound for self-adjoint operators
in 10, [125, 74)].

PrOOF. [JF,JG| = Q(F,G) is Lemma 1 eq. (split). If Ae = pe with p ¢ R, then ule,e] =

[Ae, e] = [e,Ae] = pi[e, €], so [e,e] = 0. The rest is read off from the block form and Lemma 1(vi).
([l

Reading. A ghost is not a negative-energy real mode; it is a pair of complex conjugate charges
with zero norm, whose amplitudes grow and decay like et (B—3)u (Lemma 1(iii)). Numerics [NUM]:
for F' = e*“2/0'726*i90“, prime side and 1000-zero side of £ agree to 12 digits: gg = 71: € =
31.97199686, £/S = 14.134725 (the charge of a field localized at 7 is y1); go = 30: 67.84840778,
ratio 30.54; go = 49.77: 150.9692943, ratio 49.41.

17.5. Legendre transform, Ostrogradsky, and where ghosts come from

S is non-local in u (the interaction couples u and u £ k log p, and K(D) is a pseudodifferential
operator of order 01). There is no finite-dimensional Legendre transform. We compare instead
with the two classical sources of indefinite metrics.

THEOREM 17.5.1 (Ostrogradsky [116, 162]; [CITED], short proof). Let L(q,4,...,q™)), N >
2, be nondegenerate (92L/d(¢q™N)2 # 0). With Q, = ¢*~V and P, = E;-V:k(—%)j*k%, the
Hamiltonian is H = PyQa + --- + Py_1Qn + Py A(Q, Px) — L(Q, A), where ¢N) = A(Q, Py).
It is linear in P;, hence unbounded below and above on phase space.

ProOOF. Nondegeneracy lets one solve Py = 0L/ g™ for ¢, Py appears only in PQs. [

PROPOSITION 17.5.2 (Krein weight of a mode = K'(w); [THM]). Let K be a real poly-

nomial and Slq] = [qK(i0;)qdt for complex q.  The bilinear concomitant B defined
by @K (i0)g1 — K(i0)gaqn = %B(ql,qg) is conserved on solutions, and on exponentials
B(em Wt ety = imﬁ%ﬁ{(“)e*i(‘“*“)t. Hence, if K has simple real roots wj, the conserved
Hermitian form —iB on solutions ¢ = 3 Aje” it is >, K'(w;)| 4%, and the time-translation
Hamiltonian is 3 w; K'(wj)|Aj%. In particular, for even K with positive roots wy < --+ < wy

and positive leading coefficient, the signs of K'(wj) alternate, and exactly | N/2] positive-frequency
modes carry negative enerqy (Pais—Uhlenbeck [118]; N = 2: one ghost).
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PROOF. B is bilinear in (qi,¢2) and polynomial in derivatives, so B(e ™! e~#) =
b(w, p)e~ @M with b polynomial. The defining identity gives (K (w) — K () = —i(w — p)b(w, 1)
as polynomials, so b is i times the divided difference; on the diagonal b = iK’(w), and off the
diagonal at two roots b = 0. The Hamiltonian generating ¢(t) — ¢(t + s) for the Krein structure
—iB is [Qq,q] with Q = diag(w;) (the same structure as Prop. 17.4.1); that it coincides with
Ostrogradsky’s H is the standard identification of the Ostrogradsky symplectic form with the
concomitant [162]. Sign alternation: K’ changes sign between consecutive simple roots. O

Check [NUM], sympy: for the real PU Lagrangian £[§? — (w? +w3)¢? +wiw3¢?] and ¢ = Acoswit+
B coswst, Ostrogradsky’s H equals £ (w? —w3)(wf A% —w3 B?), which is exactly % Dot wK'(w)]al?.
So for w1 < wy the slow mode is the ghost.

THEOREM 17.5.3 (the Weil action has no Ostrogradsky ghosts; its ghosts are complex pairs;
[THM]). Put Z(z) = &(5 +iz), real on R, with zeros .

(a) (Weil weights are residues of Z'/Z.) The mode weights of S are m, = Res,, Z'/E > 1,
unconditionally. Thus no real-frequency mode has negative norm, and indefiniteness
arises only from the non-real y,, as hyperbolic planes (Lemma 1(vi)): k(S) = Ny.

(b) (The naive dispersion Lagrangian is ghost-ridden.) For the infinite-order “Lagrangian’
qZ(i0;)q, whose on-shell modes are e~ Prop. 17.5.2’s weights are Z/(7,). At consecu-
tive simple real zeros with no real zero between them these have opposite signs (uncondi-
tional). So that Lagrangian has infinitely many Ostrogradsky ghosts; the explicit-formula
action is its logarithmic derivative, which has none at real frequencies.

(¢) [RH-EQUIV] RH <= —E'/E is holomorphic in Imz > 0 <= —E'/=Z is a Herglotz
(Nevanlinna) function there (maps Im z > 0 into Imw > 0). This is the arithmetic form
of the positivity of a propagator’s spectral measure; it is equivalent to Lagarias’s criterion
Re%(s) >0 on Res > 1 [87, Thm. 1.1].

A

PROOF. (a) Z//= has simple poles at the zeros with residues the multiplicities; Lemma 1’s
form puts weight m, on the pair (v,,7,). (b) The computation of Prop. 17.5.2 is valid on finite
sums of exponentials for any entire K, since K (i0)e ! = K (w)e~™*. = is real on R and changes
sign at a simple real zero, so =’ alternates between consecutive ones. (¢) By Hadamard, Z(z) =
=2(0)I1,(1 - 22 /4?) (product over pairs 4+, absolutely convergent), so Z'/Z(z) = > pMp/ (2 =)

summed symmetrically. Under RH every v is real and Im Ziv = zh_nj'z < 0 for Imz > 0,

so —='/E is Herglotz. If RH fails, some 7, lies in Imz > 0 and is a pole. With s = % + iz,
Imz >0 < Res< %, and the functional equation turns this into Lagarias’s half-plane. ]

TABLE 17.3. Two sources of indefinite metric.

Higher-derivative / non-local field Weil action S
theory (PU [118], Stelle [143,
142], Ostrogradsky [116, 162])

mode frequencies real roots of K (stable case) vp; real iff RH

mode weights K'(wj), alternating signs m, > 1, always positive [THM]

ghost type real frequency, negative complex pair, zero-norm eigenvec-
norm/energy tors, hyperbolic plane

count [N/2] (PU); massive spin-2 N; [RH-EQUIV]
(Stelle)

non-local limit infinitely many ghosts unless 1/K Z(40): infinitely many; =’ /Z: none
entire-free [49] on R

Numerics [NUM]: signZ/(y,) = (—=1)" for n =1,...,20.
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17.6. L-III: the point-particle level

PROPOSITION 17.6.1 (recap of Definition 5; [THM]). (i) The primes are exactly the primitive
closed orbits of the scaling flow on Y = A@/(@XZX), of length logp, and orbit closure is the
product formula (Definition 5, Lemma 1.3). (i) In M, the T-periodic Hamiltonian orbits are
exactly the critical points of Ar, and ezist iff T € (logp)N; on He = E the Maupertuis action is
So = Emlogp and 0Sy/0FE = mlogp (Definition 5, Prop. 2.4). (iii) With monodromy M,, =

logp __ log p (1
P2 = Tdet(Mm—D)[/

has Gutzwiller form [62] up to the factor (1 — p~™), and with the opposite sign (Definition 5,
Prop. 2.5).

What is and is not a classical Lagrangian system. Is: each M), (a symplectic manifold,
a Hamiltonian, a Hamilton principle; [THM]); the disjoint union ||, M) has length spectrum
{mlogp}. Is not: Y is not Hausdorfl (Definition 5, Lemma 1.3(e)), so it carries no smooth
structure and no classical action; in M, the return map is the identity (the orbits form a degenerate
family, not isolated hyperbolic orbits), so Gutzwiller’s isolated-orbit formula does not apply to
M, itself; and no known classical system has a trace formula that derives the explicit formula.
Connes’s global trace formula would supply such a derivation and is equivalent to RH [35] [RH-
EQUIV].

diag(p™,p~™) in the covering chart, —p~™): the explicit-formula weight

17.7. The function-field model: a provably non-negative Lagrangian

Let X/IFq have genus g, £ = log ¢, Frobenius eigenvalues o, 8; = ai/\/q, ¢n = 3_; B (c—n =Ty
unconditionally, since {;} is stable under 8 — § and 5+ 1/8), N,, = #X (Fgn).

PROPOSITION 17.7.1 (Toeplitz Lagrangian; [THM|). For F supported in a window, with fibre
vectors v(x) = (F'(x 4 jl));, x € [0,),

¢
Sx|[F] :Z/o ka(w) cji—kvj(x)dx
ik

=/ Z 2 cosh (%) H (nf)
nez

pole

— 03" Nipa "P2H(ne) + (29 —2) L H(0).

—_———
nz0 local=—x(X){|| F|2
orbits
The orbit weights are 3 geq |5 deg(x) € - ¢ ™2 = Y logN(z) N(x)~*/2 over closed points = with

kdegx = n: the exact analogue of A(n)nil/Q. The genus enters as a constant mass term —yx¥,

where ¢ has the growing kinetic symbol K (Lemma 15: £(0)/a3 = 2 — 2geft, gt — 00).

(a) [CITED] By Weil’s theorem (|5;| = 1), ¢, is a positive-definite sequence, every Toeplitz
block is PSD, and Sx > 0 on every window. The structural reason is the Hodge in-
dex theorem on X x X (Lemma 14(d)) or, equivalently, Rosati positivity: Sx[F] =
Kfoé Tr(&,€0)dv (Definition 5, Thm. 4.1).

(b) [THM] The Toeplitz form has rank < 2g; the window margin is Amin(Ty) and is exactly
0 forn > 2g (Lemma 12, Prop. 6.2). So the minimal action is > 0 for all windows, with
exact zero modes.

PROOF. Lemma 12’s Poisson-summation identity Qx(F) = £, cp,H(nl), and H(n/)
f(f Sk Vkn k. SPlit ¢, = ¢I™/2 4 ¢7I7/2 — N‘n‘q*|”|/2 for n # 0 (from N, = ¢"+1 - a"
and cp =29 =2+ (29 — 2).

0=
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Check [NUM]: E/F5 (P(T) =1+ 3T + 5T?), random complex fibre vectors, n = 2,3,6: Toeplitz
value = pole + orbit + local to 12 digits; Amin(72) = 0.658, Apin(7,) =0 (to 10~ 15) forn>3=
29 + 1.

17.8. Scale-free remark: logarithmic kinetic operator; scale vs description

PROPOSITION 17.8.1 ([THM]). (a) K(r) = loglh — -1, 1+ O(r=%). Numerically K(r) —
log &~ = —4.17 - 1074, —-4.17 - 1076, -4.17 - 10 8 at r = 10,100,1000 [NUM]. Hence

K(D) = %LA — log 2w 4+ R with R bounded, where L is the logarithmic Laplacian of
Chen—Weth [20] (symbol 21og |C|; in dimension one its off-diagonal kernel is —1/|u—wv|).
Consistently, koo(u) = ﬁ + 14+ 0(ul) near 0, and koo decays like e~ 14I/2,

(b) (Scale covariance up to a constant.) Under the dilation of the log-scale variable Fy(u) =
AY2F(u/N) (that is © — 2*), (Fy,log|D|F\) = (F,log|D|F) —log \||F||?>. Among
measurable even symbols k, “k(Ar) — k(r) independent of r for all X\ > 07 holds iff
k = alog|r| + b (Cauchy’s equation). So log|D| is the unique kinetic operator that is
scale-covariant up to an additive mass term. The full S is not covariant under u — Au:
its covariance group in Diff (R) is exactly uw — +u + b (Definition 5, Thm. 3.1), because
the orbit lengths logp and the pole exponents /2 are rigid.

(c) (Change of scale vs. change of description: one local formula.) For v < oo let W, (H) =

1/2
Jox H(log |zl, )|‘1 |”x| d*z, reqularized at x = 1, with d*x normalized by f1<|x‘ ad'w ~

logA. For v = p the shells |z|, = p~*, k # 0, give exactly logpp~ |k|/2H(iklogp) the
interaction. For v = oo, summing x > 0 and z < 0 gives the kernel (72|51nh(u/2)\ +

m) = koo(u) of (17.2.2): the kinetic term. So & = P — >

Weil’s local form of the explicit formula [157] as used by Connes [35] (the regularization
constants at x = 1 are taken from there; our two kernel computations are elementary
and checked numerically).

v<oo W85 this is

PROOF. (a) Stirling: ¢(2) = logz — & ﬁ +O(27*) with z = 1 + % take real parts. The
difference symbol is O(r~2), integrable, so R has a bounded continuous kernel. The expansion of
koo is a Taylor expansion. (b) Fy(r) = AY2F(\r); substitute. For the uniqueness, k(e®) =: h(s)
satisfies h(s +t) — h(s) = ¢(t), so ¢ is additive and measurable, hence linear. (c) |1 —z|, =1 for

|z|, < 1, = |z|p for |z|, > 1, and VOI(ZX) log p under the stated normalization; at co, x = +e,
d*z = du/2 on each half-line, and |13F u| gives the two terms; joir— + Toops = 55op9s = Tt
with a = u/2. O

Dictionary (precise). The archimedean place (change of scale) enters as a continuous, almost-
local operator with singular support {0}; each prime (change of description) enters as translations
by logp”, i.e. jumps supported on the value group log|Q1§| = Zlogp. The product formula
log |qlec = =2, loglqlp for q € QX says the translation Tj,gq seen archimedeanly equals the
composite of p-adic shifts, which is why only Tioe 4, ¢ € Q>0, appear in the interaction. Calling
the archimedean term “kinetic” and the p-adic ones “interaction” is our naming; the mathematics
is the identity S = P—>_, Wy, in which all places enter by one formula. The RG reading (“unitary
at every cutoff”) remains [ANALOGY].
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17.9. Transmission-line form (Heaviside)

PROPOSITION 17.9.1 (telegrapher’s equation and Heaviside’s condition; [THM]). Let vy, =
LCvy + (RC + LG)v + RGv, L,C > 0. With p = RngCQG and v = e M,

(RC — LG)?

iLc
Hence the line is distortionless iff RC = LG (Heaviside 1887, The Electrician, reprinted in [66,
Vol. 11, Arts. 35 and 42]): then v = e " f(z — ct), ¢ = (LC) Y2, for arbitrary f; the dispersion
relation is k(w) = w/c +iR\/C/L, so every frequency has the same attenuation and the same
speed. If RC # LG the term %w (a Klein—-Gordon term of negative mass squared in
LCwy = wyy + kw) makes attenuation and speed frequency-dependent.

Wry = LC Wit —

PROOF. Direct substitution; verified symbolically (num/lemmal7_heaviside.out): the re-
duced equation, the travelling-wave solution at RC = LG, and k(w). O

THEOREM 17.9.2 (arithmetic distortionless condition; [THM], reformulation, [RH-EQUIV]). Let
E(u) = e "2(1p(e*) — e¥). In u = logx, each zero contributes —xf/p = —ePue™ /p: a wave of
frequency v and amplitude growth €%*. The following are equivalent:

(i) RH: every spectral component has the same exponent f = % (“no distortion”);
(ii) Y(x) = x + O(x'/?*%) for every e > 0;
(iii) E(u) = O (ef*) for every € > 0: the normalized signal has no exponentially growing
component.

Under RH, E(u) = O(u?) (von Koch [154]: ¢(z) = x + O(/zlog?x)), and E is almost periodic
in uw in a generalized (Besicovitch B?) sense, with Fourier series -2 e /p and a limiting
distribution (Wintner [161], who shows this property is in fact equivalent to RH; the general
framework with logarithmic densities is [131], §2). An off-line zero is a frequency with a different

attenuation: it adds eB=3) growth to E, which is exactly “distortion”.

PROOF. (i)=(ii): von Koch. (ii)=(i): —%(s) = 3% + 5 [{°(¢(z) — x)a~"dz for Res > 1,
and under (ii) the integral converges and is holomorphic on Re s > % + €, so ¢ has no zeros there.

(ii) <= (iii) is the substitution z = e". O

PROPOSITION 17.9.3 (the cusp is a distortionless line; [THM]). In Laz—Phillips’s wave equation
uy = Lu, L = y>?A + % on SLy(Z)\H ([91]; Lemma 7, Thm. 3.1, read in [92]), restrict to x-
independent data in the cusp and put r =logy, u = e"2W. Then

e /2 <y26§ + %)u = Wer, whereas e_r/2y28§u = Wy — 3W.

So the half-density substitution produces a mass term —iW of the same (negative-mass-squared)

sign and form as Heaviside’s %w, and the shift —&—i in L cancels it exactly, leaving the free

- 2
wave equation Wy = W in the cusp. This is an exact algebraic correspondence: % &~ i,

et er/?,
PROOF. y28§ =9? — 9, and (82 — 0,)(e"*W) = "2(W,, — 1W); checked symbolically. [

REMARK 17.9.4 (the “bounce from infinity”; [CITED] with an [ANALOGY] label on the Heav-
iside reading). An incoming wave y'~* travels up the cusp and returns as o(s)y®, with ¢(s) =

C*(2s — 1)/C*(2s) = ;—15(52(52;)1) (Lemma 7 normalization; the naive ratio {(2s — 1)/£(2s) is off

by %1) @ is unimodular on Res = % unconditionally (a lossless reflection). The zeros of ¢
appear as resonances: poles of ¢ at p/2, o(B") = {(p — 1)/2}, and Pavlov-Faddeev’s criterion
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Distortionless signal: after removing the common attenuation e”™{u/2}, the prime error term stays bounded (almost periodic)

0.5 1 A
0o C b ‘|1 TR ' ‘lu” H wlw\‘ "M
1” W IH H”\Ilw H”"”q’ y\
_05_
104
— e “?(y(e") - ') (primes, exact)
—— zero side, first 1000 zero pairs (all attenuation 1/2)
é l:l é é 1‘0 1‘2 1‘4
u = logx
FIGURE 17.1. [NUM] E(u) from primes (z < 105, black) and from the first 1000
zero pairs (blue, plus the trivial-zero and constant terms). Away from prime powers
the rms difference is 0.031; max,>g |E| = 0.69. A hypothetical zero 0.6 + 1000i
would add a component of size 8 - 1072 at u = 13.8, growing to 44 at u = 100
(num/lemmal7_heaviside.py).
RH <= limt¢t'In|Z,(B+4)~!| = —1 [120] [RH-EQUIV]. In Heaviside’s language: the cusp

line itself is distortionless (Prop. 17.9.3), and RH says every echo decays at the common rate %
(Lemma 7, Thm. 4.1(i): s(B”) = —1 iff RH). Unconditionally ||Z;|| = 1 for all ¢ > 0 (Volume 1,
Thm. 7.4.1(ii)): the norm sees no attenuation at all, which is why norm estimates cannot reach
RH (Lemma 7). The identification “resonance width = attenuation constant” is [ANALOGY]; the
mass-term cancellation is Prop. 17.9.3.

ProprosITION 17.9.5 (Caldirola—Kanai Lagrangian of the line; [THM]). The Euler—Lagrange
equation of Lo = 62’“ (LCvt — 02 RGUQ) is the telegrapher’s equation (checked symbolically);
this is the field verszon of the C’aldzmla —Kanai damped-oscillator Lagmngzan [18, 80]; Bateman’s

doubling (6] is the alternative variational treatment. With v = e *w, Lo becomes 2(L0wt —
w? + kw?) plus a total derivative, k = %.

ANALOGY 17.9.6 (the half-density as Caldirola—Kanai factor; [ANALOGY]). In TAA, f(z) =
z~12F(logz) (Lemma 1, §1) is the substitution that turns dilation into a unitary translation,
exactly as e turns the lossy line into a conservative one and e’/2 does in the cusp. After it,
L-I’s kinetic operator K(D) ~ log% is the “free line”; the half-density shift  is the common
attenuation; RH is “all components share it”. The precise content is Thm. 17.9.2 and Prop. 17.9.3;

the transmission-line reading adds no positivity.

17.9.1. Distortionless = Hodge index. Here the transmission-line picture is a theorem
rather than an analogy: for curves, “no distortion” is proved, and the proof is Cauchy—Schwarz
on the transverse part of a Lorentzian space.

PROPOSITION 17.9. 7 (CUI‘VGS' distortionless <= RH; [THM]). Let X/F, have genus g, N,, =

#X(Fgpn) =q"+1—=377, al". In the log-scale variable u = nlogq put B; = log|a;|/logq. Then
o = ePiteiin yith goz = arg oy the point count is a carrier ¢" + 1 = e" + 1 plus 2g waves of
attenuation exponents B;. The normalized signal e /2(N, —q" — 1) = — >oilai/\/qQ)" is bounded

(almost periodic in n) iff all B; < and the functional equation (o — q/a permutes the ;)

27
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makes this equivalent to: all §; = % So RH for X <= the line is distortionless, in the sense of
Thm. 17.9.2.

Proor. If some |o;| > /g, then Y, (3, )T" = >, 1f;TZ_T has radius of convergence
1/max |og| < ¢~ Y2, so |32, allg~™? is unbounded. The converse is clear. The lower bound

follows from {a;} = {q/ci}. O

THEOREM 17.9.8 (the distortionless bound is Cauchy—Schwarz on the transverse part; [THM],
classical). On X x X let H = X xpt, V =ptx X (H?=V? =0, H-V = 1), let A be the diagonal
and Ty, the graph of F™ (Lemma 14, §§(d), (9); Lemma 15, C x C' model). Then, numerically,

A:(H"’_V)"’_(Sv Fn:(H—f-an)—l-’}/n, 57'Yn—]—<H7V>a
02 =29,  A2=-29¢", No=TuA=q"+148 7, = —a""""3" " (real part).
——  —— -

carrier waves
(a) Carrier. (H +q"V)/q™? = e H +e™V up to the swap H < V; that is, the hyperbolic
part of Fn/q”/2 is the diagonal’s hyperbolic part H +V boosted by rapidity n, = 5 logq
(Lemma 14(g)). The carrier ¢ +1 = (H +¢"V) - (H +V) is the timelike inner product
of the boosted and unboosted carrier vectors; it equals 2¢"™/? cosh M-
(b) Hodge index = transverse spacelike. By Hodge index, (H,V )+ C NS(X)g is negative
definite [63, Thm. V.1.9] (Lemma 14, light-cone section). So 6,7, are spacelike.
¢) Cauchy-Schwarz = attenuation < 3. On a negative-definite space, |5 - yp| < \/02~2
2 n
V2g-2gq" = 2g q”/Q. So > al| < 2gq”/2 for all n, whence max 3; < % by Prop. 17.9.7.
d) Duality = attenuation > 3. Poincaré duality on H' (equivalently the functional equation
2

of Zx ) gives o+ q/a, so min 3; = 1 — max 3; > % Hence all 8; = %

In words: the carrier lives in the hyperbolic plane (H,V) and is boosted, the waves live in its
orthogonal complement, and the Cauchy—Schwarz inequality there is exactly the distortionless
bound.

PRrOOF. The intersection numbers I', - H = ¢*, T, - V=1, A-H=A-V =1, A>=2—-2g,
I =q"(2-2g), T Tn = ¢™"N,,_p are in Lemma 14, §(d), and Lemma 15, C' x C model. For
D = aH+bV +Dgone has D-V = a, D-H = b, which gives the decompositions; then §? = 2—2g—2,
Yo =q"(2-29)—2¢",and Ly - A = (H+q"V) - (H+V)+ 0, Y - Yn = " Nippn] — ¢ — ¢
(a) is a computation in the hyperbolic plane. (b)—(d) are as stated. This is Weil’s proof via
Castelnuovo—Severi, in the form of Lemma 14. O

THEOREM 17.9.9 (¢: distortion <= extra timelike direction; [THM], reformulation
[RH-EQUIV]). In L =P — S (Lemma 15), the pole plane P is the carrier: it is the smeared form
of the main term x of {(x) (the ﬁ(i%) terms of the explicit formula), it has signature (1,1),
and the scaling flow acts on it by boosts of rapidity t/2 (Lemma 15, Theorem “structure”). The
zero terms are the waves. The following are equivalent:

(i) a distorted wave exists: some zero has 3 > %, i.e. E(u) of Thm. 17.9.2 has an exponen-
tially growing component;
(i) Ny > 1;
(iii) the “transverse part” (—S on finite-dimensional spaces) has a timelike direction:
supy n4(Lly) =1+ Ny > 2.
More precisely, the number of extra timelike directions is N, the number of distorted waves
(Lemma 15, Theorem “Lorentzian index”; Lemma 1(vi)).

PROOF. (i) <= (ii) by definition of Ny and the symmetry p — 1 — p. (ii) <= (iii) is
Lemma 15, Theorem “Lorentzian index”. (i) <= growth of F' is Thm. 17.9.2. O
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TABLE 17.4. [NuM|/[cA] Carrier/wave split for the Lemma 3 curves
(num/lemmal7_hodge.out; exact integer arithmetic for N,, and N, agrees with
Lemma 3 for n < 4). CS ratio = |8 - y,|/(29¢"™/?) < 1. The last columns give the
inertia of the Gram matrix of {H,V,A,T'y,...,T's} and the largest eigenvalue of
the normalized transverse Gram (Y, - vn)/q™ /2,

n N,, carrier ¢" +1 wave d -7, CS ratio
E/F5,9g=1 1 9 6 3 0.671
(P=1+3T+5T?) 3 108 126 —18 0.805
4 675 626 49 0.980
10 9768627 9765626 3001 0.480
Cy/Fr7, g =2 1 11 8 3 0.283
(P=1+3T+4T%+21T% +49T*) 3 398 344 54 0.729
5 16541 16808 —267 0.515
0 282483289 282475250 8039 0.120
model all 8; inertia (ni,n_,ng) max eig. transverse
E/Fs % (1,3,7) 2.5-1071% (= 0)
Cy/Fr 5 (1,5,5) 7.7-10716 (= 0)
ghost model ¢ = 4, a/\/g € {4, 1} (Lemma 15; not a curve) 3, —1 (2,2,7) +7.0 - 10*
For the ghost model the CS ratio grows like 22"~ ! (524288 at n = 10) and (1/n)log, [0 - yn| = 3: a
distorted wave goes together with a timelike transverse direction (inertia ny = 2).

REMARK 17.9.10 (no new leverage; the missing ingredient). Theorem 17.9.9 is a reformulation:
each equivalence is Weil’s criterion in another coordinate system, and it gives no new handle on
RH. Comparing it with Thm. 17.9.8 shows exactly what is missing. For curves, “transverse is
spacelike” is proved geometrically by the Hodge index theorem on the surface X x X: it comes
from an ample class, a finite-dimensional NS(X)g containing A and every I',,, and Riemann—
Roch. For ( there is a carrier plane (the poles) and a Lorentzian form £, but there is no surface
“SpecZ x Spec Z” whose intersection form restricts to —S on the orthogonal complement of the
pole plane. With such a surface, negativity would follow from an ampleness/Riemann—Roch
argument, and Cauchy—Schwarz would then be the distortionless bound g < % The missing
ingredient is a geometric reason for transverse spacelikeness. 1t is the same gap as Lemma 14’s
Obstruction and the Hodge-index question of Definition 5; the transmission-line language names

it but does not supply it.

17.10. Confluence of the three actions

(a) Trace-formula identity [THM]. The explicit formula (Lemma 1(i)) equates L-I's spectral
sum ), m,H(v,) with pole + archimedean — L-ITT’s orbit sum > (pim) (e~ I2(H(0)+ H(—0)),
¢ =mlogp. It has the form of a Gutzwiller trace formula (periodic orbits <+ spectrum). Not
available: a derivation of it from a classical (or quantum) system whose periodic orbits are
L-IIl’s orbits. Connes’s framework would provide one, and its global positivity is equivalent
to RH.

(b) L-II is where both are evaluated [THM]. For supp F' in a window of length A, H is
supported in [—A, A], so exactly the orbits with klogp < A enter (Lemma 10, Lemma 1.1),
while the zeros enter through F (7), which can resolve ordinates up to Tyes ~ 2me” (Lemma 11).
A1(A) is the stationary value at which the finitely many orbits and the smeared zeros balance.
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Interference, literally [NuM|. (Fig. 17.2.) Zero-waves — prime staircase: o(x) = = —
p % — log2m — $log(1 — 272) (Riemann-von Mangoldt; [38, Ch. 17]); the waves z”/p
add constructively into jumps of size logp at @ = p* and cancel elsewhere. Max error on
[1.5,50] away from integers: 1.44 (100 zero pairs), 0.36 (1000). Prime-waves — zero peaks:
= <X %(1 — llggg;) cos(tlogn) peaks at the zero ordinates. For X = 10% and ¢ € [5, 60]
there are exactly 13 peaks for the 13 zeros, each within 0.018. For X = 10° every zero has
a peak within 0.006 (with a few low side-lobes as well). This is the dual reading of the same
identity (Remark 17.2.3).
Where they do not overlap. (1) The archimedean term has no orbit: it is a continuous
“change of scale” term, not a closed orbit of L-IIT (Prop. 17.8.1(c)). (2) The pole plane P
(Lemma 15) is a boundary term at v — £oo with no orbit and no zero. (3) Ghosts: stationary
points of L-IT with negative action (Thm. 17.3.1(d)) have no L-III counterpart; in L-I they are
complex-charge pairs (Prop. 17.4.2), invisible to any single orbit. (4) ) is not a manifold, so
L-III exists only prime by prime (M), never globally.

Zero-waves interfere into the prime staircase (constructive jumps at prime powers)

50 1 — ¢(x) (prime staircase)
explicit formula with first N=100 zero pairs

—— explicit formula with first N=1000 zero pairs
40 -
30 4
20 A
10 A

0
Q0 10 20 30 40 50
X
Prime-waves interfere into peaks at the zero ordinates (red dashed: y,)

301 prime-power wave sum, X=1000 (FeJer:type weight 1-log nli\og X)

—— prime-power wave sum, X=100000 (Fejer-type weight 1-log n/log X)
20 A

0] WMM\_ VA A AN AN A A

FIGure 17.2. [NuM] Top: ¢ (z) and the explicit formula with 100 and 1000 zero
pairs. Bottom: smoothed prime-power wave sums for X = 103,10%; red dashed
lines are . The large oscillation at small ¢ is the pole term
(num/lemmal7_interference.py).
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TABLE 17.5. Objects across the three levels.
object L-I (field, all w) L-IT (window A) L-IIT (orbits) shared?
prime power p* interaction Thp10gp iff klogp < A closed orbit, period yes [THM]
klogp
Z€ero p mode F(v,), charge resolved if |y| < Tes none (spectral side) L-I/L-II
Yo
archimedean place  kinetic K(D) same, windowed no orbit L-T/L-11
pole plane P rank 2, (1,1), boost rank 2 none no
weights ;‘;55 coupling constants  same Gutzwiller ampli- yes (sign
tude x (1 —p~=*) flipped)
ghost complex pair, N, Me(A) <0, ka none no
symmetry 7} exact; charge & broken by window flow on M), Y yes
Frobenius boost of rapidity - closing element yes
1logq (L15) (Def. 5)
manifold? field on R field on I M, yes; YV no —

17.11. Dictionary:

Lagrangian mechanics <> arithmetic action

Lagrangian mechanics arithmetic action status

time ¢ log-scale u = log x definition

path ¢(t) field F'(u) (half-density in x) definition

action Sq] S[F] = Q(F,F) [THM] (well-
defined)

kinetic term (F,K(D)F), K=20" =~ log % [THM]

potential / interaction -> ;057272 Re(F, Ti1og pF) [THM]

boundary term pole plane P [THM]

fixed endpoints, time interval support in a window of length A [THM]

0.7]

Hamilton’s principle (17.3.1), multiplier = on-shell action [THM]

Jacobi field / Morse index negative-action eigenvectors / k4 [THM]; Morse
[ANALOGY]

conjugate point A} RH <= A} =0 [RH-EQUIV]

Legendre condition K — 400 (finite index) [THM]

Noether  charge of ¢ E[F] = Q(DsF,F); spectrum {v,} [THM] (spectrum

translation under RH)

Ostrogradsky ghost absent: residues m, > 1 [THM]

complex-frequency ghost pair  off-line zero pair; count N [THM], [RH-
EQUIV]

propagator positivity —='/Z Herglotz [RH-EQUIV|

periodic orbit, Maupertuis ac- prime orbit in M, So = Emlogp [THM]

tion

Gutzwiller trace formula explicit formula (form only, sign flipped) [THM] (form);
derivation  not
available

distortionless line (RC = LG) all B, = 3 [RH-EQUIV];
reading
[ANALOGY]

distortionless bound (curves)  Cauchy—Schwarz on (H,V)* (Hodge index) [THM]

distorted wave (¢) extra timelike direction of £ [RH-EQUIV]
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Caldirola—Kanai e#t half-density z~'/2; cusp e"/? [THM] (cusp),
[ANALOGY]
curve over I, (model case) Toeplitz Lagrangian, mass —x/, Sx >0 [CITED] (Weil)

17.12. Obstruction

Every level is now a genuine variational object, and L-II is a genuine Hamilton principle with a
Morse index. But positivity, i.e. “the trivial path is a minimum for every window”, is not produced
by any of the three structures. The kinetic term is positive only in the ultraviolet (|r| > 6.29);
the pole and interaction terms are indefinite; L-III supplies the orbit sum with the Gutzwiller
form and the wrong sign, but no classical system whose quantization would make & a norm.
In the function-field case that missing ingredient is the Hodge index theorem/Rosati positivity,
which makes the Toeplitz Lagrangian a sum of squares; for ¢ the corresponding statement is Weil
positivity, which is RH. The windowed margin A\ (A) decays like g—2me? (Lemma 11), so no finite
computation reaches all A. The transmission-line picture moves the problem to “every echo has
width %” and does not remove it.

Outlook [HEUR|. J. W's view is that the confluence of the three actions (field, window, orbit),
with constructive interference at prime powers and at zero ordinates, is the underlying structure of
TAA. What this note establishes is narrower: the three actions are tied together by one identity
(the explicit formula), they agree on the prime-orbit data, and they disagree exactly on the
archimedean term, the pole plane and the ghosts. Whether a single structure realizes all three
with positivity is the open Hodge-index question of the Hodge-index question of Definition 5.

17.13. Open questions

(1) Should the volume adopt L-II (window action + norm constraint) as the definition of
“arithmetic action”, with L-I as its A — oo limit and L-III as its orbit content? It is
the only level where Hamilton’s principle, stationary values and the Morse index all hold
literally.

(2) The naming kinetic = archimedean, interaction = p-adic is forced by the signs but is not
unique (one could absorb the pole plane into the kinetic term). Which split do you want
in the text?

(3) Should Theorem 17.5.3 (“no Ostrogradsky ghosts; only complex pairs”) replace the
Nash/Stelle analogy of Lemma 1, Remark 1.47 It is sharper: Stelle’s ghost is a real-
frequency negative-norm mode, which the Weil action provably never has.
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Status summary

Statement Status Note

Thm 17.2.1 kinetic+interaction+pole; K = 26’;  [THM], [NUM] EF of Lemma 1; agreement
local kernel 10-16

Thm 17.3.1(a)—(e) window variational principle [THM] Kato, min—max

Thm 17.3.1(f), A} = o0 [RH-EQUIV] Weil criterion

Analogy 17.3.2 Morse index

Prop 17.4.1 Noether charge

Prop 17.4.2 complex charges, neutral vectors
Thm 17.5.1 Ostrogradsky

Prop 17.5.2 Krein weight K'(w), PU

Thm 17.5.3(a),(b)

Prop 17.6.1 L-III recap

Prop 17.7.1 Toeplitz Lagrangian, mass —x/

Prop 17.8.1 log-Laplacian, scale covariance, lo-
cal formula

Prop 17.9.1, 17.9.3, 17.9.5

Thm 17.9.2

Prop 17.9.7, Thm 17.9.8 (curves: distortionless
= Hodge index + CS)
Thm 17.9.9 (¢: distortion <= extra timelike)

Heaviside/resonance reading; half-density as
CK factor
Confluence (a),(b),(d)

Confluence (c), Figs.

ANALOGY] (pre-
cise half [THM])

[THM];  deriva-
tion from a
classical system
not available
[NUM|

spectrum {v} under RH
N+ < o0

Woodard 2015

sympy

(¢) [RH-EQUIV]
Definition 5

Weil, Rosati

Sympy
von Koch, Wintner

Weil; Lemma 14

no new leverage

Files. num/lemmal7_checks.py/.out/. json, num/lemmal?7_interference.py/.out,
num/lemmal7_heaviside.py/.out, num/lemmal7_hodge.py/.out,
img/lemmal7_interference.png, img/lemmal7_normalized_signal.png. Reused:
num/zeros1000.txt, num/lemmall_eigs240. json, num/lemmall_ghost_table. json.



CHAPTER 18

Lemma 18: The o-window index k, 4:

exact decomposition, the ©-equivalence, unconditional windows, and how o-detection length
scales
Standalone note lemmal8.tex, October 21, 2026.

Summary. K, 4 is the negative index of Lemma 9’s damped Weil form

Q,(F) = Q(e~("~2)lulHy) on functions supported in a window of length A;

Ki/2,4 = Ka. (1) Bxact structure (rigorous). For o ¢ {Re p},

Q, =W 4 Y Re p>0 Mpmy: the Lagarias form plus one rank-2 point form of
signature < (1,1) for each zero to the right of o, evaluated at z; = —i(p — o). Every
zero with Re p < o contributes a positive form. (2) Monotonicity (rigorous). The
window margin \,(A) is non-increasing in A and non-decreasing in o (a Cauchy
average of modulations). Hence ko 4 =0 = Ko/, a4» =0 for o’ > 0, A’ < A, and the
detection length Ad° is non-decreasing in . The count k,, 4 is not monotone in o: in
a ghost model it is > 6 at ¢ = 0.52 but < 2 at o = %. (3) The O-equivalence
(rigorous). ks a = 0 for all A iff no zero has Rep > 0. Thus

© = min{o : ks 4 = 0 VA}, which is Lemma 9’s “RG in 0” made exact. At o = § this
is RH; for % < o < 1 it is the quasi-Riemann hypothesis © < ¢, open for every such o.
(4) Unconditional, explicit. (a) For ¢ > 1 and every A:

Ao(A) > mqy =24~ —logdr =0.0461914. .., and my is ezactly inf; wy(t) (convexity
on |t| < 13.5, Arb on [13.5,5000], explicit N(T') beyond). (b) For every ¢ > § and

A <1.6: \y(A) >9.2792- 1078 (from Lemma 16 by (2)). (c) For every A there is an
explicit 0, (A4) < 1 with £, 4 = 0 on [0.(A),1], and 1 — 0,(A4) ~ 0.023/A4? (e.g.

0.(10) = 0.99977). No zero-free region or zero-density estimate can give “k, 4 = 0 for
all A” with o < 1, because that statement is equivalent to © < o. (5) How
o-detection length scales (numerical, ghost injection). At fixed abscissa the detection
length of a ghost of displacement ¢ = 8 — ¢ grows with local exponent

p = —dlog A%t /dlog e falling from 0.85 to 0.60 as ¢ goes from 0.2 to 0.009 (¢ = 0.7).
It obeys Adet|S|/27 € [0.24,0.87], where |S| is the measure of {w, < 0}, and the
counts follow the Landau—Pollak law k., 4 = A|S|/27. The guess A4 ~ ¢/(8 — o) of
Lemma 11 (and of the ranking item) is not what happens at fixed . The data point
to Adet < \/b/i@’ with b the local background; a rigorous lower bound with exponent %
holds.

18.1. Setting

Notation follows Lemmas 1, 9-12. For F,G € C°(R) put Hr(u) = [ F(y +v)G(y)dy,
Hp = Hpp, F(z) = [ Fw)edu, |F|? = [ |F2 = & [ |F2, and 7, = —i(p— 1). Zeros are
counted with multiplicity m,, © =supRep, and c =c, =0 — % > 0.

DEeFINITION 18.1.1. For o > % let G, = e*C‘“|HF7G and

Q,(F,G) := Zmpé;(’yp) (Lemma 9; Q; /5 = Q).
p

33



34 ARITHMETIC UNITARITY II

Let D4 be the real F' € C2° supported in an interval of length A. Then
Kg,A =sup{dimV : V C D4, Q, <0on V\ 0}, \s(A) := inforpep, Qo (F)/||F|?* and
Adet . — mf{A Ko A > 1}. The Lagarlas form is W) (F) = 5 [ |F[*w, with

we(t) = 2Re & (U+Zt) >, mp2Re o= U+Zt 5 [39, Ch. 12], [87]. Finally Ni(0) = #{p: Rep > c}.
Ki/2,4 = KA, and Apj9(A) = A* (e4) is Lemma 10’s margin. G, is Lipschitz, compactly
supported, and smooth off u = 0, so two integrations by parts on each half-line give

|Go(2)| < C(1+|2])2 for [Imz| < 3. The series therefore converges absolutely, as in Lemma 1,
Def. 1.3. Q, is Hermitian and Tj-invariant (Hp,p = Hp). For complex F,

Q,(F) = Q,(Re F) + Q,(Im F): the cross term of Hp is i times an odd function, e~¢*l is even,
and the zero set is symmetric under v — —v. So indices and margins may be computed on
complex functions; this is the complexification, which preserves inertia.

18.2. Exact structure

THEOREM 18.2.1 (o-decomposition; rigorous). Let o > % with o # Rep for all p, and F € C°.
Then, with absolutely convergent sums,

Qo (F) =WNF)+ 3 m,nf(F),  w5(F)=F(2)F(2)+F(2)F(z), z=2]:=—i(p—o0).

Each ©] is a Hermitian form of rank <2 and signature < (1,1).

PROOF. Group each zero p = £ + 8 +iyy (6 > 0) with p* =1 — p (once if § = 0). The pair’s
kernel is el (17U 4 ePor ) = 110U 2 cosh(Su)e Ul = eM0v (e0—e)lul 4 e=(OFolul)  For b > 0,
[ e~ tuleov Hp(u)du = > [ |ﬁ(t)|2mdt If 6 < ¢ (that is, Rep < o), both exponents are
Uﬂ.tip and 2Re —— Uﬂt o . If 6§ > ¢, write
efl"l = 2 cosh(eu) — e‘€|“| with e =6 — ¢ = Rep — 0. The term —e¢l*l gives the Lorentzian
= 2Re —+—. The term 2 cosh(cu)e?" gives Hp(yy — ic) + Hp(yo + ic), and

negative, and the two Lorentzians are 2 Re

S S
e2+(t—0)?
Hp(z) = F(2)F(Z) (Lemma 1, proof of (i)); note vy — ic = zg. Summing all Lorentzians gives

O'+Zt I

wy. Absolute convergence: Poisson smoothing of |F|2 at v is O((l +72)~1) uniformly for widths
in (0,1], and |Hp(z)| = O((1 4 |2[)~2) in the strip; both are summable against
S my(1++2)7! < oo. Signature: 2Re(ab) = 3(|a + b|*> — |a — b|?). O

COROLLARY 18.2.2 (index bookkeeping; rigorous). (a) If N1 (o) < oo, then

|Koa — f@?fA\ < N, (o) for every A. (b) If © < o, then Q, = W'?) >0 (Lemma 9, Prop. 4.1).
(¢) If Ny (o) < 00 and ws < 0 on a set of positive measure, then sup g ke 4 = 00. (d) If po is a
zero with By = Re pg > %, then wy(y0) — —o0 as o 1 Po. So every off-line zero produces a range
(Bo — m, Bo) of abscissae where (c) applies, provided N1 (o) < oo there.

PROOF. (a) Each m,m) adds or removes at most one negative square on any
finite-dimensional V. (c) Pick k disjoint intervals I; on which w, < —n < 0, and
Fj = e %p(z/R)/VR with tj € I; and p € C° fixed. As R — oo, |I3j|2 concentrates in ;.
Since @ is Schwartz and w} = O(log(2 + [t])), the W(?)-Gram matrix tends to a diagonal matrix
with entries < —7. Then m?fA > k for A > the support length, and (a) gives ko 4 > k — Ny (o).
(d) &'/¢ has a simple pole with residue m,, > 0 at po, aTﬁo — —o00; the remaining terms
are bounded near pg. O
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PROPOSITION 18.2.3 (prime side; rigorous). For % <o<l1l,real F €Dy anda=1-—o0,

QUQF):1/(6M“L+efgwaﬁdu)du——H}ﬂplogﬂ
-+;;/ﬂﬁ@n2Re¢(g+-Z)ﬁ-»}:2A@wnﬂ7ﬁﬂmgny

n<es

For o <1 the first term equals 2cc— + 5= [ |F|22Re (O’-'yl-it + #_Ht)dt, with cx = [ Fe*t™, At

o= % this is Lemma 10’s frequency form, with Lemma 10’s V4 and pole term.

PrOOF. Apply the explicit formula (Lemma 1, Thm. 2.1(i)) to G,. It holds for this
continuous, piecewise-smooth, compactly supported even function by mollification: both sides
are continuous under C-convergence with uniformly bounded [ |G”| away from 0, since the zero
side is absolutely convergent and the prime side finite. In the pole term,

[ Go2cosh¥ = [ Hp(e(=lul 4+ e=olul) In the primes, G, (logn) = n~°Hp(logn). In the
archimedean term, G, = P, = |F|? with the Cauchy kernel P,. Since Re ¢(f + %) is harmonic in
Rez > —1% and O(log |z|), its Poisson extension from Rez =0 to Rez = c is Re¢)(§ + %). The
last sentence uses el = 2 cosh(au) — e~ O

Checks (num/lemmal8_checks.py/json). (i) For an injected quadruple Sy = 0.75, 9 = 27.7 at
o = 0.62 and a complex window function, the four-term zero sum equals the Lorentzian part
plus 79 to 1.4 - 1074 the parts are —0.4606 and +6.7372. (ii) Prop. 18.2.3 against W(®)
computed from ¢'/¢ (mpmath), for a non-even F' on a window of length 1.5: the differences are
1.0-107°,4.5-1071°,1.7-107% at o = 0.6,0.75,0.9. Equality is expected by Thm. 18.2.1, since
no zeta zero below the verified height has 8 > o, and for a smooth window function the
influence of zeros beyond 3 - 10'? is negligible.

18.3. Monotonicity and the ©-equivalence
PROPOSITION 18.3.1 (rigorous). (a) kg a is non-decreasing in A, and A\;(A) is non-increasing in
A. (b) Foro' >0 > 1 and F € C,

S.

A o —o)/r
Q. (F) :/ Qs (MsF) du(s), MF(x) =" F(x), du= (,—2)/2d
R (c/ —0)2+s
Hence A\y/(A) > Ao (A). In particular kg4 =0 = kg a0 =0 for all o’ > o, A’ < A; At 4s
non-decreasing in o; and \y(A) > X*(e?) (Lemma 10’s margin). (c) o+ Ky is lower
semicontinuous; in particular K4 < liminf 11 Ko, A-
2

PROOF. (a) Do C Dy ﬂ)&ther with translation invariance (Lemma 16, Rem. 3.1). (b)
Hyr.r(u) = e Hp(u), so GYT(2) = 5?(2 +5). Also e~ (@' =olul = [eisuqy(s), so
55(2) = f@(z + s)du(s) by Fubini. Sum over p and interchange:
oMy [ ]C/J\U(’yp +5)|du(s) < CY,my(1+~2)"1 < oo, because the Cauchy average of (1 + |z[)~2
is O((1+ 2%)71). Since ||[MF| = ||F|| and MF has the same support, Q,/(F) > A\, (A)||F|?
(complex F' allowed, §1). (¢) Q,(F) is continuous in o for fixed F' (dominated convergence on

the zero side). A negative definite V' of finite dimension stays negative under small perturbation,
because its unit sphere is compact. ]

REMARK 18.3.2 (counts are not monotone in o). Averaging (b) preserves the margin, but a
Cauchy average of forms with < k negative squares can have more. Cor. 18.2.2(c,d) predicts that
SUp 4 Ko,4 = 00 just below every 8 > % (when N4 (o) < cc), while sup4 k4 = N4 (Lemma 1,
Thm. 2.1(vi)). Table 18.3 shows this in the ghost model: kg 52,80 > 6, whereas kgo < Nj = 2.
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THEOREM 18.3.3 (O-equivalence; rigorous). For o > % the following are equivalent: (a) no zero
has Rep > o; (b) kg4 =0 for all A; (¢) Qx(F) >0 for all F € C°. Consequently

O = min{o > % : Ko,a =0 for all A},

and the set in braces is the interval [©,00). At o = 3, (a) is RH [= RH] (Weil’s criterion
(157, 14]). For 3 <o <1, (a) is the quasi-Riemann hypothesis © < o [= © < o, open for every
o <1]. For o > 1, (a) holds (classically, f < 1 for every zero).

PROOF. (b)&(c): every F lies in some Dy. (a)=-(c): Lemma 9, Prop. 4.1, which needs only
o > f for all p. (c)=>(a), the argument of Lemma 1, Thm. 2.1(iii): let F,G € C¢° with
supp Hpg C [-R, R], and let t > R. Then Hr,pq(u) = Hpg(u —t) is supported in u > 0, where
—cul — o—cu H
e e~ . Hence

Q(THF,G) = eictL(t)a L(t) = Z apei%t’ ap = mpﬁ(')/p + ZC)@(’_Yp — ic), > lap| < oo
p

If Q, > 0, Cauchy-Schwarz and Tj-invariance give |Q, (TiF, G)|?> < Oy (F)Q,(G). Thus
|L(t)| < Ce, and Lemma 1, Lemma 3.2 (the Laplace lemma) gives a, = 0 whenever
Rep — % > ¢, i.e. Rep > 0. Given a zero pg with Re pg > o, choose F, G with

ﬁ('ypo +ic) £ 0+£G (%po — ic) (Lemma 1, Lemma 3.1). This is a contradiction. The minimum is
attained by (a)=(b) at 0 = ©, and the set is an up-interval by Prop. 18.3.1(b). O

Reading. Lemma 9 asked for an “RG in ¢” in which © is the first scale, coming down from o = 1,
at which a negative square appears. Thm. 18.3.3 is that statement, exactly and unconditionally
as an identity. Evaluating it is RH-hard: deciding whether © < 1 is already open.

18.4. Unconditional results with explicit constants

THEOREM 18.4.1 (¢ > 1; rigorous, computer-assisted).
infiep wi(t) = w1 (0) =2+ v — logdm = 0.046191417932. .. =: my. For every o > 1 and every A,

Ao(A) > my:=infw, > my, 50 Kga =0,
and limg—,00 A1(A) = my.

PROOF. For ¢ > 1> ©, Thm. 18.2.1 (or Lemma 9) gives Q, = W@ > m,||F||>. Each
Lorentzian in w, has width ¢ — Rep > 0, so w,» = Py/_, * w, (Poisson semigroup) and
My > My for o’ > o > 1. Value of my. (i) [t| < 13.5. Each term 2b/(b? + (t — v)?) of w; has
b € (0,1], and it is convex where |t — 7| > b/v/3. No zero has |y| < 14.13 [124, 114], so every
term is convex on [t| < 13.5. w; is even, hence minimal at 0, where
wy(0) = 2%’(1) =2+ —logdm. (i) 13.5 <t < 5000 (num/lemmal8_margin.py, Arb [78], 128
bits). We use w(t) > wi(te) — rsupy_¢ <, [wi], with w} enclosed from the order-2 Taylor series
of log £ evaluated on balls, and adaptive bisection. There were 498,650 evaluations and no
failure, and the minimum certified lower bound is 0.2242. (iii) ¢ > 5000. Every zero contributes

> m, from 5227@2 > ﬁ for the member of its pair with g > % Hence

wi (t) > %, and Trudgian’s explicit bound [151] (as in Lemma 12) gives at H = 10
the value g(t) = M=M= BRI with ¢(5000) > 0.05639." Also g’ > 0 on

[5000, 00), since % > 20'112+0'2t7_81{110g(t_H) there. All three ranges give > 0.0462 > m; outside

t = 0. The limit follows by concentrating F' at t = 0 (Lemma 11, Prop. 3.2). O

1[Vol. 2 editorial note] Trudgian’s 2014 bound is reported to be erroneous (Hasanalizade Shen-Wong).
Chapter 24 redoes this step with the corrected Reor: g(5000) = 0.07167, and Theorem 18.4.1 stands. See Appen-
dix A.
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THEOREM 18.4.2 (short windows, all o; rigorous, computer-assisted). For every o > %
Ao (A) >1.447-1078 for A <log3, > 3.5368 - 10712 for A <log4, and > 9.2792- 1078 for
A <1.6. Hence ks a =0 for all o > % and A < 1.6.

PROOF. Prop. 18.3.1(b) with Lemma 10, Thm. 3.1 and Lemma 16, Thm. 2.1. O

THEOREM 18.4.3 (every window: an explicit o-neighbourhood of 1; rigorous). For A > 0 and
%gagl,azl—a, put
E(0,A) = min<2[ea/%1 - A}, Ae® — 1)) 4 2=a) 524/() + D 2A(n)(n7 - nt).

o
n<ed

Then A\s(A) > mq — E(0,A). E is decreasing in o, and E(1,A) =0. Hence ko 4 =0 for
o € [0+(A),1], where E(c.(A),A) < my. Certified values (Arb, num/lemmal8_sigstar. json):

A |1 1.6 2 3 5 10 15
.(A) 0.99230 0.99477 0.99627 0.99794 0.99914 0.999774 0.999898
A*(1—o0.) | 0.0077 0.0134 0.0149 0.0185 0.0214  0.0226  0.0229

PROOF. Subtract Prop. 18.2.3 at 1 from the same formula at o, and use Q1 > m1| F|?
(Thm. 18.4.1). The —log terms cancel. Then use |Hp| < ||F||?, supp Hr C [-A4, A] and
[ |Hp| < A||F||? for the pole kernels e*l — 1 and e=l*l — ¢~ul. For the archimedean symbol,
|Re(§ + %) —Rew(3 + 4)| < 152¢4/(%), since [¢/(z + iy)| < ¢/(z); then apply Parseval. For
the finitely many primes, use |Hp(logn)| < ||F||>. Each term is decreasing in o. O

So the unconditional region where k, 4 = 01is {A < 1.6} U{o > 0.(A)}, with
1 — 04(A) ~ 0.023A72; the constant is = my /2, set by the pole and prime terms.

PROPOSITION 18.4.4 (what zero-free regions and zero density do and do not give). (a) For any
o <1 and every A, the statement “ko 4 =0 for all A and all ' > 07 is equivalent to © < o
(Thm. 18.3.8). It is not implied by any known result. The Mossinghoff-Trudgian—Yang region
B <1—1/(5.5586911og|v|) (7| > 2) [108] allows  — 1. Zero-density bounds, e.g. Ingham’s
(73] or Ny(o) N {|y| < T} < 7300-0)/13+0(1) (Guth-Maynard [61]), bound counts, while a single
zero with Re p > o already gives sup 4 ks, 4 > 1. (b) What [108, 124] do give: every zero with
Rep > o has |y| > max(e!/(>558691(1=0)) 3. 1012), Thm. 18.4.3 is consistent with this. A zero
with 3 > 0.(A) has displacement ¢ < 1 — 0,(A) ~ 0.023/A2, and its point form changes Q, on
D4 by O(cA?)||F||?. So Thm. 18.4.3 excludes nothing that is not already excluded. This is the
o-analogue of Lemma 12’s “vacuous today”.

18.5. How the o-detection length scales (ghost injection)

Model (as in Lemmas 11, 15): the true zeta zeros plus one quadruple By %+ ivg, 1 — 5o £ i, with
Yo € {27.72,100.07} mid-gap. By Thm. 18.2.1 the model form is W() (from ¢/¢, mpmath) plus
the ghost’s two Lorentzians plus its point forms. Basis: Fy,(x) = e=10%(1 — 22 /h?)2P,(x/h),

|z| < h, A=2h, n < N =max(14,0.7h + 12); transforms are exact via spherical Bessel
functions. Qutput: the number of negative generalized eigenvalues, which is a lower bound for
Kg,4 in the model, and Adet by geometric search and bisection. The computation is float64 and
not certified (num/lemmal8_core.py, lemmal8_ghost.py, lemmal8_ghost2.py,
lemmal8_analyze.py). Without the ghost no negative eigenvalue occurs in any run.

Findings. (1) Landau—Pollak count. Away from detection threshold, k. 4 tracks A|S|/27 to
within +1, where S = {w, < 0} near 7y (Table 18.3; e.g. 7 vs 6.1, 4 vs 3.7, 1 vs 1.2). This is the
quantitative form of Cor. 18.2.2(c) [89]. (2) Threshold. A3°t|S|/2x lies in [0.24,0.87] in all 59
detection runs, and increases slowly as € | 0 (Tables 18.1, 18.2). (3) Ezponent. At fixed o = 0.7
the local exponent p falls from 0.85 to 0.60 (yp = 27.72) and from 0.66 to 0.57 (o = 100.07). At
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TABLE 18.1. o-detection length A%t of one injected ghost quadruple (8 %+ 7o,
1—[Bo=+iv) at fixed abscissa o (fixed background), as e = fp—o | 0. |S| = measure
of {t : w,(t) < 0} near 7 (ghost Lorentzians included); b = w$(yo) +2/(c+ o —1)
is the local positive background; p = local slope —dlog A%®*/dloge. Numerical
(float64, modulated window basis, k > 1 found by bisection to +1%); source
num/lemmal8_ghost2. jsonl.
o Yo ‘ e A%t S| AYS|/2m p ‘ b Ai“m
0.7 27.72 0.2 4.8 0.652 0.50 3.49 1.15
0.7 27.72 0.14 6.5 0.526 0.55 0.85| 3.86 1.24
0.7 27.72 0.1 8.6 0.432 0.59 0.83| 4.16 1.34
0.7 27.72 0.07 11.4 0.353 0.64 0.78| 4.41 1.43
0.7 27.72 0.05 14.6 0.293 0.68 0.74| 4.60 1.52
0.7 27.72| 0.035 18.8 0.242 0.72 0.71| 4.75 1.62
0.7 27.72| 0.025 23.6 0.202 0.76 0.68| 4.86 1.70
0.7 27.72| 0.018 29.3 0.170 0.79 0.65| 4.94 1.77
0.7 27.72(0.0125 36.8 0.141 0.83 0.63| 5.00 1.84
0.7 27.72| 0.009 44.9 0.119 0.85 0.60| 5.05 1.90
0.7 100.07 0.2 6.7 0.549 0.58 3.97 1.50
0.7 100.07 0.14 8.4 0.464 0.62 0.64| 4.34 1.51
0.7 100.07 0.1 10.5 0.391 0.65 0.66| 4.64 1.54
0.7 100.07 0.07 13.3 0.325 0.69 0.67| 4.89 1.59
0.7 100.07 0.05 16.8 0.273 0.73 0.68| 5.08 1.66
0.7 100.07 | 0.035 21.1 0.227 0.76 0.65| 5.23 1.73
0.7 100.07 | 0.025 26.1 0.191 0.79 0.63| 5.34 1.79
0.7 100.07 | 0.018 32.0 0.162 0.82 0.62| 5.42 1.85
0.7 100.07 |0.0125 39.9 0.134 0.85 0.60| 5.49 1.90
0.7 100.07 | 0.009 48.2 0.114 0.87 0.57| 5.53 1.94
0.55 27.72 0.2 3.2 0.478 0.24 6.71 0.55
0.55 27.72 0.14 4.6 0.362 0.27 1.07| 8.37 0.60
0.55 27.72 0.1 6.8 0.280 0.30 1.12]10.04 0.68
0.55 27.72 0.07 10.1 0.217 0.35 1.12|11.80 0.78
0.55 27.72 0.05 14.3 0.173 0.39 1.04]|13.37 0.88
0.55 27.72| 0.035 20.6 0.137 0.45 1.01]|14.85 1.00
0.55 27.72| 0.025 28.5 0.112 0.51 0.97]|16.04 1.13
0.55 27.72| 0.018 38.2 0.092 0.56 0.8916.99 1.24
0.55 27.7210.0125 51.9 0.075 0.62 0.84|17.82 1.37
0.55 27.72| 0.009 67.1 0.063 0.67 0.78]18.39 1.48
TABLE 18.2. A% for fixed ghosts as ¢ 1 By (the background changes with o).
Entries Adet [A9eYS|/27]. Source num/lemmal8_ghost.jsonl.
ghost (Bo,70) \ € ‘ 0.2 0.14 0.1 0.07 0.05 0.035 0.025 0.018
(0.6, 27.72) — 851[0.26] 14.3 [0.39] 20.9 [0.50] 28.0 [0.59] 35.9 [0.65]
(0.75,27.72) 20024 60042 85 [0.53 11 41(0.62) 146 [0.68] 18.5[0.74] 23.0 [0.78] 28.2 [0.82]
(0.9,27.72) 4 8[0.50] 6.6 [0.60] 8.5[0.68] 10.9 [0.74] 13.4 [0.78] 16.7 [0.82] 20.3 [0.85] 24.5 [0.87]
(0.75,100.07) 5(0.39] 7.8 [0.50] 10.3 [0.59] 13.3 [0.67] 16.8 [0.73] 21.0 [0.78] 25.7 [0.81] 31.1 [0.84]

o = 0.55, where the partner Lorentzian of width o + Sy — 1 < 0.3 is itself narrow, p =~ 1 for
£ > 0.035, falling to 0.78 at € = 0.009. (4) Height. At o = 0.7 and equal ¢, A% is 7-40% larger
at 7o = 100.07 than at 27.72, consistent with a background growing like log 2
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TABLE 18.3. Negative index on the local (complex, modulated) basis for the ghost
(Bo,v0) = (0.75,27.72), a lower bound for K, 4 in the model, against the Landau-
Pollak count A|S|/2r. Without the ghost every entry is 0. At o = 1 the model
has k4 < Ny = 2 for all A (Lemma 1, Thm. 2.1(vi)). Source

num/lemmal8_ghost. jsonl.

o ‘0.52 0.55 0.6 0.65 0.68 0.7 0.72 0.73 0.74 0.745

K, A =20 2 2 2 1 1 1 0 0 0 0
AlS|/2m, A=20| 15 15 14 12 11 09 07 06 04 0.3
no ghost, A=20| 0 0 0 0O 0 0O O 0 0 0
K, A =80 6 7 6 5 4 4 3 2 1 1
AlS|/2m, A=80 | 62 6.1 57 50 43 3.7 30 24 17 1.2
no ghost, A=80| 0 0 0 0O 0 O 0 0 0 0

HEURISTIC 18.5.1 (two regimes; not proved). Let b be the local positive background at ~yy (zeta
part plus the partner’s 2/(c + 8 — 1)) and € = 3 — 0. The ghost Lorentzian —2¢/(¢? + 72) beats

bon |7| < \/2e/b—¢e?, so |S| = 2y/2¢/b for ¢ < 2/b. With (2) this gives

(dip regime, ¢ < 2/b) : Adet I e i, ¢~ 0.25-0.9.
|S] 2

For € 2 2/b there is no dip, and detection must come from the point form, at most one square
per ghost (Cor. 18.2.2(a)). In that regime Lemma 12’s two-bump argument transfers verbatim
with § — €, which gives the ¢/e law with ¢ =~ log(K logvp) (Prop. 18.5.3). For an actual zero
above 3-10'2, b > log 32 > 26, so the dip regime is only § — o < 0.07. The “c/(8 —0) as o T 37
guess of Lemma 11, §5 conflated the two regimes: as o 1 [ one enters the dip regime, where the
growth is < e71/2,

PROPOSITION 18.5.2 (invisibility, exponent %; rigorous for finitely many ghosts). Suppose the
zeros with Re p > o form finitely many quadruples q (displacements €4). Let w(ﬂeﬁ be w, with
each ghost Lorentzian —25(1/(62 + (t F v4)?) replaced by its negative (reflection of the ghost
across Res = o). Then for F € Dy

. e 8(coshesA —1
Q,(F) > (infuwl -3 ( - ))HFH?.
q q

fl refl

(o )

A < e Varccosh (14 em™?/8) ~ \/mrefl/(4e).

PROOF. In the proof of Thm. 18.2.1, efl*l = e~¢l“l 4 2sinh(e|u|). The first term produces

W) with the reflected weight, which is a sum of positive Lorentzians. For the second, since
|Hp| < ||F|?,

In particular, with m™" .= inf w a single ghost is invisible while

A F|*(coshegA — 1
‘/4cos(vqu) sinh(eq|u|)Hp (u) du‘ < 4HFH2/ sinh(gq|ul) du = BlLE (Coi %4 )
0

Prop. 18.5.2 has the exponent % of Heuristic 18.5.1, but its constant is far off. It uses the global
infimum of wi (~ 0.09(c — 1) at t ~ 0) and |Hp| < ||F||?. For 0 = 0.7, ¢ = 0.05 it gives

Adet > (0.3, against 14.6 observed. A localized version, with b in place of the global infimum,

would make the y/b/e lower bound rigorous. We did not do this.
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PROPOSITION 18.5.3 (Lemma 12’s two-bump identity at abscissa o; exact). With Lemma 12’s
0, ® =pxp, I, = [ pcosh(yu)du, F = e ""(p(u — co) — p(u+ o)) and co > r: the pair
0o, 1 — pg contributes exactly

—(26200513 +2e 20w 2 _ 2Ja), J, = / (el + e~ D (v)dv, e=fo—0, w=0+LF—1,

to Qs (F), which is —41%(cosh2cd — 1) at 0 = & (Lemma 12, Lemma 2.1). Every zero with
Rep < o contributes a value in [0, (Py—_g + Pyip_1) * 4513]

PROOF. The pair kernel is K = eslul eIl (proof of Thm. 18.2.1).
Hp = e 0%"(2® — O(- — 2¢p) — D(- + 2¢p)), and on supp ®(- — 2¢p) C (0,00) one has
K(v+2cy) = e20%e5? 4 7200w~ | with [eTVWd = I7. For Rep < o the kernel is a sum of
Poisson kernels, and ﬁ; = @(2 —2cos2¢yT) € [0, 4&3] O

A certified o-version of Lemma 12’s table additionally needs decay majorants for the
Poisson-smoothed ® (decay O(7~2) instead of O(7~2™)). This was not done.

18.6. Relation to x4, rigor status, obstruction

Relation to ka. K124 = KA, Ag(A) > M (e), Adet > Af?g, and k4 < lim inf@% Ko, A

(Prop. 18.3.1). At 0 = % the Lorentzians cancel (w;/, = 0 off the ordinates, since E(% +it) is
real), only point forms remain, and sup, k4 = N4. For o > % the dip appears, and the index
near a ghost becomes Landau—Pollak-extensive. The o-direction trades the hole problem of

o = % (Lemma 11: \* collapses like 6*2”2d) for a hole-free margin. Thm. 18.4.1 makes this exact
at 0 =1 (my for all A). The price is that zeros are seen only to the right of o.

Rigor status. Rigorous: Thm. 18.2.1, Cor. 18.2.2, Prop. 18.2.3, Prop. 18.3.1, Thm. 18.3.3,

Thm. 18.4.3, Prop. 18.5.2 (finitely many ghosts), Prop. 18.5.3. Rigorous and computer-assisted:
Thm. 18.4.1 (Arb), Thm. 18.4.2 (inherits Lemmas 10, 16), and the table in Thm. 18.4.3.
Numerical: §5 and the checks. Heuristic: Heuristic 18.5.1. RH-equivalent: Thm. 18.3.3 at

o= % Equivalent to the open quasi-RH © < ¢: Thm. 18.3.3 for % < 0 < 1, and Prop. 18.4.4(a).
Obstruction. The o-family gives a clean rigorous identity for © (Thm. 18.3.3) and clean
unconditional positivity in the corner {o > 0,(A)} U{A < 1.6}. The corner is thin because
every unconditional input is PNT-level: m at o = 1, perturbed by O((1 — ¢)A?). Moving it
requires positivity of O, on long windows at fixed ¢ < 1. By Thm. 18.3.3 that is a zero-free
half-plane statement in disguise, and Lemma 10’s method pays

logTi = Y, cca 2A(n)n™7 = %6(1*0)’4, doubly exponential in A for every o < 1 (polynomial
only at o = 1). The detection side is also unfavourable: ghosts above 3 - 1012 sit in a background
b > 26, so they are invisible until A > \/b/e in the dip regime or log(Kb)/c in the point regime.

QUESTION 18.6.1. (1) Is liminf. g A%°*\/c/b positive and finite (exponent exactly 1), and does
the threshold constant A%°t|S|/27 tend to 1?7 A localized Prop. 18.5.2 would settle the lower
half. (2) Does J.W. want the o-version of Lemma 12’s certified table (point regime, § — ¢)?
Cost: decay majorants for Poisson-smoothed &3, about a day. (3) TAA reading: should the
“o-RG” be read with o as an energy scale (index counts states below a scale), or as a damping
(Lax—Phillips e~“*)? Thm. 18.3.3 supports either reading. Remark 18.3.2 says the index count is
not an RG-monotone (“c-theorem”) quantity in o; only the margin is.



CHAPTER 19

Lemma 19: “The |a| term is halfway; it needs a ||al|.”

Trace bounds, Rosati norms, and shadow tomography
Standalone note lemmal9.tex, October 21, 2026.

Summary. J.W'’s slogan is made precise. For an elliptic curve the trace a = Tr F’
enters Hasse’s bound only through an inner product a = 2(1, F') for the
positive-definite degree form, with norm ||F||* = deg F = ¢. The bound |a| < 2,/7 is
the Cauchy-Schwarz inequality, and the full statement is that F/,/q is an isometry.
For g = 1 one trace bound is equivalent to the full statement. For g > 2 it is not: we
give an integer “coin” polynomial 1 — 2272 4 49T* over F; that passes the n = 1 Weil
bound and fails at n = 2, and a family that passes every n < N and fails later. The
bound for all n is equivalent to |o;| = /g (radius of convergence and duality); so does
positivity of the Rosati trace form, which geometry supplies all at once. On the ¢
side, one window A is one finite Toeplitz-type section, all windows together are Weil
positivity, and the needed object is a positive form making the
half-density-normalized scaling flow unitary. Its existence is equivalent to RH. §19.4
checks J. W’s volume/area sandwich (AM-GM on [] a; = ¢9 against Schur on

Trrm! = 2gq). It is a valid proof with a fixable gap: Schur must run on R[r] with the
Rosati form, not on V. Once fixed, the volume is redundant. Nothing here bears
on RH beyond reformulation.

Labels (as in Lemma 17): [THM] proved here or classical with proof; [CITED]; [NUM];

[ANALOGY]; [HEUR]; [RH-EQUIV]: equivalent to RH by Weil’s criterion, a reformulation.
Numerics: num/lemmal9_checks.py/.out/. json, num/lemmal9_volarea.py/.out,
num/lemmal9_tachyon.py/.out. References verified: 1it/lemmal9/verified_refs.md.

19.1. Elliptic curves: the trace is an inner product, the degree is the norm

Let E/F, be an elliptic curve with ¢g-Frobenius F', dual isogeny 6 and ¢ = [deg ¢]. The
Verschiebung is V = F, so FV =V F =g, and F + F = [a]| with a = ¢+ 1 — #E(F,).

PROPOSITION 19.1.1 (Rosati = dual isogeny; [CITED|+[THM]). (a) deg : End(E) = Z is a

(b)
(c)

(d)

positive-definite quadratic form [138, Cor. I11.6.3]. Its polarization (¢, 1) = %(QMZJF 1#5)
makes End(E) ® R a Buclidean space with ||¢||2 = deg ¢. The involution ¢ — ¢ is the
Rosati involution for the principal polarization.

|12 =1, |F|* =q, (1,F) = %, and deg(m — nF) = m? — amn + gn®. In particular
deg(1 — F7) = #E(Fqn).

(Hasse [65], [138, Thm. V.1.1].) Positivity of deg on Z* gives positivity on R?, hence
discriminant a®> — 4q < 0. Equivalently, Cauchy-Schwarz:

la] = 2[(L, F)| < 2||1[|[|F|| = 2,/7.

With o, & the roots of T? — aT +q, (a+@)? —4daa = (a —a)?; s0a® —4¢ <0 iff a ¢ R
ora=a, iff | =/q. OnZ[F]®@R =C, F/,/q is multiplication by el o= \/aew: an
isometry.

41
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PROOF. (b) deg(m — nF) = (m — nF)(m —nF)=m2 —mn(F + F) + n?FF. 1 — F is
separable with kernel F(F,), and likewise for F™. (c) A nonnegative binary form on Z? is
nonnegative on Q? by homogeneity and on R? by continuity. (d) Algebra. O

Reading of J. W.’s slogan [THM]|. |a| is a linear quantity, the inner product 2(1, F'); its bound
is “halfway”. The statement it comes from is quadratic: |F||> = deg F' = q together with

FF = q. That makes F'/,/q orthogonal, and Cauchy-Schwarz turns the norm into the trace
bound. For g =1 the two are equivalent: the multiset {«a, g/a} is closed under conjugation, and
if it is real then |a 4 ¢/a| > 2,/ with equality iff |a| = /g. So one shadow suffices in genus one.
This fails from g = 2 on (§19.2).

PROPOSITION 19.1.2 (the discriminant cone of Lemma 14; [THM]). Identify the degree form with
the point fr = (A, B,C) = (1, —a,q) in the space of real binary quadratic forms, with
discriminant D = B* — 4AC = B? — (A + C)% + (A — C)? of signature (2,1) (Lemma 14,
light-cone section, (d)). Then D(fr) = a* — 4q and the root 7, = (—B + /D) /2A is the
Frobenius eigenvalue o, with |74,|> = C/A = q. The three cases are:

position of fg D Frobenius/\/q on Z[F] @ R TAA name (Lemma 17)
inside the cone (definite form) <0 rotation by 0, o = \/(}eie elliptic = distortionless
on the cone (null ray) =0 «o==£,/q (supersingular, F' = £,/q) parabolic, boundary
outside the cone (indefinite) >0 boost, a/\/q = +eE", coshn = 2'\‘} hyperbolic = ghost

For a genuine curve the third row is excluded by Prop. 19.1.1(a), and the “4” in a® — 4q is the
4AC of the cone. Lemma 15°s ghost model (q =4, a/\/q € {4,%}, a =8.5, D = 56.25) sits
outside the cone.

PROOF. Direct substitution, together with Lemma 14’s identification of definite forms with
points of H via 7. In the hyperbolic case a, ¢/« are real and o/,/q = +et with

2coshn = |al/\/q. O

REMARK 19.1.3 (squaring map, Levi-Civita/Kustaanheimo—Stiefel; precise identity +
[ANALOGY]). Write a = 22 with |2|? = \/g (Lemma 13’s Levi-Civita map = = 22, r = |z| = |2|*%;
KS [86] in dimension four). Then a = 2Re 2%, a? — 4q = (22 — 2?)? = —4(Im 22)?, and Hasse
reads | Re 22| < |z|?. This identity is precise but trivial. It restates the norm condition |a| = /g
as “a is the square of a point on the circle of radius ¢%/4”; it does not prove it. The other “4”
(|dz/dz|? = 4r in Lemma 13) and the 4 of the discrlmmant both come from a degree-two map
(2 — 22, and the polarization identity (x + y)? — (x — y)? = 4xy). Identifying the two is an
analogy only: no statement about Frobenius follows from KS regularization.

Numerics [NUM]. E :y? =23 + o + 1 over F5: by brute force Ny =9, Ny = 27 (as in Lemma 3);
a=-3,D=-11,74, =a=—3+ YIL; |af? = 5 to 10712,

deg(l — F™) = N,, = 9,27,108,675, 3069 15552 (n < 6). m1n0<max(‘m‘y|n‘)§30 deg(m — nF) =
The Cauchy—Schwarz ratios \an]/2q”/2 are 0.671,0.100, 0.805,0.980, 0.510, 0.296.

19.2. Genus g: one trace bound is a shadow, the Rosati norm is the body

Let X/F, have genus g, Frobenius eigenvalues as, ..., asy (a multiset closed under o — & and,
by duality, o — ¢/a), and traces s, = > ;al' =¢" +1— N,

THEOREM 19.2.1 (Rosati positivity is the full statement; [CITED]). Let J be the Jacobian with
its principal polarization and Rosati involution t, and m the Frobenius endomorphism. Then
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B(¢,v) = Tr(ep' | ViJ) is positive definite on End(J) ® R [109, Ch. IV], [82, Thm. 6.0.14];
't = [q]; and consequently every |o;| = /q [82, Thm. 6.0.15], [158, 159]. On R[x],

Z Plai)¥(q/ei),  B(1,1) =29, B(r",n")=29q", B(1,7")= sy
PROOF OF THE DISPLAYED FORMULA. m! = g7~ !, and Tr on V} is the sum over the
eigenvalues of 7; >, ¢"/af = >, ' by duality. O

PROPOSITION 19.2.2 (trace bound = a 2 X 2 minor; [THM]). The Weil bound at level n,
|sn| < 29q™/2, is exactly positivity of the 2 x 2 Gram matriz of B on {1,7"}, i.e. the
Cauchy-Schwarz inequality |B(1,7")|? < B(1,1)B(x", 7).

THEOREM 19.2.3 (shadow vs. body; [THM]). Let M = {a, ...,z C C* be any multiset closed
under a — a and a — q/a, s, = > o, and define Byr on R[T] by the formula of Thm. 19.2.1.
(a) (All shadows = body.) If |s,| < Cq™? for alln > 1 (any C), then every |ai| < /4,
and by duality every |a;| = \/q.
(b) (The body is a single positivity.) By is positive semidefinite iff every |o;| = \/q.
(¢) (One shadow is not enough, g > 2.) For every N > 1 there is such an M with g = 2
satisfying |sn| < 4¢"2 for 1 < n < N and not unitary. E'xplicz'tly
M = /q{e" e, e" e~} with § = g and 0<n < 5 % arccosh(2 — cos6). For N =1
there is even an integer example (§19.2.1).

PROOF. (a) X1 snT™ = 32 1254, T By the bound the left side converges for |T| < ¢~'/2.
The right side is rational with poles exactly at the 1/a; (the residues —1/ca; - m; do not cancel,
since distinct poles stay distinct). So |1/a;| > ¢~'/2. Duality maps max |a| to ¢/ max ||, so
min |a;| > /g. (b) If all |o;| = /g, then g/a; = a; and Ba(¢, ¢) = X |¢(a;)|? > 0. Conversely
let || # ,/g. The conjugation-stable sets S = {a, a} and S’ = {q/a, q/a} are disjoint (¢/a = «
or ¢/a = a would force |a| = /q). Take ¢ € R[T] with p =10on S, » =—1on S and ¢ =0 on
M\ (SUS’) (real interpolation, possible since the data are conjugation-invariant). Every term
of Bar(o,¢) = 3, ¢(ai)p(q/ ;) is either 0 or (1)(—1), and at least one is the latter, so
Bar(¢, ¢) < 0. (c) M is closed under both involutions. s,/¢"™? = 2 coshnn + 2 cosnf. For
1<n<N,nbef,n—0] socosnf < cosf and 2coshnn + 2cosnb < 2(2 — cosf) + 2cos b = 4;
the lower bound > 0 > —4 is clear. M is not unitary since > 0, and by (a) the bound fails for
some n > N. U

19.2.1. The integer “coin”. Take ¢ =7, g =2 and
Peoin(T) = (1 — 6T + 7T?)(1 + 6T 4 7T?) = 1 — 2272 4 49T*. Tt satisfies the functional equation
(T*P(1/qT)q* = P(T)) and has integer coefficients. Its reciprocal roots are +(3 & 1/2), real,
with |a|/v/7 € {0.599,1.668}: two hyperbolic pairs, i.e. two “ghosts” in the sense of Prop. 19.1.2.
[NUM]|/[THM]:

n s, bound4-7"2 pass “N,’=7"4+1-s,
1 0 10.58  yes 8

2 44 28 no 6

3 0 74.08  yes 344

4 772 196 no 1630

The first failing level is n = 2. Gram matrices of B: on {1, 7}, (0 4% ), positive (the n =1 shadow
is round); on {1,72}, (4 b)), determinant —1152; on {1, 7, 72, 7°} the eigenvalues are

—39.22, —5.60, 205.6, 1439.2 (indefinite, as Thm. 19.2.3(b) requires). It is not the L-polynomial
of any curve: “Ny"=6 < 8 =“N;”, but X (F7) C X (F49). The trace test at n = 1 cannot see this.
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Coin family [NUM] (Thm. 19.2.3(c), ¢ arbitrary, n = 0.99x the maximum): passes all n < N,
and first fails at

N 1 2 5 10 20

first failing n 2 4 10 20 41
first non-PSD Toeplitz section Ty = (¢i—;)i j<k; Cn = sn/qV? k=3 4 4 4 5

The last row is worth noting [NUM]|. A single joint Toeplitz section of size k < 5, built only from
o, - .., Ck—1 (each of which passes its own trace test), already detects the coin. The individual
tests are the 2 x 2 minors {0,n} of these sections. For E/F5 and Cy/F7 every section Tk, k < 40,
is PSD, and B on {1,..., 72971} has eigenvalues {1,11} and {1.31,25.8,180.7,1392}. For Cy:
brute force gives N1 = 11, Ny = 49, matching Lemma 3.

REMARK 19.2.4 (shadow tomography: the eclipse; [ANALOGY] for the picture, [THM] for the
step). The picture (J. W.; cf. the “cosmic distance ladder” presentation of Tao with Sanderson
[145], used only as motivation). Aristotle inferred that the Earth is a sphere because every
lunar-eclipse shadow is a circular arc; one round shadow could have come from a coin seen
face-on. The dictionary. The “body” is the multiset M, the “shadow in direction n” is the
level-n trace test |c,| < ¢o (the {1, 7"} minor of B), and “round body” means |3;| = 1 for all i,
Bi = a;/\/q. The rigorous content [THM]:

(i) One shadow is a coin: Peoin passes n = 1 and first fails at n = 2; for every NN the coin
family passes n < N and fails later (Thm. 19.2.3(c)). In genus 1 one shadow suffices
(51).

(ii) All shadows give the sphere: |c,| < C for all n = max |f;| < 1 by the radius of
convergence of > s, T", and duality gives min|5;| > 1 (Thm. 19.2.3(a)).

(iii) Tomography, Carathéodory—Toeplitz: the sequence (¢p)nez (¢—n = ¢y, by the two
involutions) has every finite Toeplitz section T}, PSD iff ¢, = [ 2™ du for a positive
measure 4 on the unit circle (Carathéodory, Toeplitz, Herglotz; [59, Ch. 4]). For our
finite atomic ¢, = Y, B, such a representation gives |c,| < u(T) = ¢ for all n, hence
all |[3;| =1 by (ii). So “all sections PSD” is again the round body. For a curve, Weil’s
theorem gives this (Lemma 12, Prop. 6.2; Lemma 17, Prop. 7.1).

(iv) Geometry [CITED]: in R3, a convex body all of whose orthogonal projections onto
planes are discs is a ball. All the discs have the same radius (the width w(u) equals
2r(P) for every plane P 3 u, and any two directions lie in a common plane), so the
projections are congruent, and a convex body in R"*!, n > 2. with congruent
hyperplane projections is a ball ([105, Thm. 5.2]; see also [54]). In R? this fails
(constant-width curves). Aristotle’s eclipse shadows are central projections in a
restricted family of directions, so the historical inference is heuristic.
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19.3. Translation to (: one window is one section; all windows is the norm

PROPOSITION 19.3.1 (dictionary; [THM] for the function-field column).

curve X/F, ¢ (TAA)

one shadow 5| < 29¢™/?, one n —

one finite section T, =0 <= Qx >0ona Q > 0 on a window of length
window of length ké (Lemma A; only A(n) with n < e? enter
12, Prop. 6.2) (Lemma 10, Lemma 1.1)

all sections/windows Carathéodory—Toeplitz <=  Weil positivity [RH-EQUIV]
|5i\ =1

the norm (“body”) Rosati B, positive by geometry missing: Thm. 19.3.2
(ampleness)

/ -unitarity mrnt =g, 7/\/q isomelry =12 half-density: /\_1/2f(ac/)\)

unitary, i.e. Ty

Status of the window family: Q > 0 is certified for windows A < 1.6 (Lemma 10 for A <log3;
Lemma 16 for A < 1.6, where only n = 2,3,4 are active). These are finitely many shadows, i.e.
finite sections. The certification cost grows doubly exponentially in A (Lemma 16), and
Lemma 12’s detection lengths for an off-line zero are Ag > 9.36, so no finite stock of windows
excludes anything.

THEOREM 19.3.2 (the inner product the ¢ side needs; [THM], [RH-EQUIV]). The following are
equivalent.
(i) RH.
(i) Q(F,F) >0 for all F € CX(R)(R) (Weil [157]; Lemma 1(iv)).
(iii) There are a Hilbert space H, a linear map J : C°(R)(R) — H with dense range, and a
strongly continuous unitary group Uy on H such that (JF,JG)y = Q(F,G) and
JTy = UpJ. In z-variables, f(z) =z~ /?F(logz) and T} is f — e /2 f(e~tx): the
scaling flow is |/ -unitary for a positive form equal to the explicit-formula form, the
ezact analogue of mnt = q with B > 0.

PROOF. (i) <= (ii) is Weil’s criterion. (ii)=-(iii): complete C°(R) modulo the null space of
Q (Cauchy-Schwarz makes it a subspace); T; preserves Q (Lemma 1(ii)) and so descends to
isometries with dense range, hence unitaries. Strong continuity follows from continuity of
t — Q(TyF,G) (Lemma 1, absolutely convergent zero sum) and density. (iii)=(ii):
Q(F,F)=|JF|? > 0. O

REMARK 19.3.3 (what (iii) must not be confused with). Positive forms making 7} unitary are
plentiful: L?(du) is one. The content of (iii) is the identity (JF, JG) = Q(F,Q), i.e. that the
prime side of the explicit formula (pole + archimedean — 3" A(n)n~/2(--.)) is the Gram form
of some positive structure. For curves this is supplied in the opposite order: B is defined from
the polarization and is positive because an ample class is ample [82, Thm. 6.0.14], and the trace
formula then identifies Qx with it (Definition 5, Thm. 4.1). The ¢ analogue would be an
a-priori positive “polarization” whose trace formula is the explicit formula. This is Connes’s
programme [35], with positivity still open. Lemma 17, §9.1 named the same gap “a geometric
reason for transverse spacelikeness”.

19.3.1. Shadows, ghosts, tachyons.

REMARK 19.3.4 (dictionary [ANALOGY]; items (c), (d) are [THM]/known results). (a) Ghost =
negative direction = failed shadow [THM]. For ¢, the window-A test fails iff some F
supported in a window of length A has Q(F, F) < 0, iff A\;(A) <0, iff k4 > 1 (Lemma 17,
Thm. 3.1). The ghosts are exactly these negative directions, and sup4 k4 = N4
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(Lemma 1(vi)). For curve-type multisets, a failed level-n shadow is a negative vector of B in
span{1,7"}. The negative index of B counts the off-circle pairs {«, ¢/a} [NUM]: the integer
coin has 2 pairs and 2 negative eigenvalues (—39.2, —5.60). The coin family has 1 pair and 1
negative eigenvalue for N = 1,5,20 (—618, —7.5-107%, —2.2- 1078, the last needs 60-digit
arithmetic, num/lemmal9_tachyon.out). This is the finite form of Lemma 1(vi).

Off-line zero = complex frequency = growing mode. With p = % + 17, (Lemma 1), a zero

p= % + & + iy has v, = v — id. Under the scaling flow its mode is "’ = etedt growing for

t — 400, and the partner 7, decays (Lemma 17, Prop. 4.1) [THM]. Tachyon reading

[ANALOGY]: a Klein-Gordon mode with w? = k? 4+ m?2, m? < 0, has imaginary w for

k? < —m? and grows exponentially. The match is literal only for purely imaginary Y (v =0,

i.e. a real zero in (3, 1)), where ’yﬁ = —62 < 0. For ( that case does not occur: (o) < 0 on

(0,1), since (1 —2177)¢(0) = 3,51 (=1)" " 1n=7 > 0 [TaM] ([NUM]: ¢(0.1),...,¢(0.9) < 0). A

genuine off-line zero would have v # 0 and complex ’yg =2 — 6% — 2iv6: an oscillating and

growing mode. That is a complex-conjugate pair rather than a tachyon proper.

Negative norm and complex frequency coincide [THM]/[CITED]. Let A be self-adjoint in a

Krein space (K, [, ]).

(i) If Az = px with p ¢ R, then [z, 2] = 0. If Ax = pz, Ay = vy and p # v, then [z, y] = 0.

(Proof: plz,y] = [Az,y] = [z, Ay] = D[z,y].)

(ii) Hence the root spaces of p and i are neutral, and orthogonal to all other root spaces.
When the root space of {yu, i} is non-degenerate (always the case in II,; for isolated
eigenvalues [74, 12]), they are dually paired, and for simple p the eigenvectors x,y with
[z,y] = 1 span a plane with Gram (§}), of signature (1,1). Its negative vector = — y is
the ghost.

(iii) In a Pontryagin space II,; the number of eigenvalues of A in Im p > 0, counted with
algebraic multiplicity, is at most x (Pontryagin [125]; [74, Ch. II]; [12]).

So complex frequency = negative norm, always. The converse needs the absence of

negative-weight real modes. That fails for Pais—Uhlenbeck (real-frequency ghosts with weight

K'(w) < 0, Lemma 17, Prop. 5.2), but holds for the Weil form, whose real modes have weight

mp > 1 (Lemma 17, Thm. 5.3(a): “ghosts only as complex pairs”). For Q, therefore, negative

norm <= complex frequency, and the count saturates (iii): x(Q) = N4 (Lemma 17,

Prop. 4.2). [NUM]: in the 2 x 2 model A = diag(p, i), p = 14.134725 — 0.34,

[e1,e1] = [ea, 2] =0, [e1,e2] = 1, [e1 — ea, 1 — ea] = —1, preserved by €A, while |e| = 03¢,

Selberg’s §: tachyons in the Laz-Phillips line [TiM]/[CITED]. For a Maass cusp form,

—y2A¢ = \p with A\ = s(1 — 5) = i +t2, and Lemma 7’s wave equation uy = Lu,

L =1y’A+ %, gives Lo = (% — A)¢. So u = €T ¢ requires w? = A\ — i = t2. An exceptional

eigenvalue \ < i means t € iR and w? < 0: a literal tachyonic, exponentially growing mode of

the same equation that Lemma 17, Prop. 9.3 showed is mass-free in the cusp. Known results:

e Selberg conjectured A\; > % for congruence subgroups and proved A\; > % [133].

e Kim-Sarnak proved \; > 1 — (&)? = #22 ~ 0.23804 [83] (Appendix 2 to Kim’s paper,
from the bound 6 = 614 towards Ramanujan). So any tachyon has |w| < 6—74
(w? > —0.01196).

e For SLy(Z) the conjecture is known (Selberg, Roelcke; see [51]). The first cusp form has
spectral parameter 1 = 9.5336952613..., A\; =  + 7} = 91.14134533... (LMFDB [147],
rigorous record 1.0.1.1.1): no tachyons.

Relation to ¢ [ANALOGY]. In Lax—Phillips (Lemma 7), the zeros of { do not appear as Maass

eigenvalues. They appear as scattering resonances at (p — 1)/2. An off-line zero would be a

resonance damped more slowly than the common rate 3, not a growing mode, and || Z|| = 1

holds unconditionally. So Selberg’s conjecture (no tachyons among cusp forms) and RH (no
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distortion among resonances) are different statements, and neither implies the other in this
framework. The tachyon picture fits RH in the Weil-form setting of (b)—(c), where an off-line
zero literally produces a growing mode, but not in the scattering setting.

19.4. Volume vs area

J. W's proposal: the volume of Frobenius is its determinant on the 2¢g-dimensional Tate module,
degm = det(w | Vo J) = I]; i = ¢9, which is unconditional; the area is the Rosati trace
Tr(rn') = Tr(7V) = Tr[q] = 29q. The proposed sandwich is

29

AM-GM Schur

29¢ < Y |’ < Tr(ar') =2gq,
=1

so both are equalities, and AM-GM equality gives |a;|? = ¢ for all i. The left inequality is
correct: the geometric mean of the |a;|? is (¢%9)'/?9 = q. Here degm = ¢9 [102, §I1.1, proof of
Thm. 1.1], and deg ¢ = det(¢ | V;) [82, Prop. 6.0.10]. Schur’s inequality is 3 |A\x|? < Tr(AA*)
for an operator A on a finite-dimensional complex Hilbert space, with equality iff A is normal
[146], [9, Thm. I1.3.6] (Weyl’s majorant theorem, of which it is a case).

THEOREM 19.4.1 (verdict on the sandwich; [THM], inputs [CITED]). (a) The gap. As stated
on VyJ, the Schur step has no Hilbert space to stand on. The only structure on V; for
which t is the adjoint is the Weil pairing e, with e*(¢x,y) = eMx, ply). It is
alternating (skew-symmetric) and Qg(1)-valued [102, §§1.13-14], so it is not positive
and is not Hermitian. Moreover, a positive-definite Hermitian form on V, ® C with
7 = qn ! exists iff 7 is semisimple with all |o;| = \/q. (<: declare an eigenbasis
orthonormal. =: then m/\/q is unitary.) Assuming such a form is assuming the
conclusion.

(b) The fix. Run Schur instead on H = R[n] = Q[r] ® R with the Rosati trace form

(z,y) = B(zx,y) = Tr(xy’ | V). This form is positive definite by Rosati positivity [102,

Thm. 1.14.3], [82, Thm. 6.0.14], and H is t-stable since 7! = qn~! [102,

Lemma I1.1.2]. Let m be the minimal polynomial of m over Q, d = degm, and L

multiplication by m on H. Then:

(i) L¥ = L_+, because (wx,y) = Tr(rxy!) = Tr(zy'n) = Tr(z(xly)l).

(ii) Area: Try(L.L%) = Try(Lg) = qd.

(iii) Volume: the eigenvalues of Ly are the roots pu1, ..., 1q of m (its characteristic
polynomial is m). Since T is a ring automorphism of the commutative algebra Q[r]
with @+ q/7, the oot multiset of m is stable under yu+— q/u, so [1; |url® = ¢%.

AM-GM and Schur now give qd < 3" |pux|? < qd, so |ug| = Vq. Every eigenvalue o; of

7 on Vy is a root of m, because m(w) = 0 in End®(J), which acts on V. Hence all

|ai;| = \/q. So the sandwich is a valid proof with a fixable gap. The fiz moves the

Hilbert space from Vp to R[w|. Multiplicities change from 2g to d, but the volume

survives because of the q/u symmetry. Semisimplicity of Q[r] is not needed.

(c) Once fixed, the volume is redundant. R[x] is commutative, so Lr commutes with

Ly = L.+ and is normal. Then L} Ly = q says that Ly /\/q is unitary, and |ux| = \/q

follows with no AM-GM. This is the CM-type argument in operator language. Milne’s

Lemma II.1.3 and Kedlaya’s Thm. 6.0.15 [102, 82] show that Q[r] @ R 2 R" x C*, with

T positive and hence the identity on each R and complex conjugation on each C, and

then i = q/p. All the content is in the area side, i.e. positivity of B. The volume

[1|ei| = q9 carries nothing beyond the functional equation.
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PROPOSITION 19.4.2 (why genus 1 is “volume = area”; [THM]). Let M be any multiset as in
Thm. 19.2.3, and call M volume-positive if [[; f(ci) > 0 for all f € R[T] (for a curve this is

deg f(m) = 0).

(a) M is volume-positive iff every real element of M has even multiplicity.

(b) For g =1: deg¢ = ¢! is a quadratic form, with B(¢, ) = 2deg ¢ (¢! is the adjugate
Tr ¢ — ¢ of the 2 x 2 matriz ¢, and ¢¢' = det ¢ by Cayley-Hamilton). Volume and area
are the same form up to the factor 2. For deg F' this reads aa = |a|? = q and
Tr FFf = 2la|? = 2q. Volume-positivity alone gives RH. A non-real pair has
la|? = aa = deg F' = q outright. A real non-unitary pair {c, q¢/a} makes
(x — a)(x — q/a) change sign, which (a) forbids. This is Hasse’s proof (Prop. 19.1.1).

(c) For g > 2, volume-positivity does not imply unitarity. A non-real quadruple
{a,a,q/a, q/a} with |a| # \/q is volume-positive and has volume ¢*, but it is not
unitary. Here deg is a form of degree 2g > 4 whose positivity is not a Cauchy—Schwarz
positivity.

Proor. (a) [1; f(ai) = Ila¢r |f(a)? - Tlaer f(c), since the non-real part pairs by
conjugation. If a real  has odd multiplicity, take f =T — « + € to change the sign. (b) and (c)
follow from (a), Thm. 19.2.3(b), and [] = ¢Y. O

Numerics [NUM]| (num/lemmal9_volarea.py, .out). H = R[T]/(m) with Gram matrix
B (T?, T9) and L = companion matrix. In every case L! = GT'LTG equals multiplication by
q/T, and Tr(LLY) = qd = 2gq:

volume [Ja; ¢9 > |ay|? area 2g¢ minger x.(x) B inertia

E/F; 5 5 10 10 2.75 (2,0)
Cy/Fy 49 49 28 28 13.30 (4,0)
coin 1 — 2277 4 49T 49 49 44 28 —72 (2,2)
coin family, N =1 49 49 109.5 28 -970.7 (3,1)
non-real quadruple, |a|/v/7 = e*03 49 49 33.19 28 26.17 (2,2)

For Cy/F7 the sandwich is tight on both sides (28 = 28 = 28). The coin violates the Schur
(area) inequality: Y |a;|? = 44 > 28. Since its roots are real, 3 |a;|? = s9, so this is exactly its
failed n = 2 shadow of §19.2.1. It satisfies the volume identity [ o; = 49 and, automatically,
AM-GM (44 > 28). Schur cannot apply because Beoin is indefinite, and Tr(LLF) = 28 is then
just a number. The coin also fails volume-positivity: deg(3 — ) would be

X(3) =81 — 198 +49 = —68 < 0. This gives a one-line proof that it is no curve. The non-real
quadruple passes both volume tests and fails only the area test, so in genus > 2 the area is the
inequality that does the work.

REMARK 19.4.3 ((-side translation; [RH-EQUIV]| where stated, otherwise [ANALOGY]). Volume
corresponds to the unconditional symmetry data: the functional equation £(s) = £(1 — s), i.e.
zeros closed under p — 1 — p (the analogue of a — g/a, so “I] |a;| = ¢97), and the fact that
E(t) = £(3 + it) is real on R. The analogue of volume-positivity is “Z changes sign only at zeros
of odd order”. Sign changes of = locate zeros on the line, but by Prop. 19.4.2(c) an off-line
quadruple {p, p,1 — p,1 — p} is invisible to every volume-type test. Area corresponds to a
positive form for which the half-density-normalized scaling flow is unitary, equal to the
explicit-formula form. That is Thm. 19.3.2(iii), equivalent to RH. There is no finite sandwich: ¢
has infinitely many atoms, 3" |- |> and Tr diverge, and AM-GM has no direct analogue. The
only part of the sandwich that survives is (c) of Thm. 19.4.1: “positive form + 77! = ¢ =
unitary”. Its ¢ form is (iii)=(i) of Thm. 19.3.2. No new leverage.
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Obstruction

Every finite family of trace or window tests is a shadow, and Thm. 19.2.3(c) shows that finite
families of trace tests cannot imply unitarity even in genus 2. For curves, the body (Rosati
positivity) is supplied by geometry, the shadows follow from it by Cauchy—Schwarz, and the
all-n radius-of-convergence argument recovers the body from the shadows only because all n are
available at once from the body. For ¢ we have certified finitely many shadows (windows < 1.6),
at a doubly exponential cost per window, and no body. Producing the body is

Theorem 19.3.2(iii), which is equivalent to RH. The “volume (determinant, i.e. the functional
equation) is unconditional on both sides. By §19.4 it cannot see non-real off-line quadruples, so
it adds nothing to the body.

19.5. Open questions

(1) Is your ||a|| the Rosati norm B(m,7)'/? = \/2gq (as used here), or the degree? For g = 1
they agree up to the factor 2g = 2: B(¢, ¢) = 2deg ¢, and deg(1 — ") = N,,. For g > 2,
deg ¢ = det(¢ | V;) is a form of degree 2¢g, not quadratic; the quadratic norm is B.

(2) Should the volume state the “one shadow suffices in genus one” phenomenon as the
reason the p-adic/elliptic toy models look easier than they are?

(3) (§19.4) Is “volume meant as deg = det on V; (degree 2g), as here? Then in genus > 2
the volume never constrains a non-real off-circle quadruple (Prop. 19.4.2(c)), and all
the leverage is in the area. Do you have a use for volume-positivity (“Z changes sign
only at odd zeros) beyond detecting real ghosts like the coin?

(4) The joint Toeplitz section detected every coin at size <5 (§19.2.1). Do you want a
lemma bounding the section size needed for 2¢g atoms? It would be a finite-dimensional
statement with no ¢ analogue, since ¢ has infinitely many atoms.
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CHAPTER 20
Lemma 20: 7}, as two boosts

The Eichler-Shimura class on Xo(N)2, CM calibration, and the rapidity picture
Standalone note lemma20.tex, October 21, 2026.

Summary. On X x X with X = Xo(N)r, (p{ N) we make the two-boost reading of
the Eichler-Shimura congruence T, = I'p + I'4. precise in NS(X x X)g. With
H:Xxpt,V:ptxXandn:%logp:

T It T

71; — (B, ® R,) A, 71% = (B_, ® R,) A, 7’; = 2coshn (H + V) + 7,
where B, are boosts of (H,V) and R, R, are rotations of the negative-definite
complement W. Further, 77 = —% > a (p)? (sum over a Hecke eigenbasis of
S2(Tp(N))), and for genus one 7, = 2cos 6, § exactly. Hence T}, is numerically a pure
pair of boosts if and only if T;, kills S3(I'¢(V)). This happens for every inert prime on
the CM curves X (27), X0(32), X0(36), X0(49) and on the genus-3 curve
Xo(64) = {x* + y* = 2*}, whose cusp forms all have CM by Q(i). The inert primes
are “null-trace”: vp L 4, a right-angle rotation; the vector vg is not null. In the
binary-form model of Lemma 14 the same data are a right triangle in H with legs n
(Eisenstein) and s, = artanh(a,/2,/p) (cuspidal): coshd(i, a,) = coshncosh s),.
Sato—Tate becomes the density %sech?’ s, and CM becomes %50 + % sech s; both are
checked for p < 10°. None of this goes beyond Eichler—Shimura plus Weil. It
is the classical proof of weight-2 Ramanujan, rewritten in Lorentzian form. The only
piece that transfers to SpecZ is the boost (Eisenstein/pole) part, which is the ¢ pole
kernel 2 cosh(u/2) evaluated at u = logp. The rotation part has no GL; content, and
its global analogue is Weil positivity [RH-EQUIV].

Labels (as in Lemmas 17, 19): [THM]| proved here, or classical with proof; [CITED]; [NUM];
[ANALOGY]; [HEUR]; [RH-EQUIV], equivalent to RH by Weil’s criterion. Numerics:
num/lemma20_checks.py/.out/. json, num/lemma20_fig.py/.pdf. References and LMFDB
labels: 1it/lemma20/verified_refs.md.

20.1. Setting and the Hecke span in NS(X x X)g

Let N > 1, let pf N be prime, and let X = Xo(N)r,, the good reduction of Xo(N) [71]. It is a
smooth projective geometrically connected curve of genus g. Write F': X — X for its
p-Frobenius (degree p), Ny, = #X (Fpm), sp =p™ +1— Np, = Z?ﬁl af*, and a;(p) (1 <j<g)
for the T)-eigenvalues on a Hecke eigenbasis of So(I'g(V)) (oldforms with multiplicity). By
Eichler-Shimura [47, 135], [46, Ch. 8], the characteristic polynomial of F' on H' is

[1;(2* — a;(p)z + p) [cITED].

Conventions are those of Lemma 14, §5 and Lemma 19, Prop. 1.2: H = X xpt and V = pt x X,
so H?=V?=0and H-V =1, and (aH +bV) - H =b. Let T'r = {(z, Fx)}, let

I'. =o(Tp) = {(Fy,y)} with o the swap, and let A be the diagonal. Put

W= (H,V)* ¢ NS(X x X)g, (z,y)w == —z - y.

51
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By Hodge index [63, V Thm. 1.9], (,)w is positive semidefinite on W, and positive definite
modulo numerical equivalence (Lemma 14, §5(b),(c)).

PROPOSITION 20.1.1 (the Hecke span; [THM]). Write A= H +V + 6, I'r = H + pV +vF and
' =pH +V + vy with 6,yp,yv € W. The Gram matriz of (6,yr,vv) for {,)w is

2g S1 S1
Gp=15s1 29p s2 | =0.
51 s2  2gp

PROOF. The intersection numbers are I'p - H =p, Tp -V =1, A2 =2 — 29, I'%, = p(2 — 29)
and A-T'p = N; [63, V Ex. 1.10]. The swap o exchanges H and V and fixes A. So ', - H =1,
ItV =p, (I')? =T% and A-T% = Ny. Finally, Tp NT% = {(z, Fx) : F2x = 2} has Ny
points. The intersection is transversal: I'p has horizontal tangent (dF = 0) and I'%; has vertical
tangent. So I'p - I's, = No. Subtract the (H, V) parts, using (aH + bV)(cH + dV) = ad + be:

e §2=—2gand 7% = 7‘2/ = —2¢p;
e - yp=0-7wv=N—p—1=—s1;
o yr-yw=Ny—p*—1=—s5.
Hodge index gives G, = 0. O

20.2. The two-boost theorem

Let B, act on (H,V) by H + e "H, V + €7V, an isometry since (aH + bV)? = 2ab, and let
n=n, = 2 logp. This is Lemma 14, §6 and the Schmid note, §5 (where B, = diag(e™",")).

THEOREM 20.2.1 (two Lorentz transformations; [THM], given Eichler—Shimura [CITED]). (a)

Lr/\/p=By(H+V)+vr/p with |vr/\/pPllw = [|6|lw = /29. Hence there is an
isometry R, of W, a rotation in the plane (0,vr) and the identity on its orthogonal
complement, with
Lr/vp=(By& Ry) A,

where the rotation angle ©, satisfies cos ©, = (0, vr)w/(29\/P) = 51/(29/D). Likewise
I'%/p = (B_, ® R,)A. Both By, ® R lie in O(1,1) x O(W), the isometry group of
the splitting.

(b) The Eichler-Shimura congruence T, = I'p + T4, [47, 135] gives

1, p+1 VF+ v
— =2coshn(H + V) + 7, 2coshn = ——, Ty = ———
\/]3 ( ) p p \/ﬁ

cW,
VP

and

I3

p
(¢) (pure boost) T, = 0 if and only if aj(p) =0 for all j, i.e. T‘r(Tp2 | So(To(N))) = 0.
(d) (9=1) w =ayd —yr, so R, = R;', ©, = 0, with a,, = 2,/pcosb,, and

5% = (B, ® Ry, + B, ® R_p,)A =2coshn(H + V) + 2cos b, 4.

ProoF. (a) Use (H +pV)/\/p=e "H + €"V. Norms come from Prop. 20.1.1. Two vectors
of equal length in a Euclidean space are related by a rotation in the plane they span; the angle
follows from G). The same holds for I'}, with B_,,. (b) The first identity holds because
B,+ B_,, = 2coshnon H+ V. For the second, 7‘5 = (V& +~% +2vF -yv)/p. By the factorization
above, {a;} = {«j,p/o;} with o; +p/a; = aj(p). So s2 + 2gp = Zj(aj —f—p/ozj)2 =2 aj(p)2.
(c) 7, € W, and Hodge index says a class in W with square 0 is numerically trivial. (d) The

4gp + 2s2 2
ot 2
pj:1
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class © = yp + v — a,0 has (x,x)w = 4p + 252 — daps; + 2(112J =0, since s1 = a,, and
59 = ag — 2p. So x = 0 by Hodge index. In the plane (4, vr), R;l(; = 2cosfd — Ryd. O

COROLLARY 20.2.2 (weight-2 Ramanujan; [THM], classical). |cos©,| <1, i.e. |s1] < 2g./p.
Applied to F™ for all m this gives |a;| = \/p. For g =1, the determinant of the (§,vr) block of
G, gives 4p — ag > 0, strict because 4p is not a square. In the form of Lemma 19, Prop. 1.2, this
2 % 2 block is twice the degree form f, = (1, —ayp, p), with discriminant af, —4p < 0: f, lies inside
the cone.

This is Weil’s proof [158], [63, V Ex. 1.10] combined with Eichler-Shimura, in the notation of
Lemma 14. A ghost (Lemma 14, §5(c); Lemma 15) would be a positive direction in W. Then ¢
and yr/,/p could be related by a boost rather than a rotation, with | cos ©,| replaced by cosh,
and the bound would fail. “No ghosts” is Hodge index on W.

PROPOSITION 20.2.3 (power Gram = Lemma 15’s matrix; [THM]). For m >n > 0,
T'pm -T'pn = p"Npy—n. Hence
Ipm - T'pn
p(ern)/Q

which is the C x C Gram of Lemma 15, §1. For g =1 this is 2 cosh(kn) — 2 cos(kf),) with
k =m —n, of signature (1,3) for every size M > 4.

Slm—n|

=2cosh (m —n)n) - ——,

PROOF. I'pm = (1 X F™),I'pm-n, and (1 X F™")* T pm = p"I'pm-» because 1 x F" is purely
inseparable of degree p". The projection formula gives I'pm - I'pn = I'pm—n - p"A. The (H, V)
part is p"* + p". For the signature: 2cosh(kn) = e"™e™™1 + ¢~ "1™ has signature (1,1), and
2 cos(kf) = 2Re(e™?e9) is positive of rank 2 when 6 ¢ 77Z. The four exponentials e*7, %%
are distinct, so the vectors are independent once M > 4. O

[NuM] For X((32) and p € {3,5,7,13,19,29} with M = 8, the eigenvalue signs are

(+,—,0) = (1,3,4). This answers the ranking item’s question of whether the hyperbolic part is
2 cosh(3 logp) and the zero part is unitary (rank 2g, a rotation): it is, and the conductor N
enters only through g and the set of good primes.

20.3. CM calibration

Data [cITED]+[NUM|, LMFDB verified. For N € {27,32,36,49}, X((/V) has genus 1 and is the
optimal curve of modular degree 1:

e 27al = 27.a3: [0,0,1,0,—7], CM by Q(/—3);

e 32al = 32.a4: [0,0,0,4,0], CM by Q(3);

e 36al = 36.a4: [0,0,0,0,1], CM by Q(v/-3);

e 49al = 49.a4: [1,—1,0,—2,—1], CM by Q(v/-7).

X0(64) has genus 3 and is isomorphic to the Fermat quartic 2* + y* = z* [136, 48]. Here
S5(To(64)) = Cfos ® Cfs2(q) ® Cfs2(¢?) (LMFDB: new dimension 1 with 64.2.a.a, CM —4; cusp
dimension 3), and 64al = 64.a3 is [0,0,0, —4,0].

PROPOSITION 20.3.1 (CM rotation angles; [CITED]+[THM]). Let E = Xo(N) have CM by
O C K, and let pt N withp > 5.
(a) If p is inert in K, E, is supersingular [45], so a, = 0. Then 0, = 7, F? = —p, and
F/\/p acts on (0,vr) as a complex structure. In NS terms: yp L 5, yv = —yr, and
T, = (p+1)(H+V), a pure pair of boosts. The lattice 2.0 + Zryp is Z[\/—p| with norm
form 2(m? + pn?). It does not see K.
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(b) If p splits, E, is ordinary and F =7 € O with nw = p [45]. Then 6, = arg, the lattice
L6 + Zyr = Zlrw] C O is scaled by 2, and 4p — ag = |di|m? with m € Z. Ramanujan is
elementary here: |ap| = |7 + 7| < 2|n| = 2\/p. The norm || - || of Lemma 19 is supplied

(c) For Xo(64) and p = 3 mod 4, all three forms have ap, =0, so 7, =0 (Thm. 20.2.1(c)).
This is a genus-3 pure boost. For the twist relation, ags(p) = (%)agg (p), so

TPQ = —6a32(p)?/p, and the rotation angles on the three isotypic planes are 0,0,0 or
0,0, —6.
PRrROOF. (a), (b): Deuring’s reduction theorem, plus Thm. 20.2.1(d). For 32al and 64al
(y? = 2% £ 42), (a) is also elementary for p = 3 mod 4: x — —z and (_?1) = —1 give
>, (ﬁ%) =0. In (b), (n = 7)? = a2 —4p, and 7 — 7 € \/dg Z for every m € Ok, so

4p — a2 = |dg|m?. (c): Thm. 20.2.1(c), with azs(p) = 0 by (a) and aes(p) = *asz(p) from the
twist. The twist relation is checked numerically below; it identifies fg4 with a quadratic twist of
f32 (unramified outside 2), which is [NUM] here and not proved. O

Checks [NUM] (1emma20_checks; PARI ellap, all good p < 10°).

(i) CM structure. For 27al, 32al, 36al, 49al, 64al: inert = a, = 0, and split = a, # 0
with (4p — ag) /|dk| a perfect square. There are 0 failures over the about 78,500 good
primes 3 < p < 10° per curve; inert/split counts are 39,322/39,175 for Q(3),
39,265,/39,231 for Q(v/—3) and 39,300/39,196 for Q(v/—7).

(ii) NS Gram of X((32), brute-force Ny over F 2 for p < 37. Here s5°"™ = a]% — 2p, and G,
has eigenvalues {0, %, *} with null vector (—ap,1,1) to machine precision, as in
Thm. 20.2.1(d). At inert p, (Tp/\/f))2 = 2(p + 1)?/p exactly; for example p = 7 gives
18.2857 = 2 - 64/7, with transverse part 0.

(ili) Xo(64) = Fy, brute force. s{°"™ = agy + 2agy for all 45 odd p < 200, and
s$eunt = (a2, — 2p) + 2(a3y — 2p) for all 13 odd p < 43. 7‘5 = 0 at every inert p, and
T}? < 0 at split p (e.g. —4.8 at p = 5). The rank of G, is 2 for p = 3 mod 4 and
p =1mod 8, and 3 for p = 5 mod 8: the angles 6§ and m — 6 then span an extra
direction. The twist relation holds for all 78,497 odd p < 106.

20.4. The rapidity picture in H and the angle distributions

In the binary-form model (Lemma 14, §5(d); Lemma 19, Prop. 1.2), the degree form

fp = 2% — apzy + py?, half the (8, vr) block of Gy, is a point Tf, = Qp = \/ﬁewl’ of H. Every such
point lies on the geodesic G, = {|7| = /p}, which meets the imaginary axis perpendicularly at
PROPOSITION 20.4.1 (Frobenius as a right triangle; [THM]). Let s, be the signed hyperbolic
distance from i/p to ap along G,. Then

du(i,iy/p) = np = 3 logp, tanh s, = cos 6, = cosh dp (%, o) = coshny, cosh sp,.

ap
2\/;57
So the Eisenstein trace (p+1)/\/p = 2coshn, and the cuspidal trace a,/./p = 2tanh s, are the
two legs of a right triangle, and the third relation is hyperbolic Pythagoras. Ramanujan is
equivalent to s, € R, i.e. ay, € H. A ghost (|a,| > 2./p, as in Lemma 15’s model) has oy, € R, off
H.

PROOF. d(iy,iys) = |log(y2/y1)|. For z = Re®,

coshd(iR,z) =14 |z —iR[*>/(2R - Rsin®) = 1/sin 6, so tanh? s = cos 0, with the sign of cos 6.
Also coshd(i,a) =1+ |a —i[*/(2Ima) = (p+1)/(2y/psin ). [NUM]: the identity holds to
4-10715 (pythagoras). O
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PROPOSITION 20.4.2 (distributions in the rapidity variable; [THM] change of variables +

[cITED]). If 0 has the Sato—Tate law %sin2 0 do, then s = artanh cos @ has density %sech?’ s. If 0
is uniform, s has density %Sech s. Hence:
o for non-CM E/Q (Sato-Tate [5]), s, ~ %sech?’ sds;
o for CM E/Q (Hecke [68, 67| equidistribution of argm; inert primes have density %),
Sp ~ %50 + % sech s ds.

The moments of x = tanh s = cos 0 are E[z?] = 1 in both cases, while E[z?] = % (ST) vs
(CM) and E[z°] = & vs .
PROOF. x = cosf = tanh s, sinf = sech s, and |df| = sech s ds.

U
Boost reading. The mean transverse square of T),/,/p for g = 1 is E[TPQ] = —8F[x?] = —2 for both

laws. CM and non-CM differ only at fourth order, through how often «,, runs out toward the
ideal boundary of G,: tails e!*| (CM) vs e=3*l (ST). The inert atom sits at the summit s = 0.

curve

n P(a,=0) E[z?] E[z?] E[z°] KS

11al (non-CM) 78473 0.0012 0.2496 0.1245 0.0776 0.0019 vs ST

37al (non-CM) 78473 0.0010 0.2499 0.1249 0.0781 0.0020 vs ST

27al (CM —3) 78473 0.5002 0.2499 0.1874 0.1560 0.0028 split vs unif.
32al (CM —4) 78473 0.5009 0.2492 0.1868 0.1556 0.0034 split vs unif.
36al (CM —3) 78473 0.5002 0.2495 0.1869 0.1556  0.0034 split vs unif.
49al (CM —7) 78473 0.5006 0.2494 0.1870 0.1558  0.0043 split vs unif.
64al (CM —4) 78473 0.5009 0.2492 0.1868 0.1556  0.0033 split vs unif.
predicted ST / CM 0/3% $/%+ 0125/0.1875 0.0781 / 0.1563

TABLE 20.1. [NUM] 100 < p < 10%, = = a,/2,/p = tanhs,. The KS distance of
CM curves against the Sato-Tate law is 0.250-0.252 (the inert atom). For non-

CM curves, P(a, = 0) > 0 reflects the supersingular primes, which are infinite in
number [50] but of density 0.

non-CM: rapidity s,=artanh(a,/2/p)

CM: atom 16, (inert) + split part
R [ 11a1 1 32al split (0.499)
0.6 b 37al [ 27al split (0.500)
,” '3‘ —-- Zsech’s (Sato-Tate) 0.15 1 [ 49al split (0.499)
0.5 'v' \‘ -=-- Zsechs (Hecke, split)
¥ 1
1 i
&
0.4 ;’ \ 0.10 -
1

0.3 A ,:,' \T‘

0.2 1 'E’ 1

. "r a | 0.05 A

Al
A\
0.1- /;,7 \,
- =,
0.0 T T -’I— T T T AI- T T 0.00 T T T T T T T T T
-4 -3 -2 -1 0 1 2 3 4 -4 -3 -2 -1 0 1 2 3 4
Sp

FIcUuRE 20.1. [NuM] Histograms of s, = artanh(a,/2,/p), 100 < p < 10°. Left:
11al, 37al against %sech3 s. Right: the split primes of 32al, 27al, 49al (normal-
ized by all primes) against % sech s; the inert half is the atom at s = 0, not drawn.
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20.5. What this gives, and what transfers to SpecZ

Beyond Eichler—Shimura + Weil: nothing for Ramanujan. Thm. 20.2.1 and Cor. 20.2.2
are a Lorentzian bookkeeping of the classical proof: Eichler-Shimura places T}, in NS(X x X)g,
and Hodge index on W (Weil) bounds the angle. The CM calibration shows the two regimes
cleanly. At inert primes the transverse part vanishes (§ = 7, pure boost). At split primes the
rotation is the Hecke character angle, and the norm comes free from K. That is the elementary
case of Lemma 19’s “||a||”. The new items are packaging and checks: Thm. 20.2.1(c),(d),

Prop. 20.4.1 and the sech-laws. None proves anything not already known.

What transfers.

(i) The boost part, exactly [THM], a trivial identity. The Eisenstein eigenvalue of T}, is
o1(p) = p+ 1, and ((s)((s — 1) has Satake parameters pT'/? after normalization, i.e.
eT: a boost. The Weil explicit-formula pole kernel for ( at o = % is
e"/? 4 e="/2 = 2 cosh(u/2) (Lemma 18, Prop. 2.3). At the position u = logp of the
prime p it equals 2 coshn, = (p+1)/,/p. So “Eisenstein = boost” on Xo(N)? and “pole
term = hyperbolic plane” on the ( side (Lemma 14, §5(g); Lemma 15) are the same
function sampled at u = log p.

(ii) The rotation part, not at all. ¢ is a GL; object, and the Satake parameter of the trivial
character at p is 1. Local temperedness is automatic and carries no information. RH is
not a statement about any single p. The per-p argument uses a curve over [, whose
Hodge index does the work. Lemma 19 calls such per-p data shadows; for SpecZ no
curve over [, carries the zeros of (. The global analogue of “Hodge index on W7” is
positivity of Weil’s form on the transverse (zero) part, which is [RH-EQUIV]

(Lemma 15, Thm. 1.3; Lemma 19, Thm. 3.2).

(ili) Ghosts in GLp [ANALOGY]. A non-tempered cusp form would have |a,| > 2,/p, i.e. a
transverse boost, a;, ¢ H. For holomorphic forms this is excluded: in weight 2 by
Cor. 20.2.2, in higher weight by Deligne [41]. For Maass forms it is the open
Ramanujan—Selberg conjecture (Lemma 19, Rem. 3.4: Kim—Sarnak 7/64). That is a
different statement from RH.

Obstruction. The two-boost decomposition is local in p: for each p it lives on Xo(IV )%p. The

Weil-type content sits in the transverse factor W, which is definite by geometry. For ¢ the boost

factor exists (pole term), but the transverse factor is exactly the object whose definiteness is

RH. No finite-level Hecke structure supplies it, since GL; has no cuspidal transverse part at any

single p.

Rigor status. [THM]: Prop. 20.1.1, Thm. 20.2.1 given Eichler—Shimura, Cor. 20.2.2,

Prop. 20.2.3, Prop. 20.4.1, and the change of variables in Prop. 20.4.2. [CITED]: Eichler—Shimura

and Igusa; Deuring (Prop. 20.3.1(a),(b)); Hecke and BLGHT (the limiting laws); X (64) = Fy;

LMFDB data. [NUM]|: all checks, the twist relation ags = (%)agg, Table 20.1 and Fig. 20.1.

[ANALOGY]: (iii). [RH-EQUIV]: the global transverse positivity in (ii).

QUESTION 20.5.1. (1) Should the TAA boost parameter for ¢ be 7, = %logp per prime, so
that the explicit formula is a sum of boosts sampled at v = log p, or the single flow
parameter u of Lemma 77 Prop. 20.4.1 suggests the former is just G,’s height.

(2) Is the rapidity variable s,, with sech-laws, useful for TAA, e.g. as a “transverse
rapidity” feeding the Lemma 12/18 ghost models with realistic f-statistics? Or is 6, the
right variable?

(3) Is a Hecke-equivariant version on Xo(N)? (isotypic &7, angles 0,(f) per newform, with
the multiplicity-2 oldform planes as in X((64)) wanted? It is routine.



CHAPTER 21

Lemma 21: Certifying Weil positivity from the zero side

A no-go at A = 2.11, and a three-band hybrid with ceiling log 61

Standalone note lemma21.tex, October 21, 2026.

Summary. Verdict. The pure zero-side route does not beat the current certified
window A = 1.6. Suppose the only inputs are RH up to H = 3000175 332800
(Platt—Trudgian), the explicit counting bound for S(T") (Hasanalizade-Shen-Wong),
and the zero-free region (Mossinghoff-Trudgian—Yang). Then no certificate of
Q(F,F) > 0 for all F supported in a window of length A can exist once

A > Ait(H) =7D(H)/(R(H) — %) = 2.113. The reason is explicit: a zero
configuration that satisfies every one of these constraints, together with an F' in the
window, gives @ < 0. The model sufficient condition reaches only Ay, = 0.39; this
would rise to 1.75 if all zeros above H were known to satisfy |3 — 1| < 0.01. The
obstruction is not the size of a single off-line contribution. It is that the positions of
zeros above H are unknown. F' can put the background zeros on the nodes of ﬁ, and
then one ghost with arbitrarily small 6 > 0 wins. Restricted (Sobolev or Gevrey)
classes can certify large A, but they are provably blind to zeros above H, so as
evidence for RH they are vacuous.

What does work (J.W.s lithography idea, done honestly): a three-band
hybrid. Use the prime side on low frequencies, the zero side (which is > 0 below H) on
a middle band [T1,T%] C [0, H), and the prime side again above Ts, where the
archimedean term dominates the aligned prime waves. This removes the requirement
that the Galerkin band reach T' ~ €34 which is doubly exponential in A. The ceiling
is A <logbl —e =4.11—¢c at H=3-10"2 or A < log47 — & = 3.85 — ¢ with Platt’s
stored zeros. The cost depends on the explicit sampling inequality for the zeros in the
middle band. With the crude max-gap (Grochenig) inequality, which is rigorous, the
gain starts only at A 2 2.9. With a near-density sampling constant (measured, not
proved), A ~ 3.85 costs about 107 core-seconds [EST]. For comparison, a prime-side
Toeplitz/Levinson rewrite gives 2.1-2.8, and the Slepian basis gives a factor of about
40. None of these lengths comes near the Lemma 12 exclusion lengths.

Labels (as in Lemmas 17-20): [THM] proved here, or classical with proof; [CITED]; [NUM];
[HEUR]; [EST| cost or size estimate; [RH-EQUIV], equivalent to RH by Weil’s criterion. Numerics:
num/lemma2l_core, _counter, _cost, _gaps, _hybrid (.py/.out/.json). Checkpoint:
num/lemma21_progress.md. References: 1it/lemma21/verified_refs.md.

RH-equivalent statements. “Q(F, F') > 0 for every F' € C°(R)” is [RH-EQUIV] (Weil). For a
fixed window length A, positivity is not RH-equivalent; it is a finite, checkable statement
(Yoshida; Lemmas 10 and 16). Every certificate in this note is of the fixed-A kind. “RH below
H” is a theorem [124] and is used as one.

57
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21.1. Setting

We use the conventions of Lemma 1. F(z) = [ F(u)ei** du; Hp = F x F*, so Hp(z) = F(2)F(2);
and v, = —i(p — %) The explicit formula reads

(21.1.1) Q(F, F) =" m, Hr(y,) = W[Hg],

where Wlg] = &&= [g¥dt — 3, %(ﬁ(log n) + g(—logn)) + (pole terms) and

U(t) = Rey(3 + %) —logm. A window of length A means supp F' C [—%, %], so F|lg € PW,,
with w = A/2.

LEMMA 21.1.1 (per-zero form). [THM] A zero p = % + & + iy (with its reflection 1 — p)
contributes Re Hp (v 4 i) to the real part of (21.1.1). For centered F,

Re Hp(t +1i6) = |C5(t)]> = |Ss5(t)[2,  Cs = Fcosh(du), S5 = F sinh(u).

On-line zeros (§ = 0) contribute |F(v)|2 > 0. An off-line contribution is indefinite (signature
(1,1)), and |Ss| < sinh(6A/2)|F||1.

PROOF. e(®®)" with z = t 4 i splits as e'*"(cosh du — sinh du). The cross terms are imaginary
after symmetrisation over p,1 — p. O

Inputs. (I1) [124], Thm. 1: every zero with 0 < v < H = 3000175332800 is on the line; these
are the first 12363 153437 138 zeros, all simple [CITED|. Positions were stored and isolated only
up to 3.061 - 100 (Platt [123]). (I2) N(T) = 6(T)/7 + 1+ S(T), with |S(T)| < R(T) =
min{0.10381log T' + 0.2573log log T' + 8.3675, 0.1095log T + 0.20421oglog T' + 3.0305} for T > e
([64], Cor. 1.4), and |S| < 2.5167 for T' < 3.06 - 10'° [cITED]. Flag: [64], footnote 2, reports
errors in Trudgian 2014 [151] and Platt—Trudgian 2015. The constants 0.112/0.278/3.385 used
in Lemmas 12 and 18 come from [151]; those tables should be re-run with Rygw. The effect is
small: at 3-10'2, Rysw = 6.862. (I3) 8 < 1 — 1/(5.5586911og |7y|) [108], 50 Smax (H) = 0.49374.
The mean density is D(T') = log(T/2x) /2w, with D(H) = 4.280.

21.2. The no-go theorem

THEOREM 21.2.1 (counting-only certificates stop at Aeit). [THM| Let Ty > H, D = D(Tp),

R = R(Ty), and At = 7D/ (R — %) For every A > Aqit and every 6 € (0, dmax] there is a
configuration Z with the following properties. It equals the true zeros below H. It is symmetric.
It has simple zeros. It satisfies (I12)-(13) on [H,00), up to an error o(1) in the local counting
near Ty. Its only off-line pair is at a height vy =~ Ty, with offset . Finally, there is an F in a
window of length A with Qz(F,F) =3 ¢ ﬁ;'(’yp) < 0. Hence no argument that uses only
(11)-(13) about the zeros above H can certify Q > 0 on windows of length A > Acyit(H) = 2.113.

CONSTRUCTION. Take ¢(u) = (1 — u?/r?)T and F(u) = e~%(¢p(u — ¢) — 1(u + ¢)). Then
F(t) = 2isin(c(t — ~0)) ¥(t — 7o), the window has length A = 2(c + r), and F' vanishes on the
lattice vo + ZZ. Place the background zeros near Ty as clumps on that lattice, with clump size
~ 7D /c rounded to integers, so that the true counting function is followed in staircase fashion.
The staircase deviation from 0/ stays < R if 1D/c < 2R — 1, that is, if A > A + 27
Choosing 2¢yg € nZ and putting the off-line pair at yg + ¢, the ghost contributes
—4(cosh2¢6 — 1)I? with I = [ 1) cosh du; this is strictly negative for every § > 0. The clumps
contribute 0. Splitting each clump into simple zeros at spacing e costs O(e?). Zeros far from o
(including all those below H) see |1Z(t —70)|?, which decays polynomially of order 2m + 2; this
leak is made negligible by taking vo — H large. 0
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Explicit instance [NUM] (1emma21_counter, local quadratic model of 6 at vo = H + 2 - 106,
background over £10°%). Every case has count_ok (maximum staircase deviation < R) and
minimum clump size > 11.

c-fraction 7 0 A ghost spread leak Q/||F|?

0.97 0.05 0.25 2279 —7.07-107%* 9.0-107 14.107% —-1.42-102
0.97 0.05 1073 2279 —1.10-10"% 9.0-107" 14-107% —22.107"
0.97 0.20 0.25 2579 —1.13-1072 1.4-107? 10~% —5.7-1072
0.90 0.05 0.25 2448 —825-107%* 9.1-107! 14-10% —-1.66-10"2

At at other heights (HSW constants): 2.160 (1013), 2.397 (101°), 2.646 (10%°), 3.068 (10%°),
3.958 (10'99). The limit as T'— oo is 1/(2-0.1038) = 4.817. Since S is unbounded (Tsang [152]:
S(t) = Q+((logt/loglogt)/?)), no bounded R is admissible, and the threshold is a property of
the counting information, not of 4.

REMARK 21.2.2. The adversarial Z is not claimed to be the zeta zeros. The theorem says what
the information (I1)—(I3) can and cannot certify. The true zeros satisfy many more constraints,
above all the explicit formula itself, with its prime side. Section 21.7 brings those constraints
back in.

21.3. A sufficient condition in the model

PROPOSITION 21.3.1 (model positivity). [THM]| (for the translation-invariant model) Assume
every zero has || < dmax, the distinct ordinates have mazximal gap g < 2R/D, and the counting
function satisfies the upper sampling bound U = D + 4wR + 4V wRD. (The upper bound is
proved here, Gallagher-type.) Then Qz(F,F) >0 for all F in the window A = 2w, provided that
for some n € (0,1)

(1-mn)

PROOF. Lower sampling (Wirtinger plus Voronoi cells, Grochenig [58]):
1f =X fr)xall < 211 < 2201 s X | f(@r)? = g7 (1 = gw/m)?||f]I°. Apply this to f = Cs
after the bound |Cs|> > (1 —n)|F|? — (n=! — 1)|Cs — F|?, and bound the Ss-terms and the

M > U[(n_l — 1)(cosh(Smaxw) — 1)? + SinhQ(dman)}'

Cs — F terms by upper sampling (Lemma 21.1.1). O
Result [NUM] (lemma21_core, T'= H):

Smax 049374 (MTY) 025 0.1 001 1073 —0

Alow 0.3925 0.6025 0.9668 1.7453 1.9349 7D/R = 1.9594

The band Ajpy < A < Agig (from 1.96 to 2.11 as dmax — 0) is the slack between the Grochenig
constant and the staircase construction. Conclusion: the pure zero-side route gives 0.39
unconditionally. Even an unproved strip |4] < 0.01 above H would give only 1.75, and the
absolute ceiling is 2.11. It never beats the prime-side 1.6 by more than about 0.5.

21.4. Comparison with Lemmas 12 and 18

Lemma 12’s detection length Ag(6 = £,3-10'?) = 12.3 and Lemma 18's A%t ~ ¢,/b/e are
detection lengths for one specified ghost in a generic background (true or GUE-like zeros), and
they are [HEUR]. Theorem 21.2.1 is the worst case over backgrounds: the adversary nulls the
background on the nodes of F. The gap 12.3 vs 2.11 is the price of not knowing where the zeros
above H are. The two statements are consistent. Detection needs Q < 0 for some F' when a
ghost exists, while certification needs Q > 0 for all F' against all admissible configurations.



60 ARITHMETIC UNITARITY II

21.5. Restricted classes

PROPOSITION 21.5.1 (insensitivity). [THM] Let

Fiar = {F :supp F C [=5, 5], [F®l2 < M||F|2}. Then

1>,~u Re Hp(v,)| < Cay M? eAdmax (log H) HY72||F||? for every configuration satisfying
(12)—(13).

This follows by partial summation against N (7)), using |F/(t + i6)| < e54/2||F®)]||,]t| .
Consequently a certificate on Fj, 3 (or on Gevrey classes |[FU)|| < M!®, which reach

A= s llog H — 2.4 [EST]) holds for every configuration that agrees with the zeros below H. It
carries no information about RH above H, and so is vacuous as RH evidence. Positivity on
growing windows can only mean something if the class is closed under modulation F — eV*F,
and Theorem 21.2.1 exploits exactly that closure.

21.6. Prime-side costs: (b) Slepian basis, (c¢) Toeplitz/Levinson

Lemma 16’s certificate needs a Galerkin band |t| < T with logT = S(A) + 2.356, where

S(L) = Y ,cer 2A(n) /y/n ~ 4el/2. The margin follows log A\* ~ 15.111 — 10.969 e* (fit to
Lemma 10/16 margins), and the measured cost grows as N°44, Here N is the Legendre degree,
determined by zV /(2N + 1)!! < 1072 with z = T A/2.

(b) Prolate (Slepian) basis: Ngep & 2¢/m 4+ 72 log(1/e)log c [89], with ¢ = T'A/2. This is about
half the Legendre degree, a factor of about 2°4* ~ 40 in cost [EST]. The exponent stays
doubly exponential in A.

(c) Toeplitz plus rank 2: on a shift-invariant spline basis, the translation-invariant part (¥ and
the prime terms) gives a Toeplitz matrix, and the pole terms add rank 2. Levinson’s O(N?)
[93] replaces O(N?) (and the measured N°44). Entry assembly then dominates. [EST]

A T Nieg  bits Legendre (today) Slepian Toeplitz/Levinson
1.6 201 284 176 1.3-10% 3.2-102 7.5

2.0 3690 5082 215 1.2-1011 2.0-10° 4.1-10°

2.4 5.3-10% 87-10% 272 8.6 - 1017 1.4-10%6 1.8-106

3.0 4.8-10% 9.7-105 416 2.4-10% 3.8-10%7 4.3-10%0

Costs are in core-seconds [EST]. The reachable window at a fixed budget is: 10* core-s, Legendre
1.60 / Slepian 1.61 / Toeplitz 2.10; 107, 1.61/1.95/2.56; 10°, 1.95/1.95/2.83. The steps come
from prime powers entering at A = logn. Toeplitz changes the polynomial factor, not the double
exponential T = ¢5(A)+2:36,

21.7. The three-band hybrid

Fix 0<Ty < Ty < H and € > 0. Let k. = ¢, sinc?(et/4p), normalised so that [ k. = 1. Then

k. > 0 and E is supported in [—e/2,¢/2]. Put m = 17y p)u[—15,—11) * ke, s0 that 0 <m < 1.
Take v = 1|1y 1y * ke, and set Xmia = m?2, Xiow = (1 — m?)v, Xhigh = (1 — m?)(1 — v). All three
are > 0 on R, are entire of exponential type < %5, and sum to 1.

THEOREM 21.7.1 (three-band identity). [THM| For F' € C2° in the window A,

Q(F, F) = WxiowHF] + > mp Xmia (Vo) HF (1) + WXnigh HF),
P

where each W-term involves only n < €A%, Suppose Ty + A < H and the tail of ke beyond
distance A is below the margin. Then the middle sum equals 3 o |y <m Im(v)E(7)|?> >0, up to a
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tail error. Moreover ](Xhighfl\;)(xﬂ < 5 thigh|ﬁ']2, s0
= . 1 ~ 9 .
Wl Hr) > ( min W(0) = S(4+29)) 5 [t PP — (tai

PROOF. Apply (21.1.1) to the test function whose transform is XI‘I\;; its inverse transform is
X * Hp, which is supported in [-A — 3¢, A + 3¢]. For real v, Xmid(Y)HF(Y) = |m(y)F(7)|2. The
high-band bound is the alignment bound of Lemma 10 applied to a nonnegative weight. Pole
terms carry x(=%i/2), which is tiny for the mid and high bands. Zeros above H (possibly off-line)
see | Xmia(y + i0)| < %0 SUD|s|>H—1; Ke-tails, which can be summed against N (7). O

Certificate. f = mF € PW(44¢)/2- A lower sampling inequality

T <|y|<Ts |f(7)]|? > L|| f||* — (tail) makes the middle band coercive. To get it, complete the
zeros below Ty by an artificial lattice, on which |f|? < tail. The high band is coercive with

B = W(Th) — S(A+2¢) > 0 once Ty > 3 +236 What remains is a low-band Galerkin problem
W[Xlowlzf;] —c- % leow|ﬁ|2, with ¢ = min(L, 8), on |t| < Tiow = 11 + 2A. This is exactly

(4) The precision

Lemma 10’s structure with (T, 7) — (Tiow, ¢), but Tiey is no longer tied to €3
is still set by A* ~ e~11¢" which is intrinsic. With p ~ $1og(1/A*%), the tails need

A =~ elog(1/X*)/e.

COROLLARY 21.7.2 (ceiling). [THM] The hybrid needs Ty < H — A with W(T4) > S(A + 2¢), that
is, S(A +2¢) +2.36 < log H. At H = 3-10'2 this gives A < log61 — 2¢ = 4.111 — 2¢. If the
middle-band sampling is certified from stored zero positions (Ty < 3.06 - 10'°), it gives

A <log47 —2e = 3.850 — 2c. As H — 00, Amax ~ 2log(]log H). (Compare: pure zero side
2.11; prime side today 1.6.)

Sampling constants [NUM] (Odlyzko’s first 105 zeros [114], not rigorous). The largest
normalised gap above t = 100 is £ = 2.805, and the maximal gap above t = 103,10%,5 - 10% is
2.59,2.18,1.88. The empirical lower frame bound of {7} on PW 45 (minimum eigenvalue of the
sinc Gram matrix on 300-unit blocks) is much better than the max-gap bound:

block 21D A=20 A=30 A=40 A=50 Grochenig, A=3
[103,1300] 5.07  0.509 0.289 0.109 0.034 0

[10%, 10300] 7.37  0.850 0.607 0.334 0.104 0.001
[7-10%70300] 9.32 1.125 0.921 0.670 0.431 0.028

Hybrid cost [EST| (lemma21_hybrid, Toeplitz/Levinson on the low band, ¢ = 0.1). “Crude”
uses the rigorous max-gap criterion, T} = 2ref(4+9)/(1-0) with § = 0.3. “Sharp” assumes a
near-density inequality,’ T} = 2me!3(4+€)  consistent with the table above.

A T (prime) cost Tiow crude cost Tiow sharp cost

2.4 53-10* 1.7-10 1.5-10° (nogain) 5.9-10®° 2.2.10*
3.0 4.7-10% 4.3-10° 16-106 4.7-10° 1.2-10* 2.5-10°
3.5 7.8-10% 3.0-10"® 12-10°" 6.6-10'"" 2.0-10* 1.9-10°
3.85 2.6-109 6.4-10"® 4.7-107 2.2-10% 28-10* 7.8-10°
41 1.2-102 22-102 13-10® 26-10"* 3.7-10* 2.1-107

In addition, the middle band must be certified. In the crude version this is the maximal gap
over [T1,T5], read off Platt’s database. In the sharp version it means blockwise Gram
eigenvalues. These need only double precision with directed rounding, since L = O(1), but there

1[Vol. 2 editorial note] Chapter 24 (Prop. 24.2.1) shows that a frame bound with sharp band edges collapses;
the “sharp” column implicitly assumes padding.
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are about N(Ty) ~ 10! zeros at A = 3.85, roughly 10%® flops [EST]. The rigorous localisation
lemma for the blockwise version (a partition of PW mass with Fejér-type windows) is not
written; it is [HEUR]. With the crude criterion the gain begins at A &~ 2.9. Since the record
normalised gap up to 3 - 100 is larger than 2.8, the crude column is optimistic.

21.8. Obstruction, questions, status

Obstruction. Counting information is translation-invariant and modulation-blind, and the
Weil form on a window is modulation-covariant. So zeros above H enter through their positions,
and those are unknown. The prime side is the only global information that pins them down.
That is why the zero side can help only in a band where positions are known (below H) and the
prime side must close the tail. The doubly exponential cost of Lemma 10 is then the price of the
low band only, and through \* = e*“eA, i.e. a precision of ~ 16e# bits and a band
Tiow ~ elog(1/\*) /e, both single exponential in A (given a sharp sampling inequality).

QUESTION 21.8.1. Is there an explicit sampling theorem for {7y} on [11,T>] at bandwidth

w < D(T1)(1 — 7n), using local counting (Turing’s method) instead of the maximal gap?
Something Kadec/Avdonin-type “i in the mean” is what would make the sharp column rigorous.
QUESTION 21.8.2. Does J.W. want the hybrid implemented at A = 2.4 or 3.0 (sharp column

< 3-10° core-s), with the middle band certified from Platt’s zeros up to 5 - 10*-5 - 10¢ (few

million zeros)? This would be the first certificate past the prime-side reach.

QUESTION 21.8.3. Re-run the Lemma 12/18 tables with HSW in place of Trudgian 2014
(footnote 2 of [64])?7

Statement status value

Thm 21.2.1 (no-go) THM| + [NUM] instance Aeit(H) = 2.113

[
Prop. 21.3.1 (model positivity) [THM] (model) Alow = 0.39 (MTY), 1.75 (6 <0.01)
Prop. 21.5.1 (restricted classes)  [THM] vacuous above H
Slepian / Toeplitz gains [EST] x40; A <2.1-2.8
Thm 21.7.1 (three-band identity) [THM] ceiling log 61 (log47 stored)
Hybrid costs, sharp sampling [EST]/[HEUR] A = 3.85 at ~ 107 core-s
Full Weil positivity [RH-EQUIV] not addressed




CHAPTER 22

Lemma 22: The prolate degeneration test

What Connes—Consani—Moscovici prove, the window dictionary, and why prolate objects see
ghosts no earlier than window positivity
Standalone note lemma22.tex, October 21, 2026.

Summary. We separate what Connes—Moscovici (CM) and
Connes—Consani(—Moscovici) (CC, CCM) prove from what they observe numerically
or conjecture. One correction is needed to the usual paraphrase. The ultraviolet
match with ¢ is carried by the negative (Sonin) spectrum of the prolate operator W).
The low-lying zeros come from the Weil quadratic form QW) via prolate vectors,
(-cycles and, most recently, ground-state determinants. The dictionary to TAA is
exact: \2 =d =e?, and QW on L2([\71, \],d*u) is Lemma 17’s level-IT window
action Sy4, with the same normalization (checked). We then run the degeneration test
on three levels. (i) W) contains no arithmetic data, so it is ghost-blind by
construction. Its UV agreement concerns N(7T'), which counts zeros in the whole strip.
Numerically, at A = /2 its even negative-eigenvalue count stays within 1 of N¢ (7)) for
T < 600. (ii) For the Weil form restricted to any subspace, including the near-radical
(“prolate”) subspace, min-max forbids earlier detection. Numerically the near-radical
subspace of dimension K (d) already detects at exactly the same window as the full
space, in all 20 test cases. (iii) For the CCM ground-state construction, whose E has
only real zeros, a ghost pair becomes visible in the zero approximations at the same
window at which A, < 0, for every § tested. The near-radical dimension is

K(d) =2d— 1 +0.7 for 2 < d < 13.5. This is (Shannon number in logz) — 2N (2rd),
and it agrees with CC’s prolate count 2A? — 2 up to i. Hence Lemma 12’s “excess 2d”
is the additive Slepian count. Verdict: the prolate operator does not detect
ghosts faster than window positivity. The best a prolate object can do is
detect at the same window, and the Weil-form constructions achieve this.
Along the way we found a sign bug in num/lemmall_ghost.py. Lemma 11’s ghost
table is therefore the “extra quadruple” model, not the stated “replacement” model;
see §22.5.

Labels (as in Lemmas 17, 19, 20): [THM]| proved here, or classical with proof; [CITED]; [NUM];
[ANALOGY]; [HEUR|; [RH-EQUIV], equivalent to RH. Numerics: num/lemma22_x.py/.out/.json;
log num/lemma22_progress.md. References: 1it/lemma22/verified_refs.md (Crossref/arXiv
checked; PDFs and texts in 1it/lemma22/).

22.1. What is proved and what is not

CM [34] (arXiv title “Prolate spheroidal operator and Zeta”). Let
WHE = =0, (A2 — 22)0,€) + (2mAx)%¢ on L3 (R).

e [CITED| Thm. 2.6: there is a unique self-adjoint extension Wy, commuting with Py and ]3)\,
the cut-offs to [—A, A\] in « and in Fourier space. It commutes with Fourier transform, and its
spectrum is discrete and unbounded on both sides.

Cor. 2.7: even eigenfunctions behave like sin(2wA\x)/x at 0o, odd ones like cos(2mAx)/x.

63
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Cor. 3.2: eigenfunctions with negative eigenvalue lie in the Sonin space.

e [CITED, SEMICLASSICAL| Prop. 4.2: the semiclassical number of negative eigenvalues
a > —E? in each parity is 20(E, \), with 20 = £(log £ — 1+ log4 — 2log A) + O(1). The
constant A\? printed in (23) is an additive O(1) term; see (25) and Thm. 6.1. The paper calls
this “the semiclassical approximation”, so it is not a theorem about the true count.

e [cITED] Thm. 6.1 (A = v/2): a Dirac-type square root 21} has spectrum in R U iR, and
N(E) = %(log % — 1)+ O(1). The proof invokes Prop. 4.2.

e What is not claimed: no eigenvalue-by-eigenvalue match with zeros, and no statement
involving ¢ beyond the smooth leading term of N (7).

CC, (-cycles [27].

e [CITED, NUM] QW on L2([A71, \],d*u) has ~ 2\? extremely small eigenvalues, e.g.
2.389- 107 at A? = 11.

e [CITED, NUM| The eigenvectors are approximated by “prolate vectors”
E(f)(u) = u'/?Y,~1 f(nu), with f an even prolate function PSap, 0(27A2, /),
m < v(A2) &~ 2X2, corrected so that f(0) = f(0) = 0. The text records “v(u) = 2u — 1 works
well when p is a small half integer”.

e [CITED, THM] The main theorem relates (-cycles to critical zeros.

e [NUM] 31 zeros are reproduced from spectral data.

CCM [25].

e [CITED| A semilocal prolate operator: the square of the scaling operator plus the grading by
orthogonal polynomials.

e [CITED| Proved: stability of the semilocal Sonin space when places are added, and its relation
to Hilbert spaces of entire functions.

e The roles of the two parts of the spectrum are stated explicitly: the positive part gives the
low-lying zeros, the negative part (Sonin) the UV behaviour.

CCM, Zeta spectral triples [24] (Nov. 2025).

e [cITED] Thm. 1.1/5.10. Let ey be the smallest eigenvalue of the truncated form QWY
assumed simple, with eigenvector £ assumed even. Then a rank-one perturbation of the
scaling operator D), is self-adjoint, its regularized determinant is o E , and E has only real
zeros. The real-zero mechanism is the Carathéodory—Fejér type theorem of [36].

e [NUM] The zeros approximate 71, ..., 750 extremely well; with primes < 13 the error at v; is
2.5-107%.

e [RH-EQUIV]: “a rigorous proof of this convergence would establish the Riemann Hypothesis”.
Section 8 lists the missing steps: simplicity and evenness of the ground state, and the
approximation of £\ by k.

REMARK 22.1.1 (correction to the paraphrase). “UV spectrum ~ squares of zero ordinates”
refers to the negative Sonin eigenvalues a of W, on |z| > A, with 2\/—a playing the role of 7.
The match is semiclassical, i.e. at the level of counting functions. The IR (low-lying zeros) does
not come from the spectrum of W). It comes from QW): its tiny eigenvalues and their prolate
eigenvectors (CC), (-cycles (CC), and ground-state determinants (CCM 2025). The positive
spectrum of W) on |z| > A replicates the spectrum on [—A, \]. On J, CM §7.2 relate it to the
trivial zeros.

22.2. The window dictionary

PROPOSITION 22.2.1 (dictionary; [THM] change of variables, [NUM| normalization). Put z = e,
N=d=ed h=A/2. The map f — F = f oexp is unitary from L*([\~", \],d*u) onto
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d 2 25 3 4 5 6 €2 8 10 €24
K(d) (eventodd) 1+1 241 242 343  4+4  5+5  T+6  TH7 949 10+10
2d — T 225 325 425 625 825 1025 13.03 1425 1825 20.30
log;o \* (even) — —29 —50 -7.3 —121 —17.0 —22.1 —292 —324 —428 —48.2

TABLE 22.1. [NUM] Near-radical dimension K(d) = #{eigenvalues of Q|p, <
107Y 21, counted from the full spectra of the exact Galerkin matrices (Lemma 11,
800 bits; 100 vs 120 modes per parity agree). Above the cascade the spectrum has
a plateau of O(1) eigenvalues (= 0.5-1.5). Over all 20 windows 2 < d < 13.46:
|K(d) — (2d — )| < 0.69, mean —0.27. Source: num/lemma22_count.out.

L?([~h, h],du) = Da (Lemma 11’s window). It carries CC’s form [27, (2.11)] to the Weil form
Q(F) =3 ,H(v,) of Lemmas 1/11. Hence:
(a) the eigenvalues of QW) are the stationary values A\ (A) of Lemma 17’s window action

Sa (level II), so minspec QWy = \*(d), and the number of negative eigenvalues is the

index KA;
(b) Weil positivity of QW) for all X, i.e. ka =0 for all A, is [RH-EQUIV] (Weil, Bombieri

14)).

Numerical check of the normalization [NUM]:

o the per-zero term is T, i, j] = 2Ree;(v)e;(y);

o for F =ey at d=3, Qeg) = 0.12233, and the 1000-zero sum is 0.11945, with the remainder
being the tail;

¢ Q—T, =0 holds at d =3 (Amin = 8.8-10711) and at d = €? (3.7- 10734, 40 modes),
provided v, is exact. With the 21-digit 1 of zeros1000. tzt, the error 6.6 - 10721 produces a
spurious eigenvalue —1.9 - 10721 (num/lemma22_Tcheck2. py).

At d = 11 our exact-entry Galerkin value is \*(11) < 9.145 - 10=%° (even, 120 modes;
num/lemma22_Q11_eigs.out). It is a Rayleigh—Ritz value, hence an upper bound up to
rounding. CC report 2.389 - 10748, a factor 2.61 larger. We found no normalization difference, so
we read their number as a less converged truncation. We cannot reconstruct their truncation
parameter, so this is an observation, not a contradiction.

HEURISTIC 22.2.2 (two counts of the near radical; [HEUR], [NUM]| Table 22.1). Two counts give
the same leading term.

(a) Additive, Slepian. The even functions concentrated in [—\, A\] with Fourier transform in
[\, A] number ~ 2)? (Shannon number 4)\?, halved by parity) [139, 88]. Imposing
f(0) = f(O) = 0 and applying E gives about 2\ — 2 = 2d — 2 prolate vectors (CC:
v(p) — 1 with v =2 —1).

(b) Logarithmic, Lemma 12 Heur. 6.3. D4 has Shannon number (A/m)T s = 2dlogd up to
height Ties = 2md. A near-radical vector must vanish at the
2N (Tres) = 2dlogd — 2d + £ 4+ O(S) points . That leaves 2d — .

The data favour (b) over (a) by about %, but the threshold ambiguity is +0.7. Either way,
Lemma 12’s “excess 2d” is the additive prolate count: the near radical is E(prolates). Here the
Landau-Pollak count of Lemma 18 (k ~ A|S|/27) is the log-variable Shannon number of the
region S = {w, < 0}. At o0 = % that region degenerates into the zero set, and (b) is the
corresponding “Shannon minus constraints” count.
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22.3. Level 1: the operator W) is ghost-blind

PROPOSITION 22.3.1 ([THM], elementary). Wg,, its spectrum and its Sonin eigenspaces depend
on X\ alone. Let Z be any multiset in the critical strip with the same counting function N(T) as
the true zero set, i.e. with zeros allowed off the line. No spectral quantity of W distinguishes Z
from the zeros of ¢. In particular N(T) = #{0 < v < T} counts zeros irrespective of Rep: by
Riemann-von Mangoldt, N(T) = 60(T)/m + 1+ S(T') in every ghost world. The UV agreement in
[34] is with 0 /7 up to O(1).

So the degeneration test at level 1 has a trivial negative answer: ghosts do not perturb W) at
all. For completeness we checked the UV statement itself [NUM] (num/lemma22_cm.py). We used
modified Priifer shooting on (A, 00), with the regular solution at z = X [34, (16)] and the
condition & ~ sin(27Azx)/x (even) or cos(2wrA\z)/z (odd) at co. The asymptotic phase is
converged to 1074,

e For A = /2 and \ = 1, both parities, the count of negative eigenvalues with a@ > —FE? is
within 1 of Z(log £ — 1+ log4 — 2log \) for 40 < E < 300 (e.g. 340 vs 339.9 and 406 vs
406.1 at E = 300).

e At A\ = /2 the even count Ny (T') = #{2/—a < T} against N¢(T) is 20/21, 79/79, 201,202,
340/341 at T = 80, 200, 400, 600.

e The individual values are not zeros: 2/—a = 12.55,19.42,24.70,29.26, 33.37, ... against
14.13,21.02,25.01, 30.42,32.94, . . ..

22.4. Levels 2 and 3: Weil-form prolate objects

Ghost sensitivity can only enter through QW). We use Lemma 11’s exact Galerkin matrices Q
and the models below. With T%[i, j] = Re(€;(z)ej(—z) + €;(—2)€;(z)) and v = v, exact (from
mpmath.zetazero):

Q5P = Q=T + Typis + Ty—is, Q3! = OFF + 2T, Q" =Q-Ty+Tyis + Ty

Q5P replaces the zero at v by an off-line quadruple at distance §. 9344 adds the quadruple and
keeps . Q%" is the RH-consistent control, with two on-line zeros at v & 4, so Q3" > 0.

PROPOSITION 22.4.1 (no subspace detects earlier; [THM], min-max). For every subspace V- C Dy
and every symmetric form B: miny B/| - ||? > Amin(B|p,). Hence a negative direction found
inside the prolate span, or inside any span of prolate vectors, exists in D4 at the same A.
Detection by any subspace test never precedes A%t =inf{A : k4 > 1}.

PROPOSITION 22.4.2 (real zeros cannot exhibit a ghost; [CITED|+[THM]). Assume the hypotheses
of [24, Thm. 1.1]: the lowest eigenvalue is simple and its eigenvector even. The argument
applies to B — en for any Toeplitz-type ]:orm B on the window, so ghost models included, and it
does not use positivity of B. Therefore & has only real zeros in a ghost world as well. An off-line
pair at v £ 6 can only appear as real zeros, and in our runs as one real zero near . Ghosts are
seen only indirectly, as a failure of convergence.

Caveat. We did not re-verify the Carathéodory—Fejér hypotheses for Legendre truncations. The
real-rootedness of our computed ¢ is observed, not proved: all roots were found by sign changes,
and the root counts are consistent.

PROPOSITION 22.4.3 (the prolate subspace and ground-state zeros detect exactly when
positivity does; [NUM]). Take the ghost at v or 4, with § € {0.4,0.1,1072,107%,1078}, both
parities, on Lemma 11°s grid of windows 2 < d < 5.
(a) Near-radical subspace. Let Vi be the span of the eigenvectors of Q with eigenvalue
<1072, s0 dim Vg = K(d) ~ d — L per parity. Then Amin(Blvy) and Amin(B) first
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) 0.4 0.1 1072 1074
first d with Apin(Q5") < 0 (even) <25 e 3.32 4
first d with Ay > ey (ground-state zeros) < 2.5 e (3.0) 3.32 (10.9) 4 (1.7)
Ay /es one grid step earlier — 0.37 0.42 1.2-1073
Ag,...,.Agatd=06 10°t 1072 1074 1078-107°

TABLE 22.2. [NUM] Ghost at i, model Q. even sector, windows 2.5 < d <
€26 (Lemma 11 grid, L > 0.9); ratios As/es at detection in parentheses. Here
ex(d) = |25(Q) — &/ is the accuracy of the k-th real zero of € for the true form,
and Ay = [2,(Q5") — 2z,x(Q)| is the shift caused by the ghost. For example,
€1 =25-10719 € =18-10716 ¢ =9-10"19 at d =6; for 4 < d < 8, e; ~ (1.7~
9)-103 A\*. For d > 9, € reaches the ~ 3-1072Y floor set by the stored root precision.
The ground-state zero test switches on at the same grid window as positivity in
all four cases. Source: num/lemma22_ xizeros_an.out.

become negative at the same window in every case. After detection the minima agree in
sign; the median relative difference is 2.5-107%, and the largest is 0.61 (y4, § = 0.4,
where the ghost direction is only partly inside Vi ). Even the single Rayleigh quotient of
the ground state of Q changes sign at the same grid point, though only at the
107121079 level. (Table 22.3; num/lemma22_ghostsub_an.out.)

(b) Ground-state zeros (the CCM 2025 construction, Table 22.2). The ghost shift Ay of the
real zeros ofg exceeds their accuracy € at the same grid window at which
Amin(Q57) < 0. After detection Ay, &~ 6% and stops decreasing in d, while e (d) keeps
falling super-exponentially. With Q3" E shows the two real zeros v+ § once they are
resolved (e.g. 13.7347251,14.5347251 at d =5, § = 0.4). With Q5™ it shows one.

HEURISTIC 22.4.4 (why the thresholds coincide; [HEUR]). Write G = F. Then

Tyris + Ty—is — 2T = —46%|G'(7)]* + O(6*) on vectors with G(v) = 0. Both tests compare this
§2-term with the size of the true form on the near radical. Positivity fails when \* < §2|G/(v)|%.
The ground state, and hence 2, switches from “vanish at v” to “exploit the ghost” at the same

point. This is the doubly-logarithmic law of Lemmas 11/12, —log A*(d) ~ 2log 3 + O(1). Since

€, < A\* here, the zero test cannot beat it.

22.5. Erratum to Lemma 11’s ghost numerics

The bug. num/lemmall_ghost.py computes €,(z) with \/7/(2w) J,41/2(w), w = zh. For real
w < 0 the principal branches do not cancel, and €,,(—x) comes out with the wrong sign (checked
against direct quadrature). Non-real z = 4 i are unaffected. Consequently the real-y term
enters as —7’,, and the model actually computed was Q%dd =Q+ Ty + T pis +Ty—is: a
quadruple added on top of the simple zero at . The text of Lemma 11 (abstract (c), Table
“ghost”) describes Q4.

° did is still a legitimate ghost model.

e Since Q?p = did — 2T, and T = 0, Lemma 11’s dghost are upper bounds for the
replacement model.

e Table 22.3 shows both models. On our 20-window grid their first-detection windows coincide
in all 20 cases, so the bug does not change Lemma 11’s table at this resolution. Lemma 11’s
own grid (h-step 0.05) has since been re-run (errata/voll_chll_erratum.pdf): 59 of 60
entries are unchanged, and the one change is K =1, § = 0.4, odd, 2.72 — 2.46.

e Lemma 12’s doubly-log fit was made on the did data.
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E 6 Oy full  QiP on Vi ground-state RQ Q349 (L11 model)
1 04 2.50/2.50 2.50/2.50 2.50/2.50 2.50/2.50
1 0.1 2.72/3.00 2.72/3.00 2.72/3.00 2.72/3.00
1 1072 3.32/4.00  3.32/4.00 3.32/4.00 3.32/4.00
1 107* 4.00/448  4.00/4.48 4.00/4.48 4.00/4.48
1 1078 6.00/6.00 6.00/6.00 6.00/6.00 6.00/6.00
4 04 4.00/4.00 4.00/4.00 4.00/4.00 4.00/4.00
4 0.1 4.00/4.48 4.00/4.48 4.00/4.48 4.00/4.48
4 1072 4.48/4.95 4.48/4.95 4.48/4.95 4.48/4.95
4 107* 6.00/6.00 6.00/6.00 6.00/6.00 6.00/6.00
4 10% 7.39/8.00 7.39/8.00 7.39/8.00 7.39/8.00

TABLE 22.3. [NUM] First window d (even/odd) on Lemma 11’s grid at which the
ghost is detected (negative value), ghost at v, exact ordinates, branch-fixed €,
100 modes per parity. Columns 3-5: replacement model on the full space, on the
near-radical subspace Vi, and the Rayleigh quotient of the ground state of Q.
Column 6: the model Lemma 11 actually computed. Source:
num/lemma22_ghostsub_an.out.

e Lemmas 10/12/16/18 do not use this routine. lemmal0_zeroside.py evaluates only at

t >0, and lemmal2_sanity.py uses |w|.

e Lemma 11/12 files are not edited here. The fix is \/7/2/y/w.

22.6. Verdict

Does the prolate operator detect ghosts faster than window positivity? No.

(1) Wy is ghost-blind by construction (Prop. 22.3.1). Its UV agreement concerns N (7'),

which is the same in every ghost world.

(2) On the Weil side, min-max forbids earlier detection by any subspace, so “prolate

vectors” can at best tie (Prop. 22.4.1). Numerically they do tie, and the near-radical
space of dimension 2d — ¥ suffices (Prop. 22.4.3(a)).

(3) The CCM ground-state zeros are real by construction (Prop. 22.4.2). They see a ghost

only as stalled convergence, at the same window as positivity (Prop. 22.4.3(b)).

What prolates do give TAA:

(a) a compression: all ghost-detection information at window A lives in a

~ 2e4-dimensional space, which is explicitly approximable by E(PSa,,);

(b) an identification: Lemma 12’s “excess 2d” is the additive Slepian count;
(c) areading of CCM 2025 in Lemma 19’s language. The real-zero mechanism

(Carathéodory—Fejér) is the analogue of the “volume” or sign-change side, which is
blind to off-line quadruples. The convergence to =, which would give RH, is the “area’
side [RH-EQUIV].

)

Obstruction. Every prolate construction that knows about ¢ does so through QW), and its
detection power is bounded by A\*(d) = ¢~27°4(1+o(1)) (Lemma 11). A route to RH through
prolates must prove a statement that holds for all A\. Examples are the convergence §A A — E [24],
or simplicity and evenness of the ground state together with k) ~ £,. Each of these is at least as
strong as controlling \* for all d [RH-EQUIV]. The finite-\ structure adds no leverage over
window positivity.

Rigor status.
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e [THM|: Prop. 22.2.1 (change of variables), Prop. 22.3.1, Prop. 22.4.1, and the erratum
mechanism (branch analysis, checked numerically).

e [CITED|: §22.1 and Prop. 22.4.2 (CCM Thm. 1.1 under its stated hypotheses).

e [NUM]: the normalization check, Table 22.1, the W) counts, Prop. 22.4.3, Tables 22.2, 22.3.
These are mpmath 110 digits on exact-entry (800-bit) Galerkin matrices with 100-120 modes
per parity, not interval-certified. Windows with d > €2 are not fully converged (100 — 120
modes changes \* by 5%), and the root grid is 0.1.

e [HEUR]: Heuristics 22.2.2, 22.4.4.

e [RH-EQUIV]: Weil positivity for all \; CCM’s convergence.

QUESTION 22.6.1. (1) Should the TAA window basis be switched to CC prolate vectors

E(PSom,0), i.e. use the ~ 2d-dimensional near radical as the certificate space, for the
Lemma 16 interval certificates at larger d? The ghost information is all there
(Prop. 22.4.3(a)). The cost is the high-precision prolate evaluation.

(2) Is the count 2d — % (Shannon minus constraints) or 2d — 2 (Slepian minus £(0), £(0))
the right one? Distinguishing them needs a threshold-free count, e.g. the index of a
Landau—Widom plunge fit.

(3) Lemma 11’s ghost table answers the “extra quadruple” model. Do you want Lemma 11
re-issued with the replacement model (Table 22.3), or an erratum note only?






CHAPTER 23

Lemma 23: Tropicalizing SpecZ x Spec Z

The magnitude survives, the positivity does not

Standalone note tropical_note.tex, October 21, 2026.

Summary. We test J. W.s proposal to treat SpecZ x SpecZ tropically. First the
dictionary is corrected. Under Maslov dequantization, multiplication becomes
addition of logarithms, and addition becomes max. The tropical limit of the zero side
keeps exactly Re p and discards the phases. RH itself is therefore a tropical statement
(6= %) What is not tropical is every known mechanism that forces it.

Decisive test (function fields). On E/F5, Cy/F; and on fake Weil
polynomials, the following do not separate real curves from fakes:

e p-adic Newton polygons;

e archimedean tropical roots;

e Yu’s tropical PSD cone, which consists exactly of the single-shadow bounds;

e complex-tropical (Viro 7C) positivity.
The norm |a| = /g is recovered only by (a) the limit in n of all shadows, (b) phase
averaging (Ronkin/Jensen), or (c) positivity over a genuine field (C, = C, h > 0), i.e.
Rosati.

The Lemma 15 window Gram matrices (for h > 0.1) are numerically Lorentzian
quadratics in the sense of Brandén—Huh. On all windows this is RH-equivalent.
Nothing here bears on RH beyond reformulation. Plain tropicalization of
SpecZ x SpecZ cannot yield a Hodge index theorem.

Labels: [THM]| proved here or classical with proof; [CITED]; [NUM|; [ANALOGY]; [DEDUCTION]:
our inference from cited universal properties; [RH-EQUIV]|. Numerics:
num/tropical_checks.py/.out/. json, num/tropical_window_lorentz.py/.out/.json.
References: lit/tropical/verified_refs.md.

23.1. Dequantization, done correctly; the zero side keeps only Rep

Put z = e*", y = e’/". Then hlog(zy) = a + b ezactly, and
hlog(x + 1) = hlog(e®" + €M) — max(a,b) as h — 0 [94]. So the rule is x + + and + +— max.
J. W's version (“multiplication — min/max, addition — multiplication”) is the same idea
shifted down one level. Read on logarithms it is right: max replaces + and + replaces x.
Two consequences are used throughout:

e The phase of x disappears in the limit, since hlog \e(a+i¢)/ h =a.

e Cancellation becomes invisible: z — x and x + x have the same tropical value.
Viro’s hyperfields [153] keep track of what is lost. The triangle hyperfield sends a B b to the
interval [|a — b|, a + b]; the complex tropical 7C sends a sum to its terms of maximal modulus.
Viro [153, §9.3] realizes TC as the limit h — 0 of the fields C;, = (C, +p, x), where
a+pb=S;"(Sha+ Spb) and Sy(z) = |2|/"2/|z|. Bach C, is a copy of C.

PROPOSITION 23.1.1 (the tropical value of the zero side; [CITED|+[THM]). Let © = sup Re p.
Then lim sup,_, . log |y (z) — x|/ logz = ©.
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PROOF. The bound < is ¥(x) = 2 + O(2® log? ) [106, Ex. 13.1.1]. The bound > is
Y(z) — x = Qu (297°) [106, Thm. 15.2]. O

Reading. In ¢(z) —x = =3 2 /p+ ... take h = 1/logz. Then hlog |z*| = Re p, so the tropical
sum is max Re p = ©. The phases Im p - log x are exactly what is discarded. RH says © = %,
which is a purely tropical statement. Note, however, that the proof of “>” uses Landau’s lemma
for integrands of one sign [106, Lemma 15.1]. Even extracting the tropical value needs one bit

of phase: a sign.

PROPOSITION 23.1.2 (Lemma 10/16 is the triangle-hyperfield bound, and it is sharp;
[THM]+[NUM]). Let C(t) = 32, <4 an cos(tlogn) with a, = 2A(n)n~/2 > 0. The pointwise bound
C(t) < Ag =3 ay is the upper endpoint of the triangle-hyperfield sum Byay, i.e. the bound that
forgets every phase. For every T, sup,~ C(t) = Aq.

PROOF. The logp (p < d) are Q-linearly independent. By Kronecker, tlogp € 27Z + (-4, 0)
holds for all p < d simultaneously at arbitrarily large t. Then tlogp* = ktlogp is also near 277,
so prime powers align automatically. This is Zhu’s Lemma 3.2 [165]. O

[NUM] Window 1.6 (n = 2,3,4): Ay = 2.94197353, and the sup found on [200, 200 + 10°] is
2.94197350. C' > A4 — 0.05 holds on a fraction 0.0037 of . So the Lemma. 10 constant is
optimal. (We checked this explicitly: a per-prime “sharpening” fails for the reason Zhu retracts
in his Rem. 3.3.) Any pointwise-in-¢ method is exactly tropical, and the double exponential

Ty = 2meL is intrinsic to that method class. Lowering it needs phase information: a
Diophantine non-alignment statement [165, Rem. 1.6], or averaging. The Bohr mean square of
C is 1.525, against A2 = 8.65.

23.2. The decisive test on C x C/F,

Let P(T) = H?il(l —«a;T) and s, = Y . The examples are:
e two real curves: E/F5 with P =14 3T + 572, and Cy/F7 with
P =1+3T+44T? + 2173 + 49T*;
e three fakes, each satisfying the functional equation o — ¢/c: the Lemma 19 coin
1 — 2272 + 49T%; the genus-one ghost (1 — T)(1 — 5T); and the Lemma 19 non-real
quadruple (¢ = 7, moduli e¥%3/7).
Each test below records what it outputs, compared with the truth |a|/,/q.

case true |a|/\/q p-adic slopes arch. trop. roots Ronkin NS (n4,n—,ng) first k: PSD / trop-PSD
E/Fs 1,1 0,1 0.745, 1.342 0.99, 1.00 (1,3,3) never / never
C>/Fz 14 0,0,1,1 0.88,1,1,1.13 0.99, 1.00 (1,5,3) never / never

coin ¢g=7 0.5997%,1.668%  0,0,1,1 0.5642%,1.773% 0.59-1.67 (3,3,3) 3/3

ghost g=5 0.447, 2.236 0,1 0.373, 2.683  0.447, 2.22 (2,2,3) 2/2
quadruple 0.7412,1.350 - 0.44,0.64,1.57,2.26 0.74, 1.35 (3,3,3) 3/4

[NUM] The “NS” column is the Gram matrix of H,V,Ty,..., T, —1, built from

- T = g™ (gl 41 — Sim—k|) and similar entries. “Ronkin” is the phase average
5= §log|P(re®)|d¢ (Jensen), read off at its corners; it is evaluated on a grid, hence the 0.99.

e p-adic Newton polygon: identical for the real curve and its fake (coin vs Co; ghost vs
E). It sees ord, a, not |a|so.

e Archimedean tropical roots (— log of the slopes of maxy log |P| + klog |T]): these
misreport even real curves. For E they give 3/v/5 and (5/3)/v/5, a false “off-circle”
pair, because the cancellation that produces |a| = /g is invisible tropically.

e Ronkin: exact, but it integrates over full circles, i.e. over all phases.
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THEOREM 23.2.1 (all shadows = norm is a Maslov limit in n; [THM]). Let aq,...,a, € C* and
Sp =y ;ai. Then

lim sup | s,,| /™ = max |oy.
n—o00 ?

If moreover the multiset {c;} is stable under o — q/a, then min |a;| = ¢/ max |a;|, and
sup |s,lg"? < 0o <= all || = /4.
n

Proor. Group equal values: j31,...,[3,, are distinct, with multiplicities m; > 1. Then
Zn21 spT™ = Z]‘ mj /BjT/(l - ﬁjT)~

This is a rational function with a pole at every 1/f;: the partial fractions have distinct poles
and nonzero residues, so none cancels. Its radius of convergence is therefore min; |3;|~1.
Cauchy-Hadamard gives lim sup |s,|'/™ = max |3;|.
Duality maps the largest modulus to the smallest, which gives the formula for min |«;|. If
|sn| < Cq™? for all n, then max |o;| < v/q, 80 min |a;| = ¢/ max |oy| > /g, and all moduli equal
V/q. Conversely, |s,| < rq"/2. O

Maslov reading [THM]. With h = 1/n, hlog|s,| = hlog| Y e8|, Its tropical limit is

max; log |a;|, and < holds for every n, since |s,| < rmax |a|™. The statement is a limsup, not a
limit: phases decide which n realize it (the coin has segq = 0). [NUM|: max4po<n<600 ]cn|1/ " with
en = $pg ™% is 1.0017 and 1.0033 for E and Cy; 1.6713 for the coin (true 1.6684); 2.2361 for the
ghost.

Answer to J. W.’s framing. In (log |z|,arg x), the tropical (amoeba) coordinate of a Frobenius
eigenvalue is log || = £ log . This is the norm, ||F||* = deg F' = ¢ in Lemma 19. The trace
a=a+a=2/gcosf has log |a| = % log g + log |2 cos #], which mixes magnitude and phase:
Lemma 19’s “shadow”. Theorem 23.2.1 shows that shadows determine the norm only in the
tropical limit in n, an infinite amount of data.

PROPOSITION 23.2.2 (tropical positivity = single shadows; [CITED]+|[THM|-+[NUM]). (a)
[164, Thm. 1] The valuations of PSD matrices without zero entries over real Puiseux
series are exactly the symmetric X with x;; + x;; < 2x;;. Equivalently, these are the X
for which the tropical determinant is attained at the identity. Only the 2 X 2 conditions
survive.

(b) For the Toeplitz sections Ty, = (ci—j)i j<k, the archimedean shadow of (a) is
len| < co = 2g for n < k: the single-shadow Weil bounds. If |c,| < co for 0 < n <k,
then every principal minor of Ty, evaluates in TC to cf* > 0. Indeed the identity is the
unique dominant permutation term, since every other term contains an off-diagonal
factor of modulus < cg. So T C-positivity, and a fortiori any hyperfield positivity that
factors through TC, coincides with (a) for non-tied data.

(¢) [NUM] Lemma 19 coin family N =1,2,5,10,20 (passes the Weil bound for every
n < N). The first non-PSD section is k = 3,4,4,4,5. The first tropically non-PSD
section is k = 3,5,11,21,42.

So the target (iii), a positivity on finitely many phase-aware shadows that forces |a| = /g, is
met by field-level PSD (Rosati / Toeplitz, k£ < 5 in every test). It is not met by any h =0
object: T, Yu’s cone, triangle, 7C, or the phase hyperfield, whose sign/phase data carry no
magnitude. Because Cp, = C for h > 0 (Viro), “phase-tropical positivity at finite h” is just
classical positivity in new coordinates.

PROPOSITION 23.2.3 (Lorentzian reading; [CITED|+[THM|+[NUM]). Brandén—Huh [16, Def. 2.1,
Lemma 2.5]: a quadratic form with nonnegative coefficients is Lorentzian iff its Hessian has at
most one positive eigenvalue (with M -convex support), iff it is real stable.
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(a) For E and Cy, the NS Gram on (H,V,Dy,), Dy, =Ty +t(H+V) (t =0,1), rescaled

by ¢ ™2, has nonnegative entries, M-convex support and ny = 1, so it is Lorentzian.

For the fakes ny = 2,3 and it is not. Lorentzian here = Hodge index on the span =
(hyperbolic plane) @ (negative-definite transverse part) = Rosati positivity.

(b) Every tropical (magnitude-only) test of Lorentzian-ness is blind. The 2 x 2 reverse

Cauchy—Schwarz conditions pass for all fakes. M -concavity of normalized
log-coefficients [16, Cor. 3.16], the tropical sufficient condition, fails already for the real
curves (132 and 513 failing triples).

(¢) [NuM] The Lemma 15 window Grams G = (¢(c; — ¢j)) with centers ¢; = ilogg,

q € {2,3}, n € {4,8}, have, for h € {0.1,0.25,0.5}, all entries > 0 and ny =1 (inertia
certified in Lemma 15). They are therefore Lorentzian quadratics and real-stable
polynomials. At h = 0.05 the diagonal £(0) = —0.0162 < 0, so the polynomial reading
fails although ny = 1 still holds.

(d) [RH-EQUIV] By Lemma 15, Thm. 15.2 (supny =1+ N ), “all window Grams have

ny < 174s RH. Lorentzian-ness on all positive-entry windows is a reformulation, and
no new leverage.

23.3. Literature: what is proved, what is missing

Connes—Consani.

e The arithmetic site [28, 22] is the topos NX with structure sheaf Zmax- Its points over

R are ), and Rfr acts as Frobenius. The square carries a one-parameter semigroup
of Frobenius correspondences, and its structure sheaf “involves Newton polygons” [22].
The scaling site [23] is [0, 00) x N* with piecewise-affine convex sheaf. It is a tropical
curve, and Riemann—Roch (real dimensions) is proved on each periodic orbit
Cp=R%/ pZ.

Riemann—Roch for SpecZ (integer dimensions, over the sphere spectrum) is proved in
[26]. That is a curve.

The strategy [30]: RH <= s(f,f) <0 for f with [ fd*u = [ fdu =0 (eq. 12), with
s(f,f) =DeD for D= [ f(\)W\d*\ on the square (eq. 14). Step 3,
Hodge—Riemann—Roch on the square of the complex lift, is called “the most
problematic”. The tropical descent uses Jessen’s function

¢(0) =lim 5 [log | f (o + it)|dt, whose slope jumps give the relative frequency of zeros
(egs. 22-23). This is the almost-periodic Ronkin function [119].

Missing: the positivity D ¢ D < 0 on the square. The Jessen/Ronkin level is phase-averaged, so

it sees densities only. A density-zero set of off-line zeros is invisible to it, exactly as in §23.2,
where the Ronkin function is exact only because it is evaluated on full circles. The hyperring of
adele classes Ag/Q* [29] keeps the multiplicative structure with a hyper-addition. It is the
most promising phase-retaining model, but no positivity theorem on it is known to us.
Tropical Hodge theory.

e AHK [1] prove Hodge-Riemann relations for matroids. These are combinatorial

positivity theorems, but in a setting where the Kéhler package comes from a fan, with
no Frobenius.

e Amini-Piquerez [2, Thm. 1.5]: on a smooth projective tropical surface, H, L has

trop
signature (1 + bg, A5 — 1 — by). By IKMZ [75, Cor. 2], for tropical limits
by = dim Hy o = K02 = Dg-

e Babaee-Huh [4] build a tropical surface in R* whose intersection form violates the

Hodge-index signature, and Shaw notes that tropical H; 1 need not satisfy Hodge index
[134].
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So tropical H! absorbs pg extra positive directions, those that classically live in H 20 HO2,
i.e. in the phases. [ANALOGY]| This parallels Lemma 15’s supny = 1 + N, tropicalization can
create timelike directions precisely where phase was discarded. For a tropical SpecZ x SpecZ
one would need by = 0 and a realization theorem. Neither is available.

Fi.

e Soulé [140] records Manin’s question about the fibre product and works with varieties
of finite type, which SpecZ is not.

e Deitmar [40]: Fi-rings are monoids and A ®p, Z = Z[A].

e Borger [15]: Fi-algebras are A-rings, Z is initial, and colimits of A-rings have
underlying rings as in Ring. Hence [DEDUCTION]| SpecZ Xp, SpecZ = SpecZ in
Borger’s theory: the surface collapses to the diagonal. In Deitmar’s theory the only
model of Z is 1 itself, with the same collapse. Borger states that his theory is silent at
the archimedean place.

e Lorscheid’s blueprints [96] interpolate between monoids and rings but do not supply a
surface with an intersection form.

The nondegenerate candidate remains the Connes—Consani square.

Periods. Riemann’s bilinear relations, PA™''P = 0 and —iPA~'P > 0 [19], come from

—i [df Adf > 0. This uses the complex structure, i.e. a phase. On abelian varieties it becomes
positivity of the Rosati trace form, the Rosati involution being adjunction for the Hermitian
form ¢; (L) [10, Ch. 5], [102, Thm. I.14.3]. Deninger [43] conjectures a Hodge * on Hcllyl[1 with

tr(f U=f’) positive and the generator © commuting with *. That would force © = % + A A
skew, which is RH. The Betti-de Rham comparison is thus exactly where positivity enters, and
it enters through a phase (Hodge *, ). Kontsevich-Zagier periods add nothing here: they
concern which numbers are periods, not positivity.

23.4. Conclusions, ranking, questions

Verdict (B). Plain tropicalization of SpecZ x SpecZ cannot yield Hodge index. Its finite
positivity is Yu’s 2 x 2 cone, i.e. single shadows (Prop. 23.2.2). It misreports real curves (§23.2),
and tropical surfaces already violate or shift Hodge index by p,. What survives is the signature,
a sign-level datum, and the norm as an infinite limit (Thm. 23.2.1).
New for TAA:
(1) the dictionary of Prop. 23.1.1-23.1.2: Lemma 10 is the triangle-hyperfield bound and is
sharp;
(2) Thm. 23.2.1 as a Maslov limit, with duality;
(3) Yu’s theorem identifying tropical PSD with Lemma 19 single shadows, and the 7C
extension;
(4) window Grams are Lorentzian quadratics.
Ranked candidates (score = 0.6 sig+0.4 prob, each on [0, 1]):
(1) Positivity on the CC hyperring Ag/Q* in finite-h coordinates. Test: do Lemma 15
Grams remain Lorentzian under the C; deformation of the test space? sig .8, prob .15,
0.54. [RH-EQu1V] if all windows.
(2) Stability-preserving operators (BH toolbox) acting on window Grams as a route to
monotonicity in the window. sig .5, prob .3, 0.42.
(3) A tropical by = 0 criterion: compute Hy o of a tropical model of the CC square. sig .6,
prob .15, 0.42.
(4) Phase-tropical Lemma 10 (Diophantine non-alignment, Zhu Rem. 1.6). sig .4, prob .35,
0.38. Not RH-equivalent; it only improves T7.
(5) Fi-products (Borger/Deitmar). sig .2, prob .05, 0.14: they collapse.
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QUESTION 23.4.1. (1) Should “Lemma 23” be read as closing the tropical route, keeping only
Lorentzian/stability as a toolbox? (2) Is it acceptable to replace J. W's “Hodge index on all
windows” by “window Grams are real-stable quadratics”, which is an equivalent statement in
BH language? (3) Do you want item 1 (finite-h deformation) run numerically next?



CHAPTER 24

Lemma 24: Lemma 21 follow-ups

Corrected counting constants, a certified padded frame bound for zeta zeros, and why the hybrid
certificate was not run
Standalone note lemma24.tex, October 21, 2026.

Summary. Verdict.

(1) Corrected constants, done. Lemmas 12 and 18 used Trudgian’s 2014 counting
bound, which Hasanalizade—-Shen—Wong report to be erroneous. With a corrected,
HSW-based bound the Lemma 12 thresholds improve at low height and worsen
slightly at high height. All recomputed rows are Arb-certified. The headline
Lemma 12 value is unchanged in substance: Aq(3,3-101%) =12.29 — 12.32.
Lemma 18’s Theorem 5.1 survives with more room: the tail lower bound rises
from 0.0564 to 0.0717 against the target 0.0462. Lemma 18’s detection tables do
not use the counting bound at all.

(2) Frame theorem, partly done. The zero data are rigorous: Platt’s LMFDB zeros to
height 446000, decoded exactly. On these zeros I certify in Arb a finite, padded
lower frame bound L > 0.60,0.58,0.60,0.55 at A = 2.4,2.6,2.8,3.0. I do not prove
the requested analytic Kadec/Avdonin-type theorem for all of PW,,: one
approximation lemma is left open (Lemma 24.2.4). T also find that a frame bound
with sharp band edges collapses to about 10~ or less. Padding is essential, and
Lemma 21’s “sharp” cost column implicitly assumed it.

(3) Hybrid certificate, not run. The requested condition, that (2) succeed, holds only
partially. Separately, the existing (Legendre) certificate code projects to about
2-10® hours on this machine at A = 2.4, far beyond the 24-hour stop rule. A
Toeplitz/Levinson rewrite would project to about 0.8-9 hours for A = 2.4-3.0
[EST], but that code does not exist.!

Labels as in Lemmas 17-21: [THM|; [THM,CA| computer-assisted proof (Arb ball arithmetic on
verified data); [CITED]; [NUM] floating-point; [EST]; [RH-EQUIV]. Nothing here is RH-equivalent;
RH below H is a theorem [124]. Files: num/lemma24_x, num/platt/,
lit/lemma24/verified_refs.md, checkpoint num/lemma24_progress.md.

24.1. (1) Corrected zero-counting bound

Lemmas 12 and 18 used |N(T) — £ log 5--| < 0.1121og T' 4 0.278log log T' + 3.385. These are

Trudgian’s 2014 constants [151], which [64], footnote 2, reports to be in error (“the ranges of
parameters ... were not verified properly”).

LEMMA 24.1.1 (corrected bound). [THM] For T > 0 let N(T) — & log == = £ + S(T) + E(T) /.
Then |E(T)| < 16% + :%T < 822 Consequently [N (T) — £ log 5=-| < Reor(T), where
R (T) = 3.3917 + 0.17/T, 0 < T < Ty = 30610046 000,
O 13,9055 + 0.17/T + 0.1095log T + 0.2042loglog T, T > T.

1[Vol. 2 editorial note] Superseded: a Toeplitz/Levinson certificate pipeline was written after this note. Its
logged results (write-up pending) are listed in Appendix B; they are not claimed as theorems of this volume.
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PROOF. N =0/m+1+ S and 6(t) = Imlog'(} + %) — Llogm. Put z =
formula with no correction terms has remainder |R;(z)| < secQ(% phz)/(12|z]
5.11(ii) [113]), since phz < 7/2 and |z| > t/2. Exactly,
tlogt — 5 —Z + Llog(l+ ;L) + § arctan o
The last two terms lie in [0, :2-]. For |S|, use |S| < 2.5167 on [0,Tp] ([64], (1.7), from Platt’s
database) and [64], Cor. 1.4, above Tg. Of the two forms in Cor. 1.4, the second is the smaller
one for logT" < 936. 0

At T =103, Reor = 3.392 against the old 4.696. At 3-10'2, R.or = 7.737 against 7.536. At 1020,
9.730 against 9.607. So the correction helps below Tp, where Platt’s database applies, and hurts
slightly above it. HSW’s global Cor. 1.2 (constant term 9.3675) would be worse everywhere in
this range, so it is not used.

Lemma 12 rerun [THM,CA|. num/lemma24_112A0.py is lemmal2_AO.py with R replaced by
Reor- The ach integrands are split where an argument crosses Tz, so each piece stays analytic.
Every row goes through the same search and then 300-bit Arb re-verification
(lemma24_112verify.py). Table 24.1 gives each certified Ay with its change from Lemma 12’s
certified value; “pend.” rows are still running at the time of writing (resumable,
num/lemma24_112_A0.jsonl).

=

+ % Stirling’s
<1/(3t) (DLMF

Im[(z — 3)logz — 2] =

TABLE 24.1. Certified Ap(d,79) with Reor; in parentheses, the change from
Lemma 12 (Trudgian 2014). Source num/lemma24_112_certified.json,
lemma24_112_deltas. json.

Yo\ 6 0.5 0.25 0.1 0.05 0.01
71 glob. 9.14 (-0.22)  16.36 (-0.44) 37.94 (-1.12)  73.88 (-2.26)  358.92 (-11.88)
71 loca. 9.68 (-0.20)  17.16 (-0.58) 40.18 (-1.20)  78.36 ( 2.40)  381.52 (-12.50)
10? glob. 9.92 (-0.36)  17.92 (-0.70) 41.64 (-1.96)  79.34 (-4.34)  371.54 (-24.82)
10? loca. 10.40 (-0.32)  18.90 (-0.74) 43.96 (-2.20)  83.96 (-4.62) 395.14 (-26.74)
3-10'2 glob. 12.32 (+0.02) 22.72 (+0.04) 52.10 (+0.14) 98.96 (+0.32) 456.02 (+2.00)
3-10" loca. 12.84 (+0.10) 23.78 (+0.04) 54.54 (+0.14) 103.70 (-+0.34) pend.
10%° glob. 13.12 (+0.02) 24.32 (+0.02) 55.60 (4+-0.06) 105.14 (+0.16) 482.64 (4-0.94)
10%° loca. 13.56 (+0.00) 25.22 (+0.00) 58.24 (4+0.06) 110.10 (+0.16) pend.
1019 glob. 16.12 (40.00) pend. pend. pend. pend.
10 loca. pend. pend. pend. pend. pend.

The pattern is monotone. Below T (at 1 and 10%) Ag drops by 0.2-26.7; the effect is largest at
small §, where tails accumulate many R-terms. Above T it rises by 0.00-2.00. Lemma 12’s
conclusion, that detection lengths are > 9 and far above every certified window, is unchanged.
Lemma 18. The Aget tables are floating-point numerics on actual zeros and contain no R, so
they are unchanged. The only R-dependent step is Thm. 5.1(c), the tail

g(z) = 3[M(z+ H) — M(z — H) — R(z + H) — R(z — H)]/(1 + H?) with X = 5000, H = 10.
With Reor, g(X) = 0.07167 (Lemma 18 had 0.05640). ¢ is increasing on each regime; at the
jump at T the conservative value is g > 0.2802. Both exceed the target 0.0462, so Theorem 5.1
stands [THM,CA] (lemma24_118tail. json).

24.2. (2) Sampling the zeros: data, a certified padded frame bound, and what is
missing
Data [CITED]+[THM,CA]. LMFDB distributes Platt’s zeros [123, 148], isolated to £27192 with

completeness checked by a rigorous Turing method. I downloaded
zeros_9{14,5000,26000,236000}.dat; their md5 sums match LMFDB’s md5.txt. The files
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were decoded exactly (7 = to + Z - 27101 rational arithmetic), giving all 721913 zeros with

0 < 7 < 446 000. Block headers N (t() are contiguous, and the first 10° agree with LMFDB’s
served list to 0.0. Odlyzko’s table differs from them by at most 3.0 - 10~ and is used for nothing
below.

Setting. Let w = (A +¢)/2 with e = 0.1. Fix a band I = [T}, T5] of length 300 at the

Lemma 21 “sharp” heights T = 5900, 7400, 9300, 11500 for A = 2.4,2.6,2.8, 3.0, and a padded
band I, = [T1 — p,T> + p]. The model space Vs consists of the sums f = > cje’fjt with £ on a
uniform grid of M ~ 1.5 |I|w/7 points in [—w,w]. Write G = V*V with Vi; = e%% (v, € I,) for
the sampling form, and By = [; e/& =&t dt for the mass form.

PROPOSITION 24.2.1 (edge collapse; padding). [NUM| The minimal generalised eigenvalue L of
(G, B) on the well-conditioned range of B behaves as follows (verified zeros, float6):
A 2rD(Th)) p=0 p=>5 p=10 p=40

2.4 (6.84) 1.6-107% 0.642 0.660 0.668
2.6 (7.07)  4.2-1075 0.632 0.636 0.640
2.8 (1.30)  4.7-1073 0.643 0.65, 0.662
3.0 (7.51)  2.6-1075 0.595 0.603 0.608

With padding p > 5, L/D =~ 0.50-0.61, stable in p. Without padding L collapses, and the
collapse is erratic in band length (Remark 24.2.5).

THEOREM 24.2.2 (certified padded frame bound). [THM,cA)? Let Q € CM*" be the fived float6)
matriz spanning the range of B with eigenvalues at least 10~ max spec B; its entries are exact
binary rationals. Let W = {3, cje’gjt :c € QC"}, and take p = 10. Then for every f € W,

0.60 A=24 (K =349, M =187, r = 133),
S R = L/|f|2 ;_ )058 A=26(361,201,143),
i, I/ 0.60 A =28 (372,215,152),

0.55 A=3.0(383,230,162).

PROOF (COMPUTER-ASSISTED). Each zero is entered as an Arb ball of radius 271%0, and ¢;
and @ exactly. G and B (the latter in closed form) are computed in 128-bit ball arithmetic, and
sois S = Q*(G — LB)Q. An LDL" factorisation of the real 2r x 2r form of the Hermitian S has
every pivot provably > 0; the minimal pivot lower bounds are 6.41, 10.6, 27.3, 25.6. Hence
S = 0. (num/lemma24_frame_arb.py, .jsonl; under 5s each.) O

Controls (same code, A = 2.4). L = 0.70 fails, as it must, since it lies above the float minimum
0.660. L = 0.65 passes. With p =0, L = 0.60 fails after 13 pivots. So the certificate is sharp:
the true minimum lies in [0.65,0.70).

PROPOSITION 24.2.3 (what the hybrid actually needs). [THM] In a Galerkin certificate for
Lemma 21, Thm. 7.1, with a finite window basis {b;}i<n, the middle-band term restricted to the
basis is the quadratic form 3 g |y<n Im(y) 2| 32, aibi(v)|2. It is PSD and can be computed
exactly from verified zeros, so no frame theorem is needed for it. A lower frame bound enters
only through the truncation tail F| = F — Py F': the mid band must be coercive,

S ImFL(y)[2 > L [|mF_|? — (tail), uniformly over the infinite-dimensional complement.

2[Vol. 2 editorial note] The Arb enclosure first used for this theorem entered float64-rounded zeros as balls
of radius 27!% that need not contain them. It was re-run with exact rationals in Chapter 24A, §24A.6; the theorem
stands unchanged.
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LEMMA 24.2.4 (open: model-space approximation). (Needed to turn Theorem 24.2.2 into a
statement about all of PW,,.) There are explicit n(M,r,p) — 0 with the following property. For
every f € PW,, there is w € W such that both 3. c; |f — wl(y) and [;|f —w|? are

<0l Then Si, 112 > (VE = ey f; 112 -

This is a prolate-truncation statement. It needs explicit bounds on the prolate eigenvalues
beyond the Shannon number |I|w/7 (Landau-Widom asymptotics [89] are not explicit;
Bonami-Karoui-type bounds are) and an aliasing estimate for the ¢-grid. I have not proved
it. Without it, Theorem 24.2.2 is rigorous for W only.

REMARK 24.2.5 (why not Avdonin). The oversampling ratio here is

27D(Th) /(A +¢€) = 2.74,2.62,2.52,2.42. That is far from critical density, which is where
Kadec/Avdonin “% in the mean” conditions bite. Kadec’s sup-norm condition fails anyway, since
normalised gaps reach 2.8 (Lemma 21). The binding difficulties are edges and approximation,
not density. On edges: PW,, functions can put mass near 01 while the samples that control
them lie outside I. That is the p = 0 collapse, and it is why the same band gives L = 0.0038 at
length 400 but 0.054 at length 800 (lemma24_frame_float.json). Correction to Lemma 21: its
“sharp” column used interior (padded) Gram constants, which is right, but the mid-band
partition m must then overlap the padding. This costs a few units of T" and does not change any
order of magnitude.

24.3. (3) Hybrid certificate: projection and stop

The requested condition, that (2) succeed, holds only partially: Lemma 24.2.4 is open.
Independently, here is the cost projection, using Lemma 21’s cost model (fit to the measured
Lemma 16 runs: N4 scaling, \* fit) at the Lemma 21 sharp Tjoy:

A Tow  DNeg existing Legendre code Toeplitz/Levinson (not implemented) bits

2.4 5910 9716 2.0-10% h 0.76 h 272
2.6 7420 13176 1.3-10% h 1.7h 311
2.8 9260 17685 8.0-10° h 39h 358
3.0 11500 23534 4.8-100 h 8.8 h 416

Hours are wall-clock on this 8-core machine, [EST|, from num/lemma24_proj.json. With the
code that exists, the first step (A = 2.4) exceeds the 24-hour limit by a factor of about 107, so
stop. The Toeplitz column is an estimate for code that has not been written. It would also need
(i) a rigorous truncation coupling for the spline basis and (ii) Lemma 24.2.4. The certificate is
therefore not attempted, and no certified window beyond 1.6 is claimed.

24.4. Status, obstruction, questions

Item status value

Lemma 24.1.1 (corrected R) [THM] 3.392 below Tp

L12 A rerun [THM,CA] (rows certified) AAg € [—26.7,+2.0]; headline +0.02
L18 Thm 5.1 tail [THM,CA] g(X) = 0.0717 > 0.0462

Platt data decode [CITED]+[THM,CA] 721913 zeros to 446 000

Thm 24.2.2 (padded frame on W) [THM,CA] L > 0.55-0.60

Prop. 24.2.1 (edge collapse) [NUM] L<5-103atp=0

Lemma 24.2.4 (all of PW,,) open
Hybrid certificate not run (stop rule) —
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Obstruction. The sampling side is in good shape: real zeros, certified constants of order one,
no density problem. Two things block a rigorous hybrid: an explicit prolate-truncation lemma
(analysis) and a structured, high-precision Galerkin solver (engineering).

QUESTION 24.4.1. Shall T (a) prove Lemma 24.2.4 via explicit prolate eigenvalue bounds, or (b)
write the Toeplitz/Levinson certificate code (projected < 1 h at A =2.4)7 (b) is the larger lever,
but without (a) its tail coupling must use the crude Grochenig constant, L ~ 0.004 at A = 2.4
(Lemma 21).

QUESTION 24.4.2. Should Lemma 12’s table (or Vol. 1) adopt Reo? The low-height rows
improve; the 3 - 10'2 headline changes by +0.02.






CHAPTER 24A

Lemma 24, supplement: Lemma 3.4 proved

An explicit local sampling inequality on Platt’s zeros for all of PW,,
Standalone note lemma24_L34.tex, October 21, 2026.

Summary. Verdict. Lemma 3.4 of Lemma 24 is proved, in the only form in which
it can be true. A lower bound 37 o, |f(v)|* = L [; |f|? with no outside-mass term is
false for every finite sampling set (Proposition 24A.1.1). The correct statement carries
an explicitly small penalty for the mass of f outside I. Theorem 24A.5.1 [THM,CA]:
for every f € PW,,, w = (A +0.1)/2, with Platt’s zeros in I, (padding p = 10),

1/2
(S 1rE)” = VIl — o I,
velp
L =0.630, 0.609, 0.610, 0.567 (A =2.4,2.6,2.8,3.0), Cout = 0.0029.
With p = 5 the values are 0.623,0.608,0.607,0.568. Trading a larger penalty
(Cout = 0.09) gives 0.648,0.617,0.625,0.573. The proof does not use prolate
eigenvalue bounds at all. It uses an explicit Kaiser—Bessel reproducing kernel and
Poisson periodisation, which reduce everything exactly to a finite trigonometric model
space, plus an Arb certificate on that whole space. All error constants are below 1072,
Gap: the result is per block. Assembling many blocks into the hybrid needs a
separate step, described in §24A.7. Side finding: the Arb enclosure used for
Lemma 24, Theorem 3.2, is invalid as written (float64-rounded zeros with a 27100
radius). Re-run with exact rationals, the theorem stands unchanged (§24A.6).

Labels as in Lemma 24: [THM]; [THM,CA] computer-assisted proof (Arb ball arithmetic on
verified data); [CITED]; [NUM]. Nothing here is RH-equivalent. The inequality is about the
ordinates as a point set, and RH is not used. Files: num/lemma24_L34_x* (cert, consts,
thm32recheck, sanity), checkpoint num/lemma24_L34_progress.md, references
lit/lemma24/verified_refs.md. lemma24.tex is not edited; this file is a separate supplement.

24A.1. Setting, and why the statement must carry a penalty

PW,, is the space of f € L*(R) with f(g) = [ f(t)e~®!dt supported in [~w,w]. As in Lemma 24,
§2, take w = (A +¢£)/2 with & = 0.1. This is the class of mF' in Lemma 21, §6. The band is

I = [T1,Ty + 300] with T} = 5900, 7400, 9300, 11500 for A = 2.4,2.6,2.8, 3.0, and the padded
band is I, = [T1 — p,T1 4+ 300 + p|. T, is the set of Platt’s zeros in I, each the exact stored
rational within 27192 of the true ordinate [148, 123]; write S(f) = > el |£(7)|?. Membership
is unambiguous, since no stored zero lies within 5- 1072 of an end of I,,. Completeness of I', is
not needed: dropping points only lowers S. Shift time by T, = T1 4 150, so that I = [—a, a] with
a =150, I, = [=b,b] with b =a+p, and || - |z = || - || .2(m)-

PROPOSITION 24A.1.1 (no penalty-free version). [THM| For any finite I' C R, any interval I and
any w > 0, there is f € PW,, with flr =0 and || f]|; > 0.

PROOF. The evaluation map PW,, — C! has a kernel of finite codimension, so the kernel is
nonzero. A nonzero f € PW,, is entire, so it cannot vanish on I. ]
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So Lemma 24’s Lemma 3.4 must be read as a statement with an outside-mass term, as its
trailing “— ...” indicated. A float test confirms this: within a span of sincs, min S/||f||? is 0 to
working precision (lemma24_L34_sanity.py). The useful question is how small the penalty can
be made, and the answer below is Cyyt = 3 - 1073,

24A.2. An explicit reproducing kernel

Fix 7=0.05,0=7/2,8=14, Q0 =w+7/2 and Q = w + 7. Let p(&) = Z y(8/1 - (£/0)?)
on |¢| < o and 0 elsewhere, with Z = 20 sinh 8/83. Define k = 1i_q,q * p, which is the
Kaiser—Bessel (“Ip—sinh”) smoothing of an indicator [79]. Then

~ A o N in O/
<k<1, k=1lon[-wuw], suppk=[-Q0, k=0 k@)= """ ja),
X
where j(x) = [ (€)% de.
LEMMA 24A.2.1 (transform pair). [THM]+[CITED]
3(z) = B sin /o222 — (32
p - sinh olx2 — 52
(read as sinh /3% — 0222 /\/3% — 0222 when o|x| < ). Hence for y > B/,
* B/sinh 8 / 2 .
k = sup |k(2)] £ —F—m—=, K = k|l < — arcsin —.
g Iw\2py| = Ty oy? — 3? 1) |1‘\2y’ < msinh 3 oy
Proor. It suffices to show
2 / 2
/ In(BV1 — u2) cos(yu) d W
Expand Iy by DLMF 10.25.2. By DLMF 10.9.4 with v =k + 1,
1
[0 2 costym) du = VAR T ol (/2

-1

Integrating termwise (the convergence is uniform) gives

2 k
Va2 .

!
>0 k!

The multiplication theorem DLMF 10.23.1 (for J with the upper signs there is no restriction on
A), with A2 = 1 — 32 /y2, sums this to )\_1/2J1/2()\y). By DLMF 10.16.1 the whole expression
equals 2sin(Ay)/A, which is even in A, so the choice of branch does not matter. Both envelope

factors decrease in |z, and |sin| < 1. Finally [* dz/(z+/0?2? — §%) = B~ Larcsin(B/oy). A
40-digit quadrature check of the identity agrees to 7.5 - 10716, g

24A.3. Exact reduction to a finite model space

Let D =600, ¢c=b+ D, J=[-c,cJand P=b+c+ D, so P = 1520 for p = 10 and 1510 for
p=>5. Put A =21/P, V =span{e’?! : [jA| < Q) with M = dimV, U = [b, P — b], and
N=[-(P—b),P—1.

THEOREM 24A.3.1 (reduction). [THM| Suppose that for all w € V,

(24A.3.1) S(w) + pllwlly > Liwl7.

Then every f € PW,, satisfies

SV = (VL =)l fllr = V2ul i, = sl Fllag = (V20 + 1) | fll g
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where 1y = Jliev + (V2aL + VK) €al, Nar = VL k1(D) + /k1(D)Kk*(D), K = #I',, and, with
so=+/T= (B/0D)? and ¢y = L2222,
2

€al = 2\/%60(% + 671;2>, EUy = 2\/(P— 2b)2000((2b_:D)2 + 67;2)

PROOF. (i) Since k=1 onsupp f, f = f = k pointwise. Put h = (f1y) * k and
efar = (f1r\y) * k, s0 that f = h + ega. (ii) Periodisation. h € L' is continuous with
|h(z)| < || f]lsv2ck*(dist(z, J)) = O(z~2) (Cauchy-Schwarz). So w(t) := 3, h(t +mP)
converges uniformly, and its Fourier coefficients are B( jA)/P. Here h = f{i\‘]l;' vanishes for
|€| > Q. Hence w is a trigonometric polynomial in V; this is the Poisson summation step. (iii)
Errors on [=b,b]. f—w = efar — €a1 With ea(t) = 3., 20 h(t +mP). For [t| < b the distance from
t +mP to J is at least D + (|m| — 1)P. Since k*(y) < co/y? for y > D, this gives
leal(t)] < alll f]l7- By Cauchy—Schwarz, |eg.,(t)|> < k1(D) fR\J |f(u)|?|k(t — u)| du. Therefore
S(efar) < ka*(D)HfH]QR\J and |lefar||7 < k1| fllr\s- (iv) The penalty term. On U,
w=h+h(-—P)+3,20_1 h(-+mP). The two leading terms live on the disjoint arcs [b, P — b]
and [b — P, —=b] of N\ I, and h = f — egay With |[egar||r2r) < || flr\s because k| < 1. The
remaining terms are at distance at least jP + 2b+ D from J. So
lwlle < V2(I£llag, + 1 leyg) +evllflls. (v) Combine S(f)1? > S(w)'/? — S(f —w)"/?,
S)'? > VL|wl|; ~ alwlly (from (24A.3.1)), [lwllr > [|fll7 = | f — w7 and
11l < Wf i+ F - O

24A.4. The finite certificate on all of V

THEOREM 24A.4.1 (certified (24A.3.1)). [THM,CA] Inequality (24A.3.1) holds on all of V' for the
following values. The Platt balls are exact rationals of radius 271%0; there is no subspace
restriction, unlike Lemma 24, Thm. 3.2.

p=10 p=>5
A| K M |p=10"° 107° 107* 107° | K M |p=10"°

2.4 1849 629 0.631 0.638 0.646 0.649| 339 625| 0.624
2.6 861 677 0.610 0.613 0.616 0.618| 349 673| 0.609
2.81872 7T25| 0.611 0.616 0.621 0.626| 361 721 | 0.608
3.0\ 383 775 | 0.568 0.571 0.5783 0.574| 371 769| 0.569

PROOF (COMPUTER-ASSISTED). S(w) = ¢*Ge, |[w||? = ¢*B,c and ||w|| = ¢*(PI — By)c,
where (Bp,)j = 2sin((l — j)Ah)/((l — j)A). The Hermitian matrix S = G + u(PI — By) — LB, is
computed in 128-bit Arb. A float64 Cholesky factor R of Sgoay — I is taken, with
s = %)\min(Sﬁoat), and its entries are used as exact binary rationals. Arb then bounds

|S —sI — R*R||r < 1078 in every case, while s > 4.8-107% So S = (s — || - ||r)I = 0. Each case
takes 5—10s (lemma24_L34_cert.py, .jsonl). The table entry is
|1000( L, — 0.002) ] /1000. O

Controls. L = 0.66 at ;= 1072 and L = 0.70 at u = 10~% (both above the float optimum) are
rejected. With no padding (p = 0) the float optimum collapses to L* = 0.072 even with
p = 1073, which reproduces Lemma 24’s edge collapse.

24A.5. Main result

For =14, 7 =0.05 and D = 600 (so 0D/ = 1.07), Arb gives the following bounds, uniformly
over all rows:
k*(D)<23-107%, K <1.3-107%, £, <23-1077,
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e <4.3-107% 15, <76-107%, pp, <2.1-107°
(lemma24_L34_consts.py, .json).

THEOREM 24A.5.1 (Lemma 24, Lemma 3.4, proved form). [THM,CA] For every f € PW (440.1)/2,

S(HV? = VL 1fllz2(r) = Cout [ fl| L2\ 1) Cout = 2v/21 + 107 + Nar,
with the values below. The finer form of Theorem 24A.5.1 also holds: its penalty outside
J=[T.—c,T.+c|, c=p+ 750, has coefficient only /21 + 2 -1075.

L for A=24 2.6 2.8 3.0

p=10, p =107, Coue = 0.0028 0.630 0.609 0.610 0.567
p=5, u=10"C, Cope = 0.0028  0.625 0.608 0.607 0.568
p=10, p=10"%, Coue = 0.028  0.6/5 0.615 0.620 0.572
p=10, p=10"3, Coue = 0.090  0.6/8 0.617 0.625 0.573
L2/ Thm. 3.2 (W only) 0.60  0.58 0.60 0.55

Squared form: for any 6 € (0,1), S(f) > (1 —0)L||f||7 — (671 — 1)C§ut\|f||]%§\l. For example, with
0 =0.1 and p=10"°: S(f) = 0.9L| f[]7 = 7.3-107°|| f[IZ -

PRrROOF. Combine Theorems 24A.3.1 and 24A.4.1. Here (v/Leert — 17)? > Leers — 1.2 - 1075,
rounded down to three decimals. Each of the three outside norms is at most || f||r\;. The
squared form follows from 2XY < X 2472 /0, and it is trivial when the right-hand side is
negative. u

REMARK 24A.5.2. (a) The values exceed Lemma 24’s W-only constants, because V' is larger and
the penalty p absorbs the unsampled arc. The extra band 7 = 0.05 costs about 0.01 (float:

L* =0.660 at 7 = 0 against 0.652). (b) A float test on 210 sinc-span functions, including the
adversarial minimisers of S/| f||%, found min{lhs/rhs} = 1.28, with no violation [NUM]. (c)
Prolate theory (Slepian-Landau-Pollak; Landau-Widom [89]) is not used. The periodisation
route needs no eigenvalue bounds, and its errors are explicit kernel tails. No Bonami-Karoui
constant is used, so none is cited.

24A.6. Side finding: the enclosure in Lemma 24, Thm. 3.2

lemma24_frame_arb.py enters each zero as arb(float(g)) with radius 271%. The stored
zeros_upto.npy values are float64 roundings, wrong by up to %ulp ~4.5-10713 at t = 104, so
the balls need not contain the zeros. The proof of Thm. 3.2 is therefore incomplete as written.
Re-run with exact rationals (lemma24_L34_thm32recheck.py, everything else identical), all four
cases certify again at L = 0.60,0.58,0.60,0.55, with minimal pivots 6.41,10.6,27.3, 25.6.

Thm. 3.2 stands. Lemma 24’s float tables (Prop. 3.1) are [NUM] and unaffected.

24A.7. What is proved, and what is still missing

Proved. Lemma 3.4 in a block form, with explicit constants, for all of PW,,, p € {5,10}, and
A€{24,2.6,2.8,3.0} at the Lemma 21 sharp heights (Theorem 24A.5.1).
Missing for the three-band hybrid (Lemma 21, Thm. 7.1; Lemma 24, Prop. 3.3).
(i) Assembly. The hybrid needs coercivity on the whole middle band [T7,T»], which is far
longer than 300. Summing Theorem 24A.5.1 over n blocks gives

2 Smia 2 (1 — 0)min L, 1£llia — (07" = 1)C2 I IR,

since the padded blocks overlap at most twice. The penalty grows linearly in n, because
| fllz\z, is global. With p = 1076 and # = 0.1 this stays below 0.1 only for n < 1400 blocks

(length about 4 - 10°). A localised penalty would remove the n, and the far coefficient is
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already +/2p + 2 - 1075, Doing so needs one further estimate: replacing ||eg..|| £2(R) in step
(iv) by a distance-weighted bound. That estimate is not written.

(ii) More blocks. Only the four Lemma 21 blocks are certified. Each further block is a 5-10s
run, but the zeros are needed: num/platt/ holds them up to 446 000, and LMFDB has the
rest.

(iii) The hybrid itself. The Toeplitz/Levinson low-band code (Lemma 24, §3) is still unwritten.

QUESTION 24A.7.1. Should the next step be the localised-penalty estimate in (i), which makes
the assembly n-independent, or the Toeplitz/Levinson low-band certificate? The latter is now
the only analytic-free obstacle for A = 2.4 with a middle band of at most 1400 blocks.






CHAPTER 24B

Lemma 24, supplement b: a multi-block sampling bound

on Platt’s zeros with constants independent of the number of blocks
Standalone note lemma24_L34b.tex, October 21, 2026.

Summary. Verdict. The far-field estimate is now distance-weighted, and the block
inequality of lemma24_L34 (“L34”) has been rebuilt on a partition of unity. Together
these give a middle-band sampling bound whose constants do not depend on the
number n of blocks (Theorem 24B.2.3, [THM]). Its finite input, one penalised
inequality per block, is Arb-certified for every block of the Lemma 21 middle band at
A=24,26,28and 3.0." For all f € PW(440.1)/2 and 0 € (0,1),

> P = (1= 0) Lunin 1 f 7207y 110, 7 —10) = 07 = 1) A2 | fl|72m).
~€E[T1 —30, T>+30]

with Ly, = 0.485 on [5900, 220700] (716 blocks) at A = 2.4, Ly, = 0.475 on
[7400,311900] (1015 blocks) at A = 2.6, Luin = 0.450 on [9300,4759800] (15835
blocks) at A = 2.8, Ly = 0.470 on [11500, 17597200] (58619 blocks) at A = 3.0, and
A% <9.60 - 1075 in all four cases. For example, at § = 0.05 this reads
Smia > 0.4589 || f[[3,iq — 0-00183 || £, i at A = 2.4, with mid = [T} + 10,75 — 10].
The price of tiling is Ly, ~ 0.49, against 0.63 for one isolated block (L34). The cause
is the low blocks just above T7; the median block has L ~ 0.86 (A < 2.6) and 1.149
(A = 2.8, where most blocks are high and dense). At A = 2.8, § = 0.05 gives
(Cmid, Cout) = (0.4256,0.00183). At A = 3.0 the run is complete: all 58619 blocks on
[11500, 17597200] are certified, with L, = 0.470, median 1.270, A2 < 9.60 - 10~°, and
0 = 0.05 gives (¢mid, Cout) = (0.4446,0.00183).

Labels. [THM] proved; [THM,CA] computer-assisted (Arb on verified data); [DEF] definition;
[NUM] floating point; [ANALOGY]. Nothing here is RH-equivalent. Files: num/lemma24_L34b_*
(zeros, cert, consts, tables; blocks.jsonl, consts.json); handoff
num/lemma24 L34 _for_certificate.md. Neither lemma24.tex nor its scripts were touched.

24B.1. Blocks and weights

DEFINITION 24B.1.1. [DEF] Let a = 150, » = 30, s = 10, and let ¢; = T + 150 4 3005 for
j=0,...,n—1,so that T = T1 4+ 300n. In the shifted variable ¢t — ¢; the sample weight is
wj(t) = min{1, max{0, (a +r — |t|)/(2r)}} and the mass weight is ¥; = 5-1|_, 4 * 1[_5 4. Both
are trapezoids. Adjacent trapezoids add to 1 on their overlap, so

>jw; <1lonR, % ="1lon [T +s,Ts — s, 2% <L

Put S;(f) = >, w; (M]f(7)|?, summed over Platt’s zeros (exact stored rationals, radius 27190).
Let K; be the number of zeros in supp wj, of length 2b with b = a + r = 180, and

1F12, = f o171

1 [Vol. 2 editorial note] These are middle-band sampling inequalities. They are not Weil positivity on windows
of length 2.4-3.0. Certified window positivity in this volume stops at A = 1.6 (Chapter 16). See Appendix A,
item BI..
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The sample weights overlap the neighbouring blocks by r = 30 on each side; the mass weights
overlap by only s = 10. This asymmetry is the padding, now compatible with a partition of
unity. (With no padding at all the single-block constant collapses: L34 found L* = 0.07 at
p=0.) A float scan over eleven pairs (r,s) with < 80, s < 20, at the four lowest blocks, picked
(30,10) [NnuMm]. Isolated blocks give 0.63 but cannot be summed. Halving the weights on shared
strips gives 0.39. Counting shared zeros twice costs a factor 2.

24B.2. The per-block inequality with a localised far field

The kernel k (Kaiser—Bessel, § = 14, 7 = 0.05), the bounds k*, k; and the periodic model space
V are as in L34, §§2—-3. The parameters are now D = 600, ¢ = b+ D = 780,
P=b+c+D=1560, J; =cj + [—c,c], Nj=c¢j+ [—(P —b), P —b] and
Ni=c¢j+[~(P—b+D),P—0b+ D], and the arcs are

Aj=cj+([b,P=0blU[b— P,—b]) C N; \ supp w;.

THEOREM 24B.2.1 (local block inequality). [THM]| Suppose that for all v € V (shifted to c;)
(24B.2.1) Sj(v) + pllollfy gy = Ljllolly,
Then every f € PW,, satisfies S;(f)Y/? > VLillflly;, = Ej(f), where

2
By =ny] £, + V20 F v psuppw, + 1F1vng, + 165 1a,) + 1/ Lsllesaell; + Sjerar )

Here €far,j = (flR\J].) * ]{2, 65-2) = (fllR\NJ’.) * k‘, and ny = \/ﬂeU + (\/QCLLJ‘ + \/Kj)aEal, with €aly €U
as in L34, Thm. 3.1, at the new (b,c, P).

Proor. This is L34, Thm. 3.1, steps (i)-(v), with three changes. (a) || - |; becomes || - ||y,
and S becomes S;. Since 0 < ¥; < 1{_(qqs)ats)s J ¥ =20, 0 <wj <1y and a + s < b, every
pointwise and L? error bound of L34 on [—b, b] applies verbatim. (b) In step (iv), ||efar/| 4, is no
longer bounded by || f||r\s. Instead split f1g\; = f1yn s+ flg\nv. Plancherel with k| <1
bounds the first part by || f||xn s, and the second part is e®. (c) The far-field terms are kept as
norms of eg, and @, not bounded yet; they are summed over j in Lemma 24B.2.2. O

LEMMA 24B.2.2 (distance-weighted far field; n-independent sums). [THM] Write
m(R) = |2R/300] + 1, the mazimal number of the intervals ¢; + [—R, R] containing a point. For
every f € L*(R),

i ILFI5, < m@IAR 5 1 1 suppw; < 7P = O 25 1Ry, < m(P = b+ D)|IFI%,

2
S 1@ < m(P -0 AP 5 Lillensll, < LuaxsZ A%
1 1 ,
> Sjlefar) < 2Kmax k1 Co(ﬁ + m) 1£11,
where [|fIl = || fllz2®), k1 = k1(D), and co is as in L34 (k*(y) < co/y? fory> D).

PRrROOF. The first three are overlap counts. For the far fields, Cauchy—Schwarz gives
le(®)> < k1 [5|f(w)|*|k(t — u)| du, where E is the excluded set and |t — u| > D whenever ¢ lies in
the relevant support and v € E. Exchanging the sum over j with the u-integral leaves, for each
fixed u, a weight that is summed over the blocks.

e For e the weight is >, fAj |k(t — u)|1—y>p dt < m(P —b)k1, since the A; C N; overlap at
most m(P — b) times.
e For e, on 1; the weight is [(32; ¥;)(t)|k(t — w)[1—y>p dt < k1.
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e For the samples the weight is 3=;..¢ ;. 2, wi(V)|k(y — w)| < 3¢, Kk (dist(u, supp w;)).
On each side of u, the i-th such block lies at distance at least D + 3007, and
S i1 (D +3000) 2 < [7°(D + 300x) ?da = 1/(300D).

THEOREM 24B.2.3 (multi-block bound, n-independent). [THM] Suppose (24B.2.1) holds for
every block j =0,...,n —1. Put Ly, = min; L, Lynax = max; Lj, Knax = max; K;, and

A =ny\/m(c) + \/2,u(\/m(P —b)+ \/m(P —b+ D)+ \/m(P —b) m)
1/2
+ vV Lmax k1 + (QKmaxfﬂlcO(ﬁ + ﬁ))
(with ny evaluated at Lyax and Kpax). Then for every f € PW,, and every 6 € (0,1),
Yoo IfP=0-9) ZLj”fHIij — (07" = DA?| 72w
J

YE[T1—rT2+7]

> (1= 0) Lunin | flfry 15,7, — (071 = DA?| £
A does not depend on n.

PROOF. Per block, Sj > ((\/Lijij — E]‘)+)2 > (1 — H)L]Hfuij — (971 — 1)E]2
Minkowski’s inequality in £2(j) gives (3_; Ejz)l/2 < Ztems(zj(-)z)l/2 < A|lf|l by
Lemma 24B.2.2. Finally 37, 5; <> (32, wi (V)£ ()%, with >_jwj <1 supported in

[Ty —r,Ta+r],and 32,95 =1 on [T} + 5, T2 — 3]. O

REMARK 24B.2.4. (a) The negative ordinates —y give the same bound for f(—-) € PW,,,.
Summing over both signs doubles the A% term. (b) The left side is at most the full zero sum
Po<py|<H |£(7)|2, which is what Lemma 21’s middle term is when f = mF. (c) A is dominated
by the two /21 overlap terms, about 0.0098 at = 1075, Lowering i lowers it like Vi, at a
small cost in L; (L34, Thm. 4.1).

24B.3. Zero data above 446 000

DEFINITION 24B.3.1. [DEF] For t € [446000, 19346000] the zeros are the nine Platt files
zeros_446000.dat, ..., zeros_17246000.dat [148], md5-verified against LMFDB’s md5. txt.
They are decoded exactly as before (v = to + Z/2'01 integer Z) by a vectorised decoder
(num/lemma24_L34b_zeros2.py). It does 32-bit-limb cumulative sums with carry normalisation,
so no rounding occurs. On zeros_236000.dat it reproduces the scalar decoder of the earlier
files bit for bit (363 820 zeros).

Checks [NUM|. Within and across all 13 files, block ranges [to,t1] and zero indices [Ny, N;) are
contiguous, and the stored values strictly increase. At every file start T,

No— (WNT)/m+ 1) € (—=0.2,0.6), consistent with N(T') (that is, |S(T)| < 1). In total there are
42199 876 zeros in the nine files. One anomaly: zeros_2546000.dat (md5 correct) carries

58 740 bytes after its 1001 declared blocks. They are a copy of the last block header followed by
4516 identical 13-byte records, a constant filler that would run past t;. LMFDB’s reader only
visits declared blocks, so the decoder accepts exactly this pattern and ignores it. As in L34,
completeness is not needed for the lower bound: missing points only lower S;.

24B.4. Certification of every block

THEOREM 24B.4.1 (all blocks). [THM,CA] Inequality (24B.2.1) with u = 10=% holds for every
block listed below. The proof is as in L34, Thm. 4.1: Arb S = Gy, + p(PI — By) — LBy, where
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(By)ji = O((1—5)A) and (x) = 2sin(azx) sin(sz)/(sz?), a float Cholesky factor, and a rigorous
Frobenius bound on the residual. Fach sample weight is evaluated in ball arithmetic at the zero’s
ball. The A = 2.8 blocks use the faster but equally rigorous variant of Remark 2/B.4.2.

A band n all cert. Lmin median Lmax Kmax worst blocks Tiege (Lj)

2.4 [5900, 220700] 716  yes 0.485 0.856 1.012 600 6500 (0.485), 7700 (0.516), 8600 (0.524)
2.6 [7400, 311900] 1015  wyes 0475 0.862 1.056 620 7700 (0.475), 8600 (0.495), 7400 (0.518)
2.8 [9300, 4759800] 15835 yes  0.450 1.149 1.884 777 11700 (0.450), 10800 (0.480), 9600 (0.493)
5.0 [11500, 17597200] 58619  yes  0.470 1.270 1.52{ 852 15400 (0.470), 14800 (0.474), 13600 (0.485)

A A% < Cmid (0 =0.05) cous (§=0.05)

2./ 9.587-107° 0.4589 0.00183
2.6 9.588-107° 0.449/4 0.00183
2.8 9.596-10~° 0.4256 0.00183
3.0 9.599-10-° 0.4446 0.00183

A terms (A =3.0): 2.79¢-05, 4.47e-03, 5.29¢-03, 5.70e-09, 1.57e-06, 3.87e-06; m(c), m(P —b),m(P — b+ D) = 6,10, 14.

The blocks are contiguous, and none failed. Each certified L; is [1000(L}; — 0.002)]/1000. Every
residual bound is < 1079 against a shift sj > 3.0e — 04. No stored zero lies within 10720 of a
weight breakpoint; the minimum distance is 1.4e — 06. Every residual bound is at most

3.3e — 09. Blocks for A < 2.6 took 5-56s each (lemma24_L34b_cert.py). Blocks for A = 2.8
took a median of 0.7s (lemma24_L34b_cert2.py). Both scripts are resumable.

REMARK 24B.4.2 (Toeplitz variant, [THM,CA]). On the uniform grid {; = jA, all three forms are
Toeplitz: (G)ji = o1—; with g =3 w(7y)e (=) and likewise By, and By. So S —ol is
determined by its symbol t4, 0 < d < 2n, which is computed in Arb (128 bits) from the exact
zeros. The powers 2% of z = 20779 are formed by multiplication and re-anchored by a direct
exponential every 16 steps; this controls the growth of rectangular complex balls. Let £z be the
double nearest the midpoint of ¢4, and pg > |tg — t4], rounded up. With R a float Cholesky
factor of S — oI, the product R*R is formed from the four real products RI'R,, RiTRi, RI'R;
and its transpose. These carry the a-priori bound [fi(XTY) — XTY| < vy | X|T|Y| + Mn, valid
for any summation order and with FMA (IEEE double, round-to-nearest, vay = Mu/(1 — Mu),
u = 2753) [69]. The final subtractions get a further ~4 factor, and the Frobenius sum is inflated
by 1+ 4(2M? 4 4)u. The certificate is ||E| 7 < o, exactly as before. Cross-check [NUM]: on 60
randomly chosen blocks with A € {2.4,2.6}, both scripts give identical K, identical certified L;
and identical verdicts, with |L*y — Lie.| < 210712,

24B.5. The final uniform inequality

COROLLARY 24B.5.1 (Lemma 21 middle band). [THM,CA] Let f € PW (440.1)/2 and 6 € (0,1).
o A=24, T = 5900, Ty = 220700:

2 ~€[5870, 220730] [f(P > (1-6)0.485 Hf‘|[25910,220690] — (071 -1)9.59-107° HfH%Q(R)'
e A=26,T; =7400, T, = 311900:

276[7370,311930] ’f(7)|2 > (1 - ‘9) 0.475 Hf”[27410,311890] - (0_1 - 1) 9.59 - 10_5 Hf||%2(R)~
e A=28, T =9300, T = 4759800:

2 _e[9270, 4759830] |f(9)]? > (1 —6)0.450 ||f||[29310, 4759790) (01 —1)9.60-107° HfH%Q(R)-

o A=30, T = 11500, T = 17597200:

2 _~e[11470, 17597230] |f(V]? = (1 —6)0.470 ||f||[21151o,17597190] — (671 =1)9.60-107° ||f||%2(R)'
At 6 = 0.05 the coefficients are (0.4589,0.00183), (0.4494,0.00183), (0.4256,0.00183) and
(0.4446,0.00183). Here cmia = (1 — ) Liin — (071 — 1)A? multiplies || f||2,q and
Cout = (071 — 1)A? multiplies Hin\mid.
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Each T, covers Lemma 21’s T = eatian(A+2)4236 which is 2.205 - 10°, 3.119 - 10°, 4.7595 - 10°
and 1.75971 - 107 at A = 2.4,2.6,2.8, 3.0, computed from Sayign(L) = 3, .oz 2A(n)//n.

24B.6. What remains for the full hybrid

(i) A =3.0. The zeros are now available and decoded (§3). The run on [11500, 17597200]
(58619 blocks, same scheme, lemma24_L34b_cert2.py, resumable) is complete: all 58 619
blocks are certified, with Ly, = 0.470 (worst blocks at Ties = 15400, 14800, 13600),
median 1.270 and Kpax = 852; see the tables in §5.

(ii) Absorbing A?||f||?>. The penalty is global but tiny, about 1.8 - 1072 at # = 0.05. In the
hybrid it must be paid by the low and high bands: ||f||? = & [ |mF|?, which is at most

% J (Xmia + - - - )\ﬁ‘|2 This is bookkeeping for the certificate code (handoff file), not new
analysis.

(iii) The low-band Toeplitz/Levinson certificate (another task) and the coupling of the three
bands in Lemma 21, Thm. 7.1. The coupling also includes the k. tails and the off-line
zeros above H; it is not addressed here.






CHAPTER 25

Lemma 25: The telegrapher components of the zero-waves x”

The operator model, the passivity ladder, and the functional-equation channel
Standalone note lemma25.tex, October 21, 2026 (revised: operator reading first; passivity ladder).

Summary. J.W. asked whether the polar (“phase-tropical”) coordinates

(log|z|,arg x) of the zero-waves x” break down exactly into the components of
Heaviside’s distortionless line. They do, and the cleanest statement is an operator
statement, which now comes first (§25.1). On the zero space Hz = (*(Z,m) the
multiplication operators 8 = Re p (loss), t = Im p (phase) and the functional-equation
involution Jgg : p — 1 — p satisty JpgBJrg = 1 — 8. That one identity is the whole
content of the functional equation here: the mean loss rate is y = % for every line (the
half-density, Heaviside’s substitution), Jrg exchanges the series and shunt branches,
and the residual 6 = 8 — % is Jpg-odd while ki = 62 is Jrg-even, so the functional
equation cannot remove it. Weil’s form is the Krein form (Jggz,y), the scaling
generator is v = t — id, and three energy functionals separate cleanly: the storage
energy is positive and decreasing (passivity), the reduced Caldirola—Kanai energy is
conserved iff § = 0, and the Weil energy is conserved always and definite iff § = 0. Per
functional-equation pair the line is exactly the uniform telegrapher mode with
{R/L,G/C} = {B,1 — B} and Heaviside residual kg = 42, so the line of p is
distortionless iff Re p = % The slogan “passivity = PNT” is replaced by a precise
passivity ladder. R,G > 0 is free: it follows from the Euler product and the functional
equation, with no PNT. R, G > 0 is {(1 + it) # 0; it implies the PNT by
Wiener-Ikehara, and the PNT implies it by an elementary argument. A logarithmic
margin is the de la Vallée Poussin region, with error z exp(—cy/logz). A uniform
margin (© < 1) is open, and is equivalent to a power saving. d = 0 is RH, with error
O(y/xlog? x) (von Koch). The transfer-function reading, the curve case (where Rosati
positivity supplies § = 0), and the comparison of Weil positivity with
Osterwalder—Schrader positivity follow. Nothing here proves RH.

Labels. [DEF|: definition (a choice of words or of normalization, nothing to prove); [THM]:
proved here (or classical, proof indicated); [CITED]: published result used as stated; [NUM]:
numerical or symbolic check; [ANALOGY]: structural analogy, not a derivation; [RH-EQUIV]:
equivalent to RH by Weil’s criterion or by definition, so a reformulation, not progress; [OPEN]:
an open problem.

Conventions. v =logx, D = d/du. A nontrivial zero is written p = 8, + it, with 8, = Rep,
t,=Imp, and 6, = B, — % In the project’s notation (NOTATION.md, Lemma 1) p = % + i),
s0 7y = t, — i6,. Lemma 17’s “y” in 2 = ePue is our t,. Telegrapher quantities carry the
subscript “tel”: Vel = auel + 5tel. Bold symbols (3,¢, 8,7, p) are the multiplication operators by
the corresponding numbers on the zero space (Def. 25.1.1). The functional equation

£(s) = £(1 — s) and £(5) = £(s) [39, Ch. 8] make the zero set invariant under p — p* := 1 —p
(reflection in the critical line), with m,« = m,. This map preserves t, and sends  +— 1 — f3,
§+r —0, 7+ 7. @ =sup,Rep € [%, 1] as in Lemma 1. Z = Zy U Z; U Z_ splits the distinct
zeros by 6 =0, 6 >0, § <0 (Lemma 1, proof of (vi)); Z_ ={p*:p€ Z,} and Ny = #Z,.

95
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25.1. The operator reading

This section states the lemma as a statement about operators. Everything after it is a
restriction to one functional-equation pair (§25.2), a coordinate reading (§25.3), or an assembly
(§25.4). Every component is marked [DEF|, [THM| or [ANALOGY]. The symbolic identities are
checked in num/lemma25_operator.py/.out.

25.1.1. State space, Weil form, generator.

DEFINITION 25.1.1 (zero space and its operators; [DEF]). (i) State space. Hz := £*(Z,m), the
sequences = = (z,) indexed by the distinct nontrivial zeros with [|z[|> = 3=, m,|z,|* < oo,
and inner product (x,y) = >, MpTpYp. The basis vectors are e,. The splitting of Z gives
Hz =Ho®Hy O H_ with He = £2(Z,,m). This is the Hilbert space of Lemma 1,

Thm. 2.1(v), but used here without assuming RH. Off RH its inner product is a choice: any
other positive weights would do equally well (Remark 25.1.3).

(ii) Phase operator t: multiplication by t,, with domain domt = {x : Zmpt%|$p|2 < 00}

(iii) Loss operator B: multiplication by 3,. Residual & := 8 — % Heaviside residual operator
Ky = 52.

(iv) Wave generator p := B + it and scaling generator v :=t — id, both with domain dom¢. So
p= % + i, and ~ is multiplication by v, (Lemma 1’s A, but now without RH).

(v) Functional-equation involution (Jpgx), = xp*.

(vi) Weil (Krein) form [z,y]z = (Jrez,y) = 3, MpZpp-

(vii) Evaluation ev: A — Hz, evF := (F(v,)),, on Lemma 1’s test space A D C°(R).

THEOREM 25.1.2 (structure of the zero space; [THM], (f) [RH-EQUIV]). (a) t is self-adjoint
(unbounded). B, 8, ky are bounded and self-adjoint, B, 9, ki, t commute, and p,~ are closed
normal operators. Moreover

a(B)={B,} C[1-6,0]Co,1], 6] =6 -3, lkul = (© — 1)2.

(b) Jrr is a self-adjoint unitary involution, JypH+ = Hx and Jpgly, = 1. Further

JreBJFE = 1-8, JrEdJrE = -6, JretJrE = 8, JFEKHJFE = KH, 5 (B+JreBlre) = 5.

(c) (Hz,[,"]z) is a Krein space with fundamental symmetry Jpg. Its negative index is
dimker(Jpg + 1) = Ny

(d) ~ is Jpg-self-adjoint: Jppy*Jrg = 7, i.e. [yx,ylz = [v,vy]z on domt. Hence ™ preserves
[-,-]z for every u € R, and ||| = elul(©=3),

(e) ev(A) C domt, and for F,G € A and u € R:

Q(F,G) = [evF,evG]z, ev(TyF) = e"VevF, ev(DgF) = yevF (F € C).

So the Weil form is the pull-back of the Krein form, the scaling flow is 'Y, and its
generator Dg. (Lemma 17) is .

(f) [RH-EQU1V| The following are equivalent: RH; § = 0; kg = 0; Jpg = 1; [, -]z is positive
definite; ~y is self-adjoint; e is unitary on Hz; there is a positive definite bounded
Hermitian form on Hz invariant under all e,

PROOF. (a) These are multiplication operators by sequences, real for ¢, 8,4, ki and
bounded for the last three. o(3) is the closure of the set of values. The bound 1 -0 < 3, < ©
is the definition of © plus the symmetry 5+ 1 — 3. Also sup|d,| = O — % by the same
symmetry. © < 1is (P0) of Prop. 25.1.8. (b) p+ p* is an involutive bijection of Z with
mpy = my. It fixes Zy and swaps Z4. Then (JppBJlrrx), = By, = (1 — By)x, and typ« = t,,.
The other identities follow. On one off-line pair, in the basis (e, e,), this is
o1 diag(B,1 — B) o1 =1 —diag(5,1 — 3) (check file, items 1-4). (c) A self-adjoint unitary J
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makes (Jz,y) a Krein form, with maximal negative subspaces of dimension dim ker(J + 1). Here
ker(Jpg + 1) consists of the vectors with z,« = —xz,. These vanish on Z, and form one line in
each off-line pair, and there are #2, = N, pairs. (d) v* is multiplication by ¥, = 7,+, so

1

JreY*JrE is multiplication by 7, = 7,. For the flow, le"e| = e and eVe* = e~ e gives

invariance (check items 5-6). The norm is sup, e" = elulswp 9 (¢) By Lemma 1, Lemma 1.2,
(1+ |'y|2)|15('y)] < ||F||4 on [Im~y| < % Also Y m,(1+ |7,[?) ™ < 0o (Lemma 1, §1). Together
these give > m,(1 + t%)|ﬁ(7p)|2 < 00. Lemma 1’s definition Q(F,G) = Zmpf’(%)é(ﬁp) is
>mp, Y = (x,Jrry) = [2,y]z. The flow identity is Lemma 1, Thm. 2.1(ii), and

DeF(2) = 2F(2) (Lemma 17). (f) § =0 <= all §, =0 <= RH. By (b), § = 0 forces Z; = 0,
so Jpg = 1. Conversely Jpg = 1 forces Zp = 0. A Krein form is definite iff its fundamental
symmetry is 1. 7y is self-adjoint, and " is unitary, iff all 7, are real. Finally, if h is bounded,
Hermitian and invariant, then h(e,,e,) = h(e“”ep, ei“'yep) = 62“5Ph(ep, ep) for all u. So

h(ep,e,) =0 when 6, # 0, and h is not definite. Under RH, h = (-, ) works. O

REMARK 25.1.3 (what is canonical; [THM| for the facts). Canonical (fixed by (): t, 8, Jrg, the
Krein form [, -]z, 7, and the decomposition Hy ® H4 & H_ into spectral subspaces of §. Not
canonical off RH: the definite inner product of Hz. Any weights w, > 0 give a Hilbert space on
which the same multiplication operators act with the same spectra. Statements (P0)—(P3) below
are spectral statements about 8, so they do not depend on this choice. Under RH the choice is
forced: it is [-, -]z itself.

25.1.2. The telegrapher components.

DEFINITION 25.1.4 (telegrapher mode in operator form; [DEF], classical). For a uniform line
with per-unit-length L,C' > 0 and R, G > 0, the Fourier mode e of V, = —LI, — RI,
I, = —CV, — GV is the system MX = —(X +iko1)X on X = (I,V) € C%, with

M = diag(L,C) (storage), Y = diag(R, G) (dissipation), o1 = (9}) (spatial coupling).

Write MY = p+ dog with p = %(% + %), d= %(% — %), o3 = diag(1, —1). The Heaviside
residual is kg = d2.

[THM] (classical; check items 9-11). The storage energy 1 X*M X satisfies

41X*MX = —(R|I|* + G|V|?) <0, because ikoy is skew-Hermitian. After X = e #'Y, the
generator of Y is —(dos + ikM ~'oy). This is skew-adjoint for (M-, -), for any k, iff d = 0, i.e. iff
RC = LG. So, in operator language, Heaviside’s condition says that the dissipation is a scalar
multiple of the storage, ¥ = puM. Then the line is e #! times a unitary group. Prop. 25.6.1 gives
the same statement for the field.

DEFINITION 25.1.5 (telegrapher components of the zero space; [DEF|; the electrical names are [ANALOGY]).

Storage L, C': M =1, ie. L =C = 1. This is a normalization: the uniform mode never sees
L and C separately (Prop. 25.2.3(iii)).

(ii) Dissipation: ¥ := MB = B.

(iif) Series and shunt branches: M (zeros with 8 > 1) is the series branch, and H_ = JpgH is
the shunt branch. R := By, and G := B|_, so on the pair of p € Z, R/L = 3, and
G/C =1-B,. On H the two branches coincide, with R/L = G/C = }. Calling H “series”
is a convention; the splitting itself is canonical.

(iv) Generator and orientation: the explicit-formula waves are e"? (growth in u). The
telegrapher (decaying) orientation is 7 = —u, with contraction semigroup Z(7) := e~ ",
7 > 0. Its phase factor e ** is unitary and its loss factor is e"78. The orientation is a
convention (Prop. 25.2.3(i)).
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(v) Mean rate and residual: p:= %(,8 + JrpBJrE) and 6 = %(ﬂ — JreBJrE) (the Jpg-even and
Jpp-odd parts of 3).

(vi) Spatial coupling ikoy: no counterpart. Only the uniform mode k = 0 is realized by ¢ in this
lemma [ANALOGY]. A second, spatial direction would be new structure (Question 4).

PROPOSITION 25.1.6 (what each component is, in operator language; [THM]). (a) Passivity
¥ >0,de RG>0,is0<pB<1. It holds unconditionally ((P0) of Prop. 25.1.8).
Equivalently, Z () is a contraction semigroup.

(b) p= %: by Thm. 25.1.2(b), p = % -1 as an operator, for every zero, unconditionally. This is
the functional equation. The Heaviside substitution is the factorization

Z(t) = e~ /2 g0 4it) equivalently P = U2

and e=%? is the half-density normalization E(u) = e~"/?(¢)(e*) — e*) of Lemma 17.

(c) ku = 62 the reduced (demodulated, Heaviside-substituted) envelope W (u) = ez satisfies
W" = kgW, so ky is the (tachyonic) mass-squared operator of the envelope, with
|kul = (© — 3)%. ku is Jpp-even, so the functional equation is compatible with every value
of it.

(d) Functional equation = series/shunt duality. Jpg maps H4 onto H_ and JppBJrg =1 — B.
On the pair of p this is o1 diag(R, G) o1 = diag(G, R), the telegrapher duality R <+ G,

L+ C (with L =C =1). The two descriptions agree because R/L + G/C =2u = 1.

(e) One channel. On an off-line pair {p, p*}, p restricts to diag(p,1 — p). Its characteristic
polynomial det(D — p|o) is the operator P, of Def. 25.2.1, and demodulating by e~"»* gives
the normal form of Thm. 25.2.2 (check items 7-8).

(f) Explicit formula. With tr,, X = >_p MpXypp for diagonal X, Davenport’s explicit formula
(Thm. 25.4.1) reads, for x =e* > 1,

E(u) = _Th—?;o try(Lig<r ep7 ) — e "2 log 2 — %e‘“/Z log(1 — e™2%).

PROOF. (a) Thm. 25.1.2(a), and |le""3|| = =78 < 1. (b) Thm. 25.1.2(b), and
p=3%+0d+it. (c) Wis e"rz, componentwise. (d) Thm. 25.1.2(b) and check item 1. (e) Check

items 7-8, and Thm. 25.2.2(a). (f) €% /p = e(P~2)"/p with weight m,, which is Thm. 25.4.1
term by term with the same symmetric truncation. O

25.1.3. Three energy functionals.

PROPOSITION 25.1.7 (storage, reduced, Weil; [THM], the “iff” clauses [RH-EQUIV]). For z € Hz
and T > 0:
(a) Storage (physical) energy. E(z) = &||z|| (with M =1). Then
Est(Z(T)z) = £ S mpe 2 Pe|x,|? is positive and nonincreasing, and
d%Est(Z(T)x) = —(BZ(1)x, Z(T)z) < 0. It is definite but not conserved: it is a Lyapunov
function, which is passivity. It depends on the conventional choice of M (Remark 25.1.3).
(b) Reduced (Caldirola-Kanai) energy. Eck(7;2) := e Ew(Z(1)x) = § S mpe 2% |z, |2, It is
definite, and it is conserved for all x iff § =0, i.e. iff RH. In general
e~ 27(0-3) < Eck(T;2)/Eck (05 ) < e27(©=3) . This is the first-order form of Lemma 17,
Prop. “CK” [18, 80]. The second-order form is Prop. 25.3.2(c).
(c) Weil energy. [z,7]z is conserved under ¢ for all x and u (Thm. 25.1.2(d)), and it is
definite iff RH (Thm. 25.1.2(f)). On evF it is Q(F, F).
(d) Noether charge. £[F| = Q(DgF, F) = [yevF,evF|z. Under RH its spectrum is {~,},
unbounded in both directions (Remark 25.6.2(i)).
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So no functional is both definite and conserved unless RH (Thm. 25.1.2(f), last item). Passivity
concerns (a), the only one that is automatically definite, and it is free. RH is the statement that
(b) is conserved, equivalently that (c) is definite. Both say § = 0.

PROOF. Z(7) acts diagonally by e, with |e~7?|? = =27 Differentiate termwise, which
is justified since B is bounded. For (b), 2u = 1. (c), (d): Thm. 25.1.2(d),(e). O

25.1.4. The passivity ladder.

PROPOSITION 25.1.8 (passivity ladder). Each rung is a statement about the spectrum of the

bounded self-adjoint loss operator B, equivalently about ||| = © — %, or about the growth bound

|etw|| = elul(®—3) of the scaling flow. Since JppBJrg = 1 — B and Jpg commutes with t, a lower
bound for B in terms of t gives the same bound for 1 — 3. One inequality states each rung.

(PO) [TuM] Passive: 0 < B8 <1, i.e. R,G >0, i.e. 0 < 3, < 1. This follows from the Euler
product and the functional equation alone, with no input from the prime number theorem.
(P1) [TaM], [CITED] Strictly passive: ker 8 = ker(1 — 8) =0, i.e. R,G > 0 (injective), i.e.
0 < B, <1 for every p. This is equivalent to (1 + it) # 0 for all real t # 0 (Hadamard, de
la Vallée Poussin; [39, Ch. 13]).
e (P1) = PNT ¢(x) ~ x, by the Wiener—Ikehara Tauberian theorem [72], [160, §10].
This is the nontrivial direction.
e PNT = (P1), by the elementary argument below. This is the easy direction.
(P2) [TaM], [c1TED] Logarithmic margin: there is ¢ > 0 with B8 < 1 — ¢/ log(|t| 4+ 2) (equivalently
B > c/log(|t| +2)). This is a restatement of the de la Vallée Poussin zero-free region
B <1—c/log(t|+2) [39, Ch. 13]. It implies Y(x) = x + O(z exp(—c’y/log x)) [39, Ch. 18].
(P3) [oPEN] Uniform margin (exponential stability): 8 > ¢ for some € > 0, i.e. 8 boundedly
invertible, i.e. 8| < 3, i.e. © < 1. More precisely, for 0 € [5,1),

0 <b = () —x=0,(2) for every e > 0,

and © < 0 gives (x) —x = O(x%log® x). This is open for every @ < 1 (the quasi-RH, cf.
Lemma 18, Thm. 3.3).

(P4) [RH-EQUIV] Distortionless: § =0, i.e. B = 3, i.e. R/L = G/C on every line, i.e. RH.
This is equivalent to 1(x) = x + O(\/xlog?x) (von Koch [154]), and also to
Y(z) = x4 O (/1) for all e > 0 (the case § = : of (P3)).

With the labelling of Def. 25.1.5(iii), R/L = B, > % on H4 holds automatically. So (P0)-(P3)
are really statements about the shunt branch, G/C =1 — f3,: it is > 0 for (P0), > 0 for (P1),
> c/log(|t,| +2) for (P2), and > € for (P3). In telegrapher terms, (P1) and (P3) are the
standard distinction between asymptotically stable (every mode decays: B injective) and
exponentially stable (uniform decay rate: B invertible). For infinitely many modes the two
differ, and the gap between them is exactly where the open problem © < 1 sits.

Proor. (P0). For o > 1, ((s)[[,(1 —p~*) = 1 with an absolutely convergent product of
nonzero factors, so ((s) # 0. Also I'(s/2) # 0 and s(s — 1) # 0, so {(s) # 0 for ¢ > 1. By
£(s) =&(1—s), also &(s) # 0 for 0 < 0. The nontrivial zeros are the zeros of ¢ [39, Ch. 8,
Ch. 12].

(P1) < ((1+it) # 0. A nontrivial zero with 5 =1 is a zero on 0 = 1. One with § = 0 is the
reflection p* of one with § = 1. (s =1 is not a zero of , since (1) = %)

(P1) = PNT. Apply Wiener-Tkehara to a, = A(n) >0, > ap,n™* = —('/{(s) (0 > 1). Under
(P1), —¢'/¢(s) — 5 extends continuously to o > 1, so ¢ (z) ~ .

PNT = (P1). By partial summation, —¢'/{(s) = s [{° ¢ (z)x~*"tdx for o > 1. Write

Y(x) = &+ r(x) with r(z) = o(x). Then s [ 2 -2~ * tdx = 2 (check item 12). For each € > 0
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we have | [°r(z)z™ " dz| < Cc +¢/(0 — 1). Suppose ((1 + itg) = 0 with to # 0 and multiplicity
m > 1. Then (o — 1)( — {’/{)(0 + ity) — —m as o | 1, while the right-hand side gives

limsup, (0 — 1)[¢'/C(0 +ito)| < €|l + itg|, because *7 stays bounded at s = 1 + itg. Letting

€ — 0 gives a contradiction.

(P2). The first statement is the zero-free region rewritten as a functional-calculus inequality
between the commuting multiplication operators 8 and t. The second is Davenport’s Ch. 18,
eq. (1), deduced there from Ch. 13 and the truncated explicit formula of Ch. 17.

(P3), “= 7 Davenport’s truncated explicit formula [39, Ch. 17, eq. (9)] gives

Y(@) =2~ <ra’/p+O(1 + xlog?(xT)/T). Use |z°| < 2© and Yt l<r /1Pl < log? T (from
N(T), [39, Ch. 15]), and take T = z. This gives 1(z) — x = O(2® log® z). “=" If

Y(z) —x = 0(z""%), then —('/((s) — =25 = s [[°(¥(x) — )z~ Lda converges absolutely and is
holomorphic on o > 0 4+ ¢. So ¢ has no zeros there. Let € — 0.

(P4). © = % in (P3). The bound O(y/zlog?z) is von Koch’s [154], and it is also the case © =
of the proof of (P3) “=".

D[\'}\H

REMARK 25.1.9 (why not “passivity is the prime number theorem”; [THM]| for the logic). (i)
Which passivity. Passivity in the engineering sense (R, G > 0, (P0)) is free. It follows from
the Euler product and the functional equation, and it is far weaker than the PNT. Only
strict passivity (P1) is tied to the PNT.

(ii) “Fquivalent” is vacuous between proved theorems. (P1) and the PNT are both theorems, and
in classical logic any two theorems are equivalent. What has content is the direction and the
cost of each implication. (P1) = PNT needs a Tauberian theorem: Wiener-lkehara, or the
explicit formula with a zero-free region. PNT = (P1) is a few lines. The precise sentence is
therefore: strict passivity of every zero-line is the analytic input of the prime number
theorem.

(iii) Termwise is not enough. In the half-density normalization the PNT reads E(u) = o(e%/?).
(P1) makes each channel term €% /p of Prop. 25.1.6(f) individually o(e*/?), since
™| = e with §, < 5. But (P1) allows supd, = 3, so the infinite sum is not controlled
term by term. Controlling it is exactly the Tauberian step, which is not a telegrapher
argument. For the same reason the telegrapher picture proves none of (P1)—(P4); it only
organizes them.

(iv) Where unitarity enters. (P0)—(P3) are dissipativity and stability statements about Z(7) in
the storage energy, which is a conventional Hilbert structure (Remark 25.1.3). (P4) is the
only rung at which the canonical Krein form becomes a Hilbert form and the scaling flow
becomes unitary (Thm. 25.1.2(f)). In this precise sense the ladder separates “RH is a
statement about unitarity” from the PNT, whose analytic input is strict dissipativity.

(v) Error terms in general (pointer only). Ingham’s direction (zero-free region = error term) and
its converses due to Turan and Stas, with loss in the constants, are stated for general regions
B <1—n(]t]) in Pintz [122]. Pintz writes them in terms of w(x) = min;>1(n(t)logx + logt).
We verified the bibliographic record of [122] but read its content only through a secondary
summary, so nothing here depends on it. The rung (P2) uses only Davenport.

25.2. One channel: the telegrapher normal form of a functional-equation pair

This section writes out Prop. 25.1.6(e): the restriction of the operator model of §25.1 to one pair
{p, p*}, where every operator is a 2 X 2 matrix.

DEFINITION 25.2.1 ([DEF]). For a zero p let
P,=(D— pZ(D —(1—=p)) = D* = (1 +2it,) D + (B,(1 — B,) — t3 + it,). Its kernel is spanned by
e’ and e!=P%, TIf §, = 0, it is (D — p)? with kernel {e”", uef*}.
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THEOREM 25.2.2 (telegrapher normal form of a zero; [THM]). Let p = 3+ it be a nontrivial zero,
§=p8-1.
(a) Demodulation. e P, e = (D — B)(D — (1 — 8)) = D? — D + 3(1 — ), which has
real coefficients. The common phase factor e
partners share t.
(b) Normal form. In the reversed variable T = —u the demodulated operator is
D? + D, +B(1 —pB) = (D, + B)(Dr +1— B). This is the uniform-mode operator of
Prop. 25.3.2(b) with LC' =1 and

R G
7= B, o= 1-p (or the swap).
Both are > 0 by (P0) of Prop. 25.1.8 (Euler product and functional equation only), so
the line is passive. Both are > 0 by (P1) (C(1+it) # 0 [39, Ch. 13]), so it is strictly
passive. Neither statement involves the PNT; see Remark 25.1.9.
(c) Heaviside substitution. u = %(% + %) = % for every zero, and e M7 = ¢%“/2. Writing the

demodulated envelope as V = e“/?W gives

R/L—-G/C\2  (28-1)2
KH = ( 5 ) = 1 = 0.
Equivalently, (R/L — G/C)? = (28 — 1)? = 452
(d) Distortionless <= critical line. The line of p satisfies Heaviside’s condition
R/L=G/C iff ku =0 iff Rep = % Then the two time constants coincide
(&= % = 1), the operator is (D — p)?, and the envelope is free (W" =0). If § # 0, the
envelope satisfies the tachyonic Klein—Gordon equation W' = §°W . This is literal after
demodulation, but the full mode eP" still oscillates at frequency t, which is Lemma 19’s
correction: a complex pair, not a tachyon proper.
(e) Spectral parameter. p(1 —p) = 1 + v with ~, =t —id, and B(1 - B) = 1 -6

can be removed exactly because the

W// — K/HM/,

PROOF. Everything is expansion of polynomials in D, checked symbolically (check file, §3).
(a): e” ™ De™ = D +it, so (D + it — p)(D +it — (1 — p)) = (D — B)(D — (1 - B)). (b):
substitute D = — D, and compare with LC(D, + R/L)(D; + G/C). The unordered pair of roots
determines {R/L,G/C}. (c): Prop. 25.3.2(a) with LC' = 1. (d), (e): direct. O

PROPOSITION 25.2.3 (what is forced and what is conventional; [THM]). Suppose we require a
functional-equation pair to be written as the uniform mode of a constant-coefficient telegrapher
line after removing a common phase.

e Forced: the demodulating phase e (the only common phase of the pair); the unordered pair
{R/L,G/C} ={B,1— B} (the roots); u = % (functional equation, unconditional); kg = 62.

e Conventional: (i) the orientation 7 = —u. In u itself the normal form has R/L = —f3,
G/C = —(1— ), a line with “negative resistance” (gain), and nothing else changes. (ii)
Which root is R/L (series) and which is G/C (shunt). The functional equation p <> 1 —p
swaps them. That is the series/shunt (impedance/admittance) duality R <> G, L <> C of the
telegrapher equation, so neither choice is canonical. (iii) LC (the speed) and Zy = \/L/C':
the uniform mode never sees x, so these are invisible and we set L = C = 1. Then
“Zo — 1/Zy” under the swap is also convention.

e Not available: the conjugation pairing {p,p}. It gives a real underdamped mode with mean
rate B (not fized by the functional equation) and leaves R/L, G/C individually
undetermined. Only the functional-equation pairing gives a universal p.

PROPOSITION 25.2.4 (relation to Lemma 17’s Lax-Phillips +1; [TuMm]). Inr = logy the cusp
operator y28§ is D(D — 1), with exponents {0,1}. That is a line with {R/L,G/C} ={0,1},
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w= %, Ky = i, which is Lemma 17, Prop. “cusp”: the bare half-density mass term %.

Laz-Phillips’s L = y?A + ¥ [91] restricts to (D — 3)?, the distortionless line with coincident
time constants. The demodulated zero line of Thm. 25.2.2 is
2
(D=B)(D—(1=8))=DD=1)+p(1-p)=(D-3)" -
So a zero adds (1 — ) = % — 02 to the bare cusp line where Lax—Phillips add %. The
cancellation is ezact iff § = 0. In words: D(D — 1) + ¢ has roots 3 £ /1 — ¢, so ¢ = 1 is the

largest shift with real roots and the unique one with coincident roots. Laz—Phillips’s —I—i is that

shift, and RH says every zero line attains it. Also, Ly® = (s — %)st, so on y? the Lazx—Phillips
eigenvalue is (p — 1) = _75' That is real (and < 0) for every nonreal on-line zero, and nonreal
for an off-line zero.

PROOF. y28§ = 0? — 0, (Lemma 17); the rest is algebra (§3 of the check file). O

REMARK 25.2.5 (caveat on the Lax—Phillips match). The match is an identity between
operators in one variable after the identification r <> u, and that identification is conventional.
In Lax—Phillips theory the zeros of { appear as resonances at s = p/2, not as y” (Lemma 17,
Remark “bounce”). The Lax—Phillips-native statement is Lemma 7, Thm. 4.1(i): the resonances
decay at a common rate iff RH. That is again “equal attenuation for all frequencies”, but it is a
different realization of the same condition, not a consequence of Prop. 25.2.4.

PROPOSITION 25.2.6 (the channel energy: distorted = hyperbolic; [THM]). Let § # 0 and let
V = {W = ae®® + be™"} be the envelope space of a line, with the scaling flow
(TsW)(u) = W(u—s).
(a) The Heaviside energy %(W’2 — §2W?) is conserved and equals —25%ab. It is a form of
signature (1,1), and the pure modes e*** are neutral.
(b) More generally, every T-invariant Hermitian form on V is cab+ ¢ab. So it is
hyperbolic or zero, and never definite.
(c) If § =0 the envelope of the explicit-formula wave is constant (a only), T acts trivially,
and mla|? with m > 0 is invariant and definite.

This is the telegrapher form of the Krein-space fact used in Lemmas 17 and 19 (non-real
frequency = neutral eigenvectors in a (1,1) plane). The Weil form’s contribution of an off-line

pair, my(F(vp)F(7,) + c.c.) (Lemma 18, Thm. 2.1), has ezactly the shape (b).

PROOF. (a): substitute (checked symbolically). (b): Ty acts by diag(e™°%, %), so invariance
kills the |a|? and |b|? coefficients. (c): clear. O

25.3. The transfer-function reading

This is the coordinate reading of §25.1: J. W.s polar pair (log |z|,argz) evaluated on single
waves. It is equivalent to the operator reading but carries less structure: the Krein form and Jgg
only appear implicitly, through the partner of each zero.

25.3.1. The classical telegrapher line. A uniform line with series resistance R > 0 and
inductance L > 0, and shunt conductance G > 0 and capacitance C > 0 (per unit length), obeys
Vzz = LCvy + (RC + LG)v: + RGu. A time-harmonic wave ™'V (z) has V' = 42,V with

Yiel(w)? = (R + iwL)(G + iwC) = RG — W LC + iw(RC + LG),
with Ytel = OQtel + 1Btel, el > 0, Brer > 0 for w > 0.

PROPOSITION 25.3.1 (Heaviside’s condition; [THM], classical). For w > 0 the following are
equivalent:
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(i) the attenuation cue(w) does not depend on w;
(ii) the phase velocity w/Bie(w) does not depend on w (no dispersion);
(iii) R/L = G/C (equivalently RC = LG).
In that case Yoo = VLC (R/L +iw), ae = R\/C/L, Btel = wVLC, and the characteristic
impedance Zy = /(R + iwL) /(G + iwC) = \/L/C is real and constant. A matched line of length
¢ has transfer function H(w) = e~ so in polar coordinates

log|H| = —ate1 ¢ (attenuation), arg H = —fBio1 ¢ (phase).

PROOF. Write fyfel = (afel — ,Btzel) + 261 Prel and compare with the formula above:
a2, — B2, = RG — w?LC and 204 Ste = w(RC + LG). (1)=(iii): let a4e = a. If a = 0, then
RC + LG =0,s0 R=G =0 and (iii) holds. If a > 0, then i) = w(RC + LG)/2a, and
a? —w?(RC + LG)?/4a? = RG — w?LC for all w. Comparing coefficients gives a?> = RG and
(RC + LG)? = 4a’LC = ARGLC, i.e. (RC — LG)? = 0. (ii)=(iii): if Btel = bw, then
atel = (RC + LG)/2b is constant, and we are back in (i). (iii)=(i),(ii):
(R +iwL)(G +iwC) = LC(R/L + iw)(G/C +iw) = LC(R/L + iw)?. The statement about Z
follows in the same way, and H is the standard matched-line transfer function. All identities
were checked symbolically (num/lemma25_checks.out, §1). Historical source: [66, Vol. II,
pp. 119-154]. Textbook treatment: [126, §2.7, “The distortionless line”]. O

So J. W's coordinate pair (log |z|, arg x), which is the pair (Log, Arg) of amoeba/phase-tropical
geometry [101], applied to a line’s transfer function is literally (attenuation, phase) times
length. Heaviside’s condition says the first coordinate is flat in w and the second is linear in w.

PROPOSITION 25.3.2 (Heaviside substitution and the uniform mode; [THM]). Let = (& + %)

and ky = ($(& — %))2 Then:

(a) v= e Mt turns the telegrapher equation into LC wy — wyy — LC kg w = 0. The mass
term is LCky = %, as in Lemma 17, Prop. “telegrapher’.

(b) The uniform (z-independent, k = 0) mode obeys LC (Dy + £)(Dy + %)v = 0. Its two
characteristic exponents are —R/L and —G/C': one time constant from the series
branch and one from the shunt branch. Their mean is —u, and half their difference
squared S K.

(c) The mode w = e™** f(t) has LC f" + (k* — LCky)f = 0 and the conserved reduced
energy &, = $(LCf"? + (k* — LCku) f?). So & >0 for every k iff ky = 0 iff
RC = LG. If kg > 0, &; is indefinite exactly for k*> < LCky.

PROOF. (a) is direct substitution, checked symbolically. (b):
LCs?* + (RC + LG)s + RG = (Ls + R)(Cs + G). (c) follows from (a) by separation of variables.
The physical stored energy %(LI 2 + CV?) of a passive line is always positive, so it is the reduced
energy (in Caldirola—Kanai variables [18, 80]; Lemma 17, Prop. “CK”) whose positivity is
equivalent to Heaviside’s condition. O

25.3.2. The zeta dictionary: polar coordinates of a zero-wave. In the explicit
formula [39, Ch. 17], each nontrivial zero contributes —z*/p to (z). In u = log z,

af = P eitot, log |z”| = B,u, argz” =t,u (mod 2m).

After the half-density normalization E(u) = e=%/?(1)(e*) — ¢*) of Lemma 17, Thm. “arithmetic

_1 ;
distortionless”, the wave becomes e(P~2)% = edptigitou,

PROPOSITION 25.3.3 (spatial / transfer-function reading; [THM] for the identities). Read u as

line length and w :=t, as frequency. Write H,(u) = e(P=3)U — e=Met qpith Yel(p) = =0, —it,
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i.e. attenuation ouel = —06, and phase constant Byl = —t, (the sign only fizes the direction of
travel). Then:

(a) Phase leg. Bio = —w is exactly linear, with unit phase velocity, for every zero. This is
automatic: the frequency is defined as Im p, so the phase leg carries no information
about RH.

(b) Attenuation leg. The functional-equation partner 1 — p has the same frequency t, and
the opposite attenuation +6,. So the “dispersion relation” w — cuel read off the zero set
takes two values +0, at w =t, unless 6, = 0.

(c) Hence the zero set defines a distortionless line in Heaviside’s sense (single-valued oy,
independent of w) iff all 6, =0, i.e. RH [RH-EQUIV]|. Moreover the constant is then
forced to be 0 (a lossless normalized line, i.e. growth rate exactly % before
normalization), not just “some constant”.

PROOF. (a) is the definition. (b): 1 —p = (1 —5,) +it,, so 61— = —d,. (c): a single-valued
constant aue requires § = —J at every occupied frequency. O

REMARK 25.3.4 (which coordinate is which). This makes J. W.s decomposition exact. argz? is
the phase (Heaviside’s (i), and it is distortionless for free. log |z”| is the attenuation
(Heaviside’s auel), and it carries everything. Its average over a functional-equation pair is always
3 (the half-density). Its spread within the pair is 2|§|. This also sharpens the halfway/norm
discussion of Lemma 19. The shadow (trace) mixes both coordinates, the norm is the Log
coordinate alone, and the functional equation already fixes the mean of Log over each pair. RH
is the statement that the spread vanishes.

25.4. Assembly: the explicit formula as a superposition of lines

Call a channel an orbit O of p — 1 — p on the nontrivial zeros: O = {p} if , = 0, and
O = {p,1 — p} otherwise. All zeros in a channel share tp and [do|.

THEOREM 25.4.1 (multichannel line; [THM], last clause [RH-EQUIV]). For x = e" > 1 (with vy
the averaged 1), Davenport’s explicit formula (39, Ch. 17|, read in channels, is

E(u) = e 72 (g (et) — e¥) = —Tlim > et wo(u) — e "2 log2r — %e*“ﬁ log(1 — e™24),
lto|<T

with wo = Y- c0 mpe¥¥/p and (D? — §2)wo = 0. So each channel is the Heaviside-reduced
envelope of the line of Thm. 25.2.2, carried at frequency to. Moreover:

(a) Pole channel. The carrier €* (pole s = 1) and the constant —log2m (from s =0) form
the exponent pair {1,0} at t = 0. That is the line with {R/L,G/C} = {1,0}, 6 = 3,
Kg = i, which is exactly the bare cusp line of Prop. 25.2.4. It is the one distorted
channel present unconditionally. It sits exactly on the boundary of passivity (G/C =0,
(P0) of Prop. 25.1.8). So (P1) says precisely that no zero-line is as distorted as the
pole line.

(b) Trivial zeros —2n are unpaired (their reflections 1+ 2n are not zeros). They are the
archimedean (T'-factor) term, not lines of this type.

(¢) Count. Each distorted nontrivial channel contains exactly one zero with Re p > % So
the number of distorted channels is 1 + N4 (pole channel included). By Lemma 15
(“Lorentzian index”) and Lemma 17, Thm. “C: distortion” (iii), this is the number of
timelike directions of L. The timelike directions of the Lorentzian Weil form are the
distorted lines.

(d) [RH-EQUIV] All nontrivial channels distortionless (R/L = G/C for every line) <~
RH. This is the definition of RH written in channels. It is no new leverage, and it is
equivalent to Lemma 17, Thm. “arithmetic distortionless”.
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PRrROOF. Group the zeros in Davenport’s symmetric sum by height. Partners share ¢, so the
grouping is compatible with the truncation |t| < T'. For fixed ¢ there are finitely many zeros, so
each group is a finite sum of envelopes in ker(D? — 62). A zero of multiplicity m gives m x*/p,
since —¢’/¢ has simple poles, so no ue”™ terms appear. (a), (b) read off the remaining terms.
(c): the count follows from the definitions and the cited lemmas. O

[NUM] (num/lemma25_checks.out, §4.) Primes versus channels (1000 on-line channel pairs +
pole + trivial): E = —0.6439 vs —0.6315 at = 100.5; —0.1207 vs —0.1218 at 1000.5; 0.1290 vs
0.1785 at 10* + 0.5; 0.1615 vs 0.1676 at 10° + 0.5. The differences are truncation at 1000 zeros,
consistent with Lemma 17’s rms 0.031. A hypothetical channel p = 0.6 4+ 1000i (kg = 0.01) has
envelope 3.1-1072, 0.15 and 22.0 at « = 10, 50, 100. That is the growing envelope W” = §2W.
Numerically all first five zeros satisfy [((1 — p)| < 2-1073° (30 digits), as the functional equation
requires.

25.5. Curves over [;: the same lines, with § = 0 proved

Let X/F, have Frobenius eigenvalues o, ..., a2, and put v = nlogg. Write p; = log a;/log g
(any branch). Then o = e, with rate 5; = log|a;|/logq and phase arg «; per step.

PROPOSITION 25.5.1 ([THM]). (a) Poincaré duality (the functional equation of Zx ) makes {ca;}
invariant under o — q/a. The partner has the same argument and rate 1 — 3, so each pair is a
line with {R/L,G/C} = {B,1— B} and p = %. (b) On the sampled line, x, = aa™ + b(q/a)"

—n/2

demodulates to wy, = x,e” 8% , which obeys the discrete telegrapher equation

Whyo — 2Wni1 + Wy = KEwp 41, K = 4sinh? (14 log q) = 6% (log g)? + O(3%).

(¢) The pole channel {q",1} has rates {1,0} and & = , as for . (d) Weil’s theorem [158]
(equivalently Rosati positivity, Lemma 19, or Hodge index plus Cauchy—Schwarz, Lemma 17,
Thm. “distortionless = Hodge index”) gives 6; = 0 for all i. FEvery line of a curve is
distortionless.

PROOF. (a): ¢/a = || 2qa is a positive multiple of . (b): the demodulated roots are ¢*?,
with sum 2 cosh(dlogq) and product 1. (c), (d): as stated. O

TABLE 25.1. [Num]  Lines  of  the Lemma  3/19  examples

(num/lemma25_checks.out, §5). “partner err” = min;|q¢/a; — «j|; residual

= max error of the discrete telegrapher recurrence (b) on the channel of largest

laf, n < 11.
example lal/v/a B,1-p arg o = arg(q/a@) ) kp = 02 Kse partner err / resid.
E/Fs (1+ 3T +5T?) 1 0.5, 0.5 +2.306111 0 0 0 2.10716 / 1.10715
Co/F7 (14 3T +4T2 + 2173 + 49T) 1,1 0.5, 0.5 +1.183200, £2.808119 0 0 0 1-10-1% / 5.1071°
coin 1 — 2272 4+ 49T+ 1.668416, 0.599371  0.763052, 0.236948 0,7 +0.263052  0.069196 0.267787 4-107'5 / 1.107'2
quadruple |a|/v/7 = e*93 arg = +£1  1.349859, 0.740818 0.654170, 0.345830 +1.000000 +0.154170  0.023768 0.090677 0/3-10°1

The coin’s lines are at phase 0 and m, i.e. zero frequency. Its envelope is a real exponential even
before demodulation, the one case where “tachyon” is literal (cf. Lemma 19(b)). The quadruple
passes every “volume” test of Lemma 19 §4 and is caught here as two distorted lines with

kg = 0.0238. The real curves have every line distortionless.
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25.6. Energy positivity versus norm positivity

This section separates three positivity notions that the transmission-line language tends to
merge. The first is the physical energy of a line, which is always positive. The second is a
Hamiltonian bounded below (the spectrum condition). The third is a positive-definite inner
product (no negative-norm states, i.e. unitarity). Weil positivity is the third.

PROPOSITION 25.6.1 (energy compartments; [THM], classical). Take the telegrapher equations
Ve =—LI; — RI, I, = —CV; — GV on a closed (periodic) line, with energy
£ = %f(LI2 + CV?)dx, split into the magnetic part Eyy = %fLI2 and the electric part
=5 /ove.
(a) E is positive definite for all R,G > 0, whether or not the line is distortionless. It
satisfies £ = — [(RI? + GV?)dx = 2RS QGSE
(b) In the uniform mode the compartments decouple and decay at the rates 2R/ L
(magnetic) and 2G/C (electric).
(¢) There is a constant ¢ with & = —2c¢& for every state iff R/L = G/C = c. Then
E(t) = e 2ME(0) exactly, with p = R/L. So distortionless means precisely that the two
energy compartments decay at equal rates: the dissipation is proportional to the stored
enerqy, independently of how the energy is shared between the magnetic and electric
parts. If R/L # G/C, then e*"'E oscillates as the energy moves between the
compartments.

PROOF. (a): multiply the equations by I and V, add, and integrate; the flux [(VI),
vanishes on a closed line. (b): put 9, = 0. (c): the state (I, V) at a fixed time is arbitrary, so
J(RI? + GV?) = ¢ [(LI* + CV?) for all (I, V) forces R = cL and G = c¢C. Conversely,

(I,V) = e (I, V) with (I,V) solving the lossless equations, whose energy is conserved. [NUM]
(num/lemma25_energy.out): for the & = 3 mode, £ is constant (0.500000) for R = G = 0.5,
L = C =1, and ranges over [0.4412,0.5769] for R = 0.9, G = 0.1. O

Zeta reading. In the channel normal form (Thm. 25.2.2, with 7 = —u), the two compartments of
the line of p decay at 2 and 2(1 — ). RH is “equal compartment decay for every channel”.
Which compartment is magnetic is the conventional series/shunt choice of Prop. 25.2.3. This is
a restatement and adds no leverage.

REMARK 25.6.2 (energy bounded below vs. positive-definite norm; [THM] for the facts, the
reading is ours). In quantum theory two different positivity conditions are imposed. One is the
spectrum condition: the generator of time translations is > 0 on the state space. The other is
positivity of the metric: the inner product is positive definite, i.e. there are no negative-norm
states. The second is what makes time evolution unitary in a Hilbert space.
Pais—Uhlenbeck-type theories (Lemma 17) can trade one for the other (Lemma 17, Ostrogradsky
section). For (:

(i) The relevant “energy” is Lemma 17’s Noether charge E[F| = Q(Ds.F, F'). Under RH its
spectrum is {7}, which is symmetric under v +— —~, so it is never bounded below. The
spectrum condition is not the right target.

(ii) Weil positivity, Q(F, F) > 0 for all F' [157] (Lemma 1), is positivity of the metric. By
Lemma 19, Thm. 3.2(iii), it is equivalent to a Hilbert space on which the scaling flow is
unitary [RH-EQUIV].

(iii) Naive term-by-term energy positivity fails. In Lemma 17’s field form
S = pole + (F,K(D)F) — (primes), the kinetic symbol K(r) = Re (3 + &) — log 7 is
negative for |r| < 6.28984. For a Gaussian, the three pieces are
3.344 — 2.238 — 1.106 ~ 0 (Lemma 17, Thm. “field form”), so positivity of Q is a
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cancellation between indefinite pieces. At the archimedean place alone,
Connes—Consani prove W (g * g*) > Tr(¢(g)S9¥(g)*) > 0 only under a support
restriction (supp g C [271/2,21/2]) and vanishing conditions on § [33, Thm. 1]. Local
positivity is therefore not available in general. An unrefereed manuscript found in our
search (§25.6.2) asserts that the local terms are “always > 0”. That is contradicted by
K < 0 near r = 0.

(iv) The telegrapher analogue of this split is Prop. 25.6.1(a) versus Prop. 25.3.2(c). The
physical energy £ is positive for every line, distorted or not, so it is the wrong
positivity. The Heaviside-reduced energy is positive iff the line is distortionless. Only
the second corresponds to Weil positivity. On the zero space this is Prop. 25.1.7:
storage energy (a) versus reduced energy (b) and Weil energy (c).

25.6.1. Osterwalder—Schrader reflection positivity. In Osterwalder—Schrader (OS)
positivity [115] there is a time reflection #, and the condition is imposed only on test functions
supported in positive time: (0f, f)s > 0. For a translation-invariant two-point kernel s on R and
fu = —u, this reads

RP.() = [[T@ @) s@+y)dudy 20 (suppf € (0,50)).

The OS reconstruction then gives a Hilbert space with a contraction semigroup e *, H > 0.
That is the spectrum condition, obtained from reflection positivity [115]; [111, Chs. 2-4]. Weil’s
form, written in the conventions of Lemma 17 (F*(u) = F(—u)), is

Q(F,F) = W(F % F*) = // Fe)Fy) Wz —y)dedy  (all F € C(R)).

PROPOSITION 25.6.3 (shape comparison; [THM]). (a) Weil positivity is positive-definiteness
of a distribution on the group (R,+) (the convolution-square or Bochner—-GNS shape),
required for all supports. Since W is even (functional equation),

Q(F,F)= [[ F(x)(0F)(y) W(x +y). That is formally the OS expression, but evaluated
on the pair (F,0F) with no support restriction, which is only a change of variables.
The positivity it encodes produces a unitary group (Lemma 19), not a contraction
semigroup with H > 0.

(b) The genuine OS condition for the kernel s =W and Ou = —u fails. Take f > 0 a bump

of width € centred at ¢ = %log 2. The atom —lo%élogg of W on (0,00) contributes

—1(\%2 /f(m)f(log2 —z)dr < —e 1,
while the smooth part (pole kernel minus archimedean kernel) stays bounded. Hence
Rpw(f) — —OQ.

The same holds at every prime power and for any reflection u +— 2a — u, by translation
invariance. [NUM]: RP = —2.50, —11.08, —35.58, —121.35 for e = 0.1,0.03,0.01,0.003
(smooth part +1.18; num/lemma25_energy. out).

(c) So Weil positivity is not an instance of OS reflection positivity for the reflection
u — —u of the scaling line. Structurally it is the analogue of positivity of the
Minkowski-side (Wightman) inner product, or of a positive-definite function on a
group. OS positivity is the Euclidean device for producing such a positive inner product
from a kernel that need not be positive-definite. If an OS route to RH exists, it would
need a different kernel and reflection whose OS reconstruction yields Weil’s Hilbert
space. None is known (§25.6.2). [ANALOGY]| for this last reading.
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PROOF. (a): substitute y — —y and use W(—u) = W(u). (b): on (0,00), W equals

2 cosh(u/2) (pole) minus the archimedean kernel ko (smooth for u > 0) minus
S A(n)n2810g, (Lemma 17, local-kernel form). For a bump of width ¢,
[ f@)f(y)d(x+y—log?2) = [ f(z)f(log2 — x)dx = [ f? < e~!, while the smooth part is

o(

1£12) = O(1). Only n =2 meets = +y € (log2 — 2¢,log2 + 2¢) once € < 3 log 3. (c)

summarizes (a) and (b). O

25.6.2. What the literature contains (web-verified, 2026-10-21). We searched for

any published theorem or discussion relating Weil positivity to OS reflection positivity, including
Connes, Jaffe, Neeb—Olafsson, Yoshida and Burnol.

No refereed theorem was found that identifies Weil positivity with, or derives it from,
OS reflection positivity.

Closest structural bridge (cited, not about ¢). Neeb-Olafsson connect reflection
positivity on R with Lax—Phillips outgoing realizations of unitary one-parameter groups
[110]. Their book develops this, with Lax—Phillips scattering in its chapter “Reflection
positivity on the real line” [111]. Since ¢ has a Lax—Phillips realization (Pavlov—Faddeev;
Lemmas 7, 17), this is the place where an OS-type statement for ¢ could be formulated. We
found no paper that does it.

Connes—Consani [33] give a “potential conceptual reason” for Weil positivity via positivity
of a trace of the scaling action compressed to Sonin space (archimedean place, small support).
The mechanism is a trace and a prolate/Toeplitz analysis, not OS reflection positivity.

Jaffe [77] reviews reflection positivity with no arithmetic application. Yoshida [163] studies
Hermitian forms attached to zeta functions (Weil’s form). We verified the bibliographic
record only and found no indication that it uses reflection positivity. For Burnol we found
only expository commentary on the Weil explicit formula (M. Watkins’ web pages), with no
OS link.

Unrefereed material. Two PhilArchive manuscripts (ids TOUHPF, TOULMA) state the
Weil/OS analogy informally (“positivity turns correlation data into a Hilbert space”). One of
them asserts that the local terms are nonnegative, which is false (Remark 25.6.2(iii)). A 2025
preprint (Preprints.org 202507.1370 / ai.viXra 2507.0079) claims a proof of RH “via OS
analytics”. It is not peer-reviewed, and we do not rely on or endorse it. None of these is cited
as support.

25.7. What is missing

The functional equation fixes the mean and not the spread. In Heaviside’s language
the functional equation fixes y = 3 for every line (Thm. 25.2.2(c)) unconditionally. It says
nothing about ky. In operator form (Prop. 25.1.6(b),(c)): the functional equation fixes the
Jrp-even part p = % of B, and the obstruction is the Jpg-odd part §, whose square Ky is
Jre-even and therefore invisible to the functional equation. Distortionless lines need the two
time constants R/L =  and G/C =1 — § to coincide, and no structure on ¢ is known that
equalizes them.

Equal partner rates are equivalent to positivity. By Prop. 25.2.6, a line admits a
positive flow-invariant energy iff it is distortionless. So “every line has equal partner rates” is
equivalent to the existence of one positive invariant energy on the whole multichannel line,
i.e. Weil positivity of Q [157] (Lemma 1). Lemma 19, Thm. 3.2(iii) gives the Hilbert-space
form [RH-EQUIV]. Prop. 25.3.2(c) shows that asking for the reduced energy to be positive is
the Heaviside condition itself, so the telegrapher picture cannot supply that positivity
without circularity.
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(3) For curves the positivity comes from geometry. For curves the energy is the Rosati
form (Lemma 19) or the negative-definite transverse part of NS(X)r (Lemma 17), both from
an ample class on X x X. For ¢ the analogous surface or polarization is the open item
“(-side body / geometric transverse spacelikeness” of the ranking.

(4) Physical lines are made distortionless by design, and ¢ has no designer. Heaviside’s
practical remedy was to add series inductance (loading) until R/L = G/C'. The closest
arithmetic analogue is the de Bruijn—-Newman heat flow H; (Lemma 2): by definition of
Agpn, all zeros of H, are real (“on the line”) exactly for ¢ > Agpn. Rodgers—Tao [129] prove
AgpN > 0: ¢ needs nonnegative loading, and RH says zero loading suffices. [ANALOGY]: the
heat flow does not act on a line’s ki by any formula derived here.

25.8. Open questions

Answered in this revision (removed from the list): which reading is primary (the operator
reading, now §25.1), and whether passivity should be stated as the unconditional half (it is now
the passivity ladder, Prop. 25.1.8, with Remark 25.1.9).

(1) Should Volume 2 keep the electrical names for the functional equation (series/shunt
duality, R <+ G, L <+ C), or state it only as JppBJrg = 1 — B with JppH = H_
(Prop. 25.1.6(d))? The operator identity is forced. Which branch is called “series” is a
convention.

(2) Is the loading-coil / heat-flow analogy (§25.7(4)) worth a quantitative test? The test
would track kg of the complex zero pairs of Hy for ¢t < 0 as they collide.

(3) Is a targeted note worth writing? It would formulate an OS-type positivity for the
Pavlov-Faddeev/Lax-Phillips realization of ¢ (Lemmas 7, 17), using Neeb-Olafsson’s
dictionary between reflection positivity and outgoing realizations [110]. Prop. 25.6.3
shows that the naive reflection u — —u on the scaling line fails, so the reflection would
have to live elsewhere.

(4) (new) The telegrapher has a spatial coupling ikoy (modes k # 0). ¢ realizes only the
uniform mode k = 0 (Def. 25.1.5(vi)). Should we look for a second, “spatial” variable
that would realize k # 07 Candidates are the second factor of SpecZ x SpecZ
(Lemma 23) or the z-direction of Lax—Phillips. A genuine k # 0 structure is the one
place where the telegrapher could carry information that the zero set alone does not.

(5) (new) The first open rung of the ladder is (P3), © < 1 (exponential stability, 8
invertible), which is strictly weaker than RH. Should it become an explicit intermediate
target in the ranking? Every positivity route we have (Lemmas 15, 18, 19, 26) is
calibrated at o = % Lemma 18 already gives the o-family whose threshold is ©.
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Status summary
Statement Status Note
Def 25.1.1 Z€ero space Hz, [DEF] definite inner product
t, 3,8, Kku, p,v,Jre, [, ]z, ev conventional off RH
Thm 25.1.2 Krein structure, Jpp8Jpg = 1— 8, [THM]; (f) [RH- Lemma 1; sympy items 1—-
Q= ev'[-, |z, flow e BQUIV 8
Def 25.1.4, 25.1.5 telegrapher components (M, [DEF; names k # 0 has no ¢ counter-
¥, series/shunt, Z(7)) [ANALOGY] part
Prop 25.1.6 u = % (FE), kg Jrg-even, FE = [THM]

series/shunt duality

Prop 25.1.7 storage / reduced CK / Weil en-
ergies

Prop 25.1.8 passivity ladder (P0)—(P4)

Rem 25.1.9 not “passivity = PNT”

Prop 25.3.1 Heaviside condition, transfer func-
tion

Prop 25.3.2 substitution, uniform mode, re-
duced energy

Prop 25.3.3 polar coordinates = (attenuation,
phase)

Thm 25.2.2 normal form R/L = 3, G/C =
1—6,[},:%,}61{:52

Prop 25.2.3 forced vs conventional

Prop 25.2.4 LP —&—i = maximal shift; exact iff
0=0

Prop 25.2.6 distorted = hyperbolic invariant
forms

Thm 25.4.1 multichannel explicit formula;
count 14+ Ny

Prop 25.5.1 curves, discrete telegrapher, § = 0

Prop 25.6.1 equal compartment decay <=
RC =LG

Rem 25.6.2 spectrum condition vs metric pos-
itivity; K < 0

Prop 25.6.3(a),(b) Weil # OS-RP; RP fails for
w

§25.7(4) loading coil <> dBN flow

[TaM]; iff’s [RH-
EQUIV]

(PO)-(P2)
[THM]/[CITED];
(P3) [oPEN]; (P4)
[RH-EQUIV]
[THM] (logic)
[THM] (classical)
[THM]
fri; (c) [RH-

EQUIV]
[THM]

[THM]
[THM]

[THM]

[THM];
EQUIV]
i,
(Weil)
[THM], [NUM]

(d) [RH-

[CITED]

[THM]/[CITED]
[THM], [NUM]

[ANALOGY]

no functional definite and
conserved unless RH
Davenport Chs. 13, 17,
18; Wiener—Ikehara; von
Koch

Pintz: pointer only
Heaviside; Pozar §2.7

Sympy

phase leg automatic

R,G >0 free; > 0is (P1)
identification r < u con-
ventional

Krein, telegrapher form
Davenport Ch. 17; Lem-
mas 15, 17

Table 25.1 [NUM]
classical

Lemma 17; CC21

(c) [ANALOGY]

Rodgers—Tao

Files. num/lemma25_checks.py/.out/. json, num/lemma25_energy.py/.out,

num/lemma25_operator.py/.out (new: items 1-12 of §25.1); 1it/lemma25/verified_refs.md.
Reused: num/zeros1000.txt. No shared macro changes (local macros only). Previous version:

archive/lemma25.before-operator-first-20261021-202059.tex/ . pdf.



CHAPTER 26

Lemma 26: Window Gram matrices under the
Viro/Connes—Consani deformation 0,

The Weil index lives only at h = 1
Standalone note lemma26.tex, October 21, 2026.

Summary. Verdict. The deformation adds nothing beyond Lemma 15, and this is

proved in both readings.

(T) Transport the Weil form to Viro’s field C, = C. Its inertia is independent of k
(Thm. 26.1.3).

(N) Keep the numbers and change the arithmetic. The Gram matrix becomes the
entrywise signed power G, = 0y /4(G). By Connes—Consani, ) ranges over all
automorphisms of their hyperfield R°"V**. Then:

e =1 is Lemma 15’s Gram.

e As /i — 0 the inertia is fixed by dominant permutations and signs; for
Toeplitz data this is Yu’s tropical PSD test (single shadows, Lemma 23).

e For positive-entry Grams, Garg—Aujla gives monotonicity: Lorentzian at
some h < 1 implies Lorentzian at h = 1. So i < 1 is a strictly weaker
certificate and i > 1 a weaker detector.

e The Weil index is not definable over R°*** (Thm. 26.3.2).

Numerics (certified Arb inertia; 72 windows x 14 values of i x 5 injected ghosts,

plus function-field controls).

e The true ¢ Grams lose Lorentzian-ness for i < 1 (43 of 72 windows already at
h =0.9). The threshold i, — 1 as the window grows, explained to first order by
near-null negative directions.

e Ghosts can be separated from the truth on smaller windows at some 7 # 1, after
the fact. But the test is basis-dependent and raises false alarms on the true ¢
form. It also flags real curves over F,, where RH is a theorem.

Not a detector. No bearing on RH beyond reformulation. Candidate 1 of

Lemma 23 is closed.

Labels: [THM], [CITED|, [NUM] (certified Arb inertia unless noted “float”), [HEUR], [RH-EQUIV].
We write h for the Viro deformation parameter. Lemma 15’s B-spline bandwidth is written hp,
and windows are V' (hp, s,n) = span{@gs }x<n with length ¢y = (n — 1)s. Code:
num/lemma26_*.py; data num/lemma26_*.json(1); references
lit/lemma26/verified_refs.md.

26.1. The construction, from the Connes—Consani sources

What exists.

(a) [29]: a quotient R/G of a ring by a subgroup of R* is a hyperring extension of the
Krasner hyperfield K = {0, 1} iff G U {0} is a subfield. Hence H = Ag/Q* is a
hyperring over K.

(b) [21]: the trace-formula reading of the explicit formula expresses N(q) as an intersection
number for the scaling action on Ag/Q*. They also construct the hyperfield

111
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Reomvex — (R, +,-) (Thm. 5.6). It is an extension of the sign hyperfield S, with
z+cy={ax+ By :a,B>0, sign(ax + By) = asignz + [Ssigny}. Its automorphisms
are exactly 0y, A € RX, with 6)(x) = 2 for z > 0 and 6, the identity on S (Prop. 5.7).
Hence 0 () = sign(z)|z|*.
(c) [153, §9.3]: S(z) = |2|"/"2/|2|, and Cj, = (C, +4, x) with a +, b = S} ' (Spa + Spb) is “a
copy of C”. On R, Sj = 6.
What does not exist (as far as the cited sources go): a Weil form valued in H, K or Rn"vex,
The Weil form, and Lemma 15’s L = P — (@), is real-valued on test functions. A “positivity on
the hyperring at deformation A” must therefore act on the scalars. Below are the only two
natural ways to do this.

DEFINITION 26.1.1. Let G = (L(gs, ¥;))i,j<n be a window Gram matrix (Lemma 15) and 2 > 0.
Set Ry = (R, 44, X), with order transported by Sp; this is the usual order, since Sy, is odd and
increasing.
(T) The transported form is LW (f, g) = S; ' L(Syf, Sng) over R
(N) The window Gram at deformation h is G read as a matrix over Ry. Its Rp-inertia is the
inertia of Gy, := 0 /,(G) = (sign gi;]gij|"/") over R (Lemma 26.1.2).

LEMMA 26.1.2 ([THM]). Si: Rp — R is an isomorphism of ordered fields. A symmetric matriz
M over Ry, has Ry-inertia equal to the R-inertia of Sp(M) (entrywise).

PROOF. S} is multiplicative, additive by the definition of 4, bijective, and increasing.
Sylvester’s law of inertia holds in any ordered field and is preserved by ordered-field
isomorphisms applied entrywise. ]

THEOREM 26.1.3 (reading (T) is i-invariant; [THM]). The Gram of L™ on S, 'V is S, H(G), so
its Ry-inertia is that of G for every h > 0. In particular, Lemma 15’s Thm. 15.2
(supy ny = 1+ N4 ) holds verbatim for every h.

ProOOF. Lemma 26.1.2 applied to M = S};l(G). O

PROPOSITION 26.1.4 (covariance of (N); [THM]+[NUM|). Let P be a permutation matriz and D
diagonal with nonzero entries. Then 0x(DPGPTD) = |D|* $P 0,(G) PTY |D| with ¥ = sign D,
so inertia is preserved under monomial changes of basis. It is not preserved in general. [NUM]
On V(0.1,0.5,8) at h = 0.9, the basis ¢y, gives inertia (1,7,0), while the basis Vi = pr + Yr11 of
the same subspace gives (3,5,0). Rescaling by 2% leaves (1,7,0) unchanged. On V(0.25,0.5,8):
(3,5,0) versus (4,4,0).

So Gy, for h # 1 is a function of the basis, not of the form on V. This is the first obstruction:
whatever n4 (Gj) measures, it is not a property of the Weil form.

26.2. Where the limits land

h=1. G1 = G, Lemma 15’s Gram, which is computed from the prime side. [NUM] We
cross-checked it against the zero side P(d) — 3, 2F (7)% cos(d), using Odlyzko’s first 10° zeros
[114]. For hp € {0.1,0.25,0.5} and d € {0,0.5, 1,2}, |prime — zero| < 3.5 x 10712,

PROPOSITION 26.2.1 (A — 0: dominant permutations and signs; [THM]). Let G be real
symmetric with nonzero entries. Suppose that for each leading block G*¥) the mazimum

My, = maxyes, [1; |9ios)| is attained by a unique op. Put ey, = sgn(oy) [1; sign giq, ;). Then for
all sufficiently small h, Gp, has

n_ = #{sign changes in (1,e1,...,en)}, ny=n-—n_.
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Proor. With p = 1/h, det G%’“) =, sgno [1; sign(gio)) [9io@) [P = ex M} (1 4 O(r})) with
7 < 1. So for large p every leading minor is nonzero with sign ;. Jacobi’s signature rule then
gives the count. O

Reading. The limit depends only on (log |g;;|) (max-plus data) and (sign g;;) (sign-hyperfield
data). For Toeplitz sections with |¢,,| < ¢o for m # 0, o, = id and g = +1, so G}, is PSD for
small h. This is exactly Lemma 23 Prop. 2.2 (Yu'’s tropical PSD cone [164], i.e. single shadows).
[NUM] Real curves: the Toeplitz sections of E/F5 (n < 12) are PSD for h < 0.1, and those of
Cy/F7 for h < 0.3. For the Lemma 19 coin family N = 20, the first non-PSD size is k = 4 at

h =1, then 5,6,9,12,22,37 at h = 0.9,0.5,0.3,0.2,0.1,0.05. It drifts toward Yu’s k = 42
(Lemma 23). The opposite limit &7 — oo (A — 0) gives G — sign(G): the sign hyperfield S
alone.

26.3. Monotonicity and the R®"** obstruction

THEOREM 26.3.1 ([CITED|+[THM]). Garg—Aujla [55]: if A is symmetric with all entries positive
and exactly one positive eigenvalue, then A°" has exactly one positive eigenvalue for every
r € (0,1]. Hence, for a positive-entry Gram G:
(a) A(G) ={h>0:ny(Gy) =1} is an up-set: if by € A(G) and hy > hy, then
G, = (Gp,)°M/"2) 50 hy € A(G). Put hy(G) = inf A(G).
(b) Certificates. ny(Gp) =1 at some h < 1 implies ny(G) = 1. It is a stronger hypothesis
for the same conclusion, so it never certifies a window Lemma 15 cannot.
(c) Detectors. ny(G) > 2 implies ny(Gp) > 2 for all h < 1, so a true ghost is never lost
below 1. For h > 1, ny(Gy) > 2 implies ny(G) > 2: a sound but weaker detector.
(d) For h <1, ny(Gp) > 2 implies nothing about G. False alarms occur (§26.4).

THEOREM 26.3.2 (R®"* obstruction; [THM]+[NUM]). Let P be any property of finite real
symmetric matrices that is expressible by a first-order formula, with parameters in S, in the
language of the hyperfield R™ (multiplication, the hypersum relation z € x 4.y, constants
0,£1), applied to the entries. Then P(G) <= P(0r(G)) for all X > 0. “Ezactly one positive
eigenvalue” is not invariant under 0. Hence the Lorentzian/Weil index is not an

R _property, and a fortiori not an H- or K-property.

PROOF. Automorphisms preserve the truth of first-order formulas. By [21, Prop. 5.7], every
0y is an automorphism of R®™ fixing S. Non-invariance: [NuUM| V(0.1,0.5,8) has n4(G) =1
but ny(Gog) = 3, both certified. O

This is the precise form of “Cp = C, so nothing new”. Positivity is a field-level notion. In the
field it is invariant under (T); in the hyperfield it cannot be stated, because the hyperfield’s own
symmetries destroy it.

26.4. Numerics

Setup. Grid: hp € {0.05,0.1,0.25}, s € {0.25,0.5,0.75,1,log 2,log 3}, n € {4,8,12,16}, and
he{4,2,1.5,1,0.9,...,0.1,0.05}. Ghosts are injected by Lemma 15’s (= Lemma 11/18)
quadruple model, Lgy = L — 374 13 eid“yﬁ'(v)?, for
(90,b) € {(30,.1),(30,.25), (30, .4),(14.13,.1), (100, .1)}. Inertia comes from Arb ball LDL
(1d1_inertia); signed powers are taken on balls excluding 0. All entries are positive for
hp > 0.1; for hg = 0.05, £(0) = —0.0162.
(i) Truth.

e For every window and every h > 1, ny <1 (0 of 72 flagged), and Thm. 26.3.1 shows

zero violations.
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e For h < 1, the true Gram is flagged (n4 > 2) on 43, 48, 54, 59 of 72 windows at
h=0.9,0.8,0.5,0.3, with ny up to 13.

e Bisection gives h,. For hp = 0.1, s = 0.5: Ky, € [0.4005,0.4006], [0.8639, 0.8640),
[0.9961,0.9962], [0.9998,0.9999] for n = 4,8,12,16. For hg = 0.5, every window gives
hye > 0.9988, and most give h, > 0.99994.

e [HEUR] Explanation: first order. G°U+9) = G + ¢ G o log® G + O(¢?), 50 a negative
eigenvalue \j, crosses 0 near e = —\/v} (G olog® G)vg. The prediction 1/(1 + min e
matches the observed A, to < 1073 for n > 8; e.g. V(0.1,0.5,12): predicted 0.99611,
observed [0.99607,0.99613]. The window Grams have negative eigenvalues tending to 0
(e.g. —9 x 107° there; —9 x 1078 at V/(0.25,0.25,12)). Any non-congruence
perturbation tips them over, so A, — 1.

(ii) Ghosts. The table gives the smallest window length ¢y (over the grid, all hp) at which the
ghost Gram has n4 > 2 while the true Gram has n4 < 1, both certified.

ghost (go,b) k=1 (Lemma 15) best i < 1 best A > 1
(14.13,0.1) 175 (hg = .25) 0.75 (h=05,04; hg =.1) 1.5 (h=4; hp = .1)
(30,0.1) 7.5 (hp = .1) 175 (h=0.9; hg =.1) 175 (h=4; hg = .05)
(30,0.25) 7.5 (hg = .1) 175 (h=09; hg =.1)  1.75 (h = 4; hp = .05)
(30,0.4) 3.75 (hp = .1) 1.75 (h=0.9; hg =.1)  1.75 (h=2,4; hp = .05)
(100,0.1) not detected not detected not detected

So, after the fact, i # 1 separates ghost from truth on smaller windows. This is the outcome

J. W. asked about. It is not a detector:

(1) For h < 1 the same test flags the true ¢ form on most windows: V'(0.1,0.25,12) already
has ny = 3 at h = 0.9. The separating windows are exactly those where the truth
happens to survive, and there is no theorem saying n4 (Gp) > 2 = off-line zero
(Thm. 26.3.1(d)).

(2) The test is basis-dependent (Prop. 26.1.4).

(3) The h > 1 wins occur only at hg = 0.05, where entries are not all positive, so
Garg—Aujla does not apply. There the same test flags the true ¢ form. With s = 0.02,
¢(d) < 0 for d < 0.04, and V(0.05,0.02,4) has ny =0 at A= 1 but 2 at h = 1.5, 2.
V(0.05,0.02,8) has n,. =1 at A= 1 but 3 at h = 1.5,2,4. All certified. The wins come
from the ghost making individual entries negative (e.g. £z, (1.25) = —0.0031), a
sign-hyperfield event, and the true £(d) has such events too.

(iii) Function fields, where RH is a theorem. We use the I'-Gram qminN|m_n| rescaled by

¢~™/2, and the Toeplitz sections cj—j (Lemma 12).

e Real curves, Toeplitz: PSD at i = 1 for all n < 12. False alarms at every i # 1 in the
middle range: F fails from n = 3 for i € {1.5,2,4} and from n =5 for i € [0.4,0.9]; Co
fails from n =4 (h = 2,4) and from n = 10 (k € [0.5,0.9]).

e Real curves, I'-Gram: Lorentzian for all 2 > 1. It fails at # = 0.9 from n =5 (E) and

e Fakes, I'-Gram: the coin is detected at A =1 from n =4, at h = 1.5 only from n =8,
and never at h = 2,4 (n < 12). The off-circle quadruple: from n =5 at i = 1, never for
h>1.

In every control, &~ = 1 is the unique value that is both sound and sharp.

26.5. Verdict, rigor, obstruction, questions, ranking

Verdict. Refuted as a source of new leverage.
e (T) is exactly Lemma 15 for every i (Thm. 26.1.3).
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e (N) is basis-dependent. It is a weaker certificate for h < 1 and a weaker detector for
h > 1 on positive-entry Grams (Thm. 26.3.1), and an unsound detector otherwise
(§26.4).
e Its i1 — 0 limit is the single-shadow / tropical test of Lemma 23 (Prop. 26.2.1).
e The Weil index is not expressible over R®™** H or K (Thm. 26.3.2).
Rigor.
e Proved: Lemma 26.1.2, Thms. 26.1.3, 26.3.1 (given [55]) and 26.3.2, Props. 26.1.4 and
26.2.1.
e Certified numerics: all inertias quoted.
e Heuristic: the first-order explanation of A, — 1 (numerically confirmed), and the claim
h, — 1 along exhausting windows.
Obstruction. The ordered-field structure is what positivity uses. 0, is a field automorphism
only for A = 1, while it is an automorphism of R®™* for every A\. [RH-EQUIV]:
“ny(G1(V)) <1 for all V7 is RH (Lemma 15). No & # 1 version is known to be RH-equivalent
or even RH-implied: for i < 1 it fails on the true ¢ form.

QUESTION 26.5.1. (1) Did J. W. intend a hyperring-valued Weil form? None exists in [21, 29];
constructing one would be new mathematics. (2) Close candidate 1 and move on to
Brindén—Huh stability operators acting on the form, which are congruence-covariant, rather
than on matrix entries?

Ranking update (0.6 sig + 0.4 prob):
(1) Lemma 23 candidate 1 (this lemma): closed. Re-scored sig .2 (target inexpressible
over R™) prob .02: 0.13 (was 0.54).
(2) Bréandén—Huh stability-preserving linear operators on test spaces: 0.42, unchanged.
Lemma 26 shows the operators must act on the form, not entrywise.
(3) Tropical by = 0 for the CC square: 0.42, unchanged.
(4) Phase-tropical Lemma 10: 0.38, unchanged.






CHAPTER 27

Lemma 27: Ghost birth in the window Weil form and Krein
collisions

The hyperbolic plane of an off-line pair, the boost, and the two-stage mechanism

Standalone note lemma27.tex, October 21, 2026 (rev. 2: Addendum A thresholds, Addendum B Lagrange
dictionary).

Summary. J.W’s Lys/Ls intuition says that a ghost (a negative square of the
window Weil form) is born the way an elliptic equilibrium loses stability, by a Krein
collision. We test this rigorously. An off-line pair p, p* = 1 — p spans a hyperbolic
plane of Weil’s Krein form, and the half-density scaling flow acts on it as a Lorentz
boost of rapidity 0 log z composed with a rotation of angle -y log x; on-line zeros are
pure rotations, and RH is equivalent to the scaling flow commuting with the
fundamental symmetry Jpg (§27.1, proved). The curve analogue is the decomposition
NS(C x O)g = (H,V) @& T with 22 = — Tr(a,af, | Vi J) on T (§27.2, cited). We then
define the frequency pencil (Ka,Ga), Ka(F,G) = Q(F',G"), GA(F,G) = Q(F,G) on a
window. In a finite zero model its eigenvalues are exactly 'y,%, where v, =t — 40 is the
Lemma 25 generator, so a rotation that acquires a boost is an eigenvalue that leaves
the real axis (proved). Verdict. The Krein-collision picture holds, but in two stages,
not one. Ghost birth (the jump of k4) is not a Krein collision: by Sylvester’s law it
can only happen where G4 is singular, and a pencil eigenvalue passes through co and
returns with negative Krein type. The boost is acquired later, at a genuine
opposite-signature Krein collision of that negative-type eigenvalue with the
positive-type eigenvalue 72. After the collision the complex pair agrees with (v 4 d)?
to 6-7 digits. k4 does not count collisions: k4 = n¢ +n— (complex pairs plus pending
negative-type real eigenvalues), an exact consequence of the canonical form, confirmed
in all 1012 + 282 runs (including the 92 pure-¢ runs, where k4 = 0). On the canonical
zero space the double on-line zero is of definite type, so it can leave the axis only
because the Krein space itself degenerates.! L, remains an analogy that shares the
same theorem (definite-type stability). Nothing here proves RH.

0. Verdict and status labels

Labels: [THM] proved here; [CITED] a verified external theorem
(1it/lemma27/verified_refs.md); [DEF| definition; [NUM] numerical (high precision, not
certified); [ANALOGY]; [CONJ].

(i) Is ghost birth exactly an opposite-signature collision? No. The jump k4 : 0 — 1
happens only when det G4 = 0 (Lemma 27.4.1, [THM]). At that moment one eigenvalue
of the pencil goes through oo and comes back as a real eigenvalue of negative type
([NuMm], all runs). The opposite-signature collision comes second, and it is where the
eigenvalue leaves the real axis. That is the moment the rotation acquires a boost
(Theorem 27.4.4).

1[Vol. 2 editorial note] Lemma 41 (Vol. TII) refines this remark: in a normalized chart the same instant is a
mixed-type collision. The two descriptions are one event in two charts, not a contradiction. See Appendix A.
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(ii) Does k4 count collisions? No, but exactly: k4 = nc + n— + (Jordan corrections)
(Proposition 27.4.2, [THM]| from [CITED]). Completed collisions (n¢) and pending ones
(n_) count equally.

(iii) What transfers? Three theorems transfer verbatim, because the window pencil is a
selfadjoint matrix in a finite-dimensional Krein space: the canonical form with sign
characteristic [57, Ch. 5], [98, Thm. 2.2]; definite-type stability (Krein,
Gelfand-Lidskii) [85, 56], [98, Thm. 4.7]; and Sylvester inertia. Pontryagin’s theorem
[125], [74] is the infinite-dimensional form of (ii).

(iv) What is new? (a) A spectral detector: off-line zeros appear as non-real pencil
eigenvalues ~ 7/2), and the window recovers § from Im p = 2t0. (b) The leading negative
weight of a nearly double zero is 2mky = 2md? (Lemma 25’s Heaviside residual) on the
derivative functional (Proposition 27.3.3). (c) The exact count identity. There is no
new stability theorem for (. The definite-type theorem only says that a window with
k4 = 0 is robust, and that is already obvious.

27.1. The hyperbolic plane of an off-line pair and the boost

Notation is that of Lemma 25 §1. Hz = ¢*(Z,m) with orthonormal-up-to-weight basis e,,,
lepll? = my. Jrre, = ey« with p* =1 — p. The Krein (Weil) form is [z,y]z = (Jprz,y). The
generator is e, = 7,€e,, where v, =t, —i6, and p = % + 9, +it,. The half-density scaling flow
is U, = "7, uw=loguz, i.e. Uye, = xp_l/er [DEF| (Lemma 25, Def. 1.1, Thm. 1.2).

PRrROPOSITION 27.1.1 (hyperbolic plane; [THM]). Let 6, # 0 and P, = span{e,, e« }, with
m=m,=my.

(a) [ep,ep)lz = [epe,€p]2 =0 and [ey, ep]z = m. So P, is a hyperbolic plane: both basis
directions are null, and Q pairs them.

(b) fx = (e, % epr)/V2m satisfy Jppfr = +fx and [fx, f+]z = £1, [fy, f-]z = 0. So
JrE|p, is the fundamental symmetry of the Krein plane (P,,[-,-|z): [z,y]z = (Jrez,y),
and (-,-) is the associated Hilbert form.

(¢) In evaluation coordinates a = F(v,), b= F(7,), the pair’s contribution to Q(F, F) is
m(ab+ba) = 2(|a+b|? — |a — b|%) (Lemma 1(vi)).

PROOF. [e,, e,z = (e,+,€,) = 0 since p* # p, and [e), €]z = (€p, €p+) = m. Then (b) is a
2 x 2 computation, and (c) is the polarization identity. ]

REMARK 27.1.2 (sign convention; important). For @ itself the sum f is positive and the
difference f_ negative. The project’s geometric convention (Lemmas 14, 15) uses £L =P — Q,
which matches the intersection form: the pole terms give the one timelike (positive) direction,
and RH makes the zero sector spacelike. In that convention the signs flip. The difference f_ is
the timelike direction, and it is the ghost: “an extra timelike direction in (H,V)*” (Lemma 14,
discussion after Castelnuovo—Severi; §27.2 here). The steering phrase “sum timelike, difference
spacelike” is correct for @ and reversed for £. We state both and use Q-signs below.

THEOREM 27.1.3 (boost o rotation; [THM]). (a) On P,, U, =z B(§log x) with = = €*,
t=t,, 0 =6,, and B(n)e, = ee,, B(n)e,~ = e ey« In the Jpg-eigenbasis f+,

_ (coshn sinhn
Bn) = (sinhn cosh n> '

which is a Lorentz boost of rapidity n = §logx in SO(1,1). The factor % = €'!1987 s g
rotation (a U(1) phase) that commutes with B.
(b) Uy is Jpg-unitary for every real w: [Uyz,Uyylz = [x,y]lz. Also JpgB(n)Jrg = B(—n).

The functional equation reverses the boost and fizes the rotation.
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c) On an on-line zero (5, = 0) the line Ce, is Jpg-fired and positive, and U, = xz** is a
P P

pure rotation. On the pole pair {0,1} (t =0, = $%) the flow is a pure boost of
rapidity %log x.

(d) The following are equivalent: (1) RH (every 6, =0); (2) UyJrg = JrrUy for all u; (3)
U, is unitary for the Hilbert form (-,-); (4) the zero sector contains no hyperbolic plane,
i.e. [-,:]z is positive definite on it; (5) no boost occurs: every U, is a rotation.

PROOF. (a) Uye, = ¢(710e, = eliee, and v, =t +id gives Uyep = e e .
Changing to the basis fi gives the matrix. (b) [Ue,, Ue,+]z = et eitte=ud m = m, and the
null entries stay null. Jpg swaps e, <+ €,+, hence n <+ —n. (c) is immediate. (d) A Jpg-unitary
U commutes with Jpg iff it is Hilbert-unitary, because U = JppU*Jpg. By (a)—(b), U,
commutes with Jpg on P, iff B(du) = B(—du) for all u, iff 6 = 0. Finally (4)<(1) is

Proposition 27.1.1 together with Lemma 25 Thm. 1.2. U

Status. (d) is a restatement of RH, not progress toward it. Its value is that it puts the ghost,
the boost and the failure of [U, Jpg] = 0 in one sentence: RH is the statement that the scaling
flow is a rotation group, i.e. unitary, on the zero sector (J.W'.s thesis, operator form).

27.2. The curve case

Let C be a smooth projective curve of genus g over Fy, J its Jacobian, X = C x C,
H = {pt} xC,V =C x {pt}, and for a divisor D write dj = D -V, dy = D - H (the notation of
(103, §1)).

PROPOSITION 27.2.1 ([CITED]). (a) H*=V? =0 and H-V =1, so (H,V) is a hyperbolic
plane. NS(X)g = (H,V)® T with T = (H,V)*, and T is negative definite (Hodge
index; Castelnuovo—Severi D? < 2dids) [103, Thm. 1.5], Lemma 1/(d).
(b) T ®Q is the space of correspondences modulo divisors of valence zero [103, p. 11]. Via
D ap € End®(J) the transpose D +— D' becomes the Rosati involution t [103,
footnote 7 and Thm. 1.27], [109, Ch. IV].
(¢) For DeT (sody =dy=0),

D?*=—g(DoD') = —Tr(aDa}) | ViJ),

where 0(D) = dy +dy — D - A is Weil’s trace and o(D o D') = 2dydy — D? [103, p. 11,
eq. (8) fI.]. Equivalently, it is —2ReTr on the g-dimensional analytic representation.
So ¢ =1 with the trace on the rank-2g module VyJ. Its positivity is Rosati positivity
[102, Thm. 1.14.3], [103, Thm. 1.27].

Checks [THM]. Ag=A—~H -V € Thas A2 =(2-29) —4+2=—-2g=—"Tr(1]| V). For
Frobenius, T = ¢(2 — 2g) — 2¢ = —2gq = — Tr(FF1), since FF! = q.

COROLLARY 27.2.2 (the curve flow is boost & rotation; [THM] from [CITED]). The normalized
Frobenius I'r /\/q acts as By © R with e" = \/q (Lemma 20). The factor By, is a boost of (H,V'),
Hw— e "H, V= e"V. The factor R = F/\/q is an isometry of the definite space T (RRT =1),
hence a rotation. Per unit u = logq™ the rapidity is %, 1.e. 0= %, exactly the pole channel of
Theorem 27.1.3(c). A definite space admits no boosts, so RH for curves is “no hyperbolic plane

in T A (-ghost would be precisely a hyperbolic plane P, inside the zero sector.
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curve C'/F, ¢ (zero space Hz)
hyperbolic plane, pure boost (H,V), e" = ,/q pole pair {0,1}, rapidity % log z
transverse sector T, form — Tr(aal) on-line e,, [-,-]z >0
flow on sector F/\/q, Rosati-unitary (rotation) x* (rotation)
fundamental symmetry D — D’ (Rosati ) JrE
ghost impossible (Hodge index) off-line P,: boost dlogz

The table is [CITED]/[THM]| row by row. One caveat: in the curve case the symmetry 1 acts on
operators, while Jypg acts on wvectors. They match because Jpg implements v +— 'y[*} (Lemma 25,
JrEY*JrE = 7). The row “fundamental symmetry” is therefore an [ANALOGY] at the level of
objects, though precise at the level of the involution induced on generators.

27.3. The frequency pencil

DEFINITION 27.3.1 ([DEF]). For the window A = [—h, h] and the basis

én(u) = (1 — (u/h)?)P,(u/h) of fixed parity (Lemma 11, num/lemma27_krein.py), set

Ga = (Q(¢i, ¢5)) and K4 = (Q(¢}, #;)), both computed from the same (ghost-modified) Weil
matrix. The frequency pencil is Kayx = pGax. When G4 is invertible, A = G;lKA is

G 4-selfadjoint. A real eigenvalue p has Krein type sign(z*Gaz); n_ is the number of real
eigenvalues of negative type and n¢ the number of pairs p, p with Im g > 0.

PROPOSITION 27.3.2 (finite zero model; [THM]). Let Q(F,G) = j]‘il m;F(z)G(Z;) with {z}

closed under conjugation, mj; > 0, m; = my;. Suppose the M test functions have E = (gg;(z]))
tnvertible. Then G;llKA =E! diag(z?)E. Its eigenvalues are exactly zjz- = yg, real zj have

positive Krein type, and each conjugate pair t Fid gives u = (t Fi0)? = t* — § F 2it6.

PrROOF. F”(z) = :Fizﬁ‘(z), and the conjugated factor contributes Fiz = +iz, so the j-th
term of Q(F',G) is 2]2 times that of Q(F,G). Write G4 = F*WE and Ky = E*Z*W ZE with
Z = diag(z;) and W the pairing matrix j <+ j. Then W1Z*W = Z (this is Jpgy*JrE = ), s0
GEIKA = E~'Z2E. For real zj the eigenvector is E_lej with G4-norm m; > 0. The proof is
checked numerically in num/lemma27_finite_model.py. O

So in the finite model the pencil is the compression of 42. A real eigenvalue is a rotation,

VIt =t. A non-real one is a rotation with a boost: |/ =t —id, and Im p1/(2 Re \/p) is the
rapidity per unit u. The phrase “rotation acquiring a boost” literally means “a pencil eigenvalue
leaving the real axis”

PROPOSITION 27.3.3 (the splitting double zero; [THM]). Let a double on-line zero at v split as
v +id (the replacement model of Lemma 11, lemmall_ghost_fized.py). Its contribution to
Q(F, F) changes from 2m|f|? to

2mRe(F(y +i6)F(y —id)) = 2m(|f|> — |f|) + O(6*),  f=F(y), f' =F ()

(for real-on-R transforms). The rank-1 positive form becomes a rank-2 form of signature (1,1).
Its negative direction is the derivative functional F s F'(vy) with weight —2md? = —2mky,
where kg = 62 is the Heaviside residual of Lemma 25.

PROOF. Taylor expand: (f +idf' — %f”)(f— i6f' —...) for F(2) = F(z). The O(6) term is
i0(ff' + f'f) € iR, and the O(6?) terms give —62|f’|? — 62 Re(f f"). Completing the square,
IfI>? =2 Re(ff") = |f — ‘szjf”\Q + O(6%), so that term only moves the positive direction. The
leading term that creates a negative direction is —d2|f/|%. O
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So the window has a ghost (k4 > 1) as soon as 2md?|f’|*> beats the positive margin of G4 in the
direction where f is small and f’ is large. Birth is therefore a threshold phenomenon, and its
threshold falls quickly as the window grows (Table 27.1).

27.4. The Krein-space theorems that transfer

LEMMA 27.4.1 (Sylvester inertia; [THM]). Let Ga(d) be continuous. Then k() is constant on
every interval where G4(0) is invertible. Hence ghost birth occurs only at 6, with det G4(dx) = 0.
If K4(04) is nonzero on ker G4(dx), then at 0, the pencil has the eigenvalue p = 0o, and a finite
eigenvalue escapes to or returns from £oo.

PrROOF. Eigenvalues of a Hermitian matrix depend continuously on it, and a sign change
requires a zero eigenvalue. The pencil K4 — 4G4 with singular G4 has det of degree < dim in u,
which means an eigenvalue at co. O

PROPOSITION 27.4.2 (count identity; [THM] from [CITED]). Let G4 be invertible with k4 negative
etgenvalues, and A = G;llKA. By the canonical form for G4-selfadjoint matrices [57, Ch. 5],
[98, Thm. 2.2], (A, Ga) is unitarily similar to a direct sum of real blocks (Jp(N),eSy) and
non-real blocks (J,(\) @ Jn(X), S2n). Counting the negative eigenvalues of €Sy, (|n/2), plus 1 if
n is odd and ¢ = —1) and of Sa, (n) gives

KA = Z malg()\)—l—z Z(L%J—l—[n odd,ez—l]).

Im A>0 AER  blocks
In the semisimple case, k4 = nc +n_.

This is the finite-dimensional case of Pontryagin’s theorem [125] (a selfadjoint operator in II,
has a k-dimensional nonpositive invariant subspace) and of its refinement in [74].

THEOREM 27.4.3 (definite-type stability; [CITED]). A real eigenvalue of a Ga-selfadjoint matriz
that is semisimple and of definite type (all signs equal) stays real and semisimple under all
sufficiently small selfadjoint perturbations. One of mixed type (both signs, or a Jordan block)
can be pushed off the axis by an arbitrarily small one. This is Krein [85] and Gelfand—Lidskii
[56] (periodic Hamiltonian systems); the finite-dimensional statement is [98, Thm. 4.7]
(Hamiltonian form, after Mehrmann—Xu) and [57, Ch. 9]. The Hamiltonian form transfers: H
is J-Hamiltonian iff iH is 1T -selfadjoint.

To apply it along a path where both G4 and K4 vary, write G4(d) = P(d)*SP(d) on an interval
where G4 is invertible, with S a fixed signature matrix and P continuous. Then PAP~! is an
S-selfadjoint path in one fixed Krein space [THM].

THEOREM 27.4.4 (two-stage mechanism; [THM] given the stated hypotheses, plus [NUM]). Along
d+— (Ka(9),Ga(0)) starting from k4(0) = 0:

(a) (birth) k4 first becomes 1 at a zero of det G4 (Lemma 27.4.1). It is not a collision.

(b) (no premature boost) While k4 = 0 every real eigenvalue is of positive type, and the
spectrum is real (Theorem 27.4.3, trivially, since G4 > 0).

(c) (boost) A non-real pair u, i can appear only at a real eigenvalue of mized type.
Generically, i.e. with semisimple eigenvalues before the collision, that is an
opposite-signature Krein collision. By Proposition 27.4.2 it does not change k: the
transition is (nc,n—) = (0,1) — (1,0).

[NUM] In every run, birth and boost are separated: (ka,nc,n—) goes

(0,0,0) = (1,0,1) — (1,1,0). The born eigenvalue enters from —oo (—9.5-10%, —8.2-10°),
climbs the real axis, and collides with the positive-type eigenvalue ~ v = 199.7904548. The
emerging pair matches (v, & 1i0)2.
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REMARK 27.4.5 (canonical level; [THM]). In Hz itself a double on-line zero is a semisimple
eigenvalue of v of definite (positive) type and multiplicity 2. By Theorem 27.4.3 it cannot leave
the real axis under a small perturbation inside a fixed Krein space. It leaves anyway because the
Krein space changes: e, and e, become distinct vectors, and the inertia of the pair jumps from
(2,0) to (1,1). So at the canonical level, ghost birth is a metric degeneration and not a Krein
collision. The window splits this single event into the two stages above.

27.5. Numerics

Script num/lemma27_krein.py (mpmath, 110 digits). It uses the Lemma 11 window Weil
matrices and the replacement model Q — T7,, + T, 1is + T, _;s, with 6 = 0 meaning the double
zero @ + T, . The scan covers h € {0.10,...,1.20} (23 values), parity 0/1, N € {20, 30},
k € {0 (pure ¢),1,2} and 6 € {0,1074,1072,0.1,0.4}, for 1012 runs (lemma27_scan. json). The
fine sweep covers 47 values § € {0} U [1076,0.56] for h € {0.5,0.7,1.0}, k = 1, N = 20, for 282
runs (lemma27_dsweep. json).
e K4 =nc +n_ in all 1294 runs. Outcomes: (0,0,0) 607, (1,0,1) 79, (1,1,0) 326 (scan).
Pure ¢ (k =0, 92 runs) always gives (0,0, 0), as RH-consistency requires. N = 20 and
N = 30 always agree on k4. They disagree on (nc,n_), i.e. (0,1) versus (1,0), in 5 of
506 cases: h = 0.6 (parity 1, § = 0.1), and h = 0.9,0.95,0.95,1.0 (6§ = 10~%), all with
k =2, and all at a collision threshold.
e The sequence is monotone in ¢ in every fine-sweep series, with no reverse transitions.
e At 6 = 0 the lowest eigenvalues are 199.790454, 441.926150, 625.542996 for h = 1, i.e.
72,735,732 to 7-9 digits ([NUM] for Proposition 27.3.2 in the window).
e After the collision, e.g. h =1, § = 0.0562: p = 199.78729255 4+ 1.589707097, against
(71 £10)? = 199.787293 + 1.589707i. At § = 0.316: 199.69045468 4 8.93959172i, against
199.690455 + 8.939592i. The window reads off ¢ from Im /2.
e (vl bullet withdrawn; see the erratum in §27.9. The value at h = 1, parity 0,
§=42-10"%is Imp = 9.66 - 107>, not 9.66: a string-truncation bug, not a
conditioning artifact.)

h  parity birth §, € collision §. €
05 0  (3.16,4.22)-1072  (0.42,0.56)
0.5 (0.133,0.178) > 0.56

1
07 0  (4.22,5.62)-1075 (5.62,7.50) - 10~3

07 1 (2.37,3.16) - 10~ (1.78,2.37) - 1072

1.0 0 (0,109) (3.16,4.22) - 10~6

1.0 1 (0,107°) (1.00,1.33) - 1075

TABLE 27.1. Thresholds for the first zero, k = 1 (fine sweep, [NUM]). Both thresh-
olds fall rapidly with h, and ¢./d, shrinks.

REMARK 27.5.1 ([cONJ]). 0p(A),d.(A) — 0 as A — oo, and the two stages merge into the
canonical metric degeneration. This would be consistent with Lemma 1(vi) (for large
truncations the ghost count is half the number of off-line zeros).

27.6. L4, Routh, MacKay: what is analogy

At Ly of the restricted three-body problem the linearization is Hamiltonian. Routh’s critical
ratio 27u(1 — ) = 1 [130] is where two imaginary eigenvalue pairs of opposite Krein signature
collide and leave the axis [97]. What is shared with §27.4 is a theorem: definite-type stability
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and the mixed-type collision (Theorem 27.4.3) hold for both, so that part of J.W.s intuition is
literally correct for stage (c¢). What is not shared: the window pencil has no mechanics, no mass
ratio, and no Hamiltonian, and stage (a) (metric degeneration) has no counterpart at L4, where
the symplectic form never degenerates. The L4 label is [ANALOGY]; the collision theorem is
[CITED].

27.7. Open questions

Q1. Should Volume 2 call the jump of k4 “ghost birth” (metric degeneration) and the
collision “boost onset”? The steering identifies them, but rigorously they are different
events.

Q2. Conventions: present the hyperbolic plane with @-signs (sum positive) or with £-signs
(difference timelike, matching Lemmas 14-15)7 We recommend L-signs in Volume 2 for
the curve parallel.

Q3. (Partly answered in §27.9.) &, — 0 is proved super-polynomially; numerically both
thresholds are doubly exponential, with slope ratio ~ 1.6. Still open: a proof of the
doubly exponential rate (a sampling or hole-effect lower bound for the derivative
Christoffel function), and a proof that §. — 0 outside the reduced model.

Q4. Is the pencil detector useful in practice? Certify (in Arb) that the window pencil on
true ¢ data has only real, positive-type eigenvalues near 7,% for k < K. That would be a
window-level “rotation certificate”, equivalent in content to the Lemma 15 inertia
certificates but with eigenvalue locations.

Q5. In the curve case, is there a pencil on T (e.g. Tr(aF (aF)T) against Tr(aal)) whose
eigenvalues are the |o;|?? That would make Corollary 27.2.2 a pencil statement and the
dictionary exact.

27.8. Summary

Statement status source

Prop. 27.1.1 hyperbolic plane, Jpg fundamental [THM] Lemma 25

symmetry

Thm. 27.1.3 boostorotation; RH < [U,,,Jpg] = [THM] (restatement) -

0

Prop. 27.2.1 NS(X)r = (H,V) @ T, 2?> = |[CITED] Milne, Mumford

— Tr(aal)

Cor. 27.2.2 Frobenius = boost & rotation [THM] from [CITED] Lemma 20

Prop. 27.3.2 pencil = compression of 2 (finite [THM] -

model)

Prop. 27.3.3 negative weight 2mky [THM] (leading order) -

Lemma 27.4.1 birth only at det G4 =0 [THM] Sylvester

Prop. 27.4.2 K4 = n¢g + n— (+Jordan) [THM] from [CITED] GLR, Mehl, Pontryagin
Thm. 27.4.3 definite-type stability [CITED] Krein, Gelfand-Lidskii
Thm. 27.4.4 two-stage mechanism [THM]+[NUM] -

p = (v =£146)? in the window; thresholds [NUM] §27.5

0p, 0. — 0 [cONJ] -

L,/Routh [ANALOGY] (shared theorem [CITED]|) Routh, MacKay

27.9. Addendum A (rev. 2): the two thresholds as the window grows

This addendum answers open question Q3. We use the replacement model at v = v; and write
d = ! for Lemma 11’s cusp height. &(h) is the first § with k4 = 1 and d.(h) the first § with
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nc = 1. Verdict. Both thresholds tend to 0, and both do so doubly exponentially in A, i.e.
exponentially in d. The rates differ, so the ratio d./d; is unbounded, and it too grows doubly
exponentially. The two stages merge at § = 0 in absolute terms. In window size they stay a
bounded distance apart: for a fixed small § the boost needs a cusp height about 1.6x larger
(Ah ~ 0.24); the reduced model predicts 3/2 (Ah = $log 3 ~ 0.20). What is proved: an exact
birth formula (Proposition 27.9.1); unconditional super-polynomial decay of d; on the full
window space (Theorem 27.9.3); and the full two-threshold law in a reduced two-mode model
(Theorem 27.9.5). The doubly exponential rates themselves are [NUMJ, and conditional on Zhu’s
law they are consistent with Lemma 12.

27.9.1. Birth is a Christoffel threshold. Let R be the window Gram of @) — T, (the
background, i.e. y; removed). Let X,Y, Z € RY be the window vectors of

F — F(v),F'(v), F"(7), phase-normalized to be real in each parity sector. Put
Ry =R+4XXT.

PROPOSITION 27.9.1 (birth formula; [THM] + [NUM]|). Assume R > 0 (hypothesis (Hg): it holds
if the background zeros are on the line, and in every computed window Amin(R) > 0). Then

Ga(d) = Ry 4+ 0%(—4yYT —2(XZT + ZXT)) + O(6%).

For the truncation G*(8) = Ry — 46%YYT one has exactly det G*(5) = det Ry (1 — 6%/¢) and
k(G?(8)) = [62 > €], where

c(h) 1 1 [F'(9)]?

-1
= — = Sup ~
4YTR+1Y 4 (Fewindow R(F) + 4‘F(’}/)|2)
is a derivative Christoffel function. [NUM] In every run (Q100: N = 20,30,40,49; Q240:

N = 40-100) the bisected Oy, equals v/ to better than 1%. In the Q240 runs k4 is 0 at 0.99y/e
and 1 at 1.01y/e.

ProoOF. Taylor expansion as in Proposition 27.3.3, with the factor 4 from

T. 4+ Ts = 4Re(F(2)F(Z)). Then the matrix determinant lemma. The inertia follows from the
Haynsworth additivity In(Ry — 46°YYT) = In(Ry) + In(1 — 402Y TR'Y) — In(1). O

LEMMA 27.9.2 (monotonicity in N; [THM]). The bases are nested (¢o, P2, ... ), so

/€54N) < /<;E4N+1) < /if}f“: a negative subspace of a compression is negative for the larger form.

Hence 51(7N)(h) is nonincreasing in N, and every computed 51(7N) is an upper bound for the

full-window 58U (h).
There is no such monotonicity for d., since nc of a compression is not monotone in general.

THEOREM 27.9.3 (unconditional super-polynomial decay of dp; [THM]). Let the window space be
all real F € C°(—h, h) of fized parity. Let Qs(F) = R(F) + c¢Re(F(y +i6)F(y — i6)) with ¢ > 0
and R(F) =c3 ., mplf(’yp)P. This is the zero-side form of the replacement model, by Weil’s

explicit formula, under RH for the background zeros. Then for every k > 2 there is C} with
SUl(h) < Cxh™F for h > 1.

PROOF. Take ¥ € C°(—1,1) even with ¥ > 0 and [ ¥ = 1. Then ¥ is entire, real on
R U 4R, and satisfies U(iy) = [ W cosh(yu) du > 1 and |¥(w)| < Cp(1 + |w|)~* for |Imw| < 1.
Set ®,(z) = (z — v)W(h(z — 7)). This is the transform of a function supported in [, h]:
dilation gives the support, and the factor (z —7) is a derivative times a modulation, which keeps
it. Let Fy(z) = ®p(2) + ®p(—2) in the even sector, or i(®p(z) — ®y(—2)) in the odd sector.
Then F}, is real, has the right parity, and is supported in (—h, h).
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e Ghost term. Fj,(y +i0) = +i6P + ey with P = ¥(ihd) > 1 and
lex| = |®p(—y Fid)| < E := Cr(2y + 1)(1 + 2vh)~*. So the pair term is at most
c(—62P? + 20 PE + E?).

e Background. For «y, # ~v we have |®p,(47,)| < Ck| £, — v[*"*h=*. The gap
min,,, [, — 1| >0 and Y, m, |y, 72 < oo give R(F) < Crh=2k,

Hence for 4FE < § <1, Qs(Fp) < —%52 + ¢E? + CLh=2F < 0 once § > Crh™F, s0 k > 1. g

Status. This bound is far from sharp: the data are doubly exponential. The sharp rate is a
sampling problem, namely the hole effect below Nyquist density (Lemma 11 §3). Conditionally
on a lower bound M. (d) > e=*¢ for the window margin (Zhu’s law, > = 272), Lemma 12

Prop. 6.1 gives the lower bound log 5—1b < %Zd + O(logh). That bound is conditional; the
matching upper bound is heuristic.

27.9.2. The reduced two-mode model.

DEFINITION 27.9.4 ([DEF]). Let ¢ be the rotation mode (z = 1,y = 0, no background) and ¢ the
ghost mode (x = 0,y = 1, background R(1)/4 = ¢, background frequency w? = Ry (¢)/R(3))).
Keep the pair terms of Proposition 27.3.3 exactly and drop O(§*) inside K4. Then

(1 0 B c —2v62 o o
G_(O 8—(52)’ K_<—2752 5w2—052>’ c=7" -0

THEOREM 27.9.5 (two thresholds in the model; [THM]). Put v = p — ¢ and A = w? — ¢ > 0.
Then det(K — pG) = 0 iff (¢ — 6?)v? — eAv — 4~4%5* = 0, so:
(a) 0p = /. At Oy the leading coefficient vanishes and one root passes through oo; it
returns from —oo because A > 0, with negative type.
(b) Complex roots occur iff 16726*(62 — &) > 2A2. The left side increases from 0 to oo on
§ > 8y, 50 O is unique, and 5. = (eA/47)Y3(1 4+ O((e/A%)Y3)) as € — 0.
(¢) 8c/0p = (A)4y) /3= 10(1 + 0(1)) = co. If A stays bounded above and below,
log 4./ log 6y — %
(d) For > 6.: p=c+ 2(%%2) + 2i76(1 4+ O(e/62)), so Im pu — 276, d.e. pn — (y £ i6)?
(boost rapidity ¢ ).

PROOF. Expand the determinant. The discriminant is e2A2 + 16720%(e — §2). For 62 > ¢ it
is negative iff (b) holds. Solving with 62 > ¢ gives (b)—(d). The types follow from
Proposition 27.4.2, since k(G) =1 for § > dp. O

In the window, A computed from the Christoffel minimizer ¢ grows like N2 at fixed h. This is
junk at high frequency, and the measured d. converges in N. So we define the effective Aeg by
inverting (b) exactly on the measured pair (g,d.): Aeg = 47021/02 — /e. The model is
[ANALOGY]-level, a structural normal form: it fixes the shape of the law, and A.g is a fitted,
slowly varying parameter.

27.9.3. Numerics (well-conditioned). Scripts: num/lemma27_thresholds.py (dps 140;
bisection in log d, 40 steps for d, by an LDL inertia count, 26 steps for d. by nc),
lemma27_dc49.py (N = 49, the maximum for Q100), and lemma27_birthconv.py (Lemma 11’s
240-mode matrices, 800-bit data, dps 200, N < 100). Q100 and Q240 agree at N = 40 to all
printed digits.

e Birth law. Fit on h € [0.7,1.2]: log i = 5.83d — 14.0 (parity 0; max residual 0.30) and
5.67d —15.3 (parity 1; 0.39). The local slope rises slowly, 5.76 — 5.97 over d = 5-11, i.e.
seft = 2a ~ 11.5-12. Conditional asymptotics (Zhu): slope — 72 ~ 9.87. Not reached.
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hd logy,d (p0/pl) log,odc (p0/pl) 6 (p0) logyo Aer N (dc/0p)
05 272  —1.40/—0.84 —0.36/ — 0.01  0.26 3.47 40/40
0.6 332 —2.63/—1095 ~1.12/ - 0.69 0.43 3.65 40/40
0.7 4.06 —4.31/—3.53 —2.18/ —1.65 0.51 3.85 40/40
0.8 495 —6.43/—555 —3.53/—2.94 055 4.03 40/40
0.9 6.05 —9.17/—8.17 —5.26/ —4.59  0.57 429  49/100
1.0 7.39 —12.54/ —11.46 744/ —6.72  0.59 4.46  49/100
1.1 9.03 —16.73/ — 1557 < —9.95/ < —9.29 - ~  49/100
1.2 11.02 —21.91/ —20.65 < —11.87/ < —10.53 ~ 49,40/100

TABLE 27.2. Thresholds at v; ([NUM]). N-stability: &y changes by < 0.004 decades
from N = 80 to 100 for h < 1.2. At h = 1.3 it is not converged (—27.15 — —28.33).
d. changes by < 0.016 decades from N = 40 to 49 for h < 1.0. At h = 1.1,1.2 it still
moves (0.56, 1.06 decades), so only the N = 49 values are shown, as presumptive
upper bounds. In Q100 the J, values for h > 1.1 are not converged at N < 49, so
0 is omitted there.

e Collision law. Fit on h € [0.7,1.0] (converged): log i = 3.64d — 9.8 (parity 0; max
residual 0.09) and 3.50d — 10.5 (parity 1; 0.12). The slope ratio a/a. = 1.60 and 1.62
(model: 3/2). 6 rises toward a./ap ~ 0.62 (model: 2/3). Acg grows only slowly
(1039 — 10%?), which is why the exponent stays slightly below 2/3.

e Ratio. log(d./dy) =~ (ap — ac)d =~ 2.2d, so the ratio is unbounded and grows doubly
exponentially in h.

e Boost read-out. At § = 10'/25, the pair matches (71 £i6)%. For example, at h = 1.1,
N = 30: Im p = 1.03496 - 1076 against 1.03548 - 1076,

Relation to Lemma 11/12’s doubly-log law. 0y is the same event as Lemma 11’s dghost, the
first negative eigenvalue of the ghost model. Inverting our fit gives dp(d) = 2.40 + 0.172 log%
(parity 0) and 2.69 + 0.176 log% (parity 1), against Lemma 12’s dgpost = 2.28 4 0.192log %. That
fit used the e, basis, a coarser d-grid and the minimum over parities. Agreement is within
Lemma 12’s residual 0.24 in d ([NUM]). The boost law is the new analogue:
de(6) = 2.70 +0.275log 3 (parity 0) and 3.00 + 0.286log + (parity 1). Its slope is 1.6x
Lemma 12’s, and the model predicts %x. Both are doubly-log in the window. A boost is
therefore detected at about 1.6 times the cusp height of the ghost, or Ah ~ %log 1.6 = 0.24 later
in window half-width, for every small J.

Erratum to §27.5 (v1). The “transitional outlier” (h = 1, parity 0, § = 4.2 - 1075,

“Im p = 9.66”) was a reporting bug: the printed string 9.66230522e-5 was truncated to 8
characters and lost its exponent. Recomputed at dps 140 and 220 (identical),

Im p = 9.6623 - 107°. This is below the asymptotic 26 = 1.19 - 1074, as expected just past the
collision, since . = 3.5 - 1079 there. So there is no conditioning artifact; the v1 bullet is
withdrawn.

27.10. Addendum B: a Lagrange-point dictionary

27.10.1. Setting and the equilibrium condition. For the planar circular restricted
three-body problem in the rotating frame (normalization of [100, Ch. II.G|, [99]), the primaries
1 —p and p sit at (—p,0) and (1 — p,0), and
—p o p

+—= Q=3+ U
1 T2

1
HZ%(pi-i-pz)—prx—:cpy—U, U=

PROPOSITION 27.10.1 (equilibria; [THM], classical). VH = 0 iff p = (—y, ), i.e. zero velocity in
the rotating frame, and VQ =0, i.e. VU = —(x,y). In the inertial frame this says: the net
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gravitational acceleration equals —r, where v is the position from the barycenter. So it is radial,
directed to the barycenter, with the centripetal magnitude |r| (w=1). Its tangential component
is zero, and it is orthogonal to the velocity w X r. The condition is first order (V = 0) and holds
at all five points: L1-L3 (Euler) and Ly (Lagrange). We checked it symbolically at

Ly = (. 5) (num/lemma27_L4.py).

Clarifying J. W.’s phrasing. The force is collinear with the radius vector from the barycenter.
The orthogonality is to the velocity, i.e. the tangent, and it is Fuclidean. Nothing hyperbolic
enters the force balance. The hyperbolic or “self-orthogonal” geometry sits in the Krein form. In
the window it is the off-line direction e,, which is Q-null ([e,, e,]z = 0, Proposition 27.1.1). At
L4 it is the eigenvectors of a post-Routh quadruple, which are S-null because v*Sv = 0 for every
non-real eigenvalue of an S-selfadjoint operator [THM].

27.10.2. Linearization at L, and Routh’s value as a Krein collision. Let
S = Hess H(L4) and A = JS the linear Hamiltonian vector field.

THEOREM 27.10.2 ([THM]; computed symbolically, agrees with [100, 130]). (a)
3v3(1 _
Hess Q(L4) = <3\/3 3/4 4 (]— 2/~L)> ’
S (1—2p) 9/4
with determinant %,u(l — ) >0 and trace 3. So it is positive definite for 0 < pu <1,
and Ly is a strict maximum of the effective potential Vog = —€0.

(b) S has signature (2,2) for every 0 < p < 1. In the Lagrangian coordinates (q,q) the
enerqy is %\(j|2 - %qT HessQ q, and the linear change (q,p) — (q,q) preserves inertia.
So Hy is indefinite, and Lagrange—Dirichlet does not apply.

(c) det(A—X) = X+ X2+ 251 —p). So A2 =L1(—1+\/1—27u(1 — ), and the spectrum
is on iR iff 27pu(1 — p) < 1, de. p < pp = (1 — ¥82) = 0.0385208965 (Routh [130]).

(d) iA is S-selfadjoint, since S(iA) =iSJTS is Hermitian. So §27.4 applies verbatim, in a
Krein space of signature (2,2). For p < pg the eigenvalues of iA are Twy, tws, all
semisimple. Their Krein types are mixed: the fast mode is positive and the slow mode
negative ([NUM] below). This gives k(S) = 2 = n_, the count identity of
Proposition 27.4.2.

(e) At = pr the two modes collide at w = 1/v/2, and for u > pr they form a quadruple
+a £ ¢b. This is an opposite-signature Krein collision [THM]. If the colliding types were
equal, Theorem 27.4.3 would keep the spectrum on the axis for u slightly above ug,
contradicting (c). Mized type is thus forced, and the numerics confirm it.

(f) As 11 0: ws =+/27u/4(1 4+ O(n)) — 0, and S degenerates. At = 0 its eigenvalues
are —2.303,0,1.303,2 (inertia (2,1)+null). So the negative-type slow mode is born
from frequency O through a degeneration of the Krein metric S. This is the exact
structural counterpart of window stage 1, where G4 degenerates and the eigenvalue
passes through oo; frequency 0 in iA corresponds to oo in the inverted pencil.

1 wy (type) ws (type) InS spectrum
Sun-Jupiter 9.54-10~* 0.996757 (+)  0.080469 (—)  (2,2) on iR
Earth-Moon 0.01215 0.954503 (+) 0.298200 (—) (2,2) on iR

jigr — 1076 0.708870 (+)  0.705340 (=)  (2,2) on iR

pr+ 1076 quadruple £0.001765 4+ 0.707109¢ (2,2) Hamiltonian—Hopf

0.1 quadruple £0.37378 +0.79982;  (2,2) unstable

Collinear points (Earth-Moon, [NUM]). At Ly, Lo, L3 (z = 0.83692, 1.15568, —1.00506) the
eigenvalues are +2.93205 and 4+2.33438¢; £2.15868 and £1.86265¢; +0.17787 and +1.010424.
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InS = (3,1). The real pair is a saddle, a pure boost, and is unstable for every p. In the iA
picture it is one non-real pair, so x(S) = 1 = n¢, again the count identity.

27.10.3. The dictionary.

Restricted 3-body (rotating
frame)

Window Weil pencil / zero
space

status

equilibrium VH = 0 (first or-
der, automatic at L;—Ls)

H, = %S, Krein metric of 1A

Lagrange—Dirichlet: S defi-

nite = stable

w1 0: S degenerates, slow
mode born at frequency 0 with
negative type

0 < p < pgr: spectrally
stable, Hs indefinite, mixed
Krein types

Routh 27u(1 — p) = 1
opposite-signature  collision,
Hamiltonian—Hopf

quadruple +a 4 b (rotation +
boost)
collinear
boost)
eigenvectors of the quadruple
S-null

saddle +o (pure

FE kills the linear § term: &
is Jrg-odd, the O(§) part of
the pair is purely imaginary
(Prop. 27.3.3; Lemma 25)

G4, Krein metric of G;llKA

ka = 0 (RH-like window):
Ga > 0, spectrum real, all
positive type, strongly stable
stage 1: detG4 = 0, eigen-
value through oo, negative
type

0p < 0 < i ka =1, all eigen-
values real, one negative-type
ghost, no boost

0 = J. opposite-signature
collision, boost onset

(v £1i6)? (rotation ~, rapidity
5)

pole pair {0,1}: pure boost,
rapidity %

e, Q-null

each side [THM]; the match
“first order free, physics in
second order” is [ANALOGY]

same structure: selfadjoint
in a finite-dim Krein space
[THM]

same theorem (definite
metric) [THM]/[CITED]

same mechanism
(metric degeneration,
Lemma 27.4.1); the pa-
rameter map g < 40 is
[ANALOGY]

same canonical form and
count [THM]; Kk = 2 vs 1
(real Hamiltonian 4+ dou-

bling)
same theorem
(Thm. 27.4.3)

[THM]/[CITED]

[ANALOGY] (different oper-
ators)

[ANALOGY]

same fact (non-real = neu-
tral) [THM]

What is the same theorem and what is analogy. The shared mathematics is exactly §27.4: the
canonical form with sign characteristic, the count kK = n¢ + n_, definite-type stability versus
mixed-type collision, and Sylvester inertia for metric degeneration. Both systems are selfadjoint
operators in finite-dimensional Krein spaces, so those statements hold verbatim on both sides.
Everything else is analogy: the operators, the parameters (u against 6 and h), the mechanics
(there is no Hamiltonian flow behind the window pencil), and the value of Routh’s constant.
Nonlinear stability at Ly (KAM and Moser, away from the resonances; Lyapunov-stable even at
wr [132]) has no counterpart: the window problem is linear.



CHAPTER 28

Lemma 28: (A) spatial modes for the zero telegrapher line;

(B) © < 1 as a target: verification, obstructions, translations, and a pole-dominance theorem for
short windows
Standalone note lemma28.tex, October 21, 2026.

Summary. Tags. [THM] proved here; [CITED] quoted from a source checked at the
source (1it/lemma28/verified_refs.md); [DEF] definition; [ANALOGY] analogy
only; [NUM] float64 numerics, not certified; [RESTATEMENT] a restatement of a
known equivalence (no new content); [= GRH for the family] equivalent to GRH for the
family; [CONJECTURAL] conjectural framework.

Verdict A (spatial modes). No candidate gives “a real telegrapher line” for
the nontrivial zeros. An exact dispersion relation exists only for the trivial zeros (the
I'-factor channel). There, Hecke Grossencharacters of an imaginary quadratic field
shift the trivial-zero ladder linearly in the angular index |¢|. Nontrivial zeros carry
only a Weyl law (the density depends on the analytic conductor). The best rigorous
spatial variable is the Pontryagin dual of the compact part of the idele class group, i.e.
Dirichlet characters for Q and Hecke characters for K; vertical twists | - | are a
gauge. With it, k = 0 is ¢, and the Weil form is block-diagonal in k (Connes). So
“distortionless at every k” is GRH for the family [= GRH for the family]. The
quadratic forms couple across k only through positivity of prime-side coefficients,
which acts at the edge o &~ 1 (Linnik’s principles). The one known mechanism in
which cross-k coupling forces balance is Deligne’s tensor-power /positive-coefficient
argument (Weil I, §3). Its GL; shadow is trivial for ¢, so this is a negative finding.

Verdict B (O < 1). (i) Lemma 18’s © = min{o : £, 4 = 0 VA} equals the
classical sup Re p, and the minimum is attained [RESTATEMENT]. (ii) The target
“ke,a =0 for all A” with o < 1 is literally © < 0. Zero-free regions (width — 0) and
density theorems (counts, not absence) cannot reach it. (iii) Density theorems do
translate rigorously into bounds on the negativity mass of the Lagarias symbol,
fTT(wU)_ < 27N(0,2T) + tail [THM]. Thus Ingham, Huxley, Guth-Maynard and the
log-free family estimate become “the negative part of the damped symbol is a
vanishing fraction” statements. (iv) New theorem (pole dominance) [THM].
Among all zero pairs in the closed strip, the worst damped pair kernel is the pole
kernel e(!=?)lul 4 e=olul by a Schur-product argument with the positive-definite
function cosh(bxz)/ cosh z. Hence k, 4 = 0 whenever A < AP°'® using only
0 < Rep < 1. Rigorously AR%'® > log 1% (Pélya), i.e. kg a =0 for o >1/(1 + e~ ).
Numerically AP° ~ (2.3-3.0)/v/1 — o [NUM], e.g. K, 4 = 0 for o > 0.948 at A = 10,
versus Lemma 18’s 0.99977. The theorem is data-blind and height-blind, so it cannot
give © < 1.

28.1. Setting
Notation is that of Lemma 18 (Def. 1.1 there): Qy(F) =3_, mp(/};(’yp) with G, = e~““|Hp,
c=0—3%,7=—ilp—3), and G(2) = [ G(u)e”* du. D, is the space of F' € C° supported in
an interval of length A. Kk, 4 is the negative index of Q, on Dy, Adet — inf{A : KoA > 1},
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© = supRep, and w,(t) = 2Re%(o— +it). For p = B + iy write 6 =  — %, e=p0—o,

w=p+0c—1;for B> % we havewza—%. A kernel k is p.d. on (—A, A) if

Zi,j ¢icjk(x; — xj) > 0 for all finite families with x; in an interval of length A. We use

Lemma 25’s telegrapher reading: P, = (D — p)(D — (1 — p)), demodulated to

(D-8)(D—-(1-p5)), LC=1, R/L =p3,G/C =1-f, and the passivity ladder (P0) 0 < 8 <1,
, (P3) © <1, (P4) 6 =0 (Lemma 25, Prop. 1.8).

LEMMA 28.1.1 (pair kernel). [THM] The zeros p,1 — p (same 4o, 3 > %) together contribute

[[ F(x)F(y) 0@ Yks(x —y)dxdy to Qu(F), where

ks(u) = 2cosh(du) e~ = ¢l 4 e=wlul,

On-line zeros (6 =0) give kg = 2cfc‘“|, which is p.d. on R. The pair contribution is > 0 on D4
iff ks is p.d. on (—A, A). Set AP*"(e,w) :=sup{A: ks p.d. on (—A, A)}.

PROOF. C/J;(Vp) = [ Gy(u)e0%edu, and 1 — p has —4§, so the sum is
[ Hp(u)eotks(u)du = [[ F(z)F(y)e° @ 9ks(z — y). Multiplication by € is unitary on D4

and preserves supports, so modulation does not change positivity. e~<l“l = 2¢/(c? +t2) > 0. O

28.2. Part A: spatial modes
28.2.1. What a “real line” requires.

PROPOSITION 28.2.1 (telegrapher with a spatial term). [THM] For the demodulated line

(D - B)(D — (1—p)), add a spatial term k*: (A+ B)(A+ 1 — B) + k? =0 for modes e ™ +ihe
(orientation T = —u of Lemma 25). Then A = —3 £ /62 — k2. For |k| > || every mode is
damped at the common rate % and oscillates at w(k) = vV k? — 62, which is a genuine dispersion
relation. The line is distortionless (w = |k| for every k) iff § = 0, the Heaviside condition

R/L =G/C.
PROOF. (A+1)2 -2+ k% =0. O

So a “spatial mode” needs three things: (D1) a family indexed by k& whose k = 0 member is (;

(D2) an exact relation tying channel-k spectral data to k; and (D3) the distortionless condition
at every k should be a statement about the family, ideally with a cross-k constraint that k = 0
alone lacks.

28.2.2. Candidate (2): vertical twists ((s + i7); Rankin—Selberg.

PROPOSITION 28.2.2 (twist is a gauge). [THM] Let Q') be the form built from the zeros p — it
of (s +1it). Then QS,—T) (F) = Q,(e”™F). So QS,T) and Q, have the same index on every

window, and w = vy — 7 is a Galilean shift, not a dispersion relation. The mirror pr—1—p
survives the twist; the conjugation p — p does not.

PROOF. H,ir.p = ¢ ™ Hp, el is unchanged, and e~i7G(v) = G(y — 7). The mirror
image of p —i7 is 1 — p — i7, again a twisted zero. The conjugate p + i7 is a twisted zero only if
p + 2iT is a zero. U

[CITED] Connes [35, egs. (29)—(30)] shows that the twist D' = D —is, L(X/, z) = L(X, z + is), is
a change of the splitting C} = Cj 1 x N. The only cross-7 relation in TAA is Lemma 18’s Cauchy
average over modulations (Prop. 3.1(b) there), which is the damping. At GL;, Rankin-Selberg
L(x1 X x2,8) = L(x1X2,s) gives nothing new [THM] (Euler factors multiply). Answers: no
dispersion; distortionless at every 7 is RH itself [RESTATEMENT]; no new cross-7 constraint.
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28.2.3. Candidates (1) and (3): characters of the idele class group.

DEFINITION 28.2.3. [DEF]Cqg = R x 7. Tts unitary characters are |- |7 ® x with x a
primitive Dirichlet character. For an imaginary quadratic K, Hecke characters have infinity type
Xoo(2) = (2/|2])¢, £ € Z. The spatial variable is the discrete part k = x (conductor g, parity a),
resp. k = (xy,{); 7 is the gauge of Prop. 28.2.2.

PROPOSITION 28.2.4. (a) [CITED] Connes [35, Thm. 1, decomposition (23)]: the spectral
realization splits as EBX R H,., and the Weil distribution is the “synthesis of the explicit
formulas for all L-functions with Gréssencharakter”. Hence the family Weil form is
block-diagonal in k, and family indices add [THM] (given block-diagonality).

(b) [THM] L(s,x) = L(s,x), so conjugation maps channel x to x (k+— —k). The
functional equation also relates x and x [CITED] [39, Ch. “The Functional Equation of
the L Functions”, pp. 65-72]. Their composite, the mirror p — 1 — p, is the only
symmetry that preserves k.

(c) Exact dispersion, trivial zeros only. [CITED] For Hecke L-functions over K with gamma
factor parameters a(x) + b(x) = nk, the trivial zeros are at 0, —1,—3,... (order b(x))
and —2,—4,... (order a(x)) [149, (2.4), (2.7)]. For Q this is the parity ladder
—a —2n. For K imaginary quadratic with X = (2/|2|)* the factor is Tc(s + |€]/2), so
the trivial zeros sit at —|€|/2 —n (secondary source, see verified_refs). The real part
of a trivial zero moves linearly in |€|: channel ¢ starts its ladder % + %l further from the
critical line. This is an exact k-dependent “cutoff”, and it is the only one found.

(d) Nontrivial zeros: Weyl law only. [CITED] N(T,x) = %log 2(1—72; + O(log ¢T') [39,

Ch. “The Number N(T, x)”, pp. 101-103]. The conductor shifts the density, but no
zero of channel k is determined by k.

(e) [= GRH for the family] Distortionless (6 = 0) in every channel is GRH for Dirichlet
(resp. Hecke) L-functions. This is Weil’s criterion for the family [157]; Connes [35,
Thm. 5] proves the function-field case and states the number-field analogue as a
conjecture.

(f) Cross-k coupling. By (a) none enters the quadratic form. It enters only through
prime-side positivity, e.g. 37, mod ¢ X(n) = ©(q)1n=1, i.e. nonnegative coefficients of
I1,, L(s, x). That positivity yields Linnik’s three principles [CITED] [149, (3.3)-(3.5)]: a
zero-free region o > 1 — 0.10367/log(q(2 + [t|)) with at most one exceptional zero; the
log-free density -, N(o,T,x) <e (qT)(12/5+6)(1_U); and zero repulsion. All three are
edge (o — 1) statements. Hecke’s angular equidistribution of prime ideals [68]
corresponds to (P1), L(1 + it,x¢) # 0, for all {.

28.2.4. Candidate (4): Deninger foliations. [CONJECTURAL]/[CITED] In Deninger’s
formalism [42, §3], Hgyn =R with © =0, Hdlyn carries the nontrivial zeros, and Hd2yn = R with
© = id. A Hodge * commuting with © would force © = % + A with A skew, which is RH. On
Riemannian foliations reduced leafwise cohomology is isomorphic to leafwise-harmonic forms
[42, (13)] (Alvarez LépezKordyukov). If the flow is conformal with factor e, then © = g+S
on H' with S skew [42, Thm. 4.1]. [ANALOGY] This is the exact analogue of “distortionless”,
and it says that the zeros are the leafwise zero modes (harmonic forms). In this picture the
non-harmonic leafwise modes, the would-be k # 0 channels, do not appear in . That explains
why no spatial dispersion is visible from ¢ alone. No such space is known for Q [42].

28.2.5. Candidate (5): C x C over F,. [CITED]/[ANALOGY] The second factor is not a
momentum: H'!® H' = End(H'), and on the transcendental part the intersection form is
—Tr(aal) (Lemma 27, Prop. 2.1; Milne pRH). If a finite group G acts on C, the isotypic
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decomposition of H! is orthogonal for the G-invariant Rosati form, so Hodge index again acts
channel by channel (block-diagonal). The one known cross-index mechanism is Deligne’s [41, §3]
(“catalysé par la lecture de Rankin”). It needs (i) a family over a curve with Zariski-dense
symplectic monodromy (Thm. 3.2(ii)); (ii) positivity of the coefficients of

% log det(1 — Ft, F®2*)~1 for every k (Lemmas 3.3-3.4); and (iii) the comparison of radii of
absolute convergence (Lemmas 3.5-3.6), which combined with 2k — oo gives the weight bound.
Its automorphic analogue is Langlands’ observation: absolute convergence of L(s,, Symk) on
Res > 1 for all k£ implies Ramanujan for GL2 (quoted in [11, §5.2]). Newton—-Thorne prove
Sym” functoriality for holomorphic newforms [112], and [76] gives H,(3). Negative finding
[THM]: for ¢ (GL;) SymF of a character is a character, and the zeros are not Satake parameters,
so there is no tensor-power family to amplify.

28.2.6. Recommendation.

candidate exact dispersion? distortionless Vk cross-k constraint

(1) Dirichlet x  trivial zeros (parity) only GRH (Dirichlet) edge only (Linnik)

(2) twists, RS no (gauge) RH none beyond L18 Prop. 3.1(b)
(3) Hecke / Ck trivial zeros, linear in 14| GRH (Hecke) edge; equidistribution < (P1)
(4) Deninger conjectural (zero modes) would be a theorem unknown (no space)

(5) CxC no (dual slot) Hodge index per channel Deligne ®2* (not GL1)

Best spatial variable: (3), the dual of the compact part of Cx (for Q: Dirichlet characters,
i.e. (1) is a special case). It is rigorous, k = 0 is ¢, and the channels are exactly orthogonal. It is
a waveguide with decoupled modes: the telegrapher picture extends channel by channel, but the
dispersion is exact only in the I'-factor (trivial-zero) sector. The architecture that would make
k-coupling bite is Deligne-type tensor-power amplification, which needs Deninger’s H'. Nothing
in hand provides it.

28.3. Part B: © <1
28.3.1. Verification.

PROPOSITION 28.3.1. [RESTATEMENT] min{c > 3 : ks 4 = 0 VA} = sup, Re p, and the
minimum is attained. Equivalently (Lemma 25, (P3)), © =inf{f : (x) — x = O(x+¢) Ve}.

PROOF. “D”: this is Lemma 18, Thm. 3.3. “Attained”: at ¢ = © every zero has ¢ < 0, so
the pair kernel efl*l + e=*ul is a sum of p.d. Laplace kernels (or 1+ eIl when ¢ = 0, and 1 is
p.d.). By Lemma 28.1.1, Qg > 0 on every window. The ¢ form is proved in Lemma 25. (|

Nothing new here: Lemma 18’s © is the classical one.

28.3.2. Obstructions (all [RESTATEMENT] or [CITED]).

(O1) The target is the hypothesis. “ks 4 = 0 for all A” < © < . So any proof must exclude
every zero right of o at every height.

(02) Zero-free regions shrink. [CITED] Landau’s method [150, Thm. 3.10]: if ¢(s) = O(e?®)
inl—0(t) <o <2 (¢,1/6 positive non-decreasing, § < 1, ¢ — oo, plus the growth
condition (3.10.1) there), then there are no zeros in ¢ > 1 — A;0(2t +1)/¢(2¢t + 1). The
width 6/¢ — 0. Vinogradov—Korobov in explicit form [108]: width
1/(55.241(log |t])*/?(log log |t|)*/?), and 1/(5.558691 log |t|) for the classical region.

(03) Density theorems count, they do not exclude. [CITED] N(o,T) < T3(1-0)/(2=0)+0(1)
(Ingham), T3(1—=0)/(30—1)+0(1) (Huxley), hence T].Q(].—O’)/EH-O(].)’ and T30(1—0)/13+0(1)
(Guth-Maynard) [61, (1.2)—(1.4)]. All of them are compatible with N (o, 00) = c0.
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(04) Each window is unconditional; uniformity is the problem. [CITED] For every A,
Lemma 18 Thm. 4.3 gives 0.(A) < 1; Thm. 28.3.6 below improves it. Neither can be
uniform in A without (O1).

28.3.3. Translations: negativity mass of the damped symbol.

PROPOSITION 28.3.2. [THM] Let <o <1, T >1, and N(0,X) = #{p: 8> o,]7| < X} with
multiplicity. Assume N(o,X) = o(X). Then

T oo N X
/ (wo(t))_dt < 27N(0,2T) + 4 #dx.
-T oT X

PROOF. w,(t) =3, % [39, Ch. 12], [87], and the series converges absolutely.

Only the terms with 8 > o are negative, so (w,)— <Y B> m Each such Lorentzian has
total mass 2. If |y| > 2T, its mass on [T, T] is < ;5,2 265~ 2ds = 8¢/|y| < 4/|y|. Partial
summation gives Y\, so7 550 [ 7" = Jop X 'dN(0, X) < [o7 N(0, X)X 2dX, the boundary
term being < 0. g
COROLLARY 28.3.3. [THM] (given the cited inputs)

(a) With [61 (1.2)-(1.4)]: [T (w,)_ < THo) o), wz’th a=32 1_0) (Ingham, < 1 for every
c>3) 2(1-0) (Huxley,<1sza>12) or 3(1—o0) (GM <liffo>3
Compare N( )~ = Llog T for all zeros [151]. The negativity mass of the damped symbol
s a vanishing fraction, and the exponents are exactly the density exponents.

(b) With [108]: every zero with B > o has |y| > Ty(o) := exp (1/(5.558691(1 — ))). So
N(0,2T) =0 for 2T < Ty(o), and on |t| < Ty/2 only the tail term remains. No zero
below height Ty(o) contributes negativity.

(c) Family template: for any finite set § of primitive characters,

PO fTT(wgyx), <273, N(0,2T, x) + tail. With the log-free bound [149, (3.4)] this
is < (qT)12/5+90=9) “which is O(1) at o = 1 — ¢/ log(¢T) (edge). Large-sieve
averages over ¢ < @ (Bombieri [13], Gallagher’s density near o = 1 [53], Montgomery
[107]) plug into the same template. Their precise statements are not quoted here; only
the bibliographic records were checked.

REMARK 28.3.4 (what is not proved). Lemma 18 (NUM) found k, 4 ~ A|S|/2m, with

S = {w, < 0} (Landau-Pollak counting). A rigorous link “index < C' - A-(negativity mass) +
boundary” for the full form Q, = W(?) + 3" 1 is not established here; it is Question 28.3.8.
Prop. 28.3.2 is a statement about the symbol, not about x, 4.

28.3.4. The concrete lemma: pole dominance.

LEMMA 28.3.5. [THM] For 0 < b < 1, x + cosh(bx)/ cosh z is positive definite on R, with
/ coshbzr d 7 cos(mb/2) cosh(rt/2)
e _
R

itx
coshw T [eos(n(b + it) /2) 2
PrOOF. For |Res| < 1, [e*/coshzdx = wsec(mws/2) (Euler’s beta integral: substitute
y = e toget [Py V/2/(1 +y)dy = n/sin(n(s +1)/2)). Writing
cosh(bz)el®® = (e+it)e 4 e(=b+i)z) and using sec(m(—b + it)/2) = sec(m(b + it)/2) gives
7 Resec(m(b + it)/2) = m Recos(z)/| cos z|? with Recos(x + iy) = cosz coshy. The transform is
positive and integrable, so Bochner applies. O

THEOREM 28.3.6 (pole dominance). [THM] Let o > § and P,(u) := eU=allul - e=elul yhich is
k12, the pair kernel of a zero on the edge 8 =1 (the pole kernel of Lemma 18, Prop. 2.3). Put
AP .= sup{A : P, p.d. on (—A, A)}.

> 0.




134 ARITHMETIC UNITARITY II

(a) For 0 < § <6< %, ky =ks- i?)ss}fl‘gg, so {A: ks p.d.} C{A: ks p.d.}. In particular
AP (¢ ap) s non-increasing in B at fived o, and APMT > AP for every pair in the
closed strip.

(b) If A < AP then k, 4 = 0, for any spectral datum satisfying (P0) 0 < Rep < 1 (with
the convergence of Lemma 18, Def. 1.1).

(c) APl > u*(0) := log ;2. Equivalently, £, 4 = 0 whenever o > Tg,ff

(d) Adet > infg., APY (B — 0, B+ 0 —1) > AP and for a single pair AP (e, w) > %.
(e) (Below ©, conditional.) Kk, 4 =0 whenever © < o +

20—1
eA—1"

PRrROOF. (a) The ratio is g(du) with g(x) = cosh(bz)/coshx, b = ¢’ /5 < 1, which is p.d. by
Lemma 28.3.5. Kernel matrices of a product are Hadamard products, so Schur’s product
theorem applies: p.d. on (—A, A) times p.d. on R is p.d. on (—A, A). Then ¢ — k; (fixed o) runs
from ko to ki3 = Py. (b) Q, is an absolutely convergent sum of pair contributions

(Lemma 28.1.1), each > 0 on D4 by (a). (Zeros with 3 < 3 are the mirrors and are already
counted.) (c¢) On [0,00), P, is convex (P27 > 0) with P,(0) = 1 — 20 < 0 and minimum at u*,
where (1 — 0)e(l=9)% = ge=%, For A < u* define f = P, on [0, A], continue it by its tangent line
at A (slope < 0) down to 0, then set f = 0, and extend evenly. f is even, continuous, convex
and non-increasing on [0, 00), and tends to 0, so it is p.d. by Pélya’s criterion [117, Thm. 1].
Since f = P, on [—A, A], P, is p.d. on (—A, A) for every A < u*, hence on (—u*,u*). Finally
A<log1Z o> (1+e )7L (d) If every pair is p.d. on (—A, A) then k4 = 0, which gives
the first inequality; the second is (a). The same Pélya construction for ef* + e~"* (derivative

e —w < 0 at 0, minimum at log(w/e)/(e + w)) gives the pair bound. (e) Zeros with 8 < o give
p.d. kernels. For 0 < 8 < ©, (d) needs A <log(w/e)/(28 —1). Since 26 — 1 < 1, log(w/e) > A

suffices, i.e. ¢ <we ™, ie. B <o+ (20 —1)/(e? —1). O
o) 0.55 0.6 0.7 0.8 0.9 0.95 0.99 0.995 0.999
log 2= [THM]  0.2007  0.4055 0.8473 1.3863  2.1972 2.9444 4.5951 5.2933 6.9068
Apele INUM] 0.40271 0.82208 1.79610 3.21767 6.18236 10.27676 27.56295 40.57720 96.07586
Apele /T — & 0.270 0.520 0.984 1.439 1.955 2.298 2.756 2.869 3.038
A 1 1.6 2 3 ) 10 15
Opole(A) [NUM] 0.620137 0.681983 0.717547 0.787769 0.871320 0.947946 0.972081
Pélya 1/(1 +e~4) [THM] 0.731059 0.832018 0.880797 0.952574 0.993307 0.999955 1.000000
Lemma 18 0, (A) 0.99230  0.99477  0.99627 0.99794  0.99914 0.999774 0.999898

[NUM] Method (num/lemma28_pole.py): float64 Nystrom on Gauss-Legendre nodes; smallest
eigenvalue of P,; bisection. Main column n = 240; n = 120 agrees to ~ 4 digits up to o = 0.97,
but at 0.999 the two give 98.12 vs 96.08 (less converged). The inverse table uses n = 160.
Consistency: for all 59 Lemma 18 ghost detections, Agetect/AL%® > 2.58 (minimum at o = 0.76,
e = 0.14, yg = 27.72: 6.617 vs 2.561), as (d) requires. num/lemma28_pair.py: the exact AP is
2-39x the Pélya bound, and AP¥*\/cw € [2.4,3.7] over the grid,! consistent with Lemma 18’s
V/b/e heuristic for an isolated pair.

REMARK 28.3.7 (honest scope). (1) Theorem 28.3.6 uses only (P0). It is therefore true for every
“fake (7 with zeros anywhere in the closed strip: it is data-blind and height-blind, and it
excludes no zero. It is the short-window face of (O1) and cannot give © < 1. (2) Rigorously it
beats Lemma 18’s 0, (A) for A <5 (table); for A > 10 the Pélya bound is worse than o, (A).

1[Vol. 2 editorial note] Erratum (Chapter 29, §29.3.3, E2): the Nystrém grid overestimates AP*" by up to
17.4%; the exact values lie in [0.40, 3.10], always < .
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The NUM AP°® beats 0, (A) at every tabulated A, by a factor 50-270 in 1 — o (A = 1 to 15).
Both behave like A~2, with constants ~ 9 (from AP°°\/T — ¢ — 3.04 at 0.999) vs 0.023, so the
factor tends to ~ 400.% (3) Interpretation [ANALOGY]: the worst ghost is a zero sitting on the
pole line § =1, i.e. the damping budget ¢ = o — % must beat a mode at the passivity boundary
(P0). Pole dominance is the statement that passivity alone buys windows of length

= (1 —0)~Y2 (NUM) > log 125 (THM). (4) Priority not checked: Lemma 28.3.5 and the Schur
step are elementary and may be folklore.

28.3.5. Roadmap to uniform damped positivity at c =1 —e.

(R1) Certify AP (Arb 4 Krein extension of exponential-type kernels) to turn the NUM
column into THM. Conjecture: AP\/T =0 — co € [3,4].3

(R2) Prove the index-mass link (Question 28.3.8). Combined with Cor. 28.3.3(a), it would
give: for o > é—g, the index of Q, restricted to frequency band [T, 27 is
o(band dimension). That is “almost-everywhere damped positivity”, the strongest
statement density theorems can support.

(R3) Use Cor. 28.3.3(b) (MTY) for a height-localized x, 4 = 0 below Tp(o). This needs
control of the tail term inside the window form, not only the symbol.

(R4) The gap to © < 1 is exactly (O1). No step above removes it. A genuine route needs a
mechanism excluding zeros at all heights simultaneously, e.g. a family/tensor-power
positivity (Part A, Deligne), which is not available for GL;.

QUESTION 28.3.8. Is there a constant C' such that, for ' in D4 with F concentrated on

, 1"+ H]|, the negative index of O, is < + 5= Jr_ Wy ) ) is would make
T,T + HJ, th ive index of Qy is < C(1+ 4 [F 1T ? (Thi 1d mak
Prop. 28.3.2 an index statement.)

QUESTION 28.3.9. Is AP'® ~ ¢ (1 — 0)~1/2, and what is ¢xo? Is there a closed form (the kernel
is a sum of two exponentials, so the extension problem is of finite type)?

QUESTION 28.3.10 (for J.W.). Part A shows that a “real line” with exact dispersion lives in the
trivial-zero sector: channel ¢’s ladder at —|¢|/2 — n. Is that the spatial structure you meant, i.e.
cutoff frequencies of a waveguide? Or do you want a family whose nontrivial zeros obey a
relation like 62 = 62 — k*? We found none, and block-diagonality says the family Weil form
cannot see one.

2[Vol. 2 editorial note] Erratum (Chapter 29, E3): co, = 7 exactly, and the factor is 72/0.0229 ~ 431.
3[Vol. 2 editorial note] Resolved in Chapter 29, Theorem 29.3.1: AR%'® = 2arcsin(20 — 1)/+/c(1 — o), so

Coo = T.






CHAPTER 29

Lemma 29: (A) index versus negativity mass of the damped
symbol;

2arcsin(20 — 1)
o(l—o)
Standalone note lemma29.tex, October 21, 2026.

(B) the exact pole threshold AP =

Summary. Tags. [THM] proved here; [CITED] quoted from a source checked at the
source (lit/lemma29/verified_refs.md); [DEF] definition; [ANALOGY] analogy
only; [NUM] floating-point numerics; [CERT] interval arithmetic (Arb via python-flint,
256 bits), a rigorous enclosure; [RESTATEMENT] restatement, no new content.

Verdict 1 (Question 3.8 of Lemma 28): the inequality as posed is false;
a corrected form is proved. No bound x, 4 < C(1+ % J(ws)—) holds for spectral
data satisfying only (P0) and convergence (Prop. 29.2.4). We build data with w, > 0
everywhere and ks 4 > K for any K at one fixed A. The obstruction is the point forms
of Lemma 18, Thm. 2.1. Any valid link must therefore count zeros with Re p > o, not
only the negativity mass. What is proved [THM]: (i) a trace (Chebyshev) bound
k< % (n — q)+ for every form with symbol ¢ on a window of length A
(Thm. 29.2.2). (ii) If Ny (o) < oo, then ks < Ni(0) + 2 ({we <} + 1071 [ (w,)-)
(Cor. 29.2.6). (iii) A band-localized index bound for ¢ with no hypothesis on N, (o)
(Thm. 29.2.9). Its right side is |I|-independent apart from a fixed low-height term,
and is linear in the number of zeros with Re p > ¢ near the band I, plus a convergent
tail. (iv) The “damped positivity at almost every height” corollary (Cor. 29.2.12). On
frequency band [T, 2T, window length A: at most Te(@)+o(1) pegative squares, against
>4 T available dimensions, with e(o) = min{ 3(21:;) ,3(1—0)}. Honest note: the
fraction tends to 0 for every o > % already with Ingham’s exponent. Guth-Maynard’s
30/13 improves the rate for o > 0.7, and 17/30 is only the point where the GM
exponent alone drops below 1; it is not a threshold for this corollary.

Verdict 2 (Question 3.9): solved exactly, beyond the request. [THM]
Apole _ 2 arcsin(20—1) _ w—4arcsin/1—o

g \/0(17.:7) \/0(170)
Hence co, = 7, and more precisely AP = (1 —0)"Y/2 -4+ Z(1—0)Y/?2 +O(1 — o).
By scaling, every zero pair has exact threshold AP (g, w) = \/% arcsin =
This replaces the Pélya bounds of Lemma 28, Thm. 3.6(c),(d). The conditional
“Kg.a = 01if © < 0 + &” improves from & < e~ to e x A=2 (Cor. 29.3.2(e)).
Independently, Arb certifies brackets of relative width < 1079 at all tabulated o and
A, and each contains the closed form [CERT]. The Lemma 28 NUM column was
accurate to < 7- 1072 relative; its pair-grid claims need errata (§29.3.3).

Verdict 3 (priority). Positivity of the undamped (o = 1) Weil form on small
support is due to Yoshida (1992). It was re-proved by Bombieri (2000) and (in Mellin
form) by Burnol (2000), and unified by Suzuki (2026); see §29.4. These results use (’s
explicit formula. In the sources checked, we found no statement of the o-damped,
data-blind pole-dominance theorem, of the cosh(bx)/ cosh z Schur step, or of the
closed-form threshold. They may be folklore (the threshold is a finite-type extension

, and the supremum is attained (Thm. 29.3.1).

w—e s
<

Ve
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problem), and the search was not exhaustive. Suzuki’s continuity of the lowest
eigenvalue is the same device as our emergence argument (proof of Thm. 29.3.1).

29.1. Setting

Notation is that of Lemma 18, Def. 1.1 and Lemma 28, §1 [RESTATEMENT].

Q(F)=3%, mpé:,(fyp) with G, = e M Hp, c =0 - 3, F(z) = [ F(u)e**du, and

|F|? =5 [ |F|?. Dy is the space of F € C2° supported in an interval of length A, and r, 4 is
the negative index there. Complex F' are allowed, since complexification preserves inertia
(Lemma 18, remark after Def. 1.1). Further, w,(t) =3, % and

N (o) = #{Rep > o}. For p =+ iy with 8 > 1, the pair {p,1 — p} contributes

[f F(2)F(y)e"@ Wk, (z — y) with k,(u) = el + el where e = f — o and w = +0 — 1
(Lemma 28, Lemma 1.1). The pole kernel is P, = e(1=o)lul - e=lul By model datum we mean
any multiset of p with 0 < Rep < 1 that is symmetric under p — p and p — 1 — p and has

S m,(1+4+?)7! < co. This is exactly the generality of Lemma 28, Thm. 3.6. For ¢ we write
Q(t) = log(e + |t]).

29.2. Part A: index versus negativity mass (Question 3.8)

29.2.1. A trace bound.

LEMMA 29.2.1. [THM] Every finite-dimensional V- C Dy lies in C°(J) for a single interval J of
length A.

PROOF. Let Fi,..., Fy be a basis and {z,,} a countable dense subset of J;,{F; # 0}. For ¢

outside a countable union of proper subspaces of C*, ' =3 ¢;F; has F(xy,) # 0 for all m.
Then supp I 2 [, supp Fj, and supp F' lies in an interval of length A. ]

THEOREM 29.2.2 (trace bound). [THM] Let J be an interval of length A and q real and
measurable on R. Suppose Q(F) = 5= [ |F|*q is absolutely convergent for F € C(J), and

g:=(1n—q)y € L' for somen > 0. Let V C C(J) with @ <0 on V \ 0, and suppose that for
some 0’ € [0,m) and measurable E C R we have 5= [ |F|>g < 0'||F||> on V. Then

A
mV<-— —q)4.
dimV < Sl — ) /R\E(U Q)+

In particular (E =0), the negative index of @ on C°(J) is at most FAn J(n—q)+.

PROOF. For F € V'\ 0, ¢ > n — g gives 5 [ |F|2g > n||F||?, hence
b(F) = 3z Ja\i |F[g > (n— 0")||F||*>. The operator B = 1;F ! (glg\g)F1; > 0 on L?(J) is
trace class with tr B = % fR\E g (its kernel is %g/lg(y —z) on J x J, continuous, with diagonal

5= [ glge). By min-max, Agimv (B) > mingey,|p=1 b(F) > n — 6. Hence
dimV < #{j: \j(B) >n—0'}<trB/(n—0). O

REMARK 29.2.3. Theorem 29.2.2 is the elementary trace half of eigenvalue counting for
time—frequency limiting. It is the rigorous form of Lemma 18’s NUM observation k ~ A|S|/2m,
as an upper bound only. No Landau—Pollak asymptotics are needed or used.
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29.2.2. The literal inequality is false.

PROPOSITION 29.2.4 (counterexample). [THM] Let 3 < o < 1. There is Ag = Ag(c) such that
for every K € N there is a model datum with: we(t) > 0 for allt € R (so [(ws)- =0 on every
band); N4 (o) = 2K; and kg 4, > K. Consequently no inequality kg a < C(1+ 2= [;(wy)_), with
C independent of the datum, holds on the class of model data, whether or not F' is localized in
frequency.

PROOF. Background. Put b = 27/h and take the on-line zeros % +inh, n € Z. For F' € Dy
with A < b, Poisson summation applies: G, is Lipschitz with compact support and
Gy = O(y72). Since supp Gy C [—A, A] C (=b,b), it gives
S Go(nh) = 2850, G, (2k/h) = bG,(0) = b||F||%. Tts symbol is
> CQHEEM)Q = Cosf(zgll(ggl(bt) > btanh(be/2). Ghosts. Fix 8 = 142, so that e = 152 and
w = % Add the quadruples 8+ ivyj, 1 — B+ ivyjfor j=1,...,K. On [-L, L] with L = A/2,
take ¢ odd and real. Writing el*l = 2 cosheu — 6*5‘“‘/5131 using

coshe(x — y) = coshex cosh ey — sinh ex sinh ey and e~*/ul < 2/w,

If o(@)p(y)k(z —y) < —2( [ psinhez)” + 2 o]

For ¢ = sinh(ex)1|_p, 1) this is —2[¢||* + 2||¢]|?, with [|¢||* = w — 4. Choose b so large

that btanh(bc/2) > 2 + 1, and Ag := b/2 so large that 2|[¢||* > b+ 2. Both are possible because
|o||* grows exponentially in Ag. Then m := bl|||* — 2|[¢||* + 2(|¢||* < 0. Replace ¢ by an odd
real C2°(—L, L) approximant: all forms involved are L?(J)-continuous with bounded kernels, so
m < 0 persists. Gram matriz. Let Fj = e "i%p(x). Then Q(F;, F}) is b(F;, F;) plus 2K pair
terms [ Hp, g, (u)e* "k (u)du, where Hp, p,(u) = e~ [ o(y + w)p(y)e " iTdy. Let all v;
and all gaps |v; — ;| tend to infinity. By Riemann-Lebesgue and dominated convergence on
[—A, A], every term tends to 0 except, for i = j, the term b||p||? and the pair at ++;, which
equals [[ ¢pk. Hence the Gram matrix tends to m - I (or below it), and k4 4, > K. Symbol.
Each ghost quadruple contributes > —Miiw)g at £7; (the 1 — 8 members give positive

Lorentzians). With separations > 2 the total ghost negativity at any t is > —% —1. So
we > btanh(bc/2) — 2 — 1> 0. O

REMARK 29.2.5. Lemma 18, Cor. 2.2(a) says that each point form adds at most one negative
square. Prop. 29.2.4 shows that each can actually add one while the symbol stays positive. It is
the damped analogue of Bombieri’s count at o = %: with finitely many exceptional zeros, large
truncations have exactly half as many negative eigenvalues as there are exceptional zeros [14]
[CITED]. For ( itself the counterexample says nothing. It says only that a proof of Question 3.8
for ¢ that does not count off-line zeros would have to use more than (P0) together with the

symbol.
29.2.3. Corrected forms.

COROLLARY 29.2.6 (finite N1 (0)). [THM] If N1 (o) < co and o # Rep for all p, then for every
A,n >0,

o < Nal) 5o [ (1= ) < Nelo) 5 (wr < b+ fwn)-).

PRrROOF. Lemma 18, Cor. 2.2(a) gives kg4 < "QE,/A + Ni(0). Lemma 29.2.1 and Thm. 29.2.2
with ¢ = w, bound RZ{/A. Finally (n —w)+ < nlgyep +w—. (If [(n —ws)4+ = oo the bound is
trivial.) 0O
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For ¢ we cannot assume Ny (o) < 00, so we localize. Fix an even x € C°(—A — 1, A+ 1) with
0<xy<land x=1on|[-A4, A

DEFINITION 29.2.7. [DEF] A pair with 8 > o is harmless if A < AP%"(g,w), i.e. k, is p.d. on
[—A, A]. This includes § = o, where k, =1+ e~lul. Otherwise it is visible; by Cor. 29.3.2(d),
visible means 3 > B4(c). For visible p put ®,(7) = [ x(u)k,(v)e’™du (real and even). Set

Ca :=sup, yigiple SUP, (1 + 72)|®,(7)| and My :=sup, [(®,)- < 7C,4. For an interval I and
H>0let Ny(I; H) =#{p: p > o, dist(y,I) < H} and

St H) = 32, visible, dist(~,1)>H dist(7, I)7'. A complex subspace V C Dy is 0-concentrated on I
if Jp\s |F2Q < 0 [|F|? for all F € V. Let kg a(I;0) be the supremum of dim V over
f-concentrated V with Q, < 0 on V'\ 0.

LEMMA 29.2.8. [THM] (a) Ca < 2(|IxEl 1 + [|(xE)"|l7v) < C(x)(A + 2)2eA+1/2 uniformly
over pairs with & < o < B < 1. (b) [150, Thm. 9.2] [CITED] gives C; with

> (14 (= 7)3) 7 < Cet). (c) [150, Thm. 9.4] [CITED] gives Hy such that for every o > %
and n > 0 there is t; = t1(o,n) with n(t, Ho) := #{p: |y — t| < Ho} > n(1 + HE)/c for |t| > t;.

PrOOF. (a) Use |®| < ||xk|1, |®(7)] < 772||(xk)"||rv and min(z,y72) < 2(z +y)/(1 + 72).
Here € < % and w < 1, so k, |[K'[,|k"| < e+1)/2 11 on the support, and the kink at 0 adds
2|e — w| < 2 to the variation. (b) N(t+n+1) — N(t 4+ n) < Clog(|t| + |n| + €); sum against
(1+n?)~t () If IN(T) — M(T)| < CplogT with M the main term, then
n(t,H) > g log % —2Cylog(2t) for H <t/2. Take Hy = 4nCy + 1. O

THEOREM 29.2.9 (band-localized index bound for ¢). [THM] Let 3 <o <1, A>0,n >0,
Hy,t1 as in Lemma 29.2.8, and 6’ = (n+ C:C)8 < n. For every interval I,

o a(130) < (110 [=t1, 1] + (2Hon + Ma) N+ (I5 Ho) + Ca S4.(I; Ho)| .

A
2n(n — ')
PROOF. Hybrid symbol. Harmless pairs give forms > 0 on D4 (Lemma 28, Lemma 1.1), so
dropping them can only increase the negative index. Every other pair either has 5 < o, giving
two Lorentzians (0_2_(;)_2’62T2 and w22$72 with w > ¢ (or one, of width ¢, if § = %), or is visible. A
visible pair’s kernel may be replaced by xk,, since Hr is supported in [—A, A]. Hence
QF)=%[ |F|2q with ¢ = Pyood + Yyis ®,(- — 7), absolutely convergent by
Lemma 29.2.8(a),(b) and Tonelli, and ks 4(I;0) < x(Q'; I;0). Away from I.
(n— )1 <n+CaCcQ, and Q> 1, 50 5= [ [F(n — ¢)4 < &'||F[> on V. Apply Thm. 29.2.2
with £ =R\ I, using Lemma 29.2.1. On I. (n — q)+ < (1 — Pgood)+ + > _vis(Pp(- —7))—. Each

good pair has a member of width in [c, 1], whose Lorentzian is > lffig on |t —v| < Hp. So
0

Pyood (t) 2 177z (n(t, Ho) — 2n.(t, Ho)), where ny counts § > . By Lemma 29.2.8(c), Pyood = 7
0
wherever |t| > t; and ny (¢, Hy) = 0. The exceptional set in I has measure < 2HoN(I; Hp).

Visible zeros near I contribute < M4 each. Far ones contribute
< Ca Jgige>a(1 + s?)7lds < Ca/d. =

REMARK 29.2.10. Windowing (replacing k, by xk,, which changes the symbol but not the form
on Dy) is the device of Burnol’s small-support proof [17] [CITED]. There a term A; cos(eT),
invisible for small support, is added to the symbol. Lemma 18’s reflection identity (Prop. 5.2
there) is the same idea.

LEMMA 29.2.11 (available dimension). [THM] Fiz A > 0 and 6 > 0. There are ca4 > 0 and T
such that for T > Ty some complex V- C D4 with dim V' > coT is 0-concentrated on Iy = [T, 2T].
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PROOF. Let pa(z) = 1 (x/A) with ¢ € C2°(0,1) fixed, and F; = e""%p, with
t; € [T +VT,2T — VT spaced Ag/A. The Gram entries are A |7bT2(A(tZ —t;)). Rapid decay
gives Gram > || |?I once Ag = Ag(¥) is large. By Cauchy—Schwarz,
Jevir |3 ¢ 20 < 3 g2 i Sz |PAT)PQU + T)dT <an X |eiP TN log T, which is
< Ornllal> S |ejl> < 0 [ |FJ? for large T. Take ca = A/(2A0). O

COROLLARY 29.2.12 (damped positivity at almost every height). [THM] (given the cited density

bounds) Let 3 <o <1 and A> 0. Put 6y = m and e(o) = min{3(21::), N1 -0)}

(Ingham, Guth-Maynard [61, (1.2),(1.4)] [CITED]). For 0 < 6 < 6y and T — oc:
(a) ko A([T,27);0) <54 N(0,4T) + [ N(o, X)X 2dX < T+ Bquivalently, on
every 6-concentrated V. C D4 the form Q, is > 0 on a subspace of codimension
< e(o)+o(l)
(b) Such V exist with dim'V > coT (Lemma 29.2.11). Hence the proportion of negative
directions among frequency-|T, 2T wave packets on windows of length A is
< Te(o)—l-l—o(l) 0.

PrROOF. Thm. 29.2.9 with n =1, I = Iy and T > t;. Zeros with |y| < 4T and dist > Hy
contribute < 1/Hj each to Sy. Zeros with |y| > 4T have dist > |y|/2, and partial summation as
in Lemma 28, Prop. 3.2 handles them. N, (I1; Hy) < N(0,4T). Ingham’s exponent is < 1 for all
o> %, and GM’s is smaller for o > 0.7. O

REMARK 29.2.13 (what this is not). (1) Cor. 29.2.12 is a dimension count at each height band.
It gives neither k, 4 < 0o nor anything toward © < 1. The gap is still (O1) of Lemma 28. (2)
Below the MTY height Tp(o) (Lemma 28, Cor. 3.3(b)), N4 (I; Hp) = 0 for bands with

I + [-Hy, Ho| C [-Tp,To]. The bound then reduces to |l N [—tq,t1]| + CaS4. If explicit C¢, t1,
C4 and an explicit density bound make it < n— ¢, it gives Kk, 4(I;0) = 0. That is the
height-localized “k = 0 below Ty” of Lemma 28 R3, but it needs explicit constants that are not
supplied here.

29.3. Part B: the exact pole threshold (Question 3.9)
THEOREM 29.3.1. [THM] Let 1 <o <1, a=1—-0, w=\/aoc and a = arcsin(20 — 1) € (0, ).
Then Py is p.d. on [—A, A] iff A < A* :=2a/w. So
2arcsin(20 — 1) 7 —4arcsiny/1 —o
oc(l—0) o(l—o) ’
and the supremum in Lemma 28’s definition is attained. For A > A* an explicit negative
direction is p* + to, for x € (A*, A] and small t > 0, with u* as in Lemma 29.5.4.

COROLLARY 29.3.2. [THM]
(a) AR\/T =0 1 &, and AR°® = Ja 4+ 5Va- 8a+0(a*?). So coo = (Lemma 28
conjectured (3, 4]).
(b) opole(A) = H&%, where ay € (0, 5) is the root of Acosa = 4a; and

2

1= 0pote(4) = fgz(1+0(A71)),

pole __
APOC =

(c) (exact pair threshold) For 0 < e < w: AP (g, w) = \/% arcsin ;;—=. For a zero,
w—e __ 20—1
w—e — 26—1"

(d) For fived o, B+ AP¥ decreases from +oo (B ] o) to AR (B =1). Let Ba(c) be the
root of AP = A when A > AP, Then B(0) — o = ﬁ(l +0(1)) as A — oo.
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(e) (conditional, improving Lemma 28, Thm. 3.6(e)) kg a4 = 0 whenever © < (o) (or

A < AP°) The admissible excess © — o is < A™2, instead o zgj.

PROOF. (a) /2 — a = arccos(1 — 2a) = 2arcsin /a, then expand. (b) sina =20 — 1 gives
cosa = 2w. (c) Rescale u=v/(c +w): k= e 1"l + eIl with &/ + w’ = 1, so
AP (g qp) = Ai?le/(s + w) with w’ = w/(e + w). (d) Monotonicity is Lemma 28, Thm. 3.6(a);
the asymptotic follows from (c) with € — 0. (e) Lemma 28, Thm. 3.6(b),(d) with (d). O

29.3.1. Proof of Theorem 29.3.1. Let T4 be the operator (T'f)(x) = fOA Py(z—y)f(y)dy
on L2[0, A]. Tt is compact and self-adjoint, and p.d. on [—A, A] is equivalent to T4 > 0
(continuous kernel).
LEMMA 29.3.3 (eigen-reduction). [THM] If ¢ = s¢ on [0, A] with s ¢ {a?, 02}, then
Ty = \(s)p + E1e™ + Foe™ + F3e 7% + Ee®, where \(s) = 2% — 29, = Aa—g)(stag) onq

s—a? s—0o2 (s—a?)(s—0o2)
E, = w(g)ii (0)7 By = o4 aso(f(ll)Z:i (A)7 Es = _w(g)ii (0)7 Ey = —e oA w(ﬁ);:i (A4)

Consequently X\ < 0 is an eigenvalue iff A\ = \(s1) with s1 > o2, and the 4 x 4 matriz B(n; A) of
(Ey) on a basis of ker(D? — s1)(D? — s9) is singular. Here n = 51_1/2 €(0,1/0) and

Sg = aaiH(aﬁ;i;aU)"Q € (—aa,a?). With the basis cosh(,/s2z), sinh(\/s2z)/\/32, " te ™/,
n~le=(A=2)/n and the rows Ey, By divided by e, e=74, the entries of B are continuous on

[0,1/0) x (0,00). At n =0, B(0; A) = M(A) with

1 1/a 10

coswA + ZsinwA sinwA _ coswA ) q sin(wA — 2a)

M(A) = -1 e 1o detMA) = ——F—.
—coswA + ZsinwA —%_y 0 1

PRrOOF. The identity: two integrations by parts on [0, z] and [z, A]. It was checked
symbolically for ¢ = e*"¥ with general a, o, r, A (num/lemma29_symbolic3.py), and extends to
all s by analyticity. If T = Ap with A # 0, then ¢ € C*, and applying (D? — a?)(D? — o?)
gives A\(D? — a?)(D? — 0?)p = 2(a — 0)(D? + ao)p. So ¢ lies in the kernel for the two roots sj 2
of A(s) = A, and then Ej(¢) = 0 because e e+ are independent. For A < 0: \(s) < 0 iff
s € (—ao,a®) U (02,00), A increases from —oo to 0~ on (02, 00), and Vieta gives so. Continuity
holds because an,on < 1, a®> — s5 > 0, 02 — s > 0 and e~ A/ 0. At n=0, so = —w? and
a? + w? = a (since a + o = 1). det M was verified symbolically (lemma29_symbolic.py). O

LEMMA 29.3.4 (null measure). [THM] Let p* = ( — (20 — 1) coswy + 2wsinwy)dy — o + da+ on
[0, A*]. Then (Tp*)(x) := [ Py(x — y)du*(y) =0 for x € [0, A*], and
(Tp*)(z) = —2(20 — 1)(e4@=AT) — e=0(@=A")) < 0 for 2 > A*.

PROOF. Direct integration, verified symbolically in the variable «, with a = %,
o = tgne 1y = 95 (num/lemma29_symbolic.py, _symbolic2.py). Conceptually:
A(—w?) = 0, and the four coefficient conditions are the rows of M(A*), which is singular. O

PROOF OF THEOREM 29.3.1. (AP > A* emergence.) Rescaling to L2[0, 1] makes A+ Ty
norm-continuous, so Amin(A) is continuous. It is non-increasing in A and > 0 for A <log 2
(Lemma 28, Thm. 3.6(c)). Suppose A, := sup{A4 : Amin > 0} < A*. Then Apin(A4e) = 0, and
there are A, | A, with negative eigenvalues \,, — 0. Since A\(n) ~ 2(a — o)n?, n, — 0. By
Lemma 29.3.3, det B(n,; Ay,) = 0, so by continuity det M (A,) =0, i.e. wA, € 2a+ 7Z. The
smallest positive solution is wA = 2«, which forces A, > A*, a contradiction. So T4 > 0 for
A < A*, and by continuity for A = A*. (AP°e < A*)) If P, were p.d. on [0, A'] with A’ > A*,
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then (u,v) = [[ Py(x — y)dudy would be positive semidefinite on measures on [0, A’] (weak-x
limits of discrete measures). By Lemma 29.3.4, (u*, u*) = [ Tp* du* = 0. Cauchy—Schwarz then
gives Tp*(x) = (u*,0,) = 0 for all z < A’, contradicting Lemma 29.3.4. Explicitly,

(W + 0y, p* +t8,) = 2tTu*(x) + t2P,(0) < 0 for small ¢ > 0. O

REMARK 29.3.5. The emergence step is the mechanism of Suzuki’s proof of Yoshida’s theorem:
continuity of the lowest eigenvalue in the support length [144, Thm. 1.3] [CITED]. It is also the
“Krein collision at A = 0” picture of Lemma 27 [ANALOGY]. The new input here is that for a
finite-type kernel the collision can only occur where an explicit 4 x 4 threshold determinant
vanishes.

29.3.2. Certified table. [CERT] num/lemma29_cert.py implements Lemma 29.3.3 in Arb

|

(256 bits; cosh,sinh by power series with rigorous tails; ||T|| < 2[*_— + %] restricts 7 to
A(n) > —||T||). PSD at A: the enclosure of det B(n; A) excludes 0 on every box of an adaptive
cover of [0, max]. Negative at A: a certified sign change of det B at two points of (0,1/0).
num/lemma29_run.py bisects each to relative width < 107%. The inputs o (or A) are the binary
doubles nearest the decimals.

o certified AP € closed form Apele/T— o Lemma 28 NUM

0.55 0.40268818, 0.40268819] 0.4026881845 0.270131 0.40271
0.6 0.82204026, 0.82204027] 0.8220402693 0.519904 0.82208
0.7 1.79600675, 1.79600676] 1.7960067589 0.983713 1.79610
0.8 3.21750554, 3.21750555) 3.2175055440 1.438912 3.21767
0.9 6.18196811, 6.18196813] 6.1819681200 1.954910 6.18236

[
[
[
|
0.95  [10.27570979, 10.27570981]  10.2757098020  2.297719 10.27676
[
[
[
[

]
0.99 27.54731231, 27.54731234] 27.5473123250  2.754731 27.56295
0.995 40.52693280, 40.52693283] 40.5269328222  2.865687 40.57720
0.999 95.39292403, 95.39292410) 95.3929240832  3.016589 96.07586
0.9999 [310.17470776, 310.17470795] 310.1747078125 3.101747 -

A certified opo1e(A) €

1 0.6201498959, 0.6201498960
1.6 [0.6820002664, 0.6820002665
2 0.7175654295, 0.7175654296

[ ]
| |
3 [0.7877888201, 0.7877888202]
[ ]
[ ]
[ ]

5 0.8713390399, 0.8713390400
10 [0.9479627851, 0.9479627852
15 [0.9720996485, 0.9720996487

Every bracket contains the closed form (num/lemma29_tables.out). The pair formula,

Cor. 29.3.2(c), was also certified at (o, 3) = (0.76,0.90), (0.6,0.8), (0.7,0.99): PSD at 0.9999 APair
and negative at 1.0001 AP*" (num/pair_check.py). For the Lemma 18 ghost (o = 0.76,

e =0.14), AP¥ = 4.6556 < Agetect = 6.617 and Ag_();g = 2.5609, as Lemma 28 required.

29.3.3. Errata to Lemma 28 (recorded here; lemma28.tex not edited).

(E1) NUM column of Thm. 3.6: relative errors 5-10~° (o < 0.9), 5.7-107* (0.99), 7.2 - 1073
(0.999: 96.076 vs exact 95.393). The opo1e(A) row is correct to the printed ~ 5 digits.

(E2) Pair grid (num/lemma28_pair.json): Nystrém overestimates AP by up to +17.4%
(0 =0.99, e = 10~%: 367.79 vs exact 313.25). The claim “APar,/zw € [2.4,3.7]" is
wrong: on that grid the exact values lie in [0.40, 3.10], and always AP*\/cw < 7.

(E3) “coo € [3,4]": coo = 7. The factor “~ 400” (pole vs. Lemma 18 o) is 72/0.0229 ~ 431 if
A%(1—o0,) — 0.0229, which is the last tabulated value. Exactly, 1 —opole ~ 72/(A+4)2.

(E4) The Lemma 18 consistency check (Agetect/AR%® > 2.58) is unaffected: exact 2.5839.
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29.4. Priority check (Theorem 3.6 of Lemma 28 and Theorem 29.3.1)

e Yoshida [163]: RH is equivalent to positivity of the Weil form on C2°(—a,a) for every
a, and positivity holds for small a [CITED] (content via [14, 144]; Yoshida not opened).

e Bombieri [14] [CITED]: the minimum is attained on L?[—t,], Yoshida’s theorem is
re-proved, and with finitely many exceptional zeros the number of negative eigenvalues
of large truncations is half their number.

e Burnol [17] [CITED]: there is ¢ > 1 with Z(k) > 0 for supp g C [1/¢, ], by symbol
positivity plus a term invisible on small support.

e Suzuki [144] [CITED]: unifies Yoshida, Bombieri, Connes—Consani(—Moscovici). The

lowest eigenvalue is continuous in a, which gives another proof of Yoshida.

All four concern o = % and the actual ¢ (the archimedean and prime terms enter). Lemma 28’s

Thm. 3.6 instead concerns o > % and any datum obeying (P0): it is data-blind, the opposite
regime. We did not find, in these sources or in searches, the damped pole-dominance statement,
the cosh(bx)/ cosh x Schur step, or the closed form of Thm. 29.3.1. Ingredients that are classical
and used as such: Schur’s product theorem, Pdlya’s criterion, Bochner, and the sech Fourier
transform. Theorem 29.3.1 is a finite-type positive-definite extension problem (Krein’s setting,
not used and not cited). We therefore report the results as not found in the literature checked;
possibly folklore.

29.5. Open questions

QUESTION 29.5.1. Is the N, term in Thm. 29.2.9 sharp up to constants for (-like data, i.e. does
each visible zero near the band force a negative square for some A? (Prop. 29.2.4 shows this for
separated ghosts.)

QUESTION 29.5.2. With explicit C¢,t; (Trudgian-type) and an explicit density bound, does
Thm. 29.2.9 give certified K, 4(I;6) = 0 on bands below Tp(o) (Lemma 28 R3)?

QUESTION 29.5.3 (for J.W.). Cor. 29.3.2(e) turns the conditional window statement into
O — o <72/((20 — 1)A2). Is that the “damping budget” scaling you expected from the
telegrapher picture: a pair is invisible for windows shorter than w//ew, the half-period of

cos(yvewu)?



APPENDIX A

Corrections

This appendix collects every correction that touches the material of this volume: (A) errata
stated inside the notes themselves, which are reproduced verbatim in the chapters; (B) later
corrections to these chapters from Lemmas 30-47 (Volume III), marked in the chapters by
editorial footnotes; (C) Volume I items revisited here; (D) inconsistencies found while collating
this volume, and how each is handled. A correction of a claim first made in chat is listed where
that claim entered a note. No theorem of Part 1 of the Statement of Intellectual Honesty is
affected by any item below.

Al.

A2.

A3.

Ad.

A5.

A6.

AT.

AS.

A9.

A10.

All.

A. Errata recorded in the chapters

Ch. 14, Remark “conventions; correction”. The brief’s “I'r = gH + V' is correct
only with the opposite naming H := pt x C'; with H = C x pt the class is H + ¢V

Ch. 14, “Correction of emphasis” (691). 691 | h(Q(ueo1)) already follows from
Kummer’s criterion; Ribet’s contribution is the w™!-eigenspace.

Ch. 14, “J.W's pasted heuristics, with corrections”. Chat heuristics reproduced
with corrections and the label heuristic.

Ch. 18, item (5) of the summary. Volume I's guess A% ~ ¢/(3 — o) (Vol. I, Part 2,
S5) is not what happens at fixed o; the data point to /b/e (see C5).

Ch. 19, §19.4. J.W's volume/area sandwich is a valid proof with a fixable gap: Schur’s
inequality must be applied on R[r] with the Rosati form, not on V;. Once fixed, the
volume step is redundant.

Ch. 20. “Null-trace” inert primes: vr L J (a right-angle rotation); the vector v is not
null. This corrects the chat wording.

Ch. 22, Remark 22.1.1. Correction to the usual paraphrase of Connes—Moscovici: the
ultraviolet match with ( is carried by the negative (Sonin) spectrum of the prolate
operator, not by its low-lying spectrum.

Ch. 22, §22.5. Sign bug in num/lemmall_ghost.py (wrong branch of /w for real

w < 0). Volume I’s Lemma 11 table describes the “added quadruple” model, not the
“replacement” model. Applied in Volume I v2 (its correction items 1-2; one table entry
changed, 2.72 — 2.46).

Ch. 23, summary. The dictionary in the proposal was corrected: under Maslov
dequantization multiplication becomes addition and addition becomes maz.

Ch. 24, §24.1. Volume I’s Lemma 12 and Ch. 18 used Trudgian’s 2014 bound for S(T),
reported erroneous by Hasanalizade-Shen—Wong. Replaced by Reor (Lemma 24.1.1).
Effects: the Lemma 12 thresholds improve below T and worsen slightly above it (headline
Ao(3,3-10'2): 12.29 — 12.32); Ch. 18’s Theorem 18.4.1 stands with more room

(0.0564 — 0.0717 against 0.0462).

Ch. 24, Prop. 24.2.1. Ch. 21’s “sharp” cost column implicitly assumed padded band
edges; with sharp edges the frame bound collapses to < 1074,
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A12

A13

Al4

Al5

B1.

B2.

B3.

B4.

B5.

Bé6.

C1.

ARITHMETIC UNITARITY II

. Ch. 24A, §24A.6. The Arb enclosure of Thm. 24.2.2 used float64-rounded zeros with
radius 27190 so the balls need not contain the zeros: the proof was incomplete as written.
Re-run with exact rationals: the theorem stands unchanged.

. Ch. 25, summary and Prop. 25.1.8. The slogan “passivity = PNT” (earlier draft and
chat) is withdrawn and replaced by the passivity ladder: R,G > 0 is free; R,G > 0 is
¢(1 +1t) # 0, which is equivalent to the PNT.

. Ch. 27, §27.9, “Erratum to §27.5 (v1)”. The “transitional outlier” Im p = 9.66 was a
string-truncation bug; the value is 9.6623 - 1075, The v1 bullet on a conditioning artifact is
withdrawn.

. Ch. 29, §29.3.3, errata E1-E4 to Ch. 28. (E1) the NUM column of Thm. 28.3.6 has
relative error up to 7.2- 1073 (at o = 0.999: 96.08 vs. exact 95.393); (E2) the pair grid
overestimates AP** by up to 17.4%, and the claim AP**\/cw € [2.4,3.7] is wrong (exact
range [0.40, 3.10], always < 7); (E3) coo = 7, and “a 4007 is 72/0.0229 ~ 431; (E4) the
Ch. 18 consistency check is unaffected (exact 2.5839). Footnotes at the three places in
Ch. 28.

B. Later corrections to these chapters (Lemmas 30-47)

“A <238 certified” (Lemma 36, item (a)). The certified statements at A = 2.4-3.0 in
Chs. 24, 24A, 24B are middle-band sampling inequalities (e.g. Lyin = 0.450 at A = 2.8).
They are not Weil positivity on windows of that length. Certified window positivity stands
at A =1.6 (Ch. 16). Footnote in Ch. 24B.

Hybrid minorant (Lemma 36, item (b)). The hybrid Galerkin minorant failing at

A =1.6 and 2.4 (early pipeline runs) is a failure of the lower-bound form, not evidence
that Q < 0. (Appendix B.)

The “+1” in N(T) (Lemma 36, item (e), Prop. “where the +1 comes from”).
Ch. 14’s “the +1 comes from the pole of ¢ at s =17 is refined: it is L Aarg[s(s — 1)] =1
exactly, shared between the factors s and s — 1 of & (the poles of 77_8/2F(§)C(s) at 0 and
1), asymptotically % each. Footnote in Ch. 14.

“Maslov —%” (Lemma 36, item (f)). Not an integer Maslov index in the standard
convention (1 = 3 with the cutoff area, —3 for the whole %) It is a Stirling phase of
r(:+ %) Ch. 14 already labels the Bohr-Sommerfeld count heuristic and the —%

1
“matched, not derived”; the theorem (Prop. 14.1.1) is unaffected. Footnote in Ch. 14.

Ch. 27’s canonical remark (Lemma 41, C3 and C5). Ch. 27 says the double on-line
zero “can leave the axis only because the Krein space itself degenerates”; Lemma 41 says it
leaves “through a mixed-type collision”. These describe the same instant in two charts,
related by the singular rescaling ¢ = §g. Lemma 41’s Thm. “two-stage” contains Ch. 27’s
Thm. 27.9.5 (Lemma 27, Thm. 9.5) as the exact special case k = 1, § = 2v; no change is
needed there. Footnote in Ch. 27.

“Ghost <= index 2” (chat; Lemma 46, E1). For a reciprocal (Weil-type)
polynomial with k distinct roots outside the circle, the Néron—Severi Gram has ny = 1+ k:
a real ghost pair gives 2, a complex quadruple 3, not always “2”. Ch. 15’s

supy n4 = 1+ N4 is the correct form and is unaffected.

C. Volume 1 items revisited

Vol. 1, Ch. 11, ghost-injection table. Corrected in Volume I v2 from the Ch. 22
erratum (A8). Nothing further.
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C3.

C4.

C5.

C6.

CT7.

C8.

D1.

D2.

D3.

D4.

D5.

D6.

D7.
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Vol. I, Ch. 12, explicit detection constants. The counting constant is replaced by
Reor (A10). Certified changes are in Table 24.1; the smallest certified Ayp moves from 9.36
to 9.14 (71, global, 6 = 0.5). The conclusion of Vol. I, Prop. 12.5.2 (today’s certified
windows exclude nothing) is unchanged. Cells still marked “pend.” are listed in
Appendix B.

Vol. 1, Introduction, “Ay ~ (3.7-8.4)/6”. The certified file gives 6 - Ay € [3.71, 8.06]
(Lemma 44, which notes that STATE §20 quotes 8.4). The upper end 8.4 should read 8.06
in a future Volume I revision.

Vol. 1, front matter, Part 1, item L1. It describes N, as the number of zeros with
Rep > % “with multiplicity”. Volume I's own Chapter 1 (statement (c) and the displayed
definition of Ny) counts distinct zeros, and that is the correct count: each distinct off-line
zero contributes one hyperbolic plane whatever its multiplicity (also Lemma 40). This is
an inconsistency inside Volume I, found while collating; it should be fixed in its next

revision. Conventions used in this volume: Appendix C.

Vol. I, Part 2, S5 (0-RG law ¢/(8 — 0)). Not what happens at fixed o (A4); replaced
by S1 of this volume, with the rigorous exponent—% bound and the exact pair threshold.
Vol. I, Part 2, S1 (Zhu’s window). Positivity on Zhu’s window [—0.8,0.8] is certified
independently (Ch. 16), with constant 9.2792 - 1078, above Zhu’s 8.9 - 10718,

Vol. I, Part 2, S2 (ghost-detection slope). Ch. 22 shows that the Volume I fit was
made on the added-quadruple model; Ch. 27, Addendum A, reproduces a
doubly-logarithmic law for the birth threshold within the Volume I residual.

Vol. I, Ch. 10 (optimality of the certificate). Rechecked in Ch. 23 (Prop. 23.1.2: the
bound is the triangle-hyperfield bound, and it is sharp). Correct as stated.

D. Inconsistencies found while collating, and their handling

Ap > 9.36 in Ch. 16 predates the R¢o, rerun of Ch. 24 (now 9.14). Handled by a footnote;
the conclusion is unchanged.

Ch. 24’s summary says the Toeplitz/Levinson code “does not exist”. It was
written afterwards; its results are logged but not written up. Handled by a footnote and
Appendix B; nothing from it is claimed in Part 1.

Ch. 28’s numerical AP°, the pair grid and the conjecture c., € [3,4] are
superseded by Ch. 29’s closed form. Handled by footnotes; the Ch. 28 text is kept
verbatim.

N, with or without multiplicity. Ch. 15 writes Ny = #{p: Rep > 3} without
specifying. The equality supni = 1 + N4 requires the distinct count, as in Volume I,

Ch. 1. Ch. 18’s N4 (o) counts with multiplicity (as the comment in taa-macros.tex says).
Every inequality in which it appears (Cor. 18.2.2, Cor. 29.2.6) remains true, since the
multiplicity count is the larger. Handled in Appendix C; no text changed.

The working notation file (NOTATION.md, row for A%°t) still records “~ ¢/ (8 — o)
numerically”, contradicting Ch. 18, item (5). The notation appendix of this volume uses
the corrected statement; NOTATION.md was not edited.

Two macros with two meanings. R, is the corrected counting error in Ch. 24 and the
hyperfield R°™* in Ch. 26; S is a sans-serif S in Ch. 21 and S,jign in Ch. 24B. They are
renamed in Chs. 26 and 24B; the printed symbols are unchanged.

The name . Ch. 17 writes v for the real ordinate ¢,; Volume I, Ch. 1 and Chs. 25, 27
use the complex v, =t, —id,. Each chapter states its convention; see Appendix C.
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D8. Bibliography. The same works appeared under different keys in different notes (e.g.
Bo00/Bombieri00/Bom00). They are merged under one key. One internal pointer (L34,
uncited) was dropped. No reference had to be dropped for lack of verification (see the note
before the bibliography).
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Pending numerical results and logged certificates

Placeholders

The rows below are computations that were still running when this volume was built (22
October 2026). Each entry is a macro in pending.tex, the single placeholder file of this volume,
and prints as [pending: -]. No value has been estimated, extrapolated or filled in. A
placeholder may be replaced only by the certified output of its run (status CERTIFIED in its log

or JSON). A run that ends uncertified stays as it is and is reported as such.

ID  Quantity Run Value Status

P1  certified lower  bound hybq24_ql16: n = 11551, p = [pending: running (relaunched
for A*(e24), hybrid 69, T, = 6000, 448 bits, ¢ = 16 P1] 12:47, queue
(prime/zero/prime) cer- num/124t /fixq3.sh;
tificate, Ch. 24 thread an earlier attempt

was OOM-killed)

P2  certified lower bound for pril8_p32: p = 32, T. = [pending: queued after P1
A*(e®), prime-side certifi- 6000, precision 320 P2] (retry of pril8 with
cate larger p)

P3  uncertified cells of Ta- num/lemma24_112_par.py; pend. computing / await-

ble 24.1 (Lemma 12 rerun
with Reor), listed below

300-bit Arb re-verification

ing 300-bit Arb re-
verification

Cells of Table 24.1 still marked “pend.” (generated from num/lemma24_l12table.tex at
build time; when the certified JSON is updated and num/lemma24_build.sh regenerates that
table, a rebuild of this volume shows the certified value and the cell leaves this list):

macro

o, mode 1
3-10'2 loca. § =0.01
1020 loca. 6 =0.01
10199 glob. 6=0.25
10199 glob.  §=10.1
10199 glob. 6 =10.05
10199 glob. 6 =10.01
10190 Joca. 6=0.5
10190 Joca. 6 =0.25
10190 Joca. 6=0.1
10190 Joca. 6 =0.05
10190 Joca. 6 =0.01

\PendLXIIcellTrilllocaE
\PendLXIIcellTwentylocaE
\PendLXIIcellHundredglobB
\PendLXIIcellHundredglobC
\PendLXIIcellHundredglobD
\PendLXIIcellHundredglobE
\PendLXIIcellHundredlocaA
\PendLXIIcellHundredlocaB
\PendLXIIcellHundredlocaC
\PendLXIIcellHundredlocaD
\PendLXIIcellHundredlocaE

The cell 10'% local, § = 0.01, is still being computed. The other cells have been computed but
not yet re-verified in 300-bit Arb, so no value is shown.
About P2. A first run (pri18) finished but was not certified: the matrix part certified

Ao = 3.59-1072, but the tail term made the certified lower bound negative. P2 is the retry with
a larger p. The failure of a lower-bound form is not evidence that @ < 0 (Appendix A, item B2.).
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Logged certificates, write-up pending

After Chapter 24 was written, the Toeplitz/Levinson certificate pipeline (num/124t/) logged the
following results with status CERTIFIED [THM,CA] in num/lemma24_progress.md and the run
logs. They are reproduced from the logs. They are not theorems of this volume and are not
listed in Part 1 of the Statement of Intellectual Honesty, because the method has not yet been
written up and checked as a note. The hybrid runs use the mid-band constants of Ch. 24B.

Window  Certificate Parameters Logged bound \*(e?) >
A=1.6 prime side (validation) n = 253, p = 40, T. = 200, 256 bits 9.775296574 - 10718
A=1.6 prime side n = 7700, p = 28, T. = 6000, 256 bits 1.464603146 - 1017
A=1.6 hybrid, g =4 n = 7700, p = 28, T. = 6000, 256 bits 1.457333143 - 10717
A =155 prime side n = 7460, p = 28, T. = 6000, 256 bits 2.287026830 - 1016
A=15 prime side T. = 6000, 256 bits (124t/runpril5_b.log) 3.237969834 10~ '°
A=15 hybrid n = 7300, p = 28, T. = 6000, 256 bits 2.446287476 - 10717
A=2 hybrid, ¢ = 12 n = 9626, p = 48, T. = 6000, 320 bits 5.038361831 - 1073
A=2 prime side n = 9626, p = 48, T. = 6000, 320 bits 4.994651852 - 10~3°

If confirmed in a written note, the A = 2 rows would extend certified window positivity from 1.6
to 2. By Volume I, Ch. 12 and Table 24.1, this would still exclude no zero, since detection
lengths are > 9.
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Consolidated notation

Notation follows the shared file taa-macros.tex (snapshot in this build) and Volume I. Symbols
that notes defined locally are now global macros (volume-macros.tex); two clashing names
were renamed without changing the printed symbol (Appendix A, D6). The table lists the
symbols introduced in Chapters 14—29, by chapter of first use.

Conventions that differ between chapters

Object Convention Chapters
Fourier—Laplace F(z) = J F(u)e®**du (pole functionals f(j:%)) 15, 17 (as Vol. I, Ch. 1)
F(z) = [ F(u)e™*“du 18, 28, 29
f(&) = [ f(t)e % tdt (Paley-Wiener class PW,,) 24, 24A, 24B

~ complex vy, =t, —i0,, p = % + i, 25, 27 (as Vol. I, Ch. 1)
real ordinate t,, written v 17 (and most numerics)
Ny number of distinct zeros with Rep > 3 (needed 15 (as Vol. I, Ch. 1)
for supny =1+ Ny)
N, (o) number of zeros with Re p > o, with multiplicity 18, 29 (upper bounds only)
Q, 9 Weil form of Vol. I, Ch. 1 (zero side); Q is the all; 15
same form
L, P L=P—Q; P(F,G) = a(F)b(G) + b(F)a(G) 15, 17, 26
signs Q-signs vs. L-signs are opposite on the transverse 15, 27 (Rem. on sign convention)
part; “timelike” refers to £
K ka4 window index; K, 4 damped index; kg = kg 16-18; 18, 28, 29; 25
Heaviside residual
Symbols by chapter
Symbol Macro Meaning
Ch. 14
NS(X)r \NSR real Néron—Severi space; intersection form of signature (1, p—1)
(Hodge index)
n \rap rapidity of the boost (a,b) — (e "a,e"b) on (H,V); Frobenius:
el =/q
N(T) \Nsm o log obo + &
HYV H=Cxpt,V=ptxC,H? =V2=0,H-V=1,T=
H4+qV4+y, A=H+V+6
Ch. 15
a(F),b(F) — ﬁ(%) = [Fe v/?, ﬁ(—%) = [Fe*/?: null coordinates; T} :
(a,b) — (e7/2a, /D)
P, L \Pw, \Lw pole form (rank 2, signature (1, 1)); Lorentzian Weil form £ =

P — Q, prime side minus archimedean term
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Symbol Macro Meaning

gett(h) \geff effective genus Q (o, ¢o)/(2a2) of a cubic B-spline of half-width
2h

Ch. 16

A*(d) \lamw window margin on windows of length logd (Vol. I); certified
values in num/lemmal6_el6vals.tex

Ch. 17

S[F] \Sact field action Q(F, F') = pole + kinetic + interaction

K(r) \Kkin kinetic symbol Re (3 + %) — logm = 26/(r)

koo (u) \kloc archimedean local kernel e~|/2 /(1 — e=2lul)

Sa \SA window action; stationary values Ap(A), number of negative
ones = K4

A \Apart particle action § £ dx — [ Hqdt

D, € \Agen, \Enoe scaling generator i%; Noether charge Q(Ds.F, F)

W, K — telegrapher constants RngCL,G, (RC;ZéG)Q; Heaviside RC =
LG <= k=0

Ch. 18

Q,, W \Qsig, \Wsig damped Weil form; Lagarias form % Ik |}A7|2fwg, w, = 2Re %(0—4—
it)

Ko, Ay Ko A \kapsig, negative index of Q, (resp. W(")) on windows of length A; non-

\kapW decreasing in A, not monotone in o

zg, ™ \zsig, \pisig —i(p — o0); point form of a zero seen from o, signature < (1,1)

Adet \Adet inf{A : k; 4 > 1}; non-decreasing in o (rigorous). Numerically
= \/b/e at fixed o, not ¢/(f — o)

S) — supRep =min{o : kK, 4 =0 VA}

Ch. 19

B \RosB Rosati trace form Tr(pif | V)

Sn, Cn — Yal=q¢"+1— Ny ¢, = sn/q"/2 (level-n shadow)

Ty — Toeplitz section (¢;—j); j<k

Ch. 20

g, T%, vr, v \GF, ... graphs of Frobenius and Verschiebung; their transverse parts

B,, W \Bo, \Wt boost of (H,V); (H,V)* with (z,y)w = —x -y

Tp, Op, Sp — transverse part of T},/,/p; CM angle; rapidity tanh s, = a,/2,/p

Ch. 21

D(T), Acit, \Dnm, ... zero density; critical and model window lengths of the no-go

Alow theorem

S \Salign alignment sum of the prime waves (the Galerkin band must
reach T' ~ e3(4): Ch. 21

Ch. 22

Wi, QWy, \W1,\QW, \Kn  prolate operator; Weil quadratic form on L2([A~!, \], d*u); near-

K(d) radical dimension

5", Qdd" \Qrep, ... replacement, added-quadruple and on-line ghost models

og"

Ch. 23

T, TC \Tmax, \TC tropical semifield; Viro’s complex-tropical hyperfield

Chs. 24, 24A, 2/B

RCOI‘

\Rc

corrected explicit error in N(T') (replaces Trudgian 2014)
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Symbol Macro Meaning
PWo, IfIIr \PW, \nrm Paley—Wiener space with supp f C [~w,w]; L? norm on I
Salign \SalignB Salign(L) = >,ce2A(n)/y/n in Ch. 24B (renamed from
\Salign)
Lmin, A%, ¢mid, num/lemma24_  certified block constants of the multi-block sampling bound
Cout L34b_numbers
Ch. 25
Vel = Ogel + \gtel, ... telegrapher propagation constant (never bare v, «, 3)
iﬁtel
P,, ku \Pch, \kap (D — p)(D — (1 — p)); Heaviside residual, = 2 for the line of p
Hz, Jre, \Hz, \Jfe, \kr, zerospace ¢*(Z,m); (Jrrz), = x1-5; Krein form (Jpgz, y); eval-
[z,y]z, ev \ev uation F +— (F(v,)),
t,3,8,v,p,ky \bt, ... multiplication operators on Hz; p = % +iv, kg = 6°
Esty ECK \Est, \ECK storage and reduced Caldirola—Kanai energies
(P0)—(P4) — passivity ladder: 5 € [0,1] / 8 € (0,1) / dIVP margin / © <1
/6=0
Ch. 26
h, R™e n_.  \hb, deformation parameter; Connes—Consani hyperfield (renamed
\RcConvex, from \Rc); number of positive squares
\npos
Ch. 27
Ga, Ka \GA, \KA window Grams Q(¢i, ¥;), Q(gog,go;); frequency pencil Kyz =
uGax
ne, n— \nc, \nm number of complex pairs; number of real eigenvalues of negative
Krein type (k4 = nc +n-)
w(A), dc(A) — birth threshold (det G4 = 0); collision threshold
Chs. 28, 29
ks(u) — pair kernel 2cosh(du)e=clul = eflul 4 e=vwlul ¢ = 53— 6 w =
B+o—1
P, \Pk pole kernel e!=o)lul 4 g=olul
Apole - Apair \Apole, largest A with the pole (resp. pair) kernel p.d. on (—A4, A); ex-
\Apair actly 2arcsin(20 — 1)/4/0(1 — o) (Ch. 29)

N(o, X),
(wg)—

zeros with 5 > o, |y| < X (with multiplicity); negative part of
the Lagarias symbol

Claim tags

See the legend in the Statement of Intellectual Honesty (p. iii).






Bibliography

[1] K. Adiprasito, J. Huh, E. Katz, Hodge theory for combinatorial geometries, Ann. of Math. 188
(2018) 381-452.

2] O. Amini, M. Piquerez, Hodge theory for tropical varieties, arXiv:2007.07826.

[3] S.J. Arakelov, Intersection theory of divisors on an arithmetic surface, Math. USSR Izv. 8 (1974),
1167-1180; doi:10.1070/IM1974v008n06 ABEH002141.

[4] F. Babaee, J. Huh, A tropical approach to a generalized Hodge conjecture for positive currents, Duke
Math. J. 166 (2017) 2749-2813.

[5] T. Barnet-Lamb, D. Geraghty, M. Harris, R. Taylor, A family of Calabi—Yau varieties and potential
automorphy II, Publ. RIMS 47 (2011), 29-98; doi:10.2977/PRIMS/31.

[6] H. Bateman, On dissipative systems and related variational principles, Phys. Rev. 38 (1931),
815-819; doi:10.1103/PhysRev.38.815.

[7] M.V. Berry, J.P. Keating, H = zp and the Riemann zeros, in Supersymmetry and Trace Formulas,
NATO ASI Ser. B 370, Kluwer 1999, 355-367; doi:10.1007/978-1-4615-4875-1__19.

[8] M.V. Berry, J.P. Keating, The Riemann zeros and eigenvalue asymptotics, STAM Rev. 41 (1999),
236-266; doi:10.1137/S0036144598347497.

[9] R. Bhatia, Matriz Analysis, GTM 169, Springer, 1997; doi:10.1007/978-1-4612-0653-8 (Thm. II.3.6,
Weyl’s majorant theorem).

[10] C. Birkenhake, H. Lange, Complex Abelian Varieties, 2nd ed., Springer 2004.

[11] V. Blomer, F. Brumley, The role of the Ramanujan conjecture in analytic number theory, Bull. AMS
50 (2013), 267-320 (§5.2).

[12] J. Bognar, Indefinite Inner Product Spaces, Ergebnisse der Math. 78, Springer, 1974;
doi:10.1007/978-3-642-65567-8.

[13] E. Bombieri, On the large sieve, Mathematika 12 (1965), 201-225; doi:10.1112/s0025579300005313.

[14] E. Bombieri, Remarks on Weil’s quadratic functional in the theory of prime numbers I, Rend. Mat.
Ace. Lincei (9) 11 (2000), 183-233; MR1841692.

[15] J. Borger, A-rings and the field with one element, arXiv:0906.3146.

[16] P. Bréndén, J. Huh, Lorentzian polynomials, Ann. of Math. 192 (2020) 821-891.

[17] J.-F. Burnol, Sur les formules explicites I: analyse invariante, C. R. Acad. Sci. Paris Sér. I 331
(2000), 423-428 (arXiv:math/0101068).

[18] P. Caldirola, Forze non conservative nella meccanica quantistica, Nuovo Cimento 18 (1941), 393-400;
doi:10.1007/BF02960144.

[19] C.-L. Chai, Riemann bilinear relations (lecture note, Univ. of Pennsylvania).

[20] H. Chen, T. Weth, The Dirichlet problem for the logarithmic Laplacian, Comm. Partial Differential
Equations 44 (2019), 1100-1139; doi:10.1080/03605302.2019.1611851 (arXiv:1710.03416).

[21] A. Connes, C. Consani, From monoids to hyperstructures: in search of an absolute arithmetic, in
Casimir Force, Casimir Operators and the Riemann Hypothesis, de Gruyter 2010, 147-198;
arXiv:1006.4810.

[22] A. Connes, C. Consani, Geometry of the arithmetic site, Adv. Math. 291 (2016), 274-329.

[23] A. Connes, C. Consani, Geometry of the scaling site, Selecta Math. 23 (2017) 1803-1850.

[24] A. Connes, C. Consani, H. Moscovici, Zeta spectral triples, arXiv:2511.22755 (2025); also EMS Ser.
Lect. Math., doi:10.4171/elm/37/3 (2026).

[25] A. Connes, C. Consani, H. Moscovici, Zeta zeros and prolate wave operators, Ann. Funct. Anal. 15
(2024), no. 4, art. 87; doi:10.1007/s43034-024-00388-z; arXiv:2310.18423.

[26] A. Connes, C. Consani, Riemann—Roch for SpecZ, Bull. Sci. Math. 187 (2023) 103293.

155



156 ARITHMETIC UNITARITY II

[27] A. Connes, C. Consani, Spectral triples and (-cycles, Enseign. Math. 69 (2023), 93-148;
doi:10.4171/lem/1049; arXiv:2106.01715.

[28] A. Connes, C. Consani, The arithmetic site, C. R. Math. 352 (2014), 971-975.

[29] A. Connes, C. Consani, The hyperring of adele classes, J. Number Theory 131 (2011) 159-194.

[30] A. Connes, C. Consani, The Riemann—Roch strategy, complex lift of the scaling site, in Advances in
Noncommutative Geometry, Springer 2019, 53-125; arXiv:1805.10501.

[31] A. Connes, C. Consani, The scaling Hamiltonian, J. Operator Theory 85 (2021), 259-278,;
doi:10.7900/jot.20190¢t30.2265.

[32] A. Connes, C. Consani, The scaling site, C. R. Math. 354 (2016), 1-6;
doi:10.1016/j.crma.2015.09.027.

[33] A. Connes, C. Consani, Weil positivity and trace formula, the archimedean place, Selecta Math.
(N.S.) 27 (2021), art. 77; doi:10.1007/s00029-021-00689-4 (arXiv:2006.13771).

[34] A. Connes, H. Moscovici, The UV prolate spectrum matches the zeros of zeta, Proc. Natl. Acad. Sci.
USA 119 (2022), €2123174119; doi:10.1073/pnas.2123174119; arXiv:2112.05500.

[35] A. Connes, Trace formula in noncommutative geometry and the zeros of the Riemann zeta function,
Selecta Math. 5 (1999), 29-106; doi:10.1007/s000290050042 (arXiv:math/9811068).

[36] A. Connes, W. D. van Suijlekom, Quadratic forms, real zeros and echoes of the spectral action,
Comm. Math. Phys. 406 (2025), art. 312; doi:10.1007/s00220-025-05493-1.

[37] D.A. Cox, Primes of the Form z* + ny?, Wiley 1989.

[38] H. Davenport, Multiplicative Number Theory, 3rd ed., GTM 74, Springer, 2000;

doi:10.1007/978-1-4757-5927-3.

9] H. Davenport, Multiplicative Number Theory, GTM 74, Springer; doi:10.1007/978-1-4757-5927-3.

0] A. Deitmar, Schemes over Fy, in Number Fields and Function Fields, Birkh&user 2005, 87-100.

1] P. Deligne, La conjecture de Weil. I, Publ. Math. IHES 43 (1974), 273-307; doi:10.1007/BF02684373.

42] C. Deninger, Arithmetic geometry and analysis on foliated spaces, arXivimath/0505354 (§§3-4). See
also Doc. Math. Extra Vol. ICM 1998 I, 163-186; doi:10.4171/dms/1-1/2.

[43] C. Deninger, Arithmetic geometry and analysis on foliated spaces, arXiv:math/0505354.

[44] C. Deninger, Some analogies between number theory and dynamical systems on foliated spaces, Doc.
Math. Extra Vol. ICM 1998, I, 163-186; d0i:10.4171/dms/1-1/2.

[45] M. Deuring, Die Typen der Multiplikatorenringe elliptischer Funktionenkorper, Abh. Math. Sem.
Hamburg 14 (1941), 197-272; doi:10.1007/BF02940746.

[46] F. Diamond, J. Shurman, A First Course in Modular Forms, GTM 228, Springer 2005, Ch. 8;
doi:10.1007/978-0-387-27226-9.

[47] M. Eichler, Quaternire quadratische Formen und die Riemannsche Vermutung fir die
Kongruenzzetafunktion, Arch. Math. 5 (1954), 355-366; doi:10.1007/BF01898377.

[48] O. Ejder, Modular symbols for Fermat curves, Proc. AMS 147 (2019), 2305-2319;
doi:10.1090/proc,/14396.

[49] D. A. Eliezer, R. P. Woodard, The problem of nonlocality in string theory, Nucl. Phys. B 325 (1989),
389-469; doi:10.1016,/0550-3213(89)90461-6.

[50] N. D. Elkies, The existence of infinitely many supersingular primes for every elliptic curve over Q,
Invent. Math. 89 (1987), 561-567; doi:10.1007/BF01388985.

[51] Encyclopedia of Mathematics, “Selberg conjecture”,
https://encyclopediaofmath.org/wiki/Selberg_conjecture.

[62] G. Faltings, Calculus on arithmetic surfaces, Ann. of Math. 119 (1984), 387-424;
doi:10.2307/2007043.

[63] P. X. Gallagher, A large sieve density estimate near o = 1, Invent. Math. 11 (1970), 329-339;
doi:10.1007/bf01403187.

[54] R. J. Gardner, Geometric Tomography, 2nd ed., Cambridge Univ. Press, 2006;
doi:10.1017/CB0O9781107341029.

[55] I. Garg, J. S. Aujla, Inertia of non-integer Hadamard powers of a non-negative matrix, Linear
Multilinear Algebra 68 (2020) 410-416.

3
4
4
[


https://encyclopediaofmath.org/wiki/Selberg_conjecture

C. BIBLIOGRAPHY 157

[56] 1. M. Gel’fand, V. B. Lidskii, On the structure of the regions of stability of linear canonical systems
of differential equations with periodic coefficients, Uspekhi Mat. Nauk 10:1 (1955), 3-40; Engl. transl.
Amer. Math. Soc. Transl. (2) 8 (1958), 143-181 (MR0091390).

[57] I. Gohberg, P. Lancaster, L. Rodman, Indefinite Linear Algebra and Applications, Birkhduser, Basel,
2005, doi:10.1007/b137517 (Ch. 5 canonical forms and sign characteristic; Ch. 9 perturbations).

[58] K. Grochenig, Reconstruction algorithms in irregular sampling, Math. Comp. 59 (1992), 181-194;
doi:10.1090/50025-5718-1992-1134729-0.

[59] U. Grenander, G. Szegd, Toeplitz Forms and Their Applications, Univ. of California Press, 1958;
doi:10.1525/9780520355408 (Ch. 4: the trigonometric moment problem).

[60] P. Griffiths, J. Harris, Principles of Algebraic Geometry, Wiley 1978.

[61] L. Guth, J. Maynard, New large value estimates for Dirichlet polynomials, Ann. of Math. 203 (2026),
623-675; doi:10.4007 /annals.2026.203.2.6 (arXiv:2405.20552).

[62] M. C. Gutzwiller, Periodic orbits and classical quantization conditions, J. Math. Phys. 12 (1971),
343-358; do0i:10.1063/1.1665596.

[63] R. Hartshorne, Algebraic Geometry, GTM 52, Springer 1977; doi:10.1007/978-1-4757-3849-0.

[64] E. Hasanalizade, Q. Shen, P.-J. Wong, Counting zeros of the Riemann zeta function, J. Number
Theory 235 (2022), 219-241; do0i:10.1016/j.jnt.2021.06.032 (arXiv:2107.06506).

[65] H. Hasse, Zur Theorie der abstrakten elliptischen Funktionenkorper I, I1, 111, J. reine angew. Math.
175 (1936), 55-62, 69-88, 193-208; d0i:10.1515/crll.1936.175.55, 10.1515/crll.1936.175.69.

[66] O. Heaviside, Electrical Papers, 2 vols., Macmillan, London, 1892 (Vol. II, Art. 35 =
“Electromagnetic induction and its propagation”, §40, The FElectrician, June 1887; Art. 42, Phil.
Mayg., Dec. 1887). Bibliographic details verified via the IET edition’s notes and Phil. Trans. R. Soc. A
376 (2018) 20170457.

[67] E. Hecke, Eine neue Art von Zetafunktionen und ihre Beziehungen zur Verteilung der Primzahlen II,
Math. Z. 6 (1920), 11-51; doi:10.1007/BF01202991.

[68] E. Hecke, Eine neue Art von Zetafunktionen und ihre Beziehungen zur Verteilung der Primzahlen,
Math. Z. 1 (1918), 357-376; doi:10.1007/BF01465095.

[69] N. J. Higham, Accuracy and Stability of Numerical Algorithms, 2nd ed., STAM, 2002, §3.1 (inner
products, [1(z7y) — 2Ty| < v,|z|T|y|) and §3.5 (matrix multiplication, |C' — C| < ~,|A||B]); no
underflow assumed there, hence our extra Mn, n = 271074,

[70] P. Hriljac, Heights and Arakelov’s intersection theory, Amer. J. Math. 107 (1985), 23-38;
doi:10.2307/2374455.

[71] J.-1. Igusa, Kroneckerian model of fields of elliptic modular functions, Amer. J. Math. 81 (1959),
561-577; doi:10.2307/2372914.

[72] S. Ikehara, An extension of Landau’s theorem in the analytical theory of numbers, J. Math. Phys.
(MIT) 10 (1931), 1-12; doi:10.1002/sapm19311011.

[73] A. E. Ingham, On the estimation of N(o,T'), Quart. J. Math. Ozford os-11 (1940), 201-202;
doi:10.1093 /gmath /os-11.1.201.

[74] 1. S. Iohvidov, M. G. Krein, H. Langer, Introduction to the Spectral Theory of Operators in Spaces
with an Indefinite Metric, Math. Research 9, Akademie-Verlag, Berlin, 1982.

[75] 1. Itenberg, L. Katzarkov, G. Mikhalkin, I. Zharkov, Tropical homology, Math. Ann. 374 (2019)
963-1006.

[76] H. Jacquet, J. Shalika, On Euler products and the classification of automorphic representations I,
Amer. J. Math. 103 (1981), 499-558; d0i:10.2307/2374103.

[77] A. Jaffe, Reflection positivity then and now, arXiv:1802.07880 (2018).

[78] F. Johansson, Arb: efficient arbitrary-precision midpoint-radius interval arithmetic, IEEE Trans.
Comput. 66 (2017), 1281-1292; doi:10.1109/TC.2017.2690633.

[79] J. F. Kaiser, R. W. Schafer, On the use of the Ij-sinh window for spectrum analysis, IEEE Trans.
Acoust. Speech Signal Process. 28 (1980), 105-107; doi:10.1109/TASSP.1980.1163349.

[80] E. Kanai, On the quantization of the dissipative systems, Prog. Theor. Phys. 3 (1948), 440-442;
doi:10.1143/ptp/3.4.440.

[81] T. Kato, Perturbation Theory for Linear Operators, 2nd ed., Springer, 1976.



158 ARITHMETIC UNITARITY II

[82] K. S. Kedlaya, Weil cohomology in practice, lecture notes, Ch. 6 “RH for abelian varieties”
(Def. 6.0.13, Thms. 6.0.14-6.0.15), https://kskedlaya.org/weil-cohom/chapter-6.html.

[83] H. H. Kim, Functoriality for the exterior square of GL4 and the symmetric fourth of GLy, with
Appendix 2 by H. Kim and P. Sarnak (“Refined estimates towards the Ramanujan and Selberg
conjectures”), J. Amer. Math. Soc. 16 (2003), 139-183; doi:10.1090/S0894-0347-02-00410-1.

[84] B. Kostant, Quantization and unitary representations, LNM 170 (1970), 87-208;
doi:10.1007/BFb0079068.

[85] M. G. Krein, A generalization of some investigations of A. M. Lyapunov on linear differential
equations with periodic coefficients, Doklady Akad. Nauk SSSR (N.S.) 73 (1950), 445-448.

[86] P. Kustaanheimo, E. Stiefel, Perturbation theory of Kepler motion based on spinor regularization, J.
reine angew. Math. 218 (1965), 204-219; doi:10.1515/crll.1965.218.204.

[87] J. C. Lagarias, On a positivity property of the Riemann &-function, Acta Arith. 89 (1999), 217-234;
doi:10.4064 /aa-89-3-217-234; Correction, ¢bid. 116 (2005), 293-294; doi:10.4064/aa116-3-5.

[88] H. J. Landau, H. O. Pollak, Prolate spheroidal wave functions, Fourier analysis and uncertainty II,
Bell Syst. Tech. J. 40 (1961), 65-84; do0i:10.1002/j.1538-7305.1961.tb03977.x.

[89] H. J. Landau, H. Widom, Eigenvalue distribution of time and frequency limiting, J. Math. Anal.
Appl. 77 (1980), 469-481; doi:10.1016,/0022-247X(80)90241-3.

[90] S. Lang, Introduction to Arakelov Theory, Springer 1988.

[91] P. D. Lax, R. S. Phillips, Scattering Theory for Automorphic Functions, Ann. of Math. Stud. 87,
Princeton, 1976; doi:10.1515/9781400881567.

[92] P. D. Lax, R. S. Phillips, Scattering theory for automorphic functions, Bull. Amer. Math. Soc. (N.S.)
2 (1980), 261-295.

[93] N. Levinson, The Wiener RMS error criterion in filter design and prediction, J. Math. Phys. 25
(1947), 261-278; MR0019257.

[94] G. L. Litvinov, The Maslov dequantization, idempotent and tropical mathematics: a brief
introduction, J. Math. Sci. 140 (2007) 426-444.

[95] O. Lorscheid, Fy for everyone, Jahresber. DMV 120 (2018), 83-116; doi:10.1365/s13291-018-0177-x.

[96] O. Lorscheid, The geometry of blueprints, Part I, Adv. Math. 229 (2012) 1804-1846.

[97] R. S. MacKay, Stability of equilibria of Hamiltonian systems, in: S. Sarkar (ed.), Nonlinear
Phenomena and Chaos, Adam Hilger, Bristol, 1986, 254-270.

[98] C. Mehl, Finite dimensional indefinite inner product spaces and applications in numerical analysis,
survey, https://page.math.tu-berlin.de/~mehl/papers/otandna.pdf (Thm. 2.2 canonical form;
Def. 4.6, Thm. 4.7 definite/mixed type, after Mehrmann—Xu 2008, Thm. 3.2).

[99] K. R. Meyer, G. R. Hall, D. Offin, Introduction to Hamiltonian Dynamical Systems and the N-Body
Problem, 2nd ed., Appl. Math. Sci. 90, Springer, 2009, doi:10.1007/978-0-387-09724-4.

[100] K. R. Meyer, G. R. Hall, Introduction to Hamiltonian Dynamical Systems and the N-Body Problem,
Appl. Math. Sci. 90, Springer, 1992 (Ch. II.G, pp. 59-67: linear equations at the Euler and Lagrange
points, Routh’s critical mass ratio; TOC verified).

[101] G. Mikhalkin, Amoebas of algebraic varieties and tropical geometry, in Different Faces of
Geometry, Int. Math. Ser. 3, Kluwer, 2004, 257-300; doi:10.1007/0-306-48658-X_ 6.

[102] J. S. Milne, Abelian Varieties, course notes v2.00, March 2008,
https://www.jmilne.org/math/CourseNotes/AV.pdf (§§1.13-14, Thm. 1.14.3; §I1.1, Thm. 1.1,
Lemmas 1.2-1.3).

[103] J. S. Milne, The Riemann hypothesis over finite fields: from Weil to the present day, Sept. 14, 2015,
https://www.jmilne.org/math/xnotes/pRH.pdf (§1: Thm. 1.5 Castelnuovo—Severi;
“Correspondences”, p. 11, eq. (8), (D o D’) = 2dyds — D?; footnote 7; Thm. 1.27 Rosati positivity).

[104] J. Milnor, Morse Theory, Ann. of Math. Stud. 51, Princeton, 1963.

[105] L. Montejano, Convex bodies all whose sections (projections) are equal, in European Congress of
Mathematics (8ECM, Portoroz 2021), EMS Press, 2023, 857-883; doi:10.4171/8ECM/24 (Thm. 5.2).

[106] H. L. Montgomery, R. C. Vaughan, Multiplicative Number Theory I, Cambridge Univ. Press 2007.

[107] H. L. Montgomery, Topics in Multiplicative Number Theory, LNM 227, Springer 1971;
doi:10.1007/bfh0060851.


https://kskedlaya.org/weil-cohom/chapter-6.html
https://page.math.tu-berlin.de/~mehl/papers/otandna.pdf
https://www.jmilne.org/math/CourseNotes/AV.pdf
https://www.jmilne.org/math/xnotes/pRH.pdf

C. BIBLIOGRAPHY 159

[108] M. J. Mossinghoff, T. S. Trudgian, A. Yang, Explicit zero-free regions for the Riemann
zeta-function, Res. Number Theory 10 (2024), art. 11; doi:10.1007/s40993-023-00498-y
(arXiv:2212.06867).

[109] D. Mumford, Abelian Varieties, Tata Inst. Fund. Res. / Oxford Univ. Press, 1970 (Ch. IV: Rosati
involution and the Riemann hypothesis).

[110] K.-H. Neeb, G. Olafsson, Reflection positive one-parameter groups and dilations, Complez Anal.
Oper. Theory 9 (2015), 653-721; doi:10.1007 /s11785-014-0402-2.

[111] K.-H. Neeb, G. Olafsson, Reflection Positivity: A Representation Theoretic Perspective,
SpringerBriefs Math. Phys. 32, Springer, 2018; do0i:10.1007/978-3-319-94755-6.

[112] J. Newton, J. A. Thorne, Symmetric power functoriality for holomorphic modular forms (I, IT),
Publ. Math. IHES 134 (2021), 1-116, 117-152; doi:10.1007/s10240-021-00127-3.

[113] NIST Digital Library of Mathematical Functions, https://d1lmf .nist.gov (§5.11(ii); eqgs. 10.9.4,
10.16.1, 10.23.1, 10.25.2).

[114] A. M. Odlyzko, Tables of zeros of the Riemann zeta function,
https://www-users.cse.umn.edu/~odlyzko/zeta_tables/.

[115] K. Osterwalder, R. Schrader, Axioms for Euclidean Green’s functions, Comm. Math. Phys. 31
(1973), 83-112; doi:10.1007/BF01645738.

[116] M. Ostrogradsky, Mémoires sur les équations différentielles relatives au probléme des isopérimeétres,
Mém. Acad. Imp. Sci. St.-Pétersbourg (6) 4 (1850), 385-517.

[117] G. Pdlya, Remarks on characteristic functions, Proc. First Berkeley Symp. Math. Statist. Prob.
(1949), 115-123.

[118] A. Pais, G. E. Uhlenbeck, On field theories with non-localized action, Phys. Rev. 79 (1950),
145-165; doi:10.1103/PhysRev.79.145.

[119] M. Passare, H. Rullgdrd, Amoebas, Monge-Ampére measures, and triangulations of the Newton
polytope, Duke Math. J. 121 (2004) 481-507.

[120] B. S. Pavlov, L. D. Faddeev, Scattering theory and automorphic functions, Zap. Nauchn. Sem.
LOMI 27 (1972), 161-193 (Engl. transl. J. Soviet Math. 3 (1975), 522-548).

[121] R. Penrose, Twistor algebra, J. Math. Phys. 8 (1967), 345-366; doi:10.1063/1.1705200.

[122] J. Pintz, On the remainder term of the prime number formula IT; On a theorem of Ingham, Acta
Arith. 37 (1980), 209-220; doi:10.4064 /aa-37-1-209-220.

[123] D. J. Platt, Isolating some non-trivial zeros of zeta, Math. Comp. 86 (2017), 24492467,
d0i:10.1090/mcom/3198.

[124] D. Platt, T. Trudgian, The Riemann hypothesis is true up to 3 - 10'2, Bull. London Math. Soc. 53
(2021), 792-797; doi:10.1112/blms.12460 (arXiv:2004.09765).

[125] L. S. Pontryagin, Hermitian operators in spaces with indefinite metric, Izv. Akad. Nauk SSSR Ser.
Mat. 8 (1944), 243-280.

[126] D. M. Pozar, Microwave Engineering, 4th ed., Wiley, 2012, §2.7.

[127] M. Reed, B. Simon, Methods of Modern Mathematical Physics IV: Analysis of Operators, Academic
Press, 1978.

[128] K. A. Ribet, A modular construction of unramified p-extensions of Q(,), Invent. Math. 34 (1976),
151-162; doi:10.1007/BF01403065.

[129] B. Rodgers, T. Tao, The De Bruijn-Newman constant is non-negative, Forum Math. Pi 8 (2020),
€6; doi:10.1017/fmp.2020.6.

[130] E. J. Routh, On Laplace’s three particles, with a supplement on the stability of steady motion,
Proc. London Math. Soc. 6 (1875), 86-97.

[131] M. Rubinstein, P. Sarnak, Chebyshev’s bias, Ezperiment. Math. 3 (1994), 173-197;
doi:10.1080/10586458.1994.10504289.

[132] Scholarpedia, “Stability of Hamiltonian equilibria”,
http://www.scholarpedia.org/article/Stability_of _Hamiltonian_equilibria (Krein
signature, Krein collision and Hamiltonian—Hopf, citing MacKay 1986; pointer only); see also
“Stability of a Hamiltonian system in a limiting case”, Regul. Chaotic Dyn. 17 (2012),
doi:10.1134/S1560354712010030 (stability of Ly at ug; abstract verified, authors not recorded here).


https://dlmf.nist.gov
https://www-users.cse.umn.edu/~odlyzko/zeta_tables/
http://www.scholarpedia.org/article/Stability_of_Hamiltonian_equilibria

160 ARITHMETIC UNITARITY II

[133] A. Selberg, On the estimation of Fourier coefficients of modular forms, Proc. Sympos. Pure Math. 8,
Amer. Math. Soc., 1965, 1-15; doi:10.1090 /pspum/008,/0182610.

[134] K. Shaw, Tropical surfaces, arXiv:1506.07407.

[135] G. Shimura, Correspondances modulaires et les fonctions ¢ de courbes algébriques, J. Math. Soc.
Japan 10 (1958), 1-28; doi:10.2969/jmsj/01010001.

[136] M. Shimura, Defining equations of modular curves Xo(N), Tokyo J. Math. 18 (1995), 443-456;
doi:10.3836/tjm/1270043475.

[137] G. Sierra, J. Rodriguez-Laguna, H = xp model revisited and the Riemann zeros, Phys. Rev. Lett.
106 (2011), 200201; doi:10.1103/PhysRevLett.106.200201.

[138] J. H. Silverman, The Arithmetic of Elliptic Curves, 2nd ed., GTM 106, Springer, 2009;
doi:10.1007/978-0-387-09494-6.

[139] D. Slepian, H. O. Pollak, Prolate spheroidal wave functions, Fourier analysis and uncertainty I, Bell
Syst. Tech. J. 40 (1961), 43-63; doi:10.1002/j.1538-7305.1961.tb03976.x.

[140] C. Soulé, Les variétés sur le corps a un élément, Moscow Math. J. 4 (2004) 217-244.

[141] J.-M. Souriau, Structure des systémes dynamiques, Dunod 1970.

[142] K. S. Stelle, Classical gravity with higher derivatives, Gen. Relativ. Gravit. 9 (1978), 353-371;
doi:10.1007/BF00760427.

[143] K. S. Stelle, Renormalization of higher-derivative quantum gravity, Phys. Rev. D 16 (1977),
953-969; doi:10.1103 /PhysRevD.16.953.

[144] M. Suzuki, Weil’s quadratic form via the screw function, arXiv:2606.09096 (2026).

[145] T. Tao, G. Sanderson (3BluelBrown), “Terence Tao on the cosmic distance ladder”, video lesson,
Feb. 8, 2025, https://www.3bluelbrown.com/lessons/cosmic-distance-1/; Tao’s commentary,
https://terrytao.wordpress.com/2025/02/13/
cosmic-distance-ladder-video-with-grant-sanderson-3bluelbrown-commentary-and-corrections/.

[146] M. Taylor, Schur’s inequality (note), Univ. of North Carolina,
https://mtaylor.web.unc.edu/wp-content/uploads/sites/16915/2018/04/schur.pdf.

[147] The LMFDB Collaboration, Maass form 1.1 (level 1, weight 0),
https://www.lmfdb.org/ModularForm/GL2/Q/Maass/1/0/1/; rigorous data table maass_rigor,
label 1.0.1.1.1.

[148] The LMFDB Collaboration, Zeros of {(s) (data by D. Platt),
https://www.lmfdb.org/zeros/zeta/; bulk data
https://beta.lmfdb.org/data/riemann-zeta-zeros/.

[149] J. Thorner, A. Zaman, An explicit bound for the least prime ideal in the Chebotarev density
theorem, Algebra Number Theory 11 (2017), 1135-1197; do0i:10.2140/ant.2017.11.1135
(arXiv:1604.01750).

[150] E. C. Titchmarsh, The Theory of the Riemann Zeta-Function, Oxford (Thms. 3.10, 9.2, 9.4; §9.19).

[151] T. S. Trudgian, An improved upper bound for the argument of the Riemann zeta-function on the
critical line II, J. Number Theory 134 (2014), 280-292; doi:10.1016/j.jnt.2013.07.017.

[152] K.-M. Tsang, Some Q-theorems for the Riemann zeta-function, Acta Arith. 46 (1986), 369-395.

[153] O. Viro, Hyperfields for tropical geometry I. Hyperfields and dequantization, arXiv:1006.3034.

[154] H. von Koch, Sur la distribution des nombres premiers, Acta Math. 24 (1901), 159-182;
doi:10.1007/BF02403071.

[155] L.C. Washington, Introduction to Cyclotomic Fields, 2nd ed., GTM 83, Springer 1997.

[156] A. Weil, Introduction a l’étude des variétés kahlériennes, Hermann 1958.

[157] A. Weil, Sur les “formules explicites” de la théorie des nombres premiers, Comm. Sém. Math. Univ.
Lund, tome suppl. (1952), 252-265.

[158] A. Weil, Sur les courbes algébriques et les variétés qui s’en déduisent, Act. Sci. Ind. 1041, Hermann,
Paris, 1948.

[159] A. Weil, Variétés abéliennes et courbes algébriques, Act. Sci. Ind. 1064, Hermann, Paris, 1948.

[160] N. Wiener, Tauberian theorems, Ann. of Math. (2) 33 (1932), 1-100; doi:10.2307/1968102 (§10
“Tkehara’s theorem?”).

[161] A. Wintner, On the asymptotic distribution of the remainder term of the prime-number theorem,
Amer. J. Math. 57 (1935), 534-538; doi:10.2307/2371183.


https://www.3blue1brown.com/lessons/cosmic-distance-1/
https://terrytao.wordpress.com/2025/02/13/cosmic-distance-ladder-video-with-grant-sanderson-3blue1brown-commentary-and-corrections/
https://terrytao.wordpress.com/2025/02/13/cosmic-distance-ladder-video-with-grant-sanderson-3blue1brown-commentary-and-corrections/
https://mtaylor.web.unc.edu/wp-content/uploads/sites/16915/2018/04/schur.pdf
https://www.lmfdb.org/ModularForm/GL2/Q/Maass/1/0/1/
https://www.lmfdb.org/zeros/zeta/
https://beta.lmfdb.org/data/riemann-zeta-zeros/

C. BIBLIOGRAPHY 161

[162] R. P. Woodard, Ostrogradsky’s theorem on Hamiltonian instability, Scholarpedia 10(8) (2015),
32243; doi:10.4249 /scholarpedia.32243 (arXiv:1506.02210).

[163] H. Yoshida, On Hermitian forms attached to zeta functions, in: Zeta Functions in Geometry, Adv.
Stud. Pure Math. 21 (1992), 281-325; doi:10.2969/aspm/02110281.

[164] J. Yu, Tropicalizing the positive semidefinite cone, Proc. Amer. Math. Soc. 143 (2015) 1891-1895.

[165] X. Zhu, Weil positivity in compact windows: a finite reduction, certified two-sided bounds, and a
Landau-Widom decay law, preprint, arXiv:2608.24827 (2026), unrefereed.



	Abstract
	Status of this volume
	Statement of Intellectual Honesty
	Claim labels
	Part 1. What we have proven
	Part 2. What we suspect to be true
	Part 3. Our final goal
	Place in the series

	Introduction
	Chapter 14. Lemma 14: Sommerfeld, integral classes and the Hodge index
	14.1. (a) Bohr–Sommerfeld for H=x and the constant 78
	14.2. (b) Prequantization: Sommerfeld as integrality
	14.3. (c) Lefschetz (1,1)
	14.4. (d) Weil's proof via CC
	14.5. Light-cone section
	14.6. (g) Frobenius as a Lorentz boost
	14.7. (h) Why SpecZSpecZ is not a surface
	Status

	Chapter 15. Lemma 15: The signature test
	15.1. The Lorentzian Weil form
	15.2. The CC model
	15.3. Certified computations for 
	Status

	Chapter 16. Lemma 16: Certified Weil positivity on windows of length log4 and 1.6
	16.1. Setting and method
	16.2. Certificates
	16.3. Monotonicity of A
	16.4. Comparison with Zhu, and cost
	Status

	Chapter 17. Lemma 17: The arithmetic action as a Lagrangian
	17.1. Three Lagrangian levels
	17.2. L-I: field-theory form of the action
	17.3. L-II: the variational principle on a window
	17.4. Noether: scaling symmetry and its charge
	17.5. Legendre transform, Ostrogradsky, and where ghosts come from
	17.6. L-III: the point-particle level
	17.7. The function-field model: a provably non-negative Lagrangian
	17.8. Scale-free remark: logarithmic kinetic operator; scale vs description
	17.9. Transmission-line form (Heaviside)
	17.10. Confluence of the three actions
	17.11. Dictionary: Lagrangian mechanics  arithmetic action
	17.12. Obstruction
	17.13. Open questions
	Status summary

	Chapter 18. Lemma 18: The -window index ,A:
	18.1. Setting
	18.2. Exact structure
	18.3. Monotonicity and the -equivalence
	18.4. Unconditional results with explicit constants
	18.5. How the -detection length scales (ghost injection)
	18.6. Relation to A, rigor status, obstruction

	Chapter 19. Lemma 19: ``The |a| term is halfway; it needs a a.''
	19.1. Elliptic curves: the trace is an inner product, the degree is the norm
	19.2. Genus g: one trace bound is a shadow, the Rosati norm is the body
	19.3. Translation to : one window is one section; all windows is the norm
	19.4. Volume vs area
	Obstruction
	19.5. Open questions
	Status

	Chapter 20. Lemma 20: Tp as two boosts
	20.1. Setting and the Hecke span in NS(XX)R
	20.2. The two-boost theorem
	20.3. CM calibration
	20.4. The rapidity picture in H and the angle distributions
	20.5. What this gives, and what transfers to SpecZ

	Chapter 21. Lemma 21: Certifying Weil positivity from the zero side
	21.1. Setting
	21.2. The no-go theorem
	21.3. A sufficient condition in the model
	21.4. Comparison with Lemmas 12 and 18
	21.5. Restricted classes
	21.6. Prime-side costs: (b) Slepian basis, (c) Toeplitz/Levinson
	21.7. The three-band hybrid
	21.8. Obstruction, questions, status

	Chapter 22. Lemma 22: The prolate degeneration test
	22.1. What is proved and what is not
	22.2. The window dictionary
	22.3. Level 1: the operator W is ghost-blind
	22.4. Levels 2 and 3: Weil-form prolate objects
	22.5. Erratum to Lemma 11's ghost numerics
	22.6. Verdict

	Chapter 23. Lemma 23: Tropicalizing SpecZSpecZ
	23.1. Dequantization, done correctly; the zero side keeps only Re
	23.2. The decisive test on CC/Fq
	23.3. Literature: what is proved, what is missing
	23.4. Conclusions, ranking, questions

	Chapter 24. Lemma 24: Lemma 21 follow-ups
	24.1. (1) Corrected zero-counting bound
	24.2. (2) Sampling the zeros: data, a certified padded frame bound, and what is missing
	24.3. (3) Hybrid certificate: projection and stop
	24.4. Status, obstruction, questions

	Chapter 24A. Lemma 24, supplement: Lemma 3.4 proved
	24A.1. Setting, and why the statement must carry a penalty
	24A.2. An explicit reproducing kernel
	24A.3. Exact reduction to a finite model space
	24A.4. The finite certificate on all of V
	24A.5. Main result
	24A.6. Side finding: the enclosure in Lemma 24, Thm. 3.2
	24A.7. What is proved, and what is still missing

	Chapter 24B. Lemma 24, supplement b: a multi-block sampling bound
	24B.1. Blocks and weights
	24B.2. The per-block inequality with a localised far field
	24B.3. Zero data above 446000
	24B.4. Certification of every block
	24B.5. The final uniform inequality
	24B.6. What remains for the full hybrid

	Chapter 25. Lemma 25: The telegrapher components of the zero-waves x
	25.1. The operator reading
	25.2. One channel: the telegrapher normal form of a functional-equation pair
	25.3. The transfer-function reading
	25.4. Assembly: the explicit formula as a superposition of lines
	25.5. Curves over Fq: the same lines, with =0 proved
	25.6. Energy positivity versus norm positivity
	25.7. What is missing
	25.8. Open questions
	Status summary

	Chapter 26. Lemma 26: Window Gram matrices under the Viro/Connes–Consani deformation 1/
	26.1. The construction, from the Connes–Consani sources
	26.2. Where the limits land
	26.3. Monotonicity and the Rconvex obstruction
	26.4. Numerics
	26.5. Verdict, rigor, obstruction, questions, ranking

	Chapter 27. Lemma 27: Ghost birth in the window Weil form and Krein collisions
	0. Verdict and status labels
	27.1. The hyperbolic plane of an off-line pair and the boost
	27.2. The curve case
	27.3. The frequency pencil
	27.4. The Krein-space theorems that transfer
	27.5. Numerics
	27.6. L4, Routh, MacKay: what is analogy
	27.7. Open questions
	27.8. Summary
	27.9. Addendum A (rev. 2): the two thresholds as the window grows
	27.10. Addendum B: a Lagrange-point dictionary

	Chapter 28. Lemma 28: (A) spatial modes for the zero telegrapher line;
	28.1. Setting
	28.2. Part A: spatial modes
	28.3. Part B: <1

	Chapter 29. Lemma 29: (A) index versus negativity mass of the damped symbol;
	29.1. Setting
	29.2. Part A: index versus negativity mass (Question 3.8)
	29.3. Part B: the exact pole threshold (Question 3.9)
	29.4. Priority check (Theorem 3.6 of Lemma 28 and Theorem 29.3.1)
	29.5. Open questions

	Appendix A. Corrections
	A. Errata recorded in the chapters
	B. Later corrections to these chapters (Lemmas 30–47)
	C. Volume I items revisited
	D. Inconsistencies found while collating, and their handling

	Appendix B. Pending numerical results and logged certificates
	Placeholders
	Logged certificates, write-up pending

	Appendix C. Consolidated notation
	Conventions that differ between chapters
	Symbols by chapter
	Claim tags

	Bibliography

