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Abstract

Stochastic gradient Langevin dynamics (SGLD) has a discretization error of first order in the step size,
even with the full gradient. We study the stochastic gradient Leimkuhler–Matthews (SGLM) integrator,
which has the cost of SGLD and reuses each Gaussian vector in consecutive steps; its full-gradient form,
the Leimkuhler–Matthews (LM) integrator, has a discretization error of second order for the invariant
distribution. For a potential strongly convex outside a ball, we prove the bound O( 1

Nh
+ Σ2h2 + h4)

on the mean square error (MSE) of time averages of SGLM over N steps of size h, where Σ bounds
the variance of the gradient noise, through a modified class that absorbs the non-Markovian part of the
integrator. The bound separates the stochastic gradient error from the discretization error, so a larger
batch reduces the error at a fixed step size. We also give the coefficient of h in the numerical bias of
SGLM explicitly, in terms of the covariance of the gradient noise and the solution of the Poisson equation;
that of SGLD contains in addition the Hessian of the potential, which no batch size removes. Through
Riesz representors, these coefficients determine the Wasserstein-1 errors of SGLM and SGLD to first
order in h. For a strongly convex potential, the Wasserstein-1 error of SGLM is at most that of SGLD
to first order in h once the batch size reaches an explicit threshold.

1 Introduction

Sampling from the Boltzmann distribution π(x) ∝ e−U(x) on Rd is a central task in statistical physics [47, 53]
and in Bayesian inference [24, 30, 88]. The simplest stochastic differential equation that leaves π invariant
is the overdamped Langevin dynamics

dXt = −∇U(Xt) dt+
√

2 dBt, X0 = x ∈ Rd, (1.1)

where (Bt)t⩾0 is a standard Brownian motion in Rd and U a confining potential; time averages along the
solution (Xt)t⩾0 approximate expectations under π in the long-time limit [44, 75]. A numerical integrator
of (1.1) with step size h > 0 produces samples (Zk)k⩾0 that approximate the invariant distribution π; such
integrators form the basis of Langevin Monte Carlo [23, 24, 30, 31, 61, 85]. Characterizing the accuracy of
these samples is a basic question of numerical analysis.

The mean square error (MSE) of time averages is a natural criterion for this accuracy. For a test function
f , with π(f) :=

∫
Rd f dπ, the MSE of the time average over N steps is

MSE(N,h) := E

[∣∣∣∣ 1

N

N−1∑
k=0

f(Zk) − π(f)

∣∣∣∣2
]
. (1.2)

The Wasserstein distance, the Kullback–Leibler (KL) divergence and the total variation distance compare
the law of the samples with π, and are hard to evaluate in high dimension. The MSE instead concerns a
single numerical trajectory, and accounts for both the fluctuation of the time average and the numerical bias,
the deviation of its long-time limit from π(f) [16, 65, 84, 87].
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In Bayesian inference on large data sets, ∇U is replaced by an unbiased stochastic estimator ∇Û(x; ξ)
computed from a mini-batch, with ξ a random variable independent of the Brownian motion [16, 84, 87,
88]. The standard sampler of this kind is stochastic gradient Langevin dynamics (SGLD) [88], the Euler–
Maruyama (EM) integrator [42, 66] of (1.1) with the stochastic gradient,

Zk+1 = Zk − h∇Û(Zk; ξk) +
√

2hχk+1, (SGLD)

where (χk)k⩾0 is a sequence of independent standard Gaussian vectors in Rd and ξk is drawn afresh at every
step. The discretization error of (SGLD) is of first order in h: its numerical bias is of order h even with
the full gradient (Section 2.2). The existing stochastic gradient integrators that preserve a second order
discretization error are built on Hamiltonian Monte Carlo [16, 20, 60] or on the underdamped Langevin
dynamics [39], whose splitting integrators are of second order with one gradient evaluation per step [67]; the
underdamped dynamics with stochastic gradients is studied in [48, 59, 64, 73].

We study the stochastic gradient Leimkuhler–Matthews (SGLM) integrator, which has the cost of (SGLD),
one stochastic gradient per step, and differs from it in only one respect: the Gaussian vector χk+1 is replaced
by the average of χk and χk+1, so that each Gaussian vector is used twice, in consecutive steps,

Zk+1 = Zk − h∇Û(Zk; ξk) +

√
h

2

(
χk + χk+1

)
. (SGLM)

With the full gradient, SGLM is the Leimkuhler–Matthews (LM) integrator [46, 86],

Zk+1 = Zk − h∇U(Zk) +

√
h

2

(
χk + χk+1

)
. (LM)

The reuse of the Gaussian vector gives LM a second order discretization error for the invariant distribution
π [46, 49, 86], although its samples (Zk)k⩾0 do not form a Markov chain and its weak error on finite time
intervals is of first order. LM evaluates ∇U once per step, while almost all other integrators of (1.1) with a
second order discretization error are of predictor–corrector type, with at least two sequential evaluations of
∇U per step (Section 2.1). With a stochastic gradient, each of these evaluations carries its own noise. This
raises the question whether SGLM preserves the second order discretization error of LM.

We provide a positive answer to this question. Our contributions are summarized as follows:

1. SGLM separates the stochastic gradient error from the discretization error.

Under regularity conditions on U , f and the stochastic gradient that require strong convexity of U only
outside a ball, we prove the MSE bound for SGLM,

(SGLM, variance Σ) MSE(N,h) ⩽ C
( 1

Nh
+ Σ2h2 + h4

)
, (1.3)

where Σ bounds the variance of the stochastic gradient, and C depends on the regularity constants of U and
f , the dimension d and the initial value Z0, but not on N , h or Σ. In (1.3), 1

Nh comes from the fluctuation
of the time average, Σ2h2 from the square of the stochastic gradient error, and h4 from the square of the
discretization error. The same separation holds for the UBU integrator with stochastic gradients (SG-UBU)
[59], and was previously known only for integrators of the underdamped dynamics [59, 72]. The (SGLD)
integrator does not have it, since its stochastic gradient error and its discretization error are both of first
order in h. With the full gradient, Σ = 0 and (1.3) yields the MSE bound 1

Nh +h4 of LM. To our knowledge,
this is also the first MSE bound for the LM integrator.

The separation in (1.3) is advantageous in the mini-batch regime: if each step averages P independent
stochastic gradients, the variance bound Σ is replaced by Σ/P , so the contribution of the gradient noise to
the MSE becomes Σ2h2/P 2, with C in (1.3) independent of P . Increasing the batch size P at a fixed step
size h therefore reduces the stochastic gradient error. By contrast, the MSE of (SGLD) keeps the term h2

from the square of its discretization error at every batch size, and only a smaller h reduces it. Since the
gradients of a batch are evaluated in parallel while the steps are sequential, SGLM with a large batch size
P can reach a given accuracy with fewer sequential steps than SGLD.
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The proof of (1.3) runs on the Markovian form of (SGLM), a Markov chain (Yk)k⩾0 with Zk = Yk +√
h/2χk. It builds on the discrete Poisson equation of our earlier work [59, 91], combined with a modified

class of test function, potential, generator and discrete Poisson solution that absorbs the non-Markovian
part of the integrator, the Gaussian shift

√
h/2χk.

2. The coefficients of the numerical bias are explicit.

The time averages of f along (SGLM) converge almost surely to πh(f), for a numerical invariant distribution
πh independent of the initial value, and the numerical bias πh(f) − π(f) is of order h with an explicit
coefficient,

(SGLM, numerical bias) lim
h→0

πh(f) − π(f)

h
=

1

2
π
(
∇2ϕ0(x) : C(x)

)
, (1.4)

where C(x) is the covariance of the gradient noise ∇Û(x; ξ) − ∇U(x), ϕ0 solves the continuous Poisson
equation (3.7), −Lϕ0 = f − π(f) with L the generator of (1.1), and : is the full contraction of two matrices.
The coefficient comes entirely from the gradient noise: with the full gradient, C(x) = 0 and the numerical
bias of LM has no linear part.

The discrete Poisson equation also characterizes the numerical bias of (SGLD). Its time averages converge
to π̄h(f), with π̄h the invariant distribution of SGLD, and

(SGLD, numerical bias) lim
h→0

π̄h(f) − π(f)

h
=

1

2
π
(
∇2ϕ0(x) :

(
∇2U(x) + C(x)

))
, (1.5)

a coefficient studied formally for d = 1 in [87]. Besides the covariance C(x), the coefficient of SGLD carries
the Hessian ∇2U(x), which comes from the discretization error of EM. With the full gradient, C(x) = 0
and (1.5) gives the coefficient of EM; with a batch of P independent stochastic gradients, the coefficient of
SGLM is divided by P , while that of SGLD tends to the coefficient of EM as P grows. In (1.4) and (1.5),
the gradient noise and the discretization error both enter linearly through ∇2ϕ0, so the solution ϕ0 of the
continuous Poisson equation is an essential structure of the numerical bias of the two stochastic gradient
integrators, not only a tool for upper bounds on the MSE.

3. The coefficients of the Wasserstein-1 error are explicit.

The suprema of the absolute values of the coefficients (1.4) and (1.5) over the test functions with ∥∇f∥∞ ⩽ 1
are the limits of the normalized Wasserstein-1 errors W1(πh, π)/h and W1(π̄h, π)/h as h→ 0 (Corollary 4):

(SGLM, W1 coefficient) lim
h→0

W1(πh, π)

h
=

1

2
∥ψC π∥KR, (1.6)

(SGLD, W1 coefficient) lim
h→0

W1(π̄h, π)

h
=

1

2
∥
(
ψ∇2U + ψC

)
π∥KR, (1.7)

where ψC and ψ∇2U are the Riesz representors of C(x) and ∇2U(x) defined in (6.13), and ∥·∥KR is the
Kantorovich–Rubinstein norm in Section 3.1. The normalized biases (πh − π)/h and (π̄h − π)/h converge to
1
2ψC π and 1

2 (ψ∇2U +ψC)π in this norm at the rate h
1
2 (1 + log 1

h ) (Theorem 6). SGLM does not always have
a smaller coefficient of the Wasserstein-1 error than SGLD: for a gradient noise of large amplitude supported
away from the minimizer of U , the order is reversed (Lemma 9). With a batch of P independent stochastic
gradients, ψC/P replaces ψC in both limits, with C(x) the covariance of a single stochastic gradient. For a
strongly convex potential, the coefficient of SGLM is at most that of SGLD once the batch size reaches a
threshold linear in supx∥C(x)∥ (Theorem 7).

Summary of the results

Three features distinguish these results. First, SGLM separates the stochastic gradient error from the
discretization error at the cost of SGLD, so that the batch size and the step size control the two errors
independently; for an integrator of the overdamped dynamics, this separation is new.
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Second, the results on the numerical bias are equalities, not only upper bounds. The coefficients (1.4)
and (1.5) identify the numerical biases of SGLM and SGLD, and (1.6) and (1.7) their Wasserstein-1 errors,
to first order in h, uniformly over the Lipschitz test functions for the Wasserstein-1 errors. The mainstream
coupling methods bound these errors from above without identifying their coefficients; here the coefficients
are the Kantorovich–Rubinstein norms of explicit signed measures, and the shift of the invariant distribution
caused by the gradient noise and by the discretization is characterized exactly.

Third, the exact coefficients make the comparison of SGLM with SGLD precise. The coefficient of SGLD
keeps the Hessian of the potential at every batch size, while that of SGLM is divided by the batch size.
SGLM can be less accurate than SGLD at small batch sizes (Lemma 9), and, for a strongly convex potential,
Theorem 7 gives an explicit batch size beyond which SGLM is more accurate than SGLD in the Wasserstein-1
distance, to first order in h.

Section 2 reviews the related works. Section 3 states the assumptions, the Markovian forms (LM’)
and (SGLM’), and the estimates of the discrete Poisson equation. Section 4 constructs the modified class,
Section 5 estimates the local errors of the LM and SGLM integrators against the modified dynamics, and
Section 6 states the main results; Section 7 concludes, and the proofs are in the appendices.

2 Related works

This section reviews the work related to (LM) and (SGLM). Section 2.1 reviews the integrators of (1.1) with
a second order discretization error and the analyses of the LM integrator. Section 2.2 reviews the sampling
error of (SGLD), and Section 2.3 the stochastic gradient integrators of the underdamped Langevin dynamics.

2.1 Second-order integrators in the overdamped case

Among the integrators of (1.1) that evaluate ∇U alone, only a few have a discretization error of order h2

for the invariant distribution. They include LM [46, 86] and stochastic Heun [26, 63, 66]. The large family
of stochastic Runge–Kutta (SRK) integrators [26, 57, 76, 90] contains further examples, such as SRK-I/II
[90, 91]. Beyond LM, almost all these integrators are of predictor–corrector type: the second evaluation of
∇U in a step is taken at a state computed from the first. With a stochastic gradient, each of these evaluations
carries its own noise, while LM evaluates ∇U once per step and extends to stochastic gradients by replacing
that single evaluation; this is the reason we study LM and its stochastic gradient form SGLM. A detailed
comparison of these integrators is given in [91]. Integrators of high order for the invariant distribution that
also use derivatives of ∇U have been constructed [1, 82].

The LM integrator was introduced in [46] as the high friction limit of the BAOAB splitting of the
underdamped Langevin dynamics. Its second order discretization error for the invariant distribution was
proved by Talay–Tubaro expansions [83]. These expansions were derived for the weak error, whose first
order coefficient decays exponentially in time [49], and for the invariant distribution of splitting integrators
on the torus [50]. It was also proved by writing the integrator as the Markovian form (LM’) followed by the
Gaussian shift

√
h/2χk as a postprocessor [86]. The postprocessor argument uses the sufficient conditions

for high order on the invariant distribution of [1], which rest on the Talay–Tubaro expansion [83] and on
the weak backward error analysis of [27, 43]. In high dimension and under weak or sparse interactions
among the variables, the bias of the unadjusted underdamped Langevin algorithm on marginals of a few
coordinates depends on the dimension only through logarithmic factors [21]. This delocalization holds for
all large friction parameters and therefore carries over to (LM). These works control the numerical bias of
LM; none of them bounds the MSE (1.2) or treats stochastic gradients.

The modified class of this paper serves a purpose different from that of the modified equations of [1],
which are used to construct integrators. Here the integrator is fixed, and the modified potential of Section 4
defines the modified dynamics (4.16), against which the Markovian form (LM’) has a local weak error of
order h3. The modified class also provides the modified discrete Poisson solution, to which the MSE analysis
of [59, 91] is applied. The order h3 of this local weak error appears in the Talay–Tubaro expansions [49, 50],
as the vanishing at equilibrium of its coefficient of order h, and in the postprocessor argument [86]. The
expansions in [49] rely on the exponential decay in time of the derivatives of the Kolmogorov solution of
Section 3.3, proved in [82]. Theorem 1 proves this decay on Rd for a potential with bounded derivatives that
is strongly convex outside a ball, extending [91, Theorem 1] to derivatives of order 4.
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2.2 Sampling error analysis for SGLD

The (SGLD) integrator converges weakly to the solution of (1.1) as its step size tends to zero [78]. Its
sampling error has been analyzed along the following lines, and Table 1 collects representative bounds; see
[69] for a review.

• Recurrence relations of the integrator, combined with strong or weak error estimates, give nonasymp-
totic bounds in Wasserstein distance [7, 8, 15, 24, 68, 81, 92]. Weighted transportation cost inequalities
give bounds in W2 for nonconvex potentials [74]. Under log-concavity at infinity the variance of the
stochastic gradient does not change the rate of weak convergence [61], and a conductance analysis gives
bounds in total variation for targets that are not log-concave [97]. For targets log-concave outside a
compact set, the law of the k-th iterate of SGLD converges geometrically in W1 to the numerical
invariant distribution π̄h of SGLD [55].

• The continuous Poisson equation (3.7) controls the error of the time averages of numerical schemes
[9, 65] and of SGLD and stochastic gradient Hamiltonian Monte Carlo, including their MSE [16, 56,
84, 87, 89]. These results require its solution ϕ0 to have bounded or polynomially growing derivatives.

• The KL divergence between the laws of SGLD and of (1.1) is bounded uniformly in time [54]. Bounds
in KL divergence also follow from convex optimization on the Wasserstein space [33] and, under a
logarithmic Sobolev inequality, from the nearly Gaussian structure of the gradient noise [25].

• Variance-reduced and control-variate estimators of the gradient improve these guarantees [4, 13, 29, 41,
95]. The numerical bias of SGLD is reduced by Richardson–Romberg extrapolation [32], and its cost
at a prescribed accuracy is reduced by multilevel Monte Carlo [37, 38]. The extrapolation, however,
introduces negative weights and does not increase the accuracy of the trajectory itself. The cost of
the gradient noise is quantified by oracle lower bounds [14], by the dependence of the MSE on the
mini-batch size under a fixed budget [17], and by a comparison of SGLD with EM at a prescribed
mean-square accuracy [62].

The numerical bias of (SGLD) is of first order in h. The bias of the time average over N steps is
O
(
(Nh)−1+h

)
[87, Theorem 9]. The uniform-in-time KL bound of [54, Corollary 3.1], of order h2, combined

with the geometric ergodicity of SGLD for a potential strongly convex outside a ball [55], yields W1(π̄h, π) ⩽
Ch [54, Section 5.1]. Corollary 4 gives the exact coefficients of h in W1(π̄h, π) and W1(πh, π), determined
through Riesz representors by the bias coefficients of Corollaries 2 and 3. For a strongly convex potential with
a Lipschitz gradient and gradient noise that is Lipschitz in mean square, W2(π̄h, π) ⩽ Ch when the gradient

noise has a finite moment of order 4, while under a finite moment of order 2 only the bound is of order h
1
2

[71, Theorem 1]. A family of spiked gradient noises shows that the order h
1
2 cannot be improved uniformly

over gradient noises of a fixed variance [71, Lemma 1]. Each noise of this family has finite moments of all
orders, while their moments of order 12 are unbounded over the family; Assumption 3, whose bound on the
moment of order 12 of the stochastic gradient has a fixed constant M , excludes the family as a whole. The
first order term has two sources: the gradient noise and the discretization error of EM. The discretization
error of EM gives a numerical bias of first order even with the full gradient [83]; see also [87, Section 4.1].

A different line of work removes the numerical bias. The proximal sampler [22, 45], with its restricted
Gaussian oracle implemented by first-order rejection sampling [18], reaches accuracy δ in total variation with
a number of gradient queries polylogarithmic in 1/δ [3, 18], and stochastic gradients with sub-exponential
tails preserve this rate for targets satisfying a log-Sobolev or a Poincaré inequality [19]. These samplers need
a warm start, an approximate proximal step and a rejection step with a random number of gradient queries
in each iteration, and light-tailed gradient noise: with stochastic gradients of bounded variance only, Θ(1/δ)
queries are necessary and sufficient [19]. SGLD and SGLM use one stochastic gradient per step and no warm
start, and their numerical bias, quantified in the present paper, can be made smaller than the fluctuation of
the time average by the choice of the step size and the batch size.

2.3 Stochastic gradient integrators for underdamped Langevin dynamics

The underdamped Langevin dynamics augments the position with a velocity and is discretized by splitting
integrators such as BAOAB [46, 47], OBABO [10] and UBU [70, 77]. For convex and smooth potentials, the
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reference assumption sampling error

Theorem 5 [24] global W2(µk, π) ≲ e−λkh + h+ Σ
1
2h

1
2

Theorem 5, Corollary 12 [68] global E|Xkh − Zk|2 ≲ e−λkh + h

Corollary 18 [33] global KL(µ̄N∥π) ≲ (Nh)−1 + h

Theorem 3.8 [81] global W2(µk, π) ≲ e−λkh + h
1
2

Proposition 1, Theorem 1 [71] global W2(µk, π) ≲ e−λkh + h

Proposition 10 [74] non-global W2(µk, π) ≲ (δ
1
4 + h

1
4 ) kh+ e−λkh

Theorem 4.5 [97] non-global ∥µk − π∥TV ≲ e−λkh + h
1
2 + ϵ

Theorem 9 [87] non-global MSE(N,h) ≲ (Nh)−1 + h2

Theorem 3 [16] non-global MSE(N,h) ≲ (Nh)−1 + h2

Corollaries 3.1 and 5.1 [54] log-Sobolev KL(µk∥νk) ≲ h2, W2(µk, π) ≲ e−λkh + h

Theorem 5 [25] log-Sobolev KL(µk∥π) ≲ e−λkh + h

SGLM, Theorem 3 non-global MSE(N,h) ≲ (Nh)−1 + Σ2h2 + h4

SGLM, Corollary 4 non-global limh→0
W1(πh,π)

h = 1
2∥ψC π∥KR

SGLD, Corollary 4 non-global limh→0
W1(π̄h,π)

h = 1
2∥(ψ∇2U + ψC)π∥KR

Table 1: Sampling error results for (SGLD) and for (SGLM). In the assumption column, global marks a
strongly convex or convex potential, non-global a dissipative potential or one convex outside a ball, and
log-Sobolev a target satisfying a logarithmic Sobolev inequality; the references impose in addition conditions
on the regularity, the initial distribution and the moments of the gradient noise. Here µk denotes the law of
the k-th iterate of SGLD, π̄h and πh the numerical invariant distributions of SGLD and of SGLM, µ̄N the
average of µ1, . . . , µN , and νk the law of the solution of (1.1) at time kh. Further, Xkh is the solution of (1.1)
coupled with the k-th iterate Zk of SGLD, δ the relative variance of the gradient noise in [74], and ϵ ∈ (0, 1)
the truncation parameter in [97], which fixes the radius of the truncated target on which the constants of
that bound depend. Finally, Σ is the bound on the variance of the gradient noise in Assumption 3, ψC and
ψ∇2U the Riesz representors (6.13) of its covariance C(x) in (5.7) and of ∇2U(x), ∥·∥KR the Kantorovich–
Rubinstein norm, Wp the Wasserstein distance of order p, and λ > 0 a rate of convergence. Other constants,
depending on the dimension, the potential and the gradient noise, are suppressed.

unadjusted chain of a splitting integrator of second order with one gradient evaluation per step contracts in
Wasserstein distance at a rate independent of the dimension [67].

Stochastic gradient Hamiltonian Monte Carlo (SGHMC) adds a friction to compensate for the gradient
noise [20], within a general recipe for such samplers [60]. Adaptive thermostats correct for the gradient
noise [28, 48, 80], with exponential convergence of the law [51] and a quantified bias from mini-batching [79].
Variance reduction accelerates SGHMC [13, 58, 93, 94, 96], and multilevel coupling gives unbiased estimators
[11]. For non-convex optimization, the complexity bounds of SGHMC can be tighter than those of (SGLD)
[36]. Wasserstein bounds are proved without log-concavity [2, 12], through contraction rates of stochastic
gradient integrators [52], and with dimension-free rates for log-concave targets [39].

Consider a stochastic gradient sampler such as SGHMC, with unbiased gradients and a Markov integrator
whose local weak error is of order hK+1. If the derivatives of the solution of the continuous Poisson equation
(3.7) are bounded, the bias of its time average is of order (Nh)−1 + hK and its MSE of order (Nh)−1 + h2K

[16, Theorems 2 and 3]. Applied to the Markovian form (LM’), which has weak order 1 [91], this framework
gives a discretization term of order h2 in the MSE, whereas the modified class of Section 4 gives h4. The
derivative bounds that this framework requires follow from the decay (3.8) of Theorem 1.

For SG-UBU and a globally convex potential, the discrete Poisson equation bounds the MSE of the
time average [59]. The numerical bias is of first order in h, with a coefficient proportional to the variance
of the stochastic gradient, and becomes of second order with variance-reduced gradients once h is below a
threshold [59]. For a finite-sum potential whose components are each strongly convex, UBU combined with
a symmetric forward and backward sweep over the mini-batches reaches a bias of order h2 with a single
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mini-batch per step [73]. The constant of this bound grows with the number of mini-batches, and the order
rests on the symmetry of the whole sweep, which lasts a time equal to 2h times the number of mini-batches.
For stochastic gradient UBU and strongly log-concave targets, Gaussian convolution inequalities bound the
Wasserstein distance between the numerical invariant distribution and π [72]. The bound is the discretization
error of the full gradient UBU integrator plus a stochastic gradient error of first order in h, which vanishes
with the full gradient.

Like SG-UBU, (SGLM) evaluates one gradient per step and has a discretization error of second order,
and the separation in (1.3) holds without the global convexity assumed for SG-UBU in [59]. Unlike the
sweep of [73], SGLM draws ξk independently, so its numerical bias keeps the first order term (1.4) from the
gradient noise. As for SG-UBU, this term comes from the gradient noise only and vanishes with the full
gradient, whereas the coefficient (1.5) of (SGLD) also carries the Hessian ∇2U(x) from the discretization
error of EM. The analyses differ: UBU has strong error of second order [70, 77], whereas the Markovian form
(LM’) of LM has strong error of first order [91]. The second order discretization error of LM is recovered
through the modified class of Section 4.

3 Preliminaries

3.1 Notation and assumptions

Throughout, ⟨·, ·⟩ is the Euclidean inner product, ∥ · ∥ the operator norm of a tensor, which for a vector is
the Euclidean norm | · |, A ⪰ B means A − B positive semidefinite, v⊗j is the j-fold tensor power, A : B
the full contraction of two tensors of the same order, Tr[A] the trace of a square matrix A, and SymT the
average of a tensor T over the permutations of its indices. Derivatives of U contract with tensors as in [91]:
for instance, for a matrix Q and a vector v, ∇3U(x)[Q] ∈ Rd and ∇3U(x)[v] ∈ Rd×d have entries

(
∇3U(x)[Q]

)
i

=

d∑
j,k=1

∂i∂j∂kU(x)Qjk,
(
∇3U(x)[v]

)
ij

=

d∑
k=1

∂i∂j∂kU(x) vk.

We write ∆U =
∑

i ∂
2
i U and ∇∆U for its gradient, π(ψ) =

∫
ψ dπ, Ex for the expectation of the Langevin

dynamics (1.1) started at X0 = x, and Eξ and Pξ for the expectation and the probability over the random
variable ξ of the stochastic gradient at fixed x. For a tensor-valued function g and j ⩾ 0, ∥∇jg∥∞ :=
supx∥∇jg(x)∥, with | · | for j = 1; for a Lipschitz function f , ∥∇f∥∞ is its Lipschitz constant. For a random

tensor X and p ⩾ 1, |||X|||p := (E∥X∥p)
1
p , with the Euclidean norm |X| in place of ∥X∥ when X is a vector.

For a signed measure ν on Rd with ν(Rd) = 0 and
∫
|x| |ν|(dx) <∞, the Kantorovich–Rubinstein norm is

∥ν∥KR := sup
∥∇f∥∞⩽1

∫
Rd

f dν,

with the supremum over the Lipschitz functions f with ∥∇f∥∞ ⩽ 1, so that W1(µ, ρ) = ∥µ − ρ∥KR for
probability measures µ and ρ with finite first moments by the Kantorovich–Rubinstein duality. For a function
ψ with π(ψ) = 0 and π(|x| |ψ|) <∞, ψπ is the signed measure ψ(x)π(dx).

Three conventions fix the notation of the paper. The solution of the discrete Poisson equation of (1.1)
is written ϕh, the subscript h marking its dependence on the step size. Every member of the modified
class of Section 4 carries a tilde: the modified test function f̃h, the modified potential Ũh with its invariant
distribution π̃h, the modified generator L̃h, and the modified discrete Poisson solution ϕ̃h. So do the modified
dynamics X̃t, defined together with L̃h, and its solution Ỹk(t) started at Yk. The hat is reserved for the
stochastic gradient: ∇Û(x; ξ) is the estimator, and U(x) is the exact potential. Table 2 lists the objects of
(1.1) next to their modified counterparts.

For the full gradient (LM) integrator, we make the following two assumptions on the potential U and the
test function f . Strong convexity of U is required only outside a bounded ball.

Assumption 1 U ∈ C7(Rd) satisfies

|∇U(0)| ⩽M, max
2⩽i⩽7

∥∇iU(x)∥ ⩽M, ∀x ∈ Rd,

and there are constants m > 0 and R ⩾ 0 such that ∇2U(x) ⪰ mId for |x| ⩾ R.
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Table 2: Notation of the original objects and of their modified counterparts.

original modified

object symbol definition symbol definition

test function f Assumption 2 f̃h (4.1)

potential U Assumption 1 Ũh (4.11)

Langevin dynamics Xt (1.1) X̃t, Ỹk(t) (4.16)

generator L (3.3) L̃h (4.17)

invariant distribution π π ∝ e−U π̃h π̃h ∝ e−Ũh , (4.11)

discrete Poisson solution ϕh (3.5) ϕ̃h (4.18)

Assumption 2 f ∈ C4(Rd) satisfies

max
1⩽j⩽4

∥∇jf(x)∥ ⩽ L, ∀x ∈ Rd.

For SGLM, additional boundedness conditions are required for the stochastic gradient ∇Û(x; ξ).

Assumption 3 The estimator is unbiased and its L12 norm with respect to ξ grows linearly,

Eξ

[
∇Û(x; ξ)

]
= ∇U(x),

(
Eξ

[
|∇Û(x; ξ)|12

]) 1
12

⩽M
(
1 + |x|

)
, ∀x ∈ Rd,

Û(·; ξ) ∈ C2(Rd) for every ξ with (x, ξ) 7→ ∇2Û(x; ξ) measurable, and its Hessian has a second moment
bound, uniform on unit balls,

Eξ

[
sup

|x′−x|⩽1

∥∇2Û(x′; ξ)∥2
]
⩽M2, ∀x ∈ Rd,

with M the constant of Assumption 1, and its variance is bounded by a constant Σ ⩽M2,

Eξ

[
|∇Û(x; ξ) −∇U(x)|2

]
⩽ Σ, ∀x ∈ Rd.

The constraint Σ ⩽ M2 in Assumption 3 is imposed for the convenience of analysis. The bound on the
Hessian of Û in Assumption 3 ensures the uniqueness of the invariant distribution of (SGLM’), as required
by Harris’s ergodic theorem [40]. A stronger condition is the almost sure uniform bound ∥∇2Û(x; ξ)∥ ⩽ M
for all x ∈ Rd and almost every ξ.

From here on, the letter C denotes a positive constant depending only on m, M , R and d, but not on h,
N , P , Σ or the initial state, and it changes from line to line. The letter h0 denotes an upper bound in (0, 1]
on the step size h, depending only on m, M , R and d. In each statement, h0 is the smallest of the bounds
its proof uses, and every statement below holds for h ∈ (0, h0].

Although this paper focuses on SGLM, the proofs are carried out mainly for the full gradient LM, and
the stochastic gradient case follows directly in most places. When we speak of the LM integrators in the
plural, the statement covers both the full gradient and the stochastic gradient cases.

3.2 Markovian form of the LM integrator

Although the (LM) integrator is non-Markovian, it can be written in a Markovian form for the convenience of
analysis. Let (Bt)t⩾0 be a standard Brownian motion in Rd, the one driving (1.1), and realize the Gaussian
vectors as its increments over the steps,

χk =
1√
h

(
B(k+1)h −Bkh

)
, k ⩾ 0.

Let Fk be the sigma algebra generated by the Brownian motion up to the time kh, the past before the step
k, and Ek the conditional expectation given that past,

Fk := σ
(
Bs : 0 ⩽ s ⩽ kh

)
, Ek[ · ] := E

[
·
∣∣Fk

]
, (3.1)
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so that χk is Fk+1-measurable and independent of Fk. We construct a Markov chain (Yk)k⩾0 by

Yk+1 = Yk − h∇U
(
Yk +

√
h

2
χk

)
+
√

2hχk. (LM’)

Then Zk = Yk +
√
h/2χk satisfies (LM), so the LM integrator is equivalent to (LM’), the form in which

it is analyzed as a postprocessed integrator in [86]; here Yk is Fk-measurable and Zk is Fk+1-measurable.
Similarly, the (SGLM) integrator is equivalent to

Yk+1 = Yk − h∇Û
(
Yk +

√
h

2
χk; ξk

)
+
√

2hχk, (SGLM’)

where the random variables ξk are independent and identically distributed and independent of (Bt)t⩾0. For
(SGLM’) the past before the step k also contains ξ0, . . . , ξk−1, and we define

F̂k := σ
(
Bs, ξj : 0 ⩽ s ⩽ kh, 0 ⩽ j ⩽ k − 1

)
, Êk[ · ] := E

[
·
∣∣F̂k

]
, (3.2)

so that χk and ξk are independent of F̂k, and Yk is F̂k-measurable and Zk is F̂k+1-measurable.
Since χk is determined by the Brownian motion on [kh, (k + 1)h], we call (LM’) and (SGLM’) the

Markovian forms of LM and SGLM. The analysis through the discrete Poisson equation is carried out on the
Markovian form (Yk)k⩾0, not on the original form (Zk)k⩾0, and their connection is made by the modified
class of Section 4. The Markovian form (LM’) has strong and weak order 1 [91], hence the second order
discretization error of LM comes entirely from the Gaussian shift

√
h/2χk between Yk and Zk.

3.3 Elliptic estimates of the discrete Poisson equation

The generator of the overdamped Langevin dynamics (1.1) is

Lψ = ∆ψ −∇U · ∇ψ, (3.3)

and etL, t ⩾ 0, is its semigroup, etLf(x) = Ex[f(Xt)], where Xt solves (1.1) with X0 = x. The Dirichlet
form of L [6] gives the integration by parts

π(g1 Lg2) = −π(∇g1 · ∇g2) (3.4)

for g1, g2 ∈ C2(Rd) whose derivatives of orders 0 to 2 grow at most polynomially.
For the test function f of Assumption 2, the Kolmogorov solution u(x, t) := etLf(x) − π(f) solves the

parabolic equation ∂tu = Lu with u(·, 0) = f − π(f). By the exponential convergence of u(x, t) established
in Theorem 1 below, the discrete Poisson solution [59, 91]

ϕh(x) := h

∞∑
k=0

u(x, kh) = h
(
I − ehL

)−1(
f(x) − π(f)

)
, (3.5)

with I the identity operator, is well defined and, by telescoping the series with ehLu(·, kh) = u(·, (k + 1)h)
and the exponential decay (3.8) of u, satisfies the discrete Poisson equation

ϕh(x) − (ehLϕh)(x)

h
= f(x) − π(f), x ∈ Rd. (3.6)

As h→ 0, (3.6) formally becomes the continuous Poisson equation

−Lϕ0(x) = f(x) − π(f), x ∈ Rd, (3.7)

studied in [9, 65, 87]. By (3.8) of Theorem 1 below, ϕ0 =
∫∞
0
u(·, t) dt solves (3.7), with derivatives of orders

1 to 4 bounded by CL by (E.31). Among the functions with a bounded gradient, (3.7) determines ϕ0 up to
an additive constant, as the proof of Corollary 2 shows; only ∇2ϕ0 enters the results below, so the constant
is immaterial.
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Theorem 1 Let Assumptions 1 and 2 hold. There are λ > 0 and C, depending only on m, M , R and d,
such that for all x ∈ Rd and t ⩾ 0,

|u(x, t)| ⩽ CL (1 + |x|) e−λt, max
1⩽j⩽4

∥∇ju(x, t)∥ ⩽ CLe−λt. (3.8)

Consequently, for every h ∈ (0, λ−1] the discrete Poisson solution (3.5) satisfies

max
1⩽j⩽4

∥∇jϕh(x)∥ ⩽ CL, ∀x ∈ Rd. (3.9)

(Proof in Appendix A.)

Theorem 1 requires one order of derivative of u more than Theorem 1 of [91], and its proof is almost the
same; the details are given in Appendix A. The proof uses the derivatives of U up to order 5 only, although
Assumption 1 provides bounds up to order 7; the 2 extra orders are consumed by the modified potential of
Section 4.2, whose construction loses 2 derivatives. Corollary 1 applies it to the modified potential Ũh and
the modified test function f̃h, whose discrete Poisson solution is written ϕ̃h.

4 Modified class for the LM integrator

The MSE (1.2) averages the test function along the samples (Zk)k⩾0 of the (LM) integrator, while the
analysis runs on the Markovian form (LM’). The Gaussian shift between the two is absorbed by the modified
class: a modified test function f̃h, a modified potential Ũh with its modified generator L̃h, and a modified
discrete Poisson solution ϕ̃h. The modified class is local: its construction does not involve the long-time
behavior. Section 4.1 defines the modified test function f̃h as the heat flow of f , which splits the MSE into
the time average error of the Markovian form and a bias against a reference measure. Section 4.2 defines
the modified potential Ũh by the correction that makes the bias of order h2, cut off far from the origin so
that the bounds of Assumption 1 up to order 5 hold uniformly in h, with 2M and m

2 in place of M and
m. Section 4.3 proves that the bias against the modified target π̃h is of order h2. Section 4.4 defines the
modified generator L̃h and the modified discrete Poisson solution ϕ̃h.

4.1 Modified test function f̃h

The positions Zk and Yk in (LM) and (LM’) differ by the Gaussian shift
√
h/2χk ∼ N (0, h2 Id), which is

independent of Fk. The conditional mean of f(Zk) given Fk is therefore the heat semigroup applied to f at
time h

4 , evaluated at Yk. This motivates the definition of the modified test function

f̃h(y) := (e
h
4 ∆f)(y) = E

[
f
(
y +

√
h

2
χ
)]
, χ ∼ N (0, Id), (4.1)

for which Ek

[
f(Zk)

]
= f̃h(Yk). Since f̃h is an average of translates of f , every derivative of f̃h is the same

average of the corresponding derivative of f , and f̃h satisfies Assumption 2 with the same constant L for
every h. Expanding f about y to the order 4 along

√
h/2χ,

f
(
y+

√
h

2
χ
)

= f(y)+

√
h

2
∇f(y)·χ+

h

4
∇2f(y)[χ, χ]+

1

6

(h
2

) 3
2∇3f(y)

[
χ⊗3

]
+ϱχ4 (y), |ϱχ4 (y)| ⩽ L

24

(h
2

)2

|χ|4.

Under the expectation the terms of odd order in χ vanish, hence∣∣∣f̃h(y) − f(y) − h

4
∆f(y)

∣∣∣ ⩽ L

24

(h
2

)2

E|χ|4 ⩽ CLh2, ∀y ∈ Rd, (4.2)

where ∆f = Tr[∇2f ] =
∑d

i=1 ∂
2
i f . The modified test function f̃h absorbs the Gaussian shift and avoids

studying the non-Markovian form (LM) directly, and the anchor position is shifted to (Yk) in (LM’).
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The modified test function f̃h(Yk) is an unbiased estimate of f(Zk) under Fk. Define the difference
Mk := f(Zk) − f̃h(Yk); then Ek[Mk] = 0 by (4.1), and since f is L-Lipschitz,

Ek

[
M2

k

]
⩽ Ek

[∣∣f(Zk) − f(Yk)
∣∣2] ⩽ L2 h

2
E|χ|2 =

dh

2
L2. (4.3)

The Mk are Fk+1-measurable martingale differences, so their sum has additive variance. For every probability
measure ρ on Rd with a finite first moment, inserting f(Zk) = f̃h(Yk) + Mk into the MSE (1.2), applying
Cauchy’s inequality to the three resulting terms and then the additive variance with (4.3) gives

MSE(N,h) = E

[∣∣∣∣ 1

N

N−1∑
k=0

(
f̃h(Yk) − ρ(f̃h)

)
+
(
ρ(f̃h) − π(f)

)
+

1

N

N−1∑
k=0

Mk

∣∣∣∣2
]

⩽ 3E

[∣∣∣∣ 1

N

N−1∑
k=0

(
f̃h(Yk) − ρ(f̃h)

)
︸ ︷︷ ︸

time average error

∣∣∣∣2
]

+ 3
(
ρ(f̃h) − π(f)︸ ︷︷ ︸
modified bias

)2
+

3dL2

2

h

N
.

(4.4)

The term 3dL2

2
h
N of (4.4) is absorbed into 1

Nh , so it remains to estimate the time average error and the
modified bias. The measure ρ is to be chosen so that the modified bias and the discretization part of the
time average error are of order h2.

The measure ρ cannot simply be π. With ρ = π, the expansion (4.2) gives

π(f̃h) − π(f) =
h

4
π(∆f) + O(Lh2),

whose leading coefficient π(∆f) is in general nonzero. The choice of ρ has to compensate the Laplacian
term, so that the modified bias ρ(f̃h) − π(f) is of order h2.

4.2 Modified potential Ũh

We aim to find a distribution ρ such that the modified bias ρ(f̃h) − π(f) is of order h2. Since f̃h =
f + h

4∆f + O(h2) by (4.2), we consider the ansatz

ρ ∝ exp
(
−U − h

4
V
)
, (4.5)

where V is a function to be determined and the coefficient h
4 matches that of ∆f in (4.2). We derive

V = |∇U |2 − ∆U by a perturbation analysis. The perturbed potential U + h
4V , once made rigorous by a

cutoff far from the origin, is the modified potential Ũh, and its Boltzmann distribution π̃h ∝ exp(−Ũh) is the
modified target. Finally, we prove the modified bias estimate π̃h(f̃h) − π(f) = O(h2).

Derivation of V by perturbation

For a test function ψ, the ansatz (4.5) gives

ρ(ψ) =
π(ψe−

h
4 V )

π(e−
h
4 V )

=

∫
Rd ψe

−U−h
4 V dx∫

Rd e
−U−h

4 V dx
.

Expanding e−
h
4 V = 1 − h

4V + O(h2) in the numerator and in the denominator of ρ(ψ), we obtain

ρ(ψ) = π(ψ) − h

4

(
π(ψV ) − π(ψ)π(V )

)
+ O(h2), (4.6)

the term of order h being −h
4 times the covariance of ψ and V under π. Taking ψ = f̃h in (4.6) and inserting

the expansion (4.2) of the modified test function,

ρ(f̃h) − π(f) =
h

4

(
π(∆f) − π(fV ) + π(f)π(V )

)
+ O(h2). (4.7)
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The modified bias is therefore of order h2 exactly when the term of order h in (4.7) vanishes,

π(∆f) = π(fV ) − π(f)π(V ). (4.8)

We look for a single V satisfying (4.8) for every f . The integration by parts (3.4), first with g1 = 1 and
g2 = f and then with g1 = f and g2 = U , gives

π(∆f) = π
(
∇f · ∇U

)
= π

(
f |∇U |2 − f ∆U

)
. (4.9)

Hence we select the potential function

V := |∇U |2 − ∆U = −LU, (4.10)

for which π(V ) = −π(LU) = 0 by the invariance of π. This computation is formal, and the cutoff introduced
below changes the measure (4.5); Lemma 2 proves the bias estimate for the modified target.

Cutoff in the modified potential

The naive construction U + h
4V of the modified potential does not satisfy Assumption 1, because the deriva-

tives of |∇U |2 grow with |x|. Since Theorem 1 must be applied to the modified potential with constants
independent of h, the modification is cut off far from the origin. Fix a smooth cutoff function θ ∈ C∞(Rd)
with 0 ⩽ θ ⩽ 1, θ = 1 on {|x| ⩽ 1} and θ = 0 on {|x| ⩾ 2}. With δ ∈ (0, 1] fixed by (B.9) in the proof of
Lemma 1 below, we define the modified potential by

Ũh := U +
h

4
V θh, θh(x) := θ

(hx
δ

)
, (4.11)

so that Ũh = U + h
4V on the ball {|x| ⩽ δ/h} and Ũh = U on {|x| ⩾ 2δ/h}. In particular, since 0 ⩽ θh ⩽ 1

and |V (y)| ⩽ C(1 + |y|)2 by Assumption 1,

|Ũh(x) − U(x)| ⩽ h

4
max

|y|⩽2δ/h
|V (y)| ⩽ C

h
, x ∈ Rd. (4.12)

The modified target π̃h ∝ e−Ũh is therefore a perturbation of π by a bounded potential, although the bound
(4.12) is not uniform in h. The derivatives of Ũh − U of orders 1 to 5, however, are bounded uniformly in x
and h: by (4.14) in Lemma 1 below they are at most Ch(1 + |x|), and they vanish for |x| > 2δ/h.

Lemma 1 Let Assumption 1 hold. There are δ ∈ (0, 1] and h0 ∈ (0, δ] such that for every h ∈ (0, h0], the
modified potential Ũh ∈ C5(Rd) satisfies

|∇Ũh(0)| ⩽ 2M, max
2⩽i⩽5

∥∇iŨh(x)∥ ⩽ 2M, ∀x ∈ Rd, (4.13)

the convexity condition ∇2Ũh(x) ⪰ m
2 Id for |x| ⩾ R, and

max
1⩽i⩽5

∥∇iŨh(x) −∇iU(x)∥ ⩽ Ch
(
1 + |x|

)
, ∀x ∈ Rd. (4.14)

(Proof in Appendix B.1.)

Theorem 1 therefore applies to Ũh, since its proof uses the bounds of Assumption 1 up to order 5 only
(Appendix A). The constants, in particular the rate λ, depend only on m, M , R and d, not on h. In the rest
of the paper, the number δ is fixed by Lemma 1 and absorbed into the constant C.

4.3 Estimation of the modified bias π̃h(f̃h)− π(f)

The cancellation (4.8) between the heat flow of the test function and the modification of the potential holds
for the modified target π̃h as it does for the ansatz (4.5), since the cutoff acts only where π has exponentially
small mass. Lemma 2 carries the perturbation argument that produced V over to the modified target.
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Lemma 2 Let Assumptions 1 and 2 hold. For every h ∈ (0, h0],∣∣π̃h(f̃h) − π(f)
∣∣ ⩽ CLh2. (4.15)

(Proof in Appendix B.2.)

Remark 1 The Gaussian potential U = 1
2 |x|

2, taken without the cutoff, illustrates the modification. Here

V = |x|2 − d, so the modified potential equals (1 + h
2 ) |x|2

2 up to an additive constant and π̃h has variance

(1 + h
2 )−1 in each coordinate. The chain becomes Yk+1 = (1 − h)Yk +

√
2h (1 − h

2 )χk, whose stationary

variance 1 − h
2 agrees with that of π̃h up to O(h2). The shifted variable Zk = Yk +

√
h/2χk has stationary

variance 1, in agreement with the exactness of (LM) for Gaussian targets established in [86, Remark 4.1].

4.4 Modified discrete Poisson equation ϕ̃h

Let the modified dynamics be the overdamped Langevin dynamics driven by the potential Ũh,

dX̃t = −∇Ũh(X̃t) dt+
√

2 dBt, (4.16)

with the modified generator
L̃hψ = ∆ψ −∇Ũh · ∇ψ, (4.17)

and its semigroup etL̃h . The invariant distribution of (4.16) is the modified target π̃h. The time average
error in (5.1) is analyzed through the discrete Poisson equation of the modified generator (4.17). Let ϕ̃h be
the discrete Poisson solution (3.5) with L̃h, π̃h and f̃h in place of L, π and f , so that

ϕ̃h(x) − (ehL̃h ϕ̃h)(x)

h
= f̃h(x) − π̃h(f̃h), x ∈ Rd. (4.18)

Corollary 1 Let Assumptions 1 and 2 hold. For every h ∈ (0, h0], ϕ̃h is well defined and

max
1⩽j⩽4

∥∇j ϕ̃h(x)∥ ⩽ CL, ∀x ∈ Rd. (4.19)

Corollary 1 is Theorem 1 applied to the modified class. By Lemma 1, Ũh satisfies the bounds that the
proof of Theorem 1 uses, and f̃h satisfies Assumption 2 with the constant L. The constants in (4.19) therefore
depend only on m, M , R and d, and the threshold h0 includes λ−1.

5 Local error of the LM integrators

This section compares one step of the Markovian form (LM’) with one step of the modified dynamics (4.16),
and derives from this comparison the local weak error used in the MSE analysis. Section 5.1 bounds the
moments of the chain uniformly in time, so that the conditional one-step estimates can be averaged over the
chain. It then bounds the sizes of a step and matches the moments of orders 1 to 3 of the chain and of the
modified dynamics, with a mismatch of order h3. Section 5.2 turns the matching into the local weak error
of the LM integrator, and of the SGLM integrator, whose gradient noise adds an explicit term of order h2

and a remainder of order h3.
Taking ρ = π̃h in (4.4), Lemma 2 bounds the modified bias by CLh2, and the MSE satisfies

MSE(N,h) ⩽ 3E

[∣∣∣∣ 1

N

N−1∑
k=0

(
f̃h(Yk) − π̃h(f̃h)

)
︸ ︷︷ ︸

time average error

∣∣∣∣2
]

+ CL2
(
h4 +

dh

N

)
. (5.1)

The time average error is centered at π̃h(f̃h), so it is controlled through the discrete Poisson equation of a
dynamics that preserves π̃h. This is the modified dynamics (4.16), whose discrete Poisson solution ϕ̃h in
(4.18) has the right side f̃h−π̃h(f̃h). The discrete Poisson solution transfers local errors into the time average
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error [59, 91]. The local error studied in this section is therefore the error of one step of the Markovian form
(LM’) against one step of the modified dynamics from the same state.

Since the chains (LM’) and (SGLM’) are time-homogeneous, statements about a single step are made at
the index 0 and apply at any k; Lemmas 3, 6 and 7 are stated at the index k, in the form the MSE analysis
uses. One step of the chain is

Y1 − Y0 =
√

2hχ0 − h∇U(Z0), Z0 = Y0 +

√
h

2
χ0, (5.2)

where χ0 ∼ N (0, Id) is independent of F0. For each k ⩾ 0, let (Ỹk(t))t⩾0 solve the modified dynamics (4.16)

from Ỹk(0) = Yk, driven by (Bkh+t −Bkh)t⩾0, whose increment over [0, h] is
√
hχk, so that Ek[ψ(Ỹk(h))] =

(ehL̃hψ)(Yk). The local error of one step of the chain against the modified dynamics is Y1 − Ỹ0(h).

5.1 Moment bounds and moment matching

The MSE analysis squares the polynomial weight of the local weak errors of Section 5.2, and therefore needs
moments of order 12 of the chain, uniformly in time. The following lemma provides them. Its proof is
standard and follows the Lyapunov function arguments in [91], with Lemma 1 for the modified dynamics.

Lemma 3 Let Assumption 1 hold. There are h0 > 0 and C such that for the chain (LM’), every h ∈ (0, h0]
and every k ⩾ 0,

E|Yk|12 ⩽ C
(
1 + |Y0|

)12
, max

{
E|Ỹk(h) − Yk|12, E|Yk+1 − Yk|12

}
⩽ Ch6

(
1 + |Y0|

)12
. (5.3)

If Assumption 3 additionally holds, the same moment bounds hold for the chain (SGLM’), with the same h0
and C. (Proof in Appendix C.1.)

The next lemma bounds the size of one step of the chain and of the modified dynamics, and the size of
the local error between them; these sizes control the remainders of all the expansions below.

Lemma 4 Let Assumption 1 hold. Then, for the chain (LM’) and every s ∈ [0, h],

|||Y1 − Y0|||4 ⩽ C
√
h
(
1 + |Y0|

)
, |||Ỹ0(s) − Y0|||4 ⩽ C

√
h
(
1 + |Y0|

)
, |||Y1 − Ỹ0(h)|||4 ⩽ Ch

3
2

(
1 + |Y0|

)
, (5.4)

where ||| · |||4 is taken under E0. (Proof in Appendix C.2.)

The moments of one step of the modified dynamics and of the chain are expanded in Lemmas 17 and 18
of Appendix C. Compared with the exact dynamics (1.1), the chain matches the moments of orders 2 and 3

to O(h3) but misses the mean by h2

4 ∇V , with V as in (4.10); the drift correction of the modified dynamics
removes exactly this mismatch. The cutoff keeps the cancellation on the ball {|Y0| ⩽ δ/h}, and outside the
ball the remaining mismatch is again of order h3, because h|Y0|/δ ⩾ 1 there.

Lemma 5 Let Assumption 1 hold. Then, for the chain (LM’),∥∥∥E0

[
(Y1 − Y0)⊗j

]
− E0

[
(Ỹ0(h) − Y0)⊗j

]∥∥∥ ⩽ Ch3
(
1 + |Y0|

)6
, j = 1, 2, 3. (5.5)

(Proof in Appendix C.3.)

5.2 Local weak error expansion

The local weak error of the LM integrator on a test function G is E0

[
G(Y1) − G(Ỹ0(h))

]
, and the MSE

analysis takes G = ϕ̃h. Because the local error is of size h
3
2 , against h2 for the SRK integrators of [91],

G is expanded along a step to the order 3: the terms of orders 1 to 3 are matched by Lemma 5, and the
remainder is controlled by Lemma 4. This is why Assumption 2 asks for 4 derivatives of f .
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Lemma 6 Let Assumption 1 hold and let G ∈ C4(Rd) have bounded derivatives of orders 1 to 4. Then, for
the chain (LM’) and every k ⩾ 0,

∣∣∣Ek

[
G(Yk+1) −G(Ỹk(h))

]∣∣∣ ⩽ Ch3
4∑

j=1

∥∇jG∥∞
(
1 + |Yk|

)6
. (5.6)

(Proof in Appendix C.4.)

With the stochastic gradient, the gradient noise at x has the covariance

C(x) := Eξ

[(
∇Û(x; ξ) −∇U(x)

)
⊗

(
∇Û(x; ξ) −∇U(x)

)]
, Tr

[
C(x)

]
⩽ Σ, (5.7)

where the bound on the trace is Assumption 3. One step of (SGLM’) adds to the step (5.2) the gradient
noise at Z0, multiplied by −h. Given F̂0 and χ0 this noise has mean 0, so the mean of the step is unchanged,
while its moment of order 2 gains h2 Ê0[C(Z0)], as for (SGLD).

Lemma 7 keeps this gain as an explicit term of order h2, bounded through (C.27) by Σh2

2 ∥∇2G∥∞,
against the order h3 of (5.6); the rest of the gradient noise also contributes only a remainder of order h3.

Lemma 7 Let Assumptions 1 and 3 hold and let G ∈ C4(Rd) have bounded derivatives of orders 1 to 4.
Then, for the chain (SGLM’) and every k ⩾ 0,∣∣∣∣Êk

[
G(Yk+1) −G(Ỹk(h))

]
− h2

2
∇2G(Yk) : Êk

[
C(Zk)

]∣∣∣∣ ⩽ Ch3
4∑

j=1

∥∇jG∥∞
(
1 + |Yk|

)6
. (5.8)

(Proof in Appendix C.5.)

6 Main results on the LM integrators

This section states the main results: the MSE bounds for the samples of the (LM) and (SGLM) integrators
in Section 6.1, the numerical bias of SGLM in Section 6.2, its comparison with the numerical bias of (SGLD)
in Section 6.3, and the explicit coefficients of h in W1(πh, π) and W1(π̄h, π), given by the Riesz representors,
with their comparison over the batch size, in Section 6.4. Their proofs are in Appendices D, E, F and G.

6.1 MSE analysis of SGLM

The samples of the (LM) and (SGLM) integrators start from a given Z0 ∈ Rd. The analysis below runs on
the Markovian form from a given Y0, with Zk = Yk +

√
h/2χk for every k ⩾ 0; Appendix D applies it to

the samples from Z0 by starting the Markovian form at Y1 = Z0 − h∇U(Z0) +
√
h/2χ0, with ∇Û(Z0; ξ0) in

place of ∇U(Z0) for SGLM, so that Zk = Yk +
√
h/2χk for every k ⩾ 1.

With ρ = π̃h, the MSE satisfies (5.1), and it remains to bound its time average error. Telescoping
ϕ̃h(Yk+1) − ϕ̃h(Yk) along the chain of the Markovian form, with the solution ϕ̃h of (4.18), gives the time-
averaged error formula of [59, 91],

1

N

N−1∑
k=0

(
f̃h(Yk) − π̃h(f̃h)

)
=
ϕ̃h(Y0) − ϕ̃h(YN )

Nh
+

1

N

N−1∑
k=0

Υk +
1

N

N−1∑
k=0

Ψk, (6.1)

with the discretization term and the martingale difference

Υk :=
ϕ̃h(Yk+1) − ϕ̃h(Ỹk(h))

h
, Ψk :=

ϕ̃h(Ỹk(h)) − ϕ̃h(Yk)

h
+ f̃h(Yk) − π̃h(f̃h). (6.2)

The conditional mean of Υk, under Ek for (LM) and Êk for (SGLM), is the local weak error of Lemmas 6
and 7 with G = ϕ̃h, divided by h; the lemmas apply because (4.19) bounds the derivatives of ϕ̃h of orders 1
to 4 by CL. The term Ψk has conditional mean 0 by (4.18).

15



Theorem 2 Let Assumptions 1 and 2 hold, and let (Zk)k⩾0 be the samples of (LM) from a given Z0 ∈ Rd.
Then, for every h ∈ (0, h0] and every N ⩾ 1,

MSE(N,h) ⩽ CL2

[(
1 + |Z0|

)2 1

Nh
+

(
1 + |Z0|

)12
h4

]
. (6.3)

(Proof in Appendix D.1.)

The term 1
Nh is the order of the variance of a time average over a trajectory of length Nh, and h4 is the

square of the bias of order h2 of (LM), which comes from Lemma 2 and (5.6). Balancing them gives, for

N ⩾ h−5
0 , the step h = N− 1

5 ⩽ h0 and MSE(N,h) ⩽ CL2(1 + |Z0|)12N− 4
5 .

For the stochastic gradient, the explicit term of Lemma 7, divided by h, adds to the conditional mean of
Υk a term of order Σh, whose square gives the order Σ2h2 in (6.4).

Theorem 3 Let Assumptions 1, 2 and 3 hold, and let (Zk)k⩾0 be the samples of (SGLM) from a given
Z0 ∈ Rd. Then, for every h ∈ (0, h0] and every N ⩾ 1,

MSE(N,h) ⩽ CL2

[(
1 + |Z0|

)2( 1

Nh
+ Σ2h2

)
+

(
1 + |Z0|

)12
h4

]
. (6.4)

(Proof in Appendix D.2.)

With a batch of P independent stochastic gradients, the chain (SGLM) reads

Zk+1 = Zk − h

P

P∑
p=1

∇Û
(
Zk; ξ

(p)
k

)
+

√
h

2

(
χk + χk+1

)
,

with ξ
(1)
k , . . . , ξ

(P )
k independent and drawn afresh at every step. By Minkowski’s inequality, the averaged

estimator keeps the bound M(1 + |x|) on its moment of order 12 and the bound on its Hessian, uniformly
in P , and its variance is at most Σ/P , so it satisfies Assumption 3 with Σ/P in place of Σ; the proof of
Theorem 3 is unchanged, and (6.4) holds with Σ2h2/P 2 in place of Σ2h2. A batch of size P ≍ h−1 therefore
recovers the order h4 of (6.3).

6.2 Numerical bias estimate of SGLM

The MSE bounds control the time average along one trajectory. This subsection identifies the long-time
limit of that average for (SGLM), and its distance to π, the numerical bias. The Markovian form (SGLM’) is
ergodic by Harris’s ergodic theorem [40], applied with the drift condition behind Lemma 3 and a minorization
that uses the Hessian bound of Assumption 3.

Lemma 8 Let Assumptions 1 and 3 hold. For every h ∈ (0, h0], (SGLM’) has a unique invariant distribution
µh, with µh(|y|12) ⩽ C. Let πh := µh ∗ N (0, h2 Id). Then, for every f satisfying Assumption 2 and every
given Z0 ∈ Rd, the samples of (SGLM) satisfy

lim
N→∞

1

N

N−1∑
k=0

f(Zk) = πh(f) almost surely. (6.5)

(Proof in Appendix E.1.)

The measure πh is determined by the chain (SGLM’) alone, through µh, and does not depend on the
initial value Z0. Since (SGLM) is not Markovian, it has no invariant distribution in the usual sense; by (6.5),
the measure πh can be viewed as the numerical invariant distribution of SGLM.

The next theorem expands the numerical bias πh(f)−π(f) to the order h, with a coefficient given by ϕ̃h
and the covariance of the gradient noise, defined in (5.7) as

C(x) = Eξ

[(
∇Û(x; ξ) −∇U(x)

)
⊗
(
∇Û(x; ξ) −∇U(x)

)]
, x ∈ Rd.

The bias estimate follows the same strategy as that of SG-UBU in [59, Section 3.4].
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Theorem 4 Let Assumptions 1, 2 and 3 hold. For every h ∈ (0, h0], with Y0 ∼ µh, χ0 ∼ N (0, Id) inde-
pendent of Y0, and Z0 = Y0 +

√
h/2χ0, so that Z0 ∼ πh, the numerical invariant distribution of (SGLM),∣∣∣πh(f) − π(f) − h

2
E
[
∇2ϕ̃h(Y0) : C(Z0)

]∣∣∣ ⩽ CLh2. (6.6)

In particular, |πh(f) − π(f)| ⩽ CL(Σh+ h2). (Proof in Appendix E.2.)

As h → 0, the coefficient 1
2 E

[
∇2ϕ̃h(Y0) : C(Z0)

]
of h in (6.6) converges to an expression in the solution

ϕ0 of the continuous Poisson equation (3.7).

Corollary 2 Let Assumptions 1, 2 and 3 hold. Then, for (SGLM),

lim
h→0

πh(f) − π(f)

h
=

1

2
π
(
∇2ϕ0(x) : C(x)

)
. (6.7)

(Proof in Appendix E.3.)

Corollary 2 gives a rigorous characterization of the linear part of the numerical bias of (SGLM): its
coefficient of order h comes entirely from the covariance C(x) of the stochastic gradient, and vanishes when
the gradient is exact. This is intrinsically different from (SGLD), whose numerical bias carries a first order
discretization error even with the exact gradient, so that its coefficient of order h remains nonzero for some
test functions as the variance of the stochastic gradient tends to zero (Corollary 4). For SG-UBU, the
corresponding limit is identified only formally in [59]; for SGLM, Corollary 2 makes the coefficient explicit
and proves the limit.

6.3 Numerical bias comparison with SGLD

The MSE analysis through the discrete Poisson equation applies to (SGLD) without extra effort: the samples
of SGLD form a Markov chain, so no modified class is needed, and the time-averaged error formula (6.1)
holds with Zk, f , π(f), the discrete Poisson solution ϕh of (3.5) and the solution Xh of (1.1) from X0 = Zk

in place of Yk, f̃h, π̃h(f̃h), ϕ̃h and Ỹk(h). For the samples of SGLD from a given Z0 ∈ Rd, it gives

MSE(N,h) = O
( 1

Nh
+ Σ2h2 + h2

)
, (6.8)

with the constant depending also on L and Z0. The term Σ2h2 comes from the gradient noise, as in (6.4),
and the last term h2 from the discretization error of EM, where (6.4) has h4. Since Σ ⩽ M2, (6.8) reduces
to MSE(N,h) = O

(
(Nh)−1 + h2

)
, the bound already proved through the continuous Poisson equation (3.7)

[87, Theorem 9], [16, Theorem 3], and we do not restate its proof.
The arguments of Lemma 8, based on Harris’s ergodic theorem, show that (SGLD) has a unique invariant

distribution π̄h, with π̄h(|x|12) ⩽ C, and that the time averages of f along SGLD converge almost surely
to π̄h(f) (Lemma 19 in Appendix F). The invariant distribution π̄h differs from the numerical invariant
distribution πh of (SGLM) in the coefficient of order h of the numerical bias. In the next theorem, this
coefficient carries, besides the covariance C(x) of the gradient noise, the one-step error of EM against (1.1),
through ∇2U ∇U −∇∆U in the mean of the step and the Hessian ∇2U in its moment of order 2.

Theorem 5 Let Assumptions 1, 2 and 3 hold. For every h ∈ (0, h0], with Z0 ∼ π̄h, the invariant distribution
of (SGLD), ∣∣∣∣π̄h(f) − π(f) − h

2
E
[
∇2ϕh(Z0) :

(
2∇2U(Z0) + C(Z0)

)]
+
h

2
E
[
∇ϕh(Z0) ·

(
∇2U(Z0)∇U(Z0) −∇∆U(Z0)

)]∣∣∣∣ ⩽ CLh2.

(6.9)

In particular, |π̄h(f) − π(f)| ⩽ CLh. (Proof in Appendix F.2.)

As h → 0, the coefficient of h in (6.9) converges to an expression in the solution ϕ0 of (3.7), in which
only the Hessian ∇2ϕ0 remains.
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Corollary 3 Let Assumptions 1, 2 and 3 hold. Then, for (SGLD),

lim
h→0

π̄h(f) − π(f)

h
=

1

2
π
(
∇2ϕ0(x) :

(
∇2U(x) + C(x)

))
. (6.10)

(Proof in Appendix F.3.)

Corollary 3 is not entirely new: the coefficient of order h of the numerical bias of (SGLD) has been
studied formally in [87, Section 4.1], for d = 1 and under the assumption that the chain is ergodic, where
the gradient noise adds to the coefficient of EM a term in the variance of the stochastic gradient, and the
modified SGLD of [87, Section 4.2] removes this term. Corollary 3 proves the limit in Rd and writes the
coefficient in terms of the solution ϕ0 of (3.7). The (SGLM) integrator treats the discretization bias in
a different and clean way: it preserves the second order discretization error of the LM integrator, so its
coefficient (6.7) carries the gradient noise only.

Remark 2 Corollary 3 also requires the stochastic gradient to have a finite moment of high order, as in
Assumption 3. For (SGLD), if the moment of order 4 of the gradient noise is infinite, the bound on the

numerical bias in W2 deteriorates to the order h
1
2 [71, Theorem 1].

The coefficients (6.7) of (SGLM) and (6.10) of (SGLD) differ by 1
2 π

(
∇2ϕ0(x) : ∇2U(x)

)
, the contribution

of the discretization error of EM. This term does not depend on the gradient noise: it is the coefficient of
SGLD with the full gradient, and it remains at every batch size. The coefficient of SGLM, by contrast,
vanishes with C(x), and with a batch of P independent stochastic gradients, whose average has the covariance
C(x)/P , it is divided by P . For a given test function, the two coefficients are not ordered in absolute value,
since ∇2ϕ0 is indefinite in general and the terms in ∇2U(x) and in C(x) can have opposite signs. Section 6.4
compares the suprema of their absolute values over the test functions with ∥∇f∥∞ ⩽ 1, and Lemma 9 gives
a gradient noise for which even the supremum of the absolute value of the coefficient of SGLD over these
test functions is smaller than that of SGLM.

The expectation in (6.9) contains the gradient ∇ϕh, through the error of EM in the mean of the step,
while the limit (6.10) of Corollary 3 contains the Hessian ∇2ϕ0 only. The two forms are connected by an
integration by parts that holds under π and is not available under π̄h. By (3.3), for each component i,

L(∂iU) = ∆∂iU −∇U · ∇∂iU =
(
∇∆U −∇2U ∇U

)
i
,

so the vector multiplying ∇ϕh in (6.9) is, componentwise, minus the generator applied to ∇U ,

∇2U ∇U −∇∆U = −L∇U. (6.11)

For every ψ ∈ C3(Rd) with bounded derivatives of orders 1 to 3, (3.4) with g1 = ∂iψ and g2 = ∂iU , summed
over i, and (6.11) give

π
(
∇ψ(x) ·

(
∇2U(x)∇U(x) −∇∆U(x)

))
= −

d∑
i=1

π
(
∂iψ(x)L∂iU(x)

)
=

d∑
i=1

π
(
∇∂iψ(x) · ∇∂iU(x)

)
= π

(
∇2ψ(x) : ∇2U(x)

)
.

(6.12)

At a fixed step size, the expectation in (6.9) is taken under π̄h, while (6.12) with ψ = ϕh holds under π.
Moving the terms of order h from π̄h to π within the remainder CLh2 requires Theorem 5 for a test function
built from ∇ϕh and ∇2ϕh, whose derivatives of orders 1 to 4 involve the derivatives of ϕh up to order 6,
beyond the order 4 of Theorem 1. The gradient ∇ϕh therefore stays in (6.9).

As h→ 0, π̄h converges weakly to π with moments bounded uniformly in h, and ∇ϕh and ∇2ϕh converge
to ∇ϕ0 and ∇2ϕ0 uniformly on compact sets, so the expectation in (6.9) converges to the same expression
under π. There (6.12) with ψ = ϕ0 applies, and the term in ∇ϕ0 cancels half of the term in 2∇2U . Theorem 5
thus holds at every step size h ∈ (0, h0] with a remainder of order h2 but keeps both ∇ϕh and ∇2ϕh, while
the Hessian form of the coefficient in Corollary 3 is reached only in the limit h→ 0, without a rate.
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The gap between Theorem 5 and Corollary 3 also reveals a feature of the discrete Poisson equation. The
solution ϕh of (3.6) compares one step of (SGLD) with one step of (1.1), so only the differences of their
moments enter, and the derivatives of ϕh up to order 4 suffice for the non-asymptotic bound (6.9). The
solution ϕ0 of (3.7) compares one step of SGLD with the generator L instead: the coefficient of order h
then involves the derivatives of ϕ0 up to order 4, and a remainder of order h2 requires those up to order 6,
beyond Theorem 1. With ϕ0 alone, the terms that do not cancel at a fixed step size are therefore hard to
characterize under the present assumptions.

6.4 Explicit coefficient in Wasserstein-1 error

The coefficients (6.7) and (6.10) depend on the test function f through ∇2ϕ0. The suprema of their absolute
values over the test functions with ∥∇f∥∞ ⩽ 1 are the limits of W1(πh, π)/h and W1(π̄h, π)/h as h → 0
(Corollary 4). To evaluate these suprema, both coefficients are written as π(fψ), with a function ψ that
does not depend on f .

For a bounded measurable function A : Rd → Rd×d such that A(x) is a symmetric matrix for every
x ∈ Rd, define the Riesz representor of A as the function ψA ∈ L2(π) with π(ψA) = 0 and

π
(
ψA(x) (−Lω)(x)

)
= π

(
∇2ω(x) : A(x)

)
(6.13)

for every ω ∈ C4(Rd) with bounded derivatives of orders 1 to 4. Under Assumption 1, ψA exists, is unique
and depends linearly on A (Theorem 8 in Appendix G). For f satisfying Assumption 2, (6.13) with ω = ϕ0
gives π(∇2ϕ0 : A) = π(fψA), so the coefficients (6.7) and (6.10) read

lim
h→0

πh(f) − π(f)

h
=

1

2
π(fψC), lim

h→0

π̄h(f) − π(f)

h
=

1

2
π
(
f (ψ∇2U + ψC)

)
. (6.14)

The representor of the Hessian ∇2U is explicit. The vector ∇2U ∇U −∇∆U in (6.11) is the gradient of
1
2 |∇U |2 − ∆U , so (6.12) and (3.4) give

π
(
∇2ω : ∇2U

)
= π

(
∇ω · ∇

(1

2
|∇U |2 − ∆U

))
= π

((1

2
|∇U |2 − ∆U

)
(−Lω)

)
.

Since π(Lω) = 0, the mean of 1
2 |∇U |2 − ∆U may be subtracted; it equals − 1

2π(∆U), since π(LU) = 0 gives
π(|∇U |2) = π(∆U). Hence (6.13) holds for A = ∇2U with

ψ∇2U (x) =
1

2
|∇U(x)|2 − ∆U(x) +

1

2
π(∆U). (6.15)

Through the representors, the normalized biases (πh − π)/h and (π̄h − π)/h converge to the signed

measures 1
2ψC π and 1

2 (ψ∇2U + ψC)π in the Kantorovich–Rubinstein norm, at the rate h
1
2 (1 + log 1

h ).

Theorem 6 Let Assumptions 1 and 3 hold. Then, for every h ∈ (0, h0], the numerical invariant distribution
πh of (SGLM) and the invariant distribution π̄h of (SGLD) satisfy∥∥∥πh − π − h

2
ψC π

∥∥∥
KR

⩽ Ch
3
2

(
1 + log

1

h

)
, (6.16)∥∥∥π̄h − π − h

2
(ψ∇2U + ψC)π

∥∥∥
KR

⩽ Ch
3
2

(
1 + log

1

h

)
. (6.17)

(Proof in Appendix G.4.)

Since W1(πh, π) = ∥πh − π∥KR and W1(π̄h, π) = ∥π̄h − π∥KR, the triangle inequality for ∥·∥KR and
Theorem 6 give, for every h ∈ (0, h0],∣∣∣∣W1(πh, π) − h

2
∥ψC π∥KR

∣∣∣∣ +

∣∣∣∣W1(π̄h, π) − h

2
∥(ψ∇2U + ψC)π∥KR

∣∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
. (6.18)

The bound (6.18) determines the Wasserstein-1 errors to first order in h, but it is not sharp in the discretiza-

tion error: its remainder is only of order h
3
2 , up to the factor 1 + log 1

h . How to enhance this order to h2 is
still an open question; Remark 3 discusses the globally convex case.
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Remark 3 When U is globally strongly convex, that is, R = 0 in Assumption 1, and the covariance C(x) is

smooth, we expect the remainder of (6.16), (6.17) and (6.18) to improve to Ch2. The factor h
1
2 (1 + log 1

h )
is lost where a step of the chain acts on a Lipschitz test function and where ψC is only known to lie in
L2(π). Under global strong convexity, the derivatives of the solution of (1.1) with respect to its initial point
decay at the rate e−mt, so ψC, like the explicit ψ∇2U of (6.15), should be smooth with polynomially growing
derivatives. The steps of the chain can then be applied to the smooth measures ψC π and ψ∇2U π instead of
the test function, and each of these losses would become a factor h.

Since the remainder in (6.18) is o(h), dividing (6.18) by h and letting h → 0 gives the explicit limits of
W1(πh, π)/h and W1(π̄h, π)/h.

Corollary 4 Let Assumptions 1 and 3 hold. Then the numerical invariant distribution πh of (SGLM) and
the invariant distribution π̄h of (SGLD) satisfy

lim
h→0

W1(πh, π)

h
=

1

2
∥ψC π∥KR, lim

h→0

W1(π̄h, π)

h
=

1

2
∥(ψ∇2U + ψC)π∥KR.

Moreover, ∥ψ∇2U π∥KR > 0, and ∥ψC π∥KR > 0 if C(x) does not vanish identically. (Proof in Appendix G.5.)

Corollary 4 is nontrivial: it gives an accurate characterization of the coefficient of h in the Wasserstein-1
error, as an equality. This makes it distinct from the mainstream coupling methods of numerical analysis,
which bound the Wasserstein-1 error from above without identifying its coefficient. Although the representors
ψC and ψ∇2U are difficult to evaluate in practice, Corollary 4 and (6.18) are the decisive answer to how much

SGLM and SGLD shift the invariant distribution: up to the remainder Ch
3
2 (1 + log 1

h ) of (6.18), the shift

in the Wasserstein-1 distance is h
2 ∥ψC π∥KR for SGLM and h

2 ∥(ψ∇2U + ψC)π∥KR for SGLD.
Corollary 4 thus compares SGLM with SGLD through the representors: the limit of W1(πh, π)/h is at

most that of W1(π̄h, π)/h exactly when

∥(ψ∇2U + ψC)π∥KR ⩾ ∥ψC π∥KR. (6.19)

This inequality fails in general: Lemma 9 gives a gradient noise of large amplitude, supported away from
the minimizer of U , that violates it.

Lemma 9 Let d = 1, U(x) = 1
2x

2 and ∇Û(x; ξ) = x + 10 ξ a(x), where ξ takes the values 1 and −1 with
probability 1

2 each and

a(x) := exp
(

1 − 1

1 − 4(|x| − 2)2

)
if
∣∣|x| − 2

∣∣ < 1

2
, a(x) := 0 otherwise. (6.20)

Then Assumptions 1 and 3 hold, and

1

2
∥ψC π∥KR ≈ 1.230 > 1.115 ≈ 1

2
∥(ψ∇2U + ψC)π∥KR,

so (6.19) fails. (Proof in Appendix G.6.)

With a batch of P independent stochastic gradients, C(x)/P replaces the covariance C(x) of a single
stochastic gradient. As P grows, the limit of W1(πh, π)/h tends to 0, while that of W1(π̄h, π)/h tends to
1
2∥ψ∇2U π∥KR > 0; for a strongly convex potential, (6.19) holds once P reaches an explicit threshold.

Theorem 7 Let Assumptions 1 with R = 0 and 3 hold, so that ∇2U(x) ⪰ mId for every x ∈ Rd, and let
C(x) be the covariance of a single stochastic gradient. Then, for every batch size P satisfying

P ⩾
9 ∥∇2U∥∞ ∥C∥∞

m2
=

9

m2
sup
x∈Rd

∥∇2U(x)∥ sup
x∈Rd

∥C(x)∥, (6.21)

the limit of W1(πh, π)/h for SGLM with a batch of size P is at most that of W1(π̄h, π)/h for SGLD with the
same batch, which by Corollary 4, with ψC/P in place of ψC, reads∥∥∥(ψ∇2U +

1

P
ψC

)
π
∥∥∥
KR

⩾
1

P
∥ψC π∥KR. (6.22)

(Proof in Appendix G.7.)
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The norm ∥·∥ in (6.21) is the matrix 2-norm, so the lower bound of P does not depend explicitly on the
dimension d; it depends only on the eigenvalues of ∇2U(x) and C(x). This is also the only result of the paper
in which the dependence on the dimension is accounted for.

7 Conclusion

This paper proves MSE bounds for the SGLM integrator and its full gradient form LM, for a potential strongly
convex outside a ball. The samples of (SGLM) and (LM) do not form a Markov chain; the modified class of
Section 4 moves the analysis to the Markovian forms (SGLM’) and (LM’), and the discrete Poisson equation
of [59, 91] converts their local weak errors against the modified dynamics into the bound 1

Nh + Σ2h2 + h4 of
Theorem 3, with the bound 1

Nh + h4 of Theorem 2 for the full gradient. The stochastic gradient error and
the discretization error thus separate for an integrator of the overdamped dynamics, as for SG-UBU [59] and
unlike (SGLD), and a batch of size P ≍ h−1 recovers the order of (6.3).

The numerical bias of SGLM is of first order in h, with the coefficient (6.7) given by the covariance C(x)
of the gradient noise. For (SGLD), the same discrete Poisson equation gives the coefficient (6.10), which
carries the Hessian ∇2U(x) besides the covariance C(x). This contribution of the discretization error of EM
remains at every batch size, while the coefficient of SGLM is divided by the batch size. For a given test
function, the two coefficients are not ordered in absolute value, since ∇2ϕ0 is indefinite in general (Lemma 9).
In both coefficients, the gradient noise and the discretization error enter linearly through ∇2ϕ0: the Poisson
equation describes the structure of the numerical bias of both stochastic gradient integrators, beyond its
role in the upper bounds on the MSE. The gap between Theorem 5, which holds at every step size with
ϕh, and Corollary 3, which reaches the Hessian form with ϕ0 only in the limit h → 0, also shows that the
discrete Poisson equation requires fewer derivatives than the continuous one for non-asymptotic bounds on
the numerical bias.

Through the Riesz representors of C(x) and ∇2U(x), the coefficients of h in the Wasserstein-1 errors are
explicit: W1(πh, π)/h and W1(π̄h, π)/h converge to 1

2∥ψC π∥KR and 1
2∥(ψ∇2U + ψC)π∥KR (Corollary 4), as

a consequence of the convergence of the normalized biases (πh − π)/h and (π̄h − π)/h in the Kantorovich–
Rubinstein norm (Theorem 6). For a strongly convex potential, the coefficient of SGLM is at most that
of SGLD once the batch size reaches a threshold linear in supx∥C(x)∥, with no explicit dependence on the
dimension (Theorem 7), and Lemma 9 shows that the order can be reversed at small batch sizes.

Three extensions are possible. The first is variance reduction: with variance-reduced gradients, the first
order term of the bias of SG-UBU becomes of second order once h is below a threshold [59], and the same
construction applied to (SGLM) would give an integrator of the overdamped dynamics with a bias of second

order. The second is the remainder Ch
3
2 (1 + log 1

h ) of (6.18), which is not sharp in the discretization error;
how to enhance its order to h2 remains open. The third is the underdamped Langevin dynamics, where a
modified class for its stochastic gradient integrators would extend the analysis to that setting.
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[77] Jesús Maŕıa Sanz-Serna and Konstantinos C. Zygalakis. Wasserstein distance estimates for the distri-
butions of numerical approximations to ergodic stochastic differential equations. Journal of Machine
Learning Research, 22(242):1–37, 2021.

[78] Issei Sato and Hiroshi Nakagawa. Approximation analysis of stochastic gradient Langevin dynamics
by using Fokker–Planck equation and Ito process. In International Conference on Machine Learning,
volume 32 of Proceedings of Machine Learning Research, pages 982–990, 2014.

[79] Inass Sekkat and Gabriel Stoltz. Mini-batching error and adaptive Langevin dynamics. Journal of
Machine Learning Research, 24(329):1–58, 2023.

[80] Xiaocheng Shang, Zhanxing Zhu, Benedict Leimkuhler, and Amos J. Storkey. Covariance-controlled
adaptive Langevin thermostat for large-scale Bayesian sampling. In Advances in Neural Information
Processing Systems, volume 28, 2015.

[81] Luke Shaw and Peter A. Whalley. Random reshuffling for stochastic gradient Langevin dynamics.
arXiv:2501.16055, 2025.

[82] Denis Talay. Second-order discretization schemes of stochastic differential systems for the compu-
tation of the invariant law. Stochastics and Stochastic Reports, 29(1):13–36, 1990. doi: 10.1080/
17442509008833606.

[83] Denis Talay and Luciano Tubaro. Expansion of the global error for numerical schemes solving
stochastic differential equations. Stochastic Analysis and Applications, 8(4):483–509, 1990. doi:
10.1080/07362999008809220.

[84] Yee Whye Teh, Alexandre H. Thiery, and Sebastian J. Vollmer. Consistency and fluctuations for
stochastic gradient Langevin dynamics. Journal of Machine Learning Research, 17(7):1–33, 2016.

[85] Santosh S. Vempala and Andre Wibisono. Rapid convergence of the unadjusted Langevin algorithm:
isoperimetry suffices. In Advances in Neural Information Processing Systems, volume 32, 2019.

[86] Gilles Vilmart. Postprocessed integrators for the high order integration of ergodic SDEs. SIAM Journal
on Scientific Computing, 37(1):A201–A220, 2015. doi: 10.1137/140974328.

[87] Sebastian J. Vollmer, Konstantinos C. Zygalakis, and Yee Whye Teh. Exploration of the (non-
)asymptotic bias and variance of stochastic gradient Langevin dynamics. Journal of Machine Learning
Research, 17(159):1–48, 2016.

26



[88] Max Welling and Yee Whye Teh. Bayesian learning via stochastic gradient Langevin dynamics. In
International Conference on Machine Learning, pages 681–688, 2011.

[89] Pan Xu, Jinghui Chen, Difan Zou, and Quanquan Gu. Global convergence of Langevin dynamics
based algorithms for nonconvex optimization. In Advances in Neural Information Processing Systems,
volume 31, 2018.

[90] Bin Yang and Xiaojie Wang. Accelerating Langevin Monte Carlo via efficient stochastic Runge–Kutta
methods beyond log-concavity. arXiv:2605.07939, 2026.

[91] Xuda Ye. Mean square error analysis of stochastic Runge–Kutta integrators. arXiv:2609.11528, 2026.
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A Proof of Theorem 1

This appendix proves Theorem 1: the exponential decay of the Kolmogorov solution u and of its derivatives
of orders up to 4. The decay of u and of its derivatives of orders up to 3 is proved in [91, Theorem 1],
so essentially only the derivative of order 4 needs to be estimated. The bound (3.9) on ϕh then follows by
summation over the time steps. Appendix A.1 writes out the variation processes and their pathwise bounds.
Appendix A.2 states the estimates on the semigroup etL that the proof uses and proves the short-time
bound (A.12). For a function g with bounded derivatives of orders 1 to 4, Appendix A.3 bounds ∇4(etLg)
by differentiating the derivative formula (A.10) 3 times. Appendix A.4 combines this bound with the decay
(A.8) and the short-time bound (A.12).

The proof is written for the potential U and the test function f of Assumptions 1 and 2, and it uses the
derivatives of U up to order 5. Throughout this appendix, the constant C depends only on m, M , R and d,
unless otherwise specified.

A.1 Variation processes

Let Xt be the solution of (1.1) started at X0 = x, and write ∂w for the derivative with respect to the initial
state x along a vector w. For a function g on Rd, the derivatives of etLg in the initial state are expressed
through the variation processes. The variation processes of orders 1 to 4 are

Jt := ∂xXt, Kt[w] := ∂wJt, Θt[w,w
′] := ∂w′Kt[w], Ξt[w,w

′, w′′] := ∂w′′Θt[w,w
′], (A.1)
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where the variations of orders 2 to 4 are taken along vectors w,w′, w′′ ∈ Rd, so that, like Jt, they take values
in Rd×d. From the definition (A.1),

Jtw = ∂wXt, Kt[w]w′ = ∂w∂w′Xt,

Θt[w,w
′]w′′ = ∂w∂w′∂w′′Xt, Ξt[w,w

′, w′′]w′′′ = ∂w∂w′∂w′′∂w′′′Xt,

hence Kt[w]w′, Θt[w,w
′]w′′ and Ξt[w,w

′, w′′]w′′′ are symmetric in all their directions. Since the noise of
(1.1) is additive, differentiating the dynamics in its initial state gives ordinary differential equations along
the path, with the initial values J0 = Id and K0 = Θ0 = Ξ0 = 0:

dJt
dt

= −∇2U(Xt) Jt, (A.2)

dKt[w]

dt
= −∇2U(Xt)Kt[w] −∇3U(Xt)[Jtw] Jt, (A.3)

dΘt[w,w
′]

dt
= −∇2U(Xt) Θt[w,w

′] −∇3U(Xt)[Jtw]Kt[w
′] −∇3U(Xt)[Jtw

′]Kt[w]

−∇3U(Xt)
[
Kt[w]w′] Jt −∇4U(Xt)[Jtw, Jtw

′] Jt. (A.4)

These equations are derived in [91, Equations (A.1), (A.8) and (A.9)]. Differentiating (A.4) once more, along
w′′, gives the equation of the fourth variation Ξt,

dΞt[w,w
′, w′′]

dt
= −∇2U(Xt) Ξt[w,w

′, w′′] −
∑
(2,1)

∇3U(Xt)[Jtw
′′] Θt[w,w

′] −
∑
(2,1)

∇3U(Xt)
[
Kt[w]w′]Kt[w

′′]

−∇3U(Xt)
[
Θt[w,w

′]w′′] Jt − ∑
(2,1)

∇4U(Xt)[Jtw, Jtw
′]Kt[w

′′]

−
∑
(2,1)

∇4U(Xt)
[
Kt[w]w′, Jtw

′′] Jt −∇5U(Xt)[Jtw, Jtw
′, Jtw

′′] Jt, (A.5)

where, for an expression F of the 3 directions in which the underlined pair forms a block, the sum runs over
the partitions of {w,w′, w′′} into a pair and a singleton,∑

(2,1)

F (w,w′, w′′) := F (w,w′, w′′) + F (w,w′′, w′) + F (w′, w′′, w). (A.6)

In each sum
∑

(2,1) of (A.5), the summand written out has the pair {w,w′} and the singleton w′′.
The bounds of the next lemma are Grönwall estimates, which grow exponentially in t. The factor t in

the bounds on Kt, Θt and Ξt is what the proof of Lemma 15 uses at short times.

Lemma 10 Let Assumption 1 hold. Then, pathwise, for all t ⩾ 0 and unit vectors w,w′, w′′,

∥Jt∥ ⩽ eMt, ∥Kt[w]∥ ⩽Mte2Mt, ∥Θt[w,w
′]∥ ⩽M(1 + 3Mt) t e3Mt,

∥Ξt[w,w
′, w′′]∥ ⩽ C(1 + t)2 t e4Mt,

(A.7)

with C depending only on M .

Proof. The bounds on Jt, Kt and Θt are [91, Lemma 6]. For Ξt[w,w
′, w′′], the matrix JtJ

−1
s solves (A.2) on

[s, t] from Id, so ∥JtJ−1
s ∥ ⩽ eM(t−s) by Grönwall’s inequality, and Duhamel’s principle with Ξ0 = 0 gives

Ξt[w,w
′, w′′] =

∫ t

0

JtJ
−1
s

(
dΞs[w,w

′, w′′]

ds
+ ∇2U(Xs) Ξs[w,w

′, w′′]

)
ds.

The factor dΞs[w,w′,w′′]
ds + ∇2U(Xs) Ξs[w,w

′, w′′] of the integrand is the sum of the 14 terms of (A.5) other
than −∇2U(Xs) Ξs[w,w

′, w′′]. The bounds (A.7) on Js, Ks and Θs, with ∥∇iU∥ ⩽M for i = 3, 4, 5, bound
these terms group by group: the 5 summands of the next display bound, in this order, the sum carrying
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∇3U and Θs, the sum carrying ∇3U and 2 factors Ks, the term carrying ∇3U and Θs[w,w
′]w′′, the 2 sums

carrying ∇4U together, and the term carrying ∇5U :∥∥∥∥dΞs[w,w
′, w′′]

ds
+ ∇2U(Xs) Ξs[w,w

′, w′′]

∥∥∥∥
⩽ 3M2(1 + 3Ms) s e4Ms + 3M3s2e4Ms +M2(1 + 3Ms) s e4Ms + 6M2s e4Ms +Me4Ms

= M
(
1 + 10Ms+ 15M2s2

)
e4Ms ⩽ 15M(1 +Ms)2e4Ms.

Hence

∥Ξt[w,w
′, w′′]∥ ⩽

∫ t

0

eM(t−s) 15M(1 +Ms)2e4Ms ds ⩽ 15M(1 +Mt)2 t e4Mt ⩽ C(1 + t)2 t e4Mt.

□

A.2 Semigroup estimates

The estimates of this subsection hold for every g ∈ C4(Rd) with bounded derivatives of orders 1 to 4; the
rate λ > 0 depends only on m, M , R and d. Lemmas 11, 12 and 13 are proved in [91, Appendix A] under
the bounds of Assumption 1 of orders up to 4, and are restated without proof, since the proof of Lemma 15
uses them explicitly. Lemma 14 extends the short-time bounds of [91, Equations (A.11) and (A.12)] to the
derivative of order 4 and is proved here.

Lemma 11 Let Assumption 1 hold. Then, for all t ⩾ 0,∥∥∇(etLg)
∥∥
∞ ⩽ Ce−λt∥∇g∥∞; (A.8)

and for 0 < t ⩽ 1, ∥∥∇2(etLg)
∥∥
∞ ⩽ C t−

1
2 ∥∇g∥∞,

∥∥∇3(etLg)
∥∥
∞ ⩽ C t−1 ∥∇g∥∞. (A.9)

The decay (A.8) is [91, Equation (A.7)], obtained from the reflection coupling of the overdamped Langevin
dynamics [34]. The smoothing bounds (A.9) are [91, Lemmas 8 and 9], obtained by differentiating the
derivative formula (A.10) below up to 2 times in the initial state.

The derivative formula [35], in the form of [91, Lemma 7], expresses the derivative of e2τLg along a vector
v through a stochastic integral of the first variation process.

Lemma 12 Let Assumption 1 hold. Then, for τ > 0, ψ := eτLg and v ∈ Rd,

v · ∇(e2τLg)(x) =
1√
2 τ

Ex

[
ψ(Xτ )

∫ τ

0

(Jsv) · dBs

]
, ∀x ∈ Rd. (A.10)

The next lemma, [91, Equation (A.17)] in the proof of [91, Lemma 8], bounds the variance of ψ(Xτ ),
whose randomness comes from the Brownian motion on [0, τ ] that drives Xs from X0 = x.

Lemma 13 Let Assumption 1 hold. Then, for τ > 0, ψ := eτLg and X0 = x ∈ Rd,

Var
(
ψ(Xτ )

)
⩽ 2d τ e4Mτ ∥∇g∥2∞. (A.11)

The last estimate of this subsection bounds the derivatives of etLg over a finite time; it covers the times
t ⩽ 1 in the proof of Theorem 1 and supplies the derivative bounds needed in the proof of Lemma 15 and in
the case t ⩾ 1 of that theorem.

Lemma 14 Let Assumption 1 hold. There is C, depending only on M , such that for every g ∈ C4(Rd) with
bounded derivatives of orders 1 to 4 and all t ⩾ 0,

∥∥∇j(etLg)
∥∥
∞ ⩽ C(1 + t)3e4Mt

j∑
i=1

∥∇ig∥∞, j = 1, 2, 3, 4. (A.12)
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Proof. For j ⩽ 3, (A.12) follows from the bounds [91, Equations (A.11) and (A.12)],∥∥∇(etLg)
∥∥
∞ ⩽ eMt∥∇g∥∞,

∥∥∇2(etLg)
∥∥
∞ ⩽ e2Mt∥∇2g∥∞ +Mte2Mt∥∇g∥∞,∥∥∇3(etLg)

∥∥
∞ ⩽ e3Mt∥∇3g∥∞ + 3Mte3Mt∥∇2g∥∞ +M(1 + 3Mt) t e3Mt∥∇g∥∞,

whose coefficients are each at most C(1 + t)3e4Mt.
For j = 4, fix x ∈ Rd and unit vectors w,w′, w′′, w′′′. By (A.1), the derivatives of Xt in its initial state

along these vectors are Jtw, Kt[w]w′, Θt[w,w
′]w′′ and Ξt[w,w

′, w′′]w′′′, together with the same expressions
along the other subsets of {w,w′, w′′, w′′′}. The chain rule for higher derivatives applied to g(Xt), and the
exchange of the derivatives with the expectation, justified by the pathwise bounds (A.7) and the bounded
derivatives of g, give

∇4(etLg)(x)[w,w′, w′′, w′′′] = Ex

[
∇4g(Xt)[Jtw, Jtw

′, Jtw
′′, Jtw

′′′] +
∑

(2,1,1)

∇3g(Xt)
[
Kt[w]w′, Jtw

′′, Jtw
′′′]

+
∑
(3,1)

∇2g(Xt)
[
Θt[w,w

′]w′′, Jtw
′′′] +

∑
(2,2)

∇2g(Xt)
[
Kt[w]w′,Kt[w

′′]w′′′]
+ ∇g(Xt) · Ξt[w,w

′, w′′]w′′′
]
, (A.13)

where, for an expression F of the 4 directions in which each underlined group of directions forms a block,
the sums run over the partitions of {w,w′, w′′, w′′′} into blocks of the sizes in the subscript:∑

(2,1,1)

F (w,w′, w′′, w′′′) := F (w,w′, w′′, w′′′) + F (w,w′′, w′, w′′′) + F (w,w′′′, w′, w′′)

+ F (w′, w′′, w, w′′′) + F (w′, w′′′, w, w′′) + F (w′′, w′′′, w, w′),∑
(3,1)

F (w,w′, w′′, w′′′) := F (w,w′, w′′, w′′′) + F (w,w′, w′′′, w′′) + F (w,w′′, w′′′, w′) + F (w′, w′′, w′′′, w),

∑
(2,2)

F (w,w′, w′′, w′′′) := F (w,w′, w′′, w′′′) + F (w,w′′, w′, w′′′) + F (w,w′′′, w′, w′′).

By (A.7), the terms of the 5 groups in (A.13) are bounded by

e4Mt∥∇4g∥∞, Mt e4Mt∥∇3g∥∞, M(1 + 3Mt) t e4Mt∥∇2g∥∞,
M2t2e4Mt∥∇2g∥∞, C(1 + t)2 t e4Mt∥∇g∥∞,

each at most C(1 + t)3e4Mt times the norm of the derivative of g it carries. Summing the 15 terms and
taking the supremum over x and over the unit vectors gives (A.12) for j = 4. □

A.3 The fourth derivative

This subsection extends the smoothing bounds (A.9) to the fourth derivative; the proof uses Lemmas 10, 11,
12, 13 and 14.

Lemma 15 Let Assumption 1 hold. For every g ∈ C4(Rd) with bounded derivatives of orders 1 to 4 and
every 0 < t ⩽ 1, ∥∥∇4(etLg)(x)

∥∥ ⩽ C t−
3
2 ∥∇g∥∞, ∀x ∈ Rd. (A.14)

Proof. Set τ = t/2 ⩽ 1
2 and ψ = eτLg, so that e2τLg = etLg, and fix x ∈ Rd and unit vectors v, w,w′, w′′.

By (A.12), ψ has bounded derivatives of orders 1 to 4. Differentiate (A.10) in Lemma 12 along w, w′ and
w′′. By (A.1), a derivative that falls on the stochastic integral raises the order of the variation process in its
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integrand, from Jsv to Ks[w]v, to Θs[w,w
′]v and to Ξs[w,w

′, w′′]v. Distributing the 3 derivatives between
ψ(Xτ ) and the stochastic integral gives

√
2 τ ∇4(etLg)(x)[v, w,w′, w′′] = Ex

[
∂w∂w′∂w′′ψ(Xτ )

∫ τ

0

(Jsv) · dBs

]
+

∑
(2,1)

Ex

[
∂w∂w′ψ(Xτ )

∫ τ

0

(
Ks[w

′′]v
)
· dBs

]
+

∑
(2,1)

Ex

[
∂w′′ψ(Xτ )

∫ τ

0

(
Θs[w,w

′]v
)
· dBs

]

+ Ex

[(
ψ(Xτ ) − Ex

[
ψ(Xτ )

]) ∫ τ

0

(
Ξs[w,w

′, w′′]v
)
· dBs

]
, (A.15)

where
∑

(2,1) is the sum over the partitions of {w,w′, w′′} defined in (A.6).

In the term of (A.15) carrying Ξs, ψ(Xτ ) is centered at its mean Ex
[
ψ(Xτ )

]
= etLg(x). The centering does

not change the value of this term, since the stochastic integral has mean 0, and it makes (A.11) applicable.
The exchanges of the derivatives with the expectation and with the stochastic integral are justified as in the
proof of [91, Lemma 8]. The variation processes are differentiable in the initial state along each path and
bounded by (A.7) uniformly in x, so the difference quotients of the integrands converge in L2 over [0, τ ] and
the paths, and by the Itô isometry those of the stochastic integrals converge in L2. Since ψ has bounded
derivatives of orders 1 to 4, the difference quotients of the factors in front of the stochastic integrals also
converge in L2, and the Cauchy–Schwarz inequality passes the limits through the expectation.

The derivatives of ψ(Xτ ) in (A.15) follow from the chain rule and (A.1):

∂w′′ψ(Xτ ) = ∇ψ(Xτ ) · Jτw′′, ∂w∂w′ψ(Xτ ) = ∇2ψ(Xτ )[Jτw, Jτw
′] + ∇ψ(Xτ ) ·Kτ [w]w′,

∂w∂w′∂w′′ψ(Xτ ) = ∇3ψ(Xτ )[Jτw, Jτw
′, Jτw

′′] +
∑
(2,1)

∇2ψ(Xτ )
[
Kτ [w]w′, Jτw

′′] + ∇ψ(Xτ ) · Θτ [w,w′]w′′.

(A.16)
Since τ ⩽ 1

2 , (A.12) and (A.9) at time τ give

∥∇ψ∥∞ ⩽ C∥∇g∥∞, ∥∇2ψ∥∞ ⩽ Cτ−
1
2 ∥∇g∥∞, ∥∇3ψ∥∞ ⩽ Cτ−1∥∇g∥∞,

and (A.7) gives ∥Js∥ ⩽ C and ∥Ks[w]∥, ∥Θs[w,w
′]∥, ∥Ξs[w,w

′, w′′]∥ ⩽ Cs for s ⩽ τ . Inserted in (A.16), the
bounds on ∇jψ and on the variation processes give∣∣∂w′′ψ(Xτ )

∣∣ ⩽ C∥∇g∥∞,
∣∣∂w∂w′ψ(Xτ )

∣∣ ⩽ Cτ−
1
2 ∥∇g∥∞,

∣∣∂w∂w′∂w′′ψ(Xτ )
∣∣ ⩽ Cτ−1∥∇g∥∞,

(A.17)
and (A.11) bounds the centered factor of the term carrying Ξs:

Var
(
ψ(Xτ )

) 1
2 =

(
Ex

∣∣∣ψ(Xτ ) − Ex
[
ψ(Xτ )

]∣∣∣2) 1
2

⩽ Cτ
1
2 ∥∇g∥∞. (A.18)

By the Itô isometry and (A.7),

Ex

∣∣∣∣∫ τ

0

(Jsv) · dBs

∣∣∣∣2 ⩽ Cτ, Ex

∣∣∣∣∫ τ

0

(
Ks[w

′′]v
)
· dBs

∣∣∣∣2 ⩽ Cτ3,

Ex

∣∣∣∣∫ τ

0

(
Θs[w,w

′]v
)
· dBs

∣∣∣∣2 ⩽ Cτ3, Ex

∣∣∣∣∫ τ

0

(
Ξs[w,w

′, w′′]v
)
· dBs

∣∣∣∣2 ⩽ Cτ3,

(A.19)

and these bounds hold for every term of the sums
∑

(2,1) in (A.15), since w, w′ and w′′ are arbitrary unit

vectors. The Cauchy–Schwarz inequality, with (A.17), (A.19) and (A.18), bounds the terms of the 4 groups
in (A.15) by

Cτ−1 · τ 1
2 , Cτ−

1
2 · τ 3

2 , C · τ 3
2 , Cτ

1
2 · τ 3

2

times ∥∇g∥∞. For τ ⩽ 1
2 , each is at most Cτ−

1
2 ∥∇g∥∞, so dividing (A.15) by

√
2 τ and taking the supremum

over the unit vectors gives ∥∥∇4(etLg)(x)
∥∥ ⩽ Cτ−

3
2 ∥∇g∥∞,

which is (A.14) with τ = t/2. □
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A.4 Conclusion of the proof

Proof of Theorem 1. The bound on |u(x, t)| in (3.8) and the bounds on ∇ju(x, t) for 1 ⩽ j ⩽ 3 are [91,
Theorem 1], whose assumptions on U and f are the bounds of Assumptions 1 and 2 up to the orders 5 and
3, respectively; decreasing λ if necessary, these bounds and (A.8) hold with the same rate λ. For the order
4, since π(f) is a constant, ∇4u(x, t) = ∇4(etLf)(x), and we split at t = 1. For t ⩽ 1, the short-time bound
(A.12) with g = f and Assumption 2 give

∥∇4u(x, t)∥ ⩽ C

4∑
i=1

∥∇if∥∞ ⩽ CL ⩽ CLeλ e−λt.

For t ⩾ 1, the semigroup property gives etLf = eL
(
e(t−1)Lf

)
, and e(t−1)Lf has bounded derivatives of orders

1 to 4, since (A.12) at time t− 1 bounds them. Hence (A.14) at time 1, with e(t−1)Lf in place of g, bounds
∥∇4u(x, t)∥ by C∥∇(e(t−1)Lf)∥∞, and (A.8) at time t− 1 bounds this gradient, so that

∥∇4u(x, t)∥ ⩽ C
∥∥∇(e(t−1)Lf)

∥∥
∞ ⩽ C e−λ(t−1) ∥∇f∥∞ ⩽ CLeλ e−λt.

Together, the cases t ⩽ 1 and t ⩾ 1 give the bound on ∇4u(x, t) in (3.8).
For the discrete Poisson solution (3.5), the geometric bounds (3.8) on the summands justify differentiating

the series term by term. Summing the derivative bound in (3.8) over t = kh gives, for λh ⩽ 1 and 1 ⩽ j ⩽ 4,

∥∇jϕh(x)∥ ⩽ h

∞∑
k=0

∥∇ju(x, kh)∥ ⩽ CLh

∞∑
k=0

e−λkh =
CLh

1 − e−λh
⩽

2CL

λ
,

which is (3.9) after 2/λ is absorbed into C. □

B Proofs for Section 4

Throughout this appendix, the constant C depends only on m, M , R and d. The next lemma records the
dissipativity of U used in the moment estimates, and the Gaussian tail of π that follows from it.

Lemma 16 Let Assumption 1 hold. For all x ∈ Rd,

⟨x,∇U(x)⟩ ⩾ m

4
|x|2 − C, U(x) − U(0) ⩾

m

8
|x|2 − C, (B.1)

and consequently π(x) ⩽ Ce−
m
8 |x|2 and

∫
Rd |x|q π(dx) ⩽ Cq for every q ⩾ 1.

Proof. By [91, Lemma 4], with R1 := 4R(1 +M/m),

⟨∇U(x) −∇U(y), x− y⟩ ⩾ −M |x− y|2, ⟨∇U(x) −∇U(y), x− y⟩ ⩾ m

2
|x− y|2 for |x− y| ⩾ R1. (B.2)

Applying (B.2) to the pair (x, 0) and using |∇U(0)| ⩽M ,

⟨x,∇U(x)⟩ = ⟨x,∇U(x) −∇U(0)⟩ + ⟨x,∇U(0)⟩ ⩾


m

2
|x|2 −M |x|, |x| ⩾ R1,

−M |x|2 −M |x|, |x| < R1,

and both cases are at least m
4 |x|

2−C, which is the drift bound in (B.1). Integrating along the segment from
0 to x, with (B.2) at the pair (rx, 0) and the integral split at r|x| = R1 when |x| ⩾ R1,

U(x) − U(0) =

∫ 1

0

⟨∇U(rx), x⟩ dr ⩾
m

4

(
|x|2 −R2

1

)
− M

2
R2

1 −M |x|,

which gives the lower bound on U(x) − U(0) in (B.1). The upper bound U(y) − U(0) ⩽ M |y| + M
2 |y|2 and

the lower bound on U(x) − U(0) in (B.1) give

π(x) =
e−(U(x)−U(0))∫

Rd e−(U(y)−U(0))dy
⩽

eC−m
8 |x|2∫

Rd e
−M |y|−M

2 |y|2dy
⩽ Ce−

m
8 |x|2 ,

and hence
∫
Rd |x|q π(dx) ⩽ Cq for every q ⩾ 1. □
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B.1 Proof of Lemma 1: modified potential estimates

Proof of Lemma 1. The proof bounds the derivatives of V and of V θh, which gives (4.14), and then chooses
δ so that Ũh satisfies (4.13) and the convexity condition. Under Assumption 1, |∇U(x)| ⩽ M(1 + |x|) and
∥∇jU(x)∥ ⩽M for 2 ⩽ j ⩽ 7. The derivatives of |∇U |2 follow from the Leibniz rule,

∇i|∇U |2 =

i∑
l=0

(
i

l

)
Sym

〈
∇l+1U, ∇i−l+1U

〉
, 0 ⩽ i ⩽ 5, (B.3)

where ⟨·, ·⟩ contracts one index of each factor, so that both sides are tensors of order i. The symmetrization
is needed: ⟨∇l+1U,∇i−l+1U⟩ is symmetric within its first l indices and within its last i − l indices, but in
general not across these groups.

For i ⩾ 1, each term of (B.3) contains the factor ∇U at most once and is therefore bounded by C(1+ |x|);
the derivatives ∇i∆U , contractions of ∇i+2U , are bounded by dM for 0 ⩽ i ⩽ 5. Hence V = |∇U |2 − ∆U
of (4.10) satisfies

|V (x)| ⩽ C
(
1 + |x|

)2
, ∥∇iV (x)∥ ⩽ C

(
1 + |x|

)
, 1 ⩽ i ⩽ 5, ∀x ∈ Rd, (B.4)

where C depends only on M and d.
Let δ ∈ (0, 1], fixed by (B.9) at the end of the proof, and let h ⩽ δ throughout. By (4.11), Ũh−U = h

4 V θh
with θh(x) = θ(hx/δ). The function θh is supported in {|x| ⩽ 2δ/h}, where

h

δ

(
1 + |x|

)
⩽
h

δ
+ 2 ⩽ 3, (B.5)

and ∇lθh(x) = (h/δ)l (∇lθ)(hx/δ) is bounded by C(h/δ)l for 0 ⩽ l ⩽ 5, with C depending on the fixed
function θ only. By the Leibniz rule again,

∇i(V θh) =

i∑
l=0

(
i

l

)
Sym

(
∇i−lV ⊗∇lθh

)
, 1 ⩽ i ⩽ 5. (B.6)

On the support of θh, (B.4), h ⩽ δ and (B.5) give

∥∇i−lV (x) ⊗∇lθh(x)∥ ⩽

{
C
(
1 + |x|

)
, 0 ⩽ l ⩽ i− 1,

C(h/δ)i
(
1 + |x|

)2
⩽ 3C

(
1 + |x|

)
, l = i.

Hence, by (B.6), the derivatives of V θh of orders 1 to 5 grow at most linearly on the support of θh,∥∥∇i(V θh)(x)
∥∥ ⩽ C

(
1 + |x|

)
, 1 ⩽ i ⩽ 5, ∀x ∈ Rd : |x| ⩽ 2δ

h
. (B.7)

Since ∇i(V θh) vanishes for |x| > 2δ/h, (B.7) gives (4.14), and, by (B.5),

∥∇iŨh(x) −∇iU(x)∥ =
h

4

∥∥∇i(V θh)(x)
∥∥ ⩽ Cδ, 1 ⩽ i ⩽ 5, ∀x ∈ Rd, (B.8)

with C independent of δ and h. Choose δ ∈ (0, 1] so small that this constant satisfies

Cδ ⩽ min
{m

2
, M

}
, (B.9)

and let h0 ⩽ δ. Then (B.8) gives

∇2Ũh(x) ⪰ ∇2U(x) − Cδ Id, ∥∇iŨh(x)∥ ⩽ ∥∇iU(x)∥ + Cδ, 1 ⩽ i ⩽ 5, ∀x ∈ Rd, (B.10)

which, with Assumption 1 and (B.9), gives (4.13) and the convexity condition of Lemma 1. Finally, Ũh ∈
C5(Rd), since θh ∈ C∞(Rd) and U ∈ C7(Rd) gives V ∈ C5(Rd). □
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B.2 Proof of Lemma 2: modified bias estimate

Proof of Lemma 2. The proof expands the numerator and the denominator of the ratio (B.12) to the order
h, as in the derivation of (4.6), and the terms of order h cancel by (4.9). Adding a constant to f adds the
same constant to f̃h, and leaves both sides of (4.15) unchanged. We therefore assume f(0) = 0, so that
|f(x)| ⩽ L|x| by Assumption 2. By (4.1), we have

|f̃h(x)| ⩽ E
∣∣∣∣f(x+

√
h

2
χ
)∣∣∣∣ ⩽ L

(
|x| +

√
h

2
E|χ|

)
⩽ CL

(
1 + |x|

)
. (B.11)

Since π̃h ∝ e−Ũh = e−Ue−(Ũh−U), where Ũh − U = h
4 V θh by (4.11), we have

π̃h(f̃h) =
π
(
f̃h e

−(Ũh−U)
)

π
(
e−(Ũh−U)

) . (B.12)

By (B.4), |Ũh − U | ⩽ Ch(1 + |x|2), while π(x) ⩽ Ce−
m
8 |x|2 by Lemma 16. Shrinking h0 so that Ch0 ⩽ m

16 ,

with C the constant of the bound on |Ũh − U |, we have for h ⩽ h0,

e|Ũh−U | ⩽ Ce
m
16 |x|

2

, π
(
(1 + |x|)5 e|Ũh−U |) ⩽ C. (B.13)

In particular, by (B.11) and (B.13), the numerator of (B.12) is finite, so f̃h is integrable against π̃h. Taylor’s
formula for the exponential gives

e−(Ũh−U) = 1 −
(
Ũh − U

)
+ ϱ2(x), |ϱ2(x)| ⩽ 1

2

(
Ũh − U

)2
e|Ũh−U | ⩽ Ch2

(
1 + |x|

)4
e|Ũh−U |, (B.14)

hence the remainder ϱ2(x) satisfies

π
(
(1 + |x|) |ϱ2(x)|

)
⩽ Ch2 π

(
(1 + |x|)5e|Ũh−U |) ⩽ Ch2. (B.15)

Next, π(V ) = −π(LU) = 0 by (4.9) with f = 1 and (4.10). Replacing V by V θh changes π(V ) and, by
(B.11), π(f̃hV ) by an exponentially small amount: since 1 − θh vanishes on {|x| ⩽ δ/h},

π
(
(1 + |x|) |V | (1 − θh)

)
⩽ C π

(
(1 + |x|)3 1{|x|⩾δ/h}

)
⩽ Ce−

mδ2

16h2 ⩽ Ch2, (B.16)

by (B.4) and π(x) ⩽ Ce−
m
8 |x|2 ⩽ Ce−

mδ2

16h2 e−
m
16 |x|

2

on {|x| ⩾ δ/h}.
Inserting (B.14) into the numerator and the denominator of (B.12), and using π(V ) = 0, (B.11), (B.15)

and (B.16), we obtain the approximations

π
(
e−(Ũh−U)

)
= 1 − h

4
π(V θh) + π(ϱ2) = 1 +

h

4
π
(
V (1 − θh)

)
+ π(ϱ2) = 1 + O(h2), (B.17)

π
(
f̃h e

−(Ũh−U)
)

= π(f̃h) − h

4
π(f̃hV ) +

h

4
π
(
f̃hV (1 − θh)

)
+ π(f̃hϱ2) = π(f̃h) − h

4
π(f̃hV ) + O(Lh2),

where O(h2) and O(Lh2) are bounded by Ch2 and CLh2. By (B.11), (B.4) and the moments of π in

Lemma 16, |π(f̃h)| + |π(f̃hV )| ⩽ CL. Since π
(
e−(Ũh−U)

)
⩾ 1 − Ch2 ⩾ 1

2 after shrinking h0, dividing the
approximations in (B.2) gives

π̃h(f̃h) = π(f̃h) − h

4
π(f̃hV ) + O(Lh2). (B.18)

By (4.2), f̃h(x) = f(x)+ h
4 ∆f(x)+ϱf4 (x) where the remainder ϱf4 satisfies |ϱf4 (x)| ⩽ CLh2 for all x ∈ Rd,

so that

π(f̃h) = π(f) +
h

4
π(∆f) + π(ϱf4 ),

h

4
π(f̃hV ) =

h

4
π(fV ) +

h2

16
π(∆f V ) +

h

4
π(ϱf4V ). (B.19)
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The terms π(ϱf4 ), h2

16 π(∆f V ) and h
4 π(ϱf4V ) are bounded by CLh2

(
1 +π(|V |)

)
⩽ CLh2, since |∆f | ⩽ dL by

Assumption 2 and π(|V |) ⩽ C by (B.4) and the moments of π in Lemma 16. Inserting (B.19) into (B.18),
collecting these terms into O(Lh2), and using π(∆f) = π(fV ) from (4.9) and (4.10) gives

π̃h(f̃h) = π(f) + O(Lh2),

which is the modified bias estimate (4.15). □

C Proofs for Section 5

Statements about a single step are made at the index 0, with the step D0 = Y1−Y0 of (5.2) and χ0 ∼ N (0, Id)
independent of F0, so that under E0 the state Y0 is fixed and

E0[χ0] = 0, E0

[
χ⊗2
0

]
= Id, E0

[
χ⊗3
0

]
= 0, E0|χ0|p ⩽ C, p ⩾ 1.

The displacement of the modified dynamics started at Y0 is written W̃s := Ỹ0(s)−Y0, 0 ⩽ s ⩽ h. Throughout
this appendix, the constant C depends only on m, M , R and d, and also on p where a moment order p appears.
The largest moment order used is p = 12, for the bounds (5.3) in the proof of Lemma 3; all other proofs in
this appendix use p ⩽ 6.

C.1 Proof of Lemma 3

The proof uses the bounds (C.1) on one step of the modified dynamics. Lemma 17 states them first, together
with the moments of that step, which are used in Appendix C.3.

Lemma 17 Let Assumption 1 hold and let Ũh be the modified potential (4.11). Then, for 0 ⩽ s ⩽ h and
p ⩾ 1, with C depending only on M , d and p and ||| · |||p taken under E0,

|||Ỹ0(s) − Y0|||p ⩽ C
√
h
(
1 + |Y0|

)
, |||Ỹ0(h) − Y0 −

√
2hχ0|||p ⩽ Ch

(
1 + |Y0|

)
, (C.1)

and, with C depending only on M and d, all derivatives evaluated at Y0 and 1 ⩽ i, j, k ⩽ d,∣∣∣E0

[
Ỹ0(h) − Y0

]
+ h∇Ũh − h2

2

(
∇2Ũh ∇Ũh −∇∆Ũh

)∣∣∣ ⩽ Ch3
(
1 + |Y0|

)3
, (C.2)∥∥∥E0

[
(Ỹ0(h) − Y0)⊗2

]
− 2h Id − h2

(
∇Ũ⊗2

h − 2∇2Ũh

)∥∥∥ ⩽ Ch3
(
1 + |Y0|

)4
, (C.3)∣∣∣(E0

[
(Ỹ0(h) − Y0)⊗3

])
ijk

+ 2h2
(
δij ∂kŨh + δik ∂jŨh + δjk ∂iŨh

)∣∣∣ ⩽ Ch3
(
1 + |Y0|

)6
. (C.4)

The same statements hold with U in place of Ũh and Xs in place of Ỹ0(s), for the exact dynamics (1.1)
started at X0 = Y0, with the same constants.

Proof. By Lemma 1, |∇Ũh(0)| ⩽ 2M and ∥∇2Ũh∥ ⩽ 2M , so that |∇Ũh(x)| ⩽ 2M(1 + |x|) for every x. The
displacement of the modified dynamics (4.16) started at Y0 is

W̃s = Ỹ0(s) − Y0 = −
∫ s

0

∇Ũh

(
Y0 + W̃r

)
dr +

√
2Bs, 0 ⩽ s ⩽ h,

where (Bt)t⩾0 is the Brownian motion of the step, so that
√

2Bh =
√

2hχ0. Hence

|W̃s| ⩽ 2M

∫ s

0

(
1 + |Y0| + |W̃r|

)
dr +

√
2 sup

r⩽h
|Br|,

and Grönwall’s inequality gives

sup
s⩽h

|W̃s| ⩽ e2Mh
(

2Mh
(
1 + |Y0|

)
+

√
2 sup

r⩽h
|Br|

)
.
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Since E
[

supr⩽h |Br|p
]
⩽ Ch

p
2 by the Burkholder–Davis–Gundy inequality and h ⩽ 1, the bound on Ỹ0(s)−Y0

in (C.1) follows. For the bound on Ỹ0(h) − Y0 −
√

2hχ0,

∣∣W̃h −
√

2hχ0

∣∣ =

∣∣∣∣∫ h

0

∇Ũh

(
Y0 + W̃r

)
dr

∣∣∣∣ ⩽ 2Mh
(

1 + |Y0| + sup
r⩽h

|W̃r|
)
,

and the Grönwall bound on sups⩽h |W̃s| above applies. This proves the bound on Ỹ0(h) − Y0 −
√

2hχ0 in

(C.1). In particular, E0|Ỹ0(s)|q ⩽ C(1 + |Y0|)q for s ⩽ h and every q ⩾ 1.
Next we consider the moments of W̃h = Ỹ0(h) − Y0 shown in (C.2)–(C.4). Since Ỹ0(h) is driven by the

modified dynamics (4.16) with the generator L̃hψ = ∆ψ−∇Ũh ·∇ψ of (4.17), the estimate of these moments
relies on a Taylor expansion with respect to L̃h.

Let ℓ(z) := z−Y0, a linear function of z ∈ Rd with components ℓi, so that W̃h = ℓ(Ỹ0(h)) and the entries
of E0

[
W̃⊗n

h

]
, n = 1, 2, 3, are E0

[
ψ(Ỹ0(h))

]
for the polynomials ψ = ℓi, ℓiℓj , ℓiℓjℓk. For each such ψ, since

Ũh ∈ C5(Rd) by Lemma 1, the functions L̃hψ and L̃2
hψ are of class C2 and L̃3

hψ is continuous. By (4.13), L̃hψ,

L̃2
hψ, L̃3

hψ and the gradients of ψ, L̃hψ, L̃2
hψ have polynomial growth, so that, by E0|Ỹ0(s)|q ⩽ C(1 + |Y0|)q,

the stochastic integral in Itô’s formula is a martingale. Dynkin’s formula, applied to ψ, then to L̃hψ and L̃2
hψ

inside the integrals, gives with Fubini’s theorem the Taylor expansion to the order 2 with integral remainder,
where ψ(Y0) = 0 is omitted since ℓ(Y0) = 0,

E0

[
ψ(Ỹ0(h))

]
= h L̃hψ(Y0) +

h2

2
L̃2
hψ(Y0) +

1

2

∫ h

0

(h− s)2 E0

[
L̃3
hψ(Ỹ0(s))

]
ds. (C.5)

Here L̃hψ(Y0) and L̃2
hψ(Y0) are computed with the product rule

L̃h(g1g2) = g1 L̃hg2 + g2 L̃hg1 + 2∇g1 · ∇g2, g1, g2 ∈ C2(Rd). (C.6)

Next we evaluate the explicit L̃h and L̃2
h operations on ψ = ℓi, ℓiℓj , ℓiℓjℓk respectively, to give the explicit

h and h2 coefficients in the moment estimates (C.2)–(C.4).

1. For ψ = ℓi, the linearity of ℓi gives L̃hℓi = −∂iŨh, and

L̃2
hℓi = −L̃h∂iŨh = −∂i∆Ũh +

∑
j

∂jŨh ∂i∂jŨh =
(
∇2Ũh ∇Ũh −∇∆Ũh

)
i
.

At z = Y0, h L̃hℓi+
h2

2 L̃2
hℓi is the component i of −h∇Ũh+ h2

2

(
∇2Ũh ∇Ũh−∇∆Ũh

)
, the approximation

of E0[W̃h] in (C.2).

2. For ψ = ℓiℓj , (4.17) gives

L̃h(ℓiℓj) = 2δij − ∂iŨh ℓj − ∂jŨh ℓi,

which equals 2δij at z = Y0. Since L̃h annihilates the constant 2δij , L̃2
h(ℓiℓj) = −L̃h(∂iŨh ℓj) −

L̃h(∂jŨh ℓi), and (C.6) with g1 = ∂iŨh and g2 = ℓj gives, at z = Y0, where ℓj = 0,

L̃h

(
∂iŨh ℓj

)
(Y0) = ∂iŨh L̃hℓj + 2∇∂iŨh · ∇ℓj = −∂iŨh ∂jŨh + 2 ∂i∂jŨh.

This identity and its copy with i and j exchanged give

L̃2
h(ℓiℓj)(Y0) = 2 ∂iŨh ∂jŨh − 4 ∂i∂jŨh,

so that, at z = Y0, h L̃h(ℓiℓj) + h2

2 L̃2
h(ℓiℓj) is the entry (i, j) of 2h Id + h2

(
∇Ũ⊗2

h − 2∇2Ũh

)
, the

approximation of E0[W̃⊗2
h ] in (C.3).

3. For ψ = ℓiℓjℓk,

L̃h

(
ℓiℓjℓk

)
= 2

(
δij ℓk + δik ℓj + δjk ℓi

)
−
(
∂iŨh ℓjℓk + ∂jŨh ℓiℓk + ∂kŨh ℓiℓj

)
,
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which vanishes at z = Y0. In L̃2
h(ℓiℓjℓk)(Y0), the terms 2δij ℓk, 2δik ℓj , 2δjk ℓi contribute −2δij ∂kŨh,

−2δik ∂jŨh, −2δjk ∂iŨh, since L̃hℓk = −∂kŨh. By (C.6) with g1 = ∂iŨh and g2 = ℓjℓk, whose value

and gradient vanish at Y0, the term −∂iŨh ℓjℓk contributes −∂iŨh L̃h(ℓjℓk)(Y0) = −2δjk ∂iŨh, and in

the same way the terms −∂jŨh ℓiℓk and −∂kŨh ℓiℓj contribute −2δik ∂jŨh and −2δij ∂kŨh. Hence

L̃2
h

(
ℓiℓjℓk

)
(Y0) = −4

(
δij ∂kŨh + δik ∂jŨh + δjk ∂iŨh

)
,

so that h2

2 L̃2
h(ℓiℓjℓk)(Y0) is the entry (i, j, k) of the approximation of E0[W̃⊗3

h ] in (C.4).

It remains to bound the integral term of (C.5). Each of ψ, L̃hψ, L̃2
hψ and L̃3

hψ is a linear combination

of products of components of ℓ, components of ∇Ũh and derivatives of Ũh of orders 2 to 5; call the degree of
such a product the number of its factors that are components of ℓ or of ∇Ũh. By the linear growth of ∇Ũh

and (4.13), a product of degree q is bounded by C(1 + |z| + |Y0|)q. In L̃h, the Laplacian does not raise the
degree, and −∇Ũh · ∇ raises it by at most 1, and only where it differentiates a derivative of Ũh of order at
least 2. No such derivative occurs in ψ or L̃hψ, so for ψ a product of n components of ℓ the products in L̃hψ
and L̃2

hψ have degree at most n, those in L̃3
hψ have degree at most n+ 1, and∣∣L̃3

hψ(z)
∣∣ ⩽ C

(
1 + |z| + |Y0|

)n+1
.

With E0(1 + |Ỹ0(s)|+ |Y0|)n+1 ⩽ C(1 + |Y0|)n+1 for s ⩽ h, the integral term is bounded by Ch3(1 + |Y0|)n+1,
which gives (C.2)–(C.4).

For the exact Langevin dynamics (1.1), the same argument applies with U and Xs in place of Ũh and
Ỹ0(s), since by Assumption 1 the derivatives of U satisfy (4.13) with M in place of 2M . □

Proof of Lemma 3. We prove the bounds with the exponents 2q and q in place of 12 and 6 for an integer
q ⩾ 1, the case q = 6 being (5.3); in this proof C may depend on q as well. The proof is a Lyapunov
argument: a bound on the displacement over one step and a drift condition give a contraction of Ek|Yk+1|2q
against |Yk|2q, which is iterated over k. By (LM’), the step of the chain at the index k is

Dk := Yk+1 − Yk =
√

2hχk − h∇U(Zk), Zk = Yk +

√
h

2
χk,

and Assumption 1 gives |∇U(Zk)| ⩽M(1 + |Yk| +
√
h/2 |χk|).

We first bound the displacement over one step. Since Ek|
√

2hχk|p ⩽ Ch
p
2 , the bound on |∇U(Zk)| gives,

for every p ⩾ 1,

Ek|Dk|p ⩽ C
(
Ek|

√
2hχk|p + hp Ek|∇U(Zk)|p

)
⩽ Ch

p
2 + Chp

(
1 + |Yk|

)p
, (C.7)

and, since (C.1) at the index k gives |||Ỹk(h) − Yk −
√

2hχk|||p ⩽ Ch(1 + |Yk|) under Ek,

Ek|Ỹk(h) − Yk|p ⩽ Ch
p
2 + Chp

(
1 + |Yk|

)p
. (C.8)

Next we derive the drift condition. Splitting ⟨Yk,∇U(Zk)⟩ = ⟨Zk,∇U(Zk)⟩ −
√
h/2 ⟨χk,∇U(Zk)⟩ and

applying the drift bound in (B.1) at Zk and the bound on |∇U(Zk)|,

⟨Yk,∇U(Zk)⟩ ⩾ m

4
|Zk|2 − C −M

√
h

2
|χk|

(
1 + |Yk| +

√
h

2
|χk|

)
.

Taking Ek, with Ek|Zk|2 = |Yk|2 + dh
2 and Ek|χk|2 = d,

⟨Yk,Ek[∇U(Zk)]⟩ ⩾ m

4
|Yk|2 − C − C

√
h
(
1 + |Yk|

)
⩾
m

8
|Yk|2 − C, (C.9)

since C
√
h |Yk| ⩽ m

8 |Yk|
2 + C by Young’s inequality and h ⩽ 1.
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Next we combine (C.7) and (C.9) into the Lyapunov estimate. Let Sk := |Yk+1|2 − |Yk|2 = 2⟨Yk, Dk⟩ +
|Dk|2. Since χk is centered and independent of Fk, (C.9) and (C.7) with p = 2 give

EkSk = −2h⟨Yk,Ek[∇U(Zk)]⟩ + Ek|Dk|2 ⩽ −m
4
h|Yk|2 + Ch+ Ch2

(
1 + |Yk|

)2
⩽ −m

8
h|Yk|2 + Ch

for h ⩽ h0 with Ch0 ⩽ m
8 , while |Sk| ⩽ 2|Yk||Dk| + |Dk|2 and (C.7) give, for 1 ⩽ j ⩽ q,

Ek|Sk|j ⩽ C
(
|Yk|j Ek|Dk|j + Ek|Dk|2j

)
⩽ Ch

j
2 |Yk|j + Chj

(
1 + |Yk|

)2j
.

Expanding

|Yk+1|2q =
(
|Yk|2 + Sk

)q
=

q∑
j=0

(
q

j

)
|Yk|2(q−j)Sj

k

and inserting the bounds on EkSk and Ek|Sk|j , with h ⩽ 1,

q |Yk|2q−2 EkSk ⩽ −qm
8
h|Yk|2q +Ch|Yk|2q−2, |Yk|2(q−j) Ek|Sk|j ⩽ Ch|Yk|2q−j +Ch2(1+ |Yk|)2q, j ⩾ 2.

By Young’s inequality, the terms of degree below 2q in |Yk| satisfy

Ch|Yk|2q−2 + Ch

q∑
j=2

|Yk|2q−j ⩽
qm

32
h|Yk|2q + Ch,

and, for h ⩽ h0 with Ch0 small enough, the terms of order h2 satisfy

Ch2
(
1 + |Yk|

)2q
⩽
qm

32
h|Yk|2q + Ch.

With these bounds on the terms of degree below 2q and of order h2, the expansion of Ek|Yk+1|2q gives

Ek|Yk+1|2q ⩽ |Yk|2q −
qm

8
h|Yk|2q + 2 · qm

32
h|Yk|2q + Ch,

that is,

Ek|Yk+1|2q ⩽
(

1 − qm

16
h
)
|Yk|2q + Ch, (C.10)

with the step size h0 ⩽ 16/(qm) making the factor lie in [0, 1). Taking expectations in (C.10) and iterating
over k gives the bound on E|Yk|2q in (5.3), and averaging (C.7) and (C.8) with p = 2q over the law of Yk
gives the displacement bounds in (5.3):

E|Yk|2q ⩽ |Y0|2q+
16C

qm
, max

{
E|Dk|2q, E|Ỹk(h)−Yk|2q

}
⩽ Chq+Ch2q E

(
1+|Yk|

)2q
⩽ Chq

(
1+|Y0|

)2q
.

The argument carries over to the stochastic gradient chain (SGLM’), with Êk of (3.2) in place of Ek,
once the displacement bounds and the drift condition are verified for it. The step of this chain is

Dk = Yk+1 − Yk =
√

2hχk − h∇Û(Zk; ξk).

By the moment bound of Assumption 3 and Jensen’s inequality, for 1 ⩽ p ⩽ 12,

Êk|∇Û(Zk; ξk)|p ⩽Mp Êk

(
1 + |Zk|

)p
⩽ C

(
1 + |Yk|

)p
,

which is the bound used for ∇U(Zk) in (C.7), with the same constant, so that

Êk|Dk|p ⩽ Ch
p
2 + Chp

(
1 + |Yk|

)p
, 1 ⩽ p ⩽ 12.

The bound (C.8) holds with Êk in place of Ek, since Ỹk(h) − Yk is driven by (Bkh+t − Bkh)0⩽t⩽h, which is

independent of F̂k. Since the estimator is unbiased and ξk is independent of F̂k and χk, the derivation of
(C.9) with Êk in place of Ek gives〈

Yk, Êk[∇Û(Zk; ξk)]
〉

=
〈
Yk, Êk[∇U(Zk)]

〉
⩾
m

8
|Yk|2 − C.

The Lyapunov estimate uses only Êk[χk] = 0, the drift condition and the bound on Êk|Dk|p with p ⩽ 2q, so

for q ⩽ 6 it gives (C.10) with Êk in place of Ek and the same constants. Averaging the bound on Êk|Dk|p
and (C.8) under Êk, with p = 2q ⩽ 12, over the law of Yk then gives (5.3) for (SGLM’). □
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C.2 Proof of Lemma 4

Proof of Lemma 4. We prove the bounds in ||| · |||p for every p ⩾ 1, with C depending also on p; the case

p = 4 is (5.4). The bounds on Y1 − Y0 and on Ỹ0(s) − Y0 in (5.4) are direct. For the step D0 = Y1 − Y0 =√
2hχ0 − h∇U(Z0) of (5.2), the moments of χ0 and Assumption 1 give

|||
√

2hχ0|||p ⩽ C
√
h, |||h∇U(Z0)|||p ⩽Mh

(
1 + |Y0| +

√
h

2
|||χ0|||p

)
⩽ Ch(1 + |Y0|),

and the bound on Ỹ0(s) − Y0 is that in (C.1).
Next we bound the local error Y1 − Ỹ0(h) = D0 − W̃h. Subtracting the displacement W̃h =

√
2hχ0 −∫ h

0
∇Ũh(Y0 + W̃r) dr of (4.16) from D0 gives

Y1 − Ỹ0(h) =

∫ h

0

(
∇U

(
Y0 + W̃r

)
−∇U(Z0)

)
dr︸ ︷︷ ︸

=:T1

+

∫ h

0

(
∇Ũh

(
Y0 + W̃r

)
−∇U

(
Y0 + W̃r

))
dr︸ ︷︷ ︸

=:T2

. (C.11)

The integrands of T1 and T2 satisfy

∣∣∇U(Y0 + W̃r) −∇U(Z0)
∣∣ ⩽M

∣∣∣W̃r −
√
h

2
χ0

∣∣∣, ∣∣(∇Ũh −∇U)(Y0 + W̃r)
∣∣ ⩽ Ch

(
1 + |Y0| + |W̃r|

)
,

by ∥∇2U∥ ⩽M of Assumption 1 with Z0 = Y0+
√
h/2χ0, and by (4.14), respectively. Minkowski’s inequality

for the integrals over r ∈ [0, h] and the bound |||W̃r|||p ⩽ C
√
h (1 + |Y0|) of (C.1) then give

|||T1|||p ⩽M

∫ h

0

(
|||W̃r|||p +

√
h

2
|||χ0|||p

)
dr ⩽ Ch

3
2 (1 + |Y0|),

|||T2|||p ⩽ Ch

∫ h

0

(
1 + |Y0| + |||W̃r|||p

)
dr ⩽ Ch2(1 + |Y0|).

Adding the bounds on |||T1|||p and |||T2|||p gives |||Y1 − Ỹ0(h)|||p ⩽ Ch
3
2 (1 + |Y0|), as stated in (5.4) for p = 4.

□

C.3 Proof of Lemma 5

The proof compares the moments of W̃h in Lemma 17 with the following expansion of the moments of the
step Y1 − Y0 of the chain.

Lemma 18 Let Assumption 1 hold and let h ∈ (0, 1]. Then, with all derivatives of U evaluated at Y0 and
C depending only on M and d, the moments of the step (5.2) of the chain satisfy, for 1 ⩽ i, j, k ⩽ d,∣∣∣E0[Y1 − Y0] + h∇U +

h2

4
∇∆U

∣∣∣ ⩽ Ch3, (C.12)∥∥∥E0

[
(Y1 − Y0)⊗2

]
− 2h Id − h2

(
∇U⊗2 − 2∇2U

)∥∥∥ ⩽ Ch3
(
1 + |Y0|

)
, (C.13)∣∣∣(E0

[
(Y1 − Y0)⊗3

])
ijk

+ 2h2
(
δij ∂kU + δik ∂jU + δjk ∂iU

)∣∣∣ ⩽ Ch3
(
1 + |Y0|

)3
. (C.14)

Proof. The step (5.2) reads Y1 − Y0 =
√

2hχ0 − h∇U(Z0) with Z0 − Y0 =
√
h/2χ0, so its moments follow

from expansions of ∇U(Z0) about Y0 in powers of χ0. In this proof, O(hq) denotes a tensor of norm at most
Chq. Taylor’s formula to the order 3, with the remainder controlled by ∥∇5U∥ ⩽M , gives

∇U(Z0) = ∇U +

√
h

2
∇2U χ0 +

h

4
∇3U

[
χ⊗2
0

]
+

1

6

(h
2

) 3
2∇4U

[
χ⊗3
0

]
+ ϱ4, |ϱ4| ⩽

M

24

(h
2

)2

|χ0|4, (C.15)
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and Taylor’s formula to the order 1, with the remainder controlled by ∥∇3U∥ ⩽M , gives

∇U(Z0) = ∇U +

√
h

2
∇2U χ0 + ϱ2, |ϱ2| ⩽

M

2

h

2
|χ0|2. (C.16)

The expansion (C.15) is used where ∇U(Z0) carries a factor h or h
3
2 , namely in the mean and in the cross

term of the second moment, and (C.16) where it carries a factor h2 or h
5
2 . In addition, |∇U(x)| ⩽M(1+ |x|)

gives |∇U(Z0)| ⩽ M(1 + |Y0| +
√
h/2 |χ0|), and under E0 every term of odd degree in χ0 in (C.15) and

(C.16), and in their products with powers of χ0, has mean zero.
Next we compute the moments of orders 1, 2, 3 of Y1 − Y0 from (C.15) and (C.16), to give the explicit h

and h2 coefficients in (C.12)–(C.14).

1. For the mean, the terms of degrees 1 and 3 in χ0 of (C.15) have mean zero, and ∇3U [E0χ
⊗2
0 ] =

∇3U [Id] = ∇∆U by the contraction convention of Section 3.1, so that

E0

[
∇U(Z0)

]
= ∇U +

h

4
∇∆U + E0[ϱ4], |E0[ϱ4]| ⩽ Ch2.

Multiplied by −h, this is (C.12), since E0[Y1 − Y0] = −hE0[∇U(Z0)].

2. For the second moment,

(Y1 − Y0)⊗2 = 2hχ⊗2
0 − 2h

√
2h Sym

(
χ0 ⊗∇U(Z0)

)
+ h2 ∇U(Z0)⊗2.

Here Sym is essential to ensure that both sides are symmetric matrices. The term 2hχ⊗2
0 has conditional

mean 2hId. For the cross term −2h
√

2h Sym(χ0 ⊗ ∇U(Z0)), insert (C.15) into χ0 ⊗ ∇U(Z0). The
terms χ0 ⊗ ∇U and χ0 ⊗ ∇3U [χ⊗2

0 ] have odd degree and mean zero, E0[χ0 ⊗ ∇2U χ0] = ∇2U since

E0[χ⊗2
0 ] = Id and ∇2U is symmetric, and the terms 1

6 (h
2 )

3
2 χ0⊗∇4U [χ⊗3

0 ] and χ0⊗ϱ4 have conditional

means of norm at most Ch
3
2 . Hence

E0

[
χ0 ⊗∇U(Z0)

]
=

√
h

2
∇2U + O

(
h

3
2

)
, −2h

√
2h SymE0

[
χ0 ⊗∇U(Z0)

]
= −2h2 ∇2U + O(h3).

For the term h2 ∇U(Z0)⊗2, (C.16) gives

∇U(Z0)⊗2 = ∇U⊗2 + 2 Sym
(
∇U ⊗

√
h

2
∇2U χ0

)
+ 2 Sym

(
∇U ⊗ ϱ2

)
+
h

2

(
∇2U χ0

)⊗2
+ 2 Sym

(√h

2
∇2U χ0 ⊗ ϱ2

)
+ ϱ⊗2

2 .

(C.17)

The term 2 Sym(∇U ⊗
√
h/2∇2U χ0) has mean zero. By |∇U | ⩽M(1 + |Y0|) and the bound on ϱ2 in

(C.16), the conditional means of the remaining 4 terms of (C.17) satisfy∥∥∥E0

[
2 Sym(∇U ⊗ ϱ2)

]∥∥∥ ⩽ Ch(1 + |Y0|),
∥∥∥∥E0

[h
2

(∇2U χ0)⊗2
]∥∥∥∥ ⩽ Ch,∥∥∥E0

[
2 Sym

(√
h/2∇2U χ0 ⊗ ϱ2

)]∥∥∥ ⩽ Ch
3
2 ,

∥∥∥E0

[
ϱ⊗2
2

]∥∥∥ ⩽ Ch2,

so that ∥∥∥h2 E0

[
∇U(Z0)⊗2

]
− h2 ∇U⊗2

∥∥∥ ⩽ Ch3(1 + |Y0|).

Adding the conditional means of the 3 terms of (Y1 − Y0)⊗2, namely 2hId, −2h2 ∇2U + O(h3) and
h2 ∇U⊗2 up to Ch3(1 + |Y0|), gives (C.13).

3. For the third moment,

(Y1−Y0)⊗3 = (2h)
3
2 χ⊗3

0 −6h2 Sym
(
χ⊗2
0 ⊗∇U(Z0)

)
+3h2

√
2h Sym

(
χ0⊗∇U(Z0)⊗2

)
−h3 ∇U(Z0)⊗3.
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The term (2h)
3
2 χ⊗3

0 has mean zero. For the term −6h2 Sym(χ⊗2
0 ⊗ ∇U(Z0)), insert (C.16) into the

entry E0[χ0,i χ0,j ∇U(Z0)k]: the term ∇U gives δij ∂kU , the term linear in χ0 has mean zero, and the
remainder ϱ2 contributes at most Ch, so that

E0

[
χ0,i χ0,j ∇U(Z0)k

]
= δij ∂kU + O(h),

and, since δij ∂kU is symmetric in i and j, its symmetrization is 1
3 (δij ∂kU + δik ∂jU + δjk ∂iU), so that

−6h2 SymE0

[
χ⊗2
0 ⊗∇U(Z0)

]
ijk

= −2h2
(
δij ∂kU + δik ∂jU + δjk ∂iU

)
+ O(h3).

For the term 3h2
√

2h Sym(χ0 ⊗∇U(Z0)⊗2), insert (C.17) into χ0 ⊗∇U(Z0)⊗2: the term χ0 ⊗∇U⊗2

has mean zero, and every other term carries a factor
√
h/2∇2U χ0 or ϱ2, so its conditional mean has

norm at most C
√
h(1 + |Y0|). For the term h3 ∇U(Z0)⊗3, the bound on |∇U(Z0)| suffices. Hence∥∥∥3h2

√
2h SymE0

[
χ0 ⊗∇U(Z0)⊗2

]∥∥∥ ⩽ Ch3(1 + |Y0|),∥∥∥h3 E0

[
∇U(Z0)⊗3

]∥∥∥ ⩽ h3 E0|∇U(Z0)|3 ⩽ Ch3(1 + |Y0|)3.

Adding the conditional means of the 4 terms of (Y1 − Y0)⊗3 gives (C.14).

□

Proof of Lemma 5. The moments of W̃h = Ỹ0(h) − Y0 are expanded in (C.2)–(C.4) with coefficients in Ũh,
and those of D0 = Y1 − Y0 in (C.12)–(C.14) with coefficients in U ; Lemma 18 applies since h ⩽ h0 ⩽ 1, and
all derivatives are evaluated at Y0. Next we compare the two expansions. Their coefficients differ through
Ũh − U , and by (4.14) and the linear growth of ∇U , and of ∇Ũh from Lemma 1,

|∇Ũh −∇U | ⩽ Ch
(
1 + |Y0|

)
, ∥∇Ũ⊗2

h −∇U⊗2∥ ⩽ Ch
(
1 + |Y0|

)2
, max

2⩽i⩽3
∥∇iŨh −∇iU∥ ⩽ Ch

(
1 + |Y0|

)
.

(C.18)
Next we prove (5.5) for j = 1, 2, 3 with (C.18), first for j = 2, 3 and then for j = 1.

1. For j = 2 and j = 3, replacing Ũh by U in the terms of order h2 of (C.3) and (C.4) changes them in
norm by at most Ch3(1 + |Y0|)2, by (C.18). After this replacement, the approximations of E0[W̃⊗j

h ] in

(C.3) and (C.4) are those of E0[D⊗j
0 ] in (C.13) and (C.14), which proves (5.5) for j = 2 and j = 3, the

weight (1 + |Y0|)6 coming from the remainder of (C.4).

2. For j = 1, the term −h∇Ũh of the approximation of E0[W̃h] in (C.2) is kept, since (C.18) bounds
h(∇Ũh − ∇U) only by Ch2(1 + |Y0|). In the term of order h2, the replacement of Ũh by U costs at
most Ch3(1 + |Y0|)2 in norm by (C.18), the linear growth of ∇Ũh and ∥∇2U∥ ⩽ M , the bound on
∇3Ũh −∇3U in (C.18) controlling ∇∆Ũh −∇∆U . Subtracting (C.12) then gives∣∣∣E0[W̃h] − E0[D0] + h

(
∇Ũh −∇U

)
− h2

2

(
∇2U ∇U −∇∆U

)
− h2

4
∇∆U

∣∣∣ ⩽ Ch3
(
1 + |Y0|

)3
. (C.19)

It remains to bound the terms of (C.19) other than E0[W̃h] − E0[D0] by Ch3(1 + |Y0|)2, and here the
cutoff θh of (4.11) enters. On the ball {|Y0| ⩽ δ/h}, where θh = 1 and ∇θh = 0, ∇Ũh −∇U = h

4∇V =
h
4 (2∇2U ∇U −∇∆U) by (4.10), so that

h
(
∇Ũh −∇U

)
− h2

2

(
∇2U ∇U −∇∆U

)
− h2

4
∇∆U

=
h2

4

(
2∇2U ∇U −∇∆U

)
− h2

2
∇2U ∇U +

h2

4
∇∆U = 0.

(C.20)

Outside that ball, (C.18) and Assumption 1 give

h
∣∣∇Ũh(Y0) −∇U(Y0)

∣∣ ⩽ Ch2(1 + |Y0|),
∣∣∣h2

2

(
∇2U ∇U −∇∆U

)
+
h2

4
∇∆U

∣∣∣ ⩽ Ch2(1 + |Y0|),
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and 1 ⩽ h|Y0|/δ there, so the left side of (C.20) is at most

Ch2(1 + |Y0|) ·
h|Y0|
δ

⩽ Ch3(1 + |Y0|)2

in norm. On the ball and outside it, (C.19) therefore gives∣∣E0[W̃h] − E0[D0]
∣∣ ⩽ Ch3(1 + |Y0|)3 ⩽ Ch3(1 + |Y0|)6,

which proves (5.5) for j = 1.

□

C.4 Proof of Lemma 6

Proof of Lemma 6. The proof expands G(Y1)−G(Ỹ0(h)) about Y0 to the order 3, so that the terms of orders
1 to 3 are differences of the moments of D0 and W̃h, bounded by Lemma 5, and the remainder is bounded
by Lemma 4.

Work at the index 0, with D0 and W̃h as in the opening of Appendix C. Write Qς := ςY1 + (1 − ς)Ỹ0(h)
for ς ∈ [0, 1], the interpolated position of [91], so that d

dςQς = Y1 − Ỹ0(h), the local error, and

G(Y1) −G(Ỹ0(h)) =

∫ 1

0

〈
∇G(Qς), Y1 − Ỹ0(h)

〉
dς. (C.21)

Expand ∇G about Y0 to the order 2 with the integral remainder,

∇G(Y0 + v) = ∇G(Y0) + ∇2G(Y0) v +
1

2
∇3G(Y0)

[
v⊗2

]
+ ϱ3(v), |ϱ3(v)| ⩽ 1

6
∥∇4G∥∞ |v|3,

and insert it into (C.21) with v = Qς − Y0. Since ∇2G(Y0) and ∇3G(Y0) are symmetric, ∇jG(Y0) : T =
∇jG(Y0) : SymT for every tensor T of order j = 2, 3. Moreover,

d

dς

(
Qς − Y0

)⊗j
= j Sym

(
(Qς − Y0)⊗(j−1) ⊗ (Y1 − Ỹ0(h))

)
, j = 2, 3,

and integrating over ς ∈ [0, 1], with Q0 − Y0 = W̃h and Q1 − Y0 = D0,

Sym

(∫ 1

0

(Qς − Y0) dς ⊗
(
Y1 − Ỹ0(h)

))
=

1

2

(
D⊗2

0 − W̃⊗2
h

)
,

Sym

(∫ 1

0

(Qς − Y0)⊗2 dς ⊗
(
Y1 − Ỹ0(h)

))
=

1

3

(
D⊗3

0 − W̃⊗3
h

)
.

These identities turn (C.21) into

G(Y1) −G(Ỹ0(h)) =

3∑
j=1

1

j!
∇jG(Y0) :

(
D⊗j

0 − W̃⊗j
h

)
+ ϱ4, (C.22)

where the remainder ϱ4 :=
∫ 1

0

〈
ϱ3(Qς − Y0), Y1 − Ỹ0(h)

〉
dς satisfies

|ϱ4| ⩽
1

6
∥∇4G∥∞

∣∣Y1 − Ỹ0(h)
∣∣ max

{
|D0|, |W̃h|

}3
.

Taking E0, (5.5) bounds the terms of orders 1 to 3 in (C.22):∣∣∣∣ 3∑
j=1

1

j!
∇jG(Y0) : E0

[
D⊗j

0 − W̃⊗j
h

]∣∣∣∣ ⩽ Ch3
3∑

j=1

∥∇jG∥∞
(
1 + |Y0|

)6
.
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For the remainder ϱ4, (5.4) gives

|||Y1 − Ỹ0(h)|||4 ⩽ Ch
3
2 (1 + |Y0|), |||D0|||4 + |||W̃h|||4 ⩽ C

√
h(1 + |Y0|),

and Hölder’s inequality gives

E0|ϱ4| ⩽
1

6
∥∇4G∥∞ |||Y1 − Ỹ0(h)|||4

(
|||D0|||4 + |||W̃h|||4

)3
⩽ C∥∇4G∥∞ h3

(
1 + |Y0|

)4
.

Adding the bounds on the terms of orders 1 to 3 and on ϱ4 proves (5.6) at the index 0, and by time
homogeneity at every k. □

C.5 Proof of Lemma 7

The proof uses two bounds on the covariance of the gradient noise, which also serve Appendices E to G. We
write the gradient noise and its covariance (5.7) as

η(x; ξ) := ∇Û(x; ξ) −∇U(x), C(x) = Eξ

[
η(x; ξ) ⊗ η(x; ξ)

]
.

Let
S(x; ξ) := sup

|x′−x|⩽1

∥∇2Û(x′; ξ)∥, Eξ

[
S(x; ξ)2

]
⩽M2, (C.23)

the bound being the Hessian condition of Assumption 3. Let |x− x′| ⩽ 1. Then

η(x; ξ) − η(x′; ξ) =

∫ 1

0

(
∇2Û(xs; ξ) −∇2U(xs)

)
(x− x′)ds, xs := x′ + s(x− x′),

so the definition of S and ∥∇2U∥ ⩽M give

|η(x; ξ) − η(x′; ξ)| ⩽
(
S(x; ξ) +M

)
|x− x′|. (C.24)

The identity

η(x; ξ)⊗2 − η(x′; ξ)⊗2 = η(x; ξ) ⊗
(
η(x; ξ) − η(x′; ξ)

)
+

(
η(x; ξ) − η(x′; ξ)

)
⊗ η(x′; ξ)

gives ∥∥η(x; ξ)⊗2 − η(x′; ξ)⊗2
∥∥ ⩽

(
|η(x; ξ)| + |η(x′; ξ)|

)
|η(x; ξ) − η(x′; ξ)|.

Minkowski’s inequality, with Assumption 3 for η(x; ξ) and η(x′; ξ) and with (C.23) for S, gives

Eξ

[(
|η(x; ξ)| + |η(x′; ξ)|

)2]
⩽ 4Σ, Eξ

[
(S(x; ξ) +M)2

]
⩽ 4M2, (C.25)

so (5.7), the bound on η(x; ξ)⊗2 − η(x′; ξ)⊗2, (C.24) and the Cauchy–Schwarz inequality with (C.25) give

∥C(x) − C(x′)∥ =
∥∥∥Eξ

[
η(x; ξ)⊗2 − η(x′; ξ)⊗2

]∥∥∥ ⩽ Eξ

[(
|η(x; ξ)| + |η(x′; ξ)|

)
|η(x; ξ) − η(x′; ξ)|

]
⩽ Eξ

[(
|η(x; ξ)| + |η(x′; ξ)|

)(
S(x; ξ) +M

)]
|x− x′| ⩽ 2Σ

1
2 · 2M |x− x′|.

For |x− x′| > 1, since C(x) and C(x′) are positive semidefinite, (5.7) gives

∥C(x) − C(x′)∥ ⩽ Tr
[
C(x)

]
+ Tr

[
C(x′)

]
⩽ 2Σ ⩽ 2Σ |x− x′|.

Since Σ ⩽M2,
4Σ

1
2M ⩽ 4M2, 2Σ ⩽ 4M2,

so in both cases
∥C(x) − C(x′)∥ ⩽ 4M2|x− x′|, x, x′ ∈ Rd. (C.26)
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Writing C(x) =
∑d

i=1 λi ui ⊗ ui with λi ⩾ 0 and (ui) orthonormal, (5.7) gives

|A : C(x)| =
∣∣∣ d∑
i=1

λi⟨ui, Aui⟩
∣∣∣ ⩽ ∥A∥Tr

[
C(x)

]
⩽ Σ∥A∥, A ∈ Rd×d, x ∈ Rd. (C.27)

Proof of Lemma 7. Work at the index 0, where Ê0 and E0 agree on functions of Y0 and (Bs)s⩽h, both fixing

Y0 and averaging over (Bs)s⩽h. With D0 =
√

2hχ0−h∇U(Z0), the right side of (5.2), the step of (SGLM’)
adds the gradient noise η0 at Z0, multiplied by −h,

Y1 = Y0 +D0 − hη0, η0 := η(Z0; ξ0) = ∇Û(Z0; ξ0) −∇U(Z0).

The proof expands G(Y1) about Y0 + D0 to the order 2 in hη0, compares G(Y0 + D0) with G(Ỹ0(h)) by
Lemma 6, and finally replaces ∇2G(Y0 +D0) by ∇2G(Y0) in the term of order h2.

Let Ĥ0 := σ
(
F̂0, (Bs)s⩽h

)
. Then Y0, D0, Z0 and Ỹ0(h) are Ĥ0-measurable, and since ξ0 is independent

of Ĥ0, Assumption 3 and (5.7) give

E
[
η0

∣∣ Ĥ0

]
= 0, E

[
η0 ⊗ η0

∣∣ Ĥ0

]
= C(Z0).

Taylor’s formula for G at Y0 +D0, to the order 2 in hη0, gives

G(Y1) = G(Y0 +D0)− h∇G(Y0 +D0) · η0 +
h2

2
∇2G(Y0 +D0)[η0, η0] + ϱη0

3 , |ϱη0

3 | ⩽ h3

6
∥∇3G∥∞ |η0|3.

Under E[ · | Ĥ0], the term linear in η0 vanishes and the term quadratic in η0 becomes h2

2 ∇2G(Y0+D0) : C(Z0).

For the remainder, |η0| ⩽ |∇Û(Z0; ξ0)| + |∇U(Z0)|, and the moment bound of Assumption 3, applied given
Ĥ0, with |∇U(x)| ⩽M(1 + |x|) and h ⩽ 1, gives

Ê0|η0|3 ⩽ C Ê0

(
1 + |Z0|

)3
⩽ C

(
1 + |Y0|

)3
.

Hence∣∣∣Ê0

[
G(Y1)

]
− E0

[
G(Y0 +D0)

]
− h2

2
Ê0

[
∇2G(Y0 +D0) : C(Z0)

]∣∣∣ ⩽ Ch3∥∇3G∥∞
(
1 + |Y0|

)3
. (C.28)

Next, Y0 + D0 is the state after one step of (LM’) from Y0, so E0[G(Y0 + D0)] − E0[G(Ỹ0(h))] is the local
weak error of the chain with the exact gradient, and (5.6) at k = 0 gives

∣∣E0

[
G(Y0 +D0) −G(Ỹ0(h))

]∣∣ ⩽ Ch3
4∑

j=1

∥∇jG∥∞
(
1 + |Y0|

)6
. (C.29)

It remains to replace ∇2G(Y0 +D0) by ∇2G(Y0) in the term carrying C(Z0), at the cost Ch3. By Taylor’s
formula,

∇2G(Y0 +D0) = ∇2G(Y0) + ∇3G(Y0)[D0] + ϱ2, ∥ϱ2∥ ⩽
1

2
∥∇4G∥∞|D0|2,

and, with D0 =
√

2hχ0 − h∇U(Z0),(
∇2G(Y0 +D0) −∇2G(Y0)

)
: C(Z0)

= ϱ2 : C(Z0) − h∇3G(Y0)[∇U(Z0)] : C(Z0) +
√

2h∇3G(Y0)[χ0] : C(Z0).
(C.30)

Assumption 1 gives

|∇U(Z0)| ⩽M
(
1 + |Z0|

)
⩽M

(
1 + |Y0| +

√
h

2
|χ0|

)
,

hence
Ê0|D0|2 ⩽ 4h Ê0|χ0|2 + 2h2 Ê0|∇U(Z0)|2 ⩽ Ch(1 + |Y0|)2. (C.31)
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By (C.27), Σ ⩽M2 and (C.31), the terms of (C.30) carrying ϱ2 and ∇U(Z0) contribute∣∣Ê0[ϱ2 : C(Z0)]
∣∣ ⩽ 1

2
∥∇4G∥∞ Σ Ê0|D0|2 ⩽ Ch∥∇4G∥∞(1 + |Y0|)2,

h
∣∣Ê0

[
∇3G(Y0)[∇U(Z0)] : C(Z0)

]∣∣ ⩽ Σh∥∇3G∥∞ Ê0|∇U(Z0)| ⩽ Ch∥∇3G∥∞(1 + |Y0|).
(C.32)

For the term of (C.30) carrying χ0, split

∇3G(Y0)[χ0] : C(Z0) = ∇3G(Y0)[χ0] : C(Y0) + ∇3G(Y0)[χ0] :
(
C(Z0) − C(Y0)

)
. (C.33)

Since χ0 has mean 0 and is independent of F̂0, while ∇3G(Y0) and C(Y0) are F̂0-measurable,

Ê0

[
∇3G(Y0)[χ0] : C(Y0)

]
= 0, (C.34)

and, since Z0 − Y0 =
√
h/2χ0, (C.26) gives

∥C(Z0) − C(Y0)∥ ⩽ 4M2

√
h

2
|χ0|,

and the facts

|A : B| ⩽ d∥A∥∥B∥, ∥∇3G(Y0)[χ0]∥ ⩽ ∥∇3G∥∞|χ0|, Ê0|χ0|2 = d

give

√
2h

∣∣∣Ê0

[
∇3G(Y0)[χ0] :

(
C(Z0) − C(Y0)

)]∣∣∣ ⩽ √
2h d ∥∇3G∥∞ Ê0

[
|χ0| ∥C(Z0) − C(Y0)∥

]
⩽

√
2h d ∥∇3G∥∞ · 4M2

√
h

2
Ê0|χ0|2 = 4d2M2h∥∇3G∥∞.

(C.35)

Inserting (C.32), (C.34) and (C.35) into (C.30) and (C.33), and multiplying by h2

2 , gives

h2

2

∣∣∣Ê0

[(
∇2G(Y0 +D0) −∇2G(Y0)

)
: C(Z0)

]∣∣∣ ⩽ Ch3
(
∥∇3G∥∞ + ∥∇4G∥∞

)
(1 + |Y0|)2. (C.36)

Finally, the left side of (5.8) at the index 0 splits as

Ê0

[
G(Y1) −G(Ỹ0(h))

]
− h2

2
∇2G(Y0) : Ê0

[
C(Z0)

]
=

(
Ê0

[
G(Y1)

]
− E0

[
G(Y0 +D0)

]
− h2

2
Ê0

[
∇2G(Y0 +D0) : C(Z0)

])
+ E0

[
G(Y0 +D0) −G(Ỹ0(h))

]
+
h2

2
Ê0

[(
∇2G(Y0 +D0) −∇2G(Y0)

)
: C(Z0)

]
,

where (C.28) bounds the bracket carrying G(Y1), (C.29) the term carrying G(Y0 + D0) − G(Ỹ0(h)), and
(C.36) the term carrying ∇2G(Y0 +D0) −∇2G(Y0). Adding these bounds gives∣∣∣Ê0

[
G(Y1) −G(Ỹ0(h))

]
− h2

2
∇2G(Y0) : Ê0

[
C(Z0)

]∣∣∣
⩽ Ch3∥∇3G∥∞(1 + |Y0|)3 + Ch3

4∑
j=1

∥∇jG∥∞(1 + |Y0|)6 + Ch3
(
∥∇3G∥∞ + ∥∇4G∥∞

)
(1 + |Y0|)2

⩽ Ch3
4∑

j=1

∥∇jG∥∞(1 + |Y0|)6,

which is (5.8) at the index 0; by time homogeneity, (5.8) holds at every k. □
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D Proofs of the MSE analysis

Throughout this appendix, C depends only on m, M , R and d, and h ⩽ h0 with h0 ⩽ min{λ−1, 12}, λ the

rate of Theorem 1 for Ũh, so that Corollary 1 applies. By (4.19), ϕ̃h is CL-Lipschitz.

D.1 Proof of Theorem 2: MSE of LM

Proof of Theorem 2. Let first Nh ⩾ 1, so that N ⩾ 2 since h ⩽ 1
2 . The first step of (LM) gives

Zk = Yk +

√
h

2
χk, k ⩾ 1, Y1 := Z0 − h∇U(Z0) +

√
h

2
χ0,

with (Yk)k⩾1 the chain (LM’) started from Y1. Here Y1 is independent of (Bt − Bh)t⩾h, and E|Y1|12 ⩽
C(1 + |Z0|)12. Splitting off the term k = 0 in (1.2),

MSE(N,h) ⩽
2

N2

∣∣f(Z0) − π(f)
∣∣2 + 2

(N − 1

N

)2

E

[∣∣∣∣ 1

N − 1

N−1∑
k=1

f(Zk) − π(f)

∣∣∣∣2
]
,

where
2

N2

∣∣f(Z0) − π(f)
∣∣2 ⩽

CL2

N2

(
1 + |Z0|

)2
⩽
CL2

Nh

(
1 + |Z0|

)2
,

and the expectation of the time average over Z1, . . . , ZN−1 is the MSE of N−1 samples of a chain of the same
form started from Y1, with 1

(N−1)h ⩽ 2
Nh for N ⩾ 2. Conditioning on Y1, it therefore suffices to prove the

bound for the samples Zk = Yk+
√
h/2χk, k ⩾ 0, of the chain (LM’) started from a given Y0, with Y0 in place

of Z0, and then to apply it with Y1 in place of Y0 and take the expectation, with E(1 + |Y1|)2 ⩽ C(1 + |Z0|)2.
By (5.1) and h

N ⩽ 1
Nh for h ⩽ 1, it suffices to prove

E

[∣∣∣∣ 1

N

N−1∑
k=0

(
f̃h(Yk) − π̃h(f̃h)

)∣∣∣∣2
]
⩽ CL2

((
1 + |Y0|

)2 1

Nh
+
(
1 + |Y0|

)12
h4

)
. (D.1)

By (6.1) and Cauchy’s inequality, the left side of (D.1) is at most

3

N2h2
E
∣∣ϕ̃h(Y0) − ϕ̃h(YN )

∣∣2 +
3

N2
E
∣∣∣∣N−1∑
k=0

Υk

∣∣∣∣2 +
3

N2
E
∣∣∣∣N−1∑
k=0

Ψk

∣∣∣∣2. (D.2)

The terms Υk and Ψk are Fk+1-measurable, since Ỹk(h) is driven by the Brownian motion on [kh, (k+ 1)h],
and EkΨk = 0 by (4.18). Hence the Ψk, and the centered terms Υk −EkΥk, are martingale differences with
respect to (Fk)k⩾0, and their sums have additive second moments. Lemmas 3 and 4 also give

E|Yk|2 ⩽ C
(
1 + |Y0|

)2
, E|Yk+1 − Yk|2 + E|Ỹk(h) − Yk|2 ⩽ Ch

(
1 + |Y0|

)2
. (D.3)

For the boundary term of (D.2), the Lipschitz bound on ϕ̃h and (D.3) give

3

N2h2
E
∣∣ϕ̃h(Y0) − ϕ̃h(YN )

∣∣2 ⩽
CL2

N2h2
E|YN − Y0|2 ⩽

CL2

N2h2
(
1 + |Y0|

)2
⩽
CL2

Nh

(
1 + |Y0|

)2
, (D.4)

using Nh ⩾ 1
2 . This holds for the N − 1 samples after the first step, since (N − 1)h ⩾ 1 − h ⩾ 1

2 .

For the discretization term of (D.2), carrying Υk with hΥk = ϕ̃h(Yk+1) − ϕ̃h(Ỹk(h)) by (6.2), Lemma 6
with G = ϕ̃h and (4.19) give

|EkΥk| ⩽ CLh2
(
1 + |Yk|

)6
,

so by Cauchy’s inequality and Lemma 3,

E
∣∣∣∣N−1∑
k=0

EkΥk

∣∣∣∣2 ⩽ N

N−1∑
k=0

E
∣∣EkΥk

∣∣2 ⩽ CL2N2h4
(
1 + |Y0|

)12
.
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For its fluctuation, the Lipschitz bound on ϕ̃h and Lemma 4 give

h|Υk| ⩽ CL
∣∣Yk+1 − Ỹk(h)

∣∣, Ek|Υk|2 ⩽ CL2h
(
1 + |Yk|

)2
,

so by the orthogonality of martingale differences,

E
∣∣∣∣N−1∑
k=0

(
Υk − EkΥk

)∣∣∣∣2 =

N−1∑
k=0

E
∣∣Υk − EkΥk

∣∣2 ⩽ CL2Nh
(
1 + |Y0|

)2
.

The discretization term of (D.2) is therefore at most

3

N2
E
∣∣∣∣N−1∑
k=0

Υk

∣∣∣∣2 ⩽ CL2
((

1 + |Y0|
)12

h4 +
(
1 + |Y0|

)2 h
N

)
. (D.5)

For the martingale term of (D.2), carrying Ψk with hΨk = ϕ̃h(Ỹk(h))−Ek[ϕ̃h(Ỹk(h))] by (6.2) and (4.18),
the Lipschitz bound and (D.3) give

h2 E|Ψk|2 ⩽ CL2 E
∣∣Ỹk(h) − Yk

∣∣2 ⩽ CL2h
(
1 + |Y0|

)2
,

and by orthogonality,

3

N2
E
∣∣∣∣N−1∑
k=0

Ψk

∣∣∣∣2 =
3

N2

N−1∑
k=0

E|Ψk|2 ⩽
CL2

Nh

(
1 + |Y0|

)2
. (D.6)

Adding (D.4), (D.5) and (D.6), and using h
N ⩽ 1

Nh for h ⩽ 1, proves (D.1).
Let finally Nh < 1. By Assumption 2 and the moments of π in Lemma 16, |f(x) − π(f)| ⩽ CL(1 + |x|),

and E|Zk|2 ⩽ C(1 + |Z0|)2 for every k ⩾ 0, by the moment bound on Y1 and Lemma 3. Hence (1.2) and
Cauchy’s inequality give

MSE(N,h) ⩽
1

N

N−1∑
k=0

E
∣∣f(Zk) − π(f)

∣∣2 ⩽ CL2
(
1 + |Z0|

)2
⩽
CL2

Nh

(
1 + |Z0|

)2
,

which is at most the right side of (6.3). □

D.2 Proof of Theorem 3: MSE of SGLM

Proof of Theorem 3. As in the proof of Theorem 2, with Y1 := Z0 − h∇Û(Z0; ξ0) +
√
h/2χ0, it suffices to

bound the MSE of the samples Zk = Yk +
√
h/2χk, k ⩾ 0, of the chain (SGLM’) started from a given Y0

by the right side of (6.4) with Y0 in place of Z0, and then to apply it with Y1 in place of Y0 and take the
expectation, with E(1+ |Y1|)2 ⩽ C(1+ |Z0|)2 and E(1+ |Y1|)12 ⩽ C(1+ |Z0|)12 by Assumption 3. The bound
(5.1) and the formula (6.1) involve the modified test function, the modified dynamics and ϕ̃h only, and hold

for this chain with F̂k and Êk in place of Fk and Ek. The proof of Theorem 2 is repeated with two changes.
First, the moment bounds of Lemma 3 hold for (SGLM’) with the same constants, so the boundary term

and the martingale term are bounded by CL2(1 + |Y0|)2/(Nh) as before.
Second, in the discretization term, Lemma 7 with G = ϕ̃h, (4.19) and (C.27) give∣∣ÊkΥk

∣∣ ⩽ CL
(

Σh+ h2
(
1 + |Yk|

)6)
,

since h2

2 |∇2ϕ̃h(Yk) : Êk[C(Zk)]| ⩽ CLΣh2. Cauchy’s inequality and Lemma 3 for the term h2(1 + |Yk|)6 give

E
∣∣∣∣N−1∑
k=0

ÊkΥk

∣∣∣∣2 ⩽ CL2N2
(

Σ2h2 + h4
(
1 + |Y0|

)12)
.
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For its fluctuation, the step of (SGLM’) differs from that of (LM’) by −h
(
∇Û(Zk; ξk) −∇U(Zk)

)
, and

Êk

∣∣h(∇Û(Zk; ξk) −∇U(Zk)
)∣∣2 ⩽ Σh2 ⩽M2h2.

With the Lipschitz bound on ϕ̃h and Lemma 4, this gives

Êk|Υk|2 ⩽ CL2
(
h
(
1 + |Yk|

)2
+ Σ

)
⩽ CL2

(
1 + |Yk|

)2
,

and, by orthogonality and h ⩽ 1,

3

N2
E
∣∣∣∣N−1∑
k=0

(
Υk − ÊkΥk

)∣∣∣∣2 ⩽
CL2

N

(
1 + |Y0|

)2
⩽
CL2

Nh

(
1 + |Y0|

)2
.

Adding the bounds proves (6.4) for Nh ⩾ 1. For Nh < 1, it follows as at the end of the proof of Theorem 2,
since the moment bounds of Lemma 3 hold for (SGLM’) and E(1 + |Y1|)2 ⩽ C(1 + |Z0|)2.

For the average of P independent estimators, the average is unbiased, its moment of order 12 satisfies the
bound of Assumption 3 with the same M by Minkowski’s inequality, and its variance is at most Σ/P ⩽M2.
Minkowski’s inequality in L2 also gives the Hessian bound of Assumption 3 with the same M . Assumption 3
therefore holds with Σ/P in place of Σ, and (6.4) gives the term Σ2h2/P 2. □

E Proofs of the numerical bias estimate

Throughout this appendix, (Yk)k⩾0 is the chain (SGLM’), Ph its transition kernel, and h ⩽ h0 with Mh0 ⩽ 1.
The local Hessian bound (C.23) and the bounds (C.26) and (C.27) on the covariance C(x) of the gradient
noise are those of Appendix C.5.

E.1 Proof of Lemma 8: invariant distribution

Proof of Lemma 8. The proof verifies the assumptions of Harris’s ergodic theorem, which give the existence
and uniqueness of µh, deduces the moment bound of µh from Lemma 3, and proves the limit of time averages
first for the chain (SGLM’) and then, in (6.5), for the samples of (SGLM). Harris’s ergodic theorem in the
form of [40, Theorem 1.2] assumes that a measurable W : Rd → [0,∞), constants γ, αh ∈ (0, 1), K ⩾ 0,
a level RW > 0 and a probability measure ν satisfy the drift condition, the minorization on the level set
{W ⩽ RW }, and the condition on the level,

PhW (y) ⩽ γW (y) +K, y ∈ Rd, Ph(y, ·) ⩾ αh ν, W (y) ⩽ RW , RW >
2K

1 − γ
.

That theorem then gives a unique invariant distribution µh and constants Ch > 0 and γ̄ ∈ (0, 1), which may
depend on h, with

sup
y∈Rd

|Pn
hφ(y) − µh(φ)|

1 +W (y)
⩽ Ch γ̄

n sup
y∈Rd

|φ(y) − µh(φ)|
1 +W (y)

, n ⩾ 0, (E.1)

for every measurable φ with supy∈Rd |φ(y)|/(1 +W (y)) <∞.
For the drift condition, take W (y) := |y|2. The Lyapunov estimate (C.10) with q = 1, which holds for

(SGLM’) as shown in the proof of Lemma 3, gives

PhW (y) ⩽
(

1 − m

16
h
)
W (y) + Ch, y ∈ Rd.

This is the drift condition with
γ := 1 − m

16
h, K := Ch,

48



where γ ∈ (0, 1) since m ⩽M by Assumption 1 and Mh ⩽ 1. With the constant C in K = Ch, set

RW :=
64C

m
>

32C

m
=

2K

1 − γ
,

which depends only on m, M , R and d, and not on h.
Next we prove the minorization on the level set {W ⩽ RW }. The proof writes one step of (SGLM’) from

Y0 = y as the image of Z0 − y/2 under the integrator map Tξ of (E.3) below, shows that Tξ is Lipschitz on
the unit ball and covers it, and deduces a lower bound on Ph(y, ·). Harris’s ergodic theorem needs only the
existence of the minorization constant αh, which may depend on h. Let h0 also satisfy

4Mh0
(
2 +R

1
2

W

)
⩽ 1, in particular 4Mh ⩽ 1.

Fix y with |y|2 ⩽ RW and start the chain at Y0 = y. Then Z0 of (5.2) satisfies

Z0 = y +

√
h

2
χ0 ∼ N

(
y,
h

2
Id

)
,

√
2hχ0 = 2(Z0 − y).

The step (SGLM’) then reads

Y1 = y +
√

2hχ0 − h∇Û(Z0; ξ0) = 2Z0 − y − h∇Û(Z0; ξ0),

that is,

Y1 = 2(Z0 − x0) − h∇Û
(
x0 + (Z0 − x0); ξ0

)
, x0 :=

y

2
. (E.2)

The right side of (E.2) depends only on Z0 − x0 and ξ0, which motivates the integrator map

Tξ(v) := 2v − h∇Û(x0 + v; ξ), v ∈ B, (E.3)

on the closed unit ball B, so that Y1 = Tξ0(Z0 − x0) whenever Z0 − x0 ∈ B. The map Tξ is controlled on the
event that the stochastic gradient at x0 and its local Lipschitz constant S(x0; ξ) of (C.23) are bounded,

E0 :=
{
ξ : S(x0; ξ) ⩽ 4M, |∇Û(x0; ξ)| ⩽ 4M(1 + |x0|)

}
.

By Markov’s inequality applied to S(x0; ξ)2 and to |∇Û(x0; ξ)|12, with (C.23) and the moment bound of
Assumption 3,

Pξ(Ec
0) ⩽

Eξ S(x0; ξ)2

16M2
+

Eξ|∇Û(x0; ξ)|12(
4M(1 + |x0|)

)12 ⩽
1

16
+ 4−12 ⩽

1

2
.

Let ξ ∈ E0. For v, v′ ∈ B, S(x0; ξ) ⩽ 4M gives∣∣∇Û(x0 + v; ξ) −∇Û(x0 + v′; ξ)
∣∣ ⩽ 4M |v − v′|. (E.4)

By (E.3),
Tξ(v) − Tξ(v′) = 2(v − v′) − h

(
∇Û(x0 + v; ξ) −∇Û(x0 + v′; ξ)

)
,

so (E.4) and 4Mh ⩽ 1 give

|Tξ(v) − Tξ(v′)| ⩽ (2 + 4Mh)|v − v′| ⩽ 3|v − v′|, v, v′ ∈ B.

Next we show that Tξ(B) covers B, by solving Tξ(v) = w with a fixed point argument. For w ∈ B, let

Φw(v) :=
1

2

(
w + h∇Û(x0 + v; ξ)

)
, v ∈ B.

By (E.4) and 4Mh ⩽ 1,

|Φw(v) − Φw(v′)| ⩽ h

2
· 4M |v − v′| = 2Mh|v − v′| ⩽ 1

2
|v − v′|, v, v′ ∈ B,
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so Φw is a contraction. It maps B into itself: for v ∈ B, the bounds defining E0 give

|∇Û(x0 + v; ξ)| ⩽ |∇Û(x0; ξ)| + S(x0; ξ) |v| ⩽ 4M
(
1 + |x0|

)
+ 4M = 4M

(
2 + |x0|

)
,

so, since |w| ⩽ 1,

|Φw(v)| ⩽ 1

2
|w| +

h

2

∣∣∇Û(x0 + v; ξ)
∣∣ ⩽ 1

2
+ 2Mh

(
2 + |x0|

)
⩽

1

2
+

1

2
· 4Mh

(
2 +R

1
2

W

)
⩽ 1,

by |x0| = 1
2 |y| ⩽

1
2R

1
2

W and the choice of h0. By the contraction mapping theorem, Φw has a fixed point
v ∈ B, which satisfies Tξ(v) = w by (E.3). Hence B ⊂ Tξ(B). Write Leb for the Lebesgue measure on Rd,
and for a Borel set A let

Γ := T−1
ξ (A) ∩ B, Tξ(Γ) = A ∩ Tξ(B) ⊃ A ∩ B,

where the inclusion follows from B ⊂ Tξ(B). Since Tξ is continuous on the compact set B, the set Γ is Borel
and Tξ(B) is compact, so Tξ(Γ) = A ∩ Tξ(B) is Borel. The map Tξ is Lipschitz with constant 3 on B, so
it multiplies the d-dimensional Hausdorff measure, which equals Lebesgue measure on Rd, by at most 3d.
Hence the inclusion A ∩ B ⊂ Tξ(Γ) gives

Leb(A ∩ B) ⩽ Leb
(
Tξ(Γ)

)
⩽ 3d Leb(Γ). (E.5)

It remains to bound the law of Z0−x0 from below on B. Since x0 = y/2 and |y| ⩽ R
1
2

W , every z ∈ x0 +B
has |z − y| ⩽ 1 + 1

2R
1
2

W , so on x0 + B the density of Z0 ∼ N (y, h2 Id) satisfies

(πh)−
d
2 exp

(
−|z − y|2

h

)
⩾ βh := (πh)−

d
2 exp

(
−

(1 + 1
2R

1
2

W )2

h

)
, z ∈ x0 + B,

hence, for every Borel Γ′ ⊂ B,

P(Z0 − x0 ∈ Γ′) =

∫
x0+Γ′

(πh)−
d
2 exp

(
−|z − y|2

h

)
dz ⩾ βh Leb(Γ′). (E.6)

By (E.2) and (E.3),
{ξ0 ∈ E0} ∩

{
Z0 − x0 ∈ T−1

ξ0
(A) ∩ B

}
⊂ {Y1 ∈ A}.

Since χ0 and ξ0 are independent, conditioning on ξ0 in this inclusion gives

Ph(y,A) ⩾ Eξ

[
1{ξ∈E0} P

(
Z0 − x0 ∈ T−1

ξ (A) ∩ B
)]
. (E.7)

Let ν be the uniform distribution on B, so that Leb(A ∩ B) = Leb(B) ν(A). For ξ ∈ E0, (E.6) with Γ′ = Γ,
followed by (E.5), gives

P(Z0 − x0 ∈ Γ) ⩾ βh Leb(Γ) ⩾ βh 3−d Leb(A ∩ B) = βh 3−d Leb(B) ν(A),

and inserting the bound on P(Z0 − x0 ∈ Γ) into (E.7), together with Pξ(E0) ⩾ 1
2 , gives

Ph(y,A) ⩾
βh Leb(B)

2 · 3d
ν(A), |y|2 ⩽ RW .

This is the minorization with

αh := min
{1

2
,
βh Leb(B)

2 · 3d

}
∈ (0, 1),

and (E.1) holds. This proves that the invariant distribution µh of (SGLM’) exists and is unique.
For the moment bound, let φℓ(y) := min{|y|12, ℓ}, ℓ ⩾ 1. Since 0 ⩽ φℓ ⩽ ℓ and 1 +W ⩾ 1,

sup
y∈Rd

|φℓ(y) − µh(φℓ)|
1 +W (y)

⩽ ℓ,
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and (E.1) with φ = φℓ and n = k gives, for the chain from Y0 = 0,∣∣Eφℓ(Yk) − µh(φℓ)
∣∣ =

∣∣Pk
hφℓ(0) − µh(φℓ)

∣∣ ⩽ ℓCh γ̄
k → 0, k → ∞.

With Lemma 3 at Y0 = 0, this gives

µh(φℓ) = lim
k→∞

Eφℓ(Yk) ⩽ sup
k⩾0

E|Yk|12 ⩽ C.

Monotone convergence as ℓ→ ∞ gives µh(|y|12) ⩽ C.
Next we prove the limit of time averages for the chain (SGLM’). Let g be measurable with |g(y)| ⩽

Cg(1 + |y|). Since
|g(y)| ⩽ 2Cg

(
1 +W (y)

)
, µh(|g|) ⩽ 2Cg

(
1 + µh(W )

)
<∞,

with µh(W ) <∞ by the moment bound,

Cg,h := Ch sup
y∈Rd

|g(y) − µh(g)|
1 +W (y)

⩽ Ch

(
2Cg + µh(|g|)

)
<∞.

Then (E.1) with φ = g gives∣∣∣Pn
h

(
g − µh(g)

)
(y)

∣∣∣ ⩽ Cg,h γ̄
n
(
1 +W (y)

)
, y ∈ Rd, n ⩾ 0.

Hence the series

ψ :=

∞∑
n=0

Pn
h

(
g − µh(g)

)
, |ψ(y)| ⩽ Cg,h

1 − γ̄

(
1 +W (y)

)
, (E.8)

converges absolutely, and its partial sums satisfy the same bound. Since

Ph(1 +W )(y) ⩽ 1 + γW (y) +K <∞, y ∈ Rd,

dominated convergence allows Ph to be applied term by term:

Phψ =

∞∑
n=1

Pn
h

(
g − µh(g)

)
, that is, ψ − Phψ = g − µh(g).

Fix Y0 ∈ Rd. Summing ψ − Phψ = g − µh(g) along the chain from Y0,

N−1∑
k=0

(
g(Yk) − µh(g)

)
= ψ(Y0) − ψ(YN ) +

N−1∑
k=0

(
ψ(Yk+1) − Phψ(Yk)

)
. (E.9)

With F̂k of (3.2), set
Dk+1 := ψ(Yk+1) − Phψ(Yk), k ⩾ 0,

written Dk+1 to distinguish it from the step Dk = Yk+1 − Yk used in the earlier proofs. Each Dk+1 is
F̂k+1-measurable and, since (Yk)k⩾0 is a Markov chain with kernel Ph with respect to (F̂k)k⩾0,

Êk[Dk+1] = Êk

[
ψ(Yk+1)

]
− Phψ(Yk) = 0,

so they are martingale differences with respect to (F̂k)k⩾0. By Lemma 3,

E
(
1 + |Yk+1|2

)2
⩽ 2 + 2

(
E|Yk+1|12

) 1
3 ⩽ C

(
1 + |Y0|

)4
,

and therefore, by the bound on |ψ| in (E.8),

E
[
D2

k+1

]
= E

[
ψ(Yk+1)2

]
− E

[(
Phψ(Yk)

)2]
⩽ E

[
ψ(Yk+1)2

]
⩽

C2
g,h

(1 − γ̄)2
E
(
1 + |Yk+1|2

)2
⩽

C C2
g,h

(1 − γ̄)2
(
1 + |Y0|

)4
=: Cg,h,Y0 , k ⩾ 0.

(E.10)
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The partial sums of
∑∞

k=1 Dk/k form a martingale, and since its increments are orthogonal,

E

[( N∑
k=1

Dk

k

)2
]

=

N∑
k=1

E[D2
k]

k2
⩽ Cg,h,Y0

∞∑
k=1

1

k2
<∞,

so this martingale is bounded in L2 and converges almost surely, and Kronecker’s lemma gives

1

N

N∑
k=1

Dk → 0 almost surely. (E.11)

Moreover, for every ε > 0, Chebyshev’s inequality and (E.10) give

∞∑
N=1

P
(
|ψ(YN )| > εN

)
⩽

∞∑
N=1

E
[
ψ(YN )2

]
ε2N2

⩽
Cg,h,Y0

ε2

∞∑
N=1

1

N2
<∞,

so the Borel–Cantelli lemma, applied with ε = 1/j for every j ⩾ 1, gives

ψ(YN )

N
→ 0 almost surely. (E.12)

Dividing (E.9) by N ,

1

N

N−1∑
k=0

g(Yk) − µh(g) =
ψ(Y0)

N
− ψ(YN )

N
+

1

N

N∑
k=1

Dk.

Since Y0 is given, ψ(Y0)/N → 0; the term ψ(YN )/N tends to 0 almost surely by (E.12), and the average of
the Dk by (E.11). Therefore

1

N

N−1∑
k=0

g(Yk) → µh(g) almost surely. (E.13)

For the samples of (SGLM), let Z0 ∈ Rd denote, for the rest of this proof, the given initial state of (6.5),
and start (SGLM’), as in Section 6.1, at

Y1 = Z0 − h∇Û(Z0; ξ0) +

√
h

2
χ0, so that Zk = Yk +

√
h

2
χk, k ⩾ 1.

Since Y1 is independent of (χk, ξk)k⩾1, the sequence (Yj+1)j⩾0 is the chain (SGLM’) started at Y1. For every
fixed value y1 of Y1, the proof of (E.13) with Y0 = y1 shows that, conditionally on Y1 = y1, almost surely

1

N

N−1∑
j=0

g(Yj+1) → µh(g), N → ∞. (E.14)

By the independence of Y1 and (χk, ξk)k⩾1, Fubini’s theorem gives

P
(
(E.14) holds

)
=

∫
Rd

P
(
(E.14) holds

∣∣Y1 = y1
)
P(Y1 ∈ dy1) = 1,

so (E.14) holds almost surely for the chain from the random Y1. For k ⩾ 1, as in Section 4.1,

f(Zk) = f̃h(Yk) + Mk, E[M2
k] ⩽

dh

2
L2,

the variance bound being (4.3). For k ⩾ 1, Mk is F̂k+1-measurable, Yk is F̂k-measurable and χk is indepen-
dent of F̂k, so, by (4.1),

Êk[Mk] = Êk

[
f
(
Yk +

√
h

2
χk

)]
− f̃h(Yk) = 0.
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Hence the Mk are martingale differences with respect to (F̂k)k⩾0. Summing f(Zk) = f̃h(Yk) + Mk over
1 ⩽ k ⩽ N − 1 and dividing by N ,

1

N

N−1∑
k=1

f(Zk) =
1

N

N−1∑
k=1

f̃h(Yk) +
1

N

N−1∑
k=1

Mk.

By (E.14) with g = f̃h, which is Lipschitz with constant L by Section 4.1, hence of linear growth,

1

N

N−1∑
k=1

f̃h(Yk) =
N − 1

N
· 1

N − 1

N−2∑
j=0

f̃h(Yj+1) → µh(f̃h) almost surely.

Since E[M2
k] ⩽ dh

2 L
2 for every k ⩾ 1, the argument that gave (E.11) from (E.10) gives

1

N

N−1∑
k=1

Mk → 0 almost surely.

Let Y ∼ µh and χ ∼ N (0, Id) be independent. Since f is Lipschitz with constant L and µh(|y|12) ⩽ C,

E
∣∣∣∣f(Y +

√
h

2
χ
)∣∣∣∣ ⩽ |f(0)| + Lµh(|y|) + L

√
dh

2
<∞,

so Fubini’s theorem, (4.1) and the definition of πh in Lemma 8 give

µh(f̃h) = E
[
f
(
Y +

√
h

2
χ
)]

= πh(f). (E.15)

Combining the limits of the averages of f̃h(Yk) and of Mk with (E.15) and with f(Z0)/N → 0, since Z0 is
given,

1

N

N−1∑
k=0

f(Zk) =
f(Z0)

N
+

1

N

N−1∑
k=1

f̃h(Yk) +
1

N

N−1∑
k=1

Mk → πh(f) almost surely,

which is (6.5). □

E.2 Proof of Theorem 4: numerical bias

Proof of Theorem 4. The proof writes µh(f̃h)− π̃h(f̃h) through the modified discrete Poisson equation (4.18)
as the local weak error of Lemma 7 averaged over µh, and then adds the bound of Lemma 2 on π̃h(f̃h)−π(f).

Let Y0 ∼ µh, the invariant distribution of (SGLM’) given by Lemma 8, independent of (Bt)t⩾0 and

(ξk)k⩾0. Then Y1 ∼ µh. Add Y0 to the generators of F̂k in (3.2), so that F̂0 = σ(Y0), while χk and ξk remain

independent of F̂k. The process Ỹ0(s) evolves by the modified dynamics (4.16), with the generator L̃h of
(4.17), from Ỹ0(0) = Y0, so that

(ehL̃h ϕ̃h)(Y0) = Ê0

[
ϕ̃h(Ỹ0(h))

]
.

The modified discrete Poisson equation (4.18) at Y0 therefore reads

f̃h(Y0) − π̃h(f̃h) =
1

h
Ê0

[
ϕ̃h(Y0) − ϕ̃h(Ỹ0(h))

]
.

Taking expectations, with E f̃h(Y0) = µh(f̃h), gives

µh(f̃h) − π̃h(f̃h) =
1

h
E
[
ϕ̃h(Y0) − ϕ̃h(Ỹ0(h))

]
=

1

h
E
[
ϕ̃h(Y1) − ϕ̃h(Ỹ0(h))

]
, (E.16)
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where E ϕ̃h(Y0) = E ϕ̃h(Y1) since Y1 ∼ µh. All expectations in (E.16) are finite, since ϕ̃h is Lipschitz with
constant CL by (4.19), µh(|y|12) ⩽ C by Lemma 8, and E|Ỹ0(h) − Y0| ⩽ C

√
h (1 + E|Y0|) by the bound on

Ỹ0(s) − Y0 in (C.1).
Next we expand E

[
ϕ̃h(Y1)− ϕ̃h(Ỹ0(h))

]
in (E.16) by Lemma 7. By (4.19), the derivatives of ϕ̃h of orders

1 to 4 are bounded by CL, so (5.8) with G = ϕ̃h at k = 0 gives∣∣∣Ê0

[
ϕ̃h(Y1) − ϕ̃h(Ỹ0(h))

]
− h2

2
∇2ϕ̃h(Y0) : Ê0

[
C(Z0)

]∣∣∣ ⩽ CLh3
(
1 + |Y0|

)6
.

Take expectations in the bound on Ê0

[
ϕ̃h(Y1) − ϕ̃h(Ỹ0(h))

]
. Its term of order h2 carries the F̂0-measurable

factor ∇2ϕ̃h(Y0), so the tower property gives

E
[
∇2ϕ̃h(Y0) : Ê0[C(Z0)]

]
= E

[
∇2ϕ̃h(Y0) : C(Z0)

]
,

and hence ∣∣∣E[ϕ̃h(Y1) − ϕ̃h(Ỹ0(h))
]
− h2

2
E
[
∇2ϕ̃h(Y0) : C(Z0)

]∣∣∣ ⩽ CLh3 E
(
1 + |Y0|

)6
.

Dividing by h and inserting (E.16),∣∣∣µh(f̃h) − π̃h(f̃h) − h

2
E
[
∇2ϕ̃h(Y0) : C(Z0)

]∣∣∣ ⩽ CLh2 E
(
1 + |Y0|

)6
⩽ CLh2, (E.17)

by the moment bound µh(|y|12) ⩽ C of Lemma 8. By (E.15), πh(f) = µh(f̃h), so

πh(f) − π(f) − h

2
E
[
∇2ϕ̃h(Y0) : C(Z0)

]
=

(
µh(f̃h) − π̃h(f̃h) − h

2
E
[
∇2ϕ̃h(Y0) : C(Z0)

])
+
(
π̃h(f̃h) − π(f)

)
.

(E.18)

The first bracket of (E.18) is bounded by (E.17), and the second by (4.15) of Lemma 2, which proves (6.6).
Finally, by (C.27) and (4.19),

h

2

∣∣∣E[∇2ϕ̃h(Y0) : C(Z0)
]∣∣∣ ⩽ Σh

2
∥∇2ϕ̃h∥∞ ⩽ CLΣh,

which with (6.6) gives
|πh(f) − π(f)| ⩽ CL(Σh+ h2).

□

E.3 Proof of Corollary 2: coefficient of the numerical bias

Proof of Corollary 2. With Y0 ∼ µh and Z0 as in Theorem 4, let

ah := E
[
∇2ϕ̃h(Y0) : C(Z0)

]
. (E.19)

Dividing (6.6) by h gives ∣∣∣∣πh(f) − π(f)

h
− 1

2
ah

∣∣∣∣ ⩽ CLh,

so it suffices to prove
ah → π

(
∇2ϕ0(x) : C(x)

)
, h→ 0.

Since Z0 = Y0 +
√
h/2χ0 with χ0 ∼ N (0, Id) independent of Y0 ∼ µh, conditioning on Y0 in (E.19) gives

ah = E
[
∇2ϕ̃h(Y0) : E

[
C(Z0)

∣∣Y0]] = µh(Ah), (E.20)
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with

Ah(y) := ∇2ϕ̃h(y) : C̃h(y), C̃h(y) := E
[
C
(
y +

√
h

2
χ
)]
, χ ∼ N (0, Id). (E.21)

First, µh → π weakly as h→ 0. The family (µh) is tight: since µh(|y|12) ⩽ C uniformly in h by Lemma 8,
Markov’s inequality gives

µh

(
|y| > ρ

)
⩽ ρ−12 µh

(
|y|12

)
⩽ Cρ−12, ∀ρ > 0. (E.22)

Let φ ∈ C∞
c (Rd); it satisfies Assumption 2 with some constant Lφ. By (E.15) and (4.2),

πh(φ) = µh

(
e

h
4 ∆φ

)
,

∣∣(eh
4 ∆φ)(y) − φ(y)

∣∣ ⩽ CLφh, y ∈ Rd,

and with Theorem 4 applied to φ these give

|µh(φ) − π(φ)| ⩽
∣∣∣µh

(
φ− e

h
4 ∆φ

)∣∣∣ + |πh(φ) − π(φ)| ⩽ CLφh+ CLφ(Σh+ h2).

Hence µh(φ) → π(φ) for every φ ∈ C∞
c (Rd). Let b be a bounded continuous function on Rd, and let

ρ > 0 and ε > 0. With the cutoff θ of (4.11), which satisfies 1{|y|⩽ρ} ⩽ θ(y/ρ) ⩽ 1, choose a mollification

φ ∈ C∞
c (Rd) of b θ(·/ρ) with ∥b θ(·/ρ) − φ∥∞ ⩽ ε. The split

b = b
(
1 − θ(·/ρ)

)
+
(
b θ(·/ρ) − φ

)
+ φ,

∣∣∣b (1 − θ(·/ρ)
)∣∣∣ ⩽ ∥b∥∞ 1{|y|>ρ},

taken under µh and under π, gives

|µh(b) − π(b)| ⩽ 2ε+ |µh(φ) − π(φ)| + ∥b∥∞
(
µh(|y| > ρ) + π(|y| > ρ)

)
,

and (E.22), with µh(φ) → π(φ), gives

lim sup
h→0

|µh(b) − π(b)| ⩽ 2ε+ ∥b∥∞
(
Cρ−12 + π(|y| > ρ)

)
,

which tends to 0 as ε→ 0 and ρ→ ∞. So µh → π weakly.
Second, ∇2ϕ̃h → ∇2ϕ0 uniformly on compact sets as h→ 0. Let

ψh(x) := ϕ̃h(x) − ϕ̃h(0), x ∈ Rd, (E.23)

so that ψh(0) = 0. By (4.19), the derivatives of ψh of orders 1 to 4 are bounded by CL uniformly in h;
hence, for x, x′ ∈ Rd and j = 0, 1, 2, 3,

∥∇jψh(x) −∇jψh(x′)∥ ⩽ CL|x− x′|, |ψh(x)| ⩽ CL|x|,

so, on every ball {|x| ⩽ ρ} and uniformly in h,

∥∇jψh(x)∥ ⩽ CL(1 + ρ), j = 0, 1, 2, 3.

The Arzelà–Ascoli theorem gives, for every sequence hn → 0, a subsequence, still written hn, along which
each ∇jψhn converges uniformly on compact sets. Since the uniform limit of derivatives is the derivative of
the limit, the limits of ∇jψhn are ∇jψ for a function ψ ∈ C3(Rd) with ∇ψ, ∇2ψ, ∇3ψ bounded by CL, and
the uniform convergence on compact sets reads

lim
n→∞

sup
|x|⩽ρ

{
max
0⩽j⩽3

∥∇jψhn(x) −∇jψ(x)∥
}

= 0, ∀ρ > 0. (E.24)

To identify the limit ψ, fix a deterministic initial point Y0 ∈ Rd. By the modified discrete Poisson

equation (4.18) at Y0, with (ehL̃h ϕ̃h)(Y0) = E[ϕ̃h(Ỹ0(h))],

E
[
ϕ̃h(Ỹ0(h))

]
− ϕ̃h(Y0) = −h

(
f̃h(Y0) − π̃h(f̃h)

)
. (E.25)
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Since Ỹ0(h) is driven by the modified dynamics (4.16) from Y0, with the generator L̃h of (4.17), Itô’s formula
for ϕ̃h, whose stochastic integral is a martingale since ∇ϕ̃h is bounded, expands the difference on the left-hand
side of (E.25) as

E
[
ϕ̃h(Ỹ0(h))

]
− ϕ̃h(Y0) =

∫ h

0

E
[
g̃h(Ỹ0(s))

]
ds, (E.26)

where, with ψh of (E.23),
g̃h := L̃hϕ̃h = ∆ψh −∇Ũh · ∇ψh. (E.27)

Compared with the modified discrete Poisson equation (4.18), −g̃h is the counterpart of f̃h − π̃h(f̃h), with

the difference quotient (ϕ̃h − ehL̃h ϕ̃h)/h replaced by −L̃hϕ̃h. Next we bound g̃h(Y0) + f̃h(Y0) − π̃h(f̃h).
Differentiating g̃h in (E.27),

∇g̃h = ∇∆ψh −∇2Ũh ∇ψh −∇2ψh ∇Ũh,

and (4.13) gives
∥∇2Ũh(z)∥ ⩽ C, |∇Ũh(z)| ⩽ C(1 + |z|), z ∈ Rd.

Hence the bounds of (4.19) on the derivatives of ψh of orders 1 to 3 give, for z ∈ Rd and 0 ⩽ s ⩽ h,

|∇g̃h(z)| ⩽ CL(1 + |z|), |g̃h(Ỹ0(s)) − g̃h(Y0)| ⩽ CL
(
1 + |Y0| + |Ỹ0(s) − Y0|

)
|Ỹ0(s) − Y0|.

The bound on Ỹ0(s) − Y0 in (C.1) gives, for 0 ⩽ s ⩽ h ⩽ 1,

E|Ỹ0(s) − Y0| ⩽ C
√
h(1 + |Y0|), E|Ỹ0(s) − Y0|2 ⩽ Ch(1 + |Y0|)2 ⩽ C

√
h(1 + |Y0|)2.

Taking the expectation of the bound on |g̃h(Ỹ0(s)) − g̃h(Y0)| and inserting the bounds on E|Ỹ0(s) − Y0| and
E|Ỹ0(s) − Y0|2 gives∣∣∣E[g̃h(Ỹ0(s))

]
− g̃h(Y0)

∣∣∣ ⩽ CL(1 + |Y0|)E|Ỹ0(s) − Y0| + CLE|Ỹ0(s) − Y0|2 ⩽ CL
√
h (1 + |Y0|)2.

By (E.25) and (E.26), averaging the bound on E
[
g̃h(Ỹ0(s))

]
− g̃h(Y0) over s ∈ [0, h] gives

∣∣g̃h(Y0) + f̃h(Y0) − π̃h(f̃h)
∣∣ =

∣∣∣∣ 1

h

∫ h

0

(
E
[
g̃h(Ỹ0(s))

]
− g̃h(Y0)

)
ds

∣∣∣∣ ⩽ CL
√
h (1 + |Y0|)2, Y0 ∈ Rd. (E.28)

To pass to the limit in (E.28) along hn, we write, with L as in (3.3) and g̃h as in (E.27),

g̃hn − Lψ =
(
∆ψhn − ∆ψ

)
−

(
∇Ũhn −∇U

)
· ∇ψhn −∇U ·

(
∇ψhn −∇ψ

)
, (E.29)

and, for every x ∈ Rd, with |∇ψhn | ⩽ CL by (4.19), (E.29) gives∣∣g̃hn(x) − Lψ(x)
∣∣ ⩽ ∣∣∆ψhn(x) − ∆ψ(x)

∣∣ + CL
∣∣∇Ũhn(x) −∇U(x)

∣∣ + |∇U(x)|
∣∣∇ψhn(x) −∇ψ(x)

∣∣. (E.30)

On the right-hand side of (E.30), the terms in ψhn
− ψ vanish by (E.24) at j = 1 and j = 2, and the term

in ∇Ũhn −∇U vanishes by (4.14):

lim
n→∞

∣∣∆ψhn
(x) − ∆ψ(x)

∣∣ ⩽ d lim
n→∞

∥∇2ψhn
(x) −∇2ψ(x)∥ = 0,

lim
n→∞

∣∣∇ψhn
(x) −∇ψ(x)

∣∣ = 0, lim
n→∞

∣∣∇Ũhn
(x) −∇U(x)

∣∣ ⩽ lim
n→∞

Chn(1 + |x|) = 0.

Hence limn→∞ g̃hn(x) = Lψ(x), and (4.2) and (4.15) give

lim
n→∞

(
f̃hn(x) − π̃hn(f̃hn)

)
= f(x) − π(f).

Letting n→ ∞ in (E.28) at h = hn shows that ψ solves the continuous Poisson equation (3.7).
It remains to show that ∇2ψ = ∇2ϕ0. The continuous Poisson equation (3.7) has the solution

ϕ0 =

∫ ∞

0

u(·, t) dt.
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The integral is well defined: by (3.8), u(·, t) decays like e−λt uniformly on compact sets, and its derivatives
of orders 1 to 4 decay like e−λt uniformly on Rd. Hence

∥∇jϕ0∥∞ ⩽ CL, j = 1, . . . , 4, (E.31)

and, since ∂tu = Lu and u(·, 0) = f − π(f), the integral solves (3.7). The difference

w := ψ − ϕ0 ∈ C3(Rd) satisfies Lw = 0, ∥∇w∥∞ <∞.

Since Lw = 0 and ∇w is bounded, Itô’s formula gives (etLw)(x) = Ex[w(Xt)] = w(x) for t ⩾ 0. The
contraction of [91, Lemma 5], which holds under Assumption 1 and requires of its initial function only a
bounded gradient, gives

∥∇w∥∞ = ∥∇(etLw)∥∞ ⩽ Ce−λt∥∇w∥∞ → 0, t→ ∞.

So w is constant and ∇2ψ = ∇2ϕ0. The argument for w uses only Lw = 0 and the bounded gradient of w,
so (3.7) determines ϕ0 up to an additive constant among the functions with a bounded gradient, as stated
in Section 3.3. Since ∇2ψh = ∇2ϕ̃h and ∇2ψ = ∇2ϕ0, (E.24) at j = 2 shows that every sequence hn → 0
has a subsequence along which

lim
n→∞

sup
|x|⩽ρ

∥∇2ϕ̃hn
(x) −∇2ϕ0(x)∥ = 0, ∀ρ > 0,

and hence ∇2ϕ̃h → ∇2ϕ0 uniformly on compact sets as h→ 0.
Third, µh(Ah) → π(A0), with Ah of (E.21) and

A0(y) := ∇2ϕ0(y) : C(y), y ∈ Rd. (E.32)

By (C.26) and the definition of C̃h in (E.21), for every y ∈ Rd,

∥C̃h(y) − C(y)∥ ⩽ E
∥∥∥∥C(y +

√
h

2
χ
)
− C(y)

∥∥∥∥ ⩽ 4M2

√
h

2
E|χ|. (E.33)

By (E.21) and (E.32),

Ah(y) −A0(y) = ∇2ϕ̃h(y) :
(
C̃h(y) − C(y)

)
+
(
∇2ϕ̃h(y) −∇2ϕ0(y)

)
: C(y). (E.34)

For the term carrying C̃h(y) − C(y) in (E.34), |A : B| ⩽ d∥A∥∥B∥, (4.19), (E.33) and E|χ| ⩽
√
d give

∣∣∣∇2ϕ̃h(y) :
(
C̃h(y) − C(y)

)∣∣∣ ⩽ d ∥∇2ϕ̃h∥∞∥C̃h(y) − C(y)∥ ⩽ d · CL · 4M2

√
h

2

√
d ⩽ CL

√
h,

and for the term carrying ∇2ϕ̃h(y) −∇2ϕ0(y), (C.27) gives∣∣∣(∇2ϕ̃h(y) −∇2ϕ0(y)
)

: C(y)
∣∣∣ ⩽ Σ ∥∇2ϕ̃h(y) −∇2ϕ0(y)∥.

Hence
|Ah(y) −A0(y)| ⩽ CL

√
h+ Σ ∥∇2ϕ̃h(y) −∇2ϕ0(y)∥, y ∈ Rd. (E.35)

With the uniform convergence of ∇2ϕ̃h to ∇2ϕ0 on compact sets, (E.35) gives Ah → A0 uniformly on
compact sets. Next we bound Ah and A0 uniformly in y and h. Since A : C̃h(y) = E

[
A : C(y +

√
h/2χ)

]
by

(E.21), (C.27) gives
|A : C̃h(y)| ⩽ Σ∥A∥, A ∈ Rd×d, y ∈ Rd.

With (4.19) and (E.31), the bound on A : C̃h(y) and (C.27) give

|Ah(y)| + |A0(y)| ⩽ Σ
(
∥∇2ϕ̃h∥∞ + ∥∇2ϕ0∥∞

)
⩽ CLΣ, y ∈ Rd,
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and A0 is continuous, since ∇2ϕ0 is continuous and x 7→ C(x) is Lipschitz by (C.26). For every ρ > 0,

|µh(Ah) − π(A0)| ⩽
∣∣∣µh

(
(Ah −A0)1{|y|⩽ρ}

)∣∣∣ +
∣∣∣µh

(
(Ah −A0)1{|y|>ρ}

)∣∣∣ + |µh(A0) − π(A0)|,

and the bound |Ah| + |A0| ⩽ CLΣ on the term carrying 1{|y|>ρ}, followed by (E.22), gives

|µh(Ah) − π(A0)| ⩽ sup
|y|⩽ρ

|Ah(y) −A0(y)| + CLΣµh

(
|y| > ρ

)
+ |µh(A0) − π(A0)|

⩽ sup
|y|⩽ρ

|Ah(y) −A0(y)| + CLΣ ρ−12 + |µh(A0) − π(A0)|.

As h→ 0, the uniform convergence of Ah to A0 on compact sets and the weak convergence µh → π, applied
to the bounded continuous A0, give

sup
|y|⩽ρ

|Ah(y) −A0(y)| → 0, |µh(A0) − π(A0)| → 0,

so, with ah = µh(Ah) by (E.20) and π(A0) = π
(
∇2ϕ0(x) : C(x)

)
by (E.32),

lim sup
h→0

∣∣∣ah − π
(
∇2ϕ0(x) : C(x)

)∣∣∣ ⩽ CLΣ ρ−12, ρ > 0.

Letting ρ→ ∞ gives ah → π
(
∇2ϕ0(x) : C(x)

)
, which proves (6.7). □

F Proofs for the numerical bias comparison with SGLD

Throughout this appendix, (Zk)k⩾0 is the chain (SGLD) and Ph its transition kernel. Since (χk)k⩾1 is

independent of (ξk)k⩾0, the law of the chain is unchanged if its Gaussian increments are taken as
√

2hχk+1 =√
2 (B(k+1)h − Bkh), with (Bt)t⩾0 a Brownian motion independent of (ξk)k⩾0; then, for a given Z0, Zk is

F̂k-measurable, with F̂k and Êk of (3.2). Statements about a single step are made at the index 0, with the
solution Xs of (1.1) from X0 = Z0, driven by the same Brownian motion. Then

Z1 = Z0 +D0 − h η0, D0 :=
√

2Bh − h∇U(Z0), η0 := η(Z0; ξ0) = ∇Û(Z0; ξ0) −∇U(Z0), (F.1)

where Z0 + D0 is the one-step update of EM from Z0 and η0 is the gradient noise η(x; ξ) of Appendix C.5
evaluated at Z0 and ξ0.

F.1 Invariant distribution of SGLD

Lemma 19 Let Assumptions 1 and 3 hold. For every h ∈ (0, h0], (SGLD) has a unique invariant distribution
π̄h, with π̄h(|x|12) ⩽ C. For every f satisfying Assumption 2 and every given Z0 ∈ Rd,

lim
N→∞

1

N

N−1∑
k=0

f(Zk) = π̄h(f) almost surely.

Proof. The proof follows that of Lemma 8 in Appendix E.1, and we indicate the changes only. The step of
(SGLD) from Zk is

√
2hχk+1 − h∇Û(Zk; ξk), with the stochastic gradient evaluated at Zk itself. The proof

of Lemma 3 for (SGLM’) therefore applies with Zk and χk+1 in place of Yk and χk, and with the Gaussian
shift

√
h/2χk replaced by 0; in (C.9) the drift bound in (B.1) applies at Zk directly. For q ⩽ 6 that proof

gives (C.10) and the bound on E|Yk|12 in (5.3) for Zk,

Êk|Zk+1|2q ⩽
(

1 − qm

16
h
)
|Zk|2q + Ch, E|Zk|12 ⩽ C

(
1 + |Z0|

)12
,

and, as in Appendix E.1, the drift condition of Harris’s ergodic theorem with W (x) = |x|2 and a level RW

depending only on m, M , R and d.
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The minorization is simpler than in Appendix E.1 and does not use the Hessian bound of Assumption 3,
since the step from Z0 is Gaussian given ξ0,

Z1 ∼ N
(
Z0 − h∇Û(Z0; ξ0), 2hId

)
.

Let h0 also satisfy 4Mh0 ⩽ 1, let |Z0|2 ⩽ RW , and let

E0 :=
{
ξ : |∇Û(Z0; ξ)| ⩽ 4M

(
1 + |Z0|

)}
,

so that Markov’s inequality and the moment bound of Assumption 3 give Pξ(Ec
0) ⩽ 4−12 ⩽ 1

2 . For ξ0 ∈ E0

and x in the closed unit ball B, since 4Mh ⩽ 1,∣∣x− Z0 + h∇Û(Z0; ξ0)
∣∣ ⩽ 2

(
1 +R

1
2

W

)
,

and the Gaussian density of Z1 given ξ0, with ν the uniform distribution on B and Pξ(E0) ⩾ 1
2 , gives for

every Borel set A

Ph(Z0, A) ⩾
1

2
(4πh)−

d
2 exp

(
−

(1 +R
1
2

W )2

h

)
Leb(B) ν(A), |Z0|2 ⩽ RW ,

which is the minorization, with αh the minimum of 1
2 and the factor of ν(A).

Harris’s ergodic theorem then gives the unique invariant distribution π̄h and (E.1) with π̄h in place of µh.
The moment bound follows from the truncations min

{
|x|12, ℓ

}
, and the almost sure limit from the argument

for a measurable g with linear growth, applied to g = f , which is Lipschitz by Assumption 2, both as in
Appendix E.1. Since (Zk)k⩾0 is a Markov chain with kernel Ph with respect to (F̂k)k⩾0, the terms Dk+1 of

that argument, with Zk in place of Yk, are martingale differences with respect to (F̂k)k⩾0. The passage of
that argument from (SGLM’) to the samples of (SGLM) is not needed, since (Zk)k⩾0 is itself the chain. □

F.2 Proof of Theorem 5: numerical bias of SGLD

The proof uses the local weak error of (SGLD) against (1.1), expanded to the order h2 with explicit coeffi-
cients. The following lemma is the counterpart of Lemma 7 for (SGLM’), with (1.1) in place of the modified
dynamics (4.16), and its proof follows the same steps.

Lemma 20 Let Assumptions 1 and 3 hold and let G ∈ C4(Rd) have bounded derivatives of orders 1 to 4.
Then, for every h ∈ (0, 1], the chain (SGLD) satisfies, for every k ⩾ 0,∣∣∣∣Êk

[
G(Zk+1)

]
− (ehLG)(Zk) − h2

2
∇2G(Zk) :

(
2∇2U(Zk) + C(Zk)

)
+
h2

2
∇G(Zk) ·

(
∇2U(Zk)∇U(Zk) −∇∆U(Zk)

)∣∣∣∣ ⩽ Ch3
4∑

j=1

∥∇jG∥∞
(
1 + |Zk|

)6
.

(F.2)

Proof. By time homogeneity, it suffices to take k = 0. The proof expands G(Z1) about Z0 +D0 to the order
2 in hη0, replaces ∇2G(Z0 +D0) by ∇2G(Z0) in the term of order h2, and compares G(Z0 +D0) with G(Xh)
through the moments of D0 and Xh − Z0. Let Ĥ0 := σ

(
F̂0, (Bs)s⩽h

)
. Then Z0, the increment D0 of (F.1)

and the solution Xh are Ĥ0-measurable, and ξ0 is independent of Ĥ0, so Assumption 3 and (5.7) give

E
[
η0

∣∣ Ĥ0

]
= 0, E

[
η0 ⊗ η0

∣∣ Ĥ0

]
= C(Z0).

Taylor’s formula for G at Z0 + D0, to the order 2 in hη0, as in the proof of Lemma 7, and the bound

Ê0|η0|3 ⩽ C
(
1 + |Z0|

)3
from Assumption 3 give∣∣∣Ê0

[
G(Z1) −G(Z0 +D0)

]
− h2

2
Ê0

[
∇2G(Z0 +D0)

]
: C(Z0)

∣∣∣ ⩽ Ch3∥∇3G∥∞
(
1 + |Z0|

)3
. (F.3)
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Next, ∇2G(Z0 +D0) is replaced by ∇2G(Z0) in (F.3) at the cost Ch3. By Taylor’s formula,∥∥∇2G(Z0 +D0) −∇2G(Z0) −∇3G(Z0)[D0]
∥∥ ⩽

1

2
∥∇4G∥∞|D0|2,

and, since ∇3G(Z0) and C(Z0) are F̂0-measurable while Bh has mean 0 and is independent of F̂0,

Ê0

[
∇3G(Z0)[D0] : C(Z0)

]
= −h∇3G(Z0)[∇U(Z0)] : C(Z0).

With |∇U(Z0)| ⩽M
(
1 + |Z0|

)
and Ê0|D0|2 ⩽ Ch

(
1 + |Z0|

)2
, (C.27) and Σ ⩽M2 give

h2

2

∣∣∣Ê0

[
∇2G(Z0 +D0) −∇2G(Z0)

]
: C(Z0)

∣∣∣ ⩽ Σh2

2

(
h∥∇3G∥∞|∇U(Z0)| +

1

2
∥∇4G∥∞ Ê0|D0|2

)
⩽ Ch3

(
∥∇3G∥∞ + ∥∇4G∥∞

)(
1 + |Z0|

)2
. (F.4)

The state Z0 +D0 is compared with Xh as the state Y1 after one step of (LM’) is compared with Ỹ0(h)

in the proof of Lemma 6. Since Xh = Z0 +
√

2Bh −
∫ h

0
∇U(Xs) ds, the local error is

Z0 +D0 −Xh =

∫ h

0

(
∇U(Xs) −∇U(Z0)

)
ds,

and Assumption 1 with the bound on Xs − Z0 in (C.1) for (1.1) give, with ||| · |||4 taken under Ê0,

|||Z0 +D0 −Xh|||4 ⩽ Ch
3
2

(
1 + |Z0|

)
, |||D0|||4 + |||Xh − Z0|||4 ⩽ C

√
h
(
1 + |Z0|

)
. (F.5)

With Z0, Z0 +D0, Xh and Xh − Z0 in place of Y0, Y1, Ỹ0(h) and W̃h, the expansion (C.22) reads

G(Z0 +D0) −G(Xh) =

3∑
j=1

1

j!
∇jG(Z0) :

(
D⊗j

0 − (Xh − Z0)⊗j
)

+ ϱ4, (F.6)

with a remainder ϱ4 that satisfies

|ϱ4| ⩽
1

6
∥∇4G∥∞

∣∣Z0 +D0 −Xh

∣∣ max
{
|D0|, |Xh − Z0|

}3
. (F.7)

Taking Ê0 in (F.6), Hölder’s inequality with (F.7) and (F.5) gives Ê0|ϱ4| ⩽ Ch3∥∇4G∥∞
(
1 + |Z0|

)4
, so∣∣∣∣Ê0

[
G(Z0 +D0) −G(Xh)

]
−

3∑
j=1

1

j!
∇jG(Z0) : Ê0

[
D⊗j

0 − (Xh − Z0)⊗j
]∣∣∣∣ ⩽ Ch3∥∇4G∥∞

(
1 + |Z0|

)4
. (F.8)

The moments of D0 in (F.8) are explicit. With all derivatives of U evaluated at Z0 and 1 ⩽ i, j, l ⩽ d,
since

√
2Bh ∼ N (0, 2hId) and ∇U(Z0) is fixed,

Ê0[D0] = −h∇U, Ê0

[
D⊗2

0

]
= 2h Id + h2 ∇U⊗2,(

Ê0

[
D⊗3

0

])
ijl

= −2h2
(
δij ∂lU + δil ∂jU + δjl ∂iU

)
− h3 ∂iU ∂jU ∂lU.

The moments of Xh − Z0 are expanded in (C.2)–(C.4) of Lemma 17 for (1.1), with U , Z0, Xh and Ê0 in
place of Ũh, Y0, Ỹ0(h) and E0. Next we subtract them from the moments of D0, for j = 1, 2, 3.

1. For j = 1, the terms −h∇U cancel, and the term of order h2 in (C.2) remains:∣∣∣Ê0

[
D0 − (Xh − Z0)

]
+
h2

2

(
∇2U ∇U −∇∆U

)∣∣∣ ⩽ Ch3
(
1 + |Z0|

)3
. (F.9)
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2. For j = 2, the terms 2h Id and h2 ∇U⊗2 cancel, and the term −2h2 ∇2U in (C.3) remains:∥∥∥Ê0

[
D⊗2

0 − (Xh − Z0)⊗2
]
− 2h2 ∇2U

∥∥∥ ⩽ Ch3
(
1 + |Z0|

)4
. (F.10)

3. For j = 3, the terms of order h2 cancel, and h3|∇U(Z0)|3 ⩽ Ch3
(
1 + |Z0|

)3
bounds the term

−h3 ∂iU ∂jU ∂lU of Ê0

[
D⊗3

0

]
:∥∥∥Ê0

[
D⊗3

0 − (Xh − Z0)⊗3
]∥∥∥ ⩽ Ch3

(
1 + |Z0|

)6
. (F.11)

Inserting (F.9)–(F.11) in (F.8) gives∣∣∣Ê0

[
G(Z0 +D0) −G(Xh)

]
− h2 ∇2G(Z0) : ∇2U(Z0) +

h2

2
∇G(Z0) ·

(
∇2U(Z0)∇U(Z0) −∇∆U(Z0)

)∣∣∣
⩽ Ch3

4∑
j=1

∥∇jG∥∞
(
1 + |Z0|

)6
. (F.12)

Since (ehLG)(Z0) = Ê0[G(Xh)], the sum of (F.3), (F.4) and (F.12) proves (F.2). □

Proof of Theorem 5. Here ϕh is the solution (3.5) of the discrete Poisson equation (3.6) of (1.1), with L,
π and f , and not the modified solution ϕ̃h of (4.18) used for (SGLM’). Let h0 ⩽ λ−1, with λ the rate of
Theorem 1, so that (3.9) holds. Let Z0 ∼ π̄h, independent of (Bt)t⩾0 and of (ξk)k⩾0, so that Z1 ∼ π̄h, and

add Z0 to the generators of F̂k in (3.2), as in the proof of Theorem 4, so that F̂0 = σ(Z0). The discrete

Poisson equation (3.6) at Z0, with (ehLϕh)(Z0) = Ê0[ϕh(Xh)], gives after taking expectations

π̄h(f) − π(f) =
1

h
E
[
ϕh(Z0) − ϕh(Xh)

]
=

1

h
E
[
ϕh(Z1) − ϕh(Xh)

]
, (F.13)

where Eϕh(Z0) = Eϕh(Z1) since Z1 ∼ π̄h. The expectations are finite, as in the proof of Theorem 4, since
ϕh is Lipschitz with constant CL by (3.9), π̄h(|x|12) ⩽ C by Lemma 19, and E|Xh − Z0| ⩽ C by the bound
on Xs − Z0 in (C.1) for (1.1), averaged over Z0 ∼ π̄h. By (3.9), G = ϕh has derivatives of orders 1 to 4
bounded by CL, so (F.2) of Lemma 20 at k = 0, averaged over Z0 ∼ π̄h, gives∣∣∣∣E[ϕh(Z1) − ϕh(Xh)

]
− h2

2
E
[
∇2ϕh(Z0) :

(
2∇2U(Z0) + C(Z0)

)]
+
h2

2
E
[
∇ϕh(Z0) ·

(
∇2U(Z0)∇U(Z0) −∇∆U(Z0)

)]∣∣∣∣ ⩽ CLh3 E
(
1 + |Z0|

)6
⩽ CLh3.

Dividing by h and inserting (F.13) gives (6.9). Finally, (C.27), Σ ⩽M2, (3.9) and Assumption 1 give∣∣∣∣E[∇2ϕh(Z0) :
(
2∇2U(Z0) + C(Z0)

)]∣∣∣∣
+

∣∣∣∣E[∇ϕh(Z0) ·
(
∇2U(Z0)∇U(Z0) −∇∆U(Z0)

)]∣∣∣∣ ⩽ CLE
(
1 + |Z0|

)
⩽ CL,

which with (6.9) gives |π̄h(f) − π(f)| ⩽ CLh. □

F.3 Proof of Corollary 3: coefficient of the numerical bias of SGLD

Proof of Corollary 3. Let

Ah(x) := ∇2ϕh(x) :
(
2∇2U(x) + C(x)

)
−∇ϕh(x) ·

(
∇2U(x)∇U(x) −∇∆U(x)

)
,

A0(x) := ∇2ϕ0(x) :
(
2∇2U(x) + C(x)

)
−∇ϕ0(x) ·

(
∇2U(x)∇U(x) −∇∆U(x)

)
,

(F.14)
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so that dividing (6.9) by h gives ∣∣∣ π̄h(f) − π(f)

h
− 1

2
π̄h(Ah)

∣∣∣ ⩽ CLh.

It suffices to prove π̄h(Ah) → π(A0) and to compute π(A0).
The measures π̄h converge weakly to π as h → 0. For φ ∈ C∞

c (Rd), which satisfies Assumption 2 with
some constant Lφ, Theorem 5 gives |π̄h(φ) − π(φ)| ⩽ CLφh, and Lemma 19 gives, uniformly in h,

π̄h

((
1 + |x|

)
1{|x|>ρ}

)
⩽ ρ−11 π̄h

((
1 + |x|

)12)
⩽ Cρ−11, ρ > 0. (F.15)

The approximation of a bounded continuous b by φ ∈ C∞
c (Rd) in Appendix E.3, with π̄h and (F.15) in place

of µh and (E.22), then gives π̄h(b) → π(b) for every bounded continuous b.
The gradient and the Hessian of ϕh converge to those of ϕ0 uniformly on compact sets. The argument

for the convergence of ∇2ϕ̃h in Appendix E.3, through (E.26) and (E.28), applies with U , L, f and π(f)
in place of Ũh, L̃h, f̃h and π̃h(f̃h), with ϕh, the solution Xs of (1.1) and its initial value X0 in place of ϕ̃h,
Ỹ0(s) and Y0, and with (3.6), (3.9) and Assumption 1 in place of (4.18), (4.19) and Lemma 1; the differences
∇Ũh − ∇U , f̃h − f and π̃h(f̃h) − π(f) estimated there are then 0. It gives, for every sequence hn → 0, a
subsequence along which the derivatives of ϕhn

of orders 1 to 3 converge uniformly on compact sets to those
of a function that differs from ϕ0 by a constant, hence

sup
|x|⩽ρ

(
|∇ϕh(x) −∇ϕ0(x)| + ∥∇2ϕh(x) −∇2ϕ0(x)∥

)
→ 0, h→ 0, ρ > 0.

By (F.14), (C.27), Σ ⩽M2 and Assumption 1,

|Ah(x) −A0(x)| ⩽ C∥∇2ϕh(x) −∇2ϕ0(x)∥ + C
(
1 + |x|

)
|∇ϕh(x) −∇ϕ0(x)|,

so Ah → A0 uniformly on compact sets, and (3.9) and (E.31) give

|Ah(x)| + |A0(x)| ⩽ CL
(
1 + |x|

)
, x ∈ Rd.

The function A0 is continuous, since ∇ϕ0, ∇2ϕ0 and the derivatives of U are continuous and C(x) is Lipschitz
by (C.26). For every ρ > 0,∣∣π̄h(Ah) − π(A0)

∣∣ ⩽ sup
|x|⩽ρ

|Ah(x) −A0(x)| + CL π̄h

((
1 + |x|

)
1{|x|>ρ}

)
+

∣∣π̄h(A0) − π(A0)
∣∣.

The weak convergence of π̄h to π, with the uniform integrability of 1 + |x| under π̄h that (F.15) provides,
gives π̄h(A0) → π(A0), and (F.15) bounds the term carrying 1{|x|>ρ}, so

lim sup
h→0

∣∣π̄h(Ah) − π(A0)
∣∣ ⩽ CLρ−11, ρ > 0,

and letting ρ→ ∞ gives π̄h(Ah) → π(A0).
It remains to compute π(A0) for A0 of (F.14). Since ϕ0 has bounded derivatives of orders 1 to 3 by

(E.31), (6.12) with ψ = ϕ0 gives

π(A0) = π
(
∇2ϕ0(x) :

(
2∇2U(x) + C(x)

))
− π

(
∇2ϕ0(x) : ∇2U(x)

)
= π

(
∇2ϕ0(x) :

(
∇2U(x) + C(x)

))
,

which with π̄h(Ah) → π(A0) proves (6.10). □

G Proofs for the explicit coefficient in Wasserstein-1 error

Throughout this appendix, the constant C depends only on m, M , R and d, and

D :=
{
ω ∈ C4(Rd) : ∥∇jω∥∞ <∞, j = 1, 2, 3, 4

}
, L2

0(π) :=
{
g ∈ L2(π) : π(g) = 0

}
, (G.1)

so D is the set of the test functions ω of (6.13), and L2
0(π) is a Hilbert space with the inner product of L2(π).
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G.1 Poincaré inequalities

Theorem 8 constructs the Riesz representor ψA of (6.13) in L2
0(π), and this needs a bound of π(|∇ω|2) by

π((Lω)2) for ω ∈ D. The Poincaré inequality of π in the next lemma gives this bound. Its constant enters
the bound on π(ψ2

A) in Theorem 8 and, through it, the constant of Theorem 6.

Lemma 21 Let Assumption 1 hold. There is a constant CP , depending only on m, M , R and d, such that

π
(
(g − π(g))2

)
⩽ CP π

(
|∇g|2

)
(G.2)

for every g ∈ C1(Rd) with a bounded gradient.

Proof. The proof combines a Lyapunov function with a Poincaré inequality on a ball, through [5, Theo-

rem 1.4], using U ∈ C2(Rd) bounded from below by (B.1). Consider the function e
m
16 |x|

2

⩾ 1 with

∇(e
m
16 |x|

2

) =
m

8
x e

m
16 |x|

2

, ∆(e
m
16 |x|

2

) =
(md

8
+
m2

64
|x|2

)
e

m
16 |x|

2

.

With the constant C of (B.1), ⟨x,∇U(x)⟩ ⩾ m
4 |x|

2 − C, so

L(e
m
16 |x|

2

) =
(md

8
+
m2

64
|x|2 − m

8
⟨x,∇U(x)⟩

)
e

m
16 |x|

2

⩽
(m(d+ C)

8
− m2

64
|x|2

)
e

m
16 |x|

2

.

Define ρ > 0, depending only on m, M , R and d, by

m2ρ2

64
=
m(d+ C)

8
+ 1, so that

m(d+ C)

8
− m2

64
|x|2 =

m2

64

(
ρ2 − |x|2

)
− 1.

The factor m2

64 (ρ2 − |x|2) − 1 is at most −1 for |x| ⩾ ρ, and at most m2ρ2

64 − 1 for |x| < ρ. Hence

L(e
m
16 |x|

2

) ⩽ −em
16 |x|

2

+
m2ρ2

64
e

m
16ρ

2

1{|x|<ρ}, x ∈ Rd, (G.3)

which is the Lyapunov condition [5, Equation (1.3)] for the function e
m
16 |x|

2

on the ball {|x| < ρ}.
On this ball, |U(x) − U(0)| ⩽M |x| + M

2 |x|2 ⩽Mρ+ M
2 ρ

2 by Assumption 1, so

π(y) ⩽ e2Mρ+Mρ2

π(z), |y|, |z| < ρ. (G.4)

Let g ∈ C1(Rd). For |x|, |y| < ρ, integrating ∇g along the segment from x to y, with |y − x| < 2ρ,

(
g(x) − g(y)

)2
=

(∫ 1

0

∇g
(
x+ r(y − x)

)
· (y − x) dr

)2

⩽ 4ρ2
∫ 1

0

∣∣∇g(x+ r(y − x)
)∣∣2dr. (G.5)

For r ∈ [ 12 , 1] and |x| < ρ, the change of variables z = x+r(y−x) has Jacobian rd ⩾ 2−d and maps {|y| < ρ}
into {|z| < ρ}, so (G.4) gives∫

|y|<ρ

∣∣∇g(x+ r(y − x)
)∣∣2π(y) dy ⩽ 2de2Mρ+Mρ2

∫
|z|<ρ

|∇g(z)|2 π(z) dz, r ∈
[1

2
, 1
]
. (G.6)

The exchange (x, y, r) 7→ (y, x, 1 − r) leaves the point x + r(y − x) and the measure π(y)π(x) dy dxdr
unchanged, so the integral of the right side of (G.5) against π(y)π(x) dy dx over |x|, |y| < ρ is 2 times its
part over r ∈ [ 12 , 1], and (G.6) gives∫

|x|<ρ

∫
|y|<ρ

(
g(x) − g(y)

)2
π(y)π(x) dy dx

⩽ 8ρ2
∫ 1

1
2

∫
|x|<ρ

∫
|y|<ρ

∣∣∇g(x+ r(y − x)
)∣∣2π(y)π(x) dy dx dr

⩽ 2d+2ρ2e2Mρ+Mρ2

π
(
1{|x|<ρ}

) ∫
|x|<ρ

|∇g(x)|2 π(x) dx. (G.7)
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Divided by 2π(1{|x|<ρ})2, the left side of (G.7) is the variance of g under the restriction of π to {|x| < ρ},

normalized to a probability measure, and the right side is 2d+1ρ2e2Mρ+Mρ2

times the mean of |∇g|2 under

it. This restriction therefore satisfies a Poincaré inequality with constant 2d+1ρ2e2Mρ+Mρ2

.
By [5, Theorem 1.4], (G.3) and the Poincaré inequality on the ball give (G.2) for smooth g with

CP = 1 +
m2ρ2

64
e

m
16ρ

2

· 2d+1ρ2e2Mρ+Mρ2

= 1 + 2d−5m2ρ4 e
m
16ρ

2+2Mρ+Mρ2

,

which depends only on m, M , R and d. For g ∈ C1(Rd) with a bounded gradient, let gε, ε ∈ (0, 1], be a
mollification of g at the scale ε, multiplied by a smooth cutoff that equals 1 on {|x| ⩽ 1/ε}, vanishes outside
{|x| ⩽ 3/ε} and has a gradient at most ε. Then gε is smooth with compact support, gε → g and ∇gε → ∇g
pointwise as ε→ 0, and |gε(x)|+ |∇gε(x)| ⩽ Cg(1+ |x|) with Cg independent of ε, so dominated convergence,
with the moments of Lemma 16, passes (G.2) from gε to g. □

G.2 Well-posedness of the Riesz representor

The next lemma is the identity of Bochner under π, used in the proofs of Theorems 8 and 7.

Lemma 22 Let Assumption 1 hold. For every ω ∈ D,

π
(
(Lω)2

)
= π

(
∇2ω : ∇2ω

)
+ π

(
∇ω · ∇2U ∇ω

)
. (G.8)

Proof. Differentiating (3.3) gives ∂iLω = L∂iω −
∑d

j=1 ∂i∂jU ∂jω for each component i. The functions ω,
Lω and ∂iω and their derivatives of orders 1 and 2 grow at most linearly, so (3.4) with g1 = Lω, g2 = ω,
and then with g1 = g2 = ∂iω, gives

π
(
(Lω)2

)
= −

d∑
i=1

π
(
∂iω ∂iLω

)
= −

d∑
i=1

π
(
∂iωL∂iω

)
+ π

(
∇ω · ∇2U ∇ω

)
=

d∑
i=1

π
(
|∇∂iω|2

)
+ π

(
∇ω · ∇2U ∇ω

)
,

which is (G.8). □

The next theorem shows that the Riesz representor of (6.13) is well defined.

Theorem 8 Let Assumption 1 hold, and let A : Rd → Rd×d be bounded and measurable, with A(x) a
symmetric matrix for every x ∈ Rd. There is a unique ψA ∈ L2

0(π) that satisfies (6.13) for every ω ∈ D of
(G.1), the map A 7→ ψA is linear, and

π
(
ψ2
A
)
⩽ d (1 +MCP )∥A∥2∞, (G.9)

with CP the constant of Lemma 21.

Proof. The proof bounds |π(∇2ω : A)| by the norm of Lω in L2(π), through (G.2) and (G.8), and applies
the Riesz representation theorem on the dense set of the functions −Lω, ω ∈ D, in L2

0(π). Let ω ∈ D. Since
ω grows at most linearly, (3.4) and (G.2) give

π
(
|∇ω|2

)
= π

(
(ω − π(ω))(−Lω)

)
⩽ C

1
2

P π
(
|∇ω|2

) 1
2 π

(
(Lω)2

) 1
2 ,

so π(|∇ω|2) ⩽ CP π((Lω)2), and (G.8) with ∇2U ⪰ −MId gives

π
(
∇2ω : ∇2ω

)
⩽ π

(
(Lω)2

)
+M π

(
|∇ω|2

)
⩽ (1 +MCP )π

(
(Lω)2

)
. (G.10)

For every symmetric matrix B, the Cauchy–Schwarz inequality for the inner product B : A(x) and A(x) :

A(x) ⩽ d ∥A(x)∥2 give |B : A(x)| ⩽
√
d ∥A(x)∥ (B : B)

1
2 . With B = ∇2ω(x), this is the pointwise bound∣∣∇2ω(x) : A(x)

∣∣ ⩽ √
d ∥A∥∞

(
∇2ω(x) : ∇2ω(x)

) 1
2 , x ∈ Rd.

64



Integrating it against π, the Cauchy–Schwarz inequality under π gives∣∣π(∇2ω : A
)∣∣ ⩽ √

d ∥A∥∞ π
((

∇2ω : ∇2ω
) 1

2

)
⩽

√
d ∥A∥∞ π

(
∇2ω : ∇2ω

) 1
2 ,

and inserting the bound on π(∇2ω : ∇2ω) in (G.10) gives∣∣π(∇2ω : A
)∣∣ ⩽ √

d (1 +MCP ) ∥A∥∞ π
(
(Lω)2

) 1
2 , ω ∈ D. (G.11)

The functions −Lω, ω ∈ D, which lie in L2
0(π) by their linear growth and (3.4) with g1 = 1, are dense

in L2
0(π). Every g ∈ C∞

c (Rd) satisfies Assumption 2, so the solution ϕ0 of the continuous Poisson equation
(3.7) with g in place of f belongs to D by (E.31), and g−π(g) = −Lϕ0. The functions g−π(g), g ∈ C∞

c (Rd),
are dense in L2

0(π). By (G.11), −Lω 7→ π(∇2ω : A) is a well-defined linear functional on this dense set,
bounded in the norm of L2

0(π), and linear in A. It extends to L2
0(π), and the Riesz representation theorem

gives the unique ψA ∈ L2
0(π) that satisfies (6.13) for every ω ∈ D, and (G.11) gives (G.9). □

G.3 Auxiliary estimates for Theorem 6

Throughout this subsection and the next, h ⩽ h0 with h0 ⩽ λ−1, λ the rate of Lemma 23. For a signed
measure ν on Rd with ν(Rd) = 0 and

∫
(1 + |x|) |ν|(dx) <∞, such as ψπ with ψ ∈ L2

0(π), the Kantorovich–
Rubinstein norm of Section 3.1 satisfies

∥ν∥KR = sup

{∫
Rd

f dν : f satisfies Assumption 2, ∥∇f∥∞ ⩽ 1

}
. (G.12)

The supremum on the right-hand side of (G.12) is at most ∥ν∥KR, since its functions f are Lipschitz with
∥∇f∥∞ ⩽ 1, and it equals ∥ν∥KR, since the mollifications of a Lipschitz function g with ∥∇g∥∞ ⩽ 1 satisfy
Assumption 2 with the same bound on the gradient and converge to g uniformly.

In the proofs of Theorems 6 and 7, the test function f satisfies Assumption 2 and ∥∇f∥∞ ⩽ 1, and
the estimates do not depend on the constant L of Assumption 2. The modified test function (4.1) is
f̃h = f ∗ N (0, h2 Id), so

∇j f̃h = (∇f) ∗ ∇j−1N
(

0,
h

2
Id

)
,

∫
Rd

∥∥∥∇j−1N
(

0,
h

2
Id

)
(y)

∥∥∥dy ⩽ Ch−
j−1
2 , j = 1, 2, 3, 4,

and
∥∇f̃h∥∞ ⩽ 1, ∥∇j f̃h∥∞ ⩽ Ch−

j−1
2 , j = 2, 3, 4. (G.13)

The semigroup estimates of Appendix A.2 and Lemma 15 combine into one bound for the exact and the
modified dynamics. The proof technique is essentially that of [91, Lemma 10], which splits the times into
0 < t ⩽ 1 and t > 1.

Lemma 23 Let Assumption 1 hold. There is λ > 0, depending only on m, M , R and d, such that, for every
h ∈ (0, h0], every g ∈ D of (G.1) and every t > 0,

∥∇j(etLg)∥∞ + ∥∇j(etL̃hg)∥∞ ⩽ C min(1, t)−
j−1
2 e−λt ∥∇g∥∞, j = 1, 2, 3, 4. (G.14)

Proof. For j = 1, the bound on etLg is (A.8). For j = 2, 3, 4 and 0 < t ⩽ 1, (A.9) and (A.14) give

∥∇j(etLg)∥∞ ⩽ C t−
j−1
2 ∥∇g∥∞ ⩽ Ceλ min(1, t)−

j−1
2 e−λt ∥∇g∥∞,

since min(1, t) = t and e−λt ⩾ e−λ, which is (G.14) for etL with Ceλ in place of C. For j = 2, 3, 4 and
t > 1, the semigroup property gives etLg = eL

(
e(t−1)Lg

)
, and e(t−1)Lg ∈ D, since (A.12) at time t − 1

bounds its derivatives of orders 1 to 4. Hence (A.9) and (A.14) at time 1, with e(t−1)Lg in place of g, bound
∥∇j(etLg)∥∞ by C∥∇(e(t−1)Lg)∥∞, and (A.8) at time t− 1 bounds this gradient, so that

∥∇j(etLg)∥∞ ⩽ C
∥∥∇(e(t−1)Lg)

∥∥
∞ ⩽ Ce−λ(t−1)∥∇g∥∞ = Ceλe−λt∥∇g∥∞.
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Since min(1, t) = 1 for t > 1, this is (G.14) for etL with Ceλ in place of C. Lemmas 11, 14 and 15 use the
bounds of Assumption 1 up to the order 5 and the convexity outside the ball of radius R. By Lemma 1, Ũh

satisfies them with 2M and m
2 in place of M and m, as in Corollary 1, so these lemmas hold for Ũh with a

rate and a constant that depend only on m, M , R and d, and the same argument applies to etL̃h . In (G.14),
λ is the smaller of the rates for U and for Ũh, and C the larger of the constants. □

In the proofs of Theorem 6, the bounds (G.14) at the times t = ih are summed over i ⩾ 0 through the
following elementary bounds.

Lemma 24 For every h ∈ (0, h0],

h

∞∑
i=0

min
(
1, (i+ 1)h

)− j−1
2 e−λih ⩽


C, j = 1, 2,

C
(
1 + log 1

h

)
, j = 3,

Ch−
1
2 , j = 4.

(G.15)

Proof. Split the sum at (i+ 1)h = 1. The terms with (i+ 1)h > 1, that is, i ⩾ ⌊1/h⌋, have the minimum 1,
and since λh ⩽ 1,

h

∞∑
i=⌊1/h⌋

e−λih ⩽
h

1 − e−λh
⩽

2

λ
.

For the terms with (i+ 1)h ⩽ 1, put n = i+ 1 and bound e−λih by 1:

h

⌊1/h⌋∑
n=1

(nh)−
j−1
2 = h

3−j
2

⌊1/h⌋∑
n=1

n−
j−1
2 ⩽


1, j = 1,

2, j = 2,

1 + log 1
h , j = 3,

3h−
1
2 , j = 4.

Adding the bound 2/λ gives (G.15). □

Lemma 2 bounds π̃h(f̃h)−π(f) by CLh2. The next lemma bounds it by Ch2∥∇f∥∞, through the distance
between π̃h ∗ N (0, h2 Id) and π weighted by 1 + |x|.

Lemma 25 Let Assumption 1 hold. Then, for every h ∈ (0, h0],∫
Rd

(
1 + |x|

) ∣∣∣∣∣
(
π̃h ∗ N

(
0,
h

2
Id

))
(x) − π(x)

∣∣∣∣∣dx ⩽ Ch2, (G.16)

and, for every f ∈ C1(Rd) with ∥∇f∥∞ <∞,∣∣π̃h(f̃h) − π(f)
∣∣ ⩽ Ch2∥∇f∥∞. (G.17)

Proof. The proof expands π̃h ∗ N (0, h2 Id) to the order 4 along the Gaussian shift, writes the expansion as π
times a factor through (B.12), and bounds its difference from π, weighted by 1 + |x|, by Ch2. Throughout,
χ ∼ N (0, Id), so that (

π̃h ∗ N
(

0,
h

2
Id

))
(x) = E

[
π̃h

(
x−

√
h

2
χ
)]
.

Since Ũh ∈ C5 by Lemma 1, π̃h ∈ C5. Expanding π̃h about x to the order 4 along −
√
h/2χ,

π̃h

(
x−

√
h

2
χ
)

= π̃h(x) −
√
h

2
∇π̃h(x) · χ+

h

4
∇2π̃h(x)[χ, χ] − 1

6

(h
2

) 3
2∇3π̃h(x)

[
χ⊗3

]
+ ϱχ4 (x),

with

|ϱχ4 (x)| ⩽ h2

24
|χ|4

∫ 1

0

(1 − s)3
∥∥∥∥∇4π̃h

(
x− s

√
h

2
χ
)∥∥∥∥ds. (G.18)
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Under the expectation the terms of odd order in χ vanish and the term of order 2 has mean h
4 ∆π̃h(x), hence(

π̃h ∗ N
(

0,
h

2
Id

))
(x) = π̃h(x) +

h

4
∆π̃h(x) + E

[
ϱχ4 (x)

]
. (G.19)

Differentiating π̃h ∝ e−Ũh to the order 2,

∆π̃h = π̃h
(
|∇Ũh|2 − ∆Ũh

)
. (G.20)

As in (B.12), π̃h = π e−(Ũh−U)/π
(
e−(Ũh−U)

)
, so by (G.19) and (G.20),(

π̃h ∗ N
(

0,
h

2
Id

))
(x) =

π(x) e−(Ũh−U)(x)

π
(
e−(Ũh−U)

) (
1 +

h

4

(
|∇Ũh(x)|2 − ∆Ũh(x)

))
+ E

[
ϱχ4 (x)

]
. (G.21)

By (4.13), (4.14) and (4.10),
∣∣|∇Ũh|2 − ∆Ũh

∣∣ ⩽ C(1 + |x|)2 and∣∣|∇Ũh|2 − ∆Ũh − V
∣∣ ⩽ |∇Ũh −∇U | |∇Ũh + ∇U | + |∆Ũh − ∆U | ⩽ Ch

(
1 + |x|

)2
. (G.22)

Taylor’s formula for the exponential, with Ũh−U = h
4 V θh, the bound |V | ⩽ C(1 + |x|)2 of (B.4), the bound

on |∇Ũh|2 − ∆Ũh and the bound on e|Ũh−U | in (B.13) give∣∣∣∣e−(Ũh−U)
(

1 +
h

4

(
|∇Ũh|2 − ∆Ũh

))
− 1 − h

4

(
|∇Ũh|2 − ∆Ũh − V θh

)∣∣∣∣ ⩽ Ch2
(
1 + |x|

)6
e

m
16 |x|

2

.

Since V θh = V − V (1 − θh), (G.22) gives∣∣∣∣e−(Ũh−U)
(

1 +
h

4

(
|∇Ũh|2 − ∆Ũh

))
− 1

∣∣∣∣ ⩽ Ch2
(
1 + |x|

)6
e

m
16 |x|

2

+
h

4
|V |

(
1 − θh

)
. (G.23)

Multiplying (G.23) by (1 + |x|)π(x) and integrating over Rd, the term Ch2(1 + |x|)6em
16 |x|

2

contributes at

most Ch2
∫
Rd(1 + |x|)7e− m

16 |x|
2

dx ⩽ Ch2 by the density bound π(x) ⩽ Ce−
m
8 |x|2 of Lemma 16, and the term

h
4 |V |(1 − θh) contributes at most Ch3 by (B.16), so∫

Rd

(
1 + |x|

)∣∣∣∣e−(Ũh−U)
(

1 +
h

4

(
|∇Ũh|2 − ∆Ũh

))
− 1

∣∣∣∣π(x) dx ⩽ Ch2. (G.24)

Differentiating π̃h ∝ e−Ũh to the order 4 and using (4.13) with |∇Ũh(y)| ⩽ 2M(1 + |y|),

∥∇4π̃h(y)∥ ⩽ C
(
1 + |y|

)4
π̃h(y), y ∈ Rd.

By (B.12) with (1 + |x|)q in place of f̃h, (B.13), the lower bound π(e−(Ũh−U)) ⩾ 1
2 in the proof of Lemma 2

and the density bound of Lemma 16, π̃h
(
(1 + |x|)q

)
⩽ 2C π

(
(1 + |x|)qem

16 |x|
2)

⩽ Cq for q ⩾ 1. For each fixed

s ∈ [0, 1], the substitution y = x− s
√
h/2χ and the bound on π̃h

(
(1 + |x|)q

)
with q = 5 give∫

Rd

(
1 + |x|

)(
1 +

∣∣∣x− s

√
h

2
χ
∣∣∣)4

π̃h

(
x− s

√
h

2
χ
)

dx ⩽
(
1 + |χ|

) ∫
Rd

(
1 + |y|

)5
π̃h(y) dy ⩽ C

(
1 + |χ|

)
.

Hence, by (G.18), Tonelli’s theorem and E
[
|χ|4(1 + |χ|)

]
⩽ C,∫

Rd

(
1 + |x|

)
E|ϱχ4 (x)| dx

⩽ Ch2 E

[
|χ|4

∫ 1

0

(1 − s)3
∫
Rd

(
1 + |x|

)(
1 +

∣∣∣x− s

√
h

2
χ
∣∣∣)4

π̃h

(
x− s

√
h

2
χ
)

dx ds

]
⩽ Ch2.

(G.25)
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By (B.2),
∣∣π(e−(Ũh−U)

)
− 1

∣∣ ⩽ Ch2, and π
(
e−(Ũh−U)

)
⩾ 1

2 , hence∣∣∣∣ 1

π
(
e−(Ũh−U)

) − 1

∣∣∣∣ ⩽ Ch2. (G.26)

By (G.21),

π̃h∗N
(

0,
h

2
Id

)
−π =

(
1

π
(
e−(Ũh−U)

)−1

)
π+

π

π
(
e−(Ũh−U)

)(e−(Ũh−U)
(

1+
h

4

(
|∇Ũh|2−∆Ũh

))
−1

)
+E

[
ϱχ4

]
,

and π(1 + |x|) ⩽ C, (G.26), the lower bound π
(
e−(Ũh−U)

)
⩾ 1

2 , (G.24), and (G.25) prove (G.16).

For (G.17), the symmetry of N (0, h2 Id) gives

π̃h(f̃h) =

∫
Rd

f(x)

(
π̃h ∗ N

(
0,
h

2
Id

))
(x) dx,

and since both π̃h ∗ N (0, h2 Id) and π are probability densities, f may be replaced by f − f(0), with |f(x) −
f(0)| ⩽ ∥∇f∥∞|x|; (G.16) then gives (G.17). □

For a Lipschitz test function, a step of (SGLD) and a step of (1.1) from the same state Z0 give expectations

that differ by at most Ch
3
2 (1 + |Z0|), although the gradient noise enters the step with the factor h: the

Gaussian increment of the step smooths the test function, and the noise has mean 0.

Lemma 26 Let Assumptions 1 and 3 hold. Then, for every Lipschitz function f with ∥∇f∥∞ ⩽ 1 and every
h ∈ (0, 1], the chain (SGLD) satisfies∣∣Ê0

[
f(Z1)

]
− (ehLf)(Z0)

∣∣ ⩽ Ch
3
2

(
1 + |Z0|

)
. (G.27)

Proof. Write the step from Z0 as in (F.1), with D0, η0 and the solution Xs of (1.1) from X0 = Z0 as in
Appendix F. Then

Ê0

[
f(Z1)

]
− (ehLf)(Z0) = Ê0

[
f(Z0 +D0 − hη0) − f(Z0 +D0)

]
+ Ê0

[
f(Z0 +D0) − f(Xh)

]
. (G.28)

Since ∥∇f∥∞ ⩽ 1, the bound on Z0 +D0 −Xh in (F.5) gives∣∣∣Ê0

[
f(Z0 +D0) − f(Xh)

]∣∣∣ ⩽ Ê0|Z0 +D0 −Xh| ⩽ Ch
3
2

(
1 + |Z0|

)
.

For the expectation of f(Z0 + D0 − hη0) − f(Z0 + D0) in (G.28), condition on F̂0 and η0. Since
√

2Bh ∼
N (0, 2hId) is independent of σ(F̂0, η0),

E
[
f(Z0 +D0 − hη0) − f(Z0 +D0)

∣∣ F̂0, η0
]

= (eh∆f)
(
Z0 − h∇U(Z0) − hη0

)
− (eh∆f)

(
Z0 − h∇U(Z0)

)
,

with eh∆f = f ∗ N (0, 2hId), for which ∥∇2eh∆f∥∞ ⩽ Ch−
1
2 as in (G.13). Taylor’s formula in hη0 gives∣∣∣E[f(Z0 +D0 − hη0) − f(Z0 +D0)

∣∣ F̂0, η0
]

+ h∇(eh∆f)
(
Z0 − h∇U(Z0)

)
· η0

∣∣∣ ⩽ Ch
3
2 |η0|2.

Since ∇(eh∆f)
(
Z0 − h∇U(Z0)

)
is F̂0-measurable and Ê0[η0] = 0, taking Ê0 removes the term linear in η0,

and Ê0|η0|2 ⩽ Σ ⩽M2 by Assumption 3 gives∣∣∣Ê0

[
f(Z0 +D0 − hη0) − f(Z0 +D0)

]∣∣∣ ⩽ Ch
3
2 Ê0|η0|2 ⩽ Ch

3
2 .

With the bound Ch
3
2 (1 + |Z0|) on the expectation of f(Z0 +D0) − f(Xh), (G.28) then gives (G.27). □

In the proof of (6.17), the integrand of the sum in (G.48) carries ∇2U ∇U −∇∆U , whose gradient grows
linearly, so the integrand satisfies only the bound (G.29) below, and π̄h is replaced by π in the coefficient of
h2

2 in (G.48) through the following truncation.
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Lemma 27 Let µ and ν be probability measures on Rd with µ(|x|12) + ν(|x|12) <∞ and W1(µ, ν) ⩽ 1, and
let F : Rd → R satisfy, for some K ⩾ 0,

|F (x) − F (x′)| ⩽ K
(
1 + |x| + |x′|

)
|x− x′|, x, x′ ∈ Rd. (G.29)

Then |µ(F ) − ν(F )| ⩽ 3K
(
1 + µ(|x|12) + ν(|x|12)

)
W1(µ, ν)

10
11 .

Proof. If W1(µ, ν) = 0, then µ = ν. Otherwise let ρ := W1(µ, ν)−
1
11 ⩾ 1, and let Tρ(x) := x for |x| ⩽ ρ and

Tρ(x) := ρx/|x| for |x| > ρ, the retraction onto the closed ball of radius ρ, which is 1-Lipschitz. By (G.29),
F ◦ Tρ is Lipschitz with constant K(1 + 2ρ) ⩽ 3Kρ, so the Kantorovich–Rubinstein duality gives∣∣µ(F ◦ Tρ) − ν(F ◦ Tρ)

∣∣ ⩽ 3KρW1(µ, ν).

For |x| > ρ, |Tρ(x)| = ρ < |x| and |x− Tρ(x)| ⩽ |x|, so (G.29) and |x| > ρ ⩾ 1 give

|F (x) − F (Tρ(x))| ⩽ K
(
1 + 2|x|

)
|x| ⩽ 3K|x|2 ⩽ 3Kρ−10|x|12,

while F = F ◦ Tρ on {|x| ⩽ ρ}. Hence

|µ(F ) − ν(F )| ⩽ 3KρW1(µ, ν) + 3Kρ−10
(
µ(|x|12) + ν(|x|12)

)
= 3K

(
1 + µ(|x|12) + ν(|x|12)

)
W1(µ, ν)

10
11 ,

with F integrable under µ and ν since |F (x)| ⩽ |F (0)| +K(1 + |x|)|x|. □

G.4 Proof of Theorem 6: expansions in the Kantorovich–Rubinstein norm

Since C(x) is positive semidefinite, ∥C∥∞ ⩽ Σ ⩽ M2 by (5.7), and ∥∇2U∥∞ ⩽ M . The bound (G.9) of
Theorem 8, the Cauchy–Schwarz inequality and the moments of Lemma 16 then give

π
(
|ψC | (1 + |x|)2

)
+ π

(
|ψ∇2U + ψC | (1 + |x|)2

)
⩽ C. (G.30)

Proof of (6.16) in Theorem 6. Recall that µh is the invariant distribution of (SGLM’) and π̃h ∝ e−Ũh is the
modified target, the invariant distribution of (4.16). The proof writes µh(f̃h) − π̃h(f̃h), by the telescoping
formula (G.35), as a series of local errors of Lemma 7 on the functions

Ṽi := eihL̃h f̃h, i ⩾ 0, (G.31)

moves the leading term of each from the law of Y0 to π, and sums the series through (6.13) into h
2 π(fψC).

Let f satisfy Assumption 2 and ∥∇f∥∞ ⩽ 1. Let Y0 ∼ µh, independent of (Bt)t⩾0 and (ξk)k⩾0, so that

Y1 ∼ µh, and add Y0 to the generators of F̂k in (3.2), as in the proof of Theorem 4, so that F̂0 = σ(Y0),
while χ0 and ξ0 remain independent of F̂0; then Z0 = Y0 +

√
h/2χ0 ∼ πh. By (E.15), πh(f) = µh(f̃h), so

πh(f) − π(f) =
(
µh(f̃h) − π̃h(f̃h)

)
+

(
π̃h(f̃h) − π(f)

)
, (G.32)

and (G.17) bounds the bracket π̃h(f̃h) − π(f) of (G.32) by Ch2.
For i = 0, Ṽ0 = f̃h and (G.13) bounds its derivatives, and for i ⩾ 1, (G.14) at t = ih with min(1, ih) ⩾

1
2 min(1, (i+ 1)h) bounds those of Ṽi, so that, for i ⩾ 0 and j = 1, 2, 3, 4,

∥∇jṼi∥∞ ⩽ C min
(
1, (i+ 1)h

)− j−1
2 e−λih, (G.33)

and Ṽi ∈ D. Since Ỹ0(h) solves the modified dynamics (4.16) from Y0, driven by Brownian increments

independent of F̂0, Ê0[Ṽi(Ỹ0(h))] = Ṽi+1(Y0), and since Y0 and Y1 have the law µh,

E
[
Ṽi(Y1) − Ṽi(Ỹ0(h))

]
= µh(Ṽi) − µh(Ṽi+1).
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The modified target π̃h is invariant under etL̃h and has a moment of order 1 bounded uniformly in h, as in
the proof of Lemma 25, so (G.33) at j = 1 gives∣∣ṼN (y) − π̃h(f̃h)

∣∣ ⩽ ∥∇ṼN∥∞
∫
Rd

|y − y′| π̃h(dy′) ⩽ Ce−λNh
(
1 + |y|

)
, (G.34)

and µh(ṼN ) → π̃h(f̃h) as N → ∞. Summing over i,

µh(f̃h) − π̃h(f̃h) =

∞∑
i=0

E
[
Ṽi(Y1) − Ṽi(Ỹ0(h))

]
. (G.35)

By (5.8) at k = 0 with G = Ṽi, the tower property for the F̂0-measurable factor ∇2Ṽi(Y0), and the
moment bound µh(|y|12) ⩽ C of Lemma 8,∣∣∣E[Ṽi(Y1) − Ṽi(Ỹ0(h))

]
− h2

2
E
[
∇2Ṽi(Y0) : C(Z0)

]∣∣∣ ⩽ Ch3
4∑

j=1

∥∇jṼi∥∞. (G.36)

By (G.33) and (G.15), the remainders of (G.36) satisfy

Ch3
∞∑
i=0

4∑
j=1

∥∇jṼi∥∞ ⩽ Ch2
(

1 + log
1

h
+ h−

1
2

)
⩽ Ch

3
2 .

With (G.32), (G.17) and (G.35),∣∣∣∣πh(f) − π(f) − h2

2

∞∑
i=0

E
[
∇2Ṽi(Y0) : C(Z0)

]∣∣∣∣ ⩽ Ch
3
2 . (G.37)

By (C.27), (G.33) and (G.15) at j = 2, the sum in (G.37) satisfies

h2

2

∞∑
i=0

∣∣∣E[∇2Ṽi(Y0) : C(Z0)
]∣∣∣ ⩽ Σh2

2

∞∑
i=0

∥∇2Ṽi∥∞ ⩽ CΣh.

Hence |πh(f)− π(f)| ⩽ C(Σh+ h
3
2 ) for every f satisfying Assumption 2 and ∥∇f∥∞ ⩽ 1, and (G.12) gives

W1(πh, π) ⩽ C
(
Σh+ h

3
2

)
⩽ Ch. (G.38)

In the coefficient of h2

2 in (G.37), the expectation can be replaced by an integral against π. Since

Z0 − Y0 =
√
h/2χ0, (C.27) gives∣∣∣E[∇2Ṽi(Y0) : C(Z0)

]
− πh

(
∇2Ṽi : C

)∣∣∣ =
∣∣∣E[(∇2Ṽi(Y0) −∇2Ṽi(Z0)

)
: C(Z0)

]∣∣∣ ⩽ C
√
h ∥∇3Ṽi∥∞.

By (C.27), (C.26) and |A : B| ⩽ d∥A∥∥B∥ for A,B ∈ Rd×d, the function ∇2Ṽi : C is Lipschitz,∣∣∇2Ṽi(x) : C(x) −∇2Ṽi(x
′) : C(x′)

∣∣ ⩽ (
Σ∥∇3Ṽi∥∞ + 4dM2∥∇2Ṽi∥∞

)
|x− x′|,

so the Kantorovich–Rubinstein duality and (G.38) give∣∣πh(∇2Ṽi : C) − π(∇2Ṽi : C)
∣∣ ⩽ Ch

(
∥∇2Ṽi∥∞ + ∥∇3Ṽi∥∞

)
.

By (G.33) and (G.15) at j = 2, 3, the replacements of Y0 by Z0 and of πh by π in the coefficient of h2

2 in
(G.37) cost at most

h2

2

∞∑
i=0

(
C
√
h ∥∇3Ṽi∥∞ + Ch

(
∥∇2Ṽi∥∞ + ∥∇3Ṽi∥∞

))
⩽ Ch

3
2

(
1 + log

1

h

)
+ Ch2

(
1 + log

1

h

)
⩽ Ch

3
2

(
1 + log

1

h

)
,
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and (G.37) gives ∣∣∣∣πh(f) − π(f) − h2

2

∞∑
i=0

π
(
∇2Ṽi : C

)∣∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
. (G.39)

Since Ṽi ∈ D, (6.13) with A = C and ω = Ṽi gives

π
(
∇2Ṽi : C

)
= π

(
ψC (−LṼi)

)
. (G.40)

The generators (3.3) and (4.17) differ only in the drift, so

−LṼi = −L̃hṼi −
(
∇Ũh −∇U

)
· ∇Ṽi, (G.41)

and (4.14) bounds the drift term of (G.41):∣∣(∇Ũh(x) −∇U(x)
)
· ∇Ṽi(x)

∣∣ ⩽ Ch
(
1 + |x|

)
∥∇Ṽi∥∞, x ∈ Rd.

Inserting (G.41) into (G.40) and using the bound on π
(
|ψC | (1 + |x|)2

)
in (G.30) gives∣∣∣π(∇2Ṽi : C

)
− π

(
ψC (−L̃hṼi)

)∣∣∣ ⩽ Chπ
(
|ψC | (1 + |x|)

)
∥∇Ṽi∥∞ ⩽ Ch∥∇Ṽi∥∞.

By (G.33) and (G.15) at j = 1, h
∑∞

i=0∥∇Ṽi∥∞ ⩽ C, so

h2

2

∞∑
i=0

∣∣∣π(∇2Ṽi : C
)
− π

(
ψC (−L̃hṼi)

)∣∣∣ ⩽ Ch3
∞∑
i=0

∥∇Ṽi∥∞ ⩽ Ch2,

and (G.39) gives ∣∣∣∣πh(f) − π(f) − h2

2

∞∑
i=0

π
(
ψC (−L̃hṼi)

)∣∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
. (G.42)

It remains to sum h(−L̃hṼi) over i. For this sum, fix a deterministic initial point Y0 ∈ Rd. By (E.26),

with Ṽi and L̃hṼi in place of ϕ̃h and g̃h, which applies since ∇Ṽi is bounded, and ehL̃h Ṽi = Ṽi+1,

Ṽi(Y0) − Ṽi+1(Y0) =

∫ h

0

E
[
(−L̃hṼi)(Ỹ0(s))

]
ds,

hence

h (−L̃hṼi)(Y0) −
(
Ṽi(Y0) − Ṽi+1(Y0)

)
=

∫ h

0

E
[
(L̃hṼi)(Ỹ0(s)) − (L̃hṼi)(Y0)

]
ds. (G.43)

Differentiating (4.17) gives
∇(L̃hṼi) = ∇∆Ṽi −∇2Ũh ∇Ṽi −∇2Ṽi ∇Ũh,

and (4.13) gives
∥∇2Ũh(z)∥ ⩽ 2M, |∇Ũh(z)| ⩽ 2M(1 + |z|), z ∈ Rd.

Hence, for z ∈ Rd and 0 ⩽ s ⩽ h,

∣∣∇(L̃hṼi)(z)
∣∣ ⩽ C(1 + |z|)

3∑
j=1

∥∇jṼi∥∞,∣∣(L̃hṼi)(Ỹ0(s)) − (L̃hṼi)(Y0)
∣∣ ⩽ C

(
1 + |Y0| + |Ỹ0(s) − Y0|

)
|Ỹ0(s) − Y0|

3∑
j=1

∥∇jṼi∥∞.

The bound on Ỹ0(s) − Y0 in (C.1) with p = 2 gives

E
[
(1 + |Y0| + |Ỹ0(s) − Y0|) |Ỹ0(s) − Y0|

]
⩽ C

√
h (1 + |Y0|)2, 0 ⩽ s ⩽ h,
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so integrating over s ∈ [0, h] in (G.43) gives, for every Y0 ∈ Rd,

∣∣∣h (−L̃hṼi)(Y0) −
(
Ṽi(Y0) − Ṽi+1(Y0)

)∣∣∣ ⩽ Ch
3
2

(
1 + |Y0|

)2 3∑
j=1

∥∇jṼi∥∞.

By (G.30), (G.33) and (G.15) at j = 1, 2, 3,

h

2

∞∑
i=0

∣∣∣π(ψC
(
h (−L̃hṼi) − Ṽi + Ṽi+1

))∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
.

The partial sums of the telescoping series are

N−1∑
i=0

π
(
ψC (Ṽi − Ṽi+1)

)
= π

(
ψC f̃h

)
− π

(
ψCṼN

)
,

and π(ψC) = 0, (G.34) and (G.30) give π(ψCṼN ) → 0 as N → ∞. The series of π(ψC (−L̃hṼi)) converges
absolutely: by |L̃hṼi(x)| ⩽ C(1 + |x|)(∥∇Ṽi∥∞ + ∥∇2Ṽi∥∞), (G.30) and (G.33),

∞∑
i=0

∣∣∣π(ψC (−L̃hṼi)
)∣∣∣ ⩽ C

∞∑
i=0

(
∥∇Ṽi∥∞ + ∥∇2Ṽi∥∞

)
⩽ Ch−

1
2

∞∑
i=0

e−λih <∞.

Therefore ∣∣∣∣h22
∞∑
i=0

π
(
ψC (−L̃hṼi)

)
− h

2
π
(
ψC f̃h

)∣∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
. (G.44)

Finally, (4.1) and ∥∇f∥∞ ⩽ 1 give |f̃h − f | ⩽
√
h/2 E|χ| ⩽

√
dh/2, so h

2 |π(ψC (f̃h − f))| ⩽ Ch
3
2 by (G.30).

With (G.42) and (G.44), ∣∣∣πh(f) − π(f) − h

2
π(fψC)

∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
.

Since πh(f) − π(f) − h
2 π(fψC) =

∫
f d(πh − π − h

2 ψC π), the supremum over the functions f satisfying
Assumption 2 and ∥∇f∥∞ ⩽ 1, with (G.12), proves (6.16). □

Proof of (6.17) in Theorem 6. The proof follows that of (6.16), with the local error (F.2) in place of (5.8),
Lemma 26 for the term i = 0, and Lemma 27 for the move from π̄h to π. Let f satisfy Assumption 2 and
∥∇f∥∞ ⩽ 1, and let

Vi := eihLf, i ⩾ 0, (G.45)

so that V0 = f and Vi ∈ D by (A.12). By (G.14) at t = ih, as for (G.33), for i ⩾ 1 and j = 1, 2, 3, 4,

∥∇jVi∥∞ ⩽ C min
(
1, (i+ 1)h

)− j−1
2 e−λih. (G.46)

With the transition kernel Ph of (SGLD), as in Appendix F, (Phg)(Z0) = Ê0

[
g(Z1)

]
for a given Z0. Since

π̄h is invariant under Ph and ehLVi = Vi+1,

π̄h(Vi) − π̄h(Vi+1) = π̄h
(
PhVi − ehLVi

)
,

and |VN (x) − π(f)| ⩽ Ce−λNh(1 + |x|) by (G.14) at j = 1 and the invariance of π under etL, as in (G.34).
Summing over i,

π̄h(f) − π(f) =

∞∑
i=0

π̄h
(
PhVi − ehLVi

)
. (G.47)

For the term i = 0 of (G.47), averaging (G.27) over Z0 ∼ π̄h, with π̄h(|x|) ⩽ C from Lemma 19, gives∣∣π̄h(Phf − ehLf
)∣∣ ⩽ Ch

3
2

(
1 + π̄h(|x|)

)
⩽ Ch

3
2 .
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For i ⩾ 1, averaging (F.2) at k = 0, with G = Vi, over Z0 ∼ π̄h, with π̄h(|x|12) ⩽ C, gives∣∣∣∣π̄h(PhVi − ehLVi

)
− h2

2
π̄h

(
∇2Vi :

(
2∇2U + C

)
−∇Vi ·

(
∇2U ∇U −∇∆U

))∣∣∣∣ ⩽ Ch3
4∑

j=1

∥∇jVi∥∞,

and, by (G.46) and (G.15),

Ch3
∞∑
i=1

4∑
j=1

∥∇jVi∥∞ ⩽ Ch2
(

1 + log
1

h
+ h−

1
2

)
⩽ Ch

3
2 .

Hence ∣∣∣∣π̄h(f) − π(f) − h2

2

∞∑
i=1

π̄h

(
∇2Vi :

(
2∇2U + C

)
−∇Vi ·

(
∇2U ∇U −∇∆U

))∣∣∣∣ ⩽ Ch
3
2 . (G.48)

By Assumption 1, (C.27) and |A : B| ⩽ d∥A∥∥B∥ for A,B ∈ Rd×d, for every x ∈ Rd and every symmetric
matrix A, ∣∣∇2U(x)∇U(x) −∇∆U(x)

∣∣ ⩽M2(1 + |x|) + dM ⩽ C(1 + |x|),∣∣A :
(
2∇2U(x) + C(x)

)∣∣ ⩽ (2dM + Σ)∥A∥.

Hence the integrand in (G.48) satisfies∣∣∣∇2Vi :
(
2∇2U + C

)
−∇Vi ·

(
∇2U ∇U −∇∆U

)∣∣∣ ⩽ C
(
1 + |x|

)(
∥∇Vi∥∞ + ∥∇2Vi∥∞

)
,

and the moment bound π̄h(|x|) ⩽ C of Lemma 19, (G.46) and (G.15) at j = 1, 2 give

h2

2

∞∑
i=1

∣∣∣∣π̄h(∇2Vi :
(
2∇2U + C

)
−∇Vi ·

(
∇2U ∇U −∇∆U

))∣∣∣∣ ⩽ Ch2
∞∑
i=1

(
∥∇Vi∥∞ + ∥∇2Vi∥∞

)
⩽ Ch.

With (G.48), |π̄h(f) − π(f)| ⩽ C(h + h
3
2 ) ⩽ Ch for every f satisfying Assumption 2 and ∥∇f∥∞ ⩽ 1, and

(G.12) gives
W1(π̄h, π) ⩽ Ch. (G.49)

In the coefficient of h2

2 in (G.48), the measure π̄h can be replaced by π. Assumption 1 gives∣∣(∇2U ∇U −∇∆U
)
(x) −

(
∇2U ∇U −∇∆U

)
(x′)

∣∣ ⩽ C
(
1 + |x| + |x′|

)
|x− x′|, x, x′ ∈ Rd,

and with (C.27), (C.26) and |A : B| ⩽ d∥A∥∥B∥, the integrand in (G.48) satisfies (G.29) with K =

C
∑3

j=1∥∇jVi∥∞. Lemma 27, with µ = π̄h, ν = π, the moments of Lemmas 19 and 16, and W1(π̄h, π) ⩽
Ch ⩽ 1 by (G.49) with Ch0 ⩽ 1, gives, for i ⩾ 1,∣∣∣(π̄h − π)

(
∇2Vi :

(
2∇2U + C

)
−∇Vi ·

(
∇2U ∇U −∇∆U

))∣∣∣
⩽ CW1(π̄h, π)

10
11

3∑
j=1

∥∇jVi∥∞ ⩽ Ch
10
11

3∑
j=1

∥∇jVi∥∞.

By (G.46) and (G.15) at j = 1, 2, 3, h
∑∞

i=1

∑3
j=1∥∇jVi∥∞ ⩽ C(1 + log 1

h ), so replacing π̄h by π in the

coefficient of h2

2 in (G.48) costs at most

h2

2

∞∑
i=1

Ch
10
11

3∑
j=1

∥∇jVi∥∞ ⩽ Ch1+
10
11

(
1 + log

1

h

)
⩽ Ch

3
2 .

Under π, (6.12) with Vi in place of ψ and (6.13) give

π
(
∇2Vi :

(
2∇2U + C

)
−∇Vi ·

(
∇2U ∇U −∇∆U

))
= π

(
∇2Vi : (∇2U + C)

)
= π

(
(ψ∇2U + ψC) (−LVi)

)
,
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so we obtain ∣∣∣∣π̄h(f) − π(f) − h2

2

∞∑
i=1

π
(
(ψ∇2U + ψC) (−LVi)

)∣∣∣∣ ⩽ Ch
3
2 . (G.50)

The sum in (G.50) telescopes as in the proof of (6.16), with (1.1), L, Vi = eihLf , the solution Xs of (1.1)

and its initial value X0 in place of (4.16), L̃h, Ṽi = eihL̃h f̃h, Ỹ0(s) and Y0, with ψ∇2U + ψC in place of ψC ,
and with (G.46) and Assumption 1 in place of (G.33) and (4.13). The identity (G.43) and the bound on its
integral hold in this form, and since the sum starts at i = 1, the partial sums of the telescoping series are
π((ψ∇2U + ψC)V1) − π((ψ∇2U + ψC)VN ), where π((ψ∇2U + ψC)VN ) → 0 as N → ∞ by π(ψ∇2U + ψC) = 0,
the bound |VN (x) − π(f)| ⩽ Ce−λNh(1 + |x|) and (G.30). Hence∣∣∣∣h22

∞∑
i=1

π
(
(ψ∇2U + ψC) (−LVi)

)
− h

2
π
(
(ψ∇2U + ψC)V1

)∣∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
.

Finally, the bound on Xs−X0 in (C.1) for (1.1) gives |V1(x)−f(x)| = |Ex[f(Xh)−f(X0)]| ⩽ Ex|Xh−X0| ⩽
C
√
h (1 + |x|), so h

2 |π((ψ∇2U + ψC) (V1 − f))| ⩽ Ch
3
2 by (G.30). With (G.50),∣∣∣π̄h(f) − π(f) − h

2
π
(
f (ψ∇2U + ψC)

)∣∣∣ ⩽ Ch
3
2

(
1 + log

1

h

)
,

and the supremum over the functions f satisfying Assumption 2 and ∥∇f∥∞ ⩽ 1, with (G.12), proves (6.17).
□

G.5 Proof of Corollary 4: limits of the Wasserstein-1 errors

Proof of Corollary 4. Both limits of Corollary 4 follow from (6.18) as in Section 6.4, since πh, π̄h and π
have finite first moments by Lemmas 8, 19 and 16.

For the positivity, a function ψ ∈ L2
0(π) with ∥ψ π∥KR = 0 has π(gψ) = 0 for every g ∈ C∞

c (Rd),
hence ψ = 0 π-almost everywhere. By (6.15), ψ∇2U is continuous and unbounded, since |∆U | ⩽ dM while
|∇U(x)| ⩾ ⟨x,∇U(x)⟩/|x| → ∞ as |x| → ∞ by (B.1). Hence ψ∇2U is nonzero on a nonempty open set,
which has positive π-measure since π(x) > 0 for every x ∈ Rd, and ∥ψ∇2U π∥KR > 0. For ψC , let r > 0 and

φr(x) :=
(
r2 + |x|2

) 1
2 , x ∈ Rd, (G.51)

so that φr ∈ D and

|∇φr| ⩽ 1, ∇2φr =
φ2
rId − x⊗ x

φ3
r

⪰ r2Id
φ3
r

, ∥∇2φr∥ ⩽
1

φr
,

∆φr =
d− 1

φr
+
r2

φ3
r

, |∇∆φr| =
(d− 1) |x|

φ3
r

+
3r2|x|
φ5
r

⩽
d+ 1

2r2
.

(G.52)

Since |∇U(x)| ⩽ M(1 + |x|) ⩽
√

2Mφ1(x), the gradient of Lφ1 = ∆φ1 − ∇U · ∇φ1 satisfies, by (G.52),
|∇(Lφ1)| ⩽ d+1

2 +M +
√

2M ⩽ d+ 3M . With (6.13) for ω = φ1 and C(x) positive semidefinite,

∥ψC π∥KR ⩾
π
(
ψC (−Lφ1)

)
d+ 3M

=
π
(
∇2φ1 : C

)
d+ 3M

⩾
1

d+ 3M
π

(
Tr

[
C(x)

]
(1 + |x|2)

3
2

)
.

The trace Tr
[
C(x)

]
is nonnegative and continuous by (C.26); if C(x) does not vanish identically, the trace is

positive on a nonempty open set, and π
(

Tr
[
C(x)

]
(1 + |x|2)−

3
2

)
> 0, so ∥ψC π∥KR > 0. □

74



G.6 Proof of Lemma 9: failure of the comparison

Proof of Lemma 9. The proof checks the assumptions, writes the Kantorovich–Rubinstein norm in dimension
1 through primitives in (G.53), computes ψC explicitly, and evaluates both norms of Lemma 9 by quadrature.
Assumption 1 holds with m = 1, R = 0 and every M ⩾ 1. The estimator is unbiased, |∇Û(x; ξ)| ⩽ |x| + 10,
its Hessian 1 + 10 ξ a′(x) is bounded by 1 + 10∥a′∥∞, and its variance is 100 a(x)2 ⩽ 100, so Assumption 3
holds for M large enough.

Here π is the standard Gaussian distribution, with π′(x) = −xπ(x). For ψ ∈ L2
0(π) and s ∈ R, the

Cauchy–Schwarz inequality on (−∞, s] for s ⩽ 0, and on [s,∞) for s > 0 since π(ψ) = 0, gives∣∣∣∣∫ s

−∞
ψ(y)π(y) dy

∣∣∣∣ ⩽ π(ψ2)
1
2 e−

1
4 s

2

,

so for f Lipschitz with |f ′| ⩽ 1 an integration by parts gives

π(fψ) = −
∫
R
f ′(s)

∫ s

−∞
ψ(y)π(y) dy ds ⩽

∫
R

∣∣∣∣∫ s

−∞
ψ(y)π(y) dy

∣∣∣∣ds,

with equality for f(s) = −
∫ s

0
sign

(∫ s′

−∞ ψ(y)π(y) dy
)
ds′. Hence

∥ψ π∥KR =

∫
R

∣∣∣∣∫ s

−∞
ψ(y)π(y) dy

∣∣∣∣ ds. (G.53)

By (6.15), ψ∇2U (x) = 1
2 (x2 − 1), and∫ s

−∞
ψ∇2U (y)π(y) dy = −1

2
s π(s), s ∈ R. (G.54)

For A = a2, let J(x) :=
∫ x

−∞ y a(y)2 dy and ζ := π(a2) − π(J). The function J − a2 + ζ is smooth and

bounded, satisfies π(J − a2 + ζ) = 0, and has the derivative x a2 − (a2)′, so for ω ∈ D, (3.4) gives

π
(
(J − a2 + ζ)(−Lω)

)
= π

(
(x a2 − (a2)′)ω′) = −

∫
R
ω′(x)

(
a(x)2π(x)

)′
dx = π

(
ω′′ a2

)
,

which is (6.13) for A = a2. By the uniqueness in Theorem 8,

ψa2 = J − a2 + ζ. (G.55)

Since C = 100 a2, the linearity in Theorem 8 gives ψC = 100ψa2 . Quadrature in (G.53), with (G.54) and
(G.55), then gives the values in Lemma 9, so (6.19) fails. □

G.7 Proof of Theorem 7: threshold on the batch size

Proof of Theorem 7. The proof bounds ∥(ψ∇2U + ψC)π∥KR from below by testing (6.13) with a function
of the distance to the minimizer of U , bounds ∥ψC π∥KR from above through (G.8), and compares the 2
bounds. Let x∗ be the minimizer of U , and let φr be the function of (G.51) with r2 = d/m and x − x∗ in
place of x. The gradient of Lφr = ∆φr −∇U · ∇φr satisfies

|∇(Lφr)| ⩽ 2 ∥∇2U∥∞ +
d+ 1

2r2
⩽ 3 ∥∇2U∥∞, (G.56)

since (G.52) bounds |∇∆φr| by d+1
2r2 = (d+1)m

2d ⩽ m ⩽ ∥∇2U∥∞, and, by |∇φr| ⩽ 1, ∥∇2φr∥ ⩽ φ−1
r and

|∇U(x)| = |∇U(x) −∇U(x∗)| ⩽ ∥∇2U∥∞ φr(x),

|∇(∇U · ∇φr)| ⩽ ∥∇2U∥ |∇φr| + ∥∇2φr∥ |∇U | ⩽ 2∥∇2U∥∞.
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By (G.56), the function −Lφr/(3 ∥∇2U∥∞) is 1-Lipschitz, and (6.13) with ω = φr gives π((−Lφr)ψA) =
π(∇2φr : A) for A = ∇2U and A = C. As ∇2φr and C(x) are positive semidefinite, π(∇2φr : C) ⩾ 0, and as
∇2U ⪰ mId, ∇2φr : ∇2U ⩾ m∆φr. Hence

∥(ψ∇2U + ψC)π∥KR ⩾
π
(
(−Lφr) (ψ∇2U + ψC)

)
3 ∥∇2U∥∞

⩾
mπ(∆φr)

3 ∥∇2U∥∞
. (G.57)

The identity (3.4) with g1 = 1 and g2 = 1
2 |x−x∗|

2 gives π(∇U ·(x−x∗)) = d, and ∇U(x)·(x−x∗) ⩾ m|x−x∗|2,

so π(|x− x∗|2) ⩽ d/m. As functions of |x− x∗|2, (r2 + |x− x∗|2)−
1
2 and (r2 + |x− x∗|2)−

3
2 are convex and

decreasing, so Jensen’s inequality and r2 = d/m give

π(∆φr) ⩾
d− 1

(2d/m)
1
2

+
d/m

(2d/m)
3
2

=
(m

2d

) 1
2
(
d− 1

2

)
⩾

(md
8

) 1
2

,

and (G.57) gives

∥(ψ∇2U + ψC)π∥KR ⩾
m

3
2

√
d

6
√

2 ∥∇2U∥∞
⩾

m
3
2

√
d

9 ∥∇2U∥∞
. (G.58)

For ∥ψC π∥KR in (6.19), let f satisfy Assumption 2 and ∥∇f∥∞ ⩽ 1, and let ϕ0 solve (3.7). By (G.8)
with ω = ϕ0 ∈ D and ∇2U ⪰ mId, and (3.4),

π
(
∇2ϕ0 : ∇2ϕ0

)
+mπ

(
|∇ϕ0|2

)
⩽ π

(
(f − π(f))2

)
= π

(
∇f · ∇ϕ0

)
⩽ π

(
|∇ϕ0|2

) 1
2 . (G.59)

By (G.59), π(|∇ϕ0|2)
1
2 ⩽ m−1 and then π(∇2ϕ0 : ∇2ϕ0) ⩽ m−1. As for (G.11), (6.13) with ω = ϕ0 and the

Cauchy–Schwarz inequality give |π(fψC)| = |π(∇2ϕ0 : C)| ⩽
√
d ∥C∥∞m− 1

2 , and the supremum over f with
(G.12) gives

∥ψC π∥KR ⩽

√
d ∥C∥∞
m

1
2

. (G.60)

Hence, whenever ∥C∥∞ ⩽ m2/(9 ∥∇2U∥∞), (G.60) and (G.58) give

∥ψC π∥KR ⩽

√
d ∥C∥∞
m

1
2

⩽
m

3
2

√
d

9 ∥∇2U∥∞
⩽ ∥(ψ∇2U + ψC)π∥KR,

which is (6.19). For SGLM and SGLD with a batch of P independent stochastic gradients, the averaged
estimator satisfies Assumption 3 with Σ/P in place of Σ (Section 6.1), so Corollary 4 applies with its
covariance C(x)/P , and ∥C∥∞/P ⩽ m2/(9 ∥∇2U∥∞) exactly when P satisfies (6.21). The representor of
C(x)/P is ψC/P by the linearity in Theorem 8, and (6.19) with ψC/P in place of ψC is (6.22). □
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