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Abstract

Stochastic gradient Langevin dynamics (SGLD) has a discretization error of first order in the step size,
even with the full gradient. We study the stochastic gradient Leimkuhler-Matthews (SGLM) integrator,
which has the cost of SGLD and reuses each Gaussian vector in consecutive steps; its full-gradient form,
the Leimkuhler—Matthews (LM) integrator, has a discretization error of second order for the invariant
distribution. For a potential strongly convex outside a ball, we prove the bound O(ﬁ + 22h% + hY)
on the mean square error (MSE) of time averages of SGLM over N steps of size h, where ¥ bounds
the variance of the gradient noise, through a modified class that absorbs the non-Markovian part of the
integrator. The bound separates the stochastic gradient error from the discretization error, so a larger
batch reduces the error at a fixed step size. We also give the coefficient of h in the numerical bias of
SGLM explicitly, in terms of the covariance of the gradient noise and the solution of the Poisson equation;
that of SGLD contains in addition the Hessian of the potential, which no batch size removes. Through
Riesz representors, these coefficients determine the Wasserstein-1 errors of SGLM and SGLD to first
order in h. For a strongly convex potential, the Wasserstein-1 error of SGLM is at most that of SGLD
to first order in h once the batch size reaches an explicit threshold.

1 Introduction

Sampling from the Boltzmann distribution 7(x) oc e~V on RY is a central task in statistical physics [47, 53]
and in Bayesian inference [24, 30, 88]. The simplest stochastic differential equation that leaves 7 invariant
is the overdamped Langevin dynamics

dX, = —VU(X,)dt +V2dB,;, X, =z €R, (1.1)

where (B;);>0 is a standard Brownian motion in R? and U a confining potential; time averages along the
solution (X;);>o approximate expectations under = in the long-time limit [44, 75]. A numerical integrator
of (1.1) with step size h > 0 produces samples (Zj)r>0 that approximate the invariant distribution 7; such
integrators form the basis of Langevin Monte Carlo [23, 24, 30, 31, 61, 85]. Characterizing the accuracy of
these samples is a basic question of numerical analysis.
The mean square error (MSE) of time averages is a natural criterion for this accuracy. For a test function

f, with «(f) := fRd fdm, the MSE of the time average over N steps is

2

] . (1.2)

The Wasserstein distance, the Kullback—Leibler (KL) divergence and the total variation distance compare
the law of the samples with 7, and are hard to evaluate in high dimension. The MSE instead concerns a
single numerical trajectory, and accounts for both the fluctuation of the time average and the numerical bias,
the deviation of its long-time limit from 7 (f) [16, 65, 84, 87].
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In Bayesian inference on large data sets, VU is replaced by an unbiased stochastic estimator vU (x;€)
computed from a mini-batch, with £ a random variable independent of the Brownian motion [16, 84, 87,
88]. The standard sampler of this kind is stochastic gradient Langevin dynamics (SGLD) [88], the Euler—
Maruyama (EM) integrator [42, 66] of (1.1) with the stochastic gradient,

Ziwr = Zk — hVU(Z; &) + V2h Xky1, (SGLD)

where (xx)k>0 is a sequence of independent standard Gaussian vectors in R? and & is drawn afresh at every
step. The discretization error of (SGLD) is of first order in h: its numerical bias is of order h even with
the full gradient (Section 2.2). The existing stochastic gradient integrators that preserve a second order
discretization error are built on Hamiltonian Monte Carlo [16, 20, 60] or on the underdamped Langevin
dynamics [39], whose splitting integrators are of second order with one gradient evaluation per step [67]; the
underdamped dynamics with stochastic gradients is studied in [48, 59, 64, 73].

We study the stochastic gradient Leimkuhler—Matthews (SGLM) integrator, which has the cost of (SGLD),
one stochastic gradient per step, and differs from it in only one respect: the Gaussian vector 1 is replaced
by the average of x; and xxy1, so that each Gaussian vector is used twice, in consecutive steps,

- h
Zrs1 = Zk — hVU(Zi; &) + \E Ok + Xk+1)- (SGLM)

With the full gradient, SGLM is the Leimkuhler-Matthews (LM) integrator [46, 86],

h
Ziy1 = Zx — hVU(Zy) + \/g (Xk + Xk+1)- (LM)

The reuse of the Gaussian vector gives LM a second order discretization error for the invariant distribution
7 [46, 49, 86], although its samples (Zj)k>0 do not form a Markov chain and its weak error on finite time
intervals is of first order. LM evaluates VU once per step, while almost all other integrators of (1.1) with a
second order discretization error are of predictor—corrector type, with at least two sequential evaluations of
VU per step (Section 2.1). With a stochastic gradient, each of these evaluations carries its own noise. This
raises the question whether SGLM preserves the second order discretization error of LM.

We provide a positive answer to this question. Our contributions are summarized as follows:

1. SGLM separates the stochastic gradient error from the discretization error.

Under regularity conditions on U, f and the stochastic gradient that require strong convexity of U only
outside a ball, we prove the MSE bound for SGLM,

(SGLM, variance %) MSE(N, h) < c(ﬁ + Y22 4 h4)7 (1.3)
where ¥ bounds the variance of the stochastic gradient, and C' depends on the regularity constants of U and
f, the dimension d and the initial value Zy, but not on N, h or X. In (1.3), ﬁ comes from the fluctuation
of the time average, ¥2h? from the square of the stochastic gradient error, and h* from the square of the
discretization error. The same separation holds for the UBU integrator with stochastic gradients (SG-UBU)
[59], and was previously known only for integrators of the underdamped dynamics [59, 72]. The (SGLD)
integrator does not have it, since its stochastic gradient error and its discretization error are both of first
order in h. With the full gradient, &> = 0 and (1.3) yields the MSE bound 4+ h* of LM. To our knowledge,
this is also the first MSE bound for the LM integrator.

The separation in (1.3) is advantageous in the mini-batch regime: if each step averages P independent
stochastic gradients, the variance bound ¥ is replaced by ¥/P, so the contribution of the gradient noise to
the MSE becomes ¥2h2/P?, with C in (1.3) independent of P. Increasing the batch size P at a fixed step
size h therefore reduces the stochastic gradient error. By contrast, the MSE of (SGLD) keeps the term h?
from the square of its discretization error at every batch size, and only a smaller i reduces it. Since the
gradients of a batch are evaluated in parallel while the steps are sequential, SGLM with a large batch size
P can reach a given accuracy with fewer sequential steps than SGLD.



The proof of (1.3) runs on the Markovian form of (SGLM), a Markov chain (Yj)k>0 with Z, = Y, +
V/h/2 xx. It builds on the discrete Poisson equation of our earlier work [59, 91], combined with a modified
class of test function, potential, generator and discrete Poisson solution that absorbs the non-Markovian
part of the integrator, the Gaussian shift \/h/2 xx.

2. The coefficients of the numerical bias are explicit.

The time averages of f along (SGLM) converge almost surely to 7 (f), for a numerical invariant distribution
7, independent of the initial value, and the numerical bias 7, (f) — w(f) is of order h with an explicit
coeflicient,

(SGLM, numerical bias) lim mlf) = m(f)
h—0 h

= %W(V%ﬁo(z) :C(z)), (1.4)
where C(z) is the covariance of the gradient noise VU(x;€) — VU (z), ¢o solves the continuous Poisson
equation (3.7), —L¢o = f — 7(f) with £ the generator of (1.1), and : is the full contraction of two matrices.
The coefficient comes entirely from the gradient noise: with the full gradient, C(z) = 0 and the numerical
bias of LM has no linear part.

The discrete Poisson equation also characterizes the numerical bias of (SGLD). Its time averages converge
to 7 (f), with 7, the invariant distribution of SGLD, and

(SGLD, numerical bias) lim ) = m(f) = 17T(V2g250(ac) (VU (z) + C(:E))), (1.5)
h—0 h 2

a coeflicient studied formally for d = 1 in [87]. Besides the covariance C(z), the coefficient of SGLD carries
the Hessian V2U(x), which comes from the discretization error of EM. With the full gradient, C(z) = 0
and (1.5) gives the coefficient of EM; with a batch of P independent stochastic gradients, the coefficient of
SGLM is divided by P, while that of SGLD tends to the coefficient of EM as P grows. In (1.4) and (1.5),
the gradient noise and the discretization error both enter linearly through V2¢g, so the solution ¢ of the
continuous Poisson equation is an essential structure of the numerical bias of the two stochastic gradient
integrators, not only a tool for upper bounds on the MSE.

3. The coefficients of the Wasserstein-1 error are explicit.

The suprema of the absolute values of the coefficients (1.4) and (1.5) over the test functions with ||V f]je < 1
are the limits of the normalized Wasserstein-1 errors W (7, 7)/h and Wy (7, w)/h as h — 0 (Corollary 4):

1

(SGLM, W coefficient) lim Wiltnm) Ly e, (1.6)
—0 h 2
Wi (7, 1

(SGLD, W, coefficient) lim M = 5 I (¥e2u + ) 7l (1.7)

where 1¢ and v¥y:p are the Riesz representors of C(z) and V2U(x) defined in (6.13), and ||-||xr is the
Kantorovich-Rubinstein norm in Section 3.1. The normalized biases (7, — 7)/h and (7, — 7)/h converge to
%wc m and %(wsz +1¢) 7 in this norm at the rate h2 (1+log %) (Theorem 6). SGLM does not always have
a smaller coefficient of the Wasserstein-1 error than SGLD: for a gradient noise of large amplitude supported
away from the minimizer of U, the order is reversed (Lemma 9). With a batch of P independent stochastic
gradients, 1¢/P replaces ¥¢ in both limits, with C(x) the covariance of a single stochastic gradient. For a
strongly convex potential, the coefficient of SGLM is at most that of SGLD once the batch size reaches a
threshold linear in sup,||C(z)|| (Theorem 7).

Summary of the results

Three features distinguish these results. First, SGLM separates the stochastic gradient error from the
discretization error at the cost of SGLD, so that the batch size and the step size control the two errors
independently; for an integrator of the overdamped dynamics, this separation is new.



Second, the results on the numerical bias are equalities, not only upper bounds. The coefficients (1.4)
and (1.5) identify the numerical biases of SGLM and SGLD, and (1.6) and (1.7) their Wasserstein-1 errors,
to first order in A, uniformly over the Lipschitz test functions for the Wasserstein-1 errors. The mainstream
coupling methods bound these errors from above without identifying their coefficients; here the coefficients
are the Kantorovich—Rubinstein norms of explicit signed measures, and the shift of the invariant distribution
caused by the gradient noise and by the discretization is characterized exactly.

Third, the exact coefficients make the comparison of SGLM with SGLD precise. The coefficient of SGLD
keeps the Hessian of the potential at every batch size, while that of SGLM is divided by the batch size.
SGLM can be less accurate than SGLD at small batch sizes (Lemma 9), and, for a strongly convex potential,
Theorem 7 gives an explicit batch size beyond which SGLM is more accurate than SGLD in the Wasserstein-1
distance, to first order in h.

Section 2 reviews the related works. Section 3 states the assumptions, the Markovian forms (LM’)
and (SGLM’), and the estimates of the discrete Poisson equation. Section 4 constructs the modified class,
Section 5 estimates the local errors of the LM and SGLM integrators against the modified dynamics, and
Section 6 states the main results; Section 7 concludes, and the proofs are in the appendices.

2 Related works

This section reviews the work related to (LM) and (SGLM). Section 2.1 reviews the integrators of (1.1) with
a second order discretization error and the analyses of the LM integrator. Section 2.2 reviews the sampling
error of (SGLD), and Section 2.3 the stochastic gradient integrators of the underdamped Langevin dynamics.

2.1 Second-order integrators in the overdamped case

Among the integrators of (1.1) that evaluate VU alone, only a few have a discretization error of order h?
for the invariant distribution. They include LM [46, 86] and stochastic Heun [26, 63, 66]. The large family
of stochastic Runge-Kutta (SRK) integrators [26, 57, 76, 90] contains further examples, such as SRK-1/II
[90, 91]. Beyond LM, almost all these integrators are of predictor—corrector type: the second evaluation of
VU in a step is taken at a state computed from the first. With a stochastic gradient, each of these evaluations
carries its own noise, while LM evaluates VU once per step and extends to stochastic gradients by replacing
that single evaluation; this is the reason we study LM and its stochastic gradient form SGLM. A detailed
comparison of these integrators is given in [91]. Integrators of high order for the invariant distribution that
also use derivatives of VU have been constructed [1, 82].

The LM integrator was introduced in [46] as the high friction limit of the BAOAB splitting of the
underdamped Langevin dynamics. Its second order discretization error for the invariant distribution was
proved by Talay-Tubaro expansions [83]. These expansions were derived for the weak error, whose first
order coefficient decays exponentially in time [49], and for the invariant distribution of splitting integrators
on the torus [50]. It was also proved by writing the integrator as the Markovian form (LM’) followed by the
Gaussian shift \/h/2 xx as a postprocessor [86]. The postprocessor argument uses the sufficient conditions
for high order on the invariant distribution of [1], which rest on the Talay—Tubaro expansion [83] and on
the weak backward error analysis of [27, 43]. In high dimension and under weak or sparse interactions
among the variables, the bias of the unadjusted underdamped Langevin algorithm on marginals of a few
coordinates depends on the dimension only through logarithmic factors [21]. This delocalization holds for
all large friction parameters and therefore carries over to (LM). These works control the numerical bias of
LM; none of them bounds the MSE (1.2) or treats stochastic gradients.

The modified class of this paper serves a purpose different from that of the modified equations of [1],
which are used to construct integrators. Here the integrator is fixed, and the modified potential of Section 4
defines the modified dynamics (4.16), against which the Markovian form (LM’) has a local weak error of
order h3. The modified class also provides the modified discrete Poisson solution, to which the MSE analysis
of [59, 91] is applied. The order h? of this local weak error appears in the Talay—Tubaro expansions [49, 50],
as the vanishing at equilibrium of its coefficient of order h, and in the postprocessor argument [86]. The
expansions in [49] rely on the exponential decay in time of the derivatives of the Kolmogorov solution of
Section 3.3, proved in [82]. Theorem 1 proves this decay on R? for a potential with bounded derivatives that
is strongly convex outside a ball, extending [91, Theorem 1] to derivatives of order 4.



2.2 Sampling error analysis for SGLD

The (SGLD) integrator converges weakly to the solution of (1.1) as its step size tends to zero [78]. Its
sampling error has been analyzed along the following lines, and Table 1 collects representative bounds; see
[69] for a review.

e Recurrence relations of the integrator, combined with strong or weak error estimates, give nonasymp-
totic bounds in Wasserstein distance [7, 8, 15, 24, 68, 81, 92]. Weighted transportation cost inequalities
give bounds in W, for nonconvex potentials [74]. Under log-concavity at infinity the variance of the
stochastic gradient does not change the rate of weak convergence [61], and a conductance analysis gives
bounds in total variation for targets that are not log-concave [97]. For targets log-concave outside a
compact set, the law of the k-th iterate of SGLD converges geometrically in W; to the numerical
invariant distribution 7 of SGLD [55].

e The continuous Poisson equation (3.7) controls the error of the time averages of numerical schemes
[9, 65] and of SGLD and stochastic gradient Hamiltonian Monte Carlo, including their MSE [16, 56,
84, 87, 89]. These results require its solution ¢ to have bounded or polynomially growing derivatives.

e The KL divergence between the laws of SGLD and of (1.1) is bounded uniformly in time [54]. Bounds
in KL divergence also follow from convex optimization on the Wasserstein space [33] and, under a
logarithmic Sobolev inequality, from the nearly Gaussian structure of the gradient noise [25].

e Variance-reduced and control-variate estimators of the gradient improve these guarantees [4, 13, 29, 41,
95]. The numerical bias of SGLD is reduced by Richardson-Romberg extrapolation [32], and its cost
at a prescribed accuracy is reduced by multilevel Monte Carlo [37, 38]. The extrapolation, however,
introduces negative weights and does not increase the accuracy of the trajectory itself. The cost of
the gradient noise is quantified by oracle lower bounds [14], by the dependence of the MSE on the
mini-batch size under a fixed budget [17], and by a comparison of SGLD with EM at a prescribed
mean-square accuracy [62].

The numerical bias of (SGLD) is of first order in h. The bias of the time average over N steps is
O((Nh)~'+h) [87, Theorem 9]. The uniform-in-time KL bound of [54, Corollary 3.1], of order h?, combined
with the geometric ergodicity of SGLD for a potential strongly convex outside a ball [55], yields Wi (7, ) <
Ch [54, Section 5.1]. Corollary 4 gives the exact coefficients of h in W, (7, 7) and W (mp, 7), determined
through Riesz representors by the bias coefficients of Corollaries 2 and 3. For a strongly convex potential with
a Lipschitz gradient and gradient noise that is Lipschitz in mean square, Ws (7, m) < Ch when the gradient
noise has a finite moment of order 4, while under a finite moment of order 2 only the bound is of order h2
[71, Theorem 1]. A family of spiked gradient noises shows that the order h% cannot be improved uniformly
over gradient noises of a fixed variance [71, Lemma 1]. Each noise of this family has finite moments of all
orders, while their moments of order 12 are unbounded over the family; Assumption 3, whose bound on the
moment of order 12 of the stochastic gradient has a fixed constant M, excludes the family as a whole. The
first order term has two sources: the gradient noise and the discretization error of EM. The discretization
error of EM gives a numerical bias of first order even with the full gradient [83]; see also [87, Section 4.1].

A different line of work removes the numerical bias. The proximal sampler [22, 45], with its restricted
Gaussian oracle implemented by first-order rejection sampling [18], reaches accuracy d in total variation with
a number of gradient queries polylogarithmic in 1/§ [3, 18], and stochastic gradients with sub-exponential
tails preserve this rate for targets satisfying a log-Sobolev or a Poincaré inequality [19]. These samplers need
a warm start, an approximate proximal step and a rejection step with a random number of gradient queries
in each iteration, and light-tailed gradient noise: with stochastic gradients of bounded variance only, ©(1/9)
queries are necessary and sufficient [19]. SGLD and SGLM use one stochastic gradient per step and no warm
start, and their numerical bias, quantified in the present paper, can be made smaller than the fluctuation of
the time average by the choice of the step size and the batch size.

2.3 Stochastic gradient integrators for underdamped Langevin dynamics

The underdamped Langevin dynamics augments the position with a velocity and is discretized by splitting
integrators such as BAOAB [46, 47], OBABO [10] and UBU [70, 77]. For convex and smooth potentials, the



reference assumption  sampling error

Theorem 5 [24] global Walpg, 7) S e 0 4 h 4 N3hs
Theorem 5, Corollary 12 [68]  global E|Xpn — Zp|? S e Mhpp

Corollary 18 [33] global KL(an||m) S (Nh)™L+h

Theorem 3.8 [81] global Wa(pg, ) S e h 4 pz

Proposition 1, Theorem 1 [71]  global W (g, m) S e Mh 4 h

Proposition 10 [74] non-global Wa(pi, @) < (65 + b3 ) kh + ¢~ Mh
Theorem 4.5 [97] non-global g — wllov S e h 4 b2 €

Theorem 9 [87] non-global MSE(N, h) < (Nh)™1 + A2

Theorem 3 [16] non-global ~ MSE(N,h) < (Nh)™1 + A2

Corollaries 3.1 and 5.1 [54] log-Sobolev KL (u||vr) < h%, Walug,m) S e h 4+ h
Theorem 5 [25] log-Sobolev KL (ju||7) < e h 4 h

SGLM, Theorem 3 non-global MSE(N,h) < (Nh)~! +%2h% +
SGLM, Corollary 4 non-global limy, 0 W = %”’(/)c || kR

SGLD, Corollary 4 non-global  limp_,¢ w = 3 (¥v2u + ¢e) 7lkr

Table 1: Sampling error results for (SGLD) and for (SGLM). In the assumption column, global marks a
strongly convex or convex potential, non-global a dissipative potential or one convex outside a ball, and
log-Sobolev a target satisfying a logarithmic Sobolev inequality; the references impose in addition conditions
on the regularity, the initial distribution and the moments of the gradient noise. Here uj denotes the law of
the k-th iterate of SGLD, 75, and 7, the numerical invariant distributions of SGLD and of SGLM, fiy the
average of py, ..., un, and vy the law of the solution of (1.1) at time kh. Further, Xy, is the solution of (1.1)
coupled with the k-th iterate Zj of SGLD, § the relative variance of the gradient noise in [74], and € € (0, 1)
the truncation parameter in [97], which fixes the radius of the truncated target on which the constants of
that bound depend. Finally, ¥ is the bound on the variance of the gradient noise in Assumption 3, ¥¢ and
w2y the Riesz representors (6.13) of its covariance C(z) in (5.7) and of V2U(z), |||kr the Kantorovich—
Rubinstein norm, W, the Wasserstein distance of order p, and A > 0 a rate of convergence. Other constants,
depending on the dimension, the potential and the gradient noise, are suppressed.

unadjusted chain of a splitting integrator of second order with one gradient evaluation per step contracts in
Wasserstein distance at a rate independent of the dimension [67].

Stochastic gradient Hamiltonian Monte Carlo (SGHMC) adds a friction to compensate for the gradient
noise [20], within a general recipe for such samplers [60]. Adaptive thermostats correct for the gradient
noise [28, 48, 80], with exponential convergence of the law [51] and a quantified bias from mini-batching [79].
Variance reduction accelerates SGHMC [13, 58, 93, 94, 96], and multilevel coupling gives unbiased estimators
[11]. For non-convex optimization, the complexity bounds of SGHMC can be tighter than those of (SGLD)
[36]. Wasserstein bounds are proved without log-concavity [2, 12], through contraction rates of stochastic
gradient integrators [52], and with dimension-free rates for log-concave targets [39].

Consider a stochastic gradient sampler such as SGHMC, with unbiased gradients and a Markov integrator
whose local weak error is of order A *1. If the derivatives of the solution of the continuous Poisson equation
(3.7) are bounded, the bias of its time average is of order (Nh)~! 4+ h¥ and its MSE of order (Nh)~! 4 h2K
[16, Theorems 2 and 3]. Applied to the Markovian form (LM’), which has weak order 1 [91], this framework
gives a discretization term of order h? in the MSE, whereas the modified class of Section 4 gives h*. The
derivative bounds that this framework requires follow from the decay (3.8) of Theorem 1.

For SG-UBU and a globally convex potential, the discrete Poisson equation bounds the MSE of the
time average [59]. The numerical bias is of first order in h, with a coefficient proportional to the variance
of the stochastic gradient, and becomes of second order with variance-reduced gradients once h is below a
threshold [59]. For a finite-sum potential whose components are each strongly convex, UBU combined with
a symmetric forward and backward sweep over the mini-batches reaches a bias of order h? with a single



mini-batch per step [73]. The constant of this bound grows with the number of mini-batches, and the order
rests on the symmetry of the whole sweep, which lasts a time equal to 2A times the number of mini-batches.
For stochastic gradient UBU and strongly log-concave targets, Gaussian convolution inequalities bound the
Wasserstein distance between the numerical invariant distribution and 7 [72]. The bound is the discretization
error of the full gradient UBU integrator plus a stochastic gradient error of first order in h, which vanishes
with the full gradient.

Like SG-UBU, (SGLM) evaluates one gradient per step and has a discretization error of second order,
and the separation in (1.3) holds without the global convexity assumed for SG-UBU in [59]. Unlike the
sweep of [73], SGLM draws &, independently, so its numerical bias keeps the first order term (1.4) from the
gradient noise. As for SG-UBU, this term comes from the gradient noise only and vanishes with the full
gradient, whereas the coefficient (1.5) of (SGLD) also carries the Hessian V2U(z) from the discretization
error of EM. The analyses differ: UBU has strong error of second order [70, 77], whereas the Markovian form
(LM’) of LM has strong error of first order [91]. The second order discretization error of LM is recovered
through the modified class of Section 4.

3 Preliminaries

3.1 Notation and assumptions

Throughout, (-,-) is the Euclidean inner product, ||| the operator norm of a tensor, which for a vector is
the Euclidean norm |- |, A = B means A — B positive semidefinite, v®7 is the j-fold tensor power, A : B
the full contraction of two tensors of the same order, Tr[A] the trace of a square matrix A, and SymT the
average of a tensor T' over the permutations of its indices. Derivatives of U contract with tensors as in [91]:
for instance, for a matrix @ and a vector v, V3U (z)[Q] € R? and V3U (x)[v] € R¥*? have entries

(V2U(x) Z 0:0;00U (2) Qji, (VU (w) Zaa U (x

J,k=1

We write AU = Y, 92U and VAU for its gradient, m(¢)) = [ dmr, E® for the expectation of the Langevin
dynamics (1.1) started at Xy = «, and E, and P¢ for the expectation and the probability over the random
variable ¢ of the stochastic gradient at fixed x. For a tensor-valued function g and j > 0, ||[V/g|le =
sup, || VZg(x)||, with | -| for j = 1; for a Lipschitz function f, ||V f]|eo is its Lipschitz constant. For a random
tensor X and p > 1, [|X|], := (E[| X|]? )P with the Euclidean norm | X| in place of || X|| when X is a vector.
For a signed measure v on R? with v(R?) = 0 and [ |z||v|(dz) < oo, the Kantorovich-Rubinstein norm is

W= swp [ fav,
IVFlleo<1 JRY

with the supremum over the Lipschitz functions f with |V f||c < 1, so that Wi (u,p) = ||u — pllkr for

probability measures p and p with finite first moments by the Kantorovich-Rubinstein duality. For a function

¥ with w(¢) = 0 and 7w(|z| [¢]|) < oo, ¥7 is the signed measure (x) 7w(dz).

Three conventions fix the notation of the paper. The solution of the discrete Poisson equation of (1.1)
is written ¢y, the subscript h marking its dependence on the step size. Every member of the modified
class of Section 4 carries a tilde: the modified test function fh, the modified potential Uy, with its invariant
distribution 7y, the modified generator Ly, and the modified discrete Poisson solution (bh So do the modified
dynamics X;, defined together with Ly, and its solution Yk( ) started at Yj. The hat is reserved for the
stochastic gradient: VU (z;€) is the estimator, and U(x) is the exact potential. Table 2 lists the objects of
(1.1) next to their modified counterparts.

For the full gradient (LM) integrator, we make the following two assumptions on the potential U and the
test function f. Strong convexity of U is required only outside a bounded ball.

Assumption 1 U € C7(R?) satisfies
VU (0)| < M, max [|[VU(z)| < M,  VxeRY
2<i<T

and there are constants m > 0 and R > 0 such that V?U(x) = ml, for |z| > R



Table 2: Notation of the original objects and of their modified counterparts.

original modified
object symbol  definition symbol definition
test function f Assumption 2 fj, (4.1)
potential U Assumption 1 Uy, (4.11)
Langevin dynamics Xy (1.1) X, Yi(t)  (4.16)
generator L (3.3) Ly (417)
invariant distribution m Toxe U T 7p oc e Un (4.11)
discrete Poisson solution ¢y, (3.5) on (4.18)

Assumption 2 f € C*(R?) satisfies

J <L R4,
gja@lv @)l ; Vr €

For SGLM, additional boundedness conditions are required for the stochastic gradient VU (z;€).

Assumption 3 The estimator is unbiased and its L'? norm with respect to & grows linearly,
1
Ee[VO(2:6)] =VU(@),  (Be[IVO@:0)%])" <M(1+el),  VeeR?

U(5€) € C2RY) for every € with (x,€) — V2U(x;€) measurable, and its Hessian has a second moment
bound, uniform on unit balls,

B sw VOGSO <0, et

|2/ —z| <1
with M the constant of Assumption 1, and its variance is bounded by a constant ¥ < M?,
E¢[|VU(2;6) —VU(2)])] <%, Vo eR%

The constraint ¥ < M? in Assumption 3 is imposed for the convenience of analysis. The bound on the
Hessian of U in Assumption 3 ensures the uniqueness of the invariant distribution of (SGLM’), as required
by Harris’s ergodic theorem [40]. A stronger condition is the almost sure uniform bound ||V2U (z;¢)|| < M
for all z € R? and almost every &.

From here on, the letter C denotes a positive constant depending only on m, M, R and d, but not on h,
N, P, ¥ or the initial state, and it changes from line to line. The letter hy denotes an upper bound in (0, 1]
on the step size h, depending only on m, M, R and d. In each statement, hg is the smallest of the bounds
its proof uses, and every statement below holds for h € (0, ho].

Although this paper focuses on SGLM, the proofs are carried out mainly for the full gradient LM, and
the stochastic gradient case follows directly in most places. When we speak of the LM integrators in the
plural, the statement covers both the full gradient and the stochastic gradient cases.

3.2 Markovian form of the LM integrator

Although the (LM) integrator is non-Markovian, it can be written in a Markovian form for the convenience of
analysis. Let (B;);>0 be a standard Brownian motion in R%, the one driving (1.1), and realize the Gaussian
vectors as its increments over the steps,

1
Xk = ﬁ(B(k-i-l)h — Bin), k> 0.

Let Fj be the sigma algebra generated by the Brownian motion up to the time kh, the past before the step
k, and Ej the conditional expectation given that past,

Fr:=0(Bs:0< s < kh), Ex[-]:=E[-|Fx], (3.1)



so that xy is Fjy1-measurable and independent of Fj,. We construct a Markov chain (Yy)g>0 by

h
Yk?-l—l =Y. — hVU(Yk + \/;Xk) + V Qth (LM’)

Then Z; = Yy + v/h/2 x satisfies (LM), so the LM integrator is equivalent to (LM’), the form in which
it is analyzed as a postprocessed integrator in [86]; here Y} is Fi-measurable and Zj is Fj41-measurable.
Similarly, the (SGLM) integrator is equivalent to

. h
Vi1 = Vi — hVU(Yk n \/;Xk;gk) +V2h X, (SGLM)

where the random variables &, are independent and identically distributed and independent of (B;);>o. For
(SGLM’) the past before the step k also contains &y, . ..,&k—1, and we define

Fi=0(Bs, &:0<s<kh, 0<j<k—1), Ei-]:=E[-|F] (3.2)

so that xx and & are independent of fk, and Y} is ]:"k—measurable and Zj, is ﬁk+1—measurable.

Since xi is determined by the Brownian motion on [kh, (k + 1)h], we call (LM’) and (SGLM’) the
Markovian forms of LM and SGLM. The analysis through the discrete Poisson equation is carried out on the
Markovian form (Yx)r>o0, not on the original form (Zy)r>0, and their connection is made by the modified
class of Section 4. The Markovian form (LM’) has strong and weak order 1 [91], hence the second order
discretization error of LM comes entirely from the Gaussian shift 1/h/2 xr between Yy and Zj.

3.3 Elliptic estimates of the discrete Poisson equation

The generator of the overdamped Langevin dynamics (1.1) is
LY =AY —VU -V, (3.3)

and e'“, t > 0, is its semigroup, e** f(x) = E*[f(X;)], where X; solves (1.1) with X, = 2. The Dirichlet
form of £ [6] gives the integration by parts

7(g1 Lg2) = —m(Vg1 - Vg) (3.4)

for g1, g2 € C?*(R%) whose derivatives of orders 0 to 2 grow at most polynomially.

For the test function f of Assumption 2, the Kolmogorov solution u(x,t) := e** f(z) — n(f) solves the
parabolic equation d;u = Lu with u(-,0) = f — w(f). By the exponential convergence of u(z,t) established
in Theorem 1 below, the discrete Poisson solution [59, 91]

on(@) =Y u(z,kh) = h (T — ") (f(z) - n(f)), (3.5)

k=0

with Z the identity operator, is well defined and, by telescoping the series with e"“u(-, kh) = u(-, (k + 1)h)
and the exponential decay (3.8) of u, satisfies the discrete Poisson equation

on(x) — (" ¢n) ()

- = f(z) —n(f), z € R4, (3.6)

As h — 0, (3.6) formally becomes the continuous Poisson equation

—£¢0($) = f(iE) - 7T(f)v T € Rd’ (3'7)

studied in [9, 65, 87]. By (3.8) of Theorem 1 below, ¢ = [, u(-,t) dt solves (3.7), with derivatives of orders
1 to 4 bounded by CL by (E.31). Among the functions with a bounded gradient, (3.7) determines ¢¢ up to
an additive constant, as the proof of Corollary 2 shows; only V2¢q enters the results below, so the constant
is immaterial.



Theorem 1 Let Assumptions 1 and 2 hold. There are A > 0 and C, depending only on m, M, R and d,
such that for all x € R and t > 0,

Ju(z, )] S CL A +|a))e™,  max [VVu(z,t)| < CLe™. (3-8)

1<j<4
Consequently, for every h € (0, \™1] the discrete Poisson solution (3.5) satisfies

max |V/é,(2)| < CL, vz € RY (3.9)

1<j<4
(Proof in Appendix A.)

Theorem 1 requires one order of derivative of u more than Theorem 1 of [91], and its proof is almost the
same; the details are given in Appendix A. The proof uses the derivatives of U up to order 5 only, although
Assumption 1 provides bounds up to order 7; the 2 extra orders are consumed by the modified potential of
Section 4.2, whose construction loses 2 derivatives. Corollary 1 applies it to the modified potential Uy, and
the modlﬁed test function fh, whose discrete Poisson solution is written ¢h

4 Modified class for the LM integrator

The MSE (1.2) averages the test function along the samples (Zx)r>o of the (LM) integrator, while the
analysis runs on the Markovian form (LM’). The Gaussian shift between the two is absorbed by the modified
class: a modified test function f,, a modified potential Uy, with its modified generator L, and a modified
discrete Poisson solution <;~Sh. The modified class is local: its construction does not involve the long-time
behavior. Section 4.1 defines the modified test function f, as the heat flow of f, which splits the MSE into
the time average error of the Markovian form and a bias against a reference measure. Section 4.2 defines
the modified potential U, by the correction that makes the bias of order h2, cut off far from the origin so
that the bounds of Assumption 1 up to order 5 hold uniformly in h, with 2M and 7 in place of M and
m. Section 4.3 proves that the bias against the modified target 7, is of order h2. Sectlon 4.4 defines the
modified generator £, and the modified discrete Poisson solution ¢y,.

4.1 Modified test function f,

The positions Z and Yy in (LM) and (LM’) differ by the Gaussian shift /h/2 xx ~ N(0, %1;), which is
independent of Fj. The conditional mean of f(Z;) given Fj, is therefore the heat semigroup apphed to f at

time %, evaluated at Yj. This motivates the definition of the modified test function

o) = 20w =B 1o+ 5]~ N1, (a.1)

for which Eg [f(Zk)} = fu (Yx). Since fn is an average of translates of f, every derivative of f), is the same

average of the corresponding derivative of f, and fh satisfies Assumption 2 with the same constant L for
every h. Expanding f about y to the order 4 along \/h/2 x,

Fry ) = 1BV s e b d S () P b, lwl < 5 (2)

Under the expectation the terms of odd order in x vanish, hence
7 h 4 2 d
i) — 1) 2 arw)| < & (5) Bt <omw, wyere, (4:2)

where Af = Tr[V2f] = ZZ L02f. The modified test function fj, absorbs the Gaussian shift and avoids
studying the non-Markovian form (LM) directly, and the anchor position is shifted to (Y) in (LM’).
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The modified test function f;(Y}) is an unbiased estimate of f(Z;) under F. Define the difference
My = f(Zi) — fu(Ya); then Ex[90,] = 0 by (4.1), and since f is L-Lipschitz,

B[] < B[|£(20) - 1R[] < 12 S Bl = G 22 (43)

The My, are Fj,1-measurable martingale differences, so their sum has additive variance. For every probability
measure p on R? with a finite first moment, inserting f(Z;) = fu(Y%) + My into the MSE (1.2), applying
Cauchy’s inequality to the three resulting terms and then the additive variance with (4.3) gives

N-1

2
~ 1
MSE(N, h) ' Z (Vi) — )) + (p(fn) —7(f)) + N My, ]
k=0 k=0
N-1 2
1 2 3dL% h (4.4)
<3 (Yx) - —.
U Z W) — ()| | +3(p(fn) —7(f))" + 5 N
k=0 modified bias
time average error
The term % ~ of (4.4) is absorbed into th so it remains to estimate the time average error and the

modified bias. The measure p is to be chosen so that the modified bias and the discretization part of the
time average error are of order hZ.
The measure p cannot simply be w. With p = 7, the expansion (4.2) gives

h
m(fn) —7(f) = 1 m(Af) + O(Lh?),
whose leading coefficient 7(Af) is in general nonzero. The choice of p has to compensate the Laplacian
term, so that the modified bias p(f5) — 7 (f) is of order hZ.
4.2 Modified potential U,

We aim to find a distribution p such that the modified bias p(fh) — 7(f) is of order h%. Since fn =
f+2Af+ O(h?) by (4.2), we consider the ansatz

m:

) (4.5)

where V is a function to be determined and the coefficient ﬁ matches that of Af in (4.2). We derive
= |[VU|? — AU by a perturbation analysis. The perturbed potential U + 2V, once made rigorous by a

cutoﬂC far from the origin, is the modified potential Uy, and its Boltzmann distribution 7, oc exp(fﬁh) is the
modified target. Finally, we prove the modified bias estimate 7, (f,) — 7(f) = O(h?).

p X exp(

Derivation of V by perturbation
For a test function v, the ansatz (4.5) gives

m(eiV)  fpate V" 1Vda

e~ 4V) fRde*U*%de.

p(Y) =

Expanding e~ 5V =1 — LV + O(h?) in the numerator and in the denominator of p(1), we obtain

h
p() = () — 2 (w(V) 7 7(V)) + O(2), (4.6)
the term of order h being —% tlmes the covariance of ¢ and V under «. Taking ¢ = f), in (4. 6) and inserting

the expansion (4.2) of the modlﬁed test function,

o) = (1) = 2 (=(A) = 7(V) + 7)) 7(V)) +O2) (4.7)
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The modified bias is therefore of order h? exactly when the term of order h in (4.7) vanishes,

m(Af) = 7(fV) == (f) = (V). (4.8)

We look for a single V' satisfying (4.8) for every f. The integration by parts (3.4), first with g; = 1 and
go = f and then with g1 = f and go = U, gives

m(Af) =7m(Vf - VU) =x(f|VU]> — f AU). (4.9)
Hence we select the potential function
V:=|VU]* - AU = - LU, (4.10)

for which 7(V)) = —w(LU) = 0 by the invariance of 7. This computation is formal, and the cutoff introduced
below changes the measure (4.5); Lemma 2 proves the bias estimate for the modified target.

Cutoff in the modified potential

The naive construction U + %V of the modified potential does not satisfy Assumption 1, because the deriva-
tives of |VU|? grow with |z|. Since Theorem 1 must be applied to the modified potential with constants
independent of h, the modification is cut off far from the origin. Fix a smooth cutoff function § € C°°(R9)
with0 <6 <1,0=1on {|z] <1} and § =0 on {|z| > 2}. With § € (0,1] fixed by (B.9) in the proof of
Lemma 1 below, we define the modified potential by

~ h hax
U, =U+ 1 V 0y, Op(x) == 9(7), (4.11)
so that U, = U + LV on the ball {|z| < §/h} and U, = U on {|z| > 26/h}. In particular, since 0 < 6, < 1
and |V (y)| < C(1+ |y|)? by Assumption 1,

— < - <
On(a) - U@] < 7 max V()| <

>
= Q

: z € R% (4.12)

The modified target 7, o ¢~ Un is therefore a perturbation of 7 by a bounded potential, although the bound
(4.12) is not uniform in h. The derivatives of Uy, — U of orders 1 to 5, however, are bounded uniformly in x
and h: by (4.14) in Lemma 1 below they are at most Ch(1 + |z|), and they vanish for |z| > 26/h.

Lemma 1 Let Assumption 1 hold. There are 6 € (0,1] and ho € (0,6] such that for every h € (0, ho], the
modified potential U;, € C°(RY) satisfies

|VUL(0)] < 2M, max ||[ViU,(z)|| <2M,  VzeRY, (4.13)

2<i<5
the conveity condition V2Up(x) = 1y for || > R, and

max |V'Up(z) — VU (2)|| < Ch(1+|z]), Vo €R% (4.14)

1<i<5
(Proof in Appendix B.1.)

Theorem 1 therefore applies to Uy, since its proof uses the bounds of Assumption 1 up to order 5 only
(Appendix A). The constants, in particular the rate A, depend only on m, M, R and d, not on h. In the rest
of the paper, the number ¢ is fixed by Lemma 1 and absorbed into the constant C.

4.3 Estimation of the modified bias 7,(f,) — 7(f)

The cancellation (4.8) between the heat flow of the test function and the modification of the potential holds
for the modified target 7}, as it does for the ansatz (4.5), since the cutoff acts only where 7 has exponentially
small mass. Lemma 2 carries the perturbation argument that produced V over to the modified target.
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Lemma 2 Let Assumptions 1 and 2 hold. For every h € (0, hy],
|7 (fn) — m(f)] < CLR. (4.15)
(Proof in Appendix B.2.)

Remark 1 The Gaussian potential U = %‘IEF, taken without the cutoff, illustrates the modification. Here

V = |z|?> — d, so the modified potential equals (1 + %)@ up to an additive constant and Ty has variance

(L+ 4)=1 in each coordinate. The chain becomes Y11 = (1 — )Yy + V2h (1 — &) xy, whose stationary

variance 1 — % agrees with that of 7, up to O(h?). The shifted variable Zy, = Y}, + \/h/2 X1 has stationary
variance 1, in agreement with the exactness of (LM) for Gaussian targets established in [86, Remark 4.1].

4.4 Modified discrete Poisson equation qgh
Let the modified dynamics be the overdamped Langevin dynamics driven by the potential Uy,

dX; = —VU,(X,)dt + V2dB;, (4.16)

with the modified generator } )
Ly = Ay — VU, - Vi, (4.17)

and its semigroup e**». The invariant distribution of (4.16) is the modified target 7. The time average

error in (5.1) is analyzed through the discrete Poisson equation of the modified generator (4.17). Let én be
the discrete Poisson solution (3.5) with Ly, 75 and f, in place of £, m and f, so that

on(w) ~ (Z’”hdm)(w) = fu@)—7n(fu),  weR (4.18)

Corollary 1 Let Assumptions 1 and 2 hold. For every h € (0, h], bp is well defined and

max ||V7/¢p(z)| < CL, Vz € RY. (4.19)

1<5<4

Corollary 1 is Theorem 1 applied to the modified class. By Lemma 1, U, satisfies the bounds that the
proof of Theorem 1 uses, and f}, satisfies Assumption 2 with the constant L. The constants in (4.19) therefore
depend only on m, M, R and d, and the threshold hg includes A~1.

5 Local error of the LM integrators

This section compares one step of the Markovian form (LM’) with one step of the modified dynamics (4.16),
and derives from this comparison the local weak error used in the MSE analysis. Section 5.1 bounds the
moments of the chain uniformly in time, so that the conditional one-step estimates can be averaged over the
chain. It then bounds the sizes of a step and matches the moments of orders 1 to 3 of the chain and of the
modified dynamics, with a mismatch of order h%. Section 5.2 turns the matching into the local weak error
of the LM integrator, and of the SGLM integrator, whose gradient noise adds an explicit term of order h?
and a remainder of order h3.
Taking p = 7, in (4.4), Lemma 2 bounds the modified bias by CLh?, and the MSE satisfies

N—-1 2
MSE(N, h) <3EU;{ > (Fn(Ye) ﬁh(fh))‘ +CL2(h4+d—]\};). (5.1)
k=0

time average error
The time average error is centered at 7y ( fh), so it is controlled through the discrete Poisson equation of a

dynamics that preserves 7. This is the modified dynamics (4.16), whose discrete Poisson solution ¢ in
(4.18) has the right side f, — 7 (f). The discrete Poisson solution transfers local errors into the time average
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error [59, 91]. The local error studied in this section is therefore the error of one step of the Markovian form
(LM’) against one step of the modified dynamics from the same state.

Since the chains (LM’) and (SGLM’) are time-homogeneous, statements about a single step are made at
the index 0 and apply at any k; Lemmas 3, 6 and 7 are stated at the index k, in the form the MSE analysis
uses. One step of the chain is

h
Y —-Yy = VQhXO—hVU(Zo), Z():}/()-F\/;XO, (52)

where xo ~ N(0, I) is independent of Fy. For each k > 0, let (Y3 (t))¢>0 solve the modified dynamics (4.16)
fron} Y5 (0) = Yy, driven by (Bih+t — Bkn)i>0, whose increment over [0, h] is V'l Xk, so that Ex[v(Yi(h))] =
(e"£r4))(Yy). The local error of one step of the chain against the modified dynamics is Y7 — Y (h).

5.1 Moment bounds and moment matching

The MSE analysis squares the polynomial weight of the local weak errors of Section 5.2, and therefore needs
moments of order 12 of the chain, uniformly in time. The following lemma provides them. Its proof is
standard and follows the Lyapunov function arguments in [91], with Lemma 1 for the modified dynamics.

Lemma 3 Let Assumption 1 hold. There are hg > 0 and C' such that for the chain (LM’), every h € (0, ho]
and every k > 0,

ElVi|2 <C(1+[Yo])"?,  max{E|Vi(h) — Yi'%, E[Virs — Vi) <CRO(1+ Vo). (5.3)

If Assumption 3 additionally holds, the same moment bounds hold for the chain (SGLM’), with the same hg
and C. (Proof in Appendix C.1.)

The next lemma bounds the size of one step of the chain and of the modified dynamics, and the size of
the local error between them; these sizes control the remainders of all the expansions below.

Lemma 4 Let Assumption 1 hold. Then, for the chain (LM’) and every s € [0, h],
1% = Yoll, < CVEQL+ %), [1¥(s) — Yoll, < OVR(L+[Yal), IV — To(h)ll, < ChE (1 + [Yel), (5.4)
where || - ||, is taken under Ey. (Proof in Appendix C.2.)

The moments of one step of the modified dynamics and of the chain are expanded in Lemmas 17 and 18
of Appendix C. Compared with the exact dynamics (1.1), the chain matches the moments of orders 2 and 3

to O(h3) but misses the mean by %QVV, with V' as in (4.10); the drift correction of the modified dynamics
removes exactly this mismatch. The cutoff keeps the cancellation on the ball {|Yp| < §/h}, and outside the
ball the remaining mismatch is again of order h®, because h|Yy|/d > 1 there.

Lemma 5 Let Assumption 1 hold. Then, for the chain (LM’),

[ [(v2 = Y0)27] — By [(Fo (h) — Yo)*7]

‘<Ch3(1+\Yo|)6, j=1,2,3. (5.5)

(Proof in Appendix C.3.)

5.2 Local weak error expansion

The local weak error of the LM integrator on a test function G is Eo[G(Y1) — G(f/o(h))], and the MSE

analysis takes G = ¢;,. Because the local error is of size h%, against h? for the SRK integrators of [91],
G is expanded along a step to the order 3: the terms of orders 1 to 3 are matched by Lemma 5, and the
remainder is controlled by Lemma 4. This is why Assumption 2 asks for 4 derivatives of f.
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Lemma 6 Let Assumption 1 hold and let G € C*(R?) have bounded derivatives of orders 1 to 4. Then, for
the chain (LM’) and every k > 0,

[EL[G(Vit) = GT(0)] | < CR* Y IVIGllac (14 Ye)". (5.6)

j=1
(Proof in Appendix C.4.)

With the stochastic gradient, the gradient noise at x has the covariance
C(x) = Ee [(VU(z; £) = VU(x)) ® (VU (2:€) — VU(x))}, Te[C(z)] < %, (5.7)

where the bound on the trace is Assumption 3. One step of (SGLM’) adds to the step (5.2) the gradient
noise at Zy, multiplied by —h. Given Fo and Xo this noise has mean 0, so the mean of the step is unchanged,
while its moment of order 2 gains h?Eo[C(Z)], as for (SGLD).

Lemma 7 keeps this gain as an explicit term of order h?, bounded through (C.27) by 27}‘2 V2G| o0,
against the order h® of (5.6); the rest of the gradient noise also contributes only a remainder of order h3.

Lemma 7 Let Assumptions 1 and 3 hold and let G € C*(R?) have bounded derivatives of orders 1 to 4.
Then, for the chain (SGLM’) and every k > 0,

E[G(Yit1) — G(Yi(h))] — %2 V2G(Y:) : Er[C(Z1)]| < CR2 Y VPG oo (1 +2)”. (5.8)

j=1

(Proof in Appendix C.5.)

6 Main results on the LM integrators

This section states the main results: the MSE bounds for the samples of the (LM) and (SGLM) integrators
in Section 6.1, the numerical bias of SGLM in Section 6.2, its comparison with the numerical bias of (SGLD)
in Section 6.3, and the explicit coefficients of h in Wi (7, 7) and Wy (7p, ), given by the Riesz representors,
with their comparison over the batch size, in Section 6.4. Their proofs are in Appendices D, E, F' and G.

6.1 MSE analysis of SGLM

The samples of the (LM) and (SGLM) integrators start from a given Zy € R%. The analysis below runs on
the Markovian form from a given Yy, with Z, = Yi + /h/2 xi for every k > 0; Appendix D applies it to
the samples from Zj by starting the Markovian form at Y1 = Zy — hVU(Zp) + \/h/2 x0, with VU(ZO; &) in
place of VU (Zy) for SGLM, so that Z = Yy + \/h/2 xx for every k > 1.

With p = 7, the MSE satisfies (5.1), and it remains to bound its time average error. Telescoping
én(Yig1) — én(Yz) along the chain of the Markovian form, with the solution ¢, of (4.18), gives the time-
averaged error formula of [59, 91],

N-—1 ot bt N-1 N-1
% D (fu¥i) = 7nlfn) = ¢h(YO)];h¢h(YN) + % > Tkt % >, (6.1)
k=0 k=0 k=0

with the discretization term and the martingale difference

On(Yiy1) — dn(Yi(h)) T e on(Ye(h) — én(Y2)
h ’ b h

Ty = + (Vi) — 7n(fn). (6.2)

The conditional mean of Y, under E for (LM) and Ey, for (SGLM), is the local weak error of Lemmas 6
and 7 with G = ¢y, divided by h; the lemmas apply because (4.19) bounds the derivatives of ¢, of orders 1
to 4 by CL. The term ¥y, has conditional mean 0 by (4.18).
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Theorem 2 Let Assumptions 1 and 2 hold, and let (Zy)x>0 be the samples of (LM) from a given Zy € R9.
Then, for every h € (0, ho] and every N > 1,

1
MSE(N, h) < CL*| (1 + |Z0|)2m + (1+120)) 204, (6.3)

(Proof in Appendix D.1.)

The term ﬁ is the order of the variance of a time average over a trajectory of length Nh, and h? is the
square of the bias of order h? of (LM), which comes from Lemma 2 and (5.6). Balancing them gives, for
N > hy®, the step h = N~5 < hg and MSE(N, h) < CL%(1 + | Zo|)'2N 5.

For the stochastic gradient, the explicit term of Lemma 7, divided by h, adds to the conditional mean of
T a term of order $h, whose square gives the order ¥2h? in (6.4).

Theorem 3 Let Assumptions 1, 2 and 3 hold, and let (Zy)r>0 be the samples of (SGLM) from a given
Zy € R, Then, for every h € (0, hg] and every N > 1,

1
MSE(N, h) < CL? [(1 + |Z0\)2(m + 22h2) + (1+120)) 01| (6.4)

(Proof in Appendix D.2.)

With a batch of P independent stochastic gradients, the chain (SGLM) reads
h = ) h
Zyy1 =2k — F};VU(Zk;ékp )+ \/; (XK + Xk+1),

with 51(:)’ ceey ,(CP) independent and drawn afresh at every step. By Minkowski’s inequality, the averaged
estimator keeps the bound M(1 + |z|) on its moment of order 12 and the bound on its Hessian, uniformly
in P, and its variance is at most /P, so it satisfies Assumption 3 with X/P in place of X; the proof of
Theorem 3 is unchanged, and (6.4) holds with $2h%/P? in place of £2h2. A batch of size P < h~! therefore
recovers the order h* of (6.3).

6.2 Numerical bias estimate of SGLM

The MSE bounds control the time average along one trajectory. This subsection identifies the long-time
limit of that average for (SGLM), and its distance to m, the numerical bias. The Markovian form (SGLM’) is
ergodic by Harris’s ergodic theorem [40], applied with the drift condition behind Lemma 3 and a minorization
that uses the Hessian bound of Assumption 3.

Lemma 8 Let Assumptions 1 and 3 hold. For every h € (0, ho], (SGLM’) has a unique invariant distribution
wn, with pn(|y|*?) < C. Let mp, = pp * N(0, %Id). Then, for every f satisfying Assumption 2 and every
given Zy € R, the samples of (SGLM) satisfy

N-1
. 1
lim ~ kz_o f(Zg) =mn(f) almost surely. (6.5)

N—o00

(Proof in Appendix E.1.)

The measure 7y, is determined by the chain (SGLM’) alone, through puj, and does not depend on the
initial value Zy. Since (SGLM) is not Markovian, it has no invariant distribution in the usual sense; by (6.5),
the measure 7, can be viewed as the numerical invariant distribution of SGLM.

The next theorem expands the numerical bias 7, (f) — w(f) to the order h, with a coefficient given by (;NSh
and the covariance of the gradient noise, defined in (5.7) as

C(z) = E¢ [(VU(x;f) —VU()) ® (VU (x;€) — VU(x))}, z € R

The bias estimate follows the same strategy as that of SG-UBU in [59, Section 3.4].
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Theorem 4 Let Assumptions 1, 2 and 3 hold. For every h € (0, ho], with Yo ~ pn, xo ~ N(0,14) inde-
pendent of Yo, and Zy = Yo + v/h/2 X0, so that Zy ~ 7y, the numerical invariant distribution of (SGLM),

[m(F) — 7(f) ~ SE[V?a(%) : C(20)]| < L. (6.:6)
In particular, |74 (f) — 7(f)] < CL(Zh + h?). (Proof in Appendix E.2.)

As h — 0, the coefficient 3 E[V2¢;,(Yp) : C(Zo)] of h in (6.6) converges to an expression in the solution
¢o of the continuous Poisson equation (3.7).

Corollary 2 Let Assumptions 1, 2 and 3 hold. Then, for (SGLM),

lim ﬂ-h(f) - W(f)

Jim, - = %W(V%o(x) :C(x)).- (6.7)

(Proof in Appendix E.3.)

Corollary 2 gives a rigorous characterization of the linear part of the numerical bias of (SGLM): its
coefficient of order h comes entirely from the covariance C(z) of the stochastic gradient, and vanishes when
the gradient is exact. This is intrinsically different from (SGLD), whose numerical bias carries a first order
discretization error even with the exact gradient, so that its coefficient of order i remains nonzero for some
test functions as the variance of the stochastic gradient tends to zero (Corollary 4). For SG-UBU, the
corresponding limit is identified only formally in [59]; for SGLM, Corollary 2 makes the coefficient explicit
and proves the limit.

6.3 Numerical bias comparison with SGLD

The MSE analysis through the discrete Poisson equation applies to (SGLD) without extra effort: the samples
of SGLD form a Markov chain, so no modified class is needed, and the time-averaged error formula (6.1)
holds with Z, f, m(f), the discrete Poisson solution ¢y, of (3.5) and the solution X}, of (1.1) from X, = Zj
in place of Yi, fn, T (fh), op and Y, (h). For the samples of SGLD from a given Zy € R?, it gives

MSE(N, h) = o(i FR2R? g h2>, (6.8)
Nh

with the constant depending also on L and Zy. The term Y2h? comes from the gradient noise, as in (6.4),

and the last term h? from the discretization error of EM, where (6.4) has h*. Since ¥ < M2, (6.8) reduces

to MSE(N, h) = O((Nh)~! + h?), the bound already proved through the continuous Poisson equation (3.7)

[87, Theorem 9], [16, Theorem 3], and we do not restate its proof.

The arguments of Lemma 8, based on Harris’s ergodic theorem, show that (SGLD) has a unique invariant
distribution 7, with 7, (|2['?) < C, and that the time averages of f along SGLD converge almost surely
to Tr(f) (Lemma 19 in Appendix F). The invariant distribution 7, differs from the numerical invariant
distribution 7, of (SGLM) in the coefficient of order h of the numerical bias. In the next theorem, this
coefficient carries, besides the covariance C(z) of the gradient noise, the one-step error of EM against (1.1),
through V2U VU — VAU in the mean of the step and the Hessian V2U in its moment of order 2.

Theorem 5 Let Assumptions 1, 2 and 3 hold. For every h € (0, hg|, with Zy ~ 7y, the invariant distribution
of (SGLD),

7(f) = 7(7) — 5 B[Von(%) : (292U (%) +C(20)]

(6.9)

o

+ JE[Vqsh(ZO) - (V2U(Z0) VU(Zo) — VAU(ZO))H < CLR?.

In particular, |7h(f) — 7(f)| < CLh. (Proof in Appendix F.2.)

As h — 0, the coefficient of h in (6.9) converges to an expression in the solution ¢¢ of (3.7), in which
only the Hessian V2@, remains.

17



Corollary 3 Let Assumptions 1, 2 and 3 hold. Then, for (SGLD),

lim M - %w(v%(x)  (V2U(2) +C(:c))). (6.10)

(Proof in Appendix F.3.)

Corollary 3 is not entirely new: the coefficient of order h of the numerical bias of (SGLD) has been
studied formally in [87, Section 4.1], for d = 1 and under the assumption that the chain is ergodic, where
the gradient noise adds to the coefficient of EM a term in the variance of the stochastic gradient, and the
modified SGLD of [87, Section 4.2] removes this term. Corollary 3 proves the limit in R? and writes the
coefficient in terms of the solution ¢g of (3.7). The (SGLM) integrator treats the discretization bias in
a different and clean way: it preserves the second order discretization error of the LM integrator, so its
coefficient (6.7) carries the gradient noise only.

Remark 2 Corollary 3 also requires the stochastic gradient to have a finite moment of high order, as in
Assumption 3. For (SGLD), if the moment of order 4 of the gradient noise is infinite, the bound on the
numerical bias in Wy deteriorates to the order h2 [71, Theorem 1].

The coefficients (6.7) of (SGLM) and (6.10) of (SGLD) differ by  7(V2¢q(z) : V2U(x)), the contribution
of the discretization error of EM. This term does not depend on the gradient noise: it is the coeflicient of
SGLD with the full gradient, and it remains at every batch size. The coefficient of SGLM, by contrast,
vanishes with C(x), and with a batch of P independent stochastic gradients, whose average has the covariance
C(x)/P, it is divided by P. For a given test function, the two coefficients are not ordered in absolute value,
since V2¢y is indefinite in general and the terms in V2U (x) and in C(z) can have opposite signs. Section 6.4
compares the suprema of their absolute values over the test functions with ||V f]|e < 1, and Lemma 9 gives
a gradient noise for which even the supremum of the absolute value of the coefficient of SGLD over these
test functions is smaller than that of SGLM.

The expectation in (6.9) contains the gradient V¢p, through the error of EM in the mean of the step,
while the limit (6.10) of Corollary 3 contains the Hessian V2@ only. The two forms are connected by an
integration by parts that holds under 7 and is not available under 7. By (3.3), for each component 4,

L(O;U) =AU — VU -Vo,U = (VAU — V*U VU)

so the vector multiplying V¢y, in (6.9) is, componentwise, minus the generator applied to VU,
V2U VU — VAU = —LVU. (6.11)

For every 1 € C3(R%) with bounded derivatives of orders 1 to 3, (3.4) with g; = 9;% and g = 9;U, summed
over 4, and (6.11) give

w(w(x) (VU (2) VU (z) — VAU(x))) = > w(0(x) LOU (2))
=t (6.12)
= w(Voip(x) - VOU (x)) = m(V3(x) : V2U()).

i=1

At a fixed step size, the expectation in (6.9) is taken under 7y, while (6.12) with ) = ¢5, holds under .
Moving the terms of order h from 7, to m within the remainder C'Lh? requires Theorem 5 for a test function
built from V¢, and V2¢;, whose derivatives of orders 1 to 4 involve the derivatives of ¢ up to order 6,
beyond the order 4 of Theorem 1. The gradient V¢, therefore stays in (6.9).

As h — 0, 7}, converges weakly to 7 with moments bounded uniformly in h, and V¢;, and V2¢;, converge
to Vo and V2¢y uniformly on compact sets, so the expectation in (6.9) converges to the same expression
under 7. There (6.12) with 1) = ¢y applies, and the term in V¢ cancels half of the term in 2V2U. Theorem 5
thus holds at every step size h € (0, hg] with a remainder of order h? but keeps both V¢, and V2¢y,, while
the Hessian form of the coefficient in Corollary 3 is reached only in the limit A — 0, without a rate.
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The gap between Theorem 5 and Corollary 3 also reveals a feature of the discrete Poisson equation. The
solution ¢p, of (3.6) compares one step of (SGLD) with one step of (1.1), so only the differences of their
moments enter, and the derivatives of ¢, up to order 4 suffice for the non-asymptotic bound (6.9). The
solution ¢y of (3.7) compares one step of SGLD with the generator £ instead: the coefficient of order h
then involves the derivatives of ¢y up to order 4, and a remainder of order h? requires those up to order 6,
beyond Theorem 1. With ¢ alone, the terms that do not cancel at a fixed step size are therefore hard to
characterize under the present assumptions.

6.4 Explicit coefficient in Wasserstein-1 error

The coefficients (6.7) and (6.10) depend on the test function f through V2¢o. The suprema of their absolute
values over the test functions with |V f||cc < 1 are the limits of Wy (mp, w)/h and Wh (7, m)/h as h — 0
(Corollary 4). To evaluate these suprema, both coefficients are written as w(f1), with a function ¢ that
does not depend on f.

For a bounded measurable function A : R — R4 such that A(z) is a symmetric matrix for every
x € R?, define the Riesz representor of A as the function ¢4 € L?(7) with 7(14) = 0 and

T(Ya(z) (—Lw)(z)) = 7(Viw(z) : Alz)) (6.13)

for every w € C*(R%) with bounded derivatives of orders 1 to 4. Under Assumption 1, 4 exists, is unique
and depends linearly on A (Theorem 8 in Appendix G). For f satisfying Assumption 2, (6.13) with w = ¢q
gives m(V2¢g : A) = 7(f14), so the coefficients (6.7) and (6.10) read
_mn(f) —7(f) T(f) () 1
;{ﬁ%f }ng}]f = §7T(f (¢V2U+1/)C)>- (6.14)
The representor of the Hessian V2U is explicit. The vector V2U VU — VAU in (6.11) is the gradient of
1|VU|? — AU, so (6.12) and (3.4) give

= %W(flﬂc%

(Vi : V2U) = ﬂ(w : v(%wm“‘ - AU)) - w((%|VU|2 - AU)(—[:M)).

Since 7(Lw) = 0, the mean of 1|VU|> — AU may be subtracted; it equals —i7(AU), since 7(LU) = 0 gives
7(|VU|?) = n(AU). Hence (6.13) holds for A = V2U with

Yoru(e) = 3 IVU()P ~ AU() + 3 7(AD). (6.15)

Through the representors, the normalized biases (m, — m)/h and (7, — m)/h converge to the signed
measures $the 7 and 1 (¢y2y + the) 7 in the Kantorovich-Rubinstein norm, at the rate hz(1+ log ).

Theorem 6 Let Assumptions 1 and 3 hold. Then, for every h € (0, hol, the numerical invariant distribution
7w of (SGLM) and the invariant distribution 7y, of (SGLD) satisfy

h 3 1
= < Ch? - .
Hﬂ'h ™ 2’(/Jc 7THKR\C’h2 (1—|—logh), (6.16)
h 1
H’Frh—ﬁ— E(wszJri,ZJc)?THKR < Ch%(lJrlogE). (6.17)
(Proof in Appendix G.4.)
Since Wy (mp, m) = ||mn, — 7|lkr and Wi (7p, m) = ||, — 7|lkr, the triangle inequality for ||-|kr and

Theorem 6 give, for every h € (0, hgl,

h 3 1
Wi (mp, ) — 9 l[vbe mllkr < Ch2 (1 + log E) (6.18)

h
+ ‘W1(7Th,7T) D) (Vw20 + ) Tllkr

The bound (6.18) determines the Wasserstein-1 errors to first order in h, but it is not sharp in the discretiza-
tion error: its remainder is only of order h%, up to the factor 1 + log % How to enhance this order to h? is
still an open question; Remark 3 discusses the globally convex case.
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Remark 3 When U is globally strongly convez, that is, R = 0 in Assumption 1, and the covariance C(x) is
smooth, we expect the remainder of (6.16), (6.17) and (6.18) to improve to Ch%. The factor hz (1 + log )
is lost where a step of the chain acts on a Lipschitz test function and where e is only known to lie in
L3(r). Under global strong convexity, the derivatives of the solution of (1.1) with respect to its initial point
decay at the rate =™ so vc, like the explicit ¥y2y of (6.15), should be smooth with polynomially growing
derivatives. The steps of the chain can then be applied to the smooth measures e ™ and Pyg2p ™ instead of
the test function, and each of these losses would become a factor h.

Since the remainder in (6.18) is o(h), dividing (6.18) by h and letting h — 0 gives the explicit limits of
Wi (mp, w)/h and Wy (7, ) /h.

Corollary 4 Let Assumptions 1 and 3 hold. Then the numerical invariant distribution 7y, of (SGLM) and
the invariant distribution T, of (SGLD) satisfy

lim Wa(mn, ) (. 7)

— 1 . Wi (T, )
h—0 h 5 lve 7llxr, lim ——=2 7

h—0 h
Moreover, ||{v2u 7|lkr > 0, and ||ve 7||kr > 0 if C(x) does not vanish identically. (Proof in Appendix G.5.)

1
=3 |(Vv2u + ) T||kr-

Corollary 4 is nontrivial: it gives an accurate characterization of the coefficient of h in the Wasserstein-1
error, as an equality. This makes it distinct from the mainstream coupling methods of numerical analysis,
which bound the Wasserstein-1 error from above without identifying its coefficient. Although the representors
e and Yy2y are difficult to evaluate in practice, Corollary 4 and (6.18) are the decisive answer to how much
SGLM and SGLD shift the invariant distribution: up to the remainder Ch2 (1 + log #+) of (6.18), the shift
in the Wasserstein-1 distance is 2 |1 7||kr for SGLM and 2 ||(¢g2y + ¢oc) || kg for SGLD.

Corollary 4 thus compares SGLM with SGLD through the representors: the limit of W (my,, 7)/h is at
most that of Wy (7, m)/h exactly when

[(Wv2v + ve) mllkr = [[vbe Tkr- (6.19)

This inequality fails in general: Lemma 9 gives a gradient noise of large amplitude, supported away from
the minimizer of U, that violates it.

Lemma 9 Let d =1, U(z) = 322 and VU (z;€) = x + 10 a(x), where & takes the values 1 and —1 with
probability % each and

1 , 1 .
a(z) = exp(l - )2> if ||z — 2| < 3 a(xz) :=0 otherwise. (6.20)

1—4(jz|—2
Then Assumptions 1 and 3 hold, and

1 1
5 [ve m|lxkr =~ 1.230 > 1.115 =~ B | (Yv2u + Ye) 7|l kr,

s0 (6.19) fails. (Proof in Appendix G.6.)

With a batch of P independent stochastic gradients, C(x)/P replaces the covariance C(z) of a single
stochastic gradient. As P grows, the limit of Wy (m,, ) /h tends to 0, while that of Wi (7, 7)/h tends to
%H’l/)sz 7|lkr > 0; for a strongly convex potential, (6.19) holds once P reaches an explicit threshold.

Theorem 7 Let Assumptions 1 with R = 0 and 3 hold, so that V2U(x) = mly for every x € R%, and let
C(x) be the covariance of a single stochastic gradient. Then, for every batch size P satisfying

9V2Ullsc IClloe _ 9 2
> TS = s VU @) sup (e (6:21)
the limit of Wy (mp, ) /h for SGLM with a batch of size P is at most that of Wy (7, m)/h for SGLD with the
same batch, which by Corollary /, with ¢/ P in place of e, reads

P

| (4o + )| . = 5 e wlen. (6.22)

KR
(Proof in Appendix G.7.)
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The norm |[|-|| in (6.21) is the matrix 2-norm, so the lower bound of P does not depend explicitly on the
dimension d; it depends only on the eigenvalues of V2U (z) and C(x). This is also the only result of the paper
in which the dependence on the dimension is accounted for.

7 Conclusion

This paper proves MSE bounds for the SGLM integrator and its full gradient form LM, for a potential strongly
convex outside a ball. The samples of (SGLM) and (LM) do not form a Markov chain; the modified class of
Section 4 moves the analysis to the Markovian forms (SGLM’) and (LM’), and the discrete Poisson equation
of [59, 91] converts their local weak errors against the modified dynamics into the bound ﬁ +32h% + bt of
Theorem 3, with the bound ﬁ + h* of Theorem 2 for the full gradient. The stochastic gradient error and
the discretization error thus separate for an integrator of the overdamped dynamics, as for SG-UBU [59] and
unlike (SGLD), and a batch of size P < h~! recovers the order of (6.3).

The numerical bias of SGLM is of first order in h, with the coefficient (6.7) given by the covariance C(x)
of the gradient noise. For (SGLD), the same discrete Poisson equation gives the coefficient (6.10), which
carries the Hessian V2U () besides the covariance C(z). This contribution of the discretization error of EM
remains at every batch size, while the coefficient of SGLM is divided by the batch size. For a given test
function, the two coefficients are not ordered in absolute value, since V2¢y is indefinite in general (Lemma 9).
In both coefficients, the gradient noise and the discretization error enter linearly through V2¢q: the Poisson
equation describes the structure of the numerical bias of both stochastic gradient integrators, beyond its
role in the upper bounds on the MSE. The gap between Theorem 5, which holds at every step size with
on, and Corollary 3, which reaches the Hessian form with ¢y only in the limit h — 0, also shows that the
discrete Poisson equation requires fewer derivatives than the continuous one for non-asymptotic bounds on
the numerical bias.

Through the Riesz representors of C(z) and V2U(z), the coefficients of h in the Wasserstein-1 errors are
explicit: W (mp, m)/h and Wi (7, 7)/h converge to 1 |ve w|lkr and 1||(¥ver + ve) wllkr (Corollary 4), as
a consequence of the convergence of the normalized biases (7, — 7)/h and (7p, — 7)/h in the Kantorovich—
Rubinstein norm (Theorem 6). For a strongly convex potential, the coefficient of SGLM is at most that
of SGLD once the batch size reaches a threshold linear in sup,||C(z)||, with no explicit dependence on the
dimension (Theorem 7), and Lemma 9 shows that the order can be reversed at small batch sizes.

Three extensions are possible. The first is variance reduction: with variance-reduced gradients, the first
order term of the bias of SG-UBU becomes of second order once h is below a threshold [59], and the same
construction applied to (SGLM) would give an integrator of the overdamped dynamics with a bias of second
order. The second is the remainder Ch? (1 + log 1) of (6.18), which is not sharp in the discretization error;
how to enhance its order to h? remains open. The third is the underdamped Langevin dynamics, where a
modified class for its stochastic gradient integrators would extend the analysis to that setting.
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A  Proof of Theorem 1

This appendix proves Theorem 1: the exponential decay of the Kolmogorov solution v and of its derivatives
of orders up to 4. The decay of u and of its derivatives of orders up to 3 is proved in [91, Theorem 1],
so essentially only the derivative of order 4 needs to be estimated. The bound (3.9) on ¢y, then follows by
summation over the time steps. Appendix A.1 writes out the variation processes and their pathwise bounds.
Appendix A.2 states the estimates on the semigroup e** that the proof uses and proves the short-time
bound (A.12). For a function g with bounded derivatives of orders 1 to 4, Appendix A.3 bounds V*(e**g)
by differentiating the derivative formula (A.10) 3 times. Appendix A.4 combines this bound with the decay
(A.8) and the short-time bound (A.12).

The proof is written for the potential U and the test function f of Assumptions 1 and 2, and it uses the
derivatives of U up to order 5. Throughout this appendix, the constant C' depends only on m, M, R and d,
unless otherwise specified.

A.1 Variation processes

Let X; be the solution of (1.1) started at Xo = z, and write 9,, for the derivative with respect to the initial
state x along a vector w. For a function g on R?, the derivatives of e’*¢ in the initial state are expressed
through the variation processes. The variation processes of orders 1 to 4 are

Jp = 0. Xy, Ki[w] := 0w s, O [w, w'] = Oy Ky |w], Eifw, w', w"] = 0y Oy [w, w'], (A1)
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where the variations of orders 2 to 4 are taken along vectors w,w’, w” € R%, so that, like .J;, they take values
in R4*?. From the definition (A.1),

th = anta Kt[w]u/ = awaw/Xt,

@t[w> w/]w// = awaw’aw”Xtv = [’LU, wla ,wll]w/// = awaw’aw” w’”Xh

hence Kilw]w', ©w,w'|w” and Z¢[w,w’, w”|w"”" are symmetric in all their directions. Since the noise of
(1.1) is additive, differentiating the dynamics in its initial state gives ordinary differential equations along

the path, with the initial values Jy = Iy and Ko = ©g = Z¢ = 0:

dJ;

5 = VU, (A2)
R —w20(x) Kilu] ~ VUK el 5, (A3
% = —V2U(X;) 0w, w'] — V3U (X)) [Jow] K [w'] — VAU (X¢) [Jew'] K [w]

— VAU (Xy) [Ki[ww'] Jy — VAU (Xy)[Jyw, Jyw'] . (A.4)

These equations are derived in [91, Equations (A.1), (A.8) and (A.9)]. Differentiating (A.4) once more, along
w’, gives the equation of the fourth variation =y,

= W) o x) 2w, ] — 3 VAU i) Oufw, w'] — Y VAU(X) K [w]w!] K fw”]

dt
(2,1) (2,1)
— VAU(Xy) [Ofw, w'lw"] Jp = > VAU(Xy) [Jew, Jyw'] Ky [w']
1)
- Z V4U(Xt) [Kt [w]w', th//} Jt — V5U(Xt)[.]tw, th/, th”] Jt, (A5)
2.1)

where, for an expression F' of the 3 directions in which the underlined pair forms a block, the sum runs over
the partitions of {w,w’, w”} into a pair and a singleton,

Z Flw,w',w") = F(w,w,w") + Flw,w” w') + Fw',w", w). (A.6)
(2,1)

In each sum 3, ;) of (A.5), the summand written out has the pair {w,w’} and the singleton w".
The bounds of the next lemma are Gronwall estimates, which grow exponentially in t. The factor ¢ in
the bounds on K, ©; and =Z; is what the proof of Lemma 15 uses at short times.

Lemma 10 Let Assumption 1 hold. Then, pathwise, for all t > 0 and unit vectors w,w’,w”,
el < ety K| < MeeM (10w, w']| < M(1+ 3Mt)t M,
12w, w, w"]|| < C(1+4t)?teM,
with C depending only on M.

Proof. The bounds on J;, K; and ©, are [91, Lemma 6]. For Z;[w,w’, w"], the matrix J;J; ! solves (A.2) on
[s,1] from Iy, so || JeJ;7 || < eM*=%) by Gronwall’s inequality, and Duhamel’s principle with Z = 0 gives

t = 1o
Swto) = [t (L 200 2 0] ) s,
0 S

The factor %@Ul’w”] + V22U (X,) 2w, w’, w"] of the integrand is the sum of the 14 terms of (A.5) other
than —V2U (X;) 2w, w’,w”]. The bounds (A.7) on Js, Ky and O, with ||V'U|| < M for i = 3,4, 5, bound

these terms group by group: the 5 summands of the next display bound, in this order, the sum carrying
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V3U and Oy, the sum carrying V3U and 2 factors Ky, the term carrying V3U and O,[w, w']w”, the 2 sums
carrying V4U together, and the term carrying V°U:

Is + V2U(X,) Zsw, v, w"
<3M%(1 4 3Ms)se*™s 4 3M3s%eMs 1 M2(1 4+ 3Ms) se*™s 1+ 6M?se*™M® - MetMs
= M(1+ 10Ms+15M3%s%)e*™* < 15M (1 + Ms)?e*Ms.

HdEs[w,w’,w”]

Hence

t
12 [w, w', w"]|| < / M=) 15M (1 4+ Ms)2e*™* ds < 15M(1 + Mt)? t ™Mt < C(1 4 t)? t Mt
0

A.2 Semigroup estimates

The estimates of this subsection hold for every g € C*(R?) with bounded derivatives of orders 1 to 4; the
rate A > 0 depends only on m, M, R and d. Lemmas 11, 12 and 13 are proved in [91, Appendix A] under
the bounds of Assumption 1 of orders up to 4, and are restated without proof, since the proof of Lemma 15
uses them explicitly. Lemma 14 extends the short-time bounds of [91, Equations (A.11) and (A.12)] to the
derivative of order 4 and is proved here.

Lemma 11 Let Assumption 1 hold. Then, for allt > 0,

V(9. < Ce™MVglloos (A.8)

o0

and for 0 <t <1,
[V2(eg)]|, S Ct72 [[Vgllor  [[V3(e“9)]|, < Ct1 [ Vglloo. (A.9)

The decay (A.8) is [91, Equation (A.7)], obtained from the reflection coupling of the overdamped Langevin
dynamics [34]. The smoothing bounds (A.9) are [91, Lemmas 8 and 9], obtained by differentiating the
derivative formula (A.10) below up to 2 times in the initial state.

The derivative formula [35], in the form of [91, Lemma 7], expresses the derivative of e
v through a stochastic integral of the first variation process.

27L g along a vector

Lemma 12 Let Assumption 1 hold. Then, for T >0, ¢ :=e™*g and v € R?,

1 T
v-V(e2 ™ g)(z) = E® [¢(XT)/ (Jsv)~st}, Ve € R (A.10)
V2T 0
The next lemma, [91, Equation (A.17)] in the proof of [91, Lemma 8], bounds the variance of ¢(X;),
whose randomness comes from the Brownian motion on [0, 7] that drives X, from X, = .

Lemma 13 Let Assumption 1 hold. Then, for 7 >0, ¢ :=e™*g and Xo = x € RY,
Var(¢(X,)) < 2d7e*™7 [|Vg|2. (A.11)

The last estimate of this subsection bounds the derivatives of e*“¢ over a finite time; it covers the times
t < 1 in the proof of Theorem 1 and supplies the derivative bounds needed in the proof of Lemma 15 and in
the case ¢ > 1 of that theorem.

Lemma 14 Let Assumption 1 hold. There is C, depending only on M, such that for every g € C*(R?) with
bounded derivatives of orders 1 to 4 and all t > 0,

J
[V7(e*g)||, < CA+8°e*™M D || Vigloo,  j=1,2,3,4. (A.12)
=1
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Proof. For j < 3, (A.12) follows from the bounds [91, Equations (A.11) and (A.12)],

V(™). <eMIVallae, ||V 9)|, <MVl + Mte*™! |V,
[V2(e“g)|| . < M VPgllos + 3ME M|V g||oe + M(1+ 3Mt) t*!|| V| oo,

whose coefficients are each at most C(1 + t)3e*M?,

For j = 4, fix € R? and unit vectors w,w’,w”,w". By (A.1), the derivatives of X; in its initial state
along these vectors are Jyw, K;[w|w', O w, w'|w” and Z;[w, w’, w”|w", together with the same expressions
along the other subsets of {w,w’,w”,w”'}. The chain rule for higher derivatives applied to g(X), and the
exchange of the derivatives with the expectation, justified by the pathwise bounds (A.7) and the bounded
derivatives of g, give

V(e g)(z)[w, v, v, w"] = E* [V4g(Xt)[th, Jow', Jyw” | Jyw™] + Z V3g(Xy) (K [w]w', Jyw”, Jyw ]
(2,1,1)
+ Z V29(Xy) [@t[w,w’]w”, th”’] + Z V2g9(X;) [Kt[w}w’, K, [w”}w”’]
(3,1) (2,2)

+ VQ(Xt) : Et[wa w/a w//]w//l:| ) (A13)

where, for an expression F' of the 4 directions in which each underlined group of directions forms a block,
the sums run over the partitions of {w,w’, w”,w"”} into blocks of the sizes in the subscript:

Z F(w, ’LU,, ’LUH, w///) — F(w, ’LU/, ’LUH, w///) + F(w, w//’ w/’ w///) + F(w, w///7 w/, w//)

2,1,1
( ) +F(w/,w”,w7w”/)+F(w/7w///7w7w”)+F(wl/7w”/7w,w/),

Z F(w,w,7w//, w///) = F(w7wl7w//7 w///) + F(w,wl7w”/7w”) + F(w,w”,w”/,w/) + F(w/,w”,w/”,w),
(3,1)

Z F(w,w’,w”, w///) — F(w,w’,w”, w///) + F(uuw”, w/’ w///) + F(w,w///,w/,w//).

(2,2)

By (A.7), the terms of the 5 groups in (A.13) are bounded by

M Viglloo, Mt Viglloo, M1+ 3Mt)t ™| Vg]|o,
MM Vgl C(L+ )2t Vl|oo,

each at most C(1 + t)%e*™! times the norm of the derivative of g it carries. Summing the 15 terms and
taking the supremum over x and over the unit vectors gives (A.12) for j = 4. O

A.3 The fourth derivative

This subsection extends the smoothing bounds (A.9) to the fourth derivative; the proof uses Lemmas 10, 11,
12, 13 and 14.

Lemma 15 Let Assumption 1 hold. For every g € C*(R?) with bounded derivatives of orders 1 to 4 and
every 0 <t <1, X
V(e g) ()] < Ct™2 |Vgllsos Ve € R%. (A.14)

Proof. Set 7 = /2 < § and ¢ = e™g, so that e?"“g = e'Fg, and fix z € R? and unit vectors v, w, w’,w".
By (A.12), ¢ has bounded derivatives of orders 1 to 4. Differentiate (A.10) in Lemma 12 along w, w’ and
w”. By (A.1), a derivative that falls on the stochastic integral raises the order of the variation process in its
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integrand, from Jsv to K[w]v, to Os[w,w']v and to Zs[w,w’, w”]v. Distributing the 3 derivatives between
1(X;) and the stochastic integral gives

V3T V(L g) (@), w, ] = B2 [awawfaw//wf) [t st]

+ ) E [awaw,w(XT) /0 ' (Ks[w"]v) -dBS] + ) E* [awuz/)(XT) /0 ' (04w, w'lv) - dB;

(2,1) (2,1)
+E* [(w(ﬁm —E° WX»]) /O ' (Es[w, w',w"v) - st} 7 (A.15)

where >, ;) is the sum over the partitions of {w,w’,w"} defined in (A.6).

In the term of (A.15) carrying Zs, 1(X;) is centered at its mean E” [1)(X ;)] = e'“g(x). The centering does
not change the value of this term, since the stochastic integral has mean 0, and it makes (A.11) applicable.
The exchanges of the derivatives with the expectation and with the stochastic integral are justified as in the
proof of [91, Lemma 8]. The variation processes are differentiable in the initial state along each path and
bounded by (A.7) uniformly in x, so the difference quotients of the integrands converge in L? over [0, 7] and
the paths, and by the It isometry those of the stochastic integrals converge in L2. Since v has bounded
derivatives of orders 1 to 4, the difference quotients of the factors in front of the stochastic integrals also
converge in L2, and the Cauchy-Schwarz inequality passes the limits through the expectation.

The derivatives of ¥(X;) in (A.15) follow from the chain rule and (A.1):

6w”w(XT) = v¢(XT) : JTwN7 8waw’w(XT) = VZWXT)[JTU% ‘]Tw/] + V’(p(XT) ! K‘F[w]w/?

DO O (X7) = V3Y(X,) [Jrw, Jow', Jrw'] + Z V(X ) [Kr[wlw', Jow”] + V(X7 - O [w, w']w”.
(2.1)
(A.16)
Since 7 < £, (A.12) and (A.9) at time 7 give

IVelloo € ClIVGlloos  IV*0llo T2 Vglloos  IV*% o0 < CT7H|Vgllces

and (A.7) gives ||Js|| < C and || K[w]||, [|Os[w, w']|, |Zs[w, w’,w"]|| < Cs for s < 7. Inserted in (A.16), the
bounds on V7 and on the variation processes give

|8w”¢(XT)| < C|Vglloo, |8waw’¢(XT)’ < CT_%”VQHOW |6w6w’aw”¢(XT)’ < CT_1||v9||007
(A.17)
and (A.11) bounds the centered factor of the term carrying Zs:

1
2

Var(w(x0)! = (Bfux) - 5 w))[) < ot vl (A18)

By the It6 isometry and (A.7),

2
< (T, E”

2

E* < C73,

/OT(JSv) -dBs

/0 (K ") - dB,

/ (Es[w,w’, w"v) - dB
0

2 (A.19)

< C73, E*

2

]Ew < 07—3,

/0 (@l ulo) - dB,

and these bounds hold for every term of the sums 3, ) in (A.15), since w, w’ and w” are arbitrary unit
vectors. The Cauchy—Schwarz inequality, with (A.17), (A.19) and (A.18), bounds the terms of the 4 groups
in (A.15) by

— 1 _1 3 3 1
CTl-TQ, Cr72 .12, C-72, Cr2 .71
1

times ||Vg||o. For 7 < 3, each is at most C772||Vg|loo, so dividing (A.15) by v/27 and taking the supremum
over the unit vectors gives

(SIS

V(e 9)(2)|| < O™ 2| Vg oo,
which is (A.14) with 7 =¢/2. O
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A.4 Conclusion of the proof

Proof of Theorem 1. The bound on |u(x,t)| in (3.8) and the bounds on V/u(z,t) for 1 < j < 3 are [91,
Theorem 1], whose assumptions on U and f are the bounds of Assumptions 1 and 2 up to the orders 5 and
3, respectively; decreasing X if necessary, these bounds and (A.8) hold with the same rate A. For the order
4, since 7(f) is a constant, V4u(z,t) = V*(e** f)(z), and we split at ¢ = 1. For ¢ < 1, the short-time bound
(A.12) with g = f and Assumption 2 give

[V4u(z,t)| C’ZHV flloo SCL < CLe*e M.

For t > 1, the semigroup property gives e’ f = e (e(t’l)ﬁf), and e*=D~ f has bounded derivatives of orders
1 to 4, since (A.12) at time ¢t — 1 bounds them. Hence (A.14) at time 1, with e*~D% f in place of g, bounds
[ V4u(z,t)|| by C||V(e* D% f)|lo, and (A.8) at time ¢t — 1 bounds this gradient, so that

||v4 (IE t ” C ||v (t— l)ﬁf H < Cef)\(tfl) ”vf”oo < CLB)\ e~
Together, the cases ¢t < 1 and ¢t > 1 give the bound on V*u(z,t) in (3.8).

For the discrete Poisson solution (3.5), the geometric bounds (3.8) on the summands justify differentiating
the series term by term. Summing the derivative bound in (3.8) over ¢ = kh gives, for Abh < 1 and 1 < j < 4,

= CLh _ 2CL
—Akh
IV n (2 hk§0||w u(a,kh)[| < CLhY e = == < =7,

which is (3.9) after 2/X is absorbed into C. O

B Proofs for Section 4

Throughout this appendix, the constant C' depends only on m, M, R and d. The next lemma records the
dissipativity of U used in the moment estimates, and the Gaussian tail of 7 that follows from it.

Lemma 16 Let Assumption 1 hold. For all x € R?,
(z,VU(z)) > %W —C, Ulx)-U0) > %W ) (B.1)
and consequently w(x) < Ce= %12 and Jga lz]?7(dz) < Cq for every ¢ > 1.
Proof. By [91, Lemma 4], with Ry := 4R(1 + M/m),
(VU(2) = VU(y),2 —y) > ~Mla —y>, (VU(x) = VU(y).x—y) > Tlo—y* for lz—y| > R (B2)
Applying (B.2) to the pair (z,0) and using |VU(0)| < M,
(2, VU (2)) = (2, VU (2) — VU(0)) + (#, VU(0)) > gl —Miel, el > Ry
~M|z|* — M|z|, |z|< Ry,

and both cases are at least 7 |z|2 — C, which is the drift bound in (B.1). Integrating along the segment from
0 to z, with (B.2) at the pair (rz,0) and the integral split at r|z| = Ry when |z| > Ry,

U(z) — U(0) = /0 (VU(ra), 2y dr > % (jof? — R3) - %R% M,

which gives the lower bound on U(z) — U(0) in (B.1). The upper bound U(y) — U(0) < M|y| + ¥ |y[* and
the lower bound on U(z) — U(0) in (B.1) give

cCWOUO) R
) = TNy S Joa e M= P gy S 7
and hence [p, |z]|?7(dz) < Cy for every ¢ > 1. O
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B.1 Proof of Lemma 1: modified potential estimates

Proof of Lemma 1. The proof bounds the derivatives of V' and of V8, which gives (4.14), and then chooses
d so that U}, satisfies (4.13) and the convexity condition. Under Assumption 1, |VU(z)| < M(1 + |z|) and
ViU (x)|| < M for 2 < j < 7. The derivatives of |VU|? follow from the Leibniz rule,

i,
VIVUP? =Y (;) Sym (V'*TU, Vi), 0<i<5, (B.3)
1=0
where (-, -) contracts one index of each factor, so that both sides are tensors of order i. The symmetrization
is needed: (V!*1U, VI~IT1U) is symmetric within its first [ indices and within its last 4 — [ indices, but in
general not across these groups.
For ¢ > 1, each term of (B.3) contains the factor VU at most once and is therefore bounded by C'(1+|x]);

the derivatives VIAU, contractions of Vi+2U, are bounded by dM for 0 < i < 5. Hence V = |VU|? — AU
of (4.10) satisfies

V@) <C+z)® VIV <C(l+z]), 1<i<5  VoeR% (B.4)

where C' depends only on M and d. _
Let § € (0,1], fixed by (B.9) at the end of the proof, and let h < & throughout. By (4.11), U, —U = 2 V0,
with 0, (x) = 6(hxz/d). The function 6}, is supported in {|z| < 2§/h}, where

h
g(1+|x|) <%+2<3, (B.5)

and V'8, (z) = (h/6)! (V'0)(hz /) is bounded by C(h/d)! for 0 < I < 5, with C depending on the fixed
function 6 only. By the Leibniz rule again,

Vi(VOL) =) <;> Sym(V~'V @ V'6y,), 1<i<5. (B.6)
=0

On the support of 6, (B.4), h < § and (B.5) give

C(1+ |z]), 0<I<i—1,

i—1 l
v V(x)@VGh(x)IIS{C(h/é)i(lﬂx”?ggc(wg;|), =i

Hence, by (B.6), the derivatives of V8, of orders 1 to 5 grow at most linearly on the support of 6y,

. 2
[VIVO)(@)|| < C(1+]z]), 1<i<5,  VoeR:|z]< %5 (B.7)
Since V¥(V ;) vanishes for |z| > 2§/h, (B.7) gives (4.14), and, by (B.5),
. . B
|VU(z) — VU (2)| = 1 [V (VL) (2)|| < C6, 1<i<5,  VeeRY, (B.8)
with C independent of § and h. Choose § € (0, 1] so small that this constant satisfies
m
< min{ — :
05\mln{2,M}, (B.9)
and let hyg < §. Then (B.8) gives
V2UL(z) = VU (x) = C6 1y, |[VUs(2)| < |VIU(z)||+C5, 1<i<5,  VzeRY (B.10)

which, with Assumption 1 and (B.9), gives (4.13) and the convexity condition of Lemma 1. Finally, U, €
C5(RY), since 0, € C*°(RY) and U € C"(RY) gives V € C°(RY). O
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B.2 Proof of Lemma 2: modified bias estimate

Proof of Lemma 2. The proof expands the numerator and the denominator of the ratio (B.12) to the order
h, as in the derivation of (4.6), and the terms of order h cancel by (4.9). Adding a constant to f adds the
same constant to fh, and leaves both sides of (4.15) unchanged. We therefore assume f(0) = 0, so that
|f(z)| < L|z| by Assumption 2. By (4.1), we have

Fu(2)] < E'f(x + \/EX)’ < L(|:z:| + \/§E|X|) < CL(1 + |x)). (B.11)

Since 75 oc e~ Un = ¢~ Ue=Un=U) where U, — U = Lyg, by (4.11), we have

_ - ﬂ'(fh e_(Uh_U))

_ ) B.12
A = " (B.12)
By (B.4), |U, — U| < Ch(1 + |z[2), while 7(z) < Ce~¥12” by Lemma 16. Shrinking ko so that Chqy < 16
with C the constant of the bound on |Uh — U, we have for h < ho,

elUn=Ul < Cefslel” m((1+ |z[)° elU’L_U‘) < C. (B.13)

In particular, by (B.11) and (B.13), the numerator of (B.12) is finite, so fn is integrable against 7. Taylor’s
formula for the exponential gives

0= =1 — (T, = U) + 02(2),  o2(2)| < 5 (On — U) el =Vl < CR2 (1 + [a]) el U1, (B.14)

N =

hence the remainder go(z) satisfies
(14 |2]) lo2(2)]) < CR?m((1 + |z[)®eP=U1) < OR2. (B.15)

Next, n(V) = —m(LU) = 0 by (4.9) with f = 1 and (4.10). Replacing V' by V8 changes m(V') and, by
(B.11), w(fxV) by an exponentially small amount: since 1 — 6}, vanishes on {|z| < §/h},

7T((1 +lz))|VI(1 - Gh)) < 071'((1 + |:L‘|)3 1{\w|>§/h}) < 06_% < ChQ, (B.16)

ms2 m
by (B.4) and 7(z) < Ce~¥lel* < Ce7orz e~ Hl7l* on {lz| = 6/h}.
Inserting (B.14) into the numerator and the denominator of (B.12), and using (V) = 0, (B.11), (B.15)
and (B.16), we obtain the approximations

w(em @) =1 - %w(veh) +7(02) =1+ %w(vu —03)) +m(02) = 1+ O(h?), (B.17)

(V) + O(LK?),

7 (f ef(Uh’fU)) =7(fn) — %W(fhv) + h T(fnV (L= 0n)) + 7(fro2) = 7(fn) — %W

4

where O(h?) and O(Lh?) are bounded by Ch* and CLh?. By (B.11), (B.4) and the moments of 7 in
Lemma 16, |7(fy)| + |7(fnV)| < CL. Since m(e=Wn=U)) > 1 — Ch? > 1 after shrinking ho, dividing the
approximations in (B.2) gives

- h =
T (fn) = m(fn) = 3 m(fuV) + O(Lh?). (B.18)
By (4.2), fu(z) = f(x)+ L Af(z) +g£ (z) where the remainder QZ satisfies \gf: (z)| < CLA? for all z € RY,
so that
2

w() = 7))+ S mAN) brle]) TA(fV) = S A(V) + A AFV) 4 S aelV). (B19)
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The terms 7(o}), ]11—; m(AfV) and %W(QZV) are bounded by CLh?(1+(|V|)) < CLh?, since |Af| < dL by
Assumption 2 and 7(|V]) < C by (B.4) and the moments of 7 in Lemma 16. Insertlng (B.19) into (B.18),
collecting these terms into O(Lh?), and using m(Af) = 7(fV) from (4.9) and (4.10) gives

n(fn) = 7(f) + O(LA?),

which is the modified bias estimate (4.15). O

C Proofs for Section 5

Statements about a single step are made at the index 0, with the step Dy = Y1 —Y; of (5.2) and xo ~ N(0, 1)
independent of Fy, so that under Eq the state Yj is fixed and

Eolxo] =0, Eo[x§?| =1s, Eo[x§?] =0, Eolxo?<C, p>1

The displacement of the modified dynamics started at Yy is written W, = f’o(s) —Y), 0 < s < h. Throughout
this appendix, the constant C' depends only on m, M, R and d, and also on p where a moment order p appears.
The largest moment order used is p = 12, for the bounds (5.3) in the proof of Lemma 3; all other proofs in
this appendix use p < 6.

C.1 Proof of Lemma 3

The proof uses the bounds (C.1) on one step of the modified dynamics. Lemma 17 states them first, together
with the moments of that step, which are used in Appendix C.3.

Lemma 17 Let Assumption 1 hold and let U, be the modified potential (4.11). Then, for 0 < s < h and
p =1, with C depending only on M, d and p and || - ||, taken under Eq,

I¥o(s) = Yoll, < CVR(1+[Yo]),  [[¥o(h) = Yo — V2h xoll, < Ch(1 +[Yo]), (C.1)

and, with C' depending only on M and d, all derivatives evaluated at Yy and 1 < 4,5,k < d,

‘EO [Yo(h) — Yo] + h VT, — h—(VQUh VU, — VAT, ‘ <R3 (1+vo))®, (C.2)
H]EO [(Yo(h) — Yo)®2] — 2h I, — h2(VUE? — 2V20),) H < OR*(1+ [Yo))*, (C.3)
| (Bo[(Fo(h) = Y0)®2)) , + 22 (853 T + 8ix 0500 + 830 0) | < Ok (14 [¥a)" (C.4)

The same statements hold with U in place of Uy and X, in place of Yo(s), for the exact dynamics (1.1)
started at Xog = Yy, with the same constants.

Proof. By Lemma 1, |VU,(0)| < 2M and ||[V2Uy,|| < 2M, so that |[VU,(z)| < 2M(1 + |z|) for every z. The
displacement of the modified dynamics (4.16) started at Yy is

N

W, =Yy(s) — Yo = —/Svﬁh(yo +W,)dr+v2B,, 0<s<h,
0
where (By)¢>o is the Brownian motion of the step, so that V2 By, = V2h xo. Hence
W,| < 2M/08(1 + |Yo| + [W,|)dr + V2 sup |B,|,
and Gronwall’s inequality gives

sup |[W,| < eQMh(2Mh(1 +|Yo]) + V2 sup|B \)
s<h
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Since E[ SUp,<p, |B,[P] < Ch% by the Burkholder-Davis-Gundy inequality and A < 1, the bound on Yy (s)—Y
in (C.1) follows. For the bound on Yy(h) — Yo — v/2h xo,

h
‘Wh - me‘ = ’/ Vﬁh(YO—FVNVT)dT
0

<2Mh(1+%|+sup\m|),
r<h

and the Grénwall bound on supg¢), |W,| above applies. This proves the bound on Yy(h) — Yy — v/2h xo in
(C.1). In particular, Eg|Yy(s)|? < C(1 + |Yp|)? for s < h and every ¢ > 1.

Next we consider the moments of W, = Yy(h) — Yy shown in (C.2)~(C.4). Since Yy(h) is driven by the
modified dynamics (4.16) with the generator £,1 = Ay — VU, -V of (4.17), the estimate of these moments
relies on a Taylor expansion with respect to Ly,.

Let () := z — Yo, a linear function of z € R? with components ¢;, so that W, = £(Yy(h)) and the entries
of Eq [W}?”], n =1,2,3, are £ [w(f’o(h))] for the polynomials v = ¢;, £;¢;, £;¢;(;. For each such 1, since
U, € C® (R?) by Lemma 1, the functions Ly and Ziw are of class C? and Z%¢ is continuous. By (4.13), Luip,
[221/), E?ﬂ/} and the gradients of v, £, E}%QZJ have polynomial growth, so that, by Eq|Yy(s)|? < C(1+ [Yp|)?,
the stochastic integral in It0’s formula is a martingale. Dynkin’s formula, applied to v, then to Ly and E%z/;
inside the integrals, gives with Fubini’s theorem the Taylor expansion to the order 2 with integral remainder,
where ¢(Yp) = 0 is omitted since £(Yp) = 0,

2 h
Ba[(%o(01))] = h £(Y) + 5 B + 5 [ (0= 5 Ba[h0(Fa(e))] s (©5)

Here Ehw(YO) and ﬁ,%z/)(Yo) are computed with the product rule

L1(9192) = 91 Lnga + g2 Lngi +2 Vg1 - Vo, 91,92 € C*(R?). (C.6)

Next we evaluate the explicit £;, and [1,21 operations on ¢ = {;, £;{;, £;{;{} respectively, to give the explicit
h and h? coefficients in the moment estimates (C.2)—(C.4).

1. For ¢ = ¢;, the linearity of ¢; gives Ll = —@-ﬁh, and

E%& = fﬁh&-Uh = *&AU}L + Z@-Uh 81-8jUh = (Vzﬁh VUh — VAUh)

J

At 2 :~YO7 hﬁh&—&—h; E%& is the component i of —h Vﬁhﬁ—% (V2Uh Vﬁh—VAﬁh)7 the approximation
of Eg[W] in (C.2).

2. For ¢ = £;(;, (4.17) gives ) ) )
Ln(lil;) =265 — O;Upt; — 0;Up s,

which equals 2§;; at z = Yp. Since L), annihilates the constant 204, [Ii(&-ﬂj) = th(aiUh l;) —
Ly (0;Up £4;), and (C.6) with g1 = 0;U}, and go = ¢; gives, at z =Y}, where ¢; = 0,

Eh (azﬁh g;)(YO) = ath Ehgj + QV(?ZUh . ij = 781]?]1 ajUh + 2315'35';1
This identity and its copy with ¢ and j exchanged give
L3(£:0;)(Yo) = 20Uy, 0;Uy, — 49;0;U,

so that, at z = Yo, hLp(lil;) + h;/ji(&ﬁj) is the entry (i,5) of 2h I + h? (VU}‘?z - ZVQUh), the
approximation of Eg [W,;@2] in (C.3).

3. For w = éiﬁjék,

L (:501) = 2(355 b + 6in £ + 651 £;) — (0;Un L0y, + 05U, Ll + 01Uy, i),
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which vanishes at z = Y. In E,QL(E > fk)(Yo) the terms 28;; {5, 20;1 ¢, 2§jk ¢; contribute —20;; 0, U,
—26;1, 0} Uh, —26;1 0; Uh, since Lply = —0Up,. By (C.6) with 9 = ;U and g2 = £;l);, whose value

and gradient vanish at Y, the term —9; Uhé ¢} contributes —,;U, Eh(f Kk)(YO) = —20,0; Up, and in

the same way the terms —0; Uy, lily, and —0, Uy, 1; ¢; contribute —26;; 0; U, and —20;5 9xUy,. Hence

L5 (0itjx) (Yo) = —4(8i5 OxUn + S5k 0;Un + 655 0iUn),
so that %2 L3 (£:0;0)(Y0) is the entry (i, 7, k) of the approximation of Eo[W %] in (C.4).

It remains to bound the integral term of (C. o) Each of ¢, L1, E%w and L3 71 is a linear combination
of products of components of ¢, components of VU, and derivatives of U, of orders 2 to 5; call the degree of
such a product the number of its factors that are components of ¢ or of VUh By the linear growth of VU,
and (4.13), a product of degree ¢ is bounded by C(1+ [z] + [Yp|)?. In Ly, the Laplacian does not raise the
degree, and —V U}, - V raises it by at most 1, and only where it differentiates a derivative of Uy, of order at
least 2. No such derivative occurs in ¥ or [,hz/J, so for 1 a product of n components of ¢ the products in £,
and £2¢ have degree at most n, those in £3w have degree at most n 4 1, and

()] < C(L+ ]2+ [Y)"
With Eqo(14|Y(s)|+ [Yo|)" ! < C(1+[Yo])™ ! for s < h, the integral term is bounded by Ch3(1+|Yy|)™ 11,
which gives (C.2)—(C.4). ~
_ For the exact Langevin dynamics (1.1), the same argument applies with U and X in place of U, and
Yo(s), since by Assumption 1 the derivatives of U satisfy (4.13) with M in place of 2M. O
Proof of Lemma 3. We prove the bounds with the exponents 2¢ and ¢ in place of 12 and 6 for an integer
g > 1, the case ¢ = 6 being (5.3); in this proof C' may depend on ¢ as well. The proof is a Lyapunov

argument: a bound on the displacement over one step and a drift condition give a contraction of Eg|Y1]%?
against |Y%|?4, which is iterated over k. By (LM’), the step of the chain at the index k is

h
Dy = Yk+1—Yk:\/2th—hVU(Zk), ZkZYk-f—\/;Xk,
and Assumption 1 gives |VU(Zy)| < M (1 + |Yi| + /h/2 |xk])-

We first bound the displacement over one step. Since Ej|v/2h xx|? < Ch%, the bound on |VU(Z)] gives,
for every p > 1,

Ei| Di|P < C(Ex|V2h xi|P + hP E|[ VU (Zy)[P) < Ch% + CRP (1 +|Y3)", (c.7)
and, since (C.1) at the index k gives ||Yx(h) — Yi — V2R Xk, < Ch(1 + |Yy|) under Eg,
Ei|Yi(h) — V3P < Ch® + ChP (1 + |V3])". (C.8)

Next we derive the drift condition. Splitting (Y, VU(Zy)) = (Zk, VU (Zk)) — \/h/2 {xk, VU(Z})) and
applying the drift bound in (B.1) at Zj and the bound on |VU(Z})|,

m h h
(Y, VU(Z)) = Z|Zk|2 -C- M\/Q|Xk|(1 + [Yi| + \/;|Xk)
Taking Ej,, with Ej|Zy|? = [Yi|? + % and Ey|xx|? =
m
(Yi, Ex[VU (Zk)]) 2> \Yk\2 C = OVA(1+|Yil) > S =0, (C.9)

since CvVh|Yy| < 2|Y;|? + C by Young’s inequality and h < 1
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Next we combine (C.7) and (C.9) into the Lyapunov estimate. Let Sy, := |Yi11]? — |Yi|* = 2(Y, Di) +
|Dy|?. Since xj is centered and independent of Fy, (C.9) and (C.7) with p = 2 give

EkSk = 72h<Yk,]Ek[VU(Zk)]> +Ek|Dk‘2 g *%h|Yk|2 + Ch + Ch2(1 -+ |Yk|)2 g 7%h|Yk|2 + Ch
for h < ho with Chg < %2, while [Sy| < 2|Y,||Di| + [Di|?* and (C.7) give, for 1 < j < g,

q
Ep|Sk? < C(|Vil? By Dil? + Bi| Di[) < ChE|Yi + CW (1 + [Vi|)¥.

Expanding
q

Wil = (Wi +50)" = 3 (1) wio-sisy
=0

and inserting the bounds on xSy, and Ey|Sk|?, with h < 1,
AVl EiSi < — T RIVPT R CIYAPT2, VPO D B Sil < CRIV~7 + CR2 (L4 Vi), > 2
By Young’s inequality, the terms of degree below 2¢ in |Yy| satisfy
q um
ChIYi[?72 + Ch Y |Vi|*7 < o h|Y;,|*? + Ch,
j=2

and, for h < hg with Chg small enough, the terms of order h? satisfy

Ch2(1+ Vi) < % h|Yi |2 + Ch.
With these bounds on the terms of degree below 2¢q and of order h2, the expansion of Eg|Yy,1]|?¢ gives

Ep|Vip1 |29 < V|20 — % hYi[20 42 %1 h|Y[2 + Ch,

that is,

By [Yi1 |2 < (1 - %h) V3|2 + Ch, (C.10)

with the step size hg < 16/(gm) making the factor lie in [0,1). Taking expectations in (C.10) and iterating
over k gives the bound on E|Y;|?? in (5.3), and averaging (C.7) and (C.8) with p = 2q over the law of Y}
gives the displacement bounds in (5.3):

16C

E[Y;[*? < |Y0\2q+q7m7

max {E|Dy|*, E[Vi(h)—Yi|*} < ChI+Ch2E(1+|Yi|)** < Ch?(1+Yo]) .

The argument carries over to the stochastic gradient chain (SGLM’), with By of (3.2) in place of Eg,
once the displacement bounds and the drift condition are verified for it. The step of this chain is

Dy = Yiy1 — Y = V2h x, — hVU(Zy; ).
By the moment bound of Assumption 3 and Jensen’s inequality, for 1 < p < 12,
B VU (Zi; &)P < MPEL(1+|Z])” < C(1+ Vi),
which is the bound used for VU(Zy) in (C.7), with the same constant, so that
Ex|Dil? < ChE +CRP(1+|V2])?,  1<p<i2
The bound (C.8) holds with K, in place of Ey, since Yi(h) — Y}, is driven by (Bkh+t — Bih)ogt<h, which is

independent of Fx. Since the estimator is unbiased and & is independent of Fj, and yy, the derivation of
(C.9) with Ej in place of Ej, gives

(Ve B [VO(Zis0)]) = (Vi BIVU(Z0)]) > il - .

The Lyapunov estimate uses only Ej[xx] = 0, the drift condition and the bound on Ej| D[P with p < 2¢, so
for ¢ < 6 it gives (C.10) with E; in place of Ej and the same constants. Averaging the bound on Eg|Dy|P
and (C.8) under Ej, with p = 2¢ < 12, over the law of Y}, then gives (5.3) for (SGLM). O
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C.2 Proof of Lemma 4

Proof of Lemma 4. We prove the bounds in || - ||| for every p > 1, with C' depending also on p; the case

p =4is (5.4). The bounds on Y; — ¥y and on YO( ) — Yy in (5.4) are direct. For the step Dy =Y; — Yy =
V2hxo — hVU(Zy) of (5.2), the moments of xo and Assumption 1 give

h
IV2hxoll, < VR, IRVU(Zo)ll, < MA(1+ (Yol + \ﬁ lixoll,) < Ch(1 -+ [¥a)),

and the bound on Yg(s) — Yp is that in (C.1). ) )
Next we bound the local error Y; — Yy(h) = Dy — W, Subtracting the displacement W, = v2h xo —

foh VUL (Yo + W,.) dr of (4.16) from Dy gives

Yy — Yo(h) = /Oh(VU(Yo + W) = VU(Z) )dr + /Oh (VO (Yo + W) = VU (Yo + W) )dr. (C.11)

=T; =T

The integrands of 77 and 75 satisfy

VU (Yo + W) — VU(Z)| < M\VVT — \/EXO . (VO = VU) (Yo + W,)| < Ch(1 + |Yo| + W),

by [|[V2U|| < M of Assumption 1 with Zy = Yy++/h/2 0, and by (4.14), respectively. Minkowski’s inequality
for the integrals over 7 € [0, h] and the bound ||, I, < CVh (1 + |Yy|) of (C.1) then give

h
~ h g
73, < M / (0, + \ﬁ lixoll, )ar < Ch (1 +|¥5)),
h
I7ell, < Ch [ (1-+ 1%l + Wl )dr < CH(1 + Yo

Adding the bounds on [[7:[, and [|72][, gives [[Y1 — ?o(h)lH,, < Chi(1+|Yy|), as stated in (5.4) for p = 4.
([

C.3 Proof of Lemma 5

The proof compares the moments of W, in Lemma 17 with the following expansion of the moments of the
step Y7 — Y} of the chain.

Lemma 18 Let Assumption 1 hold and let h € (0,1]. Then, with all derivatives of U evaluated at Yy and
C depending only on M and d, the moments of the step (5.2) of the chain satisfy, for 1 <1i,j,k < d,

’Eo Vi — Yol + hVU + & VAU‘ on’ (C.12)

HEO (V1 — Yo)®%] — 20 I, — h2(VU®2 — 2V2U)) H < CR3(1+ [Yo|), (C.13)

’(EO[(Yl ~Y0)®%)) . + 202 (81 kU + 63 O,U + 8, 05U \ < CR*(1+va))". (C.14)

Proof. The step (5.2) reads Y1 — Yy = V2h xo — hVU(Zy) with Zy — Yo = v/h/2 x0, so its moments follow

from expansions of VU(Zy) about YO in powers of xq. In this proof, O(h9) denotes a tensor of norm at most
Chi. Taylor’s formula to the order 3, with the remainder controlled by | V5U|| < M, gives

M

&) o @)

h h 1/hy3
VU(Zo) = VU + \/QVZU Yo+ 7 VUG + ¢ (5) VAN s, ol <
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and Taylor’s formula to the order 1, with the remainder controlled by ||[V3U|| < M, gives

h M h
VU(ZO) =VU + \/;VQUXO + 02, |Q2| < 7 5 ‘Xo|2. (C16)

The expansion (C.15) is used where VU(Zy) carries a factor h or h?, namely in the mean and in the cross
term of the second moment, and (C.16) where it carries a factor h2 or h2. In addition, |[VU ()] < M(1+|x|)
gives |VU(Zp)| < M(1 + |Yy| + v/h/2|x0|), and under Eq every term of odd degree in xo in (C.15) and
(C.16), and in their products with powers of g, has mean zero.

Next we compute the moments of orders 1, 2, 3 of Y1 — Y} from (C.15) and (C.16), to give the explicit h
and h? coefficients in (C.12)—(C.14).

1. For the mean, the terms of degrees 1 and 3 in xo of (C.15) have mean zero, and V3U[Eox§?] =
V3U[I4] = VAU by the contraction convention of Section 3.1, so that

h
]EQ [VU(Z())] =VU + Z VAU + EO[Q4], |E0[Q4]| < Ch2

Multiplied by —h, this is (C.12), since Eg[Y7 — Yo] = —h Eq[VU(Zy)].
2. For the second moment,
(Y1 — Yp)®? = 2h x§? — 2hv/2h Sym(xo ® VU (Zo)) + h* VU (Zy)®2.

Here Sym is essential to ensure that both sides are symmetric matrices. The term 2h x? 2 has conditional
mean 2hI;. For the cross term —2hv/2h Sym(xo ® VU(Zp)), insert (C.15) into xo ® VU(Zy). The
terms xo ® VU and xo ® V3U[x§?] have odd degree and mean zero, Eo[xo ® V2U xo] = V2U since
Eo[x$?] = I4 and V2U is symmetric, and the terms %(%)% X0 ® VAU [x§?] and xo ® o4 have conditional
means of norm at most Ch3. Hence

Eo[x0o ® VU(Zo)] = \/§V2U+ O(h?),  —2hV2hSymEe[xo ® VU(Z)] = —2h2 VU + O(h?).

For the term h% VU (Z,)®2, (C.16) gives

I
VU(Z)%2 = VU®? 4 2 sym(VU ® \/QVZU xO) +28ym (VU ® g2)
(C.17)

h h
+ 5(V2UX0)®2 + QSym(\/;VQU Xo ® 92) + 052

The term 2 Sym(VU ® \/h/2 V?U xg) has mean zero. By |VU| < M (1 +|Yp|) and the bound on g3 in
(C.16), the conditional means of the remaining 4 terms of (C.17) satisfy

o [28ym(VU @ 02)] || < Ch(1 + [¥o)), ‘ Eq [%(vQUm@Q] ‘ < Ch,
[Bo[28ym(VR/2 V20 xo @ 02)] | < OnF, |Bol08?] || < o1,

so that
Hh2 Eo [VU(Z0)%2] — h? VU®2H < OR3(1+ |Yo)).

Adding the conditional means of the 3 terms of (Y7 — Y()®2, namely 2hly, —2h2 V2U + O(h?) and
h2VU®? up to Ch3(1 + |Yp)), gives (C.13).

3. For the third moment,

(Y1 —Yp)®® = (2h) 2 x&° — 612 Sym (x$2 @ VU (Z0)) +3h*V2h Sym (x0 ® VU (Z0)®?) — h* VU (Z,) 2.
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The term (2h)% x&* has mean zero. For the term —6h% Sym(x$? ® VU(Z)), insert (C.16) into the
entry Eo[xo0,i Xo,; VU(Z0)r]: the term VU gives 6;; 0,U, the term linear in xo has mean zero, and the
remainder g, contributes at most C'h, so that

Eo [X0,i X0,j VU(Zo)i| = 0i5 OxU + O(h),
and, since d;; O, U is symmetric in ¢ and j, its symmetrization is 5 (5” OkU + 041, 0;U + 01, 0;U ), so that
—6h” SymEq [x5? © VU(Z)],,,, = —2h* (85 OU + 8is, 03U + 64 O;U) + O(h?).

For the term 3h%v/2h Sym(xo ® VU (Z)®?), insert (C.17) into xo ® VU(Zy)®?: the term yo ® VU®2
has mean zero, and every other term carries a factor \/h/2 V2U xq or g2, so its conditional mean has
norm at most Cv/h(1 + |Yp|). For the term h* VU (Z5)®3, the bound on |VU(Z)| suffices. Hence

H3h2\/ h SymEq[xo @ VU(Zo)® H 1+ Yol),
th’Eo (VU (Z0)%] H < W3 Eo|VU(Zo) < 0h3(1 +[Yp))3.

Adding the conditional means of the 4 terms of (Y; — Y5)®? gives (C.14).
]

Proof of Lemma 5. The moments of W), = Yy(h) — Y; are expanded in (C.2)—(C.4) with coefficients in Uy,
and those of Dy =Y — Y} in (C.12)—(C.14) with coefficients in U; Lemma 18 applies since h < hg < 1, and
all derivatives are evaluated at Y. Next we compare the two expansions. Their coefficients differ through
U, — U, and by (4.14) and the linear growth of VU, and of VU, from Lemma 1,

VU, — VU| < Ch(1+ |Yol),  [[VUE? - VU2 < Ch(1 + |Yol)?, Joax [V'U, = V'U| < Ch(1 +[Yo]).

(C.18)

Next we prove (5.5) for j = 1,2,3 with (C.18), first for j = 2,3 and then for j = 1.

1.

For j = 2 and j = 3, replacing U, by U in the terms of order h? of (C.3) and (C.4) changes them in
norm by at most Ch3(1 + |Yp|)2, by (C.18). After this replacement, the approximations of Eo[W,2’] in
(C.3) and (C.4) are those of Eo[D§’] in (C.13) and (C.14), which proves (5.5) for j = 2 and j = 3, the
weight (1 + |Yp|)® coming from the remainder of (C.4).

For j = 1, the term —h VU, of the approximation of Eo[IW,] in (C.2) is kept, since (C.18) bounds

h(VU;, — VU) only by Ch2(1 + |Yp|). In the term of order k2, the replacement of U, by U costs at
most Ch3(1 + |Yp])? in norm by (C.18), the linear growth of Vﬁh and ||[V2U| < M, the bound on
V3U;, — V3U in (C.18) controlling VAU, — VAU. Subtracting (C.12) then gives

2
Eo[Wh] — Eo[Do] + h(VU, — VU) — —(VQUVU VAU) — h—VAU‘ R (1+|vol)®. (C.19)

It remains to bound the terms of (C.19) other than Eq[W}] — Eq[Do] by Ch3(1 + [Yo])?, and here the
cutoff 6, of (4.11) enters. On the ball {|Yo| < §/h}, where 6, =1 and V), =0, VU, — VU = 2VV =
L(2V2U VU — VAU) by (4.10), so that

2 2
h(VU, — VU) — % (VPUVU - VAU) — hZ VAU

(C.20)
h2 h2 h2
= 7 (2VPUVU = VAU) - - VU VU + = VAU = 0.
Outside that ball, (C.18) and Assumption 1 give
~ h2 h2
h[VT(Yo) — VU(Y)| < Ch2(1 + |Yo)), ’5(VQUVU ~ VAU) + = VAU‘ < CRY(1 + o)),
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and 1 < h|Yp|/6 there, so the left side of (C.20) is at most

h|Yo|
1)

Ch*(1+ |Yy)) - < CRP(1+ [Yy))?

in norm. On the ball and outside it, (C.19) therefore gives
|Eo[Wh] — Eo[Do]| < CR*(1 + |Yo])® < Ch3(1 + [Yy)°,

which proves (5.5) for j = 1.

C.4 Proof of Lemma 6
Proof of Lemma 6. The proof expands G(Y;) — G(Ys(h)) about Yj to the order 3, so that the terms of orders
1 to 3 are differences of the moments of Dy and W, bounded by Lemma 5, and the remainder is bounded
by Lemma 4.

Work at the index 0, with Dy and W), as in the opening of Appendix C. Write Q. =<1+ (1- g)f/o(h)
for ¢ € [0,1], the interpolated position of [91], so that d%Qg =Y — f’o(h), the local error, and

1
G) = G(Ta(h) = [ (VG(@), Vi~ Ta(h) ds. (C21)
0
Expand VG about Yy to the order 2 with the integral remainder,
1_. 1 .
VG(Yy +v) = VG(Yo) + VIG(Yo) v+ 5 VPG(Yo) [v¥?] + 0s(v),  les(v)] < G IV*Gllos [0,

and insert it into (C.21) with v = Q. — Yp. Since V2G(Yp) and V3G(Yy) are symmetric, VIG(Yy) : T =
VIG(Yy) : Sym T for every tensor T of order j = 2,3. Moreover,

d%(Qg —¥o)® = jSym((Q. — Yo)PU Y @ (Vi - Vo(h)).  j=2.3,

and integrating over ¢ € [0,1], with Qo — Yy = W}, and Q1 — Yy = Dy,

1
- 1 .
Sym (/ (Qc — Yo)ds ® (Y1 — Yo(h))> 3 (D®2 W;?Q),
0
' _ v \®2 v _Yhes _es
Sym( [ (Q¢ —Y0)®?ds @ (Y1 — Yo(h)) 5 (D57 W)
0
These identities turn (C.21) into
3
1 ) -
Gt - -3 5 ve): )2 (D57 - W) + e, (C.22)

where the remainder o4 := f01<93(Qg -Y), Y1 — %(h)> dg satisfies
1 ~ =~ 13
4] < 5 IV*Glloe [¥2 = Yo ()] max{|Dol, [Whal}".

Taking Eo, (5.5) bounds the terms of orders 1 to 3 in (C.22):

3
<OR Y IVG oo (1 + [Y5])".

3
> l' VIG(Yy) : Eo[DFY — W]
! =

Jj=1
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For the remainder g4, (5.4) gives
- 5 B
Y1 = Yo(Wll, < ChE(1+[Yol),  [I1Dollly + Wil < CVA(L+ Yo,

and Holder’s inequality gives
1 - = 3 4
Eoleoa| < 6||V4GH<>O Y2 = Yol (1 Dolly + [Wally)” < CIVAG]oe h* (1 + [Yo]) "

Adding the bounds on the terms of orders 1 to 3 and on g4 proves (5.6) at the index 0, and by time
homogeneity at every k. O

C.5 Proof of Lemma 7

The proof uses two bounds on the covariance of the gradient noise, which also serve Appendices E to G. We
write the gradient noise and its covariance (5.7) as

n(z;€) == VU (2;€) = VU(z),  Clx) =Ee[n(z;€) @n(z;€)].
Let .
S(a;€):= sup [[V2U(56)|l,  Ee[S(x;6)?] < M2, (C.23)

o’ <1

the bound being the Hessian condition of Assumption 3. Let |z — 2’| < 1. Then

n(x;€) —n(a';€) = /Ol(VQU(xs;ﬁ) = VU (zs))(x —a')ds,  s:=2a"+s(z—a'),
so the definition of S and ||V2U|| < M give
[n(a:8) —n(a's &)l < (S(:€) + M) — a']. (C.24)
The identity
n(2;€)%2 = n(a';€)%% = n(w;) @ (n(2:€) = n(25€)) + (n(x:) — n(a';€)) @ n(a’;€)
gives
(€)% = n(a";) 2| < (In(@: )] + In(="; 1) In; €) — n(a'; €)1
Minkowski’s inequality, with Assumption 3 for n(x; €) and n(a’; €) and with (C.23) for S, gives
Be[(n(a: ) + Ina":0))°] <45, Ee[(S(z:) + M%) < 4b?, (C.25)
50 (5.7), the bound on n(x; €)% — n(a’; €)®2, (C.24) and the Cauchy-Schwarz inequality with (C.25) give
IC(2) — @)l = [Be [ntes )22 = n(a's€)%2) | < Be [ (In(a: )1 + In(@’; €)1) In(a: €) = n(a'3€) ]
< Ee| (In(w; )l + (@5 1) (S(ws€) + M) | |z — o| < 254 - 2M |z — &)
For |z — /| > 1, since C(x) and C(a') are positive semidefinite, (5.7) gives
IC@) ~ C@)| < Tfe(@)] + Tre()] < 25 < 25| - o'

Since ¥ < M?, )
4%2 M < 4M2, 2% < 4M?,

so in both cases
|C(x) — C(a)| < 4M?|x — 2|, z,z’ € RY (C.26)
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Writing C(z) = Z?:l i u; @ u; with A; > 0 and (u;) orthonormal, (5.7) gives

d

Az Ca)| = |37 A, Au)

=1

<JATx[C(z)] < Z||4], AeR¥ zeR% (C.27)

Proof of Lemma 7. Work at the index 0, where o and Eq agree on functions of Yy and (Bs)s<n, both fixing
Y, and averaging over (Bs)s<n. With Do = v2h xo — h VU (Z)), the right side of (5.2), the step of (SGLM’)
adds the gradient noise 19 at Zy, multiplied by —h,

Y1 =Yy + Do — hio, 10 = 1(Zo; &) = VU (Zo; &) — VU (Zo).

The proof expands G(Y71) about Yy + Dy to the order 2 in hng, compares G(Yy + Do) with G(Yy(h)) by
Lemma 6, and finally replaces V2G(Yy + Dy) by V2G(Y)) in the term of order hZ.

Let Ho := o(ﬁo, (Bs)s<h). Then Yy, Dgy, Zo and Yy(h) are ’}:lo—measurable, and since & is independent
of Ho, Assumption 3 and (5.7) give

E[mo|#Ho] =0,  E[no ®mo|Ho] = C(Zo).

Taylor’s formula for G at Yy + Dy, to the order 2 in hng, gives
h? h3
G(¥1) = G(Yo+ Do) = hVG(Yo+ Do) -no + 5 V*G(Yo+ Do)[no, ol + 05°,  [e3’| < 3 IV2G om0l

Under E[ - | 7:l0], the term linear in 79 vanishes and the term quadratic in 79 becomes h—; V2G(Yo+Dy) : C(Zy).

For the remainder, || < VU (Zo; &) + |VU(Zy)|, and the moment bound of Assumption 3, applied given
Ho, with |VU (z)| < M (1 + |z|) and h < 1, gives

Eolmol? < CEo(1+120))° < C(1+ o))",

N h? .

’EO [G(Y1)] = Eo[G(Yo + Do)] — % Eo[V2G(Yo + Do) : C(Z0)] ] <CRIV3G|(1 4+ Ya))®.  (C.28)
Next, Yy + Dy is the state after one step of (LM’) from Yy, so Eo[G(Yo 4+ Do)] — Eo[G(Yo(h))] is the local
weak error of the chain with the exact gradient, and (5.6) at k = 0 gives

4
[Eo[G(Yo + Do) — G(¥o(h))]| < C* 399G (1 + [Y01)". (C.29)

Jj=1

It remains to replace V2G (Yo + Do) by V2G(Yp) in the term carrying C(Zp), at the cost Ch3. By Taylor’s
formula,

1
V2G(Yy + Do) = V2G(Yy) + VPG (Y0)[Do] + 02, oz < §||V4G||oo|Do|2»
and, with Do = V2 xo — h VU(Zo),

(V2G(Yy + Do) — V2G(Yy)) : C(Zy)

= 02: C(Zo) — hVPG(Y,)[VU (Z0)] : C(Zo) + V20 V2 G(Yo)[x0] : C(Zo). (€50
Assumption 1 gives
VU (Zo)| < M(1+1Zo]) < M(1 + Yol + \/§|X0|)7
hence R X R
Eo|Do|* < 4hEo|xol* + 2h* Eo| VU (Z)[* < Ch(1 +[Yo])*. (C.31)
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By (C.27), £ < M? and (C.31), the terms of (C.30) carrying oo and VU(Zy) contribute

A 1 N
[Eole2 : C(Z0)]| < IV Glloo B Eo| Dol* < Chl[VAGlloo (1 + [Yo])?,

BB [VPG(Yo) VU (20)] - C(Z0)]| < ShIIVPGlloo Bo| VU (Z)] < CIV*Glloo (1 + [Ya).

For the term of (C.30) carrying xo, split
VEG(Yo)[xo] : €(Zo) = VPG(Yo)[xo] : C(Yo) + VEG(Yo)[xo] : (C(Zo) — C(Yo)).
Since Yo has mean 0 and is independent of Fy, while V3G(Yy) and C(Yp) are Fo-measurable,
Eo[V2G(Yo)xo] : C(¥p)] =0,
and, since Zy — Yo = /h/2 x0, (C.26) gives
1€(Zo) — C(Yo)ll < 4M2\/§|X0|7
and the facts
[A: Bl <dAIBll,  [V*GY0)xoll < IV*Glloclxol,  Eolxol* =d
give
V2R [0 [V G(Yo) o] ¢ (C(Z0) — C(¥0))] | < V2R A[IV*G e Bo o] €(Z0) — C(¥0)]]
<V2hd | V3G s -4M2\/§E0|X0|2 = 4® M?h|| V3G so.

Inserting (C.32), (C.34) and (C.35) into (C.30) and (C.33), and multiplying by %2, gives

P |Bo[(v2GYo + D) — V2G(30)) : C(Z0)]| < OW*(IV°G o + VG o) (1 -+ [¥0])2

Finally, the left side of (5.8) at the index 0 splits as

B0 [G(V) — G(To()] — = v20(¥0) - Bolc(Z0)]

= (Eo [G(Yﬂ} —Eq [G(Yo + Do)} — %2 Eo [V2G(Yo + Dy) : C(Zo)]) + Eq [G(Yo + Do) — G(

+ %ZJEO[(VQG(YO + Dy) — V*G(Y0)) : C(Zo)],

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

Yo(h))]

where (C.28) bounds the bracket carrying G(Y7), (C.29) the term carrying G(Yp 4+ Do) — G(Yo(h)), and

(C.36) the term carrying V2G(Yy + Dy) — V2G(Yp). Adding these bounds gives

B[G(%) - G ()] - 2 9260) : Bafe( )]

4
< OB V2Glloo (14 [Yo])? + Ch® YV Glloo (14 [Yo])® + O (| V2Glle + V4G lloo) (1 + [Yo)?

j=1

4
<CR?Y IV Glloo(1+ [Y0])°,

j=1

which is (5.8) at the index 0; by time homogeneity, (5.8) holds at every k.
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D Proofs of the MSE analysis

Throughout this appendix, C' depends only on m, M, R and d, and h < hg with hg < min{\ 7!, %}, A the
rate of Theorem 1 for Uy, so that Corollary 1 applies. By (4.19), &y, is CL-Lipschitz.

D.1 Proof of Theorem 2: MSE of LM

Proof of Theorem 2. Let first Nh > 1, so that N > 2 since h < % The first step of (LM) gives

h h
Zk:Yk—l-\/ng, k>1, Y; ::ZO_hVU(ZO)‘F\/gXOy

with (Yi)g>1 the chain (LM’) started from Y;. Here Y7 is independent of (B; — Bp)i>h, and E|Y;]['? <
C(1+ |Zo|)'?. Splitting off the term k = 0 in (1.2),
21
2 2  CL? 2 _ CL?
ﬁ’f(zo) -7(f)]" < W(l +120])” < ~h

and the expectation of the time average over Z1, ..., Zn_1 is the MSE of N —1 samples of a chain of the same
form started from Y7, with ﬁ < ﬁ for N > 2. Conditioning on Y7, it therefore suffices to prove the
bound for the samples Z, = Yy, ++/h/2 xk, k = 0, of the chain (LM’) started from a given Yy, with Yp in place
of Zy, and then to apply it with Y7 in place of Y; and take the expectation, with E(1+|Y1])? < C(1+|Z])2.
By (5.1) and £ < 5 for h < 1, it suffices to prove

U NZI n(Ye) = 7n(fn))

k=0

MSE(N, h) < N2|f (Zo) — m( )|2+2(NA_71)2EUN1_1Zf(Zk)—w(f)
k=1

where

(1+|ZO|) ,

2

1
<CL((1+1Yol) 7 + (L4 1%o]) *n). (D.1)

By (6.1) and Cauchy’s inequality, the left side of (D.1) is at most

3 2 3 N-—-1 2
o E|n(Yo) ¢h(YN + 3 B > (D.2)
k=0

The terms Y, and W}, are Fj 4 -measurable, since Y (h) is driven by the Brownian motion on [kh, (k + 1)h],
and Ex U, = 0 by (4.18). Hence the ¥y, and the centered terms Y} — E; Y}, are martingale differences with
respect to (Fk)r>0, and their sums have additive second moments. Lemmas 3 and 4 also give

2 - 2
EVi? <C(1+Yo|)",  E[Yis1 — Yil* + E|Yi(h) — Vi[> < Ch(1 + Vo)™ (D.3)
For the boundary term of (D.2), the Lipschitz bound on ¢;, and (D.3) give

3 CL? CL? CL?
14 |Y, <
N2h? S N2 N (L o))’ i
using Nh > % This holds for the N — 1 samples after the first step, since (N —1)h > 1—h >

For the discretization term of (D.2), carrying T with AT} = dn(Yies1) — én(Yi(h)) by (6.
with G = ¢y, and (4.19) give

ElYy — Y52 <

E|én(Yo) ¢h(YN)| 1+ |Y0|) , (D.4)

1

2°

2), Lemma 6
|Ex Y| < CLR*(1+ |Yk|)

so by Cauchy’s inequality and Lemma 3,

N-1 2
E| > ExYk
k=0

N-1
<N Y E[ELYL|* < CLANZRA (1 +|Y))
k=0
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For its fluctuation, the Lipschitz bound on q~5h and Lemma 4 give
WYk < OL |[Yipr — Yi(h)|,  Ex| Tl < CL2A(1 + Vi),

so by the orthogonality of martingale differences,

N— 2 N—-1
Z (Th —ExTe)| = D E[Te — ExTu|” < CL2NA(1+ [Yo]).
k= k=0

The discretization term of (D.2) is therefore at most

N—-1 2
%E ST < CL2((1 + (Vo)) Pht + (14 |Yo|)2%). (D.5)
k=0

For the martingale term of (D.2), carrying Wy, with h¥, = ¢y, (Vi (h)) —Ex[dn (Yi(h))] by (6.2) and (4.18),
the Lipschitz bound and (D.3) give

W2 B2 < CL*E|Vi(h) — Yi|? < CL?h(1 + |Yo|),

and by orthogonality,

N-1

3

2 E Z‘I’k = N2 ZE\\IJ 2 < (1+|Y0\) . (D.6)
k=0

Adding (D.4), (D.5) and (D.6), and using & < 5 for b < 1, proves (D.1).

Let finally Nh < 1. By Assumption 2 and the moments of 7 in Lemma 16, |f(z) — 7 (f)| < CL(1 + |z]),
and E|Z;|? < C(1 + |Zp|)? for every k > 0, by the moment bound on Y; and Lemma 3. Hence (1.2) and
Cauchy’s inequality give

=

CL?

1
MSE(N, h) < 5 D E|f(Z) = =()° < CL*(1+|20l)" < - (14 120l),

o~
Il
=}

which is at most the right side of (6.3). O

D.2 Proof of Theorem 3: MSE of SGLM

Proof of Theorem 3. As in the proof of Theorem 2, with Y} := Zy — hVU(Zo; &) + v/h/2 X0, it suffices to
bound the MSE of the samples Z; = Y + \/h/2 xk, k > 0, of the chain (SGLM’) started from a given Yj
by the right side of (6.4) with Y in place of Zj, and then to apply it with Y; in place of Y and take the
expectation, with E(1+ |Y1|)? < C(1+1]Zp])? and E(1+|Y1])*? < C(1+4]Zo])*? by Assumption 3. The bound
(5.1) and the formula (6.1) involve the modified test function, the modified dynamics and ¢;, only, and hold
for this chain with F, and &, in place of Fj, and Ej. The proof of Theorem 2 is repeated with two changes.

First, the moment bounds of Lemma 3 hold for (SGLM’) with the same constants, so the boundary term
and the martingale term are bounded by CL*(1 + |Yy|)?/(Nh) as before.

Second, in the discretization term, Lemma 7 with G = ¢y, (4.19) and (C.27) give

|ExYk| < CL(Eh +h? (14 \Yk|)6>,

since §|V2g§h(Yk) : Bx[C(Zy)]] < CLXh?. Cauchy’s inequality and Lemma 3 for the term h2(1+ |Y;|)® give

N-1

E|> BTk

k=0

2
< CLAN2(220% 4 04 (1+ o)) ).
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For its fluctuation, the step of (SGLM’) differs from that of (LM’) by —h(VU(Zk; &) — VU(Zy)), and
E|h(VU(Zy; &) — VU(Z))|° < Sh* < M?1h2.
With the Lipschitz bound on ¢, and Lemma 4, this gives
|52 < CL? (h(l + )+ z) < CL2(1+ Vi),
and, by orthogonality and h < 1

2 o1 2 _ CL?

N-1
> (T —ExYy) 1+ v
k=0

Adding the bounds proves (6.4) for Nh > 1. For Nh < 1, it follows as at the end of the proof of Theorem 2,
since the moment bounds of Lemma 3 hold for (SGLM’) and E(1 + |Y1|)? < C(1 + | Zy])?.

For the average of P independent estimators, the average is unbiased, its moment of order 12 satisfies the
bound of Assumption 3 with the same M by Minkowski’s inequality, and its variance is at most X/ P < M?2.
Minkowski’s inequality in L? also gives the Hessian bound of Assumption 3 with the same M. Assumption 3
therefore holds with /P in place of 3, and (6.4) gives the term %2h2/P2. O

E Proofs of the numerical bias estimate

Throughout this appendix, (Y% )0 is the chain (SGLM’), P}, its transition kernel, and h < ho with Mhg < 1
The local Hessian bound (C.23) and the bounds (C.26) and (C.27) on the covariance C(z) of the gradient
noise are those of Appendix C.5.

E.1 Proof of Lemma 8: invariant distribution

Proof of Lemma 8. The proof verifies the assumptions of Harris’s ergodic theorem, which give the existence
and uniqueness of iy, deduces the moment bound of pj from Lemma 3, and proves the limit of time averages
first for the chain (SGLM’) and then, in (6.5), for the samples of (SGLM). Harris’s ergodic theorem in the
form of [40, Theorem 1.2] assumes that a measurable W: R? — [0, 00), constants v,a; € (0,1), K > 0,
a level Ry > 0 and a probability measure v satisfy the drift condition, the minorization on the level set
{W < Rw}, and the condition on the level,

PW(y) < W)+ K, ye Rda Pu(y,) =2 anv, W(y) < Rw, Ry > ﬁ

That theorem then gives a unique invariant distribution p and constants C, > 0 and 4 € (0, 1), which may
depend on h, with

Pre(y) = pnlo)l . [o(y) = pn(9)|
sup <CpLy™ sup —HF———— n =0, E.1
yERd 1+ W(y) y€ER4 1+ W(y) ( )
for every measurable ¢ with sup,cga [¢(y)[/(1+ W (y)) < oc.
For the drift condition, take W (y) := |y|2. The Lyapunov estimate (C.10) with ¢ = 1, which holds for
(SGLM’) as shown in the proof of Lemma 3, gives

_ d
PrW (y) < (1 16h) (y) + Ch, y € R
This is the drift condition with

Mh K:=Ch,

=1
7 16
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where v € (0,1) since m < M by Assumption 1 and Mh < 1. With the constant C in K = Ch, set

64C _ 32C 2K
Ry = > = s
m m 1—7

which depends only on m, M, R and d, and not on h.

Next we prove the minorization on the level set {WW < Ry }. The proof writes one step of (SGLM’) from
Yy =y as the image of Zy — y/2 under the integrator map T¢ of (E.3) below, shows that T¢ is Lipschitz on
the unit ball and covers it, and deduces a lower bound on Py (y, -). Harris’s ergodic theorem needs only the
existence of the minorization constant aj, which may depend on h. Let hy also satisfy

1
4Mhg (2 + Ra,) <1, in particular 4Mh <1

Fix y with |y|> < Ry and start the chain at Yo = y. Then Zy of (5.2) satisfies

h h
Zozy+\/;X0NN(y72Id)7 V2h xo = 2(Zo — y).
The step (SGLM’) then reads

Y1 =y + V2h xo — hNU(Zy: &) = 220 — y — hVU (Zo; &),

that is,

Y1 =2(Zy — xo) — hVU(mo +(Zo — x0); 50) T 1= % (E.2)

The right side of (E.2) depends only on Zy — xg and &y, which motivates the integrator map
Te(v) := 20 — hVU (20 4 v; €), v eB, (E.3)

on the closed unit ball B, so that ¥; = T, (Zo — xo) whenever Zy — xo € B. The map T is controlled on the
event that the stochastic gradient at 2y and its local Lipschitz constant S(xg; &) of (C.23) are bounded,

By := {&: S(x0;§) <AM, |VU (20; )] < AM(1+ |xo)}-

By Markov’s inequality applied to S(zg;€)? and to |VU (z;€)[*2, with (C.23) and the moment bound of
Assumption 3,

—_

Ee S(20:6)° | Be|VU(zg;§[* _ 1 a2l
1602 (4M(1 + \xo\))l 16 2
Let £ € Ey. For v,v" € B, S(x0;&) < 4M gives

Pe(Ep) <

‘VU(mo—kv;f)—VU(xo—l—v’;fﬂ < 4AMlv —']. (E.4)

By (E.3), ) R
Te(v) = Te(v') = 2(v —v') = h(VU (o 4 v;€) — VU (z0 + v'5€)),
o (E.4) and 4Mh < 1 give

|Te(v) — Te(v')] < (24 4Mh)|jvo —v'| < 3Jv — '], v,0" € B.

Next we show that T¢(B) covers B, by solving T¢(v) = w with a fixed point argument. For w € B, let

1
O, (v) := §(w+hVU(a:o+v £)), v € B.
By (E.4) and 4Mh < 1
!/ h !/ /! /
[ D (V) — Doy (V)| < <5 AM|v — | = 2Mhlv —v'| < |v—v|, v,v" €B,
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so @, is a contraction. It maps B into itself: for v € B, the bounds defining Ey give
VU (20 +v; )| < VU (205 §)] + S(0;€) [v] < AM (1 + |ao|) +4M = 4M (2 + |zol),
so, since |w| < 1,

1

1 hi_ - 1 1 1
[P, (V)] < §|w| + §}VU(x0+v;§)\ <3 +2Mh(2+ |zo]) < = + 3 -4Mh(2+R§V) <1,

[\

1
by |zo| = 3|yl < $RE, and the choice of hg. By the contraction mapping theorem, ®,, has a fixed point
v € B, which satisfies T¢(v) = w by (E.3). Hence B C T¢(B). Write Leb for the Lebesgue measure on R,
and for a Borel set A let

F:=T ' (A)NB,  Te()=ANT(B) D> ANB,

where the inclusion follows from B C T¢(B). Since T is continuous on the compact set B, the set I' is Borel
and T¢(B) is compact, so T¢(I') = AN T¢(B) is Borel. The map T¢ is Lipschitz with constant 3 on B, so
it multiplies the d-dimensional Hausdorff measure, which equals Lebesgue measure on R?, by at most 3%.
Hence the inclusion ANB C T¢(T") gives

Leb(ANB) < Leb(T¢(T')) < 37 Leb(I). (E.5)

1
It remains to bound the law of Zy — z from below on B. Since zo = y/2 and |y| < R}, every z € 2o+ B

1
has [z —y| < 1+ %Rﬁv, so on zg + B the density of Zy ~ N (y, %Id) satisfies

1
(1+ %RﬁvV)

(Wh)fgexp(*k_y'?) > By = (nh)~% exp(* 3

€ B,
h zZ € x9+

hence, for every Borel IV C B,

(wh)~% exp(—ﬂ)dz > By, Leb(T). (E.6)

IP’(ZO—:UOGI"):/ -

xo+I

By (E.2) and (E.3),
{& € Eo}n{Zo —z0 € T (A)NB} C {Y1 € A}.

Since o and & are independent, conditioning on &y in this inclusion gives
Py, A) > Ee [1{@0} P(Zo — o € T, H(A) N IB%)] (E.7)

Let v be the uniform distribution on B, so that Leb(A NB) = Leb(B) v(A). For £ € Ey, (E.6) with I' =T,
followed by (E.5), gives

P(Zy — 0 €T) = B, Leb(T') = B, 37 Leb(ANB) = B, 37% Leb(B) v(A),
and inserting the bound on P(Zy — ¢ € I) into (E.7), together with P¢(Ep) > 1, gives

Leb(B
Pty 4) > PV )y < R

This is the minorization with ) Leb(B
ap, 1= min{i, 7ﬁh2 .835 )} € (0,1),

and (E.1) holds. This proves that the invariant distribution gy, of (SGLM’) exists and is unique.
For the moment bound, let ¢,(y) := min{|y[*2,¢}, £ > 1. Since 0 < py < Land 1 + W > 1,

sup loe(y) — pnlee)| <t
y€eRd 1+ W(y)
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and (E.1) with ¢ = ¢y and n = k gives, for the chain from Yy = 0,
[E e(Yi) — tin(0e)| = |PRee(0) — pn(e)| < LCh 7" — 0, k — occ.
With Lemma 3 at Y = 0, this gives

pn(pe) = lim Eo(Yy) < supE[Y; [ < C.
k—o00 k>0

Monotone convergence as £ — oo gives up(|y|*?) < C.
Next we prove the limit of time averages for the chain (SGLM’). Let g be measurable with |g(y)| <
Cy(1+ |y|). Since
9 <2C,(L+W(y),  mn(lgl) < 2C5(1+ pn(W)) < oo,

with pp (W) < oo by the moment bound,

Cyn = Cp sup 9~ 1n(9)]

< Ch(2C < 00.
R 1+W(y) h( g+/1/h(|g|)) o0

Then (E.1) with ¢ = g gives
‘73;? (9- uh(g))(y)‘ <Cn7"(1+W(y), yeR), n>0.

Hence the series
Cy.n

V=Y Phlg—mle), OIS T 1HW), (E3)

n=0
converges absolutely, and its partial sums satisfy the same bound. Since
Pr(l+W)(y) < 14+4W(y) + K < o0, yeRY,
dominated convergence allows Py, to be applied term by term:
Pup=> Pr(g—mnlg)),  thatis, ¢ —Pup=g— un(g).
n=1

Fix Yy € R%. Summing ¢ — Pptp = g — un(g) along the chain from Yp,

N-1 N-1
> (9(¥k) = mnl9)) = »(Yo) = ¥(Yn) + Y (¥(Yig1) — Puto(Ye)). (E.9)
k=0 k=0

With Fy, of (3.2), set
©k+1 = w(Yk+1) - th)/}(yk)a k > 07

written Dy to distinguish it from the step Dy = Yji41 — Yi used in the earlier progfs. Each Dy4; is
Fr+1-measurable and, since (Y)x>o0 is a Markov chain with kernel P, with respect to (Fi)k>o0,

Ex[Drs1] = Ei [¥(Yig1)] — Puto(Yr) =0,
so they are martingale differences with respect to (fk) k>0. By Lemma 3,

2\ 2 12\ & 4
E(1+|Yig1]?)” <2+ 2(E[Yis1]'?)® < C(1+ |Yol)",

and therefore, by the bound on |¢| in (E.8),

E[9} 1] = E[¢(Yis1)?] - B[ (Paeo(¥h))’] < E[(Yis1)’]

C2h 5 CCQh 4 (EIO)
gﬁE(l+|Yk+1|2) < ﬁ(1+‘yo|) =: Ug,h,Yo, k>0
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The partial sums of >, D /k form a martingale, and since its increments are orthogonal,

El(i ) XN:]E[;Q ghYOZkQ 00,

k=1
so this martingale is bounded in L? and converges almost surely, and Kronecker’s lemma gives

N
1
N Z D — 0  almost surely. (E.11)

Moreover, for every € > 0, Chebyshev’s inequality and (E.10) give

S P((Yw)] > eN) < [EQNJZ ] ant .
N=1 N=1 =

so the Borel-Cantelli lemma, applied with e = 1/j for every j > 1, gives

YY)
N

—0 almost surely. (E.12)

Dividing (E.9) by N,

N— N
_v(Y)  ¥v() | 1
N kz:: - N N N ZD’“'
Since Yj is given, 1 (Yy)/N — 0; the term t(Yy)/N tends to 0 almost surely by (E.12), and the average of
the ©j by (E.11). Therefore

N—
1
N Z (Y) = un(g) almost surely. (E.13)

For the samples of (SGLM), let Zy € R? denote, for the rest of this proof, the given initial state of (6.5),
and start (SGLM’), as in Section 6.1, at

. h h
Yi :ZO—hVU(ZO;§0)+\/;Xo, so that Zk:Yk+\/;Xk, k>1.

Since Y7 is independent of (X%, &k)r>1, the sequence (Yj11);j>0 is the chain (SGLM’) started at Y;. For every
fixed value y; of Y7, the proof of (E.13) with Yy = y; shows that, conditionally on Y; = y;, almost surely

N—-1

1
N 2 9%i1) = unlg), N = oo (E.14)
7=0

By the independence of Y7 and (xk,&k)k>1, Fubini’s theorem gives
P((E.14) holds) = / P((E.14) holds | Y1 = y1) P(Y; €dyy) =1
R4

o (E.14) holds almost surely for the chain from the random Y;. For k > 1, as in Section 4.1,

F(Z) = f(Yi) + D, EOZ] < %Lz

the variance bound being (4.3). For k > 1, My, is ]:'kﬂ—measurable, Yy is ]:'k-measurable and xy is indepen-
dent of Fy, so, by (4.1),

. . L _

By [90] = B [f(yk + ﬁ xk)] ~ ful¥i) =0,

52



Hence the 9, are martingale differences with respect to (Fi)r>0. Summing f(Z;) = fr(Ye) + MMy over
1<k < N —1 and dividing by N,

L N-1 N-1 N—
N f(Zy) Z Tn(Yr) + Z
k=1 k=1 =1

By (E.14) with g = fn, which is Lipschitz with constant L by Section 4.1, hence of linear growth,

N—

N—-1
1 ~ N
N Z fn(Ye) = Z (Yjs1) — pn(fn) almost surely.
k=1 j=0

Since E[MZ] < d?—hL2 for every k > 1, the argument that gave (E.11) from (E.10) gives
| N2
v Z M — 0 almost surely.
k=1

Let Y ~ pp, and x ~ N(0, I) be independent. Since f is Lipschitz with constant L and up(|y|'?) < C,

(v +/ )| <101+ L)+ 14/ <o

so Fubini’s theorem, (4.1) and the definition of 7, in Lemma 8 give

(i) =E[f(Y+ \/E x)} = m(f). (12.15)

Combining the limits of the averages of f;(Yz) and of My, with (E.15) and with f(Z)/N — 0, since Z; is

given,
N—

N— N—
1 -
N 2 f(Zy) = ; fn(Ye) + ; My, — 7 (f almost surely,

=

which is (6.5). O

E.2 Proof of Theorem 4: numerical bias

Proof of Theorem /J. The proof writes up, (fh) ffrh(fh) through the modified discrete Poisson equation (4.18)
as the local weak error of Lemma 7 averaged over uj,, and then adds the bound of Lemma 2 on 7, (fp) —7(f).
Let Yy ~ pp, the invariant distribution of (SGLM’) given by Lemma 8, independent of (B;);>¢ and

(éx)k>0- Then Y; ~ . Add Yy to the generators of Fy in (3.2), so that Fy = o(Yp), while x;, and &, remain

independent of Fi. The process Yy(s) evolves by the modified dynamics (4.16), with the generator £, of
(4.17), from Yy (0) = Yy, so that

("7 1) (Yo) = o [dn(Yo(h))].
The modified discrete Poisson equation (4.18) at Y therefore reads

Fn(Yo) — 7n(fn) = %Eo [6r(Yo) — én(Yo(h))].

Taking expectations, with E f}, (Yo) = pn, (fh), gives

s (fn) = 7n(fn) = 3 E[on(Y0) = on(Yo(h))] = 3 E[én(Y1) — on(Yo ()], (E.16)

h
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where ]Eq’;h(YO) = Eéh(Yl) since Y7 ~ pp. All expectations in (E.16) are finite, since én, is Lipschitz with
constant C'L by (4.19), ux(|y|*?) < C by Lemma 8, and E|Yy(h) — Yo| < CVA (1 + E|Yo|) by the bound on
Yo(s) — Yo in (C.1).

Next we expand E[&h(Yl) - qzzh()}o(h))] in (E.16) by Lemma 7. By (4.19), the derivatives of ¢y, of orders
1 to 4 are bounded by CL, so (5.8) with G = ¢y, at k = 0 gives
h2

[Bo[én(11) = @n(To(h))] = % V26 (¥0) : Bo[C(Z0)] | < CLK (1 + o))"

Take expectations in the bound on Eg [ggh(Yl) - gz;h()}o(h))]. Its term of order h? carries the Fy-measurable
factor VQ(ih(Yo), so the tower property gives

E[V261(Yo) : Eo[C(Z0)]] = E[VZ¢n(Y) : C(Zo)],

and hence 2
[E[80(Y1) = én(Yo(h)] — 5 E[V2n(Y0) : C(Z0)] | < CLW (1 + |¥a])"
Dividing by h and inserting (E.16),
I -
’uh(fh) — n(fn) = 5 E[V201(Y0) :C(ZO)H < CLR2E(1+ |Yy))° < CLA2, (E.17)
by the moment bound yy,(|y|'?) < C of Lemma 8. By (E.15), 7, (f) = pn(fn), so

m(f) — 7(7) ~ S E[V2au(Yo) : C(Z)]
] 2 ) ) (E.18)
= (1n(Fn) = n(F) = S E[V26n(¥o) : C(20)] ) + (Fn(Fa) = m(£)-

The first bracket of (E.18) is bounded by (E.17), and the second by (4.15) of Lemma 2, which proves (6.6).
Finally, by (C.27) and (4.19),

h ~ >h -

S|E[V20n(%6) : €(20)]| < 5 I9%0nll0 < CLER,

which with (6.6) gives
7 (f) = w(f)] < CL(Sh + h?).

([l
E.3 Proof of Corollary 2: coefficient of the numerical bias
Proof of Corollary 2. With Yy ~ pp and Zy as in Theorem 4, let
an = E[V2,(Yo) : C(Zo)]. (E.19)
Dividing (6.6) by h gives
mn(f) = 7(f)
—_— = < CLh,
h ) ap, CLh
so it suffices to prove
ap = 7(V3¢o(z) : C(2)), h — 0.
Since Zy = Yy + /h/2 xo with xo ~ N (0, I;) independent of Yy ~ pp,, conditioning on Yy in (E.19) gives
an = E|V261,(Yo)  E[C(Z0) [ Yo] | = un(An), (E.20)
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with
An(y) == V2onw) : Culy),  Caly) = E[c (v+ \/E x)} L X~ N0, L), (E.21)

First, up, — 7 weakly as h — 0. The family (uy,) is tight: since up(|y['?) < C uniformly in h by Lemma 8,
Markov’s inequality gives

pn(lyl > p) <p™Pun(ly'?) <Cp™'2, Vp>0. (E.22)
Let ¢ € C°(R%); it satisfies Assumption 2 with some constant L. By (E.15) and (4.2),
h n
m(p) = i (ei%9),  [(e¥29)(y) — ()| < CLyh, yeR?,

and with Theorem 4 applied to ¢ these give
h
n() = ()] < |n (0 = €429) | + ml) = 7(P) < CLoh + CLy(Sh + h2).

Hence pn(¢) — 7(p) for every ¢ € C°(R?). Let b be a bounded continuous function on R, and let
p >0 and € > 0. With the cutoff 6 of (4.11), which satisfies 1{),<,3 < 8(y/p) < 1, choose a mollification
0 € CX(RY) of bO(-/p) with ||bO(-/p) — ¢lee < €. The split

b=b(1—00/0)) + (B0C/0) ~ )+ [p(L=0C/p)| < IWle Ty
taken under pp and under 7, gives
i (B) — 7(0)] < 22 + lun() = 7 ()| + Bl (uallyl > p) + 7(lyl > p)).
and (E.22), with up(p) — 7(p), gives

timsup [ (8) — 7(5)| < 22 + 1l (Co™*2 + (] > ).
'S

which tends to 0 as € — 0 and p — co. So p, — 7 weakly.
Second, V2¢;, — V2¢ uniformly on compact sets as h — 0. Let

Un(z) := dn(x) — o1 (0), z e RY, (E.23)

so that 1, (0) = 0. By (4.19), the derivatives of 1), of orders 1 to 4 are bounded by CL uniformly in h;
hence, for z,2’ € R and j = 0,1,2,3,

IV 9on (@) = V()| < CLIz — '], |yu(@)] < CLa],
so, on every ball {|z| < p} and uniformly in A,
IV?n(@)ll < CL(+p),  §=0,1,2,3.

The Arzela—Ascoli theorem gives, for every sequence h,, — 0, a subsequence, still written h,, along which
each V7, converges uniformly on compact sets. Since the uniform limit of derivatives is the derivative of
the limit, the limits of V74, are V74 for a function ¢ € C3(R?) with Vb, V24, V31 bounded by CL, and
the uniform convergence on compact sets reads

lim sup { max || Vi, (x) — ij/z(x)H} =0, Vp>0. (E.24)

n_HXJ‘T|§p 0<y<3

To identify the limit 1, fix a deterministic initial point Yy € R?. By the modified discrete Poisson
equation (4.18) at Yo, with (e"“n,)(Yo) = E[on(Yo(h))],

E[¢n(Yo(h))] — én(Yo) = —h(fu(Yo) — #n(fn)). (E.25)
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Since Yy (h) is driven by the modified dynamics (4.16) from Yy, with the generator Ly, of (4.17), Itd’s formula
for ¢, whose stochastic integral is a martingale since V¢, is bounded, expands the difference on the left-hand
side of (E.25) as

h
B[ (Ta(m)] — 6n(%a) = [ E[g(Fa(s))]ds, (8.26)
0
where, with ¢y, of (E.23), o 5
gn = Lngn = Ay, — VU - Viby,. (E.27)
Compared with the modified discrete Poisson equation (4.18), —gj, is the counterpart of fn — h( fh), with
the difference quotient (éh — eMLn éh)/h replaced by —L,¢n. Next we bound an(Yo) + fh(Yo) - ﬁh(fh).

Differentiating gy, in (E.27), 3 ~
Vin = VA, — VU Vipy, — V24, VU,

and (4.13) gives . .
IV2UR() < C [VUR(2)I S C(1+]2]),  z€R™

Hence the bounds of (4.19) on the derivatives of 1y, of orders 1 to 3 give, for z € R¢ and 0 < s < A,
IVan(2)] S CL+[z]),  [3n(Yo(s)) = gn(Yo)| < CL(1+[Yo| + [Yo(s) — Yo|)|Yo(s) — Yo.
The bound on Yy(s) — Y in (C.1) gives, for 0 < s < h <1,
E[Yo(s) — Yol SCVR(L+ %)), Ef¥o(s) = Yol* < Ch(1+ [%))* < OVR(L+[Yo])*.

Taking the expectation of the bound on |3n(Yo(s)) — gn(Yo)| and inserting the bounds on E|Yy(s) — Yp| and
E|Yo(s) — Y[? gives

[E 31 (Yo(s))] = 3n(¥o)| < CL(L + Yo ElFa(s) - Yol + CLE[To(s) — Yol* < CLVA (1 + [¥o])2

By (E.25) and (E.26), averaging the bound on E[gh(ffo(s))] — gn(Yo) over s € [0, h] gives

h
|91(Yo) + fu(Yo) — 7n(fn)] = ‘i /0 (B3 (Yo(5)] = g (o) Jds| < CLVR(1+ %)%, Yo € R (E.28)

To pass to the limit in (E.28) along h,, we write, with £ as in (3.3) and g, as in (E.27),
Gh, — LY = (AP, — AY) — (VUn, — VU) - Vb, — VU - (Vipn, — V), (E.29)
and, for every z € R?, with |V, | < CL by (4.19), (E.29) gives
|G, (2) = L(2)| < [Atpp, () = A¢p(@)] + CL |V U, (2) = VU (@)| + VU (@)| [Vin, (2) = Vi (2)|. (E.30)

On the right-hand side of (E.30), the terms in 5, — ¢ vanish by (E.24) at j = 1 and j = 2, and the term
in VU, — VU vanishes by (4.14):
Tim A, () — Ab(a)| < d lim V2, (2) - V2(@)] =0,
lim [V, (2) = V()| = 0, nan;O}VUhn (2) = VU()| < lim Chy(1+a]) = 0.
Hence lim,, o0 gn, () = L3Y(z), and (4.2) and (4.15) give
nlggo(fhn (@) = n, (fn,)) = f(2) = 7(f).

Letting n — oo in (E.28) at h = h,, shows that ¢ solves the continuous Poisson equation (3.7).
It remains to show that V21 = V2¢,. The continuous Poisson equation (3.7) has the solution

b0 = /OOO u(-, 1) dt.
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The integral is well defined: by (3.8), u(-,t) decays like e~** uniformly on compact sets, and its derivatives
of orders 1 to 4 decay like e~** uniformly on R¢. Hence

IVigolloo <CL,  j=1,...,4, (E.31)
and, since dyu = Lu and u(-,0) = f — w(f), the integral solves (3.7). The difference
w =1 — ¢y € C*(RY) satisfies ~ Lw =0, [[Vw|oo < 0.

Since Lw = 0 and Vw is bounded, Ito’s formula gives (e'*w)(z) = E®[w(X;)] = w(z) for t > 0. The
contraction of [91, Lemma 5], which holds under Assumption 1 and requires of its initial function only a
bounded gradient, gives

IVw|oo = ||V(eww)||OO < C’e_)‘t||Vw||OO — 0, t — oo.

So w is constant and V%1 = V2¢y. The argument for w uses only Lw = 0 and the bounded gradient of w,
so (3.7) determines ¢ up to an additive constant among the functions with a bounded gradient, as stated
in Section 3.3. Since V24, = V2¢, and V) = V3¢, (E.24) at j = 2 shows that every sequence h,, — 0
has a subsequence along which

lim sup ||V?¢n, (z) — V¢o(z)| =0,  Vp >0,
and hence VQQE;L — V2¢, uniformly on compact sets as h — 0.
Third, pn(Ap) = 7(Ap), with Ay of (E.21) and

Ao(y) :== V3o (y) : C(y), y € RY. (E.32)

By (C.26) and the definition of Cj, in (E.21), for every y € R?,

6 el <Ee(u+/31) - <y B (6.3

By (E.21) and (E.32),
An(y) = Ao(y) = V2on(y) : (Culy) — C(y)) + (V2only) — VZ¢o()) : C(y). (E.34)

For the term carrying Cp,(y) — C(y) in (E.34), |A : B| < d||A||| B||, (4.19), (E.33) and E|x| < V/d give

‘V%h(y) - (Culy) — C(y))‘ < d||V2nlollCh(y) = C(y)| < d- CL- 4M2\/§\/Zi < CLVh,
and for the term carrying V2¢y(y) — V2¢o(y), (C.27) gives
|(V26n(y) = V20 (w)) : C(v)| < TIV2n(y) = V260(y)]|-
Hence

[An(y) = Ao(y)| < CLVh+ S| V2n(y) = Vigo(y)|,  y e R (E.35)

With the uniform convergence of V2¢;, to V2@, on compact sets, (E.35) gives A, — Ap uniformly on
compact sets. Next we bound A, and Ay uniformly in y and h. Since A4 : Cy (y) = E[A :C(y+ /h/2 X)] by
(E.21), (C.27) gives

|A: Ch(y)| < Z|IA, AeR& 4y eRY,

With (4.19) and (E.31), the bound on A : Cj,(y) and (C.27) give

An(y)] + Ao (y)] < Z(

|v2éh”oo + ||V2¢0||<x>) < CLX, Yy e RY,
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and Ay is continuous, since V2@ is continuous and z +— C(z) is Lipschitz by (C.26). For every p > 0,

lun(An) — m(Ao)| < ‘Mh((Ah — Ao) 1{|y\<p})‘ + ‘Nh((Ah — Ap) 1{|y\>p})‘ + |un(Ao) — m(Ao)l,
and the bound |Ap| + |Ao| < CLY on the term carrying 1yjy>,}, followed by (I£.22), gives

ln(An) — 7(Ao)| < sup |An(y) — Ao(y)| + CLE pn(lyl > p) + |n(Ao) — w(Ag)]

ly|<p
< sup |Ap(y) — Ao(y)| + CLE p~'2 + |un(Ag) — m(Ao)l.

lyl<p

As h — 0, the uniform convergence of Ay to Ay on compact sets and the weak convergence pp — 7, applied
to the bounded continuous Ay, give

sup |An(y) — Ao(y)| = 0, [n(Ao) —m(Ao)[ =0,

lyl<p

so, with ap, = pp(Ap) by (B.20) and 7(Ag) = m(V2¢(x) : C(z)) by (E.32),

limsup |aj, — 7(V2o(z) : C(m))‘ <CLY p 2, p>0.
h—0

Letting p — oo gives aj, — m(V2¢o(z) : C(z)), which proves (6.7). O

F Proofs for the numerical bias comparison with SGLD

Throughout this appendix, (Zx)r>0 is the chain (SGLD) and Py, its transition kernel. Since (xg)r>1 is
independent of (£x)x>0, the law of the chain is unchanged if its Gaussian increments are taken as v2h xj4+1 =
\@(B(,Hl)h — Byp), with (By)i>0 a Brownian motion independent of (€)x>0; then, for a given Zy, Z is

Fr-measurable, with Fj, and Ej of (3.2). Statements about a single step are made at the index 0, with the
solution X of (1.1) from Xy = Zj, driven by the same Brownian motion. Then

Z1 = Zy+ Do — hn, Do :=V2B, —hVU(Zy), 10 :=n(Zo;&0) = VU(Z; &) — VU(Zy), (F.1)
where Zy + Dy is the one-step update of EM from Z; and 7 is the gradient noise n(x; &) of Appendix C.5
evaluated at Zy and &.

F.1 Invariant distribution of SGLD

Lemma 19 Let Assumptions 1 and 3 hold. For every h € (0, hp], (SGLD) has a unique invariant distribution
7, with 7, (|z|'?) < C. For every f satisfying Assumption 2 and every given Zy € R?,

1

N-1
]\]113100 N kz_o f(Zg) =mn(f) almost surely.

Proof. The proof follows that of Lemma 8 in Appendix E.1, and we indicate the changes only. The step of
(SGLD) from Zj is \/ﬁXk+1 — hVU(Zk; &), with the stochastic gradient evaluated at Zj, itself. The proof
of Lemma 3 for (SGLM’) therefore applies with Zj and xx41 in place of Y and xi, and with the Gaussian
shift \/h/2 xi replaced by 0; in (C.9) the drift bound in (B.1) applies at Zj directly. For ¢ < 6 that proof
gives (C.10) and the bound on E|Y;|'? in (5.3) for Zj,

~ m 12
x| Zpi1]?? < (1 — %h)wkﬁq +Ch, E|Z|” <C(1+|Z]) 7,

and, as in Appendix E.1, the drift condition of Harris’s ergodic theorem with W (x) = |z|? and a level Ry,
depending only on m, M, R and d.
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The minorization is simpler than in Appendix E.1 and does not use the Hessian bound of Assumption 3,
since the step from Zj is Gaussian given &,

7y ~ N(ZO — WV (Zo; &), 2hld).
Let hg also satisfy 4Mhg < 1, let | Zo|> < Ry, and let
Bo 1= {&: V0 (Z0; )| < 4AM(1+|Zo)) },

so that Markov’s inequality and the moment bound of Assumption 3 give P¢(E§) < 4712 % For ¢ € Ey
and x in the closed unit ball B, since 4Mh < 1,

& — Zo + h VU (Z:60)| < 2(1+ R},

and the Gaussian density of Z; given &, with v the uniform distribution on B and P¢(Ep) > %, gives for
every Borel set A

(1+ RZ,)?
h

4
2

Pu(Z0, 4) > 5 (4mh) % exp(~ JLeb®B)v(4).  |Zof* < R,

which is the minorization, with oy, the minimum of 1 and the factor of v(A).

Harris’s ergodic theorem then gives the unique invariant distribution 7, and (E.1) with 7, in place of up,.
The moment bound follows from the truncations min{|z|'?, ¢}, and the almost sure limit from the argument
for a measurable g with linear growth, applied to ¢ = f, which is Lipschitz by Assumption 2, both as in
Appendix E.1. Since (Z)r>o0 is a Markov chain with kernel P, with respect to (]}k);@o, the terms ®j41 of
that argument, with Zj in place of Y}, are martingale differences with respect to (]:'k);@o. The passage of
that argument from (SGLM’) to the samples of (SGLM) is not needed, since (Zj)x>o is itself the chain. O

F.2 Proof of Theorem 5: numerical bias of SGLD

The proof uses the local weak error of (SGLD) against (1.1), expanded to the order h? with explicit coeffi-
cients. The following lemma is the counterpart of Lemma 7 for (SGLM’), with (1.1) in place of the modified
dynamics (4.16), and its proof follows the same steps.

Lemma 20 Let Assumptions 1 and 3 hold and let G € C*(RY) have bounded derivatives of orders 1 to 4.
Then, for every h € (0,1], the chain (SGLD) satisfies, for every k > 0,

E[G(Zrs1)] — (e"G)(Zk) - %2 V2G(Zk) : (2V2U(Zk) + C(Zy))

4 (F.2)
+ h; VG(Zy) - (V2U(Z) VU (Zy) — VAU(Zk))‘ < COR? Z||VjGHOO(1 + |Zk\)6.
J=1

Proof. By time homogeneity, it suffices to take k = 0. The proof expands G(Z;) about Zy + Dy to the order
2 in hng, replaces V2G(Zy+ Dy) by V2G(Zp) in the term of order h?, and compares G(Zy + D) with G(X},)
through the moments of Dy and Xj, — Zy. Let Hg := U(fo, (Bs)sgh). Then Zj, the increment Dy of (F.1)

and the solution X} are ﬂo-measurable, and & is independent of 7:[0, so Assumption 3 and (5.7) give
E[n0|7:[0] =0, E[na@nolfi’:{o] :C(Zo)

Taylor’s formula for G at Zy + Dy, to the order 2 in hng, as in the proof of Lemma 7, and the bound
Eolnol® < C(1+ \ZO|)3 from Assumption 3 give

‘1@:0 [G(Z)) — G(Zo + Dy)] — h;fao [V2G(Z + Dy)] : C(ZO)‘ < CHV3G o (1 + | Z0])°. (F.3)

59



Next, V2G(Zy + Dy) is replaced by V2G(Zp) in (F.3) at the cost Ch3. By Taylor’s formula,
|9°G(Zo + Do) ~ V2G(20) ~ P G(Z)[Dol| < 5IIV*Clloc| Dol
and, since V3G(Z,) and C(Z,) are Fy-measurable while Bj, has mean 0 and is independent of Fq,
Eo [V2G(Z0)[Do] : C(Zo)] = —h V*G(Z0)[VU(Z0)] : C(Z0).-
With [VU(Zo)| < M(1 4 |Z|) and Eo|Do|? < Ch(1 +|Zo|)*, (C.27) and £ < M? give

h2

Yh?

By [V2G(Zo + Do) — V2G(Z)] - C(ZO)‘ < (h||VSG||OO|VU(ZO)| + f||V4GHOO Bo| Dol )

W (V3o + V4Gl (1 + 1 Z0])*. (F.4)

The state Zo + Dy is compared with X}, as the state Y7 after one step of (LM’) is compared with Y, (h)
in the proof of Lemma 6. Since X}, = Zy, + V2 B, — foh VU (X)ds, the local error is

h
Zo+ Do — Xp = /0 (VU(X,) — VU(Z))ds

and Assumption 1 with the bound on X, — Zy in (C.1) for (1.1) give, with || - ||, taken under Eo,
120 + Do = Xally < Ch2 (1+1Z0l),  1Dolly + 1Xn = Zollly < CVR(1L + | Z0). (F.5)

With Zy, Zg + Dqy, X}, and X}, — Zj in place of Y, Y7, ?O(h) and W), the expansion (C.22) reads

3
1 - )
G(Zo + Do) — Z = VIG(Z) : (D?J — (X — ZO)@M) + o4, (F.6)

%

with a remainder p4 that satisfies
1 3
loa| < 5 [V*Glloo | Z0 + Do — Xp| max{|Dol, | X1 — Zo|}". (F.7)

Taking Ko in (F.6), Hélder’s inequality with (F.7) and (F.5) gives Eq|os| < Ch3 || VG0 (1 + |Z0|)4, S0

3
Eo[G(Zo + Do) — G(X3)] = l, VIG(Zo) : By [D?J’ — (Xn - ZO)®J‘] < CHVAG oo (1 +120))". (F.8)

Jj=1

The moments of Dy in (F.8) are explicit. With all derivatives of U evaluated at Zy and 1 < 4,4,1 < d,
since v/2 By, ~ N(0,2hI,) and VU (Zy) is fixed,

Eo[Do) = ~h VU,  Eo[D§?] =2hI;+ h?VU®?,

(EO [Df?‘"’])ijl = 212 (65 QU + 6 0;U + 65, 0U) — h* ;U ;U d,U.

The moments of X3 — Z are expanded in (C.2)-(C.4) of Lemma 17 for (1.1), with U, Zy, X} and Eo in
place of Uy, Yo, Yy(h) and Egy. Next we subtract them from the moments of Dy, for j = 1,2, 3.

1. For j =1, the terms —h VU cancel, and the term of order h? in (C.2) remains:

2
[Bo[Do — (X1 — Zo)] + %(VQU VU - VAU)| < Ch(1+1Z))". (F.9)
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2. For j = 2, the terms 2h I; and h? VU®? cancel, and the term —2h% V2U in (C.3) remains:

HEO [DE2 — (X, — Zo)¥2] — 212 V2UH <Ch(1+|20))". (F.10)

3. For j = 3, the terms of order h? cancel, and h*|VU(Z)|> < Ch3*(1 + \ZO|)3 bounds the term
—h38,U 0;U QU of Eo[DF?]:

[0 [D§? — (X0 — 20)%) | < CR® (1 +1Z0))". (F.11)
Inserting (F.9)—(F.11) in (F.8) gives

]1@:0 [G(Zo + Do) — G(X3)] — K* V?G(Zo) : VPU(Zo) + h; VG(Zo) - (V?U(Zo) VU (Zo) — VAU(ZO»‘

4
<Y IVIG] oo (14 Z0)". (F.12)

j=1
Since (e"£G)(Zy) = Eo[G(X},)], the sum of (F.3), (F.4) and (F.12) proves (F.2). O

Proof of Theorem 5. Here ¢, is the solution (3.5) of the discrete Poisson equation (3.6) of (1.1), with L,
7 and f, and not the modified solution ¢, of (4.18) used for (SGLM’). Let hog < A™!, with A the rate of
Theorem 1, so that (3.9) holds. Let Zy ~ 7, independent of (B;);>o0 and of (&x)k>0, so that Z; ~ @, and
add Z, to the generators of Fj in (3.2), as in the proof of Theorem 4, so that Fo = o(Zy). The discrete
Poisson equation (3.6) at Zo, with (e"£¢y)(Zo) = Eo[pn(Xn)], gives after taking expectations

w() —m(f) = 1 E[6n(Z0) — on(X)] = 3 E[on(Z1) — on(Xn)], (F.13)

where E ¢p,(Zy) = E ¢p(Z1) since Z; ~ 7. The expectations are finite, as in the proof of Theorem 4, since
¢y, is Lipschitz with constant C'L by (3.9), 75 (|2|*?) < C by Lemma 19, and E| X}, — Z| < C by the bound
on X, — Zp in (C.1) for (1.1), averaged over Zy ~ 7. By (3.9), G = ¢}, has derivatives of orders 1 to 4
bounded by CL, so (F.2) of Lemma 20 at k = 0, averaged over Zy ~ 7}, gives

Blon(21) — onx0)) - - E[VPn(20) s (2920 (20) + ()
+ h; IE[w)h(ZO) - (V?U(Zo) VU(Zo) — VAU(ZO))} ‘ < CLRPE(1+ |ZO|)6 < CLR3.
Dividing by h and inserting (F.13) gives (6.9). Finally, (C.27), ¥ < M?, (3.9) and Assumption 1 give
’E{v%h(zo) : (2V2U(Z) +C(Z0))H
+ ‘E[wh(zo) - (V?U(Zo) VU(Zo) — VAU(ZO))H < CLE(1+1Z|) < CL,

which with (6.9) gives |7, (f) — 7(f)| < CLh. O

F.3 Proof of Corollary 3: coefficient of the numerical bias of SGLD

Proof of Corollary 3. Let

Ap(z) = V2¢p(z) : (2V2U(2) + C(2)) — Vo (z) - (VU (2) VU(z) — VAU(2)),

Ag(z) = V3¢ (z) : (2V?U(x) +C(2)) — Vo () - (VU (2) VU (2) — VAU(2)), (F.14)
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so that dividing (6.9) by h gives

‘M — %ﬁh(Ah)‘ < CLh.

It suffices to prove 7, (Ap) — w(A4p) and to compute 7(A4p).
The measures 7, converge weakly to m as h — 0. For ¢ € C°(R?), which satisfies Assumption 2 with
some constant L., Theorem 5 gives |7, (¢) — 7(¢)| < CL,h, and Lemma 19 gives, uniformly in A,

(L4 [2) Laspy ) <o mn (4 12) ) <Cp7, p>o. (F.15)

The approximation of a bounded continuous b by ¢ € C>°(R?) in Appendix E.3, with 7, and (F.15) in place
of pp, and (E.22), then gives 7, (b) — m(b) for every bounded continuous b.

The gradient and the Hessian of ¢; converge to those of ¢¢ uniformly on compact sets. The argument
for the convergence of V2¢, in Appendix E.3, through (E.26) and (E.28), applies with U, £, f and «(f)
in place of Uy, L, frn and ﬁh(fh), with ¢y, the solution X of (1.1) and its initial value X in place of on,
Yo(s) and Yo, and with (3.6), (3.9) and Assumption 1 in place of (4.18), (4.19) and Lemma 1; the differences
VU, — VU, fn — f and 7, (fn) — 7(f) estimated there are then 0. It gives, for every sequence h, — 0, a
subsequence along which the derivatives of ¢y, of orders 1 to 3 converge uniformly on compact sets to those
of a function that differs from ¢y by a constant, hence

sup (|Von(2) = Voo(@)] + V2 () = V2oo(a)[) =0, h—0, p>0.

lz|<p
By (F.14), (C.27), ¥ < M? and Assumption 1,
|[Ap(z) — Ao(2)| < O V2gn(a) — V2go(2)| + C (1 + [2])|Vén(z) — Vo ()],
so Ap — Ap uniformly on compact sets, and (3.9) and (E.31) give
|An(2)| + |Ao(z)] < CL(1 + |2]),  zeR%

The function Ay is continuous, since Vg, V2@ and the derivatives of U are continuous and C(z) is Lipschitz
by (C.26). For every p > 0,

"ﬁ'h(Ah) — 7T(A())| < sup |Ah((E) - A(](ﬁ)‘ + CL’]TFh((]. + |$|) 1{|z\>p}) + |7Tfh(A0) - W(A())|.

|z|<p

The weak convergence of T;, to 7, with the uniform integrability of 1 + |z| under 7, that (F.15) provides,
gives 7, (Ao) — m(Ap), and (F.15) bounds the term carrying 1> p}, S0

lim sup ‘ﬁh(Ah) — F(AQ)‘ < CLp™ 1Y, p >0,
h—0

and letting p — oo gives 7, (Ap) — 7(Ao).

It remains to compute w(A4g) for Ag of (F.14). Since ¢ has bounded derivatives of orders 1 to 3 by
(E.31), (6.12) with v = ¢y gives

m(40) = 7(V260(2) : (2V2U (@) + C() ) = 7(V2o(2) : V2U(2) = (V260(2) : (VAU (@) +C(a))),

which with 7, (Ap) — 7(Ap) proves (6.10). O

G Proofs for the explicit coefficient in Wasserstein-1 error

Throughout this appendix, the constant C' depends only on m, M, R and d, and
D:={we CHRY) : |[VIw||oo < 00, j = 1,2,3,4}, Li(r) == {g € L*(r) : m(g) = 0}, (G.1)

so D is the set of the test functions w of (6.13), and LZ(r) is a Hilbert space with the inner product of L?().
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G.1 Poincaré inequalities

Theorem 8 constructs the Riesz representor 14 of (6.13) in L3(7), and this needs a bound of 7(|Vw|?) by
7((Lw)?) for w € D. The Poincaré inequality of 7 in the next lemma gives this bound. Its constant enters
the bound on W(?j}i) in Theorem 8 and, through it, the constant of Theorem 6.

Lemma 21 Let Assumption 1 hold. There is a constant Cp, depending only on m, M, R and d, such that

((g—7(9)?) < Crm(IVgl) (G2)
for every g € CH(R?) with a bounded gradient.

Proof. The proof combines a Lyapunov function with a Poincaré inequality on a ball, through [5, Theo-
rem 1.4], using U € C%(R?) bounded from below by (B.1). Consider the function efslel® > 1 with

m m m d 2 m
V(eﬁmz) = %xeﬁlxlz, A(eTﬁlx‘z) = (% + %\x|2)eﬁ‘x|2.
With the constant C of (B.1), (z, VU(z)) > 2|z|* — C, so
2
ety — (M4 ”L 2™ Blal? ¢ (TUAHC) T 2 e
Lttty = (B + Trlal? = T{a, VU @) )eft el < (TR - faf?)etilel,
Define p > 0, depending only on m, M, R and d, by
m2p®>  m(d+C) m(d+C) m?
= 1 that — ——— 2 2 -
ol ¢ +1  sotha 2 \I o =) -

The factor ’g—:(pQ —|z|?) — 1 is at most —1 for |z| > p, and at most ™oL~ — 1 for |x| < p. Hence

m

2
m
ﬁ(eﬁlx\z) < —efslel® 4

2 2
p 6%;) 1{\w|<p}7 S Rd, (G?))

which is the Lyapunov condition [5, Equation (1.3)] for the function e%/#l" on the ball {|z| < p}.
On this ball, |U(z) — U(0)| < M|z|+ 2|z < Mp + & p? by Assumption 1, so

2
w(y) < MM (z), Jyllz] < p. (G4)

Let g € CY(R?). For |z|,|y| < p, integrating Vg along the segment from x to y, with |y — z| < 2p,

(9(z) — g(y))2 = (/0 Vyg(z+r(y—2)) - (y—2) dr)2 < 4,02/O |Vg(z+r(y—=)) |2dr. (G.5)

For r € [3,1] and |z| < p, the change of variables z = z +7(y — z) has Jacobian ¢ > 2= and maps {|y| < p}
into {|z| < p}, so (G.4) gives

/||< Vg(z+ry—= )’ m(y) dy < 2% 2Mp+Mp* / |Vg(2)]? 7(2)dz, rE [1 1] (G.6)

lz|<p

The exchange (z,y,r) — (y,z,1 — r) leaves the point = 4+ r(y — x) and the measure 7(y)w(x)dydxdr
unchanged, so the integral of the right side of (G.5) against 7 (y) w(x)dy dx over |z|, |y| < p is 2 times its
part over 7 € [3,1], and (G.6) gives

/ (el /y|<,,(9<x> — 9(v)) " (y) () dy da
< / /Iz|<p/y|<p|v9 z+r(y -z )| m( x)dydz dr

< 222N 7r(1{|ae|<p})/| V(@) 7 (x) da. (G.7)
x|<p
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Divided by 27(1y4)<p})?, the left side of (G.7) is the variance of g under the restriction of 7 to {|z| < p},

normalized to a probability measure, and the right side is 2¢+1p2e2Mp+M " times the mean of |Vg|? under
it. This restriction therefore satisfies a Poincaré inequality with constant 2441 p2e2Mp+M ,
By [5, Theorem 1.4], (G.3) and the Poincaré inequality on the ball give (G.2) for smooth g with
2.2

Cp=1+ m649 otsp’ .2d+1p262Mp+Mp2 14+ 2d75m2p4 6%p2+2Mp+1\/Ip2’
which depends only on m, M, R and d. For g € C'(R?) with a bounded gradient, let g., ¢ € (0,1], be a
mollification of g at the scale e, multiplied by a smooth cutoff that equals 1 on {|z| < 1/e}, vanishes outside
{]z| < 3/¢} and has a gradient at most €. Then g, is smooth with compact support, g. — g and Vg. — Vg
pointwise as € — 0, and |g. (z)|+|Vg:(z)| < Cy(1+|x|) with Cy independent of €, so dominated convergence,
with the moments of Lemma 16, passes (G.2) from g. to g. |

G.2 Well-posedness of the Riesz representor
The next lemma is the identity of Bochner under 7, used in the proofs of Theorems 8 and 7.

Lemma 22 Let Assumption 1 hold. For every w € D,
7((Lw)?) = 7(V’w: Vw) + 7(Vw - VU Vw). (G.8)
Proof. Differentiating (3.3) gives 0;Lw = LO;w — Z?Zl 0;0;U O;w for each component i. The functions w,

Lw and d;w and their derivatives of orders 1 and 2 grow at most linearly, so (3.4) with ¢1 = Lw, g2 = w,
and then with g1 = g5 = Jjw, gives

d d
=Y 7w diLw) == 7(diw LIw) + 7(Vw - VU Vw)
i=1 i=1

d
= 7(|Vow|?) + 7(Vw - VU Vw),
i=1

which is (G.8). O
The next theorem shows that the Riesz representor of (6.13) is well defined.

Theorem 8 Let Assumption 1 hold, and let A : R® — R¥*? be bounded and measurable, with A(x) a
symmetric matriz for every x € RY. There is a unique 14 € L3(r) that satisfies (6.13) for every w € D of
(G.1), the map A — 1 4 is linear, and

m(v%) <d(1+ MCp)|lA|%, (G.9)

with C'p the constant of Lemma 21.

Proof. The proof bounds |7(V2w : A)| by the norm of Lw in L?(r), through (G.2) and (G.8), and applies
the Riesz representation theorem on the dense set of the functions —Lw, w € D, in L3(7). Let w € D. Since
w grows at most linearly, (3.4) and (G.2) give

7 (|VeP) = m((w — (@) (~Lw)) < Ch a(IVwl?)* 7((Lw)?)*,
so m(|Vw|?) < Cp 7((Lw)?), and (G.8) with V2U = —M1, gives
m(VPw: VPw) < 7((Lw)?) + M 7(|Vw]?) < (14+ MCp) 7((Lw)?). (G.10)

For every symmetric matrix B, the Cauchy—Schwarz inequality for the inner product B : A(x) and A(z) :
A(z) < d|A(z)||? give | B : A(z)] < Vd || A(z)|| (B : B)2. With B = V2w(x), this is the pointwise bound

|VZw(z) : A(z)| < V|| Ao (Vi (2) : Vzw(x))%, r € R
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Integrating it against w, the Cauchy—Schwarz inequality under 7 gives

1

|7 (Viw: A)| < \/gH.AHOOﬂ'((VQw ' Viw) 2) < \/QHAHOOW(V%J : V2w)%,
and inserting the bound on 7(V2w : V2w) in (G.10) gives

|7 (V2w : A)| < VA1 + MCp) [ Alloo 7((£w)?)?,  weD. (G.11)

The functions —Lw, w € D, which lie in L3(7) by their linear growth and (3.4) with g; = 1, are dense
in L3(r). Every g € C°(R?) satisfies Assumption 2, so the solution ¢q of the continuous Poisson equation
(3.7) with g in place of f belongs to D by (E.31), and g—7(g) = —L¢o. The functions g—7(g), g € C°(R?),
are dense in L3(w). By (G.11), —Lw — 7(V?w : A) is a well-defined linear functional on this dense set,
bounded in the norm of LZ(7), and linear in A. It extends to L3(r), and the Riesz representation theorem
gives the unique ¥4 € L3() that satisfies (6.13) for every w € D, and (G.11) gives (G.9). O

G.3 Auxiliary estimates for Theorem 6

Throughout this subsection and the next, h < hg with hg < A%, X the rate of Lemma 23. For a signed
measure v on R? with v(R%) = 0 and [(1 + |z|) |v|(dz) < oo, such as ¢m with 1 € L&(r), the Kantorovich—
Rubinstein norm of Section 3.1 satisfies

lV|lkr = sup{/ fdv: f satisfies Assumption 2, ||V f|lec < 1}. (G.12)
Rd

The supremum on the right-hand side of (G.12) is at most ||v||kRr, since its functions f are Lipschitz with
IV flloo <1, and it equals ||v|kr, since the mollifications of a Lipschitz function g with |Vg|leo < 1 satisfy
Assumption 2 with the same bound on the gradient and converge to g uniformly.

In the proofs of Theorems 6 and 7, the test function f satisfies Assumption 2 and |V f|| < 1, and
the estimates do not depend on the constant L of Assumption 2. The modified test function (4.1) is
fn=f*N(0,21,), so

Vi fy = (V) * vi—w(o, gzd), /}R vi—w(o, gld) (y)H dy<Ch—3,  j=1,2,3.4,

and R o .
IViullo <1, |Vifill <Ch™'7,  j=2,34. (G.13)

The semigroup estimates of Appendix A.2 and Lemma 15 combine into one bound for the exact and the
modified dynamics. The proof technique is essentially that of [91, Lemma 10], which splits the times into
0<t<landt>1.

Lemma 23 Let Assumption 1 hold. There is A > 0, depending only on m, M, R and d, such that, for every
h € (0, hol, every g € D of (G.1) and every t > 0,

197 (e 9)[loo + V7 (€2 g)[loo < Cmin(1,8)" 7 e [|Vglla,  j=1,2,3,4. (G.14)

Proof. For j = 1, the bound on e**g is (A.8). For j =2,3,4and 0 <t < 1, (A.9) and (A.14) give
V7 (eg)|loe < Ct™F |Vglloo < Cemin(1,8)"F e | V]|oo,

since min(1,¢) = ¢ and e~ > e~ which is (G.14) for e** with Ce in place of C. For j = 2,3,4 and
t > 1, the semigroup property gives e/“g = e£(e(!=V4g), and e*"Y%g € D, since (A.12) at time t — 1
bounds its derivatives of orders 1 to 4. Hence (A.9) and (A.14) at time 1, with e(*="g in place of g, bound
V7 (e g)|lo by C||V(e®"D%g)| o, and (A.8) at time ¢ — 1 bounds this gradient, so that

IV9 (e g)lle < OV (V)| < CeV V|l = Cete™ || Vglloo.
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Since min(1,¢) = 1 for ¢ > 1, this is (G.14) for ¢ with Ce* in place of C. Lemmas 11, 14 and 15 use the
bounds of Assumption 1 up to the order 5 and the convexity outside the ball of radius R. By Lemma 1, Uy,
satisfies them with 2M and % in place of M and m, as in Corollary 1, so these lemmas hold for Uj, with a

rate and a constant that depend only on m, M, R and d, and the same argument applies to etfn. In (G.14),
A is the smaller of the rates for U and for Uy, and C' the larger of the constants. O

In the proofs of Theorem 6, the bounds (G.14) at the times ¢ = ¢h are summed over ¢ > 0 through the
following elementary bounds.

Lemma 24 For every h € (0, ho],

. c, i=12
Ry min(1,(i+1)h)" % e M < O(1+1logt), j=3, (G.15)
i=0 Ch~z, j=4.

Proof. Split the sum at (i + 1)h = 1. The terms with (¢ + 1)h > 1, that is, ¢ > |1/h], have the minimum 1,
and since A\h < 1,
- : h 2
—Xih
hd e s <y
i=|1/h)

For the terms with (i + 1)k < 1, put n =i + 1 and bound e~**" by 1:

]'7 = )
Uz/? i—1 3—j Uz/? j—1 2 7] =2
WY (nh)™ 7 =h= Y w0
n=1 n=1 L+ llog R J= 37
3h™z, =1
Adding the bound 2/A gives (G.15). O

Lemma 2 bounds 7, () —m(f) by CLh2. The next lemma bounds it by Ch?||V f||, through the distance
between 7, * (0, 41,) and 7 weighted by 1 + |z|.

Lemma 25 Let Assumption 1 hold. Then, for every h € (0, h],

h
/]Rd (1+ |z]) (frh *N(O, 2Id)> (x) — m(x)
and, for every f € CH(R?) with ||V | < 00,

|0 (fn) = ()] < CR2|[V oo (G.17)

dz < Ch?, (G.16)

Proof. The proof expands 7, * N (0, %Id) to the order 4 along the Gaussian shift, writes the expansion as m
times a factor through (B.12), and bounds its difference from =, weighted by 1 + |z|, by Ch?. Throughout,

x ~ N(0, 1), so that
(ﬁh (@ ;le)> (x) = E[ﬁh(x - ZX)} .

Since Uj, € C® by Lemma 1, 7, € C®. Expanding 7, about z to the order 4 along —v/h/2x,

#u(r =/ 2x) = o) = B VR v+ LR hd - S (2) R @ + et

Vi, (a: — 5\/5)()‘

with

h2 1
o)l < 5y [ -y as. (G.18)
0
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Under the expectation the terms of odd order in x vanish and the term of order 2 has mean % A7 (x), hence

- h _ h . .
<7Th *./\/‘(07 2.[(1)> (SL’) = Wh(x) + Z Awh(x) + E[gff(x)} . (Glg)
Differentiating 7, e=Un to the order 2,
Ay = 7y (VU2 — AUy). (G.20)

As in (B.12), 7, = we_(Uh_U)/w(e_(Uh_U)), so by (G.19) and (G.20),

) o= (Tn=U)(@) i N
(70 + (0. 514) ) @) (ﬂze_@h_w) (14+ 2 (VOu@)P - AT @) +Elo} @) (@)

By (4.13), (4.14) and (4.10),

VU2 — AU, | < C(1 + |2])? and
IVU? = AT, — V| < VO, — VU||[VT, 4+ VU| + |AT, — AU| < Ch(1 + |2])*. (G.22)

Taylor’s formula for the exponential, with U, — U = LV 0y, the bound |V| < C(1+ |z[)? of (B.4), the bound
on |VU,|> — AU}, and the bound on elU»~Ul in (B.13) give

e~ (0n=0) (1 + %(Wﬁhﬁ - AUh)) —1- %(\thP — AT, = V)| < CR2(1 + |a)) etol=l”,

Since VO, =V — V(1 —0;), (G.22) gives

m

e~ (On=0) (1 + %(\vﬁh\“' - Af]h)> - 1‘ < CR2 (1 + |z|)°efelel 4+ % V(1 —6n). (G.23)

Multiplying (G.23) by (1 4 |z|)7(z) and integrating over R?, the term Ch2(1 + |z|)8es/2® contributes at
most Ch? [o.(1+ |z|)7e~ 171" dzz < Ch2 by the density bound 7(z) < Ce™ ¥ 1#I* of Lemma 16, and the term
L 1V|(1 — 65) contributes at most Ch* by (B.16), so

/Rd@ 4 Ja])

Differentiating 7, o e~U" to the order 4 and using (4.13) with |[VU,(y)] < 2M (1 + |y)),

e=(Un=U) (1 + %(\Vﬁh\Q - AUh)) — 1| 7(x)dz < Ch?. (G.24)

- 4
V4R ()] < C(1+ |y]) 7 (y), y € R%

By (B.12) with (1 + |#|)9 in place of f,, (B.13), the lower bound ﬂ(e_(ﬁh'_U)) > % in the proof of Lemma 2
and the density bound of Lemma 16, 75, (1 + |z[)9) < 2C 7 ((1+ \x|)qe%‘x|2) < Oy for ¢ > 1. For each fixed
s € [0,1], the substitution y = x — s4/h/2 x and the bound on 7, ((1 + |z|)?) with ¢ =5 give

/Rd(l + ) (1 +]o- s@x])4ﬁh(x5\/§x) dz < (1+[x]) /Rd(l +1y)) Fn(y) dy < C(1+]x]).

Hence, by (G.18), Tonelli’s theorem and E[|x|*(1 + |x])] < C,

/ (1 + |2))Elo}(x)| de
Rd

|X4/01(1 - S)S/Rd(l +J]) (1 + ’x - 5\/§XD47~%(I— S\EX) de ds
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By (B.2), |7r(e’(0h’U)) — 1| < Ch?, and W(e’(ﬁh’U)) > %, hence

1 2

By (G.21),

h 1 T - h . -
~ e D o —(Up—U) e 2_ _
m*/\/(o,21d) 7r_<7r(e_(0h—U)) 1>7T+7r(e_(ﬁh_U)) (e n (1+4(\VUh\ AUh)> 1)+1E[@2f],

and m(1 4+ |z|) < C, (G.26), the lower bound ﬂ(e’(ﬁh*U)) > 1, (G.24), and (G.25) prove (G.16).
For (G.17), the symmetry of (0, 21,) gives

. ~ h
Th(fn) = / f(x) (wh *N(O, 2@)) () d,
Ra
and since both 7, * N(0, %Id) and 7 are probability densities, f may be replaced by f — f(0), with |f(z) —
FO)] < |V Sf]loolx]; (G.16) then gives (G.17). 0

For a Lipschitz test function, a step of (SGLD) and a step of (1.1) from the same state Z, give expectations
that differ by at most Ch? (1 + |Z|), although the gradient noise enters the step with the factor h: the
Gaussian increment of the step smooths the test function, and the noise has mean 0.

Lemma 26 Let Assumptions 1 and 3 hold. Then, for every Lipschitz function f with ||V f|leoc < 1 and every
h € (0,1], the chain (SGLD) satisfies

Eo[£(21)] — ("2 £)(Zo)| < Ch3 (1 +|Z)). (G.27)

Proof. Write the step from Zy as in (F.1), with Dg, 79 and the solution X of (1.1) from Xy = Zj as in
Appendix F. Then

Eo [£(20)] — (" £)(Zo) = Eo [f(Zo + Do — hno) — f(Zo + Do) + Eo [f(Zo + Do) — f(X4)]. (G.28)
Since ||V f|loo < 1, the bound on Zy + Dy — X, in (F.5) gives

‘IEIO [f(Zo + Do) — f(Xh)]’ < Bo|Zo + Do — Xu| < Ch3 (1 +|Z0)).

For the expectation of f(Zy + Dy — hno) — f(Zo + Do) in (G.28), condition on Fo and no. Since v/2 By, ~
N(0,2h1,) is independent of o(Fo, no),

E[f(Zo + Do = ho) = f(Zo + Do) | Fo,mo] = (¢"21) (Zo = h VU (Zo) = hapo) = ("2 f) (20 = h VU (Zy)),
with e f = £« N(0, 2h1y), for which ||V2e"2 f||o < Ch™% as in (G.13). Taylor’s formula in hng gives
‘E[f(Zo + Do — hno) — f(Zo + Do) |]}07770] +h V(" f)(Zo — hVU(Zp)) '770‘ < Ch2 |nol>.

Since V(e"2 f) (ZO — hVU(ZO)) is Fo-measurable and E, [m0] = 0, taking £y removes the term linear in 7o,
and Eo|no|2 < ¥ < M2 by Assumption 3 gives

B0 [#(Z0 + Do — o) — £(Zo + Do)]| < Ch¥ Bol|? < ChE.
With the bound Ch2 (1 +|Zo|) on the expectation of f(Zo + Dg) — f(Xp), (G.28) then gives (G.27). O

In the proof of (6.17), the integrand of the sum in (G.48) carries V2U VU — VAU, whose gradient grows
linearly, so the integrand satisfies only the bound (G.29) below, and 7, is replaced by 7 in the coefficient of

%2 in (G.48) through the following truncation.
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Lemma 27 Let yu and v be probability measures on R? with u(|z|'?) + v(|2|*?) < oo and Wy (i,v) < 1, and
let F: RY — R satisfy, for some K >0,

|F(z) — F(2)| < K1+ |z| + |2'|) |z — 2|,  x,2" e R% (G.29)

10
1

Then |u(F) — v(F)| < 3K (1 + p(lal™2) + v(]a]12)) Wy (1.)!

Proof. If Wy (u,v) = 0, then p = v. Otherwise let p := Wy (u, )" 11 > 1, and let T,(x) := x for |z| < p and
T,(x) := pz/|z| for |x| > p, the retraction onto the closed ball of radius p, which is 1-Lipschitz. By (G.29),
F o T, is Lipschitz with constant K (1 + 2p) < 3Kp, so the Kantorovich-Rubinstein duality gives

\W(F o T,) — v(F oT,)| <3KpWi(u,v).
For |z| > p, |T,(x)| = p < |z| and |z — T, ()| < |z, so (G.29) and |z]| > p > 1 give
IF() — F(Ty(@)| < K(1+2lal)la] < 3K < 3K~ ",
while ' = F o T, on {|z| < p}. Hence

10
1

[W(F) = v(F)| < BKpWi(,v) + 3K o (ulle]™) + v((2])) = 3K (1 + (|l *®) + v(|2] ")) Wi () B

with F integrable under p and v since |F(z)| < |F(0)| + K(1 + |z|)|=|. O

G.4 Proof of Theorem 6: expansions in the Kantorovich—Rubinstein norm

Since C(z) is positive semidefinite, ||C||cc < ¥ < M2 by (5.7), and ||V2U||oc < M. The bound (G.9) of
Theorem &, the Cauchy—Schwarz inequality and the moments of Lemma 16 then give

([l (1 +[x)?) + 7 ([Yvzu + el (1+[2])?) < C. (G-30)

Proof of (6.16) in Theorem 6. Recall that yuy, is the invariant distribution of (SGLM’) and 7, o e=Un is the
modified target, the invariant distribution of (4.16). The proof writes juy,(fn) — 71 (fn), by the telescoping
formula (G.35), as a series of local errors of Lemma 7 on the functions

V= ehlnf >0, (G.31)

moves the leading term of each from the law of Yy to 7, and sums the series through (6.13) into %w(fwc).
Let f satisfy Assumption 2 and ||V f|leco < 1. Let Yy ~ pyp, independent of (By);>o and («fk)k>0, so that

Yy ~ pp, and add Yy to the generators of Fr in (3.2), as in the proof of Theorem 4, so that Fo = O’(YQ)

while Yo and & remain independent of Fo; then Zo = Yo + 1/h/2 xo ~ mn. By (E.15), mn(f) = pa(fn), s

mh(f) = 7(f) = (un(fn) — 7n(fn)) + (ﬁh(fh) —7(f)), (G.32)

and (G.17) bounds the bracket 7, (f3) — 7(f) of (G.32) by Ch2.
For i = 0, Vo = f, and (G.13) bounds its derivatives, and for i > 1, (G.14) at t = ih with min(1,ih) >

2 min(1, (i + 1)h) bounds those of V;, so that, for i > 0 and j = 1,2,3,4,

i—1

V7 Villoe < Cmin(1, (i +1)h) " 7 e N, (G.33)

and V; € D. Since Yy(h) solves the modified dynamics (4.16) from Yp, driven by Brownian increments

independent of Fy, Eo[V;(Yo(h))] = Viy1(Yo), and since Yy and Y; have the law ps,

E[Vi(Y1) = Vi(Yo(h)] = pn(Vi) = pn(Vigr)-
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The modified target 7, is invariant under etr and has a moment of order 1 bounded uniformly in h, as in
the proof of Lemma 25, so (G.33) at j =1 gives

[P) = 70 )| < V9l [ Iy =o'\ ') < O 1+ ). (@34)

and u,(Vn) = 7n(fn) as N — oo. Summing over i,

pin(fn) = 7n(fn) = ZE Vi(Yo(h))]. (G.35)

By (5.8) at k = 0 with G = V;, the tower property for the Fy-measurable factor V2V, (Y ), and the
moment bound pp,(|y|!?) < C of Lemma 8,

4
[EDi(r2) = Vi(Fo(h))] - h—QE[Vzv (Yo) : C(Z0)]| < Ch* 3 IV Vil (G-36)

j=1

By (G.33) and (G.15), the remainders of (G.36) satisfy

oo 4

i=0 j=1
With (G.32), (G.17) and (G.35),

h? &

m(1) = 7() - i DBV s < ont. (G.a7)
=0

y (C.27), (G.33) and (G.15) at j = 2, the sum in (G.37) satisfies
Z‘]E [V2Vi(Yo) - ‘ < ZHVQV oo < CSh.

Hence |7, (f) — 7(f)| < C(Sh+ h2) for every f satisfying Assumption 2 and ||V f||oe < 1, and (G.12) gives

Wi (mh, ) < C(Sh+ h?) < Ch. (G.38)

In the coefficient of %2 in (G.37), the expectation can be replaced by an integral against m. Since
Zo — Yo = /h/2x0, (C.27) gives

[B[VA(%0) : €(Z0)] — m (V2 : €)| = [E[(V2Vi(%0) = V2Vi(Z0) : €(Z0)]| < CVRV* Vil
By (C.27), (C.26) and |A : B| < d||A]|||B| for A, B € R¥*9, the function V2V : C is Lipschitz,
[V20(@) : Ce) = VEDU(e) £ C&!)] < (SIV3Toe + 44D VHD o) — o]
so the Kantorovich-Rubinstein duality and (G.38) give
7 (V2Vi: €) = (V2 : O)] < CA([V*Viloo + [V Villoo)-

By (G.33) and (G.15) at j = 2,3, the replacements of Yy by Zy and of 7, by 7 in the coefficient of %2 in
(G.37) cost at most

h2 & _ - -
2 S (CVRIV* Vil + CR(IV* Vil + [V*Dil1))
=0
< Ch#(1+1og %) +or?(1 —I—log%) < Cni (1+1og %)
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and (G.37) gives

o0

m(f) = 7(f) > (Vi c)’ < Ch? (1 + log h) (G.39)
=0

h2
2
Since V; € D, (6.13) with A = C and w = V; gives
7 (V2 : C) = m(vhe (—LVy)). (G.40)
The generators (3.3) and (4.17) differ only in the drift, so
—LV; = —LyV; — (VU, — VU) - VV;, (G.41)
and (4.14) bounds the drift term of (G.41):
|(VU(2) — VU(2)) - VVi(2)| < Ch(1+ [2])|[VVilloe, 2 €R%
Inserting (G.41) into (G.40) and using the bound on 7 (|v¢| (1 + |z|)?) in (G.30) gives

[7(V2D, :€) = m(vie (~£iP0))| < Chn((we] (1 +[2)) [V Vi]ox < CHITV]

y (G.33) and (G.15) at j =1, h 300 [[VVillee < C, s0

2 oo
%Z‘w(v%}i :C) —m(ve (—LaVi ))] C’h?’ZHVV oo < Ch2,
1=0 =0
and (G.39) gives
2 5
mf) = 7(f) = g ol (~6i7) | < O (1-+ 108 7). (G12)

It remains to sum h(fﬁhfii) over 4. For this sum, fix a deterministic initial point Yy € R?. By (E.26),
with f/i and Ehf)i in place of q/;h and gp, which applies since Vf/i is bounded, and e"» f/z = ]~/i+1,

~ ~ h ~
Vi(Yo) — Vipa (Yo) = / E[(~£0 V) (Yo(s))] ds,

hence

h
h(—=LpVi)(Yo) — (Vi(Yo) — Vir1 (Vo)) = /0 E[(LaVi)(Yo(s)) — (LnVi)(Yo)] ds. (G.43)

Differentiating (4.17) gives L ~ o o
V(LLV;) = VAV; — V2U, VV; — V2V, VU,

and (4.13) gives ) )
IV2UR(2)| < 2M,  |VUL(2)| <2M(1+[2]),  z€R%

Hence, for z € R and 0 < s < h,

3
V(L) (2)] < C(1+ |z]) Z 199V [l oo

C(1+|Yo| + [Yo(s) — Yo!)|Yo(s) YO|Z||VJV||OO
j=1

The bound on Yy (s) — Yy in (C.1) with p = 2 gives

E[(1+ |Yo| + [Yo(s) — Yol) [Yo(s) = Yol] S CVR(1+[Yo))?,  0<s<h,
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so integrating over s € [0, h] in (G.43) gives, for every Yy € R?,
|1 (~£2V)(Y0) = (%(Yo) = Via (Y0) | < ChE (1 + Yo anv =
By (G.30), (G.33) and (G.15) at j = 1,2, 3,
g i‘w(w (h (~£003) = Vi + Vi) )| < O (14 og %)
i=0

The partial sums of the telescoping series are

N-1
Z m(e (Vi = Vig1)) = 7 (e fn) — 7 (YeVn),
=0
and 7(ic) = 0, (G.34) and (G.30) give ﬂ(?/}cVN) — 0 as N — oco. The series of 7(1¢ (—LpVi)) converges
absolutely: by |EhV ()] < C(1+ [2))(|[VVilloo + [[VPVilloo), (C.30) and (G.33),
> | (We (£a0)| <€D (I9Vloe + 92V ) < CR7H Y e < oo
i=0 =0 i=0
Therefore
h? & — h - 1
T Yol (~La0) — 5 (edi)| < Ch} (1 + log E)' (G.44)
=0

Finally, (4.1) and |V f|leo < 1 give |fr — f| < V/h/2 E|x| < \/dh/2, so 2 5 [T(e (fn — £))] < Ch? by (G.30).
With (G.42) and (G.44),

7 () = (1) — S| < On (1410 7).

Since m,(f) — w(f) — 2 7r (fe) = [fd(mp —m — iwC ), the supremum over the functions f satisfying
Assumption 2 and HVfHOo < 1, with (G.12), proves (6.16). O

Proof of (6.17) in Theorem 6. The proof follows that of (6.16), with the local error (F.2) in place of (5.8),
Lemma 26 for the term i = 0, and Lemma 27 for the move from 7, to w. Let f satisfy Assumption 2 and
IV flleo <1, and let

Y, = ehE g, i>0, (G.45)

so that Vo = f and V; € D by (A.12). By (G.14) at ¢ = ih, as for (G.33), for i > 1 and j = 1,2,3,4,
IV Villoo < Cmin(1, (i + 1)h) 2 eih, (G.46)

With the transition kernel P, of (SGLD), as in Appendix F, (Phg)(Zo) = Ko [9(Z1)] for a given Zy. Since
7, is invariant under Py, and e4V; = Vi1,

(Vi) — n(Vig1) = 7 (PaVi — €"“V3),

and [Vy(z) — 7(f)] < Ce R (1 4 |z]) by (G.14) at j = 1 and the invariance of m under ', as in (G.34).
Summing over 1,

mn(f) —7(f) = Zﬁh (PuVi — €"*V). (G.47)
For the term i = 0 of (G.47), averaging (G.27) over Zy ~ T, with T, (|z]) < C from Lemma 19, gives

|7 (Puf — "€ f)| < Ch% (1 + 7y (|z])) < Chz.
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For i > 1, averaging (F.2) at k = 0, with G =V, over Zy ~ 7y, with 7 (|z|'?) < C, gives

2 4
Tn (PrV; — e"V;) — % T (VZVi  (2V2U +C) = VY, - (VU VU — VAU)) ’ < Ch® Y VWVl

and, by (G.46) and (G.15),
co 4 1 )
h? Willoo < CR?*(1+1og = +h"2) < Ch2.
C ;;vau C (+ogh+ ) C
Hence

mnlf) —7(f) — LS 7, (v2vi L (2V2U +C) — WV - (VU VU — VAU)) ‘ < Cht. (G.48)

By Assumption 1, (C.27) and |A : B| < d||Al|||B|| for A, B € R?*4, for every x € R? and every symmetric

matrix A,
|V?U(2) VU (z) — VAU (z)| < M*(1+|z|) +dM < C(1 + |z]),

|A: (2V2U(z) +C(2))| < (2dM + 2)||A.
Hence the integrand in (G.48) satisfies

[V2Vi: (2V2U +€) = VWi - (V2U VU = VAU)| < C(1+ [ol) (19 o + [92Villc),
and the moment bound 7, (|z]) < C of Lemma 19, (G.46) and (G.15) at j = 1,2 give
2 o0
T 2
With (G.48), |7,(f) — 7(f)| < C(h+ h%) < Ch for every f satisfying Assumption 2 and ||V f||e < 1, and
(G.12) gives

i (v2 (2V°U +C) = VV; - (VU VU — VAU))’ <CR2 Y (Wil + IV?Vi]lo0) < Ch.

i=1

Wi (7, m) < Ch. (G.49)
In the coefficient of h; in (G.48), the measure 7, can be replaced by 7. Assumption 1 gives
|(V2U VU = VAU)(z) — (VPUVU = VAU)(2')| < C(1 + |z| + |2/|) |z — 2|,  x,2’ €RY,

and with (C.27), (C.26) and |A : B| < d||Al|||B]|, the integrand in (G.48) satisfies (G.29) with K =
CZ§:1||VjVi||OO. Lemma 27, with gy = 7y, v = 7, the moments of Lemmas 19 and 16, and W, (7, 7) <
Ch < 1 by (G.49) with Chgy < 1, gives, for i > 1,

[0 =) (V21 : (292U +€) = VWi - (VU VU - VAD))|
3
<O (7n,w %vavnm T?Zwmnm.

By (G.46) and (G.15) at j = 1,2,3, h) oo Z?ZlejViHoo < C(1 +log #), so replacing T, by 7 in the
coefficient of %2 in (G.48) costs at most

h2°°

wjw

%ZIIVVlloo\ %(1+log}1l) Ch2.

=1

Under , (6.12) with V; in place of ¢ and (6.13) give

(V3 (2V2U +C) = VVi - (VU VU = VAD) ) = 7(V2V; : (V2U +0)) = m((twau + the) (—£V),
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so we obtain

9 oo
wn(f) — % Zﬂ' vy + Pe) (—ﬁVl)) < Ch% (G.50)

1=1

The sum in (G.50) telescopes as in the proof of (6.16), with (1.1), £, V; = e™"* f, the solution X of (1.1)
and its initial value Xy in place of (4.16), Ly, V; = e™Cn fy,, Yo(s) and Yy, with g2y + e in place of e,
and with (G.46) and Assumption 1 in place of (G.33) and (4.13). The identity (G.43) and the bound on its
integral hold in this form, and since the sum starts at ¢ = 1, the partial sums of the telescoping series are

m((Yv2u + ¥e) V1) = 7((Yv2u + ¥c) Vi), where m((¢y2y + te) Vn) = 0 as N — oo by m(¢y2u + ¥c) =0,
the bound [V (z) — 7(f)| < Ce (1 + |z|) and (G.30). Hence

h? &
> m((Yv2u + ¥e) (—LVy)) —

i=1

< Ch? (1+10g%).

3 T((Yy2u + ¥e) V1)

Finally, the bound on Xs—Xo in (C.1) for (1.1) gives |Vi(z) — f(x)| = |E*[f(Xn) — f(X0)]| < E*| X — Xo| <
CVR(1+z)), 50 § [m($v2u + ) Vi = £))| < Ch? by (G.30). Wi

=
=

—~
@
Ut
o

S~—"

_ h 3 1
|70 (1) = () = 5 7(f Woev +v))| < Ch (1410g 1),
and the supremum over the functions f satisfying Assumption 2 and |V f|lec < 1, with (G.12), proves (6.17).
(Il

G.5 Proof of Corollary 4: limits of the Wasserstein-1 errors

Proof of Corollary 4. Both limits of Corollary 4 follow from (6.18) as in Section 6.4, since 7y, 7, and 7
have finite first moments by Lemmas 8, 19 and 16.

For the positivity, a function v € L3(w) with |t 7|[xr = 0 has 7(gy)) = 0 for every g € C®(R?),
hence ¢ = 0 w-almost everywhere. By (6.15), ¥g2y is continuous and unbounded, since |AU| < dM while
[VU(x)| = (x,VU(z))/|z| — oo as |z| — oo by (B.1). Hence t¥y2y is nonzero on a nonempty open set,
which has positive m-measure since 7(x) > 0 for every z € R?, and |[1)v2y 7||kr > 0. For ¢, let » > 0 and

1
or(z) = (r* +z)?)?, x € RY, (G.51)
so that ¢, € D and
5 Oy —xr  r’ly 1
Ver| <1, Vi, = 3 Z 5 (MY SOTH

QOT SDT SO’I“
d—1 r? (d—1)|z| 3r%z| d+1 (G.52)

A‘)Dr = + 3 |VA(PT| = 3 + 5 < 5 -

eor ey @7 @y 2r

Since |VU(z)] < M(1 + |z|) < V2 Mgy (x), the gradient of Lo = Apy — VU - Vpy satisfies, by (G.52),
IV(Lp1)| < % + M + \fM < d+3M. With (6.13) for w = ¢; and C(z) positive semidefinite,

s ) (01 (]
d+3M d+3M T d+3M "\ (1+|z2)3 /)

[Ye mllxr =

The trace Tr[C(z)] is nonnegative and continuous by (C.26); if C(z) does not vanish identically, the trace is
positive on a nonempty open set, and W(TY[C(Q:)] (1+ |:1c|2)_%) > 0, so ||te w||kr > 0. O
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G.6 Proof of Lemma 9: failure of the comparison

Proof of Lemma 9. The proof checks the assumptions, writes the Kantorovich—-Rubinstein norm in dimension
1 through primitives in (G.53), computes ¥¢ explicitly, and evaluates both norms of Lemma 9 by quadrature.
Assumption 1 holds with m = 1, R = 0 and every M > 1. The estimator is unbiased, |VU (z;¢)| < || 4 10,
its Hessian 1+ 10& a/(z) is bounded by 1 + 10]|a/||s, and its variance is 100 a(x)? < 100, so Assumption 3
holds for M large enough.

Here 7 is the standard Gaussian distribution, with 7/(z) = —x7(z). For ¢ € Li(w) and s € R, the
Cauchy—Schwarz inequality on (—oo, s] for s < 0, and on [s,00) for s > 0 since 7(¢)) = 0, gives

’/ V(y) m(y) dy‘ < n(p)Eets

so for f Lipschitz with |f’| < 1 an integration by parts gives

—— [ 16 / (y) 7ly) dyds < dy‘ as.
with equality for f(s) = — [ sign([*_ 4(y) m(y) dy)ds’. Hence
o wlher = [ ‘ JAROE dy‘ s. (@.53)
By (6.15), Yrr(2) = L(a® 1), and
/ Oo Yool 7l)dy = —3 sw(s),  sER (G.54)
For A = a2, let J(x f )2dy and ¢ := m(a2) — 7(J). The function J — a? + ¢ is smooth and

bounded, satisfies 7T(J —a?+ C) = 0, and has the derivative x a? — (a?)’, so for w € D, (3.4) gives
m((J —a® + () (—Lw)) = 7((za® — (a®)) ) = — / W'(z) (a(z)?n(z)) dz = w(w" a?),
R
which is (6.13) for A = a®. By the uniqueness in Theorem 8,

Vo2 = J —a® + (. (G.55)

Since C = 100 a?, the linearity in Theorem 8 gives 1)¢ = 1001,2. Quadrature in (G.53), with (G.54) and
(G.55), then gives the values in Lemma 9, so (6.19) fails. O

G.7 Proof of Theorem 7: threshold on the batch size

Proof of Theorem 7. The proof bounds [|(Yv2r + thc) 7||kr from below by testing (6.13) with a function
of the distance to the minimizer of U, bounds |[¢¢ 7||kr from above through (G.8), and compares the 2
bounds. Let x, be the minimizer of U, and let o, be the function of (G.51) with r? = d/m and = — z, in
place of z. The gradient of Ly, = Ay, — VU - Vi, satisfies

d—|—1

<2V |
IV(Lor)| < 2[IVPUlloe + =5 5

3Hv2UHooa (G.56)

since (G.52) bounds |VAg,| by d+12 = (d-i;i)m <m < ||V | w, and, by [Vo,| < 1, [[VZe,| < ¢! and
IVU(z)| = [VU(z) = VU(2.)| < VU] o0 or (),

IV(VU - Ve,)| < VU Ve ] + [V20r [ VU] < 2] V2U .
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By (G.56), the function —L¢;./(3 ||V2U ||« ) is 1-Lipschitz, and (6.13) with w = ¢, gives 7((—Lp,) Y4) =
7(V2¢p, : A) for A = V2U and A = C. As V2¢, and C(x) are positive semidefinite, 7(V2p, : C) > 0, and as
V2U = mly, VZp, : V2U > m Ag,. Hence

T((—Leor) (Py2u + e)) . mu(Agp,)
3[V2U || “ 3V

(Vw20 + ) mllkr = (G.57)
The identity (3.4) with g1 = 1 and go = §|z—x.|? gives 7(VU-(z—x.)) = d, and VU (z)-(z—x,) > m|z—z.|?,
so m(|a — x,]?) < d/m. As functions of |z — . |2, ("2 + |z — 2,|2)" 2 and (% + |z — 2,|?)" % are convex and
decreasing, so Jensen’s inequality and r? = d/m give

wan > gt A () (a- ) ()

and (G.57) gives
m2v/d m2v/d
2 5 -
6v2(|V2U s ~ 9IV2U|
For ||t 7|lkr in (6.19), let f satisfy Assumption 2 and ||V f|lec < 1, and let ¢ solve (3.7). By (G.8)
with w = ¢g € D and V2U = mly, and (3.4),

(w2 + ) wllkr = (G.58)

(V200 : V2¢0) + mn(|Veol*) < m((f —n(f))?) =n(Vf- Vo) < 7r(|v¢0|2)%. (G.59)

By (G.59), 7(|[Vo|?)2 < m~! and then m(V2¢y : V2¢) < m~t. As for (G.11), (6.13) with w = ¢y and the
Cauchy-Schwarz inequality give |7(fibe)| = [7(V2¢ : C)| < Vd|C|lso m™~ 2, and the supremum over f with
(G.12) gives

e mllkr (G.60)

Vel
m?2
Hence, whenever [|C|oc < m?/(9]|V2U||x), (G.60) and (G.58) give

Va|Cls _ miVa

<
[the Tl[kr < ma S 9(V2U |

< |(Wv2y + vYe) 7||kr,

which is (6.19). For SGLM and SGLD with a batch of P independent stochastic gradients, the averaged
estimator satisfies Assumption 3 with ¥/P in place of ¥ (Section 6.1), so Corollary 4 applies with its
covariance C(z)/P, and ||C|loo/P < m?/(9]|V2U||x) exactly when P satisfies (6.21). The representor of
C(x)/P is Y¢/P by the linearity in Theorem 8, and (6.19) with ¢ /P in place of i)¢ is (6.22). O
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