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We investigate collective charge excitations in three-dimensional multifold semimetals in which
multiple bands cross the Fermi level at a positive chemical potential, focusing on pseudospin-3/2
Rarita–Schwinger–Weyl semimetals and on Kramers–Weyl semimetals. Both systems host multiple
concentric Fermi surfaces at positive chemical potential. Within the random-phase approximation,
we analyse the density response, Drude weights, dielectric function, plasmon modes and their Lan-
dau damping, and Friedel oscillations, considering both small and arbitrary momentum transfers.
In our companion work, arXiv:2610.18629, we investigated pseudospin-1 triple-point semimetals,
with and without a quadratic correction to their dispersion, as well as Hopf and Weyl semimetals.
Comparing these systems allows us to elucidate the distinct roles of band dispersions and eigenstates
in shaping collective charge dynamics. Our results demonstrate that collective charge excitations
can distinguish multifold nodes with multiple Fermi surfaces and reveal information encoded in their
eigenstates beyond that contained in the single-particle dispersion.

I. INTRODUCTION

Three-dimensional (3d) semimetals have been studied intensively on both the theoretical and the experimental fronts.
They host symmetry-protected band-crossing points in the Brillouin zone (BZ) near the Fermi level [1–9]. The density-of-
states (DOS) vanishes exactly at a nodal point, which distinguishes semimetals from insulators, whose bands are always
gapped, and from conventional metals, in which the bands overlap over finite regions of the BZ and the DOS remains
finite. The simplest nodal points are the twofold band crossings of the Weyl semimetals (WSMs). Each Weyl node is a
singular point of the Berry-curvature (BC) field and carries a BC-monopole [10, 11]. The monopole charge is the Chern
number, and its sign is the chirality χ of the node, which distinguishes right-handed (χ = 1) from left-handed (χ = −1)
quasiparticles. The chiral charges of all nodes in the BZ add up to zero, as required by the Nielsen-Ninomiya theorem [12].
The nodes therefore occur in groups of vanishing net chirality, the simplest being a pair of opposite chirality.
Nodes of higher degeneracy are described by a low-energy Hamiltonian d(k) · S, where d(k) = {dx(k), dy(k), dz(k)} is

a function of the momentum k = {kx, ky, kz} and S collects the generators of SU(2) in the spin-ς representation. The
resulting (2 ς + 1)-fold node is said to carry pseudospin-ς [4, 6, 13, 14], a terminology that distinguishes this quantum
number, which arises from crystal symmetries, from the relativistic spin, which arises from Lorentz invariance. Multifold
crossing points have been identified in the 65 chiral space groups, which contain only orientation-preserving symmetries [6].
For dominant terms linear in momentum, d(k) ∝ k, and the WSM corresponds to ς = 1/2. The case ς = 3/2 defines the
pseudospin-3/2 Rarita-Schwinger-Weyl (RSW) node [4, 6, 15–18], a fourfold crossing at a high-symmetry point of the BZ
of a chiral crystal with a strong spin-orbit coupling (SOC). Examples include materials like AlPt [19], RhGe [20], RhSi
[21] Li2Pd3B [22], Li2Pt3B [22], and PtGa [23]. Its four bands, shown in Fig. 1(a), have linear dispersions and a positive
chemical potential cuts the two upper bands.
A distinct type of twofold node is the Kramers–Weyl (KW) node [24–27], pinned to a time-reversal-invariant momentum

of a chiral crystal in the presence of spin–orbit coupling (SOC) [4]. When the SOC energy scale is much smaller than
the interband separation in the absence of SOC, the KW quasiparticles are described by a two-component spinor in
the electron-spin space spanned by the Pauli matrices [25], allowing spin-polarisation measurements to probe the Chern
numbers of the associated bands directly. Time-reversal symmetry forbids a linear-in-momentum term proportional to the
identity matrix, ruling out tilting, which is otherwise allowed for conventional Weyl nodes (and other semimetals) at generic
points in the BZ [28–33]. However, quadratic-in-momentum terms are permitted and can modify the band structure such
that, for an appropriate sign, a positive chemical potential intersects both bands [cf. Fig. 1(b)]. Characteristic signatures
of KW nodes have been observed in β-Ag2Se [34]. Here, we consider isotropic KW nodes associated with the cubic point
groups T and O, with candidate-materials including K2Sn2O3 [25], RhSi and CoSi [21], AlPt [19], and PtGa [23].
Plasmons, the collective oscillations of the charge density, probe these band structures. In the doped regime, the

long-wavelength plasmon frequency is controlled by the Drude weight, which is fixed by the Fermi surface (FS) and the
band-velocities, whereas the damping is governed by the interband continuum, as in graphene [35]. Collective modes have
been studied for multi-Weyl [36] and Luttinger semimetals [37, 38], and for nodal-ring semimetals, whose band crossings
form closed curves in the BZ [39–41], in two [42] and three dimensions [32, 33, 43]. For the WSM, Ref. [32] derived
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FIG. 1. Band-dispersions (E) over the kx ky-plane for (a) an RSW node and (b) a KW node. The yellow plane marks the chemical
potential (µ).

the plasmons of the untilted and type-I tilted nodes at low doping and long wavelengths. They are isotropic without
tilt, and the interband screening depends logarithmically on the momentum cut-off of the linearised description. For the
Hopf semimetal (HSM), the plasmons are anisotropic although the band structure is isotropic, and the anisotropy was
attributed to the dipolar BC [44]. The full dielectric function of the HSM was subsequently derived in Ref. [33]. For the
pseudospin-1 triple-point semimetal (TSM), Ref. [45] obtained the plasmons, the screening, and the Friedel oscillations
for the linear model with a flat-band and for its quadratic-corrected counterpart (QTSM), together with finite-wavevector
extensions of the WSM and HSM results. A corresponding analysis for the RSW and KW nodes is still missing. The RSW
node has four bands and two concentric FSs, and the quadratic term of the KW node breaks the particle-hole symmetry
and gives rise to two FSs of opposite BC. These features motivate the present study.

In this paper, we study the collective charge excitations of the RSW and KW nodes within the random-phase approxi-
mation (RPA). We compute the density response, the Drude weights, the dielectric function, and the plasmon dispersion.
For both nodes, we first treat small momentum-transfers and then go beyond the long-wavelength limit, which gives
access to the particle-hole continua, the plasmon damping and its critical wavevector, the static screening, and the Friedel
oscillations. For the KW node, our expressions at arbitrary momentum-transfers hold for c q < 1, where c parametrises the
quadratic term. The Friedel oscillations are therefore obtained only for the band with the smaller Fermi momentum, since
the anomaly of the other band lies outside this range. The quadratic term of the KW node is proportional to the identity
matrix. It leaves the eigenstates unchanged and modifies only the FSs and the band-velocities. The KW node thus has
the eigenstates of the WSM but a different spectrum, whereas the RSW node and the TSM have the same structure of the
Hamiltonian and differ in the spin representation. We compare the RSW node with the KW node, the TSM, the QTSM,
and the WSM, and the KW node with the QTSM and the WSM, using the results of Ref. [45] for the TSM, the QTSM,
and the WSM. The comparison separates the roles of the spectrum and of the eigenstates in the plasmon response.

The notions of low doping and long wavelength require a precise statement for point nodes. A point node has no
analogue of the lattice scale of a nodal ring, and its linearised Hamiltonian is limited only by the cut-off Λ beyond which
the linear dispersion fails. Low doping means that the Fermi momenta of all the bands are much smaller than Λ, namely
kF ≪ Λ, and the cut-off then enters the response only through logarithms of the ratio of Λ to the chemical potential. The
momentum exchanged between the probe and the system is the momentum-transfer q. Small momentum-transfers means
that q is much smaller than every Fermi momentum kF . The plasmon frequency is then set by the Drude weight of the
bands that cross the Fermi level, and the interband transitions reduce to a background dielectric constant that lowers the
bare frequency. The overlap factors can be expanded in powers of q/kF , which brings the quantum metric of the relevant
bands to the foreground, and the radial integrals become elementary. Arbitrary momentum-transfers means that q is not
restricted to be much smaller than kF , and the full range up to the cut-off is covered. The overlap factors must then
be retained exactly, the quantum metric is no longer explicit, and the response is assembled channel by channel. Both
regimes rely on the same RPA formalism. For the RSW node, the doped part of the polarisability is independent of Λ and
depends on q and ω only through q/kF and ω/µ, up to an overall factor. For the KW node, the quadratic term introduces
the additional dimensionless parameter c µ/v0. No further condition on the doping is required in either case.

The paper is organised as follows. Sec. II defines the overlap factors, the quantum geometry, and the density-response
formalism for generic Bloch bands, and it presents the Hamiltonians of the RSW and KW nodes together with their BC,
orbital magnetic moment (OMM), eigenstates, and overlap factors. The RSW node is treated at small and at arbitrary
momentum-transfers in Secs. III and IV, respectively, and the KW node in Secs. V and VI. Sec. VII compares the two
nodes with each other and with the TSM, the QTSM, and the WSM, and it collects the results in tables. Sec. VIII
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contains the summary and outlook, and the appendices elucidate the intermediate steps.
We use natural units and set ℏ = kB = e = 1, but we retain the symbol e in the analytical expressions for book-keeping.

The low-energy models are valid for momenta below the lattice cut-off Λ ∼ 1/a (where a is the lattice constant) and
for energies below v0 Λ (where v0 is proportional to the Fermi velocity). For typical nodal-point semimetals, Λ ∼ 150 to
200 eV [46, 47]. We set v0 = 0.0004 and Λ = 160 eV for generating all the figures, and these values are not repeated in
the figure captions.

II. MODEL

A. Overlap factors, quantum geometry, and density response of Bloch bands

Consider a Bloch Hamiltonian H(k) with the eigenvalues εs(k) and the normalised eigenstates |s,k⟩, where s labels the
bands. The Hamiltonians of this paper are low-energy continuum models, and |s,k⟩ denotes the pseudospin part of the
Bloch state, with the plane-wave factor understood. The density response depends on the eigenstates only through the
overlap factor

Fss′(k,k
′) = |⟨s′,k′|s,k⟩|2, (1)

which is the squared modulus of the inner product of two states and measures how much they resemble each other. The
phase of each state drops out of Eq. (1), and the overlap factor is therefore independent of the gauge. By completeness,∑

s′ Fss′(k,k
′) = 1 for each s. For k′ = k, the overlap factor reduces to δss′ , because the states of different bands are

orthogonal at the same momentum.
For k′ = k+ q with q ≪ k, the overlap factors can be expanded in q. For s′ ̸= s, the orthogonality of the states at the

same momentum gives ⟨s′,k + q|s,k⟩ ≃ − qi ⟨s′,k|∂ki
s,k⟩, and hence

Fss′(k,k + q) ≃ qi qj Q
(ss′)
ij (k) , Q

(ss′)
ij (k) = Re

[
⟨∂ki

s,k|s′,k⟩⟨s′,k|∂kj
s,k⟩

]
, s′ ̸= s , (2)

with a sum over repeated indices. The intraband factor follows from the sum rule as Fss ≃ 1− qi qj Q
(s)
ij , where

Q
(s)
ij (k) =

∑
s′ ̸=s

Q
(ss′)
ij (k) = Re

[
⟨∂kis,k| (1− |s,k⟩⟨s,k|) |∂kjs,k⟩

]
. (3)

The second equality follows from completeness. The tensor Q
(s)
ij is the quantum metric [48, 49] of the band s. It is real,

symmetric, and positive semidefinite, and it measures the distance between the states at neighbouring momenta. The

pair-resolved metric Q
(ss′)
ij is the part of Q

(s)
ij that connects the band s to the band s′, and it fixes the weight of the

interband transitions s → s′ at order q2. Equation (2) is the only input from the eigenstates that the interband part of
the response needs at small momentum-transfers, and this part is then proportional to the pair-resolved quantum metric.
The metric is the real part of the quantum geometric tensor,

T (s)
ij (k) = ⟨∂kis,k| (1− |s,k⟩⟨s,k|) |∂kjs,k⟩ = Q

(s)
ij (k)− i

2
Ω

(s)
ij (k) , (4)

whose imaginary part is the BC Ω
(s)
ij = ∂ki

A
(s)
j −∂kj

A
(s)
i , with the Berry connection A(s) = i⟨s,k|∇k|s,k⟩. In 3d, the BC

is conveniently written as the vector Ωs = ∇k×A(s), for which Ω
(s)
ij = εijl Ωs,l. The metric measures the distance between

neighbouring states and enters the overlap factors, and hence the density response. The BC measures the phase that a
state acquires around a closed loop in momentum space, and it does not enter the overlap factors, which are insensitive
to the phases of the states. Neither the BC nor the OMM therefore appears in the calculations of this paper. We quote
them for each node below, because they characterise the topology of the nodes and enter the comparisons of Sec. VII.
We now collect the density-response formalism, which is common to all the nodes. At temperature T = 0, the nonin-

teracting density-density response function at chemical potential µ is given by the retarded bare bubble diagram,

Π(q, ω) = g

∫
d3k

(2π)3

∑
s,s′

Fss′(k,k
′)

f0(εs(k))− f0(εs′(k
′))

ω + εs(k)− εs′(k′) + i 0+
, k′ = k + q , (5)

where g is the degeneracy factor, f0 is the Fermi-Dirac distribution, and Fss′ is the overlap factor. The polarisability splits
as Π = Πintra + Πinter, where the first term collects the contributions with s = s′. The imaginary part of the retarded
polarisability,

ImΠ(q, ω) ∝
∑
s,s′

∫
d3k Fss′ [f0(εs)− f0(εs′)] δ(ω + εs(k)− εs′(k

′)) , (6)
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is nonzero precisely when a particle-hole pair with momentum transfer q and energy ω can be created. The set of (q, ω)
for which such a pair exists is the particle-hole continuum. The real part of the polarisability determines the frequency of
the collective mode. Within the RPA, the dielectric function is

ϵRPA(q, ω) = 1− V(q)Π(q, ω) , V(q) = 4π e2

q2
, (7)

where V(q) is the Fourier transform of the 3d Coulomb interaction. For the nodes considered below, we define the
dimensionless parameter α ≡ g e2/v0, where v0 is the Fermi velocity. An undamped collective mode is a zero of Re ϵRPA

outside the particle-hole continuum, where ImΠ vanishes. Inside the continuum, the mode acquires a finite lifetime.
The Drude-weight tensor is

Dij = π g e2
∑
s

∫
d3k

(2π)3
δ(εs − µ) v

(s)
i v

(s)
j , (8)

which fixes the Drude peak of the optical conductivity, Re σ̃ij(ω) = Dij δ(ω). Taking the q → 0 limit and then ω → 0, the
intraband part gives

Πintra(q, ω) ≃
qi qj Dij

π e2 ω2
. (9)

At long wavelengths, ReΠ is dominated by the intraband part. Inserting Eq. (9) into Re ϵRPA = 0 gives

ω2
p,i = 4Dii , (10)

with no sum over i. The nodes of this paper are isotropic, with Dij = D δij , and the subscript i can be dropped. The
interband part is real and negative below the interband threshold. It acts as a background dielectric constant ϵb and
lowers the bare frequency to ω̃2

p = ω2
p/ϵb.

B. Rarita-Schwinger-Weyl semimetal

The effective low-energy Hamiltonian in the vicinity of an RSW node is [15, 17]

HRSW,χ(k) = v0 k̃ ·J , k̃ = {kx, ky, χ kz} , k =
√
k2x + k2y + k2z , (11)

where χ = ±1 is the chirality of the node, v0 is the isotropic Fermi velocity, and J = {Jx,Jy,Jz} are the spin-3/2 matrices.
In the basis of the eigenstates of Jz with the eigenvalues 3/2, 1/2, −1/2, and −3/2, they are given by Jx = (J+ +J−)/2
and Jy = (J+ − J−)/(2 i), with

J+ = J †
− =


0

√
3 0 0

0 0 2 0

0 0 0
√
3

0 0 0 0

 , Jz = diag

(
3

2
,
1

2
,−1

2
,−3

2

)
. (12)

The eigenvalue and group-velocity of the band s are

εs(k) = s v0 k , vs(k) = ∇kεs(k) = s v0 k̂ , s ∈
{
−3

2
,−1

2
,
1

2
,
3

2

}
. (13)

The spectrum is symmetric about the nodal energy. For a chemical potential µ > 0, the bands s = 1/2 and s = 3/2 cross
the Fermi level, and the FSs are two concentric spheres with the Fermi momenta

k
(s)
F =

µ

s v0
, k

(1/2)
F =

2µ

v0
, k

(3/2)
F =

2µ

3 v0
. (14)

The faster band thus has the smaller FS. The bands with s < 0 lie below the Fermi level, are fully occupied, and contribute
only to interband transitions.
The BC and the OMM of the band s are [15, 17]

Ωs(k) = − χ s

k3
k , ms(k) = − χ e v0 G̃s

k2
k , G̃±1/2 =

7

4
, G̃±3/2 =

3

4
. (15)
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The flux of Ωs through a sphere around the node gives the Chern number Cs = − 2χ s of the band s. The two bands
below the node add up to 4χ, which is the Chern number of the node.
The eigenstates are the spin-3/2 coherent states, for which v0 k̃ · J |s,k⟩ = s v0 k |s,k⟩. Let ϑ and φ be the polar and

azimuthal angles of k̃. In the basis of Jz, the components of the eigenstates are ⟨m|s,k⟩ = d
3/2
ms (ϑ) e− i (m+3/2)φ, where

d
3/2
ms are the Wigner small-d matrices. For the bands s = 3/2 and s = 1/2, the states read

|3/2,k⟩ =


cos3(ϑ/2) e− 3 i φ

√
3 cos2(ϑ/2) sin(ϑ/2) e− 2 i φ

√
3 cos(ϑ/2) sin2(ϑ/2) e− i φ

sin3(ϑ/2)

 , |1/2,k⟩ =


−
√
3 cos2(ϑ/2) sin(ϑ/2) e− 3 i φ

cos(ϑ/2) (3 cosϑ− 1) e− 2 i φ/2
sin(ϑ/2) (3 cosϑ+ 1) e− i φ/2√

3 cos(ϑ/2) sin2(ϑ/2)

 , (16)

and the states with s < 0 follow from the same expression for d
3/2
ms . The spectrum and the overlap factors of Eq. (1) are

independent of χ, because the latter depend on k̃ and k̃′ only through cos θ = k̂ · k̂′. The density response is therefore
the same for both chiralities, and χ enters only through the signs of the BC and the OMM.

The overlap factors are the squared Wigner matrix elements Fss′ = |d 3/2
ss′ (θ)|2, with F−s,−s′ = Fss′ and Fs′s = Fss′ .

Defining a = (1 + cos θ)/2 and b = (1− cos θ)/2, the independent factors are

F 3
2 ,

3
2
= a3 , F 3

2 ,
1
2
= 3 a2 b , F 3

2 ,−
1
2
= 3 a b2 , F 3

2 ,−
3
2
= b3 ,

F 1
2 ,

1
2
=

a (3 cos θ − 1)
2

4
, F 1

2 ,−
1
2
=

b (3 cos θ + 1)
2

4
, F 1

2 ,−
3
2
= 3 a b2 . (17)

For k′ = k + q with q ≪ k, we have sin2 θ ≃ |q × k̂|2/k2, and the overlap factors become

F 3
2 ,

1
2
≃ qi qj Q

(3/2,1/2)
ij (k) , F 1

2 ,−
1
2
≃ qi qj Q

(1/2,−1/2)
ij (k) ,

Q
(3/2,1/2)
ij =

3

4

δij − k̂i k̂j
k2

, Q
(1/2,−1/2)
ij =

δij − k̂i k̂j
k2

, (18)

while F3/2,−1/2 = O
(
q4
)
, F3/2,−3/2 = O

(
q6
)
, and Fss = 1−O

(
q2
)
. The pair-resolved metrics of the pairs (−1/2,−3/2)

and (−3/2,−1/2) follow from F−s,−s′ = Fss′ . Three interband pairs, namely 3/2 ↔ 1/2, 1/2 ↔ −1/2, and −1/2 ↔ −3/2,
therefore carry weight at order q2. Equation (3) gives the quantum metric of the band s as

Q
(s)
ij (k) = G̃s

δij − k̂i k̂j
k2

, (19)

whose coefficient coincides with that of the OMM in Eq. (15). The derivation of Eqs. (17)–(19) is provided in Appendix A 1.

C. Kramers-Weyl semimetal

The effective low-energy Hamiltonian in the vicinity of an isotropic KW node, obtained through the k · p method for
the point groups isomorphic to the chiral cubic groups, is [27]

HKW,χ(k) = c v0 k
2 I2×2 + v0 k̃ · σ , k̃ = {kx, ky, χ kz} , (20)

where σ = {σx, σy, σz} are the Pauli matrices, v0 is the isotropic Fermi velocity of the linear term, and c = 1/(2mv0) > 0
parametrises the quadratic term, with m being the effective mass. The eigenvalue and group-velocity of the band s are

εs(k) = s v0 k + c v0 k
2 , vs(k) = v0 (s+ 2 c k) k̂ , s ∈ {−1, 1}. (21)

For c = 0, the node reduces to a conventional Weyl node. For c > 0, the spectrum is not symmetric about the nodal
energy, and a chemical potential µ > 0 cuts both bands. The FSs are two concentric spheres with the Fermi momenta

determined by εs(k
(s)
F ) = µ, that is,

k
(s)
F =

1

2 c

(
− s+

√
1 +

4 c µ

v0

)
, (22)

where we have kept the physically-admissible root. The result for s = 1 reduces to µ/v0 in the limit c → 0, and the FS of
the band s = −1 moves to infinity in this limit.
The BC and the OMM of the band s are [27]

Ωs(k) = − χ s

2 k3
k , ms(k) = − χ e v0

2 k2
k . (23)



6

The BC is a monopole field with the Chern number Cs = −χ s, which is opposite for the two bands, and the OMM is the
same for both bands. The quadratic term is proportional to the identity matrix and commutes with the linear term. The
eigenstates are therefore those of a Weyl node, namely

|+,k⟩ =
(

cos(ϑ/2)
sin(ϑ/2) ei φ

)
, |−,k⟩ =

(
− sin(ϑ/2) e− i φ

cos(ϑ/2)

)
, (24)

where ϑ and φ are the polar and azimuthal angles of k̃. As for the RSW node, the spectrum and the overlap factors are
independent of χ, which enters only through the signs of the BC and the OMM. The overlap factors of Eq. (1) are

Fss′(k,k
′) =

1 + s s′ cos θ

2
, cos θ = k̂ · k̂′ . (25)

For k′ = k + q with q ≪ k, we have F+− = (1− cos θ)/2 ≃ sin2 θ/4, and Eq. (3) gives the quantum metric

Q
(±)
ij (k) = Q

(+−)
ij (k) =

δij − k̂i k̂j
4 k2

(26)

for both bands. The overlap factors, the quantum metric, and the angular averages of Appendix C 1 are independent of
c, which enters the response only through the energies and the occupations.

III. RSW AT SMALL MOMENTUM-TRANSFERS

In this section, we use the Hamiltonian of Eq. (11) and restrict to q ≪ kF for every Fermi momentum kF . The response
is independent of χ and isotropic, and we set χ = 1. The spectrum is symmetric under ε → − ε together with s → − s.
It is therefore sufficient to treat µ ≥ 0, and the results for µ < 0 follow by replacing µ with |µ|. The derivations are given
in Appendix A.

A. Intrinsic limit

In the limit µ → 0+, the FSs shrink to the node, the bands s = −3/2 and s = −1/2 are filled, and the bands s = 1/2
and s = 3/2 are empty. The transitions −1/2 ↔ −3/2 and 1/2 ↔ 3/2 are therefore blocked. The transitions −3/2 ↔ 1/2,
−1/2 ↔ 3/2, and −3/2 ↔ 3/2 are unblocked but carry the weights of order q4 and q6 according to Eq. (18). Only the
transitions −1/2 → 1/2 with the energy v0 k contribute at order q2. The two time orderings of these transitions combine
into 1/(ω − v0 k)− 1/(ω + v0 k) = 2 v0 k/(ω

2 − v20 k
2). For v0 q ≪ ω ≪ v0 Λ, Eq. (5) then gives

Πinter(q, ω) =
g qi qj
(2π)3

∫
dΩ̃ k2 Q

(1/2,−1/2)
ij

∫ Λ

0

dk
2 v0 k

(ω + i 0+)2 − v20 k
2
=

g q2

3π2

∫ Λ

0

dk
2 v0 k

(ω + i 0+)2 − v20 k
2
. (27)

Evaluating the radial integral, we obtain

ReΠ(q, ω) = − g q2

3π2 v0
ln

(
v20 Λ

2

ω2

)
, ImΠ(q, ω) = − g q2

3π v0
, (28)

which do not depend on the direction of q. The dielectric function then follows from Eq. (7) as

Re ϵRPA(q, ω) = 1 +
4 g e2

3π v0
ln

(
v20 Λ

2

ω2

)
, Im ϵRPA(q, ω) =

4 g e2

3 v0
. (29)

The real part exceeds unity for ω < v0 Λ, and the imaginary part is nonzero for all ω > 0. The dielectric function therefore
has no zero, and the intrinsic system supports no undamped RPA plasmon. The interband onset vanishes, because the
transitions −1/2 → 1/2 are unblocked at every k > 0.

B. Doped regime: DOS and Drude weights

For µ > 0, the bands s = 1/2 and s = 3/2 cross the Fermi level, and the FSs are the concentric spheres k = k
(s)
F = µ/(s v0)

of Eq. (14). The DOS, the density, and the Drude weights are

ρ(µ) =
112 g µ2

27π2 v30
, ñ =

112 g µ3

81π2 v30
, Dij = π e2

∑
s=1/2,3/2

ρs ⟨V (s)
i V

(s)
j ⟩ = 4 g e2 µ2

9π v0
δij , (30)
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where ρs = g µ2/(2π2 s3 v30) is the DOS of the band s, V (s) = s v0 k̂, and ⟨k̂i k̂j⟩ = δij/3. The band s = 1/2 with the
larger FS contributes three times as much to the Drude weight as the band s = 3/2. According to Eq. (10), the bare
plasmon frequencies are isotropic and given by

ω2
p =

16 g e2 µ2

9π v0
. (31)

They scale as ωp ∝ µ ∝ ñ1/3, as for the WSM and the TSM.

C. Interband screening and plasmons

For µ > 0, the Pauli-blocking acts differently on the two transitions that carry weight at order q2. The transitions

−1/2 → 1/2 are allowed only for k > k
(1/2)
F , and the transitions 1/2 → 3/2 are allowed only for k

(3/2)
F < k < k

(1/2)
F . The

transitions −3/2 ↔ −1/2 remain blocked at every k. The lower limit of the radial integral in Eq. (27) therefore becomes

k
(1/2)
F , and the transitions 1/2 → 3/2 add a term with the weight 3/4 instead of 1 and with the finite range of k. After

adding the Drude term, we obtain

Re ϵRPA(q, ω) = 1−
ω2
p

ω2
+

4 g e2

3π v0
ln

(
v20 Λ

2

|4µ2 − ω2|

)
+

g e2

π v0
ln

(
|4µ2 − ω2|
|4µ2/9− ω2|

)
,

Im ϵRPA(q, ω) =
g e2

v0
Θ(ω − ωth)Θ(2µ− ω) +

4 g e2

3 v0
Θ(ω − 2µ) . (32)

The lowest interband onset is ωth = v0 k
(3/2)
F = 2µ/3, which is set by the band with the smaller FS. The transitions

−1/2 → 1/2 set the second onset at 2µ, where the continuum of the transitions 1/2 → 3/2 ends. The background
dielectric constant, defined by the limit ω → 0 taken after q → 0, is

ϵb = 1 +
8 g e2

3π v0
ln

(
v0 Λ

2µ

)
+

2 g e2

π v0
ln 3 . (33)

This constant is isotropic, and only its dependence on µ is independent of the regularisation. The ratio ω2
p/ω

2
th =

4 g e2/(π v0) is independent of µ.
For ω < ωth, the Drude term −ω2

p/ω
2 and the interband term of Eq. (32) both increase with ω, and Re ϵRPA is therefore

monotonic. It tends to −∞ for ω → 0 and to +∞ for ω → ω−
th, and it hence has a unique zero ω∗ below the lowest onset.

Since the interband term is at least ϵb, this zero obeys ω2
∗ ≤ ω2

p/ϵb. The imaginary part vanishes at ω∗, and the plasmon
is therefore undamped. It is isotropic, because both the Drude weight and the interband background are.

IV. RSW AT ARBITRARY MOMENTUM-TRANSFERS

In this section, we lift the restriction q ≪ kF of Sec. III. We write kµ = µ/v0 with µ > 0, which gives the Fermi momenta

k
(s)
F = kµ/s of Eq. (14). We denote the frequency in momentum units by ϖ = ω/v0. The polarisability is then g/v0 times

a function of q/kµ and ϖ/kµ, and α = g e2/v0 enters only through Eq. (7). The cut-off of the linearised description affects
only the filled bands, and we implement it as an upper limit v0 Λ on the transition energy, which reproduces Eq. (28) at
long wavelengths. A different regularisation adds a term proportional to q2 to Π and shifts ϵb by a constant, while every
nonanalytic feature remains unchanged.

A. Imaginary part of polarisability: Particle-hole continua and their edges

With k′ = |k + q|, the overlap factors of Eq. (17) depend on cos θ = (k2 + k′2 − q2)/(2 k k′). In terms of A =
(k + k′)2 − q2 and B = q2 − (k − k′)2, we have a = A/(4 k k′) and b = B/(4 k k′), and every overlap factor takes the form
Fss′ = Pss′/[64 (k k

′)3] with the cubic polynomials

P 1
2 ,

1
2
= A (A− 2B)

2
, P 3

2 ,
3
2
= A3, P 1

2 ,
3
2
= P 3

2 ,
1
2
= 3A2 B,

P− 1
2 ,

1
2
= B (2A−B)

2
, P− 3

2 ,
3
2
= B3, P− 1

2 ,
3
2
= P− 3

2 ,
1
2
= 3AB2 . (34)

For ϖ > 0, only the transitions from an occupied state at k to an empty state at k′ of higher energy contribute. The
transitions within the filled bands s = −3/2 and s = −1/2 are blocked, and eight channels remain. We label them by
λ s → s′ with s, s′ ∈ {1/2, 3/2}, where λ = + denotes the four conduction channels and λ = − the four valence channels.
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(a)

(b)

FIG. 2. RSW characteristics. (a) Particle-hole continuum and plasmon branch. (b) Derivatives of p and static dielectric function.

TABLE I. Ranges of ϖ and limits k± for each channel.

Channel Range of ϖ k− k+

1
2
→ 1

2
max{0, q

2
− 2 kµ} < ϖ < q

2
max{ q

2
−ϖ, 2 (kµ −ϖ)} 2 kµ

3
2
→ 3

2
max{0, 3 q

2
− 2 kµ} < ϖ < 3 q

2
max{ q

2
− ϖ

3
, 2
3
(kµ −ϖ)} 2 kµ

3

1
2
→ 3

2
max{0, 2 kµ

3
− q

2
, 3 q

2
− 4 kµ} < ϖ < 2 kµ + 3 q

2
max{ϖ − 3 q

2
, 1
2

(
3 q
2

−ϖ
)
, 2 (kµ −ϖ)} min{ϖ + 3 q

2
, 2 kµ}

3
2
→ 1

2
max{0, q

2
− 4 kµ

3
} < ϖ < min{ q

2
, 3 q

2
− 2 kµ} max{ 1

2

(
q
2
−ϖ

)
, 2
3
(kµ −ϖ)} min{ q

2
−ϖ,

2 kµ

3
}

− 1
2
→ 1

2
ϖ > max{ q

2
, 2 kµ − q

2
} ϖ − q

2
min{ϖ + q

2
, 2 (ϖ − kµ)}

− 1
2
→ 3

2
ϖ > max{ 4 kµ

3
− q

2
,
2 kµ

3
+ q

2
} max{ 1

2

(
ϖ − 3 q

2

)
, 3 q

2
−ϖ} min{ 1

2

(
ϖ + 3 q

2

)
, 2 (ϖ − kµ)}

− 3
2
→ 1

2
ϖ > max{ q

2
, 4 kµ − 3 q

2
} 1

2

(
ϖ − q

2

)
min{ 1

2

(
ϖ + q

2

)
, ϖ − q

2
, 2
3
(ϖ − kµ)}

− 3
2
→ 3

2
ϖ > max{ 3 q

2
, 2 kµ − 3 q

2
} 1

3

(
ϖ − 3 q

2

)
min{ 1

3

(
ϖ + 3 q

2

)
, 2
3
(ϖ − kµ)}

The conduction channels are the intraband transitions across the FS of each band and the interband transitions 1/2 ↔ 3/2.
The valence channels are the transitions from the filled bands −1/2 and −3/2 into the empty states of the bands 1/2 and
3/2. The delta function of Eq. (5) fixes k′ = (ϖ + λ s k)/s′, and the remaining integral over k is elementary. We obtain

ImΠ =
∑

λ s s′ ImΠ(λ s→s′) with

ImΠ(λ s→s′) = − g

4π v0 q s′

∫ k+

k−

dk k k′ Fλ s, s′ = − g

256π v0 q s′

∫ k+

k−

dk
Pλ s, s′

(k k′)
2 . (35)

The limits are fixed by three conditions. The first is the triangle condition |k − q| ≤ k′ ≤ k + q. The second is that the
initial state is occupied, which reads s k < kµ for λ = + with kµ = µ/v0, and holds automatically for λ = −. The third is
that the final state is empty, which reads ϖ + λ s k > kµ because s′ k′ = ϖ + λ s k. The channel is nonzero only if these
conditions leave a nonempty interval. The resulting limits and the ranges of ϖ are collected in Table I, and the closed
form of Eq. (35) is given in Appendix B 1. The imaginary part is odd in ω.
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In the intrinsic limit kµ → 0, only the four valence channels survive. For ϖ > 3 q/2, their contributions add up to

ImΠ(q, ω) = − g q2

3π v0
. (36)

This is Eq. (28) without any restriction on q/ϖ. For q/2 < ϖ < 3 q/2, the imaginary part is ImΠ(q, ω) = − g q2 f(ϖ/q)/(3π v0),
with

f(v) =
3136 v5 − 4496 v4 − 1296 v3 + 1776 v2 − 81

288 v2
−

9
(
4 v2 − 1

)2 (
28 v2 + 3

)
256 v3

ln

(
2 (2 v − 1)

2 v + 1

)
−
(
9− 4 v2

)2 (
20 v2 + 9

)
6912 v3

ln

(
2 v + 3

2 (3− 2 v)

)
, (37)

and it vanishes for ϖ < q/2. The function f jumps from 0 to 1/4 at ϖ = q/2 and from 11/12 to 1 at ϖ = 3 q/2. The two
steps have the heights − g q2/(12π v0) and − g q2/(36π v0). They are finite because the overlap factors of the channels
−1/2 → 1/2 and −3/2 → 3/2 equal unity when the two states have opposite momenta.
In the doped system, the ranges of Table I define the edges of the continuum in the (q,ϖ) plane. The intraband channels

end at the largest intraband energies s v0 q of the two bands, namely ϖ = q/2 and ϖ = 3 q/2. The interband channels
1/2 → 3/2 and −1/2 → 1/2 begin at 2 kµ/3− q/2 and 2 kµ − q/2, respectively, which reduce to the thresholds of Sec. III
for q → 0. No occupation constraint is active for ϖ > 3 q/2 + 4 kµ, and the imaginary part has reached its intrinsic value
of Eq. (36) there. Only two regions are free of single-particle excitations, namely,

3 q

2
< ϖ <

2 kµ
3

− q

2
for q <

kµ
3

and ϖ <
q

2
− 2 kµ for q > 4 kµ . (38)

The first region lies above the intraband continuum of the faster band and below the lowest interband onset. It hosts
the plasmon of Sec. III C at small q and closes at q = kµ/3. The second region lies below the intraband continuum

of the slower band and exists for q above twice the larger Fermi momentum k
(1/2)
F . The left panel of Fig. 2(a) shows

− ImΠ of Eq. (35) against q/kµ and ω/(v0 kµ), normalised by its intrinsic value. The solid and dashed black lines mark
the intraband edges and the lowest interband onset, respectively, and the plasmon branch of Sec. IVE is drawn in both
panels. The colour scale is capped at 2.5, which saturates the intraband continuum of the slower band. The right panel
zooms in on the first free region. The figure uses µ = 0.01 eV, which gives kµ = 25 eV, and the cut-off Λ = 160 eV gives
L = ln(Λ/(2 kµ)) ≃ 1.16.

B. Real part of polarisability and RPA dielectric function

The real part follows from the imaginary part of Sec. IVA by causality. The imaginary part reaches its intrinsic value
for ϖ > 3 q/2 + 4 kµ, and the difference from the intrinsic reference vanishes beyond this point. With the cut-off v0 Λ on
the transition energy, the dispersion relation therefore reduces to an integral over a finite window,

ReΠ(q, ω) = − g q2

3π2 v0

[
ln

(
v20 Λ

2

|ω2 − 9 v20 q
2/4|

)
+K(W )

]
+

2

π
P

∫ ωw

0

dω′ ω
′ [ImΠ(q, ω′)− ImΠ(0)(q, ω′)

]
ω′2 − ω2

, (39)

where ωw = v0 (3 q/2 + 4 kµ) and W = ω/(v0 q). The intrinsic imaginary part is ImΠ(0) = − g q2 f0(ω
′/(v0 q))/(3π v0),

with f0 = 0 for v < 1/2, f0 = f of Eq. (37) for 1/2 < v < 3/2, and f0 = 1 for v > 3/2. The doping dependence is contained
in the window integral, which is evaluated by a single quadrature with the closed forms of Sec. IVA. The function K
collects the intrinsic part of the dispersion relation that is not a logarithm. It is the finite integral

K(W ) = 2P

∫ 3/2

1/2

dv
v f(v)

v2 −W 2
. (40)

The function K decays as K(W ) → − 2 (1− 3 ln 2/5) /W 2 for W → ∞, and Eq. (39) then reduces to Eq. (28) for
ω ≫ v0 q. For W → 0, it tends to K(0) = 31 ln 3/2 − 40 ln 2/3 − 62/9 ≈ 0.898. The principal value is needed only for
1/2 < W < 3/2. The steps of ImΠ(0) at ω = v0 q/2 and ω = 3 v0 q/2, whose heights are given after Eq. (37), produce
the logarithmic singularities of ReΠ(0) at these two frequencies, ReΠ(0) ∼ −h g q2 ln

(
1/|ω2 − ω2

0 |
)
/(3π2 v0) with h = 1/4

and ω0 = v0 q/2, and with h = 1/12 and ω0 = 3 v0 q/2.
The RPA dielectric function of Eq. (7) follows as

Re ϵRPA(q, ω) = 1 +
4 g e2

3π v0

[
ln

(
v20 Λ

2

|ω2 − 9 v20 q
2/4|

)
+K(W )

]
− 8 e2

q2
P

∫ ωw

0

dω′ ω
′ [ImΠ(q, ω′)− ImΠ(0)(q, ω′)

]
ω′2 − ω2

,

Im ϵRPA(q, ω) =
− 4π e2

q2
ImΠ(q, ω) . (41)
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For q → 0 at fixed ω, the window integral produces the Drude term and the two interband terms of Eq. (32), and the first
line tends to the intrinsic form of Eq. (29). The derivation is given in Appendix B 2.

C. Static polarisability and screening

At ω = 0, the polarisability splits as Π = Π(0) + Πµ, as in Sec. IVB. The intrinsic part is the first line of Eq. (39) at
W = 0, namely

Π(0)(q, 0) = − g q2

3π2 v0

[
ln

(
4Λ2

9 q2

)
+K(0)

]
, (42)

with K(0) given after Eq. (40). The doping-dependent part Πµ contains only the occupied states of the bands s = 1/2
and s = 3/2, and it does not depend on Λ. Instead of the window integral of Eq. (39), we evaluate it directly from Eq. (5)
at ω = 0. The integral over k′ = |k + q| is elementary. After the sum over the final bands, the logarithms of k′ alone
cancel, and the remaining logarithms have prefactors that are even in k. The integral over the Fermi spheres is then also
elementary, and no dilogarithm appears, in contrast to the KW node of Eq. (85). The steps are given in Appendix B 3.

With x = q/(4 kµ) = q/(2 k
(1/2)
F ), the result for arbitrary q ≪ Λ is

Π(q, 0) = − g q2

3π2 v0

[
2 ln

(
Λ

2 kµ

)
+

3

2
ln 3− 38

9
+ p(x)

]
, (43)

where

p(x) =
2

3x2
− 7 ln

∣∣1− x2
∣∣− 2

3
ln
∣∣1− 9x2

∣∣+ 20

3
ln

∣∣∣∣1− 9x2

4

∣∣∣∣
+ a(x) ln

∣∣∣∣1 + x

1− x

∣∣∣∣+ b(x) ln

∣∣∣∣1 + 3x

1− 3x

∣∣∣∣+ c(x) ln

∣∣∣∣2 + 3x

2− 3x

∣∣∣∣ , (44)

and

a(x) =
9x6 − 45x4 − 21x2 + 1

8x3
, b(x) =

(
9x2 + 1

) (
81x4 − 90x2 + 1

)
648x3

,

c(x) = − 729x6 − 2187x4 − 648x2 + 16

324x3
. (45)

The static polarisability is negative for every q, because f0(εs(k))− f0(εs′(k
′)) and εs(k)− εs′(k

′) have opposite signs in
every term of Eq. (5). The cut-off enters only through the first term in the square bracket of Eq. (43), which multiplies
q2 and shifts the dielectric function by a constant. The static dielectric function follows from Eq. (7) as

ϵRPA(q, 0) = 1 +
4α

3π

[
2 ln

(
Λ

2 kµ

)
+

3

2
ln 3− 38

9
+ p(x)

]
, (46)

and it exceeds unity.

The function p is analytic except at x = 1/3, 2/3, and 1, which correspond to q = 2 k
(3/2)
F , q = k

(1/2)
F + k

(3/2)
F , and

q = 2 k
(1/2)
F , respectively. At these momentum transfers, the argument of one of the logarithms vanishes. The prefactor of

that logarithm vanishes as (q − q0)
ℓ with ℓ = 4, 3, and 2, respectively, and the ℓth derivative of Π(q, 0) therefore diverges

logarithmically at q0. The singularity at q = 2 k
(1/2)
F is the strongest, and the three singularities are examined in Sec. IVD.

For q ≪ kµ, we expand Eq. (44) in x and obtain p(x) = 7/(9x2) + 4x2/5 +O(x4), which gives

Π(q, 0) = − ρ− g q2

3π2 v0

[
2 ln

(
Λ

2 kµ

)
+

3

2
ln 3− 38

9

]
− g q4

60π2 v0 k2µ
+O

(
q6
)
, (47)

with the DOS ρ of Eq. (30). The expansion converges for q < 2 k
(3/2)
F = 4 kµ/3. The first term is the intraband screening

of both FSs. The logarithmic part of the second term is the interband contribution, which reproduces ϵb of Eq. (33), and
the constant − 38/9 is the curvature correction of the intraband response. The corresponding static dielectric function is

ϵRPA(q, 0) =
q2TF

q2
+ ϵb −

152α

27π
+

α

15π

q2

k2µ
+O

(
q4
)
, q2TF = 4π e2 ρ =

448αk2µ
27π

. (48)

The Thomas-Fermi wavevector receives contributions from both FSs. The band s = 1/2 with the larger FS provides 27/28
of the DOS, and qTF is independent of Λ.
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For q ≫ kµ, the doping correction to the polarisability decays as q−2,

Π(q, 0) = Π(0)(q, 0)−
6272 g k4µ

1215π2 v0 q2
+O

(
k6µ
q4

)
, (49)

and the static dielectric function approaches its intrinsic form,

ϵRPA(q, 0) = 1 +
4α

3π

[
ln

(
4Λ2

9 q2

)
+K(0)

]
+

25088α

1215π

k4µ
q4

+O

(
k6µ
q6

)
, (50)

for kµ ≪ q ≪ Λ. The screening at wavevectors well above the Fermi momenta is therefore the same as in the undoped
system. In the opposite limit µ → 0+ at fixed q, Eq. (43) reduces to Eq. (42).
The static dielectric function of Eq. (46) is shown in the right panel of Fig. 2(b). It exceeds unity and diverges as

q2TF/q
2 for q → 0. The Thomas-Fermi form of Eq. (48) is drawn as a dashed line for q ≤ kµ. It agrees closely with the full

result and is therefore not separately visible. The dotted vertical lines mark the Kohn momenta q = 4 kµ/3 and 8 kµ/3.
The third Kohn momentum, q = 4 kµ, coincides with the right edge of the plot. The curve and its first derivative remain
continuous there, since the singularities appear only in the second and higher derivatives of Π(q, 0).

D. Friedel oscillations

A static impurity of charge Z e that attracts the electrons induces a density δn(r) in the Fermi sea. Within the RPA,
its Fourier transform is

δn(q) = Z

[
1− 1

ϵRPA(q, 0)

]
, (51)

with ϵRPA(q, 0) of Eq. (46). It tends to Z for q → 0, which expresses perfect screening. The response is isotropic, and the
density in real space is

δn(r) =
1

2π2 r

∫ ∞

0

dq q sin(q r) δn(q) . (52)

Equation (47) contains only even powers of q, and δn(q) is therefore analytic around q = 0. It is also analytic at every

q > 0 except for the three momenta of Sec. IVC, namely q1 = 2 k
(1/2)
F = 4 kµ, q2 = k

(1/2)
F + k

(3/2)
F = 8 kµ/3, and

q3 = 2 k
(3/2)
F = 4 kµ/3. For r ≫ 1/kµ, the neighbourhoods of these momenta therefore determine the integral, and the

smooth remainder gives no algebraic tail. The derivations are given in Appendix B 4.
Near xi = qi/(4 kµ), the logarithm of Eq. (44) with the vanishing argument has a prefactor with a zero of order ℓi. The

singular part of the function p is then

p(x) = preg(x) +Ai (x− xi)
ℓi ln |x− xi|+ . . . , (xi, ℓi, Ai) =

(
1, 2,− 3

2

)
,

(
2

3
, 3,

27

4

)
,

(
1

3
, 4,− 81

4

)
, (53)

for i = 1, 2, 3, respectively. Here preg is analytic at xi, and the dots denote terms of higher order in x−xi. The exponents
are fixed by the overlap factors at backscattering. For k′ = −k, we have a = 0 and b = 1, and Eq. (17) gives F 1

2 ,
1
2
≃ 4 a,

F 1
2 ,

3
2
≃ 3 a2, and F 3

2 ,
3
2
= a3. These channels are responsible for the singularities at q1, q2, and q3, respectively. In each

case, ℓi exceeds by one the power of a with which the overlap factor vanishes, which gives the familiar value ℓ = 1 for a
parabolic band, whose overlap factor equals unity.
The left panel of Fig. 2(b) tests Eq. (53). Near xi, the ℓith derivative of p equals ℓi!Ai ln |x− xi| plus a finite function.

After division by ℓi!Ai and a constant shift, the derivatives for ℓi = 2, 3, and 4 should therefore collapse onto a line of
unit slope in ln |x − xi| on both sides of xi. The figure shows them against log10

(
|x− xi|/10−4

)
, with solid and dashed

lines for the two sides of xi and the unit-slope line dotted. The derivatives for ℓi = 2 and 3 follow this line over the whole
range shown, whereas that for ℓi = 4 departs from it for |x− xi| ≳ 10−4, where higher-order terms become visible.
At the three momenta, the dielectric function is finite, and we denote ϵi = ϵRPA(qi, 0). It follows from Eq. (46) with

p

(
1

3

)
= 6 +

55

2
ln 3− 42 ln 2 ≃ 7.0997 , p

(
2

3

)
=

3

2
+

815

64
ln 3 +

40

3
ln 2− 2675

192
ln 5 ≃ 2.3089 ,

p(1) =
2

3
+

2125

162
ln 5− 2386

81
ln 2 ≃ 1.3602 . (54)

The logarithm with the vanishing argument does not contribute to these values, and the cut-off enters ϵi only through the
term 2 ln (Λ/(2 kµ)) of Eq. (46).
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The power-law tails follow from the singular parts of Eq. (51). Near qi, the induced density behaves as δn(q) ≃
Ci (q − qi)

ℓi ln |q − qi| with

Ci =
4Z α

3π ϵ2i

Ai

(4 kµ)
ℓi
. (55)

The Fourier transform of tℓ ln |t| is proportional to r−ℓ−1 for large r. Inserting this into Eq. (52), we find

δn(r) ≃ − Z α

2π2 ϵ21

sin(4 kµ r)

kµ r4
+

9Z α

8π2 ϵ22

cos(8 kµ r/3)

k2µ r
5

+
27Z α

16π2 ϵ23

sin(4 kµ r/3)

k3µ r
6

, (56)

for r ≫ 1/kµ, with corrections that are smaller by the factors of 1/(qi r).
The slowest decay comes from the backscattering across the larger FS, and it dominates the density at large distances.

It is one power of r faster than the r−3 of a parabolic band in three dimensions, because the overlap factor suppresses
backscattering within the band s = 1/2. The terms with odd ℓi are proportional to the cosine and those with even ℓi to
the sine, owing to the factor iℓi in the transform. The intraband singularity of the faster band has the weakest effect, since
its overlap factor a3 is the most strongly suppressed. Figure 4 plots the density of Eq. (52) together with the asymptotic
form of Eq. (56), and Sec. VIIG compares the other nodes.

E. Plasmon dispersion and Landau damping

We consider q → 0 and the first free region of Eq. (38), which lies between the intraband edge ϖ = 3 q/2 of the faster
band and the lowest interband onset ϖ = 2 kµ/3−q/2. The onset tends to ωth/v0 of Sec. III C for q → 0. The polarisability
contains only even powers of q there, Π = q2 Π2 + q4 Π4 + . . . , as the steps of Appendix B 5 show. The term Π2 is fixed
by the dielectric function of Eq. (32), whose real part ϵ0(ω) = 1− 4π e2 Π2 consists of the Drude term and the interband
screening. The new ingredient is Π4. With ϖ = ω/v0, it is given by

Π4 =
g

240π2 v0
P̃(ϖ) , (57)

where

P̃(ϖ) =
48 k2µ
ϖ4

− 40

ϖ2
+

23

ϖ2 − 4 k2µ
+

184 k2µ(
ϖ2 − 4 k2µ

)2 − 27

9ϖ2 − 4 k2µ
−

216 k2µ(
9ϖ2 − 4 k2µ

)2
+

24

ϖ2
ln

( (
16 k2µ −ϖ2

) (
16 k2µ − 9ϖ2

)
16
(
4 k2µ −ϖ2

) (
4 k2µ − 9ϖ2

)) . (58)

The arguments of all the logarithms are positive for ϖ < 2 kµ/3. No cut-off enters, in contrast to Π2. The first two terms

of P̃ originate from the intraband transitions of the two bands, and the remaining terms originate from the interband
transitions. The expansion requires that ω is far from the edges of the free region on the scale of v0 q. The intermediate
steps are given in Appendix B 5.
Within the RPA, Re ϵRPA = ϵ0 − 4π e2 q2 Π4 +O

(
q4
)
, with 4π e2 g/(240π2 v0) = α/(60π). We define

D(ω) = ∂ω2ϵ0 =
ω2
p

ω4
+

α

3π (4µ2 − ω2)
+

α

π (4µ2/9− ω2)
. (59)

All three terms are positive for ω < ωth, and hence D > 0 in the free region. The zero of Re ϵRPA obeys ϵ0 = α q2 P̃/(60π),
and it is an analytic function of q2 near q = 0. To order q2, it is

ω2
∗(q) = ω2

∗(0) +
α q2

60π

P̃(ω∗/v0)

D(ω∗)

∣∣∣∣∣
ω∗=ω∗(0)

, (60)

where ω∗(0) is the unique zero below the lowest onset found in Sec. III C. The plasmon lies inside the free region for small
q and is undamped.
For α → 0, we have ω2

∗(0) ≃ ω2
p ≪ ω2

th and D → ω2
p/ω

4
∗. The first term of P̃ dominates, since the other terms are

smaller by the factor ω2
p/µ

2 ∝ α, and Eq. (60) reduces to

ω2
∗(q) = ω2

p +
9

20
v20 q

2 . (61)
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This is the Bohm-Gross dispersion [50]. The coefficient equals 3/5 times the ratio
∑

s ρs V
4
s /
∑

s ρs V
2
s , where ρs ∝ s−3

and Vs = s v0 are the DOS and the Fermi speed of the band s. This ratio is 3 v20/4, which is smaller than the value v20 for
the WSM, because the slower band s = 1/2 carries three times the Drude weight of the band s = 3/2. The corrections to
Eq. (61) are of relative order α.
For larger q, the zero leaves the free region through the intraband edge ϖ = 3 q/2 or through the onset ϖ = 2 kµ/3−q/2,

whichever it reaches first, at the wavevector qmax. It is found by solving Re ϵRPA = 0 on the relevant boundary, with ReΠ
of Eq. (39). We write ϵ0 = 1 + α F̃(ω) with F̃ independent of α. By Appendix A 4, F̃ increases strictly from −∞ to

+∞ on (0, ωth). The condition F̃(ω∗(0)) = − 1/α then shows that ω∗(0) increases with α and stays below the unique

zero ω∞ < ωth of F̃ . The plasmon therefore never starts at the onset, and for α → 0 it starts far below it, because
ω2
p/ω

2
th = 4α/π. Since the free region closes at q = kµ/3, we have qmax ≤ kµ/3. The expansion in q is not controlled near

the edges of the free region, and Eq. (60) is therefore not used to locate qmax.
For q > qmax, the zero of Re ϵRPA lies inside the continuum, where Im ϵRPA = −

(
4π e2/q2

)
ImΠ ̸= 0, and the mode is

Landau damped with the rate γ = Im ϵRPA/∂ω Re ϵRPA at ω = Re ω∗, provided that γ is small compared with the scales
on which Im ϵRPA and Re ϵRPA vary. We do not give γ in closed form, because ∂ω Re ϵRPA at the zero requires ReΠ at
finite q close to the edges of the continuum, where it is available only through Eq. (39). For q < kµ/3, Table I shows the
origin of the damping. Only the intraband transitions of the faster band s = 3/2 contribute for q/2 < ϖ < 3 q/2, those of
the band s = 1/2 are added for ϖ < q/2, and the interband transitions 1/2 → 3/2 set in at ϖ = 2 kµ/3− q/2. For q ≪ kµ
and q/2 < ϖ < 3 q/2, we obtain

Im ϵRPA(q, ω) =
16α

81

k2µ ϖ

q3
, (62)

to leading order in q/kµ at fixed ϖ/q, which is the Landau damping of a 3d Fermi gas with the Fermi speed 3 v0/2 and
the DOS of the band s = 3/2. For kµ/3 < q < 4 kµ, the continua overlap, and the whole range ϖ > 0 is damped, as shown
in Sec. IVA.
The plasmon branch of Eq. (60) is shown in Fig. 2(a). It rises with q from ω∗(0), which lies below the lowest onset,

and leaves the window through the onset ω = v0 (2 kµ/3− q/2) for the parameters of the figure. It is drawn as a solid
line inside the free window in both panels. The continuation of the q2 formula beyond the window is drawn as a dashed
line and serves only as a guide to the eye, because the zero of Re ϵRPA lies inside the continuum there and the mode is
damped.

V. KW AT SMALL MOMENTUM-TRANSFERS

In this section, we use the Hamiltonian of Eq. (20) with c > 0 and restrict to q ≪ kF for every Fermi momentum kF .
The response is independent of χ and isotropic, and we set χ = 1. The spectrum is not symmetric under ε → − ε, and we
consider µ ≥ 0, for which both bands cross the Fermi level. It is convenient to introduce

R =

√
1 +

4 c µ

v0
, k

(1)
F =

R− 1

2 c
, k

(−1)
F =

R+ 1

2 c
, (63)

which satisfy k
(−1)
F −k

(1)
F = 1/c for every µ. Both FSs have the same Fermi speed v0 R, since vs(k

(s)
F ) = v0

(
s+ 2 c k

(s)
F

)
=

v0 R. The cut-off Λ must satisfy k
(−1)
F ≪ Λ, and it does not enter the results below. The derivations are given in

Appendix C.

A. Intrinsic limit

In the limit µ → 0+, we have k
(1)
F → 0 and k

(−1)
F → 1/c. The band s = 1 is empty, and the band s = −1 is filled

for k < 1/c, where its energy v0 k (c k − 1) is negative. In contrast to the RSW node, the limit is therefore not an
undoped semimetal, because the band s = −1 retains an FS at k = 1/c. The Drude weight of this FS is considered in
Sec. VB. Here we collect the interband response. The transitions −1 → 1 are unblocked for 0 < k < 1/c, and their energy
ε1 − ε−1 = 2 v0 k is independent of c. By Eq. (26), they are the only transitions in the model, and they carry the weight

qi qj Q
(+−)
ij at order q2. The two time orderings combine into 1/(ω − 2 v0 k) − 1/(ω + 2 v0 k) = 4 v0 k/(ω

2 − 4 v20 k
2). For

v0 q ≪ ω, Eq. (5) then gives

Πinter(q, ω) =
g qi qj
(2π)3

∫
dΩ̃ k2 Q

(+−)
ij

∫ 1/c

0

dk
4 v0 k

(ω + i 0+)2 − 4 v20 k
2
=

g q2

12π2

∫ 1/c

0

dk
4 v0 k

(ω + i 0+)2 − 4 v20 k
2
. (64)
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Evaluating the radial integral, we obtain

ReΠinter(q, ω) = − g q2

24π2 v0
ln

∣∣∣∣ 4 v20c2 ω2
− 1

∣∣∣∣ , ImΠinter(q, ω) = − g q2

24π v0
Θ(2 v0/c− ω) , (65)

and the interband part of the dielectric function follows from Eq. (7) as

Re ϵRPA
inter(q, ω) = 1 +

g e2

6π v0
ln

∣∣∣∣ 4 v20c2 ω2
− 1

∣∣∣∣ , Im ϵRPA
inter(q, ω) =

g e2

6 v0
Θ(2 v0/c− ω) . (66)

The scale 2 v0/c takes the role that the cut-off plays for the Weyl node, and the logarithmic divergence at small ω is the
same. The imaginary part is nonzero for every 0 < ω < 2 v0/c, and no undamped mode exists in this range.

B. Doped regime: DOS and Drude weights

For µ > 0, the FSs are the concentric spheres k = k
(1)
F and k = k

(−1)
F of Eq. (63), which are both electron-like. Because

the Fermi speeds are equal, the DOS of the band s is ρs = g
(
k
(s)
F

)2
/(2π2 v0 R). The DOS, the density measured from

µ = 0, and the Drude weights are

ρ(µ) =
g
(
R2 + 1

)
4π2 c2 v0 R

, ñ =
g
[
R
(
R2 + 3

)
− 4
]

24π2 c3
, Dij =

g e2 v0 R
(
R2 + 1

)
12π c2

δij . (67)

The contributions of the two bands to Dij are in the ratio (R− 1)2 : (R+ 1)2, and the band s = −1 with the larger FS
dominates. According to Eq. (10), the bare plasmon frequencies are isotropic and given by

ω2
p =

g e2 v0 R
(
R2 + 1

)
3π c2

. (68)

For µ → 0+, we have R → 1, and ω2
p tends to the finite value 2 g e2 v0/(3π c2), which is contributed by the FS at

k = 1/c. For c µ/v0 ≫ 1, the dispersion is dominated by the quadratic term, and Eq. (68) reduces to ω2
p = 8π e2 c v0 ñ

with ωp ∝ µ3/4 ∝ ñ1/2, which is the plasma frequency of a parabolic band with the effective mass 1/(2 c v0). The limit
c → 0 at fixed µ is not smooth, because the FS of the band s = −1 moves to infinity, and the WSM result is recovered
only after discarding this band.

C. Interband screening and plasmons

For µ > 0, the transitions −1 → 1 are allowed only in the window k
(1)
F < k < k

(−1)
F , where the band s = −1 is filled

and the band s = 1 is empty. For k < k
(1)
F , both bands are filled, and for k > k

(−1)
F , both are empty. The limits of the

radial integral in Eq. (64) are therefore replaced by k
(1)
F and k

(−1)
F . The window of the transition energies has the lower

edge ωth and the upper edge ωmax,

ωth = 2 v0 k
(1)
F =

v0 (R− 1)

c
, ωmax = 2 v0 k

(−1)
F =

v0 (R+ 1)

c
, (69)

with the fixed width ωmax − ωth = 2 v0/c. After adding the Drude term, we obtain

Re ϵRPA(q, ω) = 1−
ω2
p

ω2
+

g e2

6π v0
ln

(∣∣ω2 − ω2
max

∣∣
|ω2 − ω2

th|

)
, Im ϵRPA(q, ω) =

g e2

6 v0
Θ(ω − ωth)Θ(ωmax − ω) . (70)

The background dielectric constant, defined by the limit ω → 0 taken after q → 0, is

ϵb = 1 +
g e2

3π v0
ln

(
R+ 1

R− 1

)
. (71)

It is isotropic and independent of Λ, and it diverges logarithmically for µ → 0+. In contrast to the RSW node, the ratio
ω2
p/ω

2
th depends on c µ/v0.

Since the continuum occupies only the finite window (ωth, ωmax), the real part of the dielectric function diverges
logarithmically at each edge, and two undamped modes exist at long wavelengths. For ω < ωth, the Drude term and the
interband term both increase with ω, and the real part tends to −∞ for ω → 0 and to +∞ for ω → ω−

th. It hence has
a unique zero ω∗ below the onset, which obeys ω2

∗ ≤ ω2
p/ϵb, since the interband term is at least ϵb. For ω > ωmax, the

real part increases monotonically from −∞ at ω+
max to 1 for ω → ∞, which gives a second unique zero ω′

∗. The logarithm
is negative in this range, and ω′

∗ > ωp therefore holds in addition to ω′
∗ > ωmax. The imaginary part vanishes at both

zeros, and both plasmons are undamped. The upper mode lies within the validity of the linearised description only for
ω′
∗ ≪ v0 Λ. Both modes are isotropic, because the Drude weight and the interband background are.
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VI. KW AT ARBITRARY MOMENTUM-TRANSFERS

In this section, we lift the restriction q ≪ kF of Sec. V for the KW node, with c > 0, µ > 0, and ϖ = ω/v0. The
eigenstates do not depend on c. The overlap factors of Eq. (25) therefore remain functions of cos θ = (k2+k′2−q2)/(2 k k′)

alone, and the quadratic term enters only through the energies. We use the Fermi momenta k1 = k
(1)
F and k2 = k

(−1)
F and

the quantity R of Eq. (63), which obey k2 − k1 = 1/c and k1 + k2 = R/c. We also define Σ = k+ k′ and Ď = k′ − k with
k′ = |k + q|. These satisfy |Ď| ≤ q ≤ Σ. The occupations are n1(k) = Θ(k1 − k) and n−1(k) = Θ(k2 − k). In contrast
to the TSM, the filled states of both bands are bounded in momentum space. No cut-off enters the response, and the
polarisability has the prefactor g/v0 and depends on q, ϖ, c, and k1 only.

The transition energies are

εs(k
′)− εs(k) = v0 Ď (s+ cΣ) , ε1(k

′)− ε−1(k) = v0 Σ
(
1 + c Ď

)
, (72)

for the intraband transitions of the band s = ±1 and for the transitions −1 → 1, respectively. The transitions from the
filled states of the band s = 1 into the empty states of the band s = −1 require k′ − k > k2 − k1 = 1/c and are therefore
absent for q < 1/c. Three channels remain, namely the intraband transitions of each of the two bands and the transitions
−1 → 1. We assume c q < 1 in this section, which suffices for the real part and the static response. The imaginary part of
Sec. VIA is derived for 2 c q < 1, which guarantees that the energies of Eq. (72) are monotonic on the relevant domains
and fixes the continuum onset for q ≥ k1, as shown in Appendix D1.

A. Imaginary part of polarisability: Particle-hole continua and their edges

1. Continuum edges

The intraband transitions of the two bands have a common upper edge. For the band s, the largest energy at fixed q
belongs to the collinear transition k → k + q from the Fermi momentum ks. Since s + 2 c ks = R for both bands, the
energy is v0 q (R+ c q) in both cases. The lower edge of the band s = −1 is zero for every q, because q < 2 k2 allows
k = k′ = k2. For the band s = 1, it is zero for q ≤ 2 k1 and nonzero beyond. The edges are

ϖ+(q) = q (R+ c q) , ϖ
(1)
− (q) = (q − 2 k1) (1 + c q)Θ (q − 2 k1) , ϖ

(−1)
− (q) = 0 . (73)

For q → 0, the upper edge is tangent to the line ϖ = R q, which is the line ω = VF q with the Fermi velocity VF = v0 R
of both bands.

The transitions −1 → 1 connect a filled state at k < k2 to an empty state at k′ > k1. At fixed Ď, the energy of Eq. (72)
increases with Σ, and the allowed range of Σ is max{q, 2 k1 − Ď} < Σ < 2 k2 + Ď. The continuum is therefore bounded
from above, and its onset and upper edge are

ϖth(q) =

{
min {(2 k1 − q) (1 + c q) , (2 k1 + q) (1− c q)} for q ≤ k1
q (R− c q) for q ≥ k1

, ϖmax(q) = (2 k2 + q) (1 + c q) . (74)

The first entry of the minimum applies for R ≤ 2 and the second for R ≥ 2, because the difference of the two entries is
2 q (2−R). For R > 2, we have k1 > 1/(2 c) > q, and only the first line of Eq. (74) is relevant. For q → 0, we obtain
ϖth → 2 k1 and ϖmax → 2 k2, which are the edges ωth/v0 and ωmax/v0 of Eq. (69).

The intraband continuum of the band s = −1 reaches ϖ → 0 for every q, which leaves no region free of excitations at
low frequencies, in contrast to the TSM at q > 2 kF . Two regions are free of single-particle excitations. The first lies above
the intraband continua and below the interband onset, ϖ+(q) < ϖ < ϖth(q). It hosts the lower plasmon of Sec. VC. The
window closes at the wavevector where ϖ+ = ϖth, which is

qc =


√
2R− 1− 1

2 c
for R ≤ 2

√
R2 − 1− (R− 1)

2 c
for R ≥ 2

. (75)

For q > qc, the interband continuum overlaps the intraband continua, and the region 0 < ϖ < ϖmax is covered without a
gap. The second free region lies above the interband continuum, ϖ > ϖmax(q), and it contains the upper zero of Sec. VC
at long wavelengths. It exists for every q because the interband continuum has an upper edge. The intermediate steps are
given in Appendix D1.
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2. Spectral weight of individual channels

For ϖ > 0, the delta function of the imaginary part removes one integration variable in each channel, and the remaining
integrand is a rational function. We define r± =

√
R2 ± 4 cϖ and the primitives

G+(Σ) =
Σ2

2 c
− Σ

c2
+

1− c2 q2

c3
ln(1 + cΣ) , G−(Σ) =

Σ2

2 c
+

Σ

c2
+

1− c2 q2

c3
ln(cΣ− 1) ,

G0(Ď) = − Ď2

2 c
+

Ď

c2
− 1− c2 q2

c3
ln
(
1 + c Ď

)
, (76)

which are the antiderivatives of
(
Σ2 − q2

)
/ (1 + cΣ),

(
Σ2 − q2

)
/ (cΣ− 1), and

(
q2 − Ď2

)
/
(
1 + c Ď

)
, respectively. The

intraband channels are

ImΠ1,1(q, ω) = − g

32π v0 q

[
G+

(
Σ

(1)
+

)
− G+

(
Σ

(1)
−

)]
,

Σ
(1)
+ =

R− 2 + r+
2 c

, Σ
(1)
− = max

{
q, 2 k1 − q,

ϖ − q

c q
,
R− 2 + r−

2 c

}
,

ImΠ−1,−1(q, ω) = − g

32π v0 q

[
G−

(
Σ

(−1)
+

)
− G−

(
Σ

(−1)
−

)]
,

Σ
(−1)
+ =

R+ 2 + r+
2 c

, Σ
(−1)
− = max

{
2 k2 − q,

q +ϖ

c q
,
R+ 2 + r−

2 c

}
. (77)

Each contribution vanishes for ϖ ≥ ϖ+ and whenever the upper limit does not exceed the lower limit, which reproduces

ϖ
(1)
− of Eq. (73). The last entry of each maximum is absent for ϖ > R2/(4 c), where r− is imaginary. The transitions

−1 → 1 contribute

ImΠ−1,1(q, ω) = − g

32π v0 q

{ [
G0

(
min{Ďb, Ď−}

)
− G0

(
Ďa

)]
Θ
(
min{Ďb, Ď−} − Ďa

)
+
[
G0

(
Ďb

)
− G0

(
max{Ďa, Ď+}

)]
Θ
(
Ďb −max{Ďa, Ď+}

)}
,

Ďa = max

{
− q,

−R− 2 + r+
2 c

}
, Ďb = min

{
q,

ϖ − q

c q

}
, Ď∓ =

R− 2∓ r−
2 c

, (78)

for ϖ < R2/(4 c). For ϖ > R2/(4 c), the excluded interval between Ď− and Ď+ is absent, and only the combination
G0(Ďb)− G0(Ďa) with the Heaviside function Θ(Ďb − Ďa) remains. The interval (Ď−, Ď+) is excluded because the final
states of the transitions with these values of Ď lie in the filled region of the band s = 1 and are Pauli-blocked, as shown
in Appendix D1. The contribution vanishes for ϖ < ϖth and for ϖ > ϖmax.

3. Total spectral function and absorption

For ω > 0, the imaginary part is the sum of the three channels,

ImΠ(q, ω) = ImΠ1,1 + ImΠ−1,−1 + ImΠ−1,1 , (79)

and it is odd in ω. The imaginary part of the dielectric function is Im ϵRPA = −V(q) ImΠ, which equals α/(8 q3) times
the sum of the differences of the primitives in Eqs. (77) and (78). For q → 0 at fixed ϖ/q < R, the intraband channels
reduce to

ImΠs,s(q, ω) → − g k2s ϖ

4π v0 R2 q
Θ(R q −ϖ) = − π ρs ω

2VF q
Θ(VF q − ω) , (80)

with ρs = g k2s/(2π
2 v0 R) and VF = v0 R, which is the Landau damping of a 3d Fermi gas with the Fermi velocity VF .

For the transitions −1 → 1, we obtain ImΠ−1,1 → − g q2/(24π v0) for 2 k1 < ϖ < 2 k2 and zero otherwise, in agreement
with Eq. (65). At finite q, the absorption of the transitions −1 → 1 is not constant between the edges, and it is bounded
by its value for the full range of Ď,

ImΠfull
−1,1 = − g

32π v0 q

[
2 q

c2
− 1− c2 q2

c3
ln

(
1 + c q

1− c q

)]
, (81)

which is the value of Eq. (78) when none of the constraints on Ď is active. For c q → 0, it reduces to − g q2/(24π v0).
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(a)

(b)

FIG. 3. KW characteristics. (a) Particle-hole continuum and distance of the lower plasmon from the onset. (b) Second derivative
of Π(q, 0) and static dielectric function.

The particle-hole continua are shown in Fig. 3(a). The left panel displays − ImΠ of Eqs. (77) and (78) against q/kµ
and ω/(v0 kµ), normalised by the plateau value g q2/(24π v0) of the transitions −1 → 1. The colour scale is capped at 2.5.
The solid black line is the upper intraband edge ω = v0 q (R+ c q), which is common to both bands. The dashed black
lines are the interband onset ωth(q) and the upper edge ωmax(q) of Eq. (74). In contrast to the RSW node, the interband
window is finite, and the region above ωmax(q) is free of excitations. The normalised absorption inside the window is close
to unity at small q, as expected for the plateau. The lower plasmon discussed in Sec. VIE lies too close to the onset to be
resolved as a branch in the left panel. The right panel shows its distance 1−ω∗(0)/ωth from the onset against c µ/v0, with
the dot marking the parameters of the left panel. This distance is very small for all the values shown. The upper plasmon
lies above the cut-off v0 Λ for the parameters of the figure and is not shown. The free window below the onset closes at qc
of Eq. (75). The figure uses µ = 0.01 eV and c = 0.02, which give kµ = 25 eV, R =

√
3, k

(1)
F ≃ 18.3 eV, k

(−1)
F ≃ 68.3 eV,

and qc ≃ 14.2 eV.

B. Real part of polarisability and RPA dielectric function

The filled states of both bands are bounded in momentum space, and the dispersion relation with an intrinsic reference,
which was needed for the TSM, is hence not required. We evaluate Eq. (5) directly, with the notation of the opening of
this section. The results of this subsection require only c q < 1.

In the variables Σ and Ď, the measure is d3k = π
(
Σ2 − Ď2

)
dΣ dĎ/(4 q), and the overlap factors of Eq. (25) are

Fss =
(
Σ2 − q2

)
/
(
Σ2 − Ď2

)
and F−1,1 =

(
q2 − Ď2

)
/
(
Σ2 − Ď2

)
. The factor Σ2 − Ď2 thus cancels in every channel. In

the intraband channels, the integral over Ď at fixed Σ is elementary. In the interband channel, the integral over Σ at fixed
Ď is elementary. Each gives a logarithm, and a single integral remains in every channel. We obtain

ReΠ(q, ω) = − g

32π2 v0 q
[N1,1 +N−1,−1 +N−1,1] , (82)
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with

N1,1 =

∫ 2 k1+q

Σa

dΣ
Σ2 − q2

1 + cΣ
ln


∣∣∣ϖ2 − q2 (1 + cΣ)

2
∣∣∣∣∣∣ϖ2 − (Σ− 2 k1)

2
(1 + cΣ)

2
∣∣∣
 , Σa = max{q, 2 k1 − q},

N−1,−1 =

∫ 2 k2+q

2 k2−q

dΣ
Σ2 − q2

cΣ− 1
ln


∣∣∣ϖ2 − q2 (cΣ− 1)

2
∣∣∣∣∣∣ϖ2 − (Σ− 2 k2)

2
(cΣ− 1)

2
∣∣∣
 ,

N−1,1 =

∫ q

−q

dĎ
q2 − Ď2

1 + c Ď
ln


∣∣∣ϖ2 −

(
2 k2 + Ď

)2 (
1 + c Ď

)2∣∣∣∣∣∣ϖ2 − Σ2
l

(
1 + c Ď

)2∣∣∣
 , Σl = max{q, 2 k1 − Ď}. (83)

The three terms are the contributions of the intraband transitions of the band s = 1, those of the band s = −1, and
the transitions −1 → 1, respectively. For q ≤ k1, we have Σa = 2 k1 − q and Σl = 2 k1 − Ď for every Ď in the range
of integration. The integrands are regular, apart from the integrable logarithmic singularities at the frequencies of the
continuum edges, and Eq. (82) is the principal value. The result is even in ω and independent of Λ. The dielectric function
follows from Eq. (7) as

Re ϵRPA(q, ω) = 1 +
α

8π q3
[N1,1 +N−1,−1 +N−1,1] , (84)

with α = g e2/v0. For q → 0 at fixed ω, the intraband terms give g k21 R q2/(6π2 v0 ϖ
2) and g k22 R q2/(6π2 v0 ϖ

2). Their
sum is the Drude term of Eq. (68). The interband term gives −

(
g q2/(24π2 v0)

)
ln
(∣∣ϖ2 − 4 k22

∣∣ / ∣∣ϖ2 − 4 k21
∣∣), which is

the interband screening of Eq. (70). The intermediate steps are given in Appendix D2.

C. Static polarisability and screening

At ω = 0, the logarithms of Eq. (83) reduce to 2 ln |x| with the transition energy x, and the factors 1 + cΣ, cΣ − 1,
and 1 + c Ď cancel inside the logarithms. After the shift Σ = 2 ks + x, the two intraband integrals have the common
denominator R+ c x and combine. The dependence on the limits Σa and Σl cancels between the intraband channel of the
band s = 1 and the transitions −1 → 1. The result therefore holds for every c q < 1, irrespective of the relation of q to k1
and to 2 k1, and it is

Π(q, 0) =
− g

16π2 v0 c3 q
B(c q) , B(u) = 4Ru+ E(1 + u)− E(1− u) +

(
1− u2

)
[2 Ξ(u)− Ξ(1 + u) + Ξ(1− u)] , (85)

with

E(t) = (R+ t) (4 +R− t) ln|R+ t|
2

+
(R− t) (4−R− t) ln|R − t|

2
−R t , Ξ(t) = Re Li2

(
t

R

)
− Li2

(
− t

R

)
, (86)

where Li2 is the dilogarithm. The real part is needed only for t > R, which occurs for q > 2 k1 in the arguments 1 + u.
The static polarisability is negative for every q, because ns(k) − ns′(k

′) and εs(k) − εs′(k
′) have opposite signs in every

term of Eq. (5). The static dielectric function follows from Eq. (7) as

ϵRPA(q, 0) = 1 +
α

4π c3 q3
B(c q) , (87)

and it exceeds unity.
For q ≪ k1, we expand Eq. (85) in c q and obtain

Π(q, 0) = − ρ− g q2

12π2 v0
ln

(
R+ 1

R− 1

)
+

g q2

4π2 v0

(
1

R
− 1

9R3

)
+O(q4), (88)

with the DOS ρ of Eq. (67). The first term is the intraband screening of both FSs. The second term is the interband part,
which reproduces ϵb of Eq. (71). The third term is the curvature correction of the intraband response. The corresponding
static dielectric function is

ϵRPA(q, 0) =
q2TF

q2
+ ϵb −

α

π

(
1

R
− 1

9R3

)
+O(q2), q2TF = 4π e2 ρ =

α
(
R2 + 1

)
π c2 R

. (89)
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The Thomas-Fermi wavevector qTF receives contributions from both FSs and is independent of Λ. For µ → 0+ at fixed
q, Eq. (85) stays finite, and ρ tends to g/(2π2 c2 v0). The small-q expansion then requires q ≪ k1, and its q2 coefficient
diverges logarithmically with k1 → 0.
The polarisability has a Kohn anomaly at q = 2 k1 for R < 2, where 2 k1 < 1/c lies inside the range c q < 1. For

q → 2 k1, we find

Π(q, 0) = Πreg(q) +
g

16π2 v0 R
(q − 2 k1)

2
ln |q − 2 k1|+ . . . , (90)

where Πreg is smooth. The term linear in q − 2 k1 multiplying the logarithm, which is present for the 3d electron gas,
cancels. This cancellation reflects the vanishing of the intraband overlap factor at backscattering. The second derivative
of Π(q, 0) diverges logarithmically at q = 2 k1. For R ≥ 2, the anomaly at q = 2 k1 ≥ 1/c lies outside the range c q < 1
of Eq. (85). The same holds for the anomaly at q = 2 k2 > 1/c of the band s = −1. The intermediate steps are given in
Appendix D3.
The static response is shown in Fig. 3(b). The left panel displays the second derivative of Π(q, 0) from Eq. (85) with

respect to c q, in units of g/(16π2 c2 v0). It diverges logarithmically to −∞ at c q = R− 1, which is the Kohn momentum

q = 2 k
(1)
F of Eq. (90) and is marked by the dotted line. The right panel displays the static dielectric function of Eq. (87).

It approaches the Thomas-Fermi form of Eq. (89) at small q, which is drawn as a dashed line but is not separately visible.
The Kohn momentum is again marked by a dotted line, and the curve remains smooth there, since only the second
derivative of Π(q, 0) is singular. All curves satisfy c q < 1.

D. Friedel oscillations

The non-analytic behaviour of Π(q, 0) at q = 2 k1 follows from Eq. (85). The only non-analytic ingredient of Eq. (86) at
this wavevector is ln |R − t| with t = 1 + c q. It appears in E(t) and, through the identity for Re Li2 near unit argument,
in Ξ(t). The coefficient of ln |q − 2 k1| is

Π(q, 0) = Πreg(q) +
g

16π2 v0 c3 q

[
c

2
(q − 2 k1) (3−R− c q)−

(
1− c2 q2

)
ln

(
1 + c q

R

)]
ln |q − 2 k1| , (91)

where Πreg is analytic at q = 2 k1 and R < 2. The bracket vanishes at q = 2 k1 together with its first derivative, and its
expansion reproduces the leading term of Eq. (90). The static dielectric function at the anomaly is

ϵ2 k1 = ϵRPA(2 k1, 0) = 1 +
α

4π (R− 1)
3 B2 k1

,

B2 k1
= 2R (R− 1) + 4R lnR− 2 (R− 1) ln (R− 1) +R (2−R)

[
2Ξ(R− 1) + Ξ(2−R)− π2

4

]
, (92)

which is the value of Eq. (87) at c q = R− 1.
We consider a static impurity with the potential energy U(q) of an electron. Within the RPA, the induced density is

δn(q) = Π(q, 0)U(q)/ϵRPA(q, 0). Its non-analytic part is Πsing U/ϵ2, because ϵRPA also depends on Π. We take the smooth
factors at q = 2 k1. The model is isotropic, and the radial Fourier transform gives for k1 r ≫ 1

δn(r) ≃ g k1
8π3 v0 R

U(2 k1)
ϵ22 k1

sin(2 k1 r)

r4
. (93)

For a Coulomb impurity of charge Z e, with U(q) = − 4π Z e2/q2, we obtain

δn(r) ≃ − αZ

8π2 R k1 ϵ22 k1

sin(2 k1 r)

r4
. (94)

The oscillations have the period π/k1 and decay as r−4, whereas the singularity (q − 2 kF ) ln |q − 2 kF | of a parabolic band
in 3d gives the decay r−3. The weaker singularity originates from the overlap factor F1,1 = (1 + cos θ)/2, which vanishes
quadratically in the deviation from backscattering. The singular coefficient g/(16π2 v0 R) = ρ1/(8 k

2
1) is fixed by the DOS

and the Fermi momentum of the band s = 1. For R → 1, the prefactor of Eq. (94) takes the form obtained for the untilted
WSM, with kF replaced by k1. The screening factor ϵ22 k1

differs from the WSM, because ϵ2 k1
contains the contribution

of the FS of the band s = −1 and the interband part. The range c q < 1 of Eq. (85) contains the anomaly at 2 k1 only for
R < 2. Eq. (85) does not cover q ≥ 1/c, where the transitions from the filled states of the band s = 1 to the empty states
of the band s = −1 open, and anomalies at such wavevectors are therefore not described. This applies in particular to
the anomaly of the band s = −1 at q = 2 k2 = (R+ 1) /c, which exceeds 1/c for every µ > 0 and hence lies outside the
range c q < 1. The density of Eq. (94) is plotted in the right panel of Fig. 4, and the comparison with the other nodes is
given in Sec. VIIG. The intermediate steps are given in Appendix D4.
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Quantity RSW KW QTSM TSM WSM

Chern number
of the node

±4 ±1 ±2 ±2 ±1

Number of bands four two three three two

Interband pairs
at order q2

(doped regime)

−1/2 → 1/2 and
1/2 ↔ 3/2,
both v0 k

−1 → 1,
2 v0 k

flat-band to upper
band, and −1 → 0

for c > 0, v0 k

flat-band to
upper band, v0 k

dispersive pair,
2 v0 k

Fermi momenta 2 kµ, 2 kµ/3
R∓ 1

2 c

2 kµ
1 +R , and√
kµ/c for c > 0

kµ kµ

Fermi velocities v0/2, 3 v0/2 R v0 (both)
R v0, and 2

√
ξ v0

for c > 0
v0 v0

ω2
p

16 g e2 µ2

9π v0

g e2 v0 R
(
R2 + 1

)
3π c2

2 g e2 Rµ2
1

3π v0
, plus

8π e2 c v0 ñ0 for c > 0

2 g e2 µ2

3π v0

2 g e2 µ2

3π v0

ω2
p for µ → 0+ 0

2 g e2 v0
3π c2

0 0 0

Scaling of ωp

with density ñ
ñ1/3 ñ1/2 for

c µ/v0 ≫ 1

ñ
1/3
1 (top band),

ñ
1/2
0 (flat-band,

c > 0)

ñ1/3 ñ1/3

q2TF/ω
2
p

28

3 v20

3

R2 v20

3

R2 v20
for c < 0

3

v20

3

v20

ωth

2µ/3, and
2µ for the
second step

v0 (R− 1) /c, with
upper edge
v0 (R+ 1) /c

µ1 µ 2µ

ϵb − 1

8 g e2

3π v0
L2

+
2 g e2

π v0
ln 3

g e2

3π v0
ln

(
R+ 1

R− 1

)
4 g e2

3π v0
L1

4 g e2

3π v0
L

g e2

3π v0
L

Im ϵRPA above
all onsets

4 g e2

3 v0

g e2

6 v0
between the

edges, zero above

2 g e2

3 v0

2 g e2

3 v0

g e2

6 v0

ω2
p/ω

2
th

4 g e2

π v0

g e2 R
(
R2 + 1

)
3π v0 (R− 1)2

2 g e2 R
3π v0

for c < 0

2 g e2

3π v0

g e2

6π v0

Undamped plasmon
one, below
2µ/3, with
qmax ≤ kµ/3

two, below ωth

with qmax ≤ qc,
and above ωmax

at long wavelengths

q < qmax, with
qmax ≤ q1 for c > 0,

q1 = k
(0)
F − k

(1)
F

below µ, ends
at qmax < kF

below 2µ,
exists for q < kF

Bohm-Gross velocity VBG

√
3 v0/2 R v0 R v0 for c < 0 v0 v0

Momenta of the
Kohn singularities

2 k
(3/2)
F ,

k
(1/2)
F + k

(3/2)
F ,

2 k
(1/2)
F

2 k
(1)
F

(for R < 2)

2 k
(1)
F , and for c > 0

k
(0)
F + k

(1)
F , 2 k

(0)
F

2 kF 2 kF

Friedel decay
r−4, with

r−5 and r−6 r−4
r−5 (top band),
r−4 and r−3

for c > 0
r−5 r−4

Doped part of Π(q, 0)
for q ≫ kF

−
6272 g k4

µ

1215π2 v0 q2

not applicable, since

k
(−1)
F > 1/c > q
for c q < 1

∝ 1/(c q2), with(
k
(1)
F

)3

+Θ(c)
(
k
(0)
F

)3

constant,
g k2

F

6π2 v0

∝ k4
F /q

2

Closed form of
Π(q, 0) at all q

available,
elementary functions

available for
c q < 1, with
dilogarithms

not available,
integral of ImΠ

available available

TABLE II. Comparison of the RSW node, the KW node, the QTSM, the TSM, and the WSM.

E. Plasmon dispersion and Landau damping

We consider q → 0 and frequencies in the window above the intraband edge v0 ϖ+(q) of Eq. (73) and below the onset
v0 ϖth(q) of Eq. (74). For q → 0, the edge tends to v0 R q and the onset tends to ωth of Eq. (69). The window is therefore
free of excitations at small q, and the expansion of Π contains only even powers of q, Π = q2 Π2+q4 Π4+. . . . Equation (82)
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gives

Π2 =
g

24π2 v0

[
2R

(
R2 + 1

)
c2 ϖ2

− ln

(∣∣ϖ2 − 4 k22
∣∣

|ϖ2 − 4 k21|

)]
, Π4 =

g

120π2 v0
P̃(ϖ),

P̃(ϖ) =
6R3

(
R2 + 1

)
c2 ϖ4

− 4R
ϖ2

+
8 (R+ 2)

2
k22

(ϖ2 − 4 k22)
2 − 8 (R− 2)

2
k21

(ϖ2 − 4 k21)
2

+
(
R2 − 2

) [ 1

ϖ2 − 4 k21
− 1

ϖ2 − 4 k22

]
− c2 ln

(∣∣ϖ2 − 4 k22
∣∣

|ϖ2 − 4 k21|

)
. (95)

The first term of Π2 is the Drude term of Eq. (68), and the logarithm is the interband screening of Eq. (70). In Π4, the
first two terms originate from the intraband transitions of the two bands, and the remaining terms originate from the
transitions −1 → 1. The expansion requires v0 R q ≪ ω and a distance of ω from ωth and ωmax that is large compared
with v0 q. The intermediate steps are given in Appendix D5.
Let ϵ0(ω) = 1− 4π e2 Π2 be the dielectric function of Eq. (70), and let

D(ω) = ∂ω2ϵ0 =
ω2
p

ω4
+

α

6π

[
1

ω2 − ω2
max

− 1

ω2 − ω2
th

]
. (96)

The zero of Re ϵRPA = ϵ0 − 4π e2 q2 Π4 obeys ϵ0(ω) = 4π e2 q2 Π4. To order q2, it is

ω2
∗(q) = ω2

∗(0) +
α q2

30π

P̃(ω∗/v0)

D(ω∗)

∣∣∣∣∣
ω∗=ω∗(0)

, (97)

where ω∗(0) is the unique zero below the onset found in Sec. VC. Below the onset, the Drude term and the interband
term of ϵ0 both increase with ω, and hence D > 0. The zero is therefore an analytic function of q2 near q = 0, and it lies
in the free window for small q. The plasmon is undamped.
For α → 0, we have ω2

∗(0) ≃ ω2
p ≪ ω2

th and D → ω2
p/ω

4
∗. The first term of P̃ dominates, and Eq. (97) reduces to

ω2
∗(q) = ω2

p +
3

5
V 2
F q2 , VF = v0 R . (98)

This is the Bohm-Gross dispersion [50]. The velocity is the common Fermi speed of the two FSs, in contrast to the
weighted average over different FS velocities that appears when the Fermi speeds differ. The corrections to Eq. (98) are
of relative order α.
For ω > ωmax, Eq. (95) applies in the same way, as long as ω is far from ωmax on the scale of v0 q. The upper zero ω′

∗ of
Sec. VC lies exponentially close to ωmax for small α, because Re ϵ0 diverges logarithmically at the edge. The expansion in
q is controlled only for q small compared with the distance of this zero from ωmax/v0, and we do not use it for the upper
mode.
For larger q, the lower plasmon leaves the free window through the intraband edge v0 ϖ+(q) of Eq. (73) or through

the onset v0 ϖth(q) of Eq. (74), whichever it reaches first. We denote the corresponding wavevector by qmax. It is
located by solving Re ϵRPA = 0 on the relevant boundary with Eq. (82). The real part of Eq. (70) can be written as

ϵ0(ω) = 1 + α F̃(ω), where F̃(ω) = −ω2
p/(αω2) + [1/(6π)] ln

(
|ω2 − ω2

max|/|ω2 − ω2
th|
)
does not depend on α. By the

monotonicity shown in Appendix C 4, F̃ increases strictly from −∞ to +∞ on (0, ωth) and has a unique zero ω∞ < ωth.

The condition F̃(ω∗(0)) = − 1/α then shows that ω∗(0) < ω∞, and the plasmon therefore never starts at the onset. For
α → 0, we have ω∗(0) ≃ ωp ≪ ωth, because ω2

p/ω
2
th ∝ α. Since the free window closes at q = qc of Eq. (75), we have

qmax ≤ qc. For q > qmax, the zero of Re ϵRPA lies inside the continuum, where Im ϵRPA = −
(
4π e2/q2

)
ImΠ ̸= 0 with

ImΠ of Eq. (79). The mode is Landau damped with the rate γ = Im ϵRPA/∂ω Re ϵRPA at ω = Re ω∗, which holds when
γ is small compared with the scales on which Im ϵRPA and Re ϵRPA vary. We do not evaluate γ in closed form, because
∂ω Re ϵRPA at the zero requires ReΠ at finite q close to the edges of the continuum, where the expansion in q is not
controlled. The damping is due to the following transitions.

• The intraband transitions of both bands for ω < v0 ϖ+(q). The band s = −1 contributes for every q in this range,
because its lower edge is zero.

• The interband transitions −1 → 1 for v0 ϖth(q) < ω < v0 ϖmax(q).

For q > qc, the two continua overlap, and the whole range 0 < ω < v0 ϖmax(q) is damped. The intermediate steps are
given in Appendix D5.
For the parameters of the figure, ω2

p/ω
2
th ≃ 3.4× 103, and the logarithmic divergence of Re ϵRPA at the onset therefore

places ω∗(0) exponentially close to ωth. The expansion in q is controlled only for q small compared with the distance
(ωth − ω∗(0)) /v0 of this zero from the onset, and the undamped window is correspondingly narrow.
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VII. COMPARISON ACROSS VARIOUS SYSTEMS

We compare the RSW and KW nodes with each other and with the untilted TSM, the QTSM, and the untilted WSM,
using the results of Ref. [45] for the last three. The main results are collected in Table II. All five systems have a BC-

monopole and an isotropic response. The RSW node, the TSM, and the WSM have the Hamiltonian v0 k̃ · S with the
pseudospin 3/2, 1, and 1/2, respectively. The KW node has the eigenstates of the WSM and a spectrum with a quadratic
term, whereas the QTSM has the eigenstates of the TSM and the same quadratic term c v0 k

2, which is proportional
to the identity. The Friedel oscillations are compared in Sec. VIIG. All five systems have a unique undamped plasmon
below their lowest onset at long wavelengths, because the monotonicity argument of Secs. III C and VC applies to each
of them. We write kµ = µ/v0 and α = g e2/v0 throughout. For the QTSM, we write ξ = c µ/v0 and R =

√
1 + 4 ξ, which

is the quantity denoted β in Ref. [45], and µ1 = 2µ/ (1 +R). The Fermi momenta of the top band and of the flat-band

are k
(1)
F = µ1/v0 and k

(0)
F =

√
µ/(c v0). The QTSM entries refer to c < 0 unless c > 0 is indicated, and ñ0 denotes the

density of the flat-band. The cut-off dependence of the table enters through L2 = ln(v0 Λ/(2µ)), L1 = ln(v0 Λ/µ1), and
L = ln(v0 Λ/µ), and the constants of ϵb that depend on the cut-off scheme are omitted. The Chern number of a node is
the magnitude of the sum of the Chern numbers of the bands below the node. The Bohm-Gross velocity is defined by
ω2
∗ = ω2

p + (3/5)V 2
BG q2 for ωp ≪ ωth. The entry of the KW node for Im ϵRPA holds between ωth and ωmax.

A. RSW versus KW

Both nodes have two concentric FSs in the doped regime and an isotropic response. In the RSW node, the two FSs
have the different Fermi speeds v0/2 and 3 v0/2, and both shrink to the node for µ → 0+. In the KW node, the two FSs
have the common Fermi speed R v0, and the FS of the band s = −1 stays at k = 1/c for µ → 0+. The Drude weight of
the RSW node therefore vanishes as µ2, with the weights of the two bands in the ratio 3 : 1, whereas that of the KW
node tends to a finite value, with the weights in the ratio (R− 1)

2
: (R+ 1)

2
. The intrinsic RSW node has no undamped

plasmon, in contrast to the KW node. For c µ/v0 ≫ 1, the KW plasmon becomes that of a parabolic band with ωp ∝ ñ1/2,

whereas ωp ∝ ñ1/3 for the RSW node at all doping. The Thomas-Fermi wavevector obeys q2TF = 3ω2
p/V

2
F for the KW

node, as for a single isotropic band. For the RSW node, the ratio q2TF/ω
2
p = 3

∑
s ρs/

∑
s ρs V

2
s takes the value 28/(3 v20),

because the two bands have different Fermi speeds.
The interband responses differ more strongly. In the RSW node, three interband pairs carry weight at order q2 in the

intrinsic limit, all with the transition energy v0 k, and the transitions −1/2 → 1/2 and 1/2 ↔ 3/2 remain in the doped
regime. The continuum starts at 2µ/3, has a step at 2µ, and extends up to the cut-off. The background ϵb therefore
depends logarithmically on the cut-off. In the KW node, a single pair carries weight, with the transition energy 2 v0 k
independent of c, and the continuum occupies the finite window (ωth, ωmax) of the width 2 v0/c with a constant absorption.
The background is therefore independent of the cut-off, and it diverges logarithmically for µ → 0+. The ratio ω2

p/ω
2
th is

independent of µ for the RSW node and depends on c µ/v0 for the KW node. Since the KW continuum has an upper
edge, the KW node supports a second undamped plasmon above it at long wavelengths, whereas the absorption of the
RSW node is nonzero at every ω > 2µ/3 and supports only the lower plasmon.
The lower plasmons obey the Bohm-Gross dispersion for ωp ≪ ωth, with V 2

BG = 3 v20/4 for the RSW node and VBG =
VF = R v0 for the KW node. The former is the average of V 2

s over the FSs weighted with the Drude weights, and the
latter reflects the common Fermi speed. The undamped lower plasmon of the RSW node ends at qmax ≤ kµ/3, which
is one sixth of the larger Fermi momentum, whereas that of the KW node ends at qmax ≤ qc of Eq. (75). The static
polarisability of the RSW node has a closed form in terms of elementary functions, with three Kohn singularities, whereas

that of the KW node requires the dilogarithm and has a single Kohn singularity at 2 k
(1)
F for R < 2, within the range

c q < 1 of its derivation. Within this range, the Fermi momentum k
(−1)
F > 1/c exceeds q, and the doped part of the KW

polarisability for q ≫ kF is therefore not accessible. The corresponding part of the RSW polarisability decays as q−2. The
leading Friedel oscillations of both nodes decay as r−4, and the RSW node has the two additional terms of Sec. VIIG.

B. RSW versus TSM

The RSW node and the TSM have the same structure of the Hamiltonian and differ in the spin representation. The
TSM has a flat-band at zero energy, which has no FS in the linear model, and only its upper band has an FS. The RSW
node has no flat-band and has two FSs. At the same µ, the DOS of the RSW node exceeds that of the TSM by the factor
224/27, and the Drude weight, and hence ω2

p, exceeds it by the factor 8/3. The ratio q2TF/ω
2
p is 28/(3 v20) instead of 3/v20 ,

the Bohm-Gross velocity is
√
3 v0/2 instead of v0, and the Chern number of the node is ±4 instead of ±2.

The interband part follows from the quantum metric. For the TSM, the transitions between the flat-band and the

upper band have the metric
(
δij − k̂i k̂j

)
/(2 k2) and the transition energy v0 k. For the RSW node, the transitions

−1/2 → 1/2 have the metric
(
δij − k̂i k̂j

)
/k2, which is twice as large, and the same transition energy. The intrinsic
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interband polarisability of the RSW node is therefore twice that of the TSM. The coefficient of the logarithm in ϵb − 1
and the absorption above the highest onset are also twice the TSM values, namely 8 g e2/(3π v0) and 4 g e2/(3 v0). The
RSW node has in addition the transitions 1/2 ↔ 3/2, which lower the onset to 2µ/3, below the onset µ of the TSM, and
they add the finite term 2 g e2 ln 3/(π v0) to ϵb − 1. The ratio ω2

p/ω
2
th is six times larger for the RSW node.

At finite wavevectors, the free region of the TSM closes at q = kF , whereas that of the RSW node closes at q = kµ/3,
since the intraband edge of the faster band and the lowest interband onset approach each other more quickly. The doped
part of the polarisability at large q tends to a constant for the TSM, whereas it decays as q−2 for the RSW node. The
leading Friedel oscillations of the RSW node decay as r−4, which is slower than the r−5 of the TSM, despite the higher
pseudospin. The decay is set by the power with which the intraband overlap factor vanishes at backscattering and not by
the pseudospin, as explained in Sec. VIIG.

C. RSW versus QTSM

The QTSM is the TSM with the quadratic term c v0 k
2. Its eigenstates and overlap factors are those of the TSM and do

not depend on c. For c < 0, only the top band has an FS, with the Fermi speed R v0. For c > 0, the flat-band disperses
as c v0 k

2 and has an FS that encloses the one of the top band, and the QTSM then has two concentric FSs, as the RSW
node has. In the RSW node, both FSs belong to linear bands with the speeds v0/2 and 3 v0/2, both scale with µ, and the
larger FS belongs to the slower band. In the QTSM, the larger FS belongs to a parabolic band with the effective mass
1/(2 c v0). The top band of the QTSM contributes the TSM value multiplied by 4R/(1 +R)2 to the Drude weight, and

the flat-band adds the term 8π e2 c v0 ñ0, which is the plasma frequency of a parabolic band and gives ωp ∝ ñ
1/2
0 . At the

same µ, the bare plasma frequency of the RSW node exceeds that of the QTSM with c < 0 by the factor 2 (1 +R)
2
/(3R),

which is at least 8/3.
The interband response of the QTSM does not depend on the sign of c. For c < 0, it has the form of the TSM with µ

replaced by µ1. It has a single onset at µ1, the coefficient 4 g e2/(3π v0) of the logarithm in ϵb − 1, and the absorption

2 g e2/(3 v0) above the onset. For c > 0, the transitions −1 → 0 take over from the transitions 0 → 1 beyond k
(0)
F . Both

groups have the same metric and the same transition energy v0 k, and the absorption therefore has no step at the second
FS. The RSW node has twice the coefficient and twice the absorption of the QTSM, as for the TSM. Its absorption has
a step at 2µ, because the pairs 1/2 ↔ 3/2 and −1/2 → 1/2 have different weights. The lowest onset 2µ/3 of the RSW
node lies below µ1 for R < 2, that is for 4 c µ/v0 < 3. The ratio ω2

p/ω
2
th is independent of µ for the RSW node, whereas

for the QTSM it is 2 g e2 R/(3π v0) for c < 0. For c > 0, it acquires the flat-band term (1 +R)
2
/(2

√
ξ) inside the bracket

of Ref. [45], which grows without bound for c → 0+.
At finite wavevectors, the undamped plasmon of both nodes ends at a critical wavevector. For the RSW node, the free

region closes at q = kµ/3, and hence qmax ≤ kµ/3. For the QTSM with c > 0, the transitions between the two FSs have

zero energy for q1 ≤ q ≤ q2, with q1 = k
(0)
F − k

(1)
F and q2 = k

(0)
F + k

(1)
F , and hence qmax ≤ q1. The analogous range of

the RSW node starts at k
(1/2)
F − k

(3/2)
F = 4 kµ/3, which exceeds kµ/3, and the bound of the RSW node is therefore set by

the closing of the free region. For ωp ≪ ωth, both plasmons have the Bohm-Gross dispersion. The velocity is the average

of V 2 over the FSs weighted with the Drude weights, namely
√
3 v0/2 for the RSW node and R v0 for the QTSM with

c < 0. The static polarisability of the RSW node has a closed form in terms of elementary functions, with the doped part
decaying as q−2 at large q and depending on no parameter other than kµ. For the QTSM, only the forms at small and
large q are available, and the value at arbitrary q follows from the integral of the imaginary part. The large-q correction

is proportional to 1/(c q2) with
(
k
(1)
F

)3
+ Θ(c)

(
k
(0)
F

)3
. It is controlled by the quadratic term, and the limits c → 0 and

q → ∞ do not commute. For c > 0, the Friedel oscillations of the two nodes follow the same hierarchy. The larger FS
gives the slowest decay, the transitions between the FSs the next one, and the smaller FS the fastest one, namely r−4,
r−5, and r−6 for the RSW node and r−3, r−4, and r−5 for the QTSM. The exponents of the QTSM are lower by one,
because the flat-band has unit overlap at backscattering, whereas the factor 4 a of the larger FS of the RSW node vanishes
linearly, as explained in Sec. VIIG.

D. RSW versus WSM

The WSM has two bands, and its interband pair has the metric
(
δij − k̂i k̂j

)
/(4 k2) and the transition energy 2 v0 k.

The pair −1/2 → 1/2 of the RSW node has four times this metric and half this energy. Since the radial integral contributes
a factor 1/υ for a transition energy υ v0 k, the intrinsic interband polarisability of the RSW node is eight times that of
the WSM. The coefficient of the logarithm in ϵb − 1 and the absorption above the highest onset are also eight times the
WSM values, whereas the corresponding factor for the TSM is four. The Drude weight of the RSW node is 8/3 times that
of the WSM at the same µ, and its lowest onset 2µ/3 is one third of the WSM onset 2µ. The ratio ω2

p/ω
2
th is therefore

24 times larger, and the ratio q2TF/ω
2
p is 28/(3 v20) instead of 3/v20 .
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The Bohm-Gross velocity is
√
3 v0/2 for the RSW node and v0 for the WSM. The WSM plasmon exists for q < kF ,

whereas that of the RSW node ends at qmax ≤ kµ/3. The doped parts of both static polarisabilities fall off as q−2 for
q ≫ kF , in contrast to the constant of the TSM. The leading Friedel oscillations of both nodes decay as r−4, since the
overlap factor of the outer band of the RSW node vanishes linearly in a = (1+ cos θ)/2 at backscattering, as does that of
the WSM. The RSW node has the additional terms that decay as r−5 and r−6.

E. KW versus QTSM

The KW node and the QTSM have the same energies for the two dispersive bands, ε±1 = ± v0 k + c v0 k
2. For µ > 0,

the band s = 1 therefore has the same Fermi momentum k
(1)
F = (R− 1) /(2 c), the same Fermi speed R v0, the same DOS,

and the same Drude weight in both systems. The systems differ in three respects. First, the eigenstates are the spin-1/2
coherent states for the KW node and the spin-1 states for the QTSM, and the intraband overlap factor of the band s = 1
is a for the KW node and a2 for the QTSM, with a = (1 + cos θ)/2. Second, the QTSM has a flat-band, which acquires
an FS for c > 0. Third, the linearised description of the QTSM is restricted to |c|Λ < 1, and its band s = −1 is filled
throughout this range, since its FS lies at (1 +R) /(2 c) > 1/c. But the KW node has this lower dispersive band folded
up to give a second FS, which has the same Fermi speed R v0. The second FS of the QTSM with c > 0 belongs to the
flat-band and has the speed 2

√
ξ v0.

The band s = 1 contributes the same amount to ω2
p in both systems. The second FS adds the contribution of the

band s = −1 for the KW node and the parabolic flat-band term for the QTSM with c > 0, as listed in Table II. Since

k
(−1)
F → 1/c for µ → 0+, the KW node retains a finite Drude weight in this limit, whereas that of the QTSM vanishes.

For c µ/v0 ≫ 1, both systems have ωp ∝ ñ1/2. The relation q2TF = 3ω2
p/V

2
F with VF = R v0 holds for the KW node and

for the QTSM with c < 0. For the QTSM with c > 0, the ratio involves the different speeds of the two FSs.
The KW node has the interband pair of the WSM and the QTSM has those of the TSM, with unchanged transition

energies, because the quadratic term is proportional to the identity. The coefficient of the logarithm in ϵb − 1 and the

absorption are therefore four times larger in the QTSM, as for the TSM and the WSM. At the same k
(1)
F , the onset of the

KW node is twice that of the QTSM. The logarithm of the QTSM depends on the cut-off through Λ/k
(1)
F , whereas that of

the KW node contains the finite ratio k
(−1)
F /k

(1)
F , because the transitions end at the Fermi momentum of the band s = −1.

The absorption of the QTSM extends to the cut-off, whereas that of the KW node ends at ωmax. At long wavelengths,
the KW node therefore has a second undamped plasmon above ωmax, which the QTSM does not have.
At finite wavevectors, the lower plasmon of the KW node ends at qmax ≤ qc, whereas that of the QTSM with c > 0 ends

at qmax ≤ q1 = k
(0)
F − k

(1)
F , because the transitions between its two FSs damp the mode at all frequencies for q1 ≤ q ≤ q2.

In the KW node, the intraband continuum of the band s = −1 reaches ω → 0 for every q, and both bands share the upper
edge q (R+ c q). For ωp ≪ ωth, the Bohm-Gross velocity is VBG = R v0 for the KW node and an average over the two
Fermi speeds for the QTSM with c > 0. The static polarisability of the KW node has a closed form with dilogarithms for
c q < 1, whereas only its limits at small and large q and the integral of the imaginary part are available for the QTSM.
The doped part of the QTSM at large q is proportional to 1/(c q2), and the corresponding part of the KW node is not

accessible, since k
(−1)
F > 1/c > q. The Kohn singularity of the band s = 1 is

(
q − 2 k

(1)
F

)2
ln |q − 2 k

(1)
F | for the KW node,

with the coefficient g/(16π2 v0 R), and
(
q − 2 k

(1)
F

)3
ln |q−2 k

(1)
F | for the QTSM, with the coefficient − g/(24π2 R v0 k

(1)
F ).

Both coefficients are inversely proportional to the Fermi speed R v0. The Friedel oscillations of this band therefore decay
as r−4 for the KW node and as r−5 for the QTSM, which reflects the overlap factors a and a2, since the energies of the
band are identical. The QTSM with c > 0 has in addition the oscillations of the flat-band and of the transitions between
the two FSs, which decay as r−3 and r−4 and have no counterpart in the KW node within the range c q < 1.

F. KW versus WSM

The KW node has the eigenstates and the overlap factors of the WSM, and the two nodes differ only in the energies
through the quadratic term. For the band s = 1, the interband response is that of the WSM, with the same metric, the

same transition energy 2 v0 k, and the same absorption g e2/(6 v0) above the onset ωth = 2 v0 k
(1)
F , with k

(1)
F in place of

kF . The difference lies in the occupations. In the WSM, the transitions extend to the cut-off, whereas in the KW node,

they end at the Fermi momentum k
(−1)
F of the band s = −1. The coefficient of the logarithm in ϵb− 1 is the same, namely

g e2/(3π v0), with Λ replaced by k
(−1)
F and kF by k

(1)
F . The cut-off dependence of the WSM is thus replaced by the finite

ratio k
(−1)
F /k

(1)
F .

The Drude weights differ. The WSM has a single FS and ω2
p ∝ µ2, whereas the KW node has two FSs with the common

Fermi speed R v0, and the FS of the band s = −1 dominates the Drude weight. The limit c → 0 at fixed µ is not smooth,
as discussed in Sec. VB, and the contribution of the band s = 1 to ω2

p tends to the WSM value in this limit. The ratio
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FIG. 4. Friedel oscillations for the RSW node (left) and the KW node (right).

q2TF/ω
2
p equals 3/V 2

F with VF = R v0, instead of 3/v20 .

The WSM has one undamped plasmon below 2µ, which exists for q < kF . The KW node has two undamped plasmons,
one below ωth, which ends at qmax ≤ qc, and one above ωmax at long wavelengths, which is possible because the continuum
has an upper edge. The Bohm-Gross velocity of the KW node is R v0, compared with v0 for the WSM. The Kohn

singularity of the KW node is quadratic at 2 k
(1)
F , as for the WSM at 2 kF , because the overlap factor F1,1 = (1+ cos θ)/2

is the same, and the leading Friedel oscillations of both nodes decay as r−4. The screening factor at the singularity differs,
since ϵ2 k1

of the KW node contains the contribution of the FS of the band s = −1.

G. Friedel oscillations

The decay of the Friedel oscillations is fixed by the power p with which the overlap factor of the responsible channel
vanishes at backscattering, k′ = −k, in terms of a = (1 + cos θ)/2. The channel gives a singularity (q − q0)

n ln |q − q0| of
Π(q, 0) with n = p + 1 at its momentum q0, which is twice the Fermi momentum for an intraband channel and the sum
of the Fermi momenta for an interband channel. The oscillation of δn(r) at the wavenumber q0 then decays as r−n−2, as
derived for the RSW node in Appendix B 4. For a parabolic band in three dimensions, the overlap factor is unity, p = 0,
and the decay is r−3.

For the WSM and the KW node, the intraband factor is a, which gives p = 1 and r−4. For the TSM, the factor of the
top band is a2, which gives p = 2 and r−5, and the top band of the QTSM has the same factor. For c > 0, the flat-band
factor F00 = cos2 θ = (2 a − 1)2 equals unity at backscattering, which gives p = 0 and r−3, and the interband channel
between the two FSs has F01 = 2 a b with b = (1− cos θ)/2, which gives p = 1 and r−4. For the RSW node, the factor is
4 a for the band s = 1/2, 3 a2 for the interband channel 1/2 ↔ 3/2, and a3 for the band s = 3/2, which gives p = 1, 2, and
3, and hence r−4, r−5, and r−6. The leading decay of the RSW node is therefore the same as for the WSM and the KW
node, and slower than for the TSM and the QTSM with c < 0, although its pseudospin is the largest. The QTSM with
c > 0 decays more slowly still, since its flat-band has unit overlap at backscattering, and its three terms follow the same
hierarchy as those of the RSW node, with every exponent lowered by one. The pseudospin does not fix the decay, which
is fixed by the suppression of backscattering within the band that has the largest Fermi momentum. For the KW node,
the anomaly of the band s = −1 lies outside the range c q < 1 and is therefore not included, as explained in Sec. VID.

The induced charge density δn(r) around a Coulomb impurity of charge Z e is shown in Fig. 4. Each panel displays
r4 δn(r) normalised by the amplitude of the leading term, which makes the leading envelope flat. The horizontal axis is

scaled by 2 k
(1/2)
F for the RSW node and by 2 k

(1)
F for the KW node. The solid lines are the numerical Fourier transform

of Eq. (51) with a Gaussian regulator in q, which removes the short-distance part. The regulator is divided out at the
leading Kohn momentum. For the RSW node, the static ϵRPA has an unphysical zero just above Λ, where the linearised
model is not valid. The simple pole of 1/ϵRPA at this zero is subtracted before the transform. The dashed lines are
the asymptotic forms of Eqs. (56) and (94). In the RSW panel, the two subleading terms, which decay as r−5 and r−6,
make the asymptotic curve deviate from a flat envelope at moderate distances. At large distances, the numerical and the

asymptotic curves agree in both panels, and the single intraband singularity at q = 2 k
(1)
F dominates the response of the

KW node. The parameters are µ = 0.01 eV and Z = 1, together with c = 0.005 for the KW node. They give kµ = 25 eV,

k
(1/2)
F = 50 eV, and k

(3/2)
F = 50/3 eV for the RSW node, and R =

√
3/2 and k

(1)
F ≃ 22.5 eV for the KW node. The

regulator widths are 100 eV for the RSW node and 30 eV for the KW node.
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VIII. SUMMARY AND OUTLOOK

We have studied the collective charge excitations of the RSW and KW nodes within the RPA, as a companion to the
corresponding analysis of the TSM and the WSM in Ref. [45]. For the TSM and the WSM, only the upper dispersive band
crosses the Fermi level at a positive chemical potential. In the two nodes considered here, more than one band contributes
to the intraband response, as shown in Fig. 1. The RSW node has two concentric FSs, which arise from its two upper
bands, whereas both bands of the KW node cross the Fermi level because of the quadratic term.
For the RSW node, we have obtained the DOS, the Drude weights of the two FSs, and the interband screening at small

momentum-transfers. The plasmon frequency is set by the sum of the two Drude weights, and the interband transitions
renormalise it through a background dielectric constant, which depends on the cut-off only through a logarithm. At
arbitrary momentum-transfers, we have derived the imaginary part of the polarisability channel by channel, identified
the edges of the particle-hole continua, and obtained the real part through the Kramers-Kronig relation. The undamped
plasmon is confined to a window below the lowest interband onset, which closes at a finite wavevector, and the Landau
damping beyond it arises from the particle-hole continuum. The static polarisability and the screening are available
in terms of elementary functions, and its non-analytic points give the Friedel oscillations, whose decay is fixed by the
suppression of backscattering within the responsible channel.
For the KW node, the Drude weight remains finite as the chemical potential approaches the node, and the interband

transitions are confined to a finite window of frequencies. The background dielectric constant is therefore independent
of the cut-off. Because the continuum has an upper edge, the KW node supports a second undamped plasmon above it
at long wavelengths, in addition to the one below the onset. The expressions at arbitrary momentum-transfers involve
dilogarithms and are valid for momentum-transfers smaller than the inverse of the coefficient of the quadratic term. In
this range, the Friedel oscillations are obtained only for the band with the smaller Fermi momentum, because the anomaly
of the other band lies outside it.
The comparison with the TSM, the QTSM, and the WSM shows that the intraband response is fixed by the Fermi

momenta and the band-velocities, whereas the interband response is governed by the quantum metric of the transitions
and by their energies. The differences in the screening, the plasmon branches, and the range of the undamped plasmons
can therefore be traced separately to the spectrum and to the eigenstates.
Several extensions are natural. The effects of rotation-symmetry-breaking terms in the RSW node can be incorporated

by the same channel decomposition, at the cost of the isotropy of the response. A finite temperature smears the Fermi
edges and modifies the continua, and disorder broadens the plasmons beyond the Landau damping computed here. The
RPA neglects vertex corrections and local-field effects, and going beyond it would test the role of the multiple FSs in
the screening. A magnetic field couples the plasmons to the BC and to the OMM of the bands. Finally, nodes of higher
pseudospin and lattice models, in which the cut-off is provided by the bandstructure, would allow a quantitative assessment
of the regime of validity of the linearised description.
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Appendix A: RSW at small momentum-transfers

This appendix gives the intermediate steps behind Sec. III, where χ = 1. Throughout, εs(k) = s v0 k denotes the energy

of the band s, and k
(s)
F = µ/(s v0) denotes the Fermi momentum of the band s ∈ {1/2, 3/2} for µ > 0.

1. Eigenstates, overlap factors, and quantum metric

The spin-3/2 matrices are J =
∑3

n=1 σ
(n)/2, with the Pauli matrices σ(n) acting on the nth of three spin-1/2 factors.

The eigenstates along a unit vector n are the symmetric states of the three spin-1/2 eigenstates |↑n⟩ and |↓n⟩ of n · σ,

|3/2,n⟩ = |↑↑↑⟩ , |1/2,n⟩ = |↑↑↓⟩+ |↑↓↑⟩+ |↓↑↑⟩√
3

, | − 1/2,n⟩ = |↑↓↓⟩+ |↓↑↓⟩+ |↓↓↑⟩√
3

, | − 3/2,n⟩ = |↓↓↓⟩ , (A1)
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where all the spin-1/2 states refer to n. They satisfy n ·J |s,n⟩ = s |s,n⟩. For HRSW,χ, we have n =
ˆ̃
k, and k̃ · k̃′ = k ·k′

because χ2 = 1. The overlap factors therefore depend only on cos θ = k̂ · k̂′.
Let n and n′ enclose the angle θ. As for the spin-1 case of Ref. [45], the two spin-1/2 bases are related by an SU(2)

matrix, which fixes ⟨↑′|↑⟩ = ⟨↓′|↓⟩∗ = u and ⟨↓′|↑⟩ = −⟨↑′|↓⟩∗ = w, with |u|2 = cos2(θ/2) = a and |w|2 = sin2(θ/2) = b.
The amplitudes between the spin-3/2 states are the sums of products of three spin-1/2 overlaps. For the band s = 3/2,

⟨3/2′|3/2⟩ = u3 , ⟨1/2′|3/2⟩ =
√
3 u2 w , ⟨−1/2′|3/2⟩ =

√
3 uw2 , ⟨−3/2′|3/2⟩ = w3 . (A2)

For the band s = 1/2, the three terms in which the position of the down spin is unchanged contribute |u|2 u each to
⟨1/2′|1/2⟩, and the six terms in which it changes contribute − |w|2 u each. Hence

⟨1/2′|1/2⟩ = u (a− 2 b) , ⟨−1/2′|1/2⟩ = w (2 a− b) , (A3)

where the second amplitude follows in the same manner. With a − 2 b = (3 cos θ − 1)/2 and 2 a − b = (3 cos θ + 1)/2,
the squared moduli give the factors of Eq. (17). The remaining factors follow from Fs′s = Fss′ and from the symmetry
F−s,−s′ = Fss′ , which exchanges the roles of the up and down spins. As a check, the sum rule for the row s = 3/2 is
a3 + 3 a2 b+ 3 a b2 + b3 = (a+ b)3 = 1, and the sum rule for the row s = 1/2 is 3 a2 b+ a (a− 2 b)2 + b (2 a− b)2 + 3 a b2 =
(a+ b)3 = 1.
For k′ = k + q, the sine of the angle is sin θ = |k × q|/(k k′), and for q ≪ k,

sin2 θ ≃
q2 −

(
q · k̂

)2
k2

=
qi qj

(
δij − k̂i k̂j

)
k2

. (A4)

With b ≃ sin2 θ/4, a ≃ 1, and 3 cos θ+1 ≃ 4, we obtain F3/2,1/2 ≃ 3 sin2 θ/4 and F1/2,−1/2 ≃ sin2 θ, which give Q
(3/2,1/2)
ij

and Q
(1/2,−1/2)
ij of Eq. (18). The remaining pairs are F3/2,−1/2 ≃ 3 sin4 θ/16 of order q4 and F3/2,−3/2 = b3 of order q6.

The quantum metric follows from Eq. (3). For the band s = 3/2, only the pair (3/2, 1/2) contributes at order q2, and for

the band s = 1/2, the pairs (1/2, 3/2) and (1/2,−1/2) contribute, which gives Q
(1/2)
ij = (3/4 + 1) (δij − k̂i k̂j)/k

2. These

are the coefficients G̃s of Eq. (19).

The angular average follows from
∫
dΩ̃ k̂i k̂j = 4π δij/3 and

∫
dΩ̃ = 4π. For a pair with the coefficient κ in Q

(ss′)
ij =

κ (δij − k̂i k̂j)/k
2, ∫

dΩ̃ k2 Q
(ss′)
ij = κ

(
4π − 4π

3

)
δij =

8π κ

3
δij . (A5)

The values κ = 1 and κ = 3/4 give 8π/3 and 2π for the pairs (1/2,−1/2) and (3/2, 1/2), respectively.

2. Intrinsic limit

We give the steps behind Eqs. (27) to (29). For µ → 0+ at T = 0, the occupations are f0(ε−3/2) = f0(ε−1/2) = 1
and f0(ε1/2) = f0(ε3/2) = 0. The occupation factor in Eq. (5) then vanishes for s = s′ and for the pairs (1/2, 3/2) and

(−1/2,−3/2) in either order. The pairs (−3/2, 1/2), (−1/2, 3/2), and (−3/2, 3/2) carry the factors of order q4 and q6

and are dropped. The pair (−1/2, 1/2) has the occupation factor +1 and the denominator ω − v0 k
′ at the leading order,

while the pair (1/2,−1/2) has the factor −1 and the denominator ω + v0 k. Since F1/2,−1/2 is already of order q2, we set
k′ = k in the denominators, and the sum becomes

F1/2,−1/2

(
1

ω − v0 k + i 0+
− 1

ω + v0 k + i 0+

)
= F1/2,−1/2

2 v0 k

(ω + i 0+)2 − v20 k
2
. (A6)

As for the TSM [45], this replacement requires v0 q ≪ ω.

With the measure d3k = k2 dk dΩ̃, the angular integral of Eq. (A5) with κ = 1 yields the prefactor g qi qj (8π/3) δij/(2π)
3 =

g q2/(3π2) of Eq. (27). The principal value of the radial integral is

Re

∫ Λ

0

dk
2 v0 k

ω2 − v20 k
2
= − 1

v0

[
ln
(∣∣ω2 − v20 k

2
∣∣)]Λ

0
≃ − 1

v0
ln

(
v20 Λ

2

ω2

)
, (A7)

where the last step uses ω ≪ v0 Λ. The imaginary part is−π
∫ Λ

0
dk δ(ω−v0 k) = −π/v0 for ω > 0. Multiplying these results

by g q2/(3π2) gives Eq. (28). Because Πintra = 0 at the intrinsic point, Eq. (29) follows from Re ϵRPA = 1−4π e2 ReΠ/q2

and Im ϵRPA = − 4π e2 ImΠ/q2, where the second relation gives 4π e2 g/(3π v0) = 4 g e2/(3 v0).



28

3. Doped regime: DOS and Drude weights

We give the steps behind Eqs. (30) and (31). For µ > 0, the bands s = −3/2 and s = −1/2 are filled, and the bands

s = 1/2 and s = 3/2 have the FSs with δ(εs−µ) = δ(k−k
(s)
F )/(s v0). The DOS of the band s, ρs = g

∫
d3k/(2π)3 δ(εs−µ),

is

ρs(µ) =
g

(2π)3

4π
(
k
(s)
F

)2
s v0

=
g µ2

2π2 s3 v30
. (A8)

The sum over the two bands uses
∑

s s
−3 = 8 + 8/27 = 224/27 and gives ρ = 112 g µ2/(27π2 v30). The density measured

from µ = 0 is ñ =
∫ µ

0
dµ′ ρ(µ′), which equals the number of states inside the two Fermi spheres, g

∑
s 4π

(
k
(s)
F

)3
/[3 (2π)3].

With V (s) = s v0 k̂ and ⟨k̂i k̂j⟩ = δij/3, Eq. (8) gives

Dij = π e2
∑
s

ρs s
2 v20

δij
3

=
g e2 µ2

6π v0

∑
s

1

s
δij =

g e2 µ2

6π v0

(
2 +

2

3

)
δij . (A9)

The contributions of the bands s = 1/2 and s = 3/2 are in the ratio 3 : 1.
We now derive Eq. (9). The filled bands do not contribute, and Fss = 1 − O

(
q2
)
for the partially occupied bands

s = 1/2 and s = 3/2. Expanding in q at fixed ω and T = 0 gives

f0(εs(k))− f0(εs(k
′)) ≃ qi V

(s)
i δ(εs − µ) , ω + εs(k)− εs(k

′) ≃ ω − qj V
(s)
j . (A10)

Expanding 1/(ω − qj V
(s)
j ) in powers of q/ω gives

Πintra(q, ω) ≃ g
∑
s

∫
d3k

(2π)3
δ(εs − µ)

[
qi V

(s)
i

ω
+

qi qj V
(s)
i V

(s)
j

ω2

]
. (A11)

The first term vanishes, because it is odd under k̂ → − k̂. The second term equals qi qj Dij/(π e2 ω2), which is Eq. (9).
Since Dij is proportional to δij , the zero of 1− 4Dii/ω

2 gives ω2
p = 4Dii = 16 g e2 µ2/(9π v0).

4. Interband screening and plasmons

We provide the steps behind Eqs. (32) and (33) and behind the bound on ω∗ in Sec. III C, assuming µ > 0, v0 q ≪ ω, and

q ≪ k
(3/2)
F for the expansion of the overlap factors. The occupations are f0(ε−3/2) = f0(ε−1/2) = 1 and f0(εs) = Θ(k

(s)
F −k)

for s = 1/2, 3/2. Both Fermi momenta satisfy k
(3/2)
F = k

(1/2)
F /3. The pairs (−3/2,−1/2) remain blocked at every k, and

the pairs of order q4 and q6 are dropped as in Appendix A 2.

For the pairs (−1/2, 1/2) and (1/2,−1/2), the occupation factors are 1−Θ(k
(1/2)
F −k) = Θ(k−k

(1/2)
F ) and its negative.

The result of Appendix A 2 therefore holds with the lower limit of the radial integral replaced by k
(1/2)
F . The real part

becomes

Re

∫ Λ

k
(1/2)
F

dk
2 v0 k

ω2 − v20 k
2
= − 1

v0
ln

(
v20 Λ

2 − ω2

|4µ2 − ω2|

)
, (A12)

and the imaginary part is −πΘ(ω− 2µ)/v0, because the delta function fixes k = ω/v0, which lies above k
(1/2)
F if and only

if ω > 2µ.

For the pairs (1/2, 3/2) and (3/2, 1/2), the occupation factor is f0(ε1/2) − f0(ε3/2) = Θ(k
(1/2)
F − k) − Θ(k

(3/2)
F − k),

which equals 1 for k
(3/2)
F < k < k

(1/2)
F and vanishes otherwise. The energy difference is ε3/2 − ε1/2 = v0 k, and the angular

average of Eq. (A5) with κ = 3/4 gives the prefactor g qi qj 2π δij/(2π)
3 = g q2/(4π2). Hence

Π1/2↔3/2(q, ω) =
g q2

4π2

∫ k
(1/2)
F

k
(3/2)
F

dk
2 v0 k

(ω + i 0+)2 − v20 k
2
, (A13)

with the real part − [g q2/(4π2 v0)] ln
(
|4µ2 − ω2|/|4µ2/9− ω2|

)
, where v0 k

(1/2)
F = 2µ and v0 k

(3/2)
F = 2µ/3 have been

used. The imaginary part is − g q2/(4π v0) for 2µ/3 < ω < 2µ and zero otherwise.
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After adding the three contributions and Πintra = q2 Dii/(π e2 ω2) from Appendix A 3, Eq. (7) gives Eq. (32), where the
coefficients follow from 4π e2 g/(3π2 v0) = 4 g e2/(3π v0) and 4π e2 g/(4π2 v0) = g e2/(π v0). In the static limit ω → 0,
the two logarithms tend to 2 ln(v0 Λ/(2µ)) and ln 9, which gives Eq. (33).
For the zero of the real part, we write Re ϵRPA = ϵinter(ω)− ω2

p/ω
2 for 0 < ω < 2µ/3, with

ϵinter(ω) = 1 +
4 g e2

3π v0
ln

(
v20 Λ

2 − ω2

4µ2 − ω2

)
+

g e2

π v0
ln

(
4µ2 − ω2

4µ2/9− ω2

)
. (A14)

The derivative of the first logarithm is 2ω
[
1/(4µ2 − ω2)− 1/(v20 Λ

2 − ω2)
]
, which is positive for 4µ2 < v20 Λ

2. The

derivative of the second logarithm is 2ω
[
1/(4µ2/9− ω2)− 1/(4µ2 − ω2)

]
, which is positive as well. The derivative of the

Drude term, 2ω2
p/ω

3, is also positive. The real part is therefore continuous and strictly increasing on (0, 2µ/3). It tends

to −∞ for ω → 0 because the Drude term diverges whereas ϵinter(ω) stays finite, and it tends to +∞ for ω → (2µ/3)−

because the second logarithm diverges. There is hence exactly one zero ω∗ in (0, 2µ/3). Since ϵinter(ω) ≥ ϵb, we have

0 = Re ϵRPA(ω∗) ≥ ϵb −
ω2
p

ω2
∗

⇒ ω2
∗ ≤

ω2
p

ϵb
, (A15)

which is the bound stated in Sec. III C. The imaginary part of ϵRPA vanishes below ωth = 2µ/3, and the mode at ω∗ is
therefore undamped.

Appendix B: RSW at arbitrary momentum-transfers

We give the steps behind Sec. IVA. Throughout, kµ = µ/v0 > 0, ϖ > 0, and k′ = |k + q|.

1. Imaginary part of polarisability: Particle-hole continua and their edges

Reduction to a single integral

For ϖ > 0, the imaginary part of Eq. (5) is

ImΠ(q, ω) = −π g

∫
d3k

(2π)3

∑
s,s′

Fss′ [f0(εs(k))− f0(εs′(k
′))] δ(ω + εs(k)− εs′(k

′)) . (B1)

The delta function is nonzero only if εs′(k
′) > εs(k). At T = 0, the occupation difference then equals 1 if the state (s,k)

is occupied and the state (s′,k′) is empty, and it vanishes otherwise, since an occupied final state of higher energy implies
an occupied initial state. The pairs within the filled bands s = −3/2 and s = −1/2 are blocked, and the pairs with
εs′(k

′) < εs(k) do not contribute. The eight channels λ s → s′ of Sec. IVA remain. The measure is d3k = 2π k k′ dk dk′/q
on the region |k−q| ≤ k′ ≤ k+q, and the delta function gives

∫
dk′ δ(ω−v0 (s

′ k′ − λ s k)) = 1/(v0 s
′) at k′ = (ϖ+λ s k)/s′.

Hence

ImΠ(λ s→s′) = − g

4π v0 q s′

∫
dk k k′ Fλ s, s′ . (B2)

By the law of cosines, 1 + cos θ = A/(2 k k′) and 1 − cos θ = B/(2 k k′), which gives a = A/(4 k k′) and b = B/(4 k k′).
Inserting these into Eq. (17), and using F−s,−s′ = Fss′ for the valence channels, we obtain the polynomials of Eq. (34).

For example, F1/2,1/2 = a (a− 2 b)
2
= A (A− 2B)

2
/[64 (k k′)3], since (3 cos θ − 1) /2 = a− 2 b. This yields Eq. (35).

Limits of integration

The conditions on k are linear. The triangle condition consists of k′ ≤ k+q, k′ ≥ k−q, and k′ ≥ q−k. With d = s′−λ s,
they read

d k ≥ ϖ − s′ q , d k ≤ ϖ + s′ q , (λ s+ s′) k ≥ s′ q −ϖ . (B3)

The remaining conditions are k′ > 0 and the occupation constraints. The initial state is occupied if s k < kµ for λ = +,
and always for λ = −. The final state is empty if s′ k′ > kµ, which reads ϖ + λ s k > kµ. The interval of k is the
intersection of these bounds, and comparing every lower bound with every upper bound gives the conditions on (q,ϖ) for
a nonempty interval. After discarding the redundant bounds, we obtain Table I. For d = 0, which occurs for the intraband
channels with λ = +, the first two inequalities do not involve k and reduce to ϖ ≤ s′ q and ϖ ≥ − s′ q. For (λ s+ s′) = 0,
which occurs for the channels −1/2 → 1/2 and −3/2 → 3/2, the third inequality reduces to ϖ ≥ s′ q.
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TABLE III. Polynomial coefficients of Eq. (B4).

s → s′ β2 β1 β0

1
2
→ 1

2
1 2ϖ 7ϖ2 − 7 q2

4

3
2
→ 3

2
1 2ϖ

3
ϖ2

3
− 3 q2

4

1
2
→ 3

2
− 16

27
64ϖ
27

2 q2 − 56ϖ2

9

3
2
→ 1

2
− 16

3
− 128ϖ

9
2 q2 − 40ϖ2

3

TABLE IV. Pole coefficients of Eq. (B4).

s → s′ c2 c1 d2 d1
1
2
→ 1

2
− 9

256
Z1/2

3
256

Y1/2 − 9
256

Z1/2 − 3
256

Y1/2

3
2
→ 3

2
− 1

20736
Z3/2

1
6912

Y3/2 − 1
20736

Z3/2 − 1
6912

Y3/2

1
2
→ 3

2
1

6912
Z3/2 − 1

6912
Y3/2

3
256

Z1/2
3

256
Y1/2

3
2
→ 1

2
3

256
Z1/2 − 3

256
Y1/2

1
6912

Z3/2
1

6912
Y3/2

Closed form of the channels

Under ϖ → −ϖ in a conduction channel s → s′, the final momentum changes sign, k′ → − k′, and hence A → −B
and B → −A. The polynomials satisfy Ps,s′(−B,−A) = −P−s,s′(A,B), because F−s,s′ = Fs,−s′ exchanges a and b,
and the denominator (k k′)2 is unchanged. The integrand of the valence channel −s → s′ is therefore minus that of the
conduction channel s → s′ evaluated at −ϖ. We therefore need only the four conduction integrands. In terms of k and
k′, the weight W = Ps,s′/[64 (k k

′)2] has the partial-fraction form

Wss′(k) = β2 k
2 + β1 k + β0 +

c2
k2

+
c1
k

+
d2
k′2

+
d1
k′

. (B4)

The coefficients are given in Tables III and IV, in terms of

Z1/2 =

(
q2 − 4ϖ2

)3
ϖ2

, Y1/2 =

(
q2 − 4ϖ2

)2 (
3 q2 + 28ϖ2

)
ϖ3

, Z3/2 =

(
9 q2 − 4ϖ2

)3
ϖ2

, Y3/2 =

(
9 q2 − 4ϖ2

)2 (
9 q2 + 20ϖ2

)
ϖ3

.

(B5)

The poles at k = 0 carry the coefficients of the band s′, and the poles at k′ = 0 carry those of the band s.
Since dk′ = (s/s′) dk for λ = +, the antiderivative of Eq. (B4) is

I+
ss′(p) =

β2 p
3

3
+

β1 p
2

2
+ β0 p−

c2
p

+ c1 ln p+
s′

s

[
− d2

p′
+ d1 ln(|p′|)

]
, p′ =

ϖ + s p

s′
, (B6)

and the valence channels follow from I−
ss′(p;ϖ) = −I+

ss′(p;−ϖ). The imaginary part of each channel is then

ImΠ(λ s→s′) = − g

4π v0 q s′
[
Iλ
ss′(k+)− Iλ

ss′(k−)
]
. (B7)

At a channel onset, k− may tend to zero or k′ may tend to zero at a limit. The individual pole terms then diverge, and
their sum has a finite limit.

Intrinsic limit

For kµ → 0, the occupation constraints disappear, and only the valence channels remain, because the conduction
channels require an occupied initial state in the empty bands. For ϖ > 3 q/2, the triangle condition fixes the limits of the
four channels as k± = ϖ ± q/2 for −1/2 → 1/2, k± = (ϖ ± 3 q/2)/2 for −1/2 → 3/2, k± = (ϖ ± q/2)/2 for −3/2 → 1/2,
and k± = (ϖ ± 3 q/2)/3 for −3/2 → 3/2. Inserting them into Eq. (B6), the logarithms cancel in the sum of the four
channels, although not in any pair of them, and the remaining terms add up to the constant of Eq. (36).
For q/2 < ϖ < 3 q/2, the channel −3/2 → 3/2 is absent, and the limits of the other channels change to k− = 3 q/2−ϖ

for −1/2 → 3/2 and k+ = ϖ− q/2 for −3/2 → 1/2. The logarithms no longer cancel. Collecting the terms with the same
argument, we obtain Eq. (37). At the lower end, f(1/2+) = 18/72 = 1/4, and the logarithmic terms vanish because their

prefactors contain
(
4 v2 − 1

)2
. At the upper end, f(3/2−) = 594/648 = 11/12, and the logarithmic terms vanish because
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their prefactors contain
(
9− 4 v2

)2
and the argument of the first logarithm equals 1. At ϖ = q/2, the channel −1/2 → 1/2

has k− = 0 and k+ = q with k′ = q−k, which corresponds to antiparallel k and k′. The overlap factor equals 1 there, and
the integral gives − (g/(2π v0 q))

∫ q

0
dk k (q − k) = − g q2/(12π v0). The step at ϖ = 3 q/2 follows in the same manner

from the channel −3/2 → 3/2, with the prefactor g/(6π v0 q) and the same integral, which gives − g q2/(36π v0).

Doped regime: edges and free regions

For ϖ > 3 q/2 + 4 kµ, the occupation constraints are inactive in the four valence channels, because the upper limits
2 (ϖ − kµ), 2 (ϖ − kµ), 2 (ϖ − kµ)/3, and 2 (ϖ − kµ)/3 exceed the triangle limits ϖ + q/2, (ϖ + 3 q/2)/2, (ϖ + q/2)/2,
and (ϖ+3 q/2)/3 once ϖ ≥ q/2+2 kµ, q/2+4 kµ/3, 3 q/2+4 kµ, and 3 q/2+2 kµ, respectively. The conduction channels
vanish for ϖ > 2 kµ + 3 q/2. The sum therefore equals the intrinsic one.
The edges follow from Table I. A point of the (q,ϖ) plane is free of single-particle excitations if it lies outside the ranges

of all eight channels. For q < kµ/3, the lowest lower edge among the interband channels is 2 kµ/3 − q/2 of the channel
1/2 → 3/2, because the lower edges of the other interband channels are at least 2 kµ/3 + q/2, 2 kµ − 3 q/2, 2 kµ − q/2,
and 4 kµ − 3 q/2, and the channels 1/2 → 1/2, 3/2 → 3/2, and 3/2 → 1/2 end at 3 q/2 at the latest. This gives the first
region of Eq. (38), which is nonempty if 3 q/2 < 2 kµ/3 − q/2. For q > 4 kµ, the lowest lower edge among all channels
is q/2 − 2 kµ of the intraband channel 1/2 → 1/2. The lower edges of the other channels are 3 q/2 − 2 kµ, 3 q/2 − 4 kµ,
q/2− 4 kµ/3, and at least q/2, which are all larger for q > 4 kµ. This gives the second region. For the remaining values of
q, the ranges of Table I overlap and cover the whole half-line ϖ > 0.

2. Real part of polarisability and RPA dielectric function

We write Π = Π(0) + Πµ, where Π(0) is the polarisability of the undoped system with the same cut-off, and Πµ is the
change caused by filling the bands s = 1/2 and s = 3/2 up to µ. Only the terms of Eq. (5) containing the occupation of

a conduction state contribute to Πµ, and they involve states with k ≤ k
(s)
F only. The cut-off therefore does not enter Πµ.

The retarded function Πµ is analytic in the upper half of the complex ω-plane. It decays as 1/ω2 for |ω| → ∞, and its
imaginary part is odd in ω. Hence

ReΠµ(q, ω) =
2

π
P

∫ ∞

0

dω′ ω
′ ImΠµ(q, ω

′)

ω′2 − ω2
, (B8)

with ImΠµ = ImΠ − ImΠ(0). By Sec. IVA, ImΠµ vanishes for ω′ > ωw = v0 (3 q/2 + 4 kµ), since every channel has
reached its intrinsic value there. The integral is therefore restricted to the window 0 < ω′ < ωw, and it does not depend
on Λ. The intrinsic part obeys the same relation with the upper limit v0 Λ on the transition energy, and for v0 Λ ≫ ω, v0 q
we split ImΠ(0) = − g q2 f0(ω

′/(v0 q))/(3π v0) into the constant Θ(ω′ − 3 v0 q/2) of Eq. (36) and the remainder f0 − Θ.
The constant contributes

− 2 g q2

3π2 v0
P

∫ v0 Λ

3 v0 q/2

dω′ ω′

ω′2 − ω2
= − g q2

3π2 v0
ln

(
v20 Λ

2

|ω2 − 9 v20 q
2/4|

)
, (B9)

where we have neglected ω2 against v20 Λ
2 in the numerator of the argument. The remainder is nonzero only for 1/2 <

v < 3/2 with v = ω′/(v0 q), where it equals f(v), and it contributes

− 2 g q2

3π2 v0
P

∫ 3/2

1/2

dv
v f(v)

v2 −W 2
= − g q2

3π2 v0
K(W ) , (B10)

which gives Eqs. (39) and (40). The dielectric function of Eq. (41) follows from Eq. (7) with the prefactors 4π e2 ·
g/(3π2 v0) = 4 g e2/(3π v0) and 4π e2 · 2/π = 8 e2.
For W > 3/2, the denominator of Eq. (40) does not vanish, and the integrand is a finite combination of elementary

functions with the logarithms of Eq. (37). For W → ∞, we expand 1/(v2 −W 2) = −W−2
(
1 + v2/W 2 + . . .

)
and use the

moments ∫ 3/2

1/2

dv v f(v) = 1− 3 ln 2

5
,

∫ 3/2

1/2

dv
f(v)

v
=

31 ln 3

8
− 10 ln 2

3
− 31

18
, (B11)

which are elementary because the logarithms of Eq. (37) have arguments of the form (2 v−1)/(2 v+1) and (2 v+3)/(3−2 v).
The first moment gives the decay of K stated in Sec. IVB, and the second gives K(0).
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3. Static polarisability and screening

We evaluate Πµ(q, 0) of Appendix B 2 directly from Eq. (5). Under the exchange of (s,k) and (s′,k′), the overlap
factor is invariant, Fs′s(k

′,k) = Fss′(k,k
′), and the denominator changes sign. At ω = 0, the terms of Eq. (5) with the

occupation of the final state are therefore equal to those with the occupation of the initial state, and

Π(q, 0) = 2 g
∑
s,s′

P

∫
d3k

(2π)3
f0(εs(k))

Fss′(k,k
′)

εs(k)− εs′(k′)
. (B12)

The terms with s < 0 do not depend on µ and belong to Π(0). The terms with s = 1/2 and s = 3/2 give Πµ. With
d3k = 2π k k′ dk dk′/q as in Appendix B 1, we obtain

Πµ(q, 0) = − g

2π2 v0 q

∑
s=1/2,3/2

∫ k
(s)
F

0

dk Js(k) ,

Js(k) =
∑
s′

P

∫ k+q

|k−q|
dk′

k k′ Fss′

s′ k′ − s k
, (B13)

where s′ runs over all four bands. The principal value is needed only for s′ > 0, where s′ k′ = s k can occur inside the
interval.
By Eq. (34), the integrand of Js equals Pss′/[64 k

2 k′2 (s′ k′ − s k)], which has the partial-fraction form

k k′ Fss′

s′ k′ − s k
= Qss′(k

′) +
αss′

k′ − s k/s′
+

βss′

k′
+

γss′

k′2
, (B14)

with a cubic polynomial Qss′ in k′. A direct computation of the coefficients gives αs,−s′ = αss′ , βs,−s′ = βss′ , and
γs,−s′ = − γss′ , and Qss′ +Qs,−s′ is odd in k′. In the sum over ±s′, the double poles therefore cancel, the antiderivative
of the polynomial is even in k′, and the simple poles combine into ln |k′2 − s2 k2/s′2|. Every term is then an even function
of k′, and the lower limit |k − q| can be replaced by k − q. The coefficients βs,1/2 and βs,3/2 are equal and opposite, and
the logarithms of k′ cancel in the sum over the two final bands. For the shell functions, we obtain

J1/2(k) =
2 q
(
17 k2 − 9 q2

)
9 k

+

(
q2 − 4 k2

) (
3 q2 − 4 k2

)2
32 k4

ln

∣∣∣∣q − 2 k

q + 2 k

∣∣∣∣
+

(
9 q2 − 16 k2

)2 (
9 q2 − 4 k2

)
2592 k4

ln

∣∣∣∣ (3 q + 2 k) (3 q + 4 k)

(3 q − 2 k) (3 q − 4 k)

∣∣∣∣ ,
J3/2(k) =

2 q
(
q2 − 7 k2

)
3 k

+

(
q2 − 4 k2

) (
q4 − 20 q2 k2 + 136 k4

)
48 k4

ln

∣∣∣∣q − 2 k

q + 2 k

∣∣∣∣
+

(
q2 − 16 k2

)2 (
q2 − 4 k2

)
96 k4

ln

∣∣∣∣q + 4 k

q − 4 k

∣∣∣∣ . (B15)

They are odd in k and regular at k → 0, where the poles in k of the individual terms cancel.
The prefactors of the logarithms in Eq. (B15) are polynomials in k2 divided by k4. Each logarithm splits into terms

ln |q + c k|, which multiply only even powers of k, and the integral
∫
dk kn ln |q + c k| is elementary for every n ̸= −1. No

dilogarithm therefore appears, in contrast to the KW node. Integration by parts gives the antiderivatives, which are finite
for k → 0 after the sum of all terms. We denote them by Φs(k). Their limits at the origin are

Φ1/2(0
+) = q3

(
− 8

3
+ 9 ln 3− 5

9
ln 2− 1

3
ln q

)
, Φ3/2(0

+) = q3
(
8

9
− 29

9
ln 2− ln q

)
. (B16)

At the Fermi momenta k
(1/2)
F = 2 kµ and k

(3/2)
F = 2 kµ/3, the arguments of all the logarithms reduce, up to constant

factors, to 4 kµ ± q, 4 kµ ± 3 q, and 8 kµ ± 3 q. The constant factors give ln 2 and ln 3. The coefficients of the logarithms
sum to − 4 q3/3, and the resulting ln q cancels against that of Φs(0

+), which leaves lnx. In terms of x = q/(4 kµ), the
doping part is

Πµ(q, 0) = − g q2

2π2 v0
s(x) , s(x) =

2

3
p(x) +

4

3
lnx+

16

9
+

80

9
ln 2− 8 ln 3 , (B17)

with p of Eq. (44). Adding Eq. (42), and using ln
(
4Λ2/(9 q2)

)
= 2 ln (Λ/(2 kµ)) − 2 ln 3 − 2 lnx together with the value

of K(0), we find that the terms in lnx cancel and that the terms in ln 2 cancel against those of K(0). The remaining
constants combine to 3 ln 3/2− 38/9, which gives Eq. (43).
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The logarithms of p come in the pairs ln |1 ± a x| with a = 1 and 3, and ln |2 ± 3x|. The coefficient of the member
with the lower sign is that of the member with the upper sign evaluated at −x. The part that is even in x multiplies
ln |1−a2 x2| or ln |1−9x2/4|, and the part that is odd in x gives the functions a, b, and c. The coefficients of the lower-sign
members contain the factors (x − 1)2, (3x − 1)4, and (3x − 2)3, which gives the exponents n = 2, 4, and 3 stated in
Sec. IVC. For x → 0, the series of the logarithms gives p(x) = 7/(9x2) + 4x2/5 + O(x4), whose first term reproduces
the DOS of Eq. (30) through q2TF. For x → ∞, we find s(x) = 49/(1215x4) + 4546/(688905x6) + O(x−8), which gives
Eqs. (49) and (50).

4. Kohn singularity and Friedel oscillations

We first extract the singular parts of Eq. (44). The logarithm ln |1− 9x2/4| splits into ln |2− 3x|+ ln |2 + 3x| − ln 4.
The coefficients of the three logarithms with vanishing arguments are therefore − 7− a(x) for ln |1− x|, − 2/3− b(x) for
ln |1− 3x|, and 20/3− c(x) for ln |2− 3x|. They factorise as

− 7− a(x) = −
(x− 1)

2 (
9x4 + 18x3 − 18x2 + 2x+ 1

)
8x3

,

− 2

3
− b(x) = −

(3x− 1)
4 (

9x2 + 12x+ 1
)

648x3
,

20

3
− c(x) =

(3x− 2)
3 (

27x3 + 54x2 − 9x− 2
)

324x3
. (B18)

The remaining logarithms are regular at the respective points. Dividing each coefficient by (x− xi)
ℓi and setting x = xi

gives the amplitudes Ai of Eq. (53). The rescaling ln |1 − 3x| = ln 3 + ln |x − 1/3| and the analogous one for ln |2 − 3x|
only add analytic terms. Setting x = xi in the rest of Eq. (44), where the coefficient of the singular logarithm vanishes,
gives the values of Eq. (54).
For the dielectric function, Eq. (7) gives δϵRPA = − 4π e2 δΠ/q2, and hence δ

(
1/ϵRPA

)
= 4π e2 δΠ/(q2 ϵ2). The

singular part of Eq. (51) is then δnsing(q) = − 4π Z e2 Πsing/(q
2
i ϵ

2
i ) to leading order in q − qi. By Eq. (43), Πsing(q, 0) =

− g q2i Ai (q − qi)
ℓi ln |q − qi|/

[
3π2 v0 (4 kµ)

ℓi
]
, and the factors of q2i cancel. This gives Eq. (55), with α = g e2/v0.

The Fourier transform of ln |t| for κ > 0 is ∫ ∞

−∞
dt ei κ t ln |t| = − π

κ
, (B19)

and the multiplication by tℓ corresponds to the operator (− i ∂κ)
ℓ
. Therefore∫ ∞

−∞
dt ei κ t tℓ ln |t| = − π ℓ! iℓ

κℓ+1
. (B20)

We write Eq. (52) as δn(r) = Im
∫∞
0

dq q ei q r δn(q)/(2π2 r) and evaluate the factor q at qi in the neighbourhood of each
singularity. The corrections are smaller by 1/(qi r). Each singular point then contributes

δni(r) ≃ − Ci qi ℓi!

2π rℓi+2
Im
[
i ℓi ei qi r

]
. (B21)

Inserting Ci of Eq. (55), qi = 4 kµ xi, and the values of (xi, ℓi, Ai) gives the three terms of Eq. (56). For i = 1, for example,
we have Im

[
i2 ei q1 r

]
= − sin(q1 r) and C1 = −Z α/(8π ϵ21 k

2
µ), which yields the first term.

5. Plasmon dispersion and Landau damping

We give the steps behind Eqs. (57)–(62). Throughout, kµ = µ/v0 > 0, q < kµ/3, and 0 < ϖ < 2 kµ/3 − q/2 with
ϖ > 3 q/2, so that ϖ lies in the first free region of Eq. (38).

Reduction to channels

At T = 0, the occupation difference in Eq. (5) is f0(εs(k))−f0(εs′(k
′)) = f0(εs(k)) [1− f0(εs′(k

′))]−f0(εs′(k
′)) [1− f0(εs(k))].

In the second term, we exchange (s,k) ↔ (s′,k′) and use k → −k − q, which leaves the measure and the overlap factor
invariant. This gives

Π(q, ω) = g

∫
d3k

(2π)3

∑
s,s′

Fss′ f0(εs(k)) [1− f0(εs′(k
′))]

[
1

ω + εs(k)− εs′(k′)
− 1

ω − εs(k) + εs′(k′)

]
. (B22)
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Only the terms with an empty final state survive. The final band is therefore s′ ∈ {1/2, 3/2} with k′ > k
(s′)
F . The

initial band is any of the four bands, and for s ∈ {1/2, 3/2} it is restricted to k < k
(s)
F . The channel 3/2 → 1/2 requires

k < 2 kµ/3 and k′ > 2 kµ, and it is absent for q < 4 kµ/3, in agreement with Table I. In this form, no Pauli-blocked region
of the filled bands appears, and no region close to the node contributes to the doped system.

We use Σ = k + k′ and Ď = k′ − k with |Ď| ≤ q ≤ Σ. The measure is d3k = π
(
Σ2 − Ď2

)
dΣ dĎ/(4 q), and

Eq. (34) gives Fss′ = Pss′/
(
Σ2 − Ď2

)3
with A = Σ2 − q2 and B = q2 − Ď2. Writing εs(k) − εs′(k

′) = v0 ∆, with

∆ =
[
(s− s′) Σ− (s+ s′) Ď

]
/2, we obtain

Π(q, ω) =
g

32π2 v0 q

∑
s→s′

∫∫
dΣ dĎ

Pss′(
Σ2 − Ď2

)2 [ 1

ϖ +∆
− 1

ϖ −∆

]
, (B23)

where the domain of each channel follows from the conditions above. For the valence channels s ∈ {−3/2,−1/2}, it is

Σ + Ď > 2 k
(s′)
F with Σ up to the cut-off. For the conduction channels, it is Σ − Ď < 2 k

(s)
F and Σ + Ď > 2 k

(s′)
F . The

denominators ϖ ± ∆ do not vanish on any domain. For the valence channels, |∆| ≥ (|s|+ s′) k
(s′)
F at the lower limit of

Σ up to terms of order q, which exceeds 2 kµ/3 for all four pairs. For the channel 1/2 → 3/2, |∆| ≥ 2 kµ/3 − q/2 on the
domain, and ϖ < 2 kµ/3− q/2 is the condition for the free region.

Expansion in q

We write Ď = q x with −1 ≤ x ≤ 1 and denote the integrand of Eq. (B23) by Gss′(Σ, x, q). For the valence channels,

the lower limit of Σ is 2 k
(s′)
F − q x, which exceeds q for small q. At fixed Σ and x, the expansion of Gss′ in q starts at order

q2, and its coefficients are rational functions of Σ with poles at Σ = 0 and at Σ = 2ϖ/ (|s|+ s′). The latter lies below the

lower limit. We write the integral over Σ as the integral from 2 k
(s′)
F to the cut-off plus the integral from 2 k

(s′)
F − q x to

2 k
(s′)
F , and we expand the second one in q x with the Taylor series of the primitive. The primitives are elementary, and

the integral over x is a polynomial integral. The primitive of the coefficient of q4 has a finite limit for Σ → ∞, and Π4 is
therefore independent of the cut-off. The cut-off enters only the coefficient of q2, where it gives the logarithm of Eq. (32).

For the intraband channels s → s, the conditions are Σ − Ď < 2 k
(s)
F < Σ + Ď, and we write Σ = 2 k

(s)
F + q y. The

domain is 0 < x ≤ 1 and |y| < x, and ∆ = − s q x. We expand Gss in q at fixed x and y and integrate over the triangle.
For the channel 1/2 → 3/2, the domain is 4 kµ/3− Ď < Σ < 4 kµ + Ď, and both limits are treated as above.

Results of the channels

The coefficient of q2 of the intraband channels is g k2µ/(3π
2 v0 ϖ

2) for s = 1/2 and g k2µ/(9π
2 v0 ϖ

2) for s = 3/2. They
are in the ratio 3 : 1 of the Drude weights of Sec. III B, and their sum is the Drude term of Eq. (32). The remaining
channels give the logarithms of that equation. The coefficients of q4 are

Π
(1/2→1/2)
4 =

g

π2 v0

[
k2µ

20ϖ4
− 1

15ϖ2

]
, Π

(3/2→3/2)
4 =

g

π2 v0

[
3 k2µ
20ϖ4

− 1

10ϖ2

]
,

Π
(−3/2→1/2)
4 =

g

10π2 v0 ϖ2
ln

(
1− ϖ2

16 k2µ

)
, Π

(−1/2→3/2)
4 =

g

10π2 v0 ϖ2
ln

(
1− 9ϖ2

16 k2µ

)
, Π

(−3/2→3/2)
4 = 0 ,

Π
(−1/2→1/2)
4 =

g

π2 v0

[
− 1

5ϖ2
ln

(
1− ϖ2

4 k2µ

)
− 1

60
(
ϖ2 − 4 k2µ

) − 2 k2µ

15
(
ϖ2 − 4 k2µ

)2
]
,

Π
(1/2→3/2)
4 =

g

π2 v0

[
1

10ϖ2
ln

(
4 k2µ −ϖ2

4 k2µ − 9ϖ2

)
+

9

80
(
ϖ2 − 4 k2µ

) + 9 k2µ

10
(
ϖ2 − 4 k2µ

)2
− 9

80
(
9ϖ2 − 4 k2µ

) − 9 k2µ

10
(
9ϖ2 − 4 k2µ

)2
]
. (B24)

The channel −3/2 → 3/2 does not contribute at this order, since its overlap factor b3 is of order q6 at small q. The sum

of the seven contributions is Eq. (57) with Eq. (58). The two intraband channels give the first two terms of P̃, and the
five interband channels give the rest. The odd powers of q vanish in every channel.
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Dispersion and Bohm-Gross limit

Since Π = q2 Π2 + q4 Π4 + O
(
q6
)
and ϵRPA = 1 − 4π e2 Π/q2, we have Re ϵRPA = ϵ0 − 4π e2 q2 Π4 + O

(
q4
)
, and

4π e2 g/(240π2 v0) = α/(60π). The function D of Eq. (59) follows by differentiating the real part of Eq. (32) with
respect to ω2 and neglecting ω2 against v20 Λ

2, as in that equation. The derivatives of the two interband terms are
[4α/(3π)] /

(
4µ2 − ω2

)
and (α/π)

[
1/
(
4µ2/9− ω2

)
− 1/

(
4µ2 − ω2

)]
, which add up to the last two terms of Eq. (59).

Expanding ϵ0 about ω2
∗(0) with ϵ0(ω

2
∗(0)) = 0 in the condition ϵ0 = α q2 P̃/(60π) gives Eq. (60). Because D > 0, the

implicit-function theorem shows that ω2
∗ is analytic in q2.

For α → 0, we use P̃ ≃ 48 k2µ v
4
0/ω

4
∗ and D ≃ ω2

p/ω
4
∗ with ω2

p = 16α v20 k
2
µ/(9π) from Eq. (31). Then

ω2
∗(q)− ω2

p =
α q2

60π

48 k2µ v
4
0

ω2
p

=
9

20
v20 q

2 , (B25)

which is Eq. (61). The ratio of the sums quoted below that equation follows from
∑

s s
−3 s4 =

∑
s s = 2 and

∑
s s

−3 s2 =∑
s 1/s = 8/3 over s = 1/2, 3/2, which gives 3 v20/4.

Edges and damping

The free region closes when 3 q/2 = 2 kµ/3−q/2, that is, at q = kµ/3, which gives the bound qmax ≤ kµ/3. For q < kµ/3
and ϖ < 3 q/2, Table I shows that the channels 3/2 → 3/2 and 1/2 → 1/2 are the only ones that can be nonzero. The
remaining channels begin at ϖ = 2 kµ/3− q/2 or higher, which exceeds 3 q/2, and the channel 3/2 → 1/2 is absent. The
channel 1/2 → 1/2 ends at ϖ = q/2. For kµ/3 < q < 4 kµ, the ranges of Table I overlap, as shown in Appendix B 1.
For Eq. (62), we use Eq. (35) for the channel 3/2 → 3/2 with q ≪ kµ and q/2 < ϖ < 3 q/2. The limits of Table I are

k− = 2 (kµ −ϖ) /3 and k+ = 2 kµ/3, since the first entry of the maximum is smaller for small q. Over this interval of

width 2ϖ/3, we have k′ = k +O(q) and P3/2,3/2/ (k k
′)
2
= A3/ (k k′)

2 → 64 k2 with k = 2 kµ/3. Hence

ImΠ = − g

256π v0 q

2

3

2ϖ

3

256 k2µ
9

= −
4 g k2µ ϖ

81π v0 q
, (B26)

and Im ϵRPA = −
(
4π e2/q2

)
ImΠ gives Eq. (62). The same result follows from the Landau damping −π ρ3/2 ω/ (2V q) of

a 3d Fermi gas with V = 3 v0/2 and ρ3/2 = 4 g k2µ/
(
27π2 v0

)
.

Appendix C: KW at small momentum-transfers

This appendix gives the intermediate steps behind Sec. V, where c > 0 and χ = 1. Throughout, εs(k) = s v0 k+ c v0 k
2

denotes the energy of the band s = ±1, and R and k
(s)
F are defined in Eq. (63).

1. Eigenstates, overlap factors, and quantum metric

The eigenstates of Eq. (24) are the spin-1/2 eigenstates of
ˆ̃
k·σ. ForHKW,χ, we have k̃·k̃′ = k·k′ because χ2 = 1, and the

overlap factors depend only on cos θ = k̂ · k̂′. The two spin-1/2 bases enclosing the angle θ are related by an SU(2) matrix
with the elements u and w of Appendix A1, which gives |⟨s|s⟩′|2 = |u|2 = cos2(θ/2) and |⟨−s|s⟩′|2 = |w|2 = sin2(θ/2).
These are the factors of Eq. (25). For k′ = k + q with q ≪ k, we have F+− = sin2(θ/2) ≃ sin2 θ/4 with

sin2 θ ≃
qi qj

(
δij − k̂i k̂j

)
k2

, (C1)

which gives Q
(+−)
ij of Eq. (26). Since the pair (+,−) is the only interband pair, the quantum metric of each band equals

Q
(+−)
ij . The angular average follows from

∫
dΩ̃ k̂i k̂j = 4π δij/3 and

∫
dΩ̃ = 4π,∫

dΩ̃ k2 Q
(+−)
ij =

1

4

(
4π − 4π

3

)
δij =

2π

3
δij . (C2)

The quadratic term does not enter the overlap factors, and the angular average is therefore independent of c.
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2. Intrinsic limit

We give the steps behind Eqs. (64) to (66). The band s = −1 has the energy ε−1(k) = v0 k (c k − 1), which is below
µ = 0+ for k < 1/c and above it for k > 1/c. The occupations are therefore f0(ε−1) = Θ(1/c − k) and f0(ε1) = 0
for µ → 0+. The occupation factor in Eq. (5) vanishes for s = s′ at the order considered here. For the pair (−1, 1),
it equals Θ(1/c − k), and the energy denominator is ω − 2 v0 k at the leading order, since the quadratic term cancels in
ε1 − ε−1 = 2 v0 k. For the pair (1,−1), the factor is −Θ(1/c− k) and the denominator is ω+2 v0 k. Since F+− is of order
q2, we set k′ = k in the denominators, which requires v0 q ≪ ω as for the RSW node.
The angular integral of Eq. (C2) yields the prefactor g qi qj (2π/3) δij/(2π)

3 = g q2/(12π2) of Eq. (64). The principal
value of the radial integral is

Re

∫ 1/c

0

dk
4 v0 k

ω2 − 4 v20 k
2
= − 1

2 v0

[
ln
(∣∣ω2 − 4 v20 k

2
∣∣)]1/c

0
= − 1

2 v0
ln

(∣∣4 v20/c2 − ω2
∣∣

ω2

)
, (C3)

and the imaginary part is −π
∫ 1/c

0
dk 4 v0 k δ(ω

2 − 4 v20 k
2) = −π/(2 v0) for 0 < ω < 2 v0/c, where the delta function fixes

k = ω/(2 v0). Multiplying these results by g q2/(12π2) gives Eq. (65). The relations Re ϵRPA
inter = 1− 4π e2 ReΠinter/q

2 and
Im ϵRPA

inter = − 4π e2 ImΠinter/q
2 then give Eq. (66), with 4π e2 g/(24π2 v0) = g e2/(6π v0).

3. Doped regime: DOS and Drude weights

We give the steps behind Eqs. (63), (67), and (68). The Fermi momenta solve c k2 + s k − µ/v0 = 0, whose roots

are k
(s)
F = (− s+R) /(2 c), which is Eq. (22). The difference of the two roots is 1/c. The Fermi speeds are vs(k

(s)
F ) =

v0

(
s+ 2 c k

(s)
F

)
= v0 R for both bands, and δ(εs − µ) = δ(k − k

(s)
F )/(v0 R). The DOS of the band s is

ρs(µ) =
g

(2π)3

4π
(
k
(s)
F

)2
v0 R

=
g
(
k
(s)
F

)2
2π2 v0 R

. (C4)

The sum over the two bands uses
(
k
(1)
F

)2
+
(
k
(−1)
F

)2
=
(
R2 + 1

)
/(2 c2) and gives ρ of Eq. (67). The density measured

from µ = 0 is the number of states in the two Fermi spheres minus the number of states of the band s = −1 below k = 1/c,

ñ =
g

6π2

[(
k
(1)
F

)3
+
(
k
(−1)
F

)3
− 1

c3

]
=

g

6π2 c3

[
R
(
R2 + 3

)
4

− 1

]
, (C5)

which agrees with ñ =
∫ µ

0
dµ′ ρ(µ′), as follows from dR/dµ = 2 c/(v0 R). With V (s) = v0 R k̂ and ⟨k̂i k̂j⟩ = δij/3, Eq. (8)

gives

Dij = π e2
∑
s

ρs v
2
0 R2 δij

3
=

g e2 v0 R
6π

∑
s

(
k
(s)
F

)2
δij =

g e2 v0 R
(
R2 + 1

)
12π c2

δij . (C6)

The expansion of Πintra in q/ω proceeds as in Appendix A3, with the sum over the two bands s = ±1, and gives

ω2
p = 4Dii of Eq. (68). For c µ/v0 ≫ 1, we have R ≃ 2

√
c µ/v0, which gives ñ ≃ gR3/(24π2 c3) = g µ3/2/[3π2 (c v0)

3/2]

and ω2
p ≃ g e2 v0 R3/(3π c2) = 8π e2 c v0 ñ.

4. Interband screening and plasmons

We provide the steps behind Eqs. (70) and (71) and behind the two zeros in Sec. VC, assuming µ > 0, v0 q ≪ ω, and

q ≪ k
(1)
F . The occupations are f0(εs) = Θ(k

(s)
F − k) for both bands, with k

(1)
F < k

(−1)
F . The occupation factor of the pair

(−1, 1) is f0(ε−1) − f0(ε1) = Θ(k
(−1)
F − k) − Θ(k

(1)
F − k), which equals 1 for k

(1)
F < k < k

(−1)
F and vanishes otherwise.

The result of Appendix C 2 therefore holds with the limits of the radial integral replaced by k
(1)
F and k

(−1)
F . The real part

becomes

Re

∫ k
(−1)
F

k
(1)
F

dk
4 v0 k

ω2 − 4 v20 k
2
= − 1

2 v0
ln

(∣∣ω2 − ω2
max

∣∣
|ω2 − ω2

th|

)
, (C7)
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where 2 v0 k
(±1)
F have been identified as in Eq. (69). The imaginary part is −π/(2 v0) if k = ω/(2 v0) lies in the window,

that is, for ωth < ω < ωmax, and zero otherwise. After adding Πintra = q2 Dii/(π e2 ω2) from Appendix C 3, Eq. (7)

gives Eq. (70). In the static limit ω → 0, the logarithm tends to 2 ln
(
k
(−1)
F /k

(1)
F

)
= 2 ln((R+ 1)/(R− 1)), which gives

Eq. (71).
For the zeros of the real part, we write Re ϵRPA = ϵinter(ω)− ω2

p/ω
2 with

ϵinter(ω) = 1 +
g e2

6π v0
ln

(∣∣ω2 − ω2
max

∣∣
|ω2 − ω2

th|

)
. (C8)

For 0 < ω < ωth, the derivative of ϵinter is 2ω
[
1/(ω2

th − ω2)− 1/(ω2
max − ω2)

]
g e2/(6π v0), which is positive because

ωmax > ωth. The derivative of the Drude term, 2ω2
p/ω

3, is also positive. The real part is therefore continuous and strictly

increasing on (0, ωth). It tends to −∞ for ω → 0 and to +∞ for ω → ω−
th, and there is exactly one zero ω∗ in this interval.

Since ϵinter(ω) ≥ ϵb, we have 0 = Re ϵRPA(ω∗) ≥ ϵb − ω2
p/ω

2
∗, which gives ω2

∗ ≤ ω2
p/ϵb.

For ω > ωmax, the derivative of ϵinter is 2ω
[
1/(ω2 − ω2

max)− 1/(ω2 − ω2
th)
]
g e2/(6π v0), which is again positive. The

real part is continuous and strictly increasing on (ωmax,∞). It tends to −∞ for ω → ω+
max because the logarithm diverges,

and it tends to 1 for ω → ∞. There is hence exactly one zero ω′
∗ in this interval. In this range, ϵinter(ω) < 1, and the

condition Re ϵRPA(ω′
∗) = 0 gives ω′2

∗ = ω2
p/ϵinter(ω

′
∗) > ω2

p. The imaginary part of ϵRPA vanishes for ω < ωth and for
ω > ωmax, and both modes are therefore undamped.

Appendix D: KW at arbitrary momentum-transfers

1. Imaginary part of polarisability: Particle-hole continua and their edges

We give the steps behind Eqs. (73)–(81). The symmetrised kernels, the variables Σ and Ď, and the integration regions
are those of Appendix D2, and we assume 2 c q < 1 and ϖ > 0.
For the intraband channel of the band s, the kernel contains x/(ϖ2 − x2) with x = Ď u and u = s + cΣ > 0. Its

imaginary part is −π x δ(ϖ2 − x2), and the integral over Ď gives
∫
dĎ Ď u δ(ϖ2 − Ď2u2) = 1/(2u) at Ď = ϖ/u. With

the prefactor g/(16π2 v0 q) of the intraband channels, we obtain

ImΠs,s = − g

32π v0 q

∫
dΣ

Σ2 − q2

s+ cΣ
, (D1)

where the integral runs over the values of Σ for which Ď = ϖ/(s+ cΣ) lies in the allowed range |Σ− 2 ks| < Ď ≤ q with
Σ ≥ q. For the transitions −1 → 1, the integral over Σ at fixed Ď gives 1/(2w) with w = 1 + c Ď at Σ = ϖ/w, and we
obtain

ImΠ−1,1 = − g

32π v0 q

∫
dĎ

q2 − Ď2

1 + c Ď
, (D2)

over the values of Ď ∈ (−q, q) for which max{q, 2 k1 − Ď} < ϖ/(1 + c Ď) < 2 k2 + Ď.
The conditions on the integration variables are solved as follows. For the band s = 1, the condition |Σ−2 k1| < ϖ/(1+cΣ)

is g1(Σ) < ϖ with g1 = |Σ− 2 k1| (1 + cΣ). For Σ > 2 k1, the function g1 increases, and the condition holds for Σ < Σ
(1)
+ ,

where Σ
(1)
+ is the positive root of cΣ2 + (2 − R) Σ − 2 k1 − ϖ = 0. Its discriminant is R2 + 4 cϖ, which gives the

expression in Eq. (77). We used 1− 2 c k1 = 2−R. For Σ < 2 k1, the function g1 is a concave parabola with the vertex at
Σ = (R−2)/(2 c), and its roots at the level ϖ are (R− 2± r−) /(2 c), since (R−2)2+4 (R−1)−4 cϖ = R2−4 cϖ. The
lower end Σa of the window lies to the right of the vertex. For q ≤ k1, we have Σa = 2 k1−q ≥ k1, and for q > k1, we have
Σa = q > k1, while the vertex (R− 2) /(2 c) lies below k1. The function g1 is hence decreasing on the window, and the
condition is Σ > (R− 2 + r−) /(2 c). For ϖ > R2/(4 c), the parabola lies below the level ϖ everywhere, and no condition
arises. The remaining conditions are Σ ≥ q, Σ > 2 k1 − q from Ď ≤ q, and Ď ≤ q itself, which reads Σ ≥ (ϖ − q)/(c q).

Together they give Σ
(1)
− of Eq. (77). The bound Σ < 2 k1 + q is equivalent to g1(2 k1 + q) = q (R+ c q) > ϖ, which gives

the upper edge ϖ+.
For the band s = −1, we have g−1 = |Σ− 2 k2| (cΣ− 1). The right root satisfies cΣ2 − (R+ 2)Σ + 2 k2 −ϖ = 0 with

the discriminant R2 + 4 cϖ, where we used 1 + 2 c k2 = R + 2 and (R + 2)2 − 4 (R + 1) = R2. The left parabola has
the vertex at (R + 2)/(2 c), which lies to the left of the window since c q < R/2. The condition on the window is then
Σ > (R+ 2 + r−) /(2 c), and Ď ≤ q gives Σ ≥ (q +ϖ)/(c q). The bound Σ ≥ q is automatic for Σ > 2 k2 − q. We obtain

Σ
(−1)
± of Eq. (77).

For the transitions −1 → 1, the condition ϖ <
(
2 k2 + Ď

) (
1 + c Ď

)
= c Ď2 + (R + 2) Ď + 2 k2 gives Ď >

(−R− 2 + r+) /(2 c), because the right-hand side increases with Ď for Ď > − q. The condition ϖ > q
(
1 + c Ď

)
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gives Ď < (ϖ− q)/(c q). The condition ϖ >
(
2 k1 − Ď

) (
1 + c Ď

)
is equivalent to c Ď2 − (R− 2) Ď+ϖ− 2 k1 > 0, and it

holds outside the interval (Ď−, Ď+) with the roots Ď∓ of Eq. (78). For ϖ > R2/(4 c), it holds for every Ď. The vertex
Ď = (R − 2)/(2 c) can lie inside (−q, q) for R < 2, and the allowed set then consists of two segments, which gives the
two terms in Eq. (78). The condition ϖ >

(
2 k1 − Ď

) (
1 + c Ď

)
is the statement k′ > k1, and the excluded interval is

therefore the Pauli-blocked region of the band s = 1.
The primitives of Eq. (76) follow from the partial fractions

Σ2 − q2

1 + cΣ
=

Σ

c
− 1

c2
+

1− c2 q2

c2 (1 + cΣ)
,

Σ2 − q2

cΣ− 1
=

Σ

c
+

1

c2
+

1− c2 q2

c2 (cΣ− 1)
,

q2 − Ď2

1 + c Ď
= − Ď

c
+

1

c2
− 1− c2 q2

c2
(
1 + c Ď

) . (D3)

Evaluating G0 at Ď = ± q gives Eq. (81), since the integrand is positive and the full range gives the largest absorption.
The edges follow from the extremal transition energies. For the band s = −1, the energy v0 Ď (cΣ− 1) increases with k′

at fixed k, because ∂k′ [(k′ − k) (c k + c k′ − 1)] = 2 c k′ − 1 > 0 for k′ > k2 > 1/(2 c). The maximum is then at k′ = k + q
and k = k2, which gives q (R+ c q), and the minimum is zero at k = k′ = k2. For the band s = 1, the maximum is at the
same configuration of k1. The minimum is zero for q ≤ 2 k1 and equals the energy of k = k1 and k′ = q − k1 for q > 2 k1,
which is (q − 2 k1) (1 + c q). For the transitions −1 → 1, the minimum of Σl(Ď)

(
1 + c Ď

)
with Σl = max{q, 2 k1 − Ď} is

attained at an endpoint. The function
(
2 k1 − Ď

) (
1 + c Ď

)
is concave, and its values at Ď = ± q differ by 2 q (2−R).

For q > k1, the branch q
(
1 + c Ď

)
increases with Ď, and the minimum is q (R− c q) at Ď = 2 k1− q. The latter is smaller

than (2 k1 + q) (1− c q) by (R− 1) (1/c− 2 q) > 0. The upper edge is the value at Σ = 2 k2 + Ď with Ď = q.
The wavevector qc follows from ϖ+ = ϖth. For R ≤ 2 and q ≤ k1, the equation q (R+ c q) = (2 k1 − q) (1 + c q)

reduces to c q2 + q − k1 = 0 and has the root qc =
(√

2R− 1− 1
)
/(2 c), which obeys qc ≤ k1. For R ≥ 2, the equation

q (R+ c q) = (2 k1 + q) (1− c q) reduces to c q2+(R−1) q−k1 = 0 and gives the second line of Eq. (75). Both expressions
agree at R = 2.

Finally, for q → 0 at fixedϖ/q < R, we have Σ
(1)
± → 2 k1±ϖ/R, since r± → R±2 cϖ/R. The integrand tends to 4 k21/R,

and the width of the integration range is 2ϖ/R. The band s = −1 follows with k1 → k2, and this gives Eq. (80). For
the transitions −1 → 1 and 2 k1 < ϖ < 2 k2, none of the constraints restricts Ď at q → 0, and

∫ q

−q
dĎ
(
q2 − Ď2

)
= 4 q3/3

gives − g q2/(24π v0).

2. Real part of polarisability and RPA dielectric function

We give the steps behind Eqs. (82)–(84). The occupations at T = 0 are n1(k) = Θ(k1 − k) and n−1(k) = Θ(k2 − k).
For the band s = −1, the energy ε−1 = v0 k (c k − 1) is below µ for k < k2 and above µ for k > k2, since k2 > 1/(2 c)
and the band increases beyond this momentum. The substitution k → −k− q exchanges k and k′ and leaves the overlap
factors invariant. For the pair (−1, 1), the two time orderings of Eq. (5) then combine exactly into

Π−1,1 = g

∫
d3k

(2π)3
F−1,1 [n−1(k)− n1(k

′)]
2X

(ω + i 0+)2 −X2
, X = ε1(k

′)− ε−1(k) = v0 Σ
(
1 + c Ď

)
. (D4)

The occupation difference is n−1(k) − n1(k
′) = Θ(k2 − k)Θ(k′ − k1) − Θ(k − k2)Θ(k1 − k′). The second term requires

k − k′ > k2 − k1 = 1/c and vanishes for q < 1/c. For q ≥ 1/c, the transitions from the filled states of the band s = 1 to
the empty states of the band s = −1 would open, and Eq. (82) would acquire a fourth channel. We exclude this range.
For the intraband pairs, the same substitution gives

Πss = g

∫
d3k

(2π)3
Fss [ns(k)− ns(k

′)]
Ys

(ω + i 0+)2 − Y 2
s

, Ys = εs(k
′)− εs(k) = v0 Ď (s+ cΣ) . (D5)

The difference ns(k)−ns(k
′) contains the two terms Θ(ks−k)Θ(k′−ks) and −Θ(k−ks)Θ(ks−k′), where ks is the Fermi

momentum of the band s. They are exchanged by k ↔ k′, and Ys is odd under this exchange. The two terms therefore
give equal contributions, and we obtain Πss = 2 g

∫
d3k/(2π)3 Fss Θ(ks − k)Θ(k′ − ks)Ys/(ω

2 − Y 2
s ). For s = −1, the

transitions k < k2 < k′ have c (k + k′) > ck2 > 1, since c k2 = (R+ 1) /2, and Y−1 > 0 accordingly.
The measure follows from d3k = 2π k k′ dk dk′/q on the region |k − q| ≤ k′ ≤ k + q, together with dk dk′ = dΣ dĎ/2

and k k′ =
(
Σ2 − Ď2

)
/4. The law of cosines gives 1+cos θ =

(
Σ2 − q2

)
/(2 k k′) and 1− cos θ =

(
q2 − Ď2

)
/(2 k k′), which

yields the overlap factors of Sec. VIB. Hence

d3k

(2π)3
Fss =

(
Σ2 − q2

)
dΣ dĎ

32π2 q
,

d3k

(2π)3
F−1,1 =

(
q2 − Ď2

)
dΣ dĎ

32π2 q
. (D6)

The region is |Ď| ≤ q ≤ Σ in every channel. The conditions on k = (Σ− Ď)/2 and k′ = (Σ+ Ď)/2 then give the following
limits.
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• For the intraband channel of the band s = 1, the conditions k < k1 < k′ give Ď > 0 and 2 k1 − Ď < Σ < 2 k1 + Ď.
At fixed Σ, the range of Ď is |Σ− 2 k1| < Ď ≤ q. This requires max{q, 2 k1 − q} < Σ < 2 k1 + q.

• For the band s = −1, the same conditions with k2 give |Σ− 2 k2| < Ď ≤ q and 2 k2 − q < Σ < 2 k2 + q. The bound
Σ ≥ q is automatic, because k2 > 1/c > q.

• For the transitions −1 → 1, the conditions k < k2 and k′ > k1 give max{q, 2 k1 − Ď} < Σ < 2 k2 + Ď at fixed
Ď ∈ (−q, q).

For the intraband channels, the integral over Ď at fixed Σ is∫
dĎ

Ď (s+ cΣ)

ϖ2 − Ď2 (s+ cΣ)
2 = − 1

2 (s+ cΣ)
ln
(∣∣∣ϖ2 − Ď2 (s+ cΣ)

2
∣∣∣) , (D7)

and the principal value is the logarithm of the absolute value. For the interband channel, the integral over Σ at fixed Ď is∫
dΣ

Σ
(
1 + c Ď

)
ϖ2 − Σ2

(
1 + c Ď

)2 = − 1

2
(
1 + c Ď

) ln
(∣∣∣ϖ2 − Σ2

(
1 + c Ď

)2∣∣∣) . (D8)

The denominators 1 + cΣ, cΣ− 1, and 1+ c Ď are positive on the ranges of integration. The first is positive since Σ > 0.
For the second, cΣ− 1 > c (2 k2 − q)− 1 = R− c q > 0 follows from c q < 1 < R. The third obeys 1 + c Ď > 1− c q > 0.
Evaluating the primitives at the limits and collecting the prefactors g/(32π2 v0 q), with the factor 2 in front of each
channel cancelling the factor 1/2 of the primitives, gives Eqs. (82) and (83). The expression for Re ϵRPA follows from
V(q) g/(32π2 v0 q) = α/(8π q3).
For the limit q → 0, we take q ≪ k1 and write Σ = 2 k1 + x with |x| ≤ q in the first channel. The prefactor tends

to 4 k21/R, since 1 + 2 c k1 = R. The logarithm tends to
(
x2 − q2

)
R2/ϖ2. With

∫ q

−q
dx
(
x2 − q2

)
= − 4 q3/3, we obtain

N1,1 → − 16 k21 R q3/(3ϖ2), which gives the first Drude term quoted in Sec. VIB. The band s = −1 follows with k1 → k2,
since 2 c k2−1 = R. The sum is

(
k21 + k22

)
=
(
R2 + 1

)
/(2 c2) times the common factor, in agreement with Dii of Eq. (67).

In the interband channel, the logarithm tends to ln
(
|ϖ2 − 4 k22|/|ϖ2 − 4 k21|

)
and

∫ q

−q
dĎ
(
q2 − Ď2

)
= 4 q3/3, which gives

the interband term quoted in Sec. VIB. Here ϖ2 − 4 k21 =
(
ω2 − ω2

th

)
/v20 and ϖ2 − 4 k22 =

(
ω2 − ω2

max

)
/v20 with ωth and

ωmax of Eq. (69).

3. Static polarisability and screening

We give the steps behind Eqs. (85)–(90). At ϖ = 0, Eq. (82) becomes

Π(q, 0) = − g

16π2 v0 q

(
J̃1 + J̃−1 + J̃0

)
, (D9)

with

J̃1 =

∫ 2 k1+q

Σa

dΣ A+(Σ) ln

(
q

|Σ− 2 k1|

)
, J̃−1 =

∫ 2 k2+q

2 k2−q

dΣ A−(Σ) ln

(
q

|Σ− 2 k2|

)
,

J̃0 =

∫ q

−q

dĎ B(Ď) ln

(
2 k2 + Ď

Σl

)
, (D10)

where A+ =
(
Σ2 − q2

)
/ (1 + cΣ), A− =

(
Σ2 − q2

)
/ (cΣ− 1), and B =

(
q2 − Ď2

)
/
(
1 + c Ď

)
. The factors 1+cΣ, cΣ−1,

and 1 + c Ď have cancelled inside the logarithms.
We first take q ≤ k1, so that Σa = 2 k1 − q and Σl = 2 k1 − Ď. With Σ = 2 ks + x and y = R + c x, we have

1 + cΣ = y for s = 1 and cΣ − 1 = y for s = −1. The numerators are (2 k1 + x)
2 − q2 =

[
(y − 1)2 − c2 q2

]
/c2 and

(2 k2 + x)
2 − q2 =

[
(y + 1)2 − c2 q2

]
/c2. The two intraband integrals therefore combine into

J̃1 + J̃−1 =

∫ q

−q

dx ln

(
q

|x|

)[
2 y

c2
+

2
(
1− c2 q2

)
c2 y

]
. (D11)

We use
∫ q

−q
dx ln(q/|x|) = 2 q, the vanishing of the integral of x ln(q/|x|) over the symmetric range, and∫ q

−q

dx
ln(q/|x|)
R+ c x

=
2 q

R

∫ 1

0

dt
− ln t

1− a2 t2
=

1

c
[Li2(a)− Li2(−a)] , a =

c q

R
, (D12)
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which follows from the series
∫ 1

0
dt (− ln t) t2n = 1/(2n+ 1)2. This gives J̃1 + J̃−1 = 4R q/c2 +

[
2
(
1− c2 q2

)
/c3
]
Ξ(c q).

For the transitions −1 → 1, we substitute t = 1 + c Ď. Then 2 k2 + Ď = (R+ t) /c and 2 k1 − Ď = (R− t) /c, and
B =

[
2− t−

(
1− c2 q2

)
/t
]
/c2. Hence

J̃0 =
1

c3

∫ 1+c q

1−c q

dt

[
2− t− 1− c2 q2

t

]
ln

∣∣∣∣R+ t

R− t

∣∣∣∣ . (D13)

The primitive of (2− t) ln |(R+ t)/(R− t)| is E(t) of Eq. (86). It follows from
∫
dt ln |(R+ t)/(R− t)| = (R+t) ln |R+ t|+

(R− t) ln |R − t| and from an integration by parts for the term proportional to t. The primitive of t−1 ln |(R+ t)/(R− t)|
is Ξ(t), since

∫
du [ln(1 + u)− ln |1− u|]/u = Re Li2(u)− Li2(−u). Collecting the terms gives Eq. (85).

For q > k1, the limits are Σa = q and Σl = max{q, 2 k1 − Ď}. Relative to the expressions above, the integral J̃1 lacks

the interval Σ ∈ (2 k1−q, q). In J̃0, the logarithm ln |2 k1− Ď| is replaced by ln q for Ď ∈ (2 k1−q, q). The two corrections
combine into

∫ q

2 k1−q
dΣ [A+(Σ) +B(Σ)] ln (|2 k1 − Σ|/q), and A+ + B = 0 identically. Eq. (85) therefore holds for every

c q < 1, with the absolute values in the logarithms and the real part of the dilogarithms for t > R.
For small q, we expand B(u) = b1 u+ b3 u

3 +O(u5) with

b1 =
4
(
R2 + 1

)
R

, b3 =
4

3
ln

(
R+ 1

R− 1

)
− 4

R
+

4

9R3
. (D14)

We used dΞ/dt = t−1 ln |(R+ t)/(R− t)| and the expansion of the integrals around t = 1. The coefficient b1 gives −ρ and
b3 gives the q2 terms of Eq. (88).
For the Kohn anomaly, we write s = R − t with t = 1 + c q, so that s = c (2 k1 − q). The non-analytic terms of

B come from E(1 + u) and Ξ(1 + u). The first contains
[
(2−R) s+ s2/2

]
ln |s|. Near t = R, we have Re Li2(t/R) =

π2/6− ln(t/R) ln |1− t/R|−Li2(1− t/R), which contributes
(
s/R+ s2/(2R2)

)
ln |s| to Ξ(t). The prefactor 1−u2 equals

R (2−R) + 2 (R− 1) s − s2 at u = R− 1 − s. The terms of order s ln |s| cancel, and the terms of order s2 ln |s| add up
to − (R− 1) s2 ln |s|/R. Inserting this into Eq. (85) and using c q → R− 1 gives the coefficient in Eq. (90).

4. Kohn singularity and Friedel oscillations

We give the steps behind Eqs. (91)–(94). Near t = R, the identity Re Li2(x) = π2/6− lnx ln |1− x| − Li2(1− x) holds
for x > 0 and the last term is analytic at x = 1. With x = t/R, the function Ξ(t) therefore contains the non-analytic
term − ln(t/R) ln |R − t|, and Li2(−t/R) is analytic. In Eq. (85), the argument t = 1+u with u = c q of E and Ξ reaches
R at q = 2 k1. All other terms are analytic there, since 1 − u = 2 −R > 0 for R < 2 and R + t > 0. The coefficient of
ln |R − 1− u| in B(u) is hence

C̃(u) = 1

2
(R− 1− u) (3−R− u) +

(
1− u2

)
ln

(
1 + u

R

)
, (D15)

where the first term comes from E(1 + u) and the second from −
(
1− u2

)
Ξ(1 + u). The function C̃ obeys C̃(R − 1) =

C̃′(R − 1) = 0 and C̃′′(R − 1) = − 2 (R− 1) /R. Since ln |R − 1− c q| = ln c + ln |q − 2 k1|, and the constant ln c is

absorbed in Πreg, Eq. (85) gives Eq. (91) with −C̃ in the prefactor. Using R− 1− u = − c (q − 2 k1), the leading term is[
g/(16π2 v0 R)

]
(q − 2 k1)

2
ln |q − 2 k1|, because c3 q → c2 (R− 1) at q = 2 k1.

For ϵ2 k1
, we evaluate Eq. (86) at u = R − 1. The limit t → R gives E(R) = 4R ln(2R) − R2 and Ξ(R) = π2/6 +

π2/12 = π2/4. At t = 2 −R, we have E(2 −R) = 2 (1 +R) ln 2 + 2 (R− 1) ln (2 (R− 1)) −R (2−R). The prefactor is

1− u2 = R (2−R) and c3 q3 = (R− 1)
3
. Collecting the terms gives Eq. (92), where the logarithms of 2 cancel.

For the density, we use δn(r) =
(
2π2 r

)−1 ∫∞
0

dq q sin(q r) δn(q). The singular part is δnsing(q) = A (q − q0)
2
ln |q − q0| U(q0)/ϵ22 k1

with q0 = 2 k1 and A = g/(16π2 v0 R). At large r, the integral is dominated by the neighbourhood of q0, where q ≃ q0
in the factor q. The Fourier transform of the generalised function ln |x| is −π/|r| for r ̸= 0. The Fourier transform of

x2 ln |x| follows from two derivatives with respect to r and equals 2π/|r|3. Hence
∫∞
0

dq q sin(q r)A (q − q0)
2
ln |q − q0| ≃

2π q0 A sin(q0 r)/r
3, and Eq. (93) follows. The corrections are of relative order 1/(k1 r). For the Coulomb potential,

U(2 k1) = −π Z e2/k21 gives Eq. (94).

5. Plasmon dispersion and Landau damping

We give the steps behind Eqs. (95)–(98). We work at fixed ϖ with ϖ ≫ R q and q < k1, so that Σa = 2 k1 − q and
Σl = 2 k1 − Ď in Eq. (83).
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For the intraband terms, we use the shift Σ = 2 ks +x and y = R+ c x, as in Appendix D3. The two channels have the
same logarithm and combine into

N1,1 +N−1,−1 =
2

c2

∫ q

−q

dx

[
y +

1− c2 q2

y

]
ℓ(x), ℓ(x) = ln

∣∣∣∣ϖ2 − q2 y2

ϖ2 − x2 y2

∣∣∣∣ = −
∞∑

n=1

(
q2n − x2n

)
y2n

nϖ2n
. (D16)

The terms with n ≥ 3 contribute at order q7 and beyond. The integrals needed are
∫ q

−q
dx
(
q2 − x2

)
= 4 q3/3,∫ q

−q
dx
(
q2 − x2

)
x2 = 4 q5/15, and

∫ q

−q
dx
(
q4 − x4

)
= 8 q5/5, while odd powers of x vanish. With Eq. (82), the in-

traband parts are

Πintra
2 =

gR
(
R2 + 1

)
12π2 v0 c2 ϖ2

, Πintra
4 =

g

120π2 v0

[
6R3

(
R2 + 1

)
c2 ϖ4

− 4R
ϖ2

]
. (D17)

For the transitions −1 → 1, we write ln
∣∣P (Ď)

∣∣ − ln
∣∣Q(Ď)

∣∣ with P = ϖ2 −
(
2 k2 + Ď

)2 (
1 + c Ď

)2
and Q = ϖ2 −(

2 k1 − Ď
)2 (

1 + c Ď
)2
. Their expansions are ln

∣∣P (Ď)
∣∣ = ln |P0|+ p1 Ď+ p2 Ď

2 + . . . , and similarly for Q with r1 and r2,

where P0 = ϖ2 − 4 k22 and Q0 = ϖ2 − 4 k21. The first-order coefficients are

p1 = − 4 k2 (R+ 2)

ϖ2 − 4 k22
, r1 = − 4 k1 (R− 2)

ϖ2 − 4 k21
, (D18)

and the second-order coefficients follow from the second derivatives. The weight is
(
q2 − Ď2

)
/
(
1 + c Ď

)
=
(
q2 − Ď2

) (
1− c Ď + c2 Ď2 − . . .

)
.

The integrals
∫ q

−q
dĎ
(
q2 − Ď2

) (
1 + c2 Ď2

)
= 4 q3/3 + 4 c2 q5/15,

∫ q

−q
dĎ Ď

(
q2 − Ď2

)
/
(
1 + c Ď

)
= − 4 c q5/15 + O(q7),

and
∫ q

−q
dĎ Ď2

(
q2 − Ď2

)
= 4 q5/15 give

N−1,1 = ln

∣∣∣∣ P0

Q0

∣∣∣∣ [4 q33 +
4 c2 q5

15

]
− 4 c q5

15
(p1 − r1) +

4 q5

15
(p2 − r2) +O(q7). (D19)

Inserting this together with the intraband terms into Eq. (82) gives Eq. (95). The q2 term of the transitions −1 → 1 is

the logarithm of Π2, and the q4 term is the sum of the last four terms of P̃.
For the dispersion, we write Re ϵRPA(q, ω) = ϵ0(ω) − 4π e2 q2 Π4(ω/v0) + O(q4). The zero satisfies ϵ0

(
ω2
∗(q)

)
=

4π e2 q2 Π4, and expanding ϵ0 about ω
2
∗(0) with ϵ0(ω

2
∗(0)) = 0 gives ω2

∗(q)−ω2
∗(0) = 4π e2 q2 Π4/D. With 4π e2 g/(120π2 v0) =

α/(30π), this is Eq. (97). The derivative of the logarithm in ϵ0 gives the bracket of D. For the Bohm-Gross limit,

we keep the first term of P̃ and D = ω2
p/ω

4
∗. With ϖ = ω∗/v0 and ω2

p = α v20 R
(
R2 + 1

)
/(3π c2), we obtain

ω2
∗(q)− ω2

p = (3/5) v20 R2 q2.
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