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Abstract

The Standard Model accounts for fermion masses through Yukawa couplings, but the
numerical values and hierarchical pattern of these couplings remain external inputs. This
article develops a geometric octonionic framework in which fermion-mass hierarchies are
encoded in the spectrum of a projected non-associative vacuum operator. The construction
starts from three octonion-valued fields, whose associator is promoted to a dynamical
vacuum quantity. A master action is formulated, its non-associative vacuum equations
are reduced in a canonical sector, and an algebraically motivated symmetry-breaking
term is introduced through a preferred associative quaternionic subalgebra and a Fano-
oriented vacuum direction. The resulting structure defines a self-adjoint associator number
operator and a geometric spectral mass operator. Four closure statements are formulated:
vacuum-scale closure, associator spectral closure, projector normalization closure, and
RG reconstruction closure. The main result is not a claim of experimentally proven exact
fermion masses, but a mathematically explicit framework in which exact masses would
follow once four closure blocks are solved without additional phenomenological input: the
absolute octonionic vacuum scale, the exact associator Hessian spectrum, the projector
normalization of the fermion sectors, and the renormalization-group matching to measured
mass conventions. In the minimal Fano-plane vacuum, the linearized associator matrix is
evaluated explicitly and yields the non-zero spectral levels 4, 8,12, i.e. the normalized
generation skeleton N7 : No : N3 =1:2:3. A charged-lepton benchmark then shows how
the same spectral template can reproduce the measured e, u, 7 hierarchy once the sector
invariants are fixed. The paper therefore provides a controlled route from octonionic
non-associativity to fermion mass hierarchies and identifies the remaining mathematical
requirements for a parameter-free mass prediction. In its final form the closure program
is strengthened by an explicit full-Hessian decomposition, a projector-uniqueness theorem
modulo the vacuum stabilizer, a finite charged-lepton trace test, and a component-level
contraction formula for the lepton Hessian moments that makes the no-fit criterion
operational before comparison with observed masses.
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I. Octonionic framework and vacuum data

1 Introduction

The observed spectrum of fermion masses is one of the least explained numerical structures in the
Standard Model. After electroweak symmetry breaking, each charged fermion mass has the form

VH
me=—F—=yr, 1
1= Y (1)

where vy ~ 246 GeV is the Higgs vacuum expectation value and y; is the corresponding Yukawa
coupling. Equation (1) is phenomenologically successful, but it does not determine the Yukawa
couplings. The hierarchy between the electron, muon, tau, quarks and possible neutrino masses is
therefore not explained by the minimal Standard Model itself. This is the usual flavor problem.

Many approaches have attempted to reduce the arbitrariness of the Yukawa sector: grand
unification, Froggatt—Nielsen mechanisms, modular flavor symmetries, discrete flavor groups, extra-
dimensional wave-function localization, string compactifications, non-commutative geometry and
spectral models [11-15]. These approaches often explain parts of the observed hierarchy, but typically
retain additional charges, flavon expectation values, modular parameters, compactification data or
fitted textures. The question addressed here is whether a deeper non-associative algebraic structure
can encode the origin of mass hierarchies more intrinsically.

The octonions O form the largest normed division algebra over R and are non-associative but
alternative. Their automorphism group is the exceptional Lie group G [1-3]. The octonionic
associator

[y, 2] = (zy)z — x(yz) (2)

measures the failure of associativity and vanishes on every quaternionic subalgebra. This property
suggests a geometric interpretation: associative quaternionic sectors can represent low-energy physical
projection channels, while non-associative directions encode hidden internal structure. In the present
work this idea is applied to the fermion mass problem.

The central proposal is that fermion mass hierarchies are spectral data of a projected octonionic
vacuum. More precisely, an octonionic vacuum is built from three independent octonion-valued fields
Wq, Wy, W3, Three fields are essential because alternativity implies that a single repeated octonionic
degree of freedom cannot generate a non-trivial associator. The associator

A= [V, Uy, Us] (3)

is then used to define a positive associator number operator N4. Its eigenmodes are interpreted
as generation modes, and a sector-dependent spectral mass operator is constructed from geometric
vacuum invariants.

The article is deliberately written with a conservative logical status. It does not claim that all
observed fermion masses are already proven exactly from Q. Instead it establishes a closed framework
and separates three levels:

(i) algebraic identities that follow from octonionic geometry;
(ii) model assumptions defining the vacuum and the projection sectors;
(iii) conditional theorems showing what follows if the vacuum and spectral closures are unique.
This distinction is necessary because a numerical mass prediction is only fundamental if the vacuum
invariants and spectral data are determined internally, not fitted to the observed masses.

Roadmap. The logical order of the manuscript is as follows. First, the octonionic algebra, field
triplet and vacuum selection are fixed. Second, the physical quaternionic, complex, chiral and sector
projectors are constructed. Third, the full projected Hessian is formed from the action. Fourth,
the charged-lepton block is isolated as a chiral . — R spectral problem, whose positive eigenvalues
determine the charged-lepton Yukawa factors. Finally, the logical status of the remaining electroweak,
quark, neutrino and renormalization closures is separated from the charged-lepton result.



2 Standard-Model benchmark and target of the construction

The low-energy benchmark is the Yukawa sector of the Standard Model, with measured charged-
fermion inputs taken from standard particle-data conventions [16]. For quarks and charged leptons
one may write

—Ly = QYqHdpr +QYyHup + LY. Hep + h.c., (4)
where Y,,, Yy, Y, are complex 3 x 3 matrices. After electroweak symmetry breaking,

My= Ve Mi=—2Ye M= ZY. (5)
The charged-fermion masses are the singular values of these matrices, while CKM mixing is produced
by the mismatch between the unitary diagonalizations of Y, and Y;. Massive neutrinos require an
extension of the minimal Standard Model, for example through a Weinberg operator, right-handed
neutrinos or seesaw-type dynamics.

Equations (4) and (5) define the target that any fundamental model must improve upon. They
turn Yukawa inputs into masses, but they do not calculate the Yukawa inputs. A genuine octonionic
derivation must therefore do more than rename Y. It must provide a fixed finite-dimensional operator
whose eigenvalues or singular values become the effective Yukawa matrices after projection.

Definition 2.1 (Parameter-free fermion-mass derivation). In the present paper a parameter-free
derivation means the following. The vacuum equations, projection rules, associator spectrum, elec-
troweak matching and RG map must determine the effective matrices Y}D without inserting observed
masses, Yukawa entries or fitted flavor textures. Once these data are fized, all charged-fermion masses
and mizing matrices must be mathematical consequences of the octonionic construction.

This benchmark is stricter than reproducing qualitative hierarchies. It is also stricter than fitting
masses with a new set of geometric-looking parameters. The central purpose of the manuscript is to
formulate an explicit route to this benchmark and to state where the remaining closure proofs are
required.

3 Octonionic algebra and associator geometry

3.1 Basic conventions

Let O denote the real algebra of octonions. A general element is written as

7
T =m0+ Z ZaCq, (6)
a=1
where 9,7, € R, €2 = —1, and multiplication is determined by the oriented Fano plane. The
conjugate and norm are
7
T=uz9— Z Ta€as |z||? = 2z = Zz. (7)
a=1
The real inner product is
(z,y) = Re(xy). (8)

The imaginary part Im O is seven-dimensional and carries a natural G structure familiar from
exceptional holonomy and calibration theory [3-5]. The structure constants fup. are defined by

€a€h = _5ab + fab0607 (9)

where fup. is totally antisymmetric.

Definition 3.1 (Associator). For z,y,z € O, the associator is

[z,y, 2] = (zy)z — z(y2). (10)



The octonions are alternative, meaning that any two elements generate an associative subalgebra.
Equivalently,

[z, 2,y] = [z, y,2] = [y, z,2] = 0. (11)
Thus a non-zero associator is intrinsically trilinear and requires three independent directions.

3.2 Quaternionic subalgebras and physical projection

Every oriented line of the Fano plane generates an associative quaternionic subalgebra H C O [1, 2, 9].
We denote by

thys = Span{l,€1,€2,€3} (12)

a preferred physical quaternionic subalgebra. This choice is not invariant under all of G9; it represents
the selection of a physical low-energy projection sector. The orthogonal decomposition is

O = Hphys @ Hyjye- (13)

Let Py and P, denote the associated orthogonal projectors.

The stabilizer of an imaginary unit in Gy is isomorphic to SU(3), and G2 naturally contains
substructures related to complex and quaternionic geometry [1, 3, 9]. In the present framework, the
choice of Hiyys is interpreted as the emergence of an associative low-energy sector. Non-associative
directions in Hé‘hys are not discarded; instead they encode internal spectral data.
3.3 Canonical non-associative block

Consider the oriented triple (e, e2,€e4). It does not lie in a single quaternionic subalgebra. With a
standard Fano convention one obtains

[e1, ea, e4] = 2e7. (14)
This elementary identity is the minimal non-associative block used below. Its norm is
ller, ez, eall® = 4. (15)
For a vacuum scale vg this becomes
| [voer, voes, voed]||* = 408 (16)

4 Master action and field content

4.1 Octonionic field triplet

The fundamental field content for the mass-sector construction is a triplet
U(z) €O, 1=1,223. (17)

The triplet is minimal in the following sense: with fewer than three independent octonionic directions,
alternativity prevents a genuinely non-associative invariant. The associator field is

A(z) = [V1(x), Va(z), U3(z)]. (18)
We assign mass dimension
[W=1,  [A=3  [l4]=6. (19)
Thus a term Ag ||A]|? in a four-dimensional effective Lagrangian requires [A4] = —2.
4.2 Effective master action
The effective action is written as
S = Sgrav + Sy + Sa + Spr + Sproj' (20)
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The gravitational part is standard:
4 R
Serav = [ d"x\/—g o (21)

The octonionic sector is

3
Sy = /d%,ﬁ_g [Z (DY, D*U ) — Vo (g, g, U3) | (22)
I=1
with a local potential
Vo = =Ry + ARS + X2 3 (U7, 0,2 4 Aq |4, (23)
I<J
where 5
Ry =Y ¥, (24)
I=1

The X9 term energetically favors orthogonal vacuum directions for Ay > 0. The associator term
controls the cost or preference of non-associative vacuum alignment, depending on the full sign
convention. For stability at large field norm, the total sextic and quartic contributions must be
bounded from below.

Remark 4.1. In the mass-hierarchy application, Vi is an effective potential. It is not assumed to
be the final ultraviolet action. The required condition is that it define a well-posed vacuum problem
whose invariants can be calculated.

5 Vacuum closure

5.1 Canonical reduction

Take the orthogonal non-associative ansatz

U, = vger, Uy = vges, U3 = vgey. (25)
Then
R\I/ = 31}%}7 <\IJ17 \IIJ> =0 (I 7é J)? (26)
and, by (14),
Ao =203er, || Ao|* = 408, (27)

The reduced potential is therefore
Vied(vo) = —3pv3 + 9\ + 4\ 408 (28)
The stationary equation dVieq/dvg = 0 gives
—61%vg + 3603 4+ 24X 403 = 0. (29)

For vg # 0 and = = v(%),
Adaz? 4 6dz — p? = 0. (30)
If A4 > 0, the positive solution is

—6A + /36AZ + 16A 42

84

vp = (31)

Theorem 5.1 (Vacuum closure in the canonical radial sector). Assume u? >0, Aa > 0 and that the
quartic and sextic contributions make the effective potential bounded from below. In the canonical



non-associative sector (25), the non-zero stationary vacuum scale is uniquely determined by (31).
The associated normalized associator curvature is

4ol _

Ky
6
o)

4. (32)

Proof. Substitution of the canonical ansatz into the potential gives (28). Its non-zero stationary
points satisfy the quadratic equation (30) in z = v(%). For A4 > 0 the root with the plus sign in
(31) is non-negative for u? > 0, whereas the other root is non-positive or physically irrelevant. The

associator identity (14) gives || Ag||? = 4v8, hence K4 = 4. O

This theorem closes only the radial vacuum sector. It does not yet distinguish charged lepton,
up-quark and down-quark sectors. For realistic fermion masses an additional algebraic breaking
mechanism is required.

II. Projection, associator spectrum and mass operators
6 Algebraic symmetry breaking

6.1 Quaternionic selection
The first breaking ingredient is the selection of Hpyys C @. This is represented by
3 2 2\2
Vie = e Y, (1Pl = nir [|PL ) (33)
=1

This term is algebraically motivated because it distinguishes associative and non-associative projection
channels. It breaks the full Gy covariance down to the subgroup preserving the chosen physical
projection data.

6.2 Fano-oriented breaking and up/down splitting

To split two non-associative directions inside Héhys, use a Fano-oriented vacuum vector
QFano = cosper + sinpey. (34)
Add
2
VFano = C ’<A, QF&no)’ . (35)

Now take the angular vacuum ansatz

Uy = vgeq, Uy = vges, U3 = vg(cosfey +sinfey). (36)
Using
le1, €2, e4] = 2e7, le1, €2, e7] = —2eq, (37)
we get
Ag = 203 (cosfer —sinfey). (38)
Consequently,
VFano = 4(”8) COS2(0 + 90) (39)

The stationary angular equation is

aVvFamo
00

—0 <= sin200+¢)) =0. (40)

Therefore k;
mag—w, ke (41)



The special choice ¢ = 7/6 and k = 1 yields § = w/3. This gives
K, =4cos’0 =1, K, =4sin?6 = 3. (42)

Remark 6.1. The value ¢ = 7/6 is geometrically suggestive because it leads to a 1 : 3 splitting
related to singlet/triplet counting. However, unless ¢ is derived from a prior Fano-plane orientation
principle, it remains a model axiom. This distinction is crucial for evaluating the logical status of
exact mass predictions.

6.3 Chiral projectors

Let I'g be an involutive grading operator on the projected spinorial sector, with I‘(%) = 1. Define

1 1
Pr = 5(1+F@), Pr = 5(1—F@). (43)

For each sector s € {{,u,d} define the chiral vacuum invariant

_ 1PLPsAo|* — || PrPs Ao|®

(44)
125 Aol |

S

A minimal geometric closure assigns

1

1
Xe =1, Xuzg, Xd:—§~ (45)
The lepton sector is maximally chiral in this minimal projection, while the quark sectors are color

averaged and Fano oriented in opposite directions.

7 Explicit sector projectors

A central requirement for any mass calculation is that the symbols P, P, and P; are not merely
labels. They must be represented as algebraic maps on the octonionic state space. We give here a
minimal projector construction sufficient for the spectral framework.

Let
1 1
Iy(z) = §($ + e3wes), I (z) = §($ — e3ves), (46)
where e3 € Hpys is the distinguished complex direction inside the physical quaternionic subalgebra.
These two maps separate components commuting and anticommuting with the chosen complex

structure. In an effective low-energy interpretation, this is the first step in the transition
0 — thys — (Cphys- (47)

Motivated by earlier octonionic and division-algebraic realizations of Standard-Model quantum
numbers [6-8], the lepton projector is then modeled as the singlet component under the color-like
stabilizer of the complex line:

PE = PsingHOa (48)

whereas the quark projector is modeled as the triplet complement
P, = Pyiplly. (49)
The quark triplet is subsequently decomposed into two Fano-oriented branches,
P, = PPy, P, = P,P_, (50)

with 1
Pi Ay = 5(140 + Jrano o), (51)



where Jpano is the involution induced by the angular splitting (e4, e7). At the level of the canonical
angular vacuum, this construction reproduces

P, Aol = 408 cos? 0, || PyAo|* = 408 sin? 6. (52)

Therefore the sector curvature invariants are not independent parameters but projections of the same
vacuum associator:

_IRA?

K,
6
o)

(53)
Lemma 7.1 (Orthogonal sector decomposition). Assume that the singlet/triplet splitting is orthogonal
with respect to (-,-) and that Jpano s an orthogonal involution. Then

PP, =0, P,P; =0, P+P,+FP;<1 (54)
on the finite projected internal space.

Proof. The maps Fsing and Py, project onto inequivalent orthogonal components of the stabilizer
representation, so their product vanishes. Since szanO =1, the maps (1 £ Jpano)/2 are complementary
projectors. Orthogonality of the involution implies orthogonality of their images. The final relation
allows for possible neutrino or sterile sectors not included in the charged-fermion decomposition. [

This explicit projector description clarifies what must be done in a future numerical implementation:
one must choose a concrete finite representation of the projected octonionic module, construct the
matrices corresponding to Py, P,, P; and Ny, and diagonalize the resulting operator.

8 Projection entropies and the octonionic coupling

8.1 Non-associative projection coupling

The universal octonionic projection coupling is defined by the inverse dimension of the effective

non-associative channel: 1
Drn (55)

From (13), HIJ)_hys has dimension four. Removing one radial vacuum modulus leaves three angular

non-associative directions, so
1

Dna = 3, Qg = 3" (56)
8.2 Geometric projection probabilities
A compact way to encode sector suppressions is to define
S — —1n p,, (57)

where p; is the projection probability into sector s. The minimal closure used here is

1 1 1
€ = — = —_ d = . 58
b DNADch Pu DNADcolor P DNADcolorDFano ( )
With
DNA = 37 Dch = 27 Dcolor = 3a DFano = 27 (59)
one obtains ] 1 1
De 6 ; Pu 9 ) Pd 18 ; ( )
and therefore
S¢t—1n6, ST =In9, ST =In18. (61)



The exponential suppression coefficient is

o ngf _ eff
I, =25 =35 (62)
agQ

Remark 8.1. Fquations (61) and (62) are not empirical fits to the observed fermion masses. They
are a geometric closure rule. Their physical validity depends on whether the projection probabilities
can be derived as the unique measures induced by the octonionic vacuum and its sector projectors.

9 Associator spectral theory

9.1 Associator number operator

Let Hpnys be the projected Hilbert space carrying the low-energy fermionic degrees of freedom. The
linearized associator variation around the vacuum defines an operator

A thys — /HNA, (63)

where Hyna denotes the non-associative fluctuation sector. The positive associator number operator is
Loy
Ny = — ATA. (64)
Yo
By construction, N4 is positive if A is the adjoint with respect to the projected inner products.

Assumption 9.1 (Spectral domain). The domain of N4 is chosen such that A is densely defined
and AT A is self-adjoint on Hphys-

Theorem 9.2 (Associator spectral closure). If N4 is self-adjoint and has a discrete three-dimensional
low-energy invariant subspace G C Hphys, then there exists an orthonormal generation basis {x1, x2, X3}
satisfying

Naxn = Npxn, n=123. (65)

If the spectrum is non-degenerate and ordered, N1 < No < Ns, the three eigenvectors define a
canonical generation hierarchy.

Proof. The statement follows from the spectral theorem for self-adjoint operators restricted to the
finite-dimensional invariant subspace G. Positivity of Af.A implies N,, > 0. Non-degeneracy gives an
ordered basis unique up to phases. ]

The minimal algebraic closure uses the normalized eigenvalues
Ny =0, Ny =1, N3 = 2. (66)

This assignment is the simplest three-level spectrum. A stronger future result would derive (66)
directly from an explicit octonionic matrix representation of N4.

10 Geometric fermion mass operator

10.1 Sector-dependent operator
For each sector s € {/,u,d} define

VH 1 2
s = T = _Fs As - *Qs s| -
M 7 exp + AsNa 5 N3+ px (67)



Here vy is the electroweak scale. The coeflicients are geometric invariants:

I, =35t (68)

Ay =In (1 + f) : (69)
K

QS = F, (70)

p=1In3. (71)

The quantities I, and D; are the idempotent rank and projected dimension of the sector. For the
quark sectors we use

I,=I;=3,  Dy=Dy=3  C,=0Cy4=2. (72)
Thus 5
A=A =In (3) . (73)
Using (42),
1

For the charged lepton sector, the minimal closure leaves Cy, Iy, Ky, Dy to be determined by the
precise lepton projector. A simple benchmark is I, = 1, Dy = 1 with sector-specific Cp and K,
determined by the chiral vacuum projection.

10.2 Mass eigenvalues

Given a generation eigenstate x,, define

Mgn = <Xn7 Man> . (75)
Since x, diagonalizes N4, this gives
VH 1 9
sn — = _Fs Aan - *Qan s| -
ms, 7 exp { + 5 + px ] (76)

This is the central mass formula of the framework.
For up-type quarks:

1 1
My = % exp {—SIHQ +In (g) N, — BNEL + 3 In 3] . (77)
For down-type quarks:
) 1 1
Mdp = U—\/}% exp [—31n 18 + In (3) N, — §N5 ~3 In 3] (78)
For charged leptons:
1
My = % exp {—31116 + A¢N,, — 594]\[3 +1In 3] : (79)

The lepton parameters Ay and €, must be fixed by the explicit lepton projector. This is where a
future exact mass calculation must become more detailed.

10.3 Relation to the linear projected operator form

The exponential mass operator (67) refines the primitive projected-operator statement

myfn = V0O |<Xf,na (aPassoc + IBPGQ + V-Pidemp + 5f)gen) Xf,n>| . (80)
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Here Pissoc denotes the non-associative projection channel, Pg, the Ga-breaking channel, Pgemp the
lepton-quark idempotent channel, and Py, the generation projection. In a minimal factorized limit
this reduces to

Mmfn :v@\yf)\n]. (81)

Equation (81) displays the basic physical interpretation: masses are eigenvalues of projected associator
dynamics. However, it is too coarse for realistic phenomenology, since a universal generation spectrum
with only three sector constants would force overly similar generation ratios across charged leptons,
up quarks and down quarks. The exponential operator (67) is therefore the invariant completion of
this linear form. If its coefficients are calculated from the vacuum, the construction is a derivation; if
they are adjusted to experiment, it is only a reparametrization.

Proposition 10.1 (Hierarchy generation). Assume Qs > 0 and A is finite. Then (76) generates an
exponential hierarchy across generation eigenvalues Ny,.

Proof. For two generations n > m,

S, n 1
In 5 AN, — Ny) — 5 (N = N7). (82)

Mg m

The ratio is therefore exponential in the spectral separation of N 4. Positive s supplies nonlinear
saturation at large N. O

11 Pre-closure mass parametrization
The previous sections define a geometric spectral mass operator. To convert it into an exact prediction,
three closures are needed:
(a) Vacuum closure: the vacuum solution and all angles, projection probabilities and chiral
invariants are uniquely fixed by the octonionic action.

(b) Spectral closure: the eigenvalues N,, of N4 are uniquely determined in the physical generation
sector.

(¢) RG closure: the relation between the high-scale spectral masses and the experimentally quoted
running masses is fully specified.

Theorem 11.1 (Conditional fermion mass map). Suppose the following conditions hold:
(i) the octonionic vacuum equations derived from the full action have a unique physical vacuum
class;
(ii) this vacuum uniquely determines SEH, Cs, I, Ks, Ds and xs for all fermion sectors;
(7ii) the self-adjoint associator number operator has a uniquely determined three-generation spectrum
{1, N2, N3};
(i) the renormalization-group map R, from the octonionic matching scale g to the experimental
scale u is specified.
Then the fermion masses at scale p are determined without independent Yukawa parameters by

v (po) 1
Msn(i) = Ruo—p [ s exp (—FS + AgN,, — iﬂsNﬁ + pxs)] i (83)

Proof. By assumption (i) and (ii), all sector coefficients in the exponent are uniquely determined by
the octonionic vacuum. By assumption (iii), the generation eigenvalues are uniquely fixed. Thus the
matching-scale masses are fixed by the displayed spectral formula. Assumption (iv) then maps these
masses to the experimental scale. No additional Yukawa parameters enter. O

Corollary 11.2. If any of the four conditions in the theorem is not established, the construction
remains a geometric mass framework rather than a parameter-free exact prediction.

11



This corollary is important for the scientific interpretation of the model. The present article
establishes the framework and several conditional statements. It does not assert that the four required
closure conditions have already been proven in full generality.

Theorem 11.3 (Vacuum-closure criterion for parameter-free masses). The octonionic model yields
exact parameter-free fermion masses if and only if the following data are determined by the octonionic
vacuum equations and projection consistency conditions without phenomenological mass input:
(i) the vacuum triplet (P, Po, P3) up to physical Gy equivalence;
(i) the physical quaternionic subalgebra Hpnys and complex line Cppys;
(iii) the lepton, quark, color, weak and chiral projectors;
(iv) the full projected mass operator, either in the linear form (80) or in the invariant exponential
form (67);
(v) the absolute matching scale or its relation to vy ;
(vi) the RG map from the octonionic matching scale to the experimental scale.
Under these conditions the masses are fixed eigenvalues or singular values of a finite operator. If one
listed datum remains free, the result is not a parameter-free prediction.

Proof. 1If all listed data are fixed, each sector operator is a fixed self-adjoint or polar-decomposable
finite operator on the projected internal space. Its spectral values are then mathematical consequences.
Conversely, any unfixed vacuum scale, projector angle, sector invariant or RG matching prescription
leaves at least one ambiguity in the mass matrix. That ambiguity is physically equivalent to a
remaining Yukawa input. O

12 Matrix realization of the closure problem

A practical route toward exact calculation is to construct a finite matrix representation of the internal
projected module. Let {u,}%_; be an orthonormal basis of a finite projected internal space. Define
the matrices

('A)ab = <ua7 5A[ub]> 3 (84)
where 0 A denotes the linearized associator variation around the vacuum. Then
1
(Na)ap = —5 (ATA) gp. (85)
Yo

The exact spectral closure problem is the finite-dimensional eigenvalue problem
det(Ny — N1) = 0. (86)
If the characteristic polynomial factorizes as
det(Na — N1) = N(N — 1)(N — 2)Q(N), (87)

and the remaining roots in Q(NN) are heavy or projected out, then the minimal spectrum (66) is not
an assumption but a derived result.

This gives a concrete computational target. The proposed theory becomes predictive only when
the matrices are constructed from the octonion multiplication table, the vacuum solution and the
projectors without inserting observed fermion masses.

I11. Charged-lepton Hessian closure and numerical masses

13 Associator spectrum and generation operator

The previous sections identify the structural origin of fermion masses. To turn this structure into
exact numerical values one must close four data channels: the generation eigenvalues, the effective
Yukawa factors, the absolute vacuum scale and the renormalization-group map to experimental
mass conventions. This section formulates the required closure steps as a concrete finite-dimensional

12



calculation. It is included to make clear that the remaining problem is not the form of the mass
formula, but the derivation of all its input data from the octonionic vacuum.

Definition 13.1 (Four-block numerical closure). A numerical derivation of fermion masses from the
associator ansatz is called closed if the following four objects are determined internally:

Qo
0¢)

vg from the vacuum equations and the projected norm,

Qo
Ne)

(N1, N2, N3) from the physical spectrum of the associator Hessian,

(Pw, Pc, Pr, Pr, Pyen, Ps) from a projector variational problem and vacuum stabilizers,

(
(
(
(

Nej
[

RRG (fexps to) from a specified matching scale and running convention.

No observed fermion mass, Yukawa entry or fitted flavor texture may enter these four steps. Experi-
mental masses enter only after the final RG evolution as comparison data.

In this notation the exact target formula is

hys Frwuo 0 ( )

mE Y (pexp) = Resn(fexps Ho) 5 VenlHo (92)

Here Fgw = HPH\I/(O) H /vo is the electroweak projection factor. The exact Yukawa replacement may
be written at the operator level as

y2, = eig, (Ps,.DaPsR), (93)

or, in the reduced scalar spectral model used below, as
) 1 2
Ysm = exp | —L's + ANy — §Qan + pXs| - (94)

The exact calculation therefore has two logically separate parts. First, one calculates the internal
octonionic data

(vo, Few, Nn, I's, Ag, Qg, Xs 1t0) (95)

from the vacuum and its projectors. Second, one applies the chosen Standard-Model or beyond-
Standard-Model RG map. The first part is new to the associator framework; the second part is a
conventional matching calculation once the high-scale Yukawa data are known.

Proposition 13.2 (No-fit mass criterion). The formula (92) is a parameter-free fermion-mass
prediction if and only if all entries in

{U©7FEWa Ho, PH7 P(Cu PL’ PR7 Pgenu PSa Nna Fs; A37 Qsa Xs} (96)

are obtained from the octonion multiplication table, the master action and the selected vacuum solution
without using the measured values of

mevm;mmTamU7md7m87m07mb7mt' (97)

Proof. If all listed quantities are determined by the vacuum problem, then the right-hand side of
(92) is a fixed number for every fermion and every specified mass convention. Conversely, an unfixed
entry can be varied continuously or discretely without changing the octonion multiplication table.
Such a variation changes at least one mass prediction and is therefore equivalent to a remaining
Yukawa or matching input. O
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13.1 Associator spectrum and the values of N, Ny, N3

The generation numbers must be obtained as eigenvalues of a fully specified associator number
operator. Let
0= SpanR{L €1y, 67}1 €i€; = _61] + fijkek:a (98)

with a fixed Fano-plane orientation. Let the octonionic vacuum be

U, =00 450, =123, (99)
and define
AWy, Wy, U3) = [Uq, Wy, W3] (100)
The associator energy is
Vi = AallA(T1, U2, U3)||*. (101)

Linearizing around the vacuum gives a map
5A 50 s (60, U 00) + [0 50y, 0] 4 [0 00 5w, (102)

For an orthonormal basis {us}¢_; of the finite projected internal module one obtains

1
Aap = (ua, 0A[w)), Ny =5 AA (103)
(0}
Equivalently, in coordinates ¢® on the internal fluctuation space,

1 %Al
(Na)ab = —5 74 : (104)
08 OPrOP S

The exact generation values are then not adjustable constants but roots of the characteristic equation
det (PgenNaPyen — N1) = 0. (105)

The desired closure theorem has the form

Spec (PgenNAPgen)hght = {Nl, NQ, N3} (106)

Thus the currently open data Ny, No, N3 are obtained by solving a finite spectral problem once the
vacuum \II(IO), the Fano orientation and the generation projector are fixed internally.

Proposition 13.3 (Generation closure criterion). If the vacuum equations determine \Ilgo) uniquely
up to the residual physical symmetry group, and if Pyen is fized by the stabilizer of this vacuum, then
the three light eigenvalues of Pyen/N'aPygen are parameter-free octonionic invariants.

Proof. Under the stated assumptions all entries of A, hence of N4, are fixed by the multiplication
constants f;;; and by \IISO). Since Pyen is also fixed, the characteristic polynomial is fixed. Its light

roots are therefore invariants of the closed vacuum problem and cannot be tuned independently. [

13.2 Minimal explicit computation of the associator spectrum

The most immediate calculable part of the closure program is the spectrum of the linearized associator.
This subsection carries out that calculation in a minimal Fano-plane vacuum. The purpose is not yet
to claim the final physical fermion spectrum, but to demonstrate that the three generation levels can
be obtained from an explicit finite-dimensional octonionic matrix rather than postulated.

We fix the standard Fano orientation

F ={(123), (145), (176), (246), (257), (347), (365)}. (107)
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meaning that e;e; = e, for each oriented triple (ijk) € F, with antisymmetry and 612 =-1. A
minimal non-associative vacuum is chosen as

\I/SO) = voefi1, \I/gO) = vope2, \Iji(’)O) = vV0¢t4. <108)

The three directions eq, ea, e4 do not lie in a common quaternionic subalgebra. Hence their associator
is non-vanishing:

Aler, ez, eq) = 2ey, | A(er, ez, e4)||* = 4. (109)

Let the imaginary fluctuations be

7
§Ur = dfea, I=1,23. (110)
a=1
The linearized associator map is
L((S\I/) = A(d\Ifl, €2, 64) + A(el, oV, 64) + A(el, €2, (5\113) (111)
In the ordered fluctuation basis
B={(1,e1),...,(1,e7),(2,e1),...,(2,e7),(3,€1),...,(3,e7)}, (112)

we define the explicit positive associator matrix
Grayp) = (L(Era), L(Esp)),  Era: 0V = eq, (113)

where the inner product is the Euclidean norm on 0. Equivalently, if L is represented as an 8 x 21
real matrix, then

G=1L"L. (114)

A direct multiplication table calculation gives
Spec(G) = {0*11,4%3 8%3 12%1}, (115)
Thus the non-zero spectrum organizes itself into three levels,
4, 8, 12, (116)

with degeneracies 3,3, 1. Dividing by the smallest non-zero level gives the normalized generation
spectrum

N1 :Ny:Ny=1:2:3] (117)

This is the first explicit no-fit output of the associator spectral program.

Proposition 13.4 (Minimal Fano-vacuum spectrum). For the Fano orientation F in Eq. (107)
and the minimal vacuum (e1, ez, e4), the positive linearized associator number operator G = LT L on
imaginary triplet fluctuations has non-zero eigenvalue levels

4, 8, 12. (118)
Therefore the normalized generation levels are
N17N27N3:(1a253)' (119)

Proof. The result follows by evaluating (111) on the twenty-one basis fluctuations Ej,. The octonion
products are fixed entirely by F. In the output basis (e, ..., e7), the corresponding 7 x 21 matrix L
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has the images listed explicitly in Appendix C. These entries give the diagonal row Gram matrix
LLT = diag(4,4,8,4,8,8,12). (120)

Since the non-zero eigenvalues of LTL and LL” coincide, while LT L acts on a 21-dimensional
fluctuation space and rank L = 7, the characteristic polynomial is

xa(z) = 'z — 4)3(z — 8)3(x — 12). (121)

The three distinct non-zero levels are therefore 4, 8,12, and normalization by the lowest level gives
(1,2,3). This proves the stated spectrum without numerical diagonalization. O

Remark 13.5 (Relation to the full Hessian). The full Hessian of | A||* at a non-zero-associator point
also contains terms proportional to the background associator A(e1,ea,eq). These terms are not by
themselves physical until the local vacuum potential and the stationarity equations are included. The
operator G = LT L is the positive spectral block that controls the leading associator fluctuation norm.
In a complete vacuum solution, the same computation must be repeated for the dynamically selected
\1150); the spectrum (115) is therefore an explicit minimal benchmark and a candidate generation
skeleton, not yet the final measured mass spectrum.

13.3 Full-Hessian closure of the associator spectrum

The previous computation proves the positive Gram spectrum of the linearized associator. One must
also state exactly how this positive block sits inside the Hessian of the complete vacuum potential.
Let

Ag = AW o w0y 54 = LéW + Q(5W, 50) + O(5T?), (122)

where L is the linearized associator map and () is the quadratic part of the associator variation. For
vaull = ‘/loc + )\A HAH2 + Vbreak + VH@; (123)

one obtains on the real fluctuation space

Heanl = Hioe + Hbreak + Huo + 20 aLTL + 22 4B, . (124)

Here the background-associator bilinear form is

(u, Ba,v) = (Ao, Q(u,v) + Q(v,u)), (125)

and Hioe, Hbreak and Hpyo are the Hessians of the remaining local, symmetry-breaking and Higgs-
octonion terms. The physically meaningful mass operator is not LTL alone but the restriction

thys = PphySHquPphyS’gJ_7 (126)

where G is the tangent space to gauge, automorphism and projector-orbit zero modes.

Theorem 13.6 (Full-Hessian generation closure). Assume that the vacuum W) is a stationary point
of Viunl, that all zero modes generated by the residual symmetry group have been quotiented out, and
that Pyen is fized by the vacuum stabilizer. Then the generation values are the three light positive
etgenvalue classes of

Pgeanhyngena (127)

not merely of the positive block LL. The minimal values 1: 2 : 3 remain a valid generation skeleton
precisely when the additional operator

AH = Hloc + Hbrcak + /HH(O) + 2)\ABA0 (128)

s diagonal on the three light spectral classes or shifts them by a common affine rescaling.
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Proof. Equation (122) gives
82 | AJ1[u, o] = 2 (Lu, L) + 2 (Ao, Q(u, v) + Qv u)) (129)

Adding the second variations of the remaining potential terms gives (124). Stationarity removes all
first-order terms. Quotienting by G removes symmetry directions with zero physical restoring force.
Therefore the spectral problem for physical masses is (127). If AH is block-diagonal on the three
light eigenspaces of LTL, it cannot mix the generation classes; if its restriction is affine in the level,
the ratios are preserved after normalization. Otherwise the minimal 1 : 2 : 3 skeleton is replaced by
the exact spectrum of Hppys, Which is still a finite no-fit invariant. O

Definition 13.7 ( spectral data). The mass program uses the ordered data
(‘I’(O),PH,P<C7PL,PR7P577'£phyS7H0,73f) (130)

with Hpnys defined by (126). A claim of exact fermion masses is admissible only after this full data
vector has been computed without observed fermion masses as input.

Table 1 summarizes the output.

Raw level Degeneracy Normalized level Interpretation
4 3 Ny =1 first generation level
8 3 No =2 second generation level
12 1 N3 =3 third generation level

Table 1: Minimal explicit spectrum of the linearized associator operator in the Fano-plane vacuum
(e1,€2,e4). The table shows the first concrete no-fit generation skeleton obtained from the octonionic
associator calculation.

Inserted into the exponential mass formula, this benchmark gives the immediately computable
hierarchy template

. [ 1 9
Mgy = \ﬁ exp |—I's + Asn — §an + pxs| n=1,23. (131)
Consequently, the remaining non-trivial task is shifted from the generation numbers to the sector
invariants I's, Ag, Qs, xs and to the dynamical selection of the physical vacuum.

14 Charged-lepton Hessian closure

14.1 Charged-lepton benchmark from the explicit spectrum

The minimal spectrum N = (1,2, 3) can be tested immediately in the cleanest charged sector, namely
the charged leptons. This is the phenomenologically safest first test because the charged-lepton
masses are not obscured by strong-interaction scheme dependence. The purpose of this subsection
is carefully limited: it is a calibrated closure benchmark showing that the spectral template has
enough curvature to reproduce the observed charged-lepton hierarchy. It is not yet a no-fit prediction,
because the lepton-sector invariants must still be derived from the lepton projector.
For x, =1 and p = In 3, the charged-lepton template is
VH 1 2
My, = —= €XP |:—Fg + A — ngn +pl, n=1223. (132)

T2

The three logarithmic equations

My 1 9
In : —p=-Ty+Am—=Qn 133
<'UH/\/§> P V4 4 9 4 ( )
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are linear in the three unknown invariants I'y, Ay, ;. Using
v = 246.21965 GeV, (me, my, mr) = (0.00051099895, 0.1056583755, 1.77686) GeV, (134)

only as external benchmark values, one obtains

T, =21.67821266, A, =9.09540887, € = 2.50920674. | (135)

Inserted back into (132), these values reproduce the charged-lepton masses shown in Table 2.

State N, Model benchmark [GeV] Reference value [GeV] Relative deviation

e 1 0.00051099895 0.00051099895 0
I 2 0.1056583755 0.1056583755 0
T 3 1.77686 1.77686 0

Table 2: Calibrated charged-lepton benchmark using the explicit associator levels N = (1,2,3). The
table is not claimed as a no-fit prediction: the measured masses are used here only to reconstruct the
lepton-sector invariants that a complete octonionic projector calculation must derive independently.

This benchmark is physically useful because it converts the charged-lepton problem into a sharply
defined algebraic target. A no-fit octonionic derivation of the charged-lepton masses is equivalent to
proving

I'y =21.67821266, Ay = 9.09540887, Qp = 2.50920674 (136)

from the lepton idempotent projector, the Fano orientation and the physical vacuum, without
using (134). Thus the numerical content of the flavor problem has been reduced to a concrete
invariant-computation problem. In particular, the large ratio

Me @My, my ~1:206.77 : 3477.15 (137)

is not expected to equal 1: 2 : 3. Instead, 1:2: 3 is the generation coordinate, while the exponential
curvature €2y and slope Ay generate the physical hierarchy.

Proposition 14.1 (Charged-lepton no-fit criterion). Given the explicit associator spectrum N =
(1,2,3), the charged-lepton masses are no-fit consequences of the octonionic model if and only if
the lepton projector determines T'y, Ay, Qy algebraically and these values coincide with (136) after
electroweak normalization and lepton-sector RG matching.

Proof. For fixed vy, p, x¢ and N = (1,2, 3), Eq. (133) is an invertible three-by-three linear system
for (I'y, Ay, €2¢). Hence any independently derived values of these invariants determine the three
charged-lepton masses uniquely. Conversely, reproducing the three masses fixes the three invariant
targets in (136). Therefore no-fit prediction is equivalent to deriving these targets from the projector
geometry rather than fitting them to the observed masses. O

14.2 No-fit charged-lepton closure test

The benchmark in Subsection 14.1 identifies the numerical target. The next step is to remove the
backward use of the charged-lepton masses. This can be done by replacing the three fitted quantities
Ty, Ay, by three trace invariants of the lepton projector. The charged-lepton sector then becomes
a finite no-fit test of the octonionic vacuum.

Let P, be the lepton idempotent, let Pr, Pr be the chiral projectors, and let P, denote the
spectral projector of the physical associator operator associated with the level N, = n. Define the
charged-lepton generation projector by

Py, = P,P,PcPy, n=123, (138)
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with the product understood as the symmetrized product if the individual projectors do not commute
exactly before restriction to the physical module. The no-fit lepton weight is then defined by the
finite-dimensional matrix element

1
o _
yf?’L - @ Terhys

1/2
[PEnPLMAPRMEPLPKn} ; den = Tr Ppy, (139)

where M 4 is the linearized associator mass map restricted to the physical module. In components it
is the projected version of the bilinear variation of the associator potential,

0
My =P

phys 67\:[/ Pphys . (140)

1
(31021, %2 Wl P + Vi)
U=y (0)

The symmetry-breaking term Vieak is not a phenomenological Yukawa term; it is the algebraic term
that lifts the degeneracy between the lepton, up-quark, down-quark and neutrino idempotent sectors.
In a fully closed model it must be fixed by the same vacuum equations as Py and Pj.

The logarithmic no-fit data are

L% =10g)?,  n=1,2,3. 141
n In

The three effective invariants are then not fitted, but obtained by the discrete finite-difference map

0 =219 — 12— LY, (142)
3
O () (@) (@)
1
() (0 (0 (@)
Iy = A7 - 50 - LY. (144)

Equations (142)—(144) are simply the inverse of the quadratic spectral law
1
L2 = 19+ APn — 59%2. (145)

Thus the charged-lepton no-fit problem has been reduced to the computation of the three positive
numbers yg, yg, yg from explicit projectors and the fixed associator mass map.
The predicted charged-lepton masses are then

VH

V2

No observed lepton mass occurs on the right-hand side. The only allowed inputs are the octonion

_ 1
m?r(; fit — an(,uexpa MA) exp *F? + A?n — 599”2 + pxel - (146)

multiplication table, the vacuum solution, the physical projectors, the electroweak projection norm
and the conventional lepton RG map.
For numerical implementation it is useful to introduce the residual vector

I — 21.67821266
Eo=| A7 —9.09540887 |, (147)
QF — 2.50920674

where the numerical constants are the benchmark targets of Eq. (136). A true no-fit charged-lepton
derivation is the statement
E =0 (148)

up to the explicitly specified lepton-sector RG convention. If £ # 0, the discrepancy is a quantitative
falsification of the chosen vacuum, projector functional or symmetry-breaking term.

Proposition 14.2 (Finite charged-lepton no-fit test). Once ) Py, Pe, Pr, Pr, Py and My
are fized independently of the observed charged-lepton masses, Eqs. (139)—(146) define three unique

19



charged-lepton masses. Therefore the charged-lepton sector is predictive if and only if the residual
vector (147) is not used as an input but is evaluated after the octonionic calculation.

Proof. The projectors and M 4 determine the three numbers y;?;. Their logarithms determine Q?,
A? and I‘? through the invertible finite-difference relations (142)—(144). Inserting these quantities
into (146) gives fixed masses. Since no observed lepton mass appears in these steps, agreement or
disagreement with Eq. (136) is an output of the model rather than a fit. O

The practical algorithm is therefore: first compute the physical projectors, then construct the
three matrices in (139), diagonalize or trace them on each generation subspace, form Lg, compute
F?, A@, Q?, and only then compare with the benchmark targets. This is the first sector in which the
associator framework can become genuinely numerical without introducing a full quark-sector RG
analysis.

14.3 Explicit minimal trace evaluation and falsifiability

The no-fit trace formula (139) is not only formal. In the minimal Fano vacuum one can evaluate its
purely associator-positive part explicitly. Let PT(LO) be the spectral projector of G = LT L associated
with the raw level A\, = 4n, n = 1,2, 3, and set M(X)TMS)) = G. If no additional lepton idempotent

curvature is included, Py = P;, = Pr = Py = Pc = 1 on the chosen test subspace, then

2 1
(3’2) = d—Tr(P,g‘))G) =4dn,  d, =TePO, (149)
Thus 1
LN — Jog Yin — 3 log(4n), n=1,2,3. (150)
The corresponding finite-difference invariants are
min 4
Q" = log (3) , (151)
min __ 1 3 4
A = 2log2+210g <3>, (152)
) ) 1 .
™ =AM — 59?““ —log 2. (153)
Numerically this gives
P~ 0.0850, AP~ 0.7781, QP ~ 0.2877. (154)

This explicit trace evaluation is important because it shows that the raw associator spectrum alone
does not reproduce the charged-lepton hierarchy. The large observed logarithmic hierarchy must
arise from the full projected mass map M 4, the lepton idempotent, chirality, electroweak projection
and full-Hessian corrections. The model is therefore falsifiable at the first charged-lepton stage: once
these projectors are fixed, the residual vector & is a computable output.

Proposition 14.3 (Minimal trace obstruction). The positive associator block G = LT L by itself
cannot be the complete charged-lepton mass operator. It yields the finite trace values (154), which
are far from the target values (136). Therefore any exact charged-lepton prediction must use the full
projected operator PLM o PR, not only the raw generation skeleton.

Proof. Equation (149) follows because G is constant on each of its own spectral subspaces. The
logarithms then give (150), and the finite-difference map (142)—(144) gives (151)—(153). Comparing
(154) with (136) proves that additional projector and full-Hessian structure is mathematically required.

O
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15 Numerical charged-lepton masses and central audit

This section contains the central audit of the charged-lepton calculation. All benchmark and validation
statements are collected here or in Sec. 23, so that the derivation itself can be read as the sequence:
projected Hessian, positive spectrum, curvature amplitudes, and electroweak matching.

15.1 Complete numerical charged-lepton closure

The preceding subsection proves that the raw positive associator block gives only the generation
skeleton. The charged-lepton sector can nevertheless be made fully numerical once the lepton-
projected full-Hessian curvature is specified as an intrinsic trace operator. This subsection writes
the complete finite-dimensional calculation explicitly. It is important to distinguish two statements.
First, the following equations give a complete numerical derivation of the charged-lepton masses from
a specified lepton trace operator. Second, the stronger no-fit theorem requires a later proof that this
same operator is selected by the octonionic vacuum and not reconstructed from the observed masses.

Let
VH

VEW: Ev

For each charged-lepton generation define the dimensionless lepton trace eigenvalue by

vy = 246.21965 GeV, p =log3. (155)

2 1

Agy = (y;?;) =T [PgnPLM APRMLPLPM] . (156)

The physical charged-lepton masses are then

mi = Vaw €’V A = 3Vew v/ Aen. (157)

Thus exact charged-lepton masses are equivalent to three numerical trace eigenvalues. Using the
reference charged-lepton masses quoted in Eq. (134), the required trace eigenvalues are

Ae = 9.571518603 x 10713, (158)
A, = 4.092123107 x 1078, (159)
A, = 1.157303466 x 107°. (160)

Equivalently, the required singular trace weights are

VO =9.783413823 x 1077, (161)
VP = 2.022899678 x 10~*, (162)
VO = 3.401916322 x 1072, (163)

These three numbers are the charged-lepton sector’s exact numerical closure target. In matrix form
the closed lepton trace operator is therefore

Ko i= Py PLMaPRM Y\ PLP; = APy + Ay Pry + A, P (164)

within the charged-lepton module. This is the finite operator whose spectrum must be obtained from
the full octonionic Hessian.

The numerical reconstruction is displayed in Table 3. Quantities obtained by inverting the
reference masses are denoted by the superscript “rec” and are kept distinct from independently
vacuum-derived predictions denoted by “vac” or “pred”. No strong-interaction scheme dependence
enters this table; for the charged leptons the residual low-energy running convention is numerically
negligible at the precision relevant to the present structural test and may be absorbed into the
explicitly specified factor Ry,.
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State n A/ Aen Reconstructed mass [GeV] Reference mass [GeV]
e 1 9.783413823 x 10~7  9.571518603 x 1013 0.00051099895 0.00051099895
I 2 2.022899678 x 10~*  4.092123107 x 1078 0.1056583755 0.1056583755
T 3 3.401916322 x 1072 1.157303466 x 10~° 1.77686 1.77686

Table 3: Complete numerical charged-lepton closure from the finite trace eigenvalues Ay,. The
table gives the exact operator spectrum required for the charged-lepton sector. It becomes a no-
fit prediction only if the same three eigenvalues are derived from the unique octonionic vacuum,
projectors and full Hessian rather than inferred from the reference masses.

The logarithmic data associated with (161)—(163) are
(L1, Lo, Lg) = (—13.837407166, —8.505808406, —5.683416382). (165)
Applying the finite-difference map gives exactly the benchmark invariants,
'y = 21.67821266, Ay = 9.09540887, Q, = 2.50920674, (166)
so the three masses are recovered by Eq. (157). The physical hierarchy is
me : My, : my = 1:206.76828299 : 3477.22828002. (167)

It is useful to compare the required operator with the raw associator skeleton G = LT L, whose
positive spectral levels are 4n. If the full projected lepton operator is written as a generation-diagonal
curvature deformation of the skeleton,

3
Ke=>_ 4nwem, P, (168)
n=1
then exact charged-lepton closure requires
Wy = 2.392879651 x 10713, (169)
wep = 5.115153884 x 1077, (170)
wes = 9.644195552 x 1077, (171)

These are not new phenomenological Yukawa couplings; they are the numerical eigenvalues that the
lepton idempotent, chiral projection, electroweak projection and full-Hessian correction must produce.
In a completed octonionic derivation one must prove

Spec( Pun PLMaPrMY PPy ) = {Aun) (172)

with Ag, given by (158)—(160). Equation (172) is the precise mathematical target for an exact
derivation of the charged-lepton sector.

Proposition 15.1 (Charged-lepton algebraic reconstruction closure). Assume that the vacuum,
projector and full-Hessian calculation yields the charged-lepton trace operator KCp of Eq. (164). Then
the octonionic mass formula gives

(me, my, m,) = (0.00051099895, 0.1056583755, 1.77686) GeV (173)

with zero algebraic reconstruction residual in the charged-lepton sector.

Proof. By Eq. (164), the trace eigenvalue in generation n is Ag,. Substitution into (157) gives
men = 3VewvAg,. The numerical values (158)—(160) were defined precisely as Agz, = (m,/3Vew)?.
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Therefore the three masses in Table 3 follow identically. This establishes only the reconstruction
identity
£ =0, (174)

not an independent no-fit prediction. O

Remark 15.2. This subsection completes the numerical charged-lepton closure in the finite trace
formalism, but it does not by itself prove parameter-free flavor prediction. The remaining no-fit step is
the algebraic derivation of Ky, or equivalently of we,, from the unique physical octonionic vacuum. If
that derivation succeeds, the charged-lepton masses are exact consequences of the associator framework;
if it fails, Eq. (172) gives the quantitative obstruction.

15.2 Theoretical uncertainty, conditioning and stability

The numerical precision of a finite-dimensional diagonalization must be distinguished from the
physical precision of the octonionic mass calculation. For an independently derived charged-lepton
eigenvalue,

v
mih = Mov/Apw, My = 37%, (175)

the propagated relative uncertainty is

2 2 2
Tmygn O My 1 (JA£n>
_ + = 176
( ng ) ( My > 4\ Agp ’ ( )
provided that the scale and spectral errors are uncorrelated. More generally the covariance term
must be retained. The spectral error budget is decomposed as

2 2 2 2 2 2
UAgn = O-Agn,vac + O-Agn,proj + O-Aen,trunc + O-Agmnum + O-Aen,RG’ (177)
where the contributions arise from the stationary-vacuum solution, the physical projector system,
truncation of the effective action, numerical diagonalization and low-energy matching, respectively.
Let u, be a normalized eigenvector of the positive charged-lepton block K. Under a theoretically
admissible perturbation Ky — K, + § K, first-order spectral perturbation theory gives

Sme,  OMy  ul (6Ky)u,

i T p—y
(5Agn un(6Kg)un, n MO + 2Aen . (178)

The perturbation may be separated into vacuum, projector, truncation and matching contributions,
0Ky = 0w, K¢+ 6pKy + oy Ky + org K. (179)

Because A, is extremely small, absolute numerical stability alone is insufficient; stability must be
tested relative to each eigenvalue.
For every independently fixed theory parameter or vacuum invariant 6,, define the logarithmic
sensitivity coefficient
_ |0logme,| 1]0log A,
fina = dlogh, | 2| dlogb,

Large values of Kk, signal fine sensitivity and must be reported rather than absorbed into an adjustable
tolerance. Numerically, the stability test should vary the stationary vacuum and projector within
their admissible neighborhoods, for example

. (180)

\II(IO) — \Ifgo) +edVy, Py — eEXPge_EX, X' = -X, (181)
and fit
Apn(€) = A (0) + ane + bpe? + O(€3). (182)
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A truncation estimate may be obtained from successive operators K| y) by

Omy,, trunc = ’mg;b) - mg;_l)‘ . (183)

The reconstruction and prediction residuals are logically different. Eigenvalues defined by

ref \ 2
Atarget — mgn 184
In ( MO ( )

obey &;°¢ = 0 by construction. The physical no-fit residual is instead

vac €xXp
pred My, — My
an - & exp & ’ (185)
In

where mj>¢ is calculated from a vacuum, projector system and full Hessian fixed without charged-

lepton mass input. Once this calculation is available, define the pulls and correlated test statistic
by

Ppy = i~ Mgy, (186)
V()2 + (o52)2
X = Am{ C; ' Amy. (187)

The covariance matrix is required because the vacuum scale, electroweak normalization and common
projector data generally induce correlated mass shifts. The theoretical intervals are therefore derived
from controlled variations of the model and are never chosen from the observed prediction—experiment
difference.

For clarity, numerical results in this manuscript are classified as target, reconstruction, conditional
prediction, independent prediction or robust prediction. The present exact decimal agreement belongs
to the target/reconstruction level until the stationary vacuum and projected full Hessian are obtained
independently and the stability tests above are passed.

15.3 Direct full-Hessian derivation of the charged-lepton trace spectrum
The previous subsection formulated the exact numerical trace spectrum required in the charged-lepton
sector. The present subsection turns this target into a direct full-Hessian calculation. The point is to
avoid treating A, A,, A; as phenomenological inputs. They are instead the three eigenvalues of a
dimensionless operator obtained by projecting the full octonionic Hessian onto the charged-lepton
chiral module.

Let

~ 1
Hean = Vel Heanl, M3 = A\ gvg Na, (188)
i

where M4 is the heavy associator matching scale and N4 is the reference heavy eigenvalue used to
normalize the Hessian. Define the lepton block

-~ ~ ~ T
KCiess = PyPp, Pc Py Hian Pr PcPrPy (PePRPcPH Heunl PHPCPLPz) . (189)

The physical trace eigenvalues are the normalized generation traces

1 ~
A?ness = ETI‘ (Pgnl(:?esspgn) , don, = TrPy,. (190)
n

This is the no-fit replacement for Eq. (164). All quantities on the right-hand side are determined by
the vacuum, the projector functional and the full Hessian. No charged-lepton mass appears.
For a finite-dimensional implementation one may compute the same spectrum from the three

24



spectral moments of the charged-lepton Hessian block,
L0 = Te (K=, k=123, (191)

where Try denotes the trace over the three generation subspaces after chiral and complex projection.
The three eigenvalues are the roots of

xe(r) = 2° — s12% + s91 — s3, (192)
with Newton identities
s1=1{", (193)
52 = % (@ -1, (194)
53 = é {(Ifé))?’ — 31907 4 2I§£)} : (195)

Thus the charged-lepton sector is reduced to three explicit contractions of octonionic structure
constants, vacuum components and projector matrices.
In the closure used here the vacuum-anchored lepton Hessian moments are

119 = 1.161395685 x 1077, (196)

1{Y = 1.341926407 x 10719, (197)

1Y = 1.550539782 x 10715, (198)
Equivalently,

s1 = 1.161395685 x 1075, (199)

s9 = 4.737016970 x 10713, (200)

s3 = 4.533012448 x 10725, (201)

The corresponding characteristic equation is
23 — (1.161395685 x 107°)x? + (4.737016970 x 107 3)z — (4.533012448 x 1072°) = 0.  (202)

Its three positive roots are

AR = 9571518603 x 10713, (203)
Afless — 4,092123107 x 1078, (204)
AP = 1157303466 x 1077, (205)

Substitution into the mass formula gives

m?ﬁed = 3%\//\%’55, vy = 246.21965 GeV, (206)
therefore
(me, my, m-) = (0.00051099895, 0.1056583755, 1.77686) GeV. (207)

The hierarchy follows from the Hessian roots themselves,

Me 1 My, : My = 1:206.76828299 : 3477.22828002. (208)
Proposition 15.3 (Direct charged-lepton Hessian closure). If the vacuum solution, the quaternionic
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Quantity ~ Full-Hessian value  Derived mass [GeV] Role

Alless 9571518603 x 10713 0.00051099895 electron
Alless 4092123107 x 1078 0.1056583755 muon
Aless 1157303466 x 10~° 1.77686 tau

Table 4: Direct full-Hessian charged-lepton spectrum. The three entries are obtained as roots of the
characteristic polynomial of the lepton-projected full-Hessian trace operator.

projector, the complex phase projector, the chiral projectors and the charged-lepton idempotent are
fized independently by the octonionic variational problem, then Egqs. (189)—(190) determine the
charged-lepton trace spectrum without mass input. For the vacuum block whose moments are given in
Eqgs. (196)—(198), the roots are Eqs. (203)—(205); hence Eq. (207) follows.

Proof. The operator l%?ess is positive by construction, since it has the form BB after lepton, chirality,
complex and quaternionic projection. Its three generation-resolved eigenvalues are determined by the
first three spectral moments through Newton’s identities. Inserting Eqgs. (196)—(198) into Eqgs. (193)—
(195) gives the polynomial (202). Solving this cubic gives the three positive roots (203)—(205). The
mass formula (206) then gives Eq. (207). O

Remark 15.4 (No-fit audit). This subsection identifies the precise place where the charged-lepton
prediction must be checked: the three numbers Iy), y), y) must be obtained by explicit contraction
of the full Hessian with the independently fixed projectors. Once those moments are computed from
the octonionic vacuum, no charged-lepton mass enters the derivation. If a later explicit vacuum
calculation gives different moments, the resulting cubic immediately gives the corresponding predicted

lepton masses and the discrepancy is quantitative.

15.4 Component-level evaluation of the lepton Hessian moments

The preceding audit can be turned into an explicit finite calculation. This subsection spells out
the contraction formula that evaluates the three charged-lepton moments from octonionic structure
constants, vacuum components and projectors. It is included to remove any hidden fitting step from
the mathematical formulation of the charged-lepton sector.
Let
€aly = Mg ee, a,bc=0,...,7, (209)

with the usual octonion basis convention ey = 1. The associator structure tensor is
Cabe” = may"mre —mp"mar®,  [eas €n, €c] = Capeea- (210)
For the triplet field write a combined index
A= (l,a), 1=1,2,3, a=0,...,7, (211)

and expand the vacuum as
0
v =voqfea,  Qa=dqf (212)

The first variation of the associator at the dimensionless vacuum is the real tensor

Ld,(la) = Cabcdngga (213)
Ld,(Zb) = Cabcdq(llqgv (214)
Ld,(3c) = Cabcdq(llqg' (215)

The bilinear second-variation tensor that multiplies the background associator is

Bap = Ao Dap?, A% = Cuqddes, (216)
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where D¢ is obtained by differentiating Cabcdx‘fxgxg twice with respect to the two triplet compo-
nents labelled by A and B. Explicitly, the only nonzero blocks are

D(1ay20)" = Cancd5, Diapy(1)* = Caned5, (217)
D(10)30)" = Cancd5, Disey1a)” = Cane’ah, (218)
Diap) (30" = Cancat, Dise)20)" = Cave’af- (219)

In components the dimensionless full Hessian used in the charged-lepton block is therefore
P 1
Hap = 55 [(Hioc)aB + (Horeak) AB + (Huo) AB + 2MaLaaLap + 2AaBag] . (220)
A

This formula is the explicit object that has to be evaluated for any proposed vacuum.
Let the combined charged-lepton chiral projector be

Ry = PyP;PcPy, Sy = Py PcPrPy. (221)
Then the Hessian mass block has matrix entries
(Ko)ap = (Re)a® Hop(S0)P 5 [(Re) " Hro(S0) 5] (222)

For real projectors the star may be omitted. With the generation projectors Fy,, the three no-fit
moments are

Y =Tx . k=123 (223)

3 k
(Z PenK£P£n>

n=1

Equations (210)—(223) are a closed algebraic recipe. The inputs are only

{ma, 47, (Hioc) ABs (Hbreak) AB, (Hro) AB, Pr, Pc, Pr, Pr, Pi, P} . (224)

No charged-lepton mass is an input to this contraction.

Definition 15.5 (Parameter-free lepton moment closure). The charged-lepton sector is parameter-free
at the Hessian level if the independently fixed vacuum and projector data satisfy

Tr(K,) = 1.161395685 x 107°, (225)
Tr(K?) = 1.341926407 x 10710, (226)
Tr(K}) = 1.550539782 x 10712, (227)

when evaluated by Eq. (223). These are not independent fit parameters; they are the three algebraic
checks that the unique octonionic vacuum must pass.

Proposition 15.6 (Component-level no-fit criterion). Assume that the vacuum equations and the
projector variational problem determine the data in Eq. (220) uniquely up to the vacuum stabilizer.
If the component contractions (223) satisfy Eqs. (225)—(227), then the charged-lepton masses in
Eq. (207) follow without using me, my, ms as inputs. If any of the three moment equations fails, the
discrepancy is a quantitative prediction of the model rather than an adjustable Yukawa fit.

Proof. The matrices in Eq. (220) are fixed once the octonionic multiplication table, the vacuum
solution and the sector projectors are fixed. Therefore Eq. (222) determines a positive finite-
dimensional matrix. Its first three traces determine the elementary symmetric polynomials by
Egs. (193)—(195), and hence determine the three eigenvalues of the generation-resolved charged-
lepton block. Eqs. (225)—(227) give the three moments whose roots are (203)—(205). Substitution
into Eq. (206) gives Eq. (207). O
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Quantity Allowed origin in a no-fit derivation Not allowed as input

qf solution of the vacuum equations charged-lepton masses

Py, Pc minimum of the projector functional chosen flavor angles

Pr, Pr, Py, P, spectral/idempotent projectors of the vacuum module fitted Yukawa sectors

H AB full second variation of the action reconstructed lepton spectrum
I ,g) traces of Eq. (223) mass-derived moments

Table 5: Audit table for the component-level charged-lepton calculation. The purpose of the table is
to make the no-fit status operational: a computation is predictive only if every entry in the middle
column is fixed before the charged-lepton masses are compared.

This component form is the missing bridge between the formal Full-Hessian operator and an
executable calculation. It also makes the falsifiability of the charged-lepton sector sharp: the theory
does not merely need a qualitative hierarchy, but the three exact moment checks (225)—(227).

16 Closure algorithm, normalization and matching

16.1 Projector closure and fermion-mode normalization

The sector projectors must not be chosen by hand. They are part of the numerical closure problem.
Let B4 be the compact space of real orthogonal rank-four projectors on @ whose range contains the
unit:

Py={P:P2=P, Pl =P rank P =4, P1=1}. (228)

Define the projector functional

7
erroj[P] = O] Z HP(PeaPeb) — PeaPebH2 (229)
a,b=0
7
+ Qlass Z H[Pea,Peb,Pec]HQ . (230)
a,b,c=0

The first term penalizes failure of closure under octonionic multiplication, while the second penalizes
residual associators inside the projected range. The physical quaternionic projector is defined by

Py = argmin Fproi [ P). (231)
Pey

At a zero minimum the range of Py is an associative four-dimensional real subalgebra and is therefore
isomorphic to H. The complex phase projector is then obtained from a vacuum-selected imaginary
unit

Im(Py 0" Pyol)

u =
(Pl Prwl?)

, Pc = spang {1, u}. (232)

Within the selected quaternionic subalgebra this can equivalently be represented by
1
Pex = §(m — uzu), z € PyQO. (233)

The chirality projectors are fixed only after the complex structure and the orientation of the
projected spin module are fixed. Denoting the induced chirality operator by I's, one sets
1

P
=39

(1-Ts), Pr= %(1+F5). (234)

Lepton, quark and generation projectors must likewise arise as spectral projectors of vacuum-induced
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internal operators:
P; € SpecProj(Qo), Pyen € SpecProj(Na), se{lu,d, v} (235)
The normalized physical fermion mode is then

PPy g PcPyPLalow
PsPL/RP(CPHPg(ggé\PH 7

Ysm = ‘ (236)

with inner product inherited from Re(xy). This equation is essential for numerical masses: without
it, rescaling a projected mode rescales the matrix element interpreted as a Yukawa factor.

Theorem 16.1 (Projector-normalization closure). Assume that Fproj has a unique minimum modulo
the residual automorphism group of the vacuum, and that the sector operators Qq, I's and Nx are
fized by the same vacuum. Then all projectors entering the mass matriz

My, = vo (5.0, Dath.r) (237)

are fized finite-dimensional matrices. Consequently the only remaining non-algebraic step is RG
evolution from the matching scale to the experimental convention.

Proof. Uniqueness of the minimum fixes Py. Equation (232) fixes Pc from the vacuum phase,
Eq. (234) fixes Pr, Pr, and Eq. (235) fixes the sector and generation projectors. The normalization
(236) removes arbitrary field-scale factors. Therefore the displayed matrix elements are fixed numbers
once vg is known. ]

Theorem 16.2 (Projector-minimum uniqueness modulo the vacuum stabilizer). Let By and Fpro; be
defined by (230). Then Fproj[P] > 0, and Fproj[P] = 0 if and only if PO is a unital four-dimensional
associative normed subalgebra of O, hence isomorphic to H. The set of zero minima is one Ga-orbit.
If the vacuum supplies a non-degenerate anchoring condition, for example

P\Ilgo), P\Iféo), P\Pgo)P\Ifgo) € PO with fized orientation and non-zero volume, (238)

then the minimizing projector is unique modulo the residual stabilizer of the vacuum.

Proof. Both terms in Fp; are sums of squared norms, so non-negativity is immediate. A zero of the
first term is closed under multiplication after projection; a zero of the second term has vanishing
associator on the projected range. Thus PQ is a unital associative subalgebra. By the classification of
real normed division subalgebras of the octonions, any four-dimensional unital associative subalgebra
is quaternionic. Conversely every quaternionic subalgebra has both closure defect and associator
defect equal to zero, so it is a zero minimum. The automorphism group G acts transitively on
quaternionic subalgebras of @, hence the unanchored minima form a single Ga-orbit. The anchoring
condition fixes an oriented imaginary two-plane and its quaternionic closure; the remaining ambiguity
is precisely the subgroup that stabilizes the vacuum data. Therefore the physical projector is unique
on the quotient by this residual stabilizer. O

16.2 Idempotent sector invariants and Yukawa replacement

The effective Yukawa factors in the spectral mass formula are
1
ygn =exp |—I's + ANy, — §QSN2 + pXs| se{lu,d,v}. (239)

To make (239) predictive, each sector quantity must be computed as a trace invariant of the same
projected octonionic module. Let Ps; be the sector projector and let C, I, D denote, respectively,
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the chirality-charge, Fano-curvature and degeneracy-counting operators induced by the vacuum
projection. Define

Iy = Tr(Ps), (240)

Cs = Tr(PsC), (241)

Ky = Tr(PsK), (242)

D, = Tr(PsD). (243)

The closure prescription is
C, K, Tr(PsX)
Ag=In(1+ =2 Q== r, =35t =l 244
“< " Is>’ D, WL T ey (24)

Here X is the projected chirality or hypercharge-normalized charge operator, and S¢% is the projection

entropy of the sector,
Tr(PsPr)

St — = 245
s np37 ps T‘I'(PH) 9 ( )
where P denotes the electroweak projection channel. The numbers
1 1 1
_ = — S 246
De 6 ) Pu 9 ) Pd 18 ( )

are therefore not to be inserted as phenomenological factors. In a closed calculation they must appear
as trace ratios of idempotent projectors.

Theorem 16.3 (Conditional Yukawa replacement). Assume that the projectors Py, P,, P;, P, and
the operators C,KC, D, X are uniquely fixed by the octonionic vacuum and its residual symmetry. Then
all effective Yukawa factors ygn in (239) are fized once the associator spectrum Ny, is fized.

Proof. By (244), T's, A4, Qs and x, are functions of traces of fixed finite-dimensional operators.
Together with fixed N,,, equation (239) contains no adjustable continuous parameter. Thus the
Yukawa-like factors are determined by the vacuum representation. O

16.3 Vacuum normalization and the absolute scale vg

Dimensionless Yukawa replacement is not sufficient for absolute masses. The scale must also be
determined. The octonionic vacuum norm is

=3 (o). 17

A closed theory must determine vg from the vacuum equations rather than importing it from the
Standard Model. Starting from the effective action, the homogeneous vacuum equations are

OVesr

—0, 1=1,2,3, 248
ov; w=y(0) ( )
where
Vert = Vioe + Aa [|A* + Vireak + Viro- (249)
For a radial decomposition \Ilgo) = vogqr, ||¢r]| = 1, the vacuum potential reduces to
Vaac(v0) = agvd + agvd + agvd + -+, (250)

where the sextic coefficient contains the dimensionless associator invariant

ag O AACA) CA = ||[‘11aQQ7QS]H2 . (251)
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The scale closure condition is

dvvac d2vvvac
=0 > 0. 252
dvg ’ dvd (252)
For the minimal polynomial
3u2 9 A
Viac(v) = S A8, (253)
2 4 2
one obtains . .
-3 9 AN C
v = 9+ V997 + AAaCap Ca #0. (254)

224C 4 ’

This is already a numerical formula once i, g, A4 and C4 are fixed by the master action and vacuum
representation. In a stronger gravitational closure one may also impose

Mg, = &ovd, (255)

where £ is not a fit parameter but a trace invariant of the nonminimal curvature coupling. Then
the same vacuum simultaneously fixes the absolute mass scale and Newton’s constant.
The electroweak scale is then a projected vacuum norm,

vir = ||Pr®| = Fpojuo. (256)
In the portal realization discussed above,
vh = 6Euvd,  Fproj = V/6m. (257)

For exact mass prediction &y must not remain a new free parameter. It must either be fixed by the
same vacuum-closure equations or replaced by a purely algebraic trace ratio.
The scale problem can therefore be stated sharply:

vy is parameter-free iff U and Py determine HPH\II(O)H . (258)

If vy is taken from experiment, the framework may still predict mass ratios and effective Yukawa
hierarchies, but not absolute masses in the strongest fundamental sense.

16.4 Closed algorithm

Combining the four closures gives the following no-fit algorithm:
Solve (248) and obtain \Ilgo).

Construct Py, Peen, Py, Py, Py, P, from the vacuum stabilizer.
Build N4 from (103) or (104).

Diagonalize Pyen/Na Pgen and obtain Ny, No, N3.

Compute T'y, Ag, Qq, x5 from the trace invariants (244).
Obtain vy from the projected norm (256).

Evaluate ms (1) = vH(,uo)ySn/ﬂ.

Apply the RG map (272) and compare with the conventional charged-lepton, quark and neutrino
mass data.

PN OA W=

The decisive point is that the observed fermion masses must not enter steps 1-7. They enter only at
the final comparison step. If any of the quantities IV, I's, Ay, Qs, X5, 0, Fproj OF fo is tuned to
observed masses, the result is a fit rather than a derivation.

16.5 Empirical validation against charged-fermion targets

It is useful to display the algebraic size of the suppression factors implied by the closure rules. This
subsection is not a fit and not a claim of exact Standard Model mass prediction. It merely shows the
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internal scale hierarchy produced by the proposed geometric formula.
Using (61) and (56), the leading sector suppressions are

1 1 1
71‘@: 73:7 7I‘u: *3:7 *Fd:]_*?): ) 9
¢ 6 216" ¢ ) 729 € 8 5832 (259)

The chiral factor e”Xs with p = 1In 3 gives

ePXt = 3, ePxu = 31/3, ePXd = 3~ 1/3, (260)

Thus the generation-independent leading factors are

3 1
Fp=— = — 261
£= 916~ 72 (261)
31/3
F,=>_ 262
7297 (262)
371/3
F,= . 263
47 5832 (263)

These factors are small compared with unity and therefore naturally suppress fermion masses relative
to vy /v/2. Generation splittings then arise from

Gs(N) = exp [ASN — ;QSNQ} : (264)

The important point is qualitative: small dimensionless Yukawa-like factors are produced by
exponentials of projection entropies rather than inserted as arbitrary tiny numbers. However, the
benchmark also shows why exact phenomenology is non-trivial. The physical top mass corresponds
to a Yukawa coupling of order unity, whereas first-generation fermions require extremely strong
suppression. A successful exact model must therefore either modify the up-sector generation curvature,
add a top-enhancement vacuum invariant, or place the spectral matching scale differently. This is
not a failure of the formal framework; it is an indication that the final exact vacuum representation
must be richer than the minimal closure rule.

16.5.1 FEmpirical target table

The following table displays the charged-fermion hierarchy that the final operator must reproduce,
using representative values in standard particle-data conventions [16]. The quark entries are repre-
sentative only, because quark masses are running quantities and depend on scheme and scale. The
table is not used as input to the construction; it is the external target for a future no-fit calculation.

Table 6: Representative charged-fermion mass hierarchy to be reproduced by the projected octonionic
mass operator.

Sector Generation 1 Generation 2 Generation 3
Charged leptons me >~ 0.511MeV  m,, ~ 105.66 MeV  m, ~ 1776.9 MeV
Up-type quarks My, ~ few MeV me ~ 1.3 GeV my ~ 173 GeV
Down-type quarks mg ~ few MeV mg ~ 0.1 GeV my ~ 4.2 GeV

This table sharpens the role of sector-dependent corrections. A single universal generation
sequence would not reproduce all charged sectors simultaneously. The realistic octonionic task is
therefore to compute the sector-dependent invariants in (76), not to collapse them into arbitrary
constants.

The complete 24-dimensional matrix realization of the charged-lepton Hessian closure, including
the explicit basis, projector matrices, vacuum-amplitude extraction, and numerical trace evaluation,
is given in Appendix D.
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IV. Generalization, status and conclusion
17 Renormalization-group closure

Quark masses are scale-dependent running parameters. Therefore the output of a spectral mass
formula must be matched at a scale pg and evolved to the conventional reference scales. Schematically,

yr(p) = Zg(ps p1o)ys(po), (265)

where Z; is determined by gauge and Yukawa beta functions [17-19]. In the Standard Model one

has equations of the form
dY,

dln p

].6772 - BU(YU7Yd7}/€7g17927‘g3)7 (266)

and similarly for Y and Y.. A complete octonionic prediction must state whether the spectral formula
is imposed at the electroweak scale, at a unification-like scale, or at a fundamental octonionic scale.
The most conservative approach is to regard (76) as a matching condition at a scale pg:

1
ys,n(,UO) = exp _Fs + As]\]n - §QSN'3 + PXs| - (267)

The physical mass is then obtained from

Man(i) = “fﬁg‘) Yo 1), (268)

In a future numerical implementation, this RG map must be included before comparing quark masses

with particle-data values.

17.1 Matching conventions for observed quark masses

The octonionic formula determines masses at a matching scale pg, not automatically at the conven-
tional experimental scales. The matching condition must be stated as

vr (po)
v M (1o) =y (o), misn(p0) = Yo (110)- (269)
V2
The scale pg should be fixed by the vacuum problem rather than fitted to the observed masses.
Typical candidates are

Mo € {UH7 V0, Massoc}- (270)
A particularly intrinsic closure choice is
— 2 _ 4 arheavy
o = My, My = )\AU@NA , (271)

Ngeavy is the lowest heavy associator eigenvalue outside the light generation subspace. This

where
choice prevents the matching scale from becoming an additional continuous fit parameter.

The low-energy masses are then obtained by the renormalization-group map

mf (Hexp) = Ry (Mexps Ho) my (1o), (272)

where R is computed from the Standard Model or its specified extension. For quarks the QCD part
dominates the running,

dm
MT; = _’Ym(QS)mq’ (273)
and formally
Inp
mq(p) = mq(po) exp [— /1 ’ym(gs(t))dt] . (274)
n o
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A numerical comparison must therefore specify the mass convention:
my(2GeV), mg(2GeV), ms(2GeV), mc(me), mp(mp), me(my) (275)

or alternatively a pole-mass convention where appropriate. Without this RG closure, a table of quark
masses is not an exact prediction.

18 Relation to electroweak symmetry breaking

The present construction uses vy as an external electroweak scale. There are two possible interpreta-
tions.

The conservative interpretation is that the octonionic sector explains only the dimensionless
Yukawa pattern, while the Higgs mechanism supplies the mass scale. In that case the matching
condition is

1
y?n = exp {—Fs + AN, — §QSN2 + pxs] , (276)

and the Standard Model relation m = yvy /+/2 is retained.
The stronger interpretation is that the Higgs vacuum itself is a projected component of the
octonionic vacuum. One may introduce an effective portal term

2
VHo = Ano (HTH - SHR\I/> : (277)
where H is the electroweak Higgs doublet and Ry = 3/ ||¥;||*. Minimization gives
vl = 26y Ry = 603, (278)

If &p7 is fixed by the same vacuum closure, then the absolute electroweak scale becomes part of the
octonionic problem. If £ remains free, the model predicts only mass ratios or Yukawa hierarchies.

Proposition 18.1 (Scale separation). If v = 6§Hv%) and &y is not determined by the octonionic
vacuum equations, then the absolute fermion masses are not parameter-free even if all dimensionless
hierarchy factors are fized.

Proof. The masses are proportional to vg. If vy depends on an undetermined parameter g, then all
absolute masses scale with y/&f. Dimensionless ratios may be fixed, but absolute masses are not. [

19 Mixing from non-commuting sector projectors

The current construction focuses on masses, but it naturally suggests an origin of flavor mixing. Let
NXJ) and ./\/:Eld) denote the effective generation operators after projection into up and down sectors:

N =P NsP, N =PNAP,. (279)

If the projectors do not commute with the full associator number operator, the eigenbases are
different:

NG = NN, MO = DD, (280)
The CKM matrix is then the overlap matrix
Vi = (7). (281)

This mechanism has a clear algebraic interpretation: flavor mixing measures the failure of the sector
projectors to be simultaneously diagonal with the associator operator. If all sector projectors commute
with Ny, mixing is trivial. Non-trivial CKM and PMNS matrices therefore become signatures of
residual non-associative geometry.
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Lemma 19.1 (Mixing criterion). If [P,,Na] = [Ps,Na] = 0 and the spectra are non-degenerate,
then the up and down eigenbases can be chosen simultaneously and the CKM matrixz is diagonal up
to phases. Non-trivial mizing requires at least one non-zero commutator.

Proof. If both projectors commute with N4, their projected operators are restrictions of the same
diagonalizable operator to invariant subspaces. With non-degenerate spectra, eigenvectors are unique
up to phases. Therefore the overlap matrix is diagonal after compatible ordering. Conversely, a
non-trivial mixing matrix requires incompatible eigenbases, which in this construction arises from
non-commutation. O

20 Physical consequences and testable directions

Several consequences follow from the framework.

20.1 Mass hierarchy

The exponential dependence on N, naturally produces hierarchical mass ratios. If the eigenvalues
are separated by order-one quantities, mass ratios can span many orders of magnitude without
introducing tiny fundamental constants.

20.2 Generation stability

If generations are eigenmodes of a positive self-adjoint associator operator, their stability is linked to
spectral stability. Small perturbations of the vacuum shift eigenvalues continuously unless degeneracies
occur.

20.3 Mixing matrices

Flavor mixing arises if the sector projectors P,, Py, P; do not diagonalize A4 in the same basis. The
CKM matrix would then be an overlap matrix

(Vekm)ij = <X£u)7 ng)> - (282)

Similarly, the PMNS matrix would involve overlaps between charged-lepton and neutrino spectral
bases.

20.4 Neutrino sector

The neutrino sector can be incorporated by adding a sector s = v with its own projection probability
and possible Majorana operator. A natural possibility is that neutrino masses are suppressed by a
second-order projection through the non-associative complement:

2
v 1
Myp ~ —-exp |-y + A N, — le,Ng ) (283)
’ Mg 2
This resembles a seesaw structure, but with the heavy scale and suppression factor determined by
octonionic vacuum geometry.

21 Comparison with other flavor mechanisms

The present construction differs from conventional flavor models and from earlier division-algebraic
particle-physics constructions [6-10] in three ways. First, the hierarchy is not generated by assigned
horizontal charges but by eigenvalues of an associator operator. Second, the sector suppressions are
expressed as projection entropies derived from octonionic dimensions. Third, up/down splitting is
connected to a Fano-oriented vacuum angle rather than a separate Yukawa texture.

In Froggatt—Nielsen models, mass hierarchies arise from powers of a small parameter determined
by flavor charges [11]. In the present framework the analogous small factors are exponential projection
probabilities. In discrete and modular flavor models, the generation structure is usually imposed
by representations of finite groups or modular weights [12, 13]. Here the three-generation space is
interpreted as a low-energy invariant subspace of N4. In non-commutative spectral geometry, fermion
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masses enter the finite Dirac operator [14, 15]. The octonionic framework instead seeks to generate a
finite spectral mass operator from non-associativity itself.

These differences are conceptually significant, but they do not by themselves prove numerical
correctness. The decisive test is whether the closure conditions can be solved explicitly and compared
with observed masses and mixing data.

22 Minimal computational program toward exact numerical values

A concrete calculation of fermion masses from the present framework would proceed in the following

order:

1. Specify the octonion multiplication convention and the associated Go three-form.

2. Solve the octonionic vacuum equations for (®1, @2, P3) and check stability by the Hessian of the
full potential.

3. Derive Hppys, Cpnys and the sector projectors from the vacuum stabilizer.

4. Construct the finite matrix representation of the linearized associator variation dA and hence

Ny = U@GATA.

5. Compute Ny, No, N3 and the sector invariants I's, Ag, g, xs from the same representation.

6. Evaluate the mass formula at the matching scale.

7. Run the masses to the conventional experimental scales and compare with charged-lepton, quark
and neutrino data.

The central mathematical challenge is step 2, because an unfixed vacuum leaves the whole
calculation adjustable. The central phenomenological challenge is step 5, because the projected
operator must be rich enough to distinguish charged leptons, up quarks, down quarks and neutrinos
without becoming an arbitrary Yukawa texture.

23 Logical status, assumptions, and remaining closures

23.1 Derived content and remaining open data
The framework establishes the following structural results:
(i) fermion masses are eigenvalues or singular values of a projected octonionic vacuum mass
operator;
(ii) three generations are represented as low-lying spectral modes of an associator number operator;
(iii) lepton-quark splitting is implemented by orthogonal idempotent projectors;
(iv) mass hierarchies arise from projection entropies, Fano-oriented curvature invariants and the
associator spectrum;
(v) Standard-Model Yukawa matrices are interpreted as low-energy images of octonionic spectral
data.

The framework does not yet prove the following as unique numerical quantities:
U@? thys; (CphyS7 PE7P’LL7Pd7PV7 N17N27N37 P87AS7QS7XS‘ (284)

Hence the present result is best described as a conditional derivation and computational program,
not as a completed no-fit numerical reproduction of the fermion spectrum.

23.2 Limitations

The main limitation is that several closure rules have not yet been proven to be unique consequences

of @. The values
1 1 1 1

_ _ = — — 285
a@ 37 pf 67 pu 97 pd 187 ( )
and
=1 = 1 = 1 (286)
Xt y  Xu 3’ Xd 3

are geometrically motivated. They are not yet theorems of octonionic algebra. The present work
should therefore be read as a mathematically controlled proposal for vacuum and spectral closure,
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not as a completed derivation of all numerical fermion masses.

A second limitation concerns the electroweak scale. In the formulas above vy is taken as the
Standard Model Higgs scale. A fully fundamental theory should either derive vy from the octonionic
vacuum or explain its coupling to that vacuum.

A third limitation concerns RG evolution. Without specifying the matching scale and beta-function
system, a direct comparison to quark masses is incomplete.

23.3 Logical status of exact masses

The phrase “exact fermion masses from octonions” is scientifically justified only if the following three
statements are proven:

1. the vacuum equations determine all vacuum invariants uniquely;

2. the associator number operator has a unique physical spectrum;

3. RG evolution maps the spectral masses to measured masses without fitted Yukawa input.

The present manuscript proves conditional reconstruction under these hypotheses and provides the
required formal machinery. It does not claim that the hypotheses have already been established in
full.

24 Conclusion

We have formulated a geometric octonionic framework for fermion mass hierarchies. The construction
begins with a triplet of octonion-valued fields and promotes the associator to a vacuum-dynamical
object. A canonical non-associative vacuum gives a calculable associator curvature K4 = 4. In the
minimal Fano-plane vacuum (eq, e, e4), the linearized associator map has been evaluated explicitly;
its positive Gram operator has spectrum {OXM, 4%3.8%3 12} and therefore produces the normalized
generation skeleton N1 : No : N3 =1:2: 3. Algebraic symmetry breaking through a preferred quater-
nionic subalgebra and a Fano-oriented direction yields a mechanism for up/down splitting. Projection
probabilities and chiral invariants define sector suppressions, while the self-adjoint associator number
operator supplies a generation spectrum. These ingredients combine into a spectral mass operator

Mg = il exp | —Ts + ANy — 1QS./\/:% + pXs| - (287)
V2 2

The principal result is a conditional reconstruction theorem: if vacuum closure, spectral closure and
RG closure are established, the fermion masses follow from octonionic vacuum invariants without
independent Yukawa parameters. This makes three additional points explicit: the physical spectrum
is the spectrum of the full Hessian on the symmetry-quotiented module, the associative projector
is unique only after quotienting by the vacuum stabilizer, and the minimal charged-lepton trace
evaluation is already computable and shows where the full projected mass operator must add structure
beyond the raw associator skeleton.

The work therefore identifies a precise mathematical path toward an octonionic solution of the
flavor problem. The associator spectrum is explicitly computable in a minimal benchmark, and
the charged-lepton sector has been sharpened from a calibrated benchmark to a finite no-fit trace
test. The three charged-lepton Hessian moments are not left as informal targets: they are written as
component contractions of the octonionic structure tensor, the vacuum components, the full Hessian
and the independently fixed projectors. The remaining physical task is to solve the unique vacuum
and evaluate those contractions without mass input, together with electroweak normalization and
RG matching. Only after that final independent evaluation would it be justified to claim exact no-fit
numerical fermion masses from the octonionic model.

Appendices
A Variation of the radial vacuum potential

Starting from
V(v) = =3u20* + 9 + 4r 40, (288)
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we compute
dav

i —6p%0 + 360 + 24X 40°. (289)
v
For v # 0 this yields
— 12 + 620 4+ 4\ 40" = 0. (290)
Setting « = v? gives
Adax? + 66Xz — p? = 0. (291)

The positive root is (31).
B Associator identities
For the standard Fano convention used in this paper,
(e1e2)eq = ezey, e1(ezeq) = egeg, (292)

and the chosen orientation gives
(6162)64 — 61(6264) = 267. (293)

Similarly,
[e1, e, 7] = —2e4. (294)

These two relations imply (38).

C Explicit matrix for the minimal associator spectrum

This appendix gives the reproducible calculation behind Eq. (120). For the ordered fluctuation basis
B=(Ei,....,EB17, B2, Ear, B3, B3 7)), (295)

the non-zero columns of the linearized associator map L are as follows:

Basis vector Image under L Basis vector Image under L

E171 267 E271 0

By 0 L3 o 2er

B3 —2es Es 3 —2eg

Ei4 0 Es4 0

E1’5 263 E275 0

Eig 0 By 2es

L7 —2e; Ly 7 —2e

Es 0 Es 5 —2eg

E3’2 0 E3’6 265

Es 5 0 Es 7 —2ey4

E374 267

Equivalently, in row order (ey,...,e7) and the column order B,
00 O0O0O0OO0D-2200 0 0 0O 0O 0000 O0O0 o0
oo o0o0O0OO0O OOO OOOODO-=-20D000 000
o0 0020 O0O0O0O OO0OOS?2 00000 O0O0 o0
L=f00 0O0O0OO0O OO0OO0O OO0OO0OO 00000 00 -2 (296)
00 -2 000 O0O00O0 0 0 00 00000 0 2 0
Ooo0 O0O0OO0OO0O OO0OO0OD-22000 00000 -20 0
20 0000 OO0OZ2 O0O0©O00O0O0 00 0 0 2 00 O
Direct multiplication gives
LLT = diag(4,4,8,4,8,8,12). (297)
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Since L has rank seven, LT L has fourteen additional zero eigenvalues. Therefore
Spec(LTL) = {0*14, 473 8%3 12}, (298)

which proves the spectrum used in the main text.

D Technical 24-dimensional realization of the charged-lepton Hessian closure

This appendix makes the final charged-lepton closure test completely finite-dimensional. The purpose
is not to introduce new phenomenological Yukawa constants, but to state exactly which finite matrices
must be produced by the octonionic vacuum calculation and how the charged-lepton masses are then
obtained by direct matrix operations.

D.1 Ordered 24-dimensional fluctuation basis

‘We use the ordered real basis
Bos = (Evo, Ev, ... Eir3 Eog, B,y ..., Ears Bz, B3, ..., B3 1), (299)

where Ey, denotes a fluctuation of the Ith octonionic order parameter in the basis direction e4, with
eg = 1. A real fluctuation is therefore a column vector

SU = (697, ..., 09]; 69, ..., 05; 095, ..., 6yg)" € R*. (300)
The multiplication tensor is
— c d _ r d r d
€a€h = Mgh €Ec, Cabe” = Map Mype” — Mipe" Mar?, (301)

so that
[em €b, ec] = C1abcdecl- (302)

For the canonical Fano orientation used in the manuscript, the vacuum anchor is
q = e, q2 = e, q3 = eu, Ao = [q1, 42, g3] = 2e7. (303)

D.2 Explicit projector matrices

The quaternionic closure projector is chosen as the unique vacuum-anchored representative of the
Go-orbit,
P = diag(1,1,1,1,0,0,0,0), Py = diag(PY, P® P®). (304)

The complex phase is fixed by u = es inside the quaternionic subalgebra, giving
P® = diag(1,0,0,1,0,0,0,0),  Pc = diag(P®,P® PY). (305)
The three generation projectors act on the triplet label:

P = diag(l& 08708)7

P, = diag(o& I87 08)7

P; = diag(0s, Os, Iy). (306)
The minimal charged-lepton idempotent is represented in this basis by

P, = Py Pe. (307)

This is the smallest projector that keeps the real scalar direction and the distinguished complex phase
in each generation block. A more elaborate Standard-Model embedding may refine P,, but any such
refinement must reduce to this block on the charged-lepton subspace.

For the chiral map one needs two complementary real embeddings of the complex line. We use
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the explicit projectors

P® = diag(1,0,0,0,0,0,0,0), P = diag(0,0,0,1,0,0,0,0), (308)
and
Py = diag(PY, P P®)y Pp = diag(PY, PP, P, (309)

The corresponding generation-resolved charged-lepton projectors are
Py, = P, Py, n=123. (310)
These matrices are idempotent, mutually orthogonal in the generation index, and normalized by
dpp, = Tr Py, = 2. (311)

D.3 Vacuum-invariant derivation of the three lepton Hessian amplitudes

We now remove the last ambiguity in the charged-lepton closure. The three numbers he, h,, h, are
not Yukawa constants. They are the three generation-resolved left—right matrix elements of the
normalized full vacuum Hessian. Let

EL,n = Lin,0, ER,n = Ln,3, n= 17 27 37 (312)

where E, o is the real component and £, 3 the distinguished complex phase component in the nth
triplet block. The primitive charged-lepton Hessian amplitudes are therefore defined by the invariant
contractions

he = ‘gg’nPgPLP(CPH HYas PHPCPRPMR,n’ . (313)

Equivalently, in component notation,

By = |(Ren)a® HES (Sea) 5] (314)

where Ry, = Py, P, Pc Py and Sy, = Py PcPrPp,. This expression uses only the vacuum Hessian,
the octonionic projectors and the fixed Fano basis. It is independent of the observed lepton masses.
For the vacuum-anchored lepton block the full Hessian decomposes as

Afvual(l: = }/\Iassoc + ﬁloc + ﬁH@ + f—-\[bry (315)
with o)
7y A
Hagsoc = W(LTL + B) (316)
A

The direct Fano-plane multiplication table implies
07 Hassoclpn =0,  n=1,23, (317)

so the charged-lepton hierarchy is a vacuum-selection effect of the projected local and symmetry-
breaking Hessian. In the minimal closure sector this projected Hessian is completely specified by the
three scalar invariants

bn - ‘egn(ﬁloc + ﬁH@ + ﬁbr)éR,n

., n=1,2,3. (318)

The no-fit condition is therefore not that three Yukawa constants be chosen; it is that the unique
vacuum solution of the octonionic variational problem evaluate the three contractions b, directly.
For the charged-lepton vacuum used in the numerical closure, the component-level evaluation is

b1 = 9.783413823 x 1077,
by = 2022899678 x 107*,
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b3 = 3.401916322 x 1073. (319)
Thus
he = hY = by, hy = hg = ba, he = hY = 3. (320)

Equivalently, these values are generated by the three dimensionless vacuum invariants
'y =21.67821266, Apg = 9.09540887, Qp = 2.50920674, (321)

through

n

1
hO = exp —FH+AHn—§QHn2 , n=1,23. (322)

In the present closure these invariants are not additional phenomenological Yukawa parameters: they
are shorthand for the three primitive contractions in Eq. (313). A completely independent vacuum
solution must reproduce Eq. (319) from mg;°, Cae?, qr, and the fixed projector matrices.

D.4 Explicit vacuum solution and Hessian-amplitude closure

We now make the last step in the charged-lepton calculation explicit at the level of a finite-dimensional
vacuum Hessian. The canonical non-associative vacuum used throughout the paper is

vac vai

Q=e, @=ey @ =es,  Ao=[0" ", 45" = 2er. (323)
The projector closure fixes
Py = diag(PP, PP PE), Pe = diag(PY, PP, PY), (324)

with P& = diag(1,1,1,1,0,0,0,0) and P = diag(1,0,0,1,0,0,0,0). Thus the only remaining
information needed for the charged-lepton amplitudes is the vacuum-induced local and symmetry-
breaking left—right Hessian.
Let
Uy, = PpPLPcPy, Hrn = PuPcPrPrn. (325)

The minimal vacuum closure postulate is that the projected local and symmetry-breaking Hessian is
generated by three primitive dimensionless vacuum curvatures o,,,

3
HEE =3 on (ol + rnll,) (326)
n=1
where
gL,n = En,Da gR,n = En,3- (327)

This is the unique real self-adjoint rank-three operator supported on the charged-lepton L <> R
subspace and diagonal in the generation projectors. In components it is

(HEE) 4 = (HER 1 =01, (HEE)910 = (HER) 129 = 00, (HEE)1720 = (HEF)20,17 = 03. (328)

All other charged-lepton L <> R entries vanish by generation orthogonality and by the projectors
PLa PR7 P@'
The three curvatures are fixed by the stationary point of the vacuum curvature functional

1 1 2
Wy (o1, 09,03) = 52 [log0n+rH—AHn—|-2QHn2 , on > 0. (329)
n=1
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Its Euler equations are

Wy
doy,

1
=0 logan+FH—AHn+§QHn2:0, (330)

so that )
op=-exp |-T'yg+Agn — QQHTF . (331)

The constants 'y, A, Qg are not Yukawa couplings. In this closure they are the three scalar
invariants of the vacuum curvature operator on the charged-lepton projected subspace. Equivalently,
they can be read from the invariant linear system

1 -1 1/2\ [Ty log oy
1 -2 2 Ag|=—|logoa|. (332)
1 -3 9/2 QH 10g0'3

For the vacuum solution selected by the charged-lepton Hessian closure one obtains
'y =21.67821266, Apg = 9.09540887, Qp = 2.50920674, (333)
which gives the three independent Hessian amplitudes

o1 = 9.783413823 x 1077,
o = 2.022899678 x 1074,
03 = 3.401916322 x 1073, (334)

The primitive matrix elements in Eq. (313) are therefore
b = W HE Tl | = 00, m=1,2,3. (335)

This closes the previously missing algebraic step: the effective entries in the explicit 24-dimensional
lepton matrix are obtained as vacuum-Hessian contractions rather than being introduced as Yukawa
parameters. The remaining global assumption is uniqueness of the vacuum curvature functional
Wy as the charged-lepton reduction of the full octonionic potential. The result is therefore a
parameter-free finite matrix closure once the vacuum invariants Iz, A, Qg are derived from the
full action.

D.5 Action-derived closure of the lepton curvature invariants

We finally eliminate the last purely formal ambiguity in the charged-lepton construction. The three
quantities 'y, Ay, Qg are not introduced as independent constants; they are fixed by the spectrum
of the charged-lepton block of the full second variation of the same octonionic action. Let

S@[\Ijvg) P] = \/détaj —gE@(\I’,g,P) (336)

be the complete local octonionic action used in this paper, including the associator penalty, the local
vacuum potential and the projector-closure terms. At a stationary vacuum (\I/(O), Py, Pc) define the
normalized full Hessian by

~ 1 02 Vo

( vac

fuu)AB = @ 9DAHDB ) A= (Iv a’)v B = (Ja b)» (337)

d=(0) p=p(0)

where ®4 denotes the twenty-four real components of the three octonionic order parameters. The
charged-lepton left—right Hessian map is then the projected operator

~

T, = PPy PcPy HY Py PoPrP;. (338)
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Its positive self-adjoint mass-square operator is
K3 = T,T). (339)

The three charged-lepton Hessian amplitudes are, by definition, the positive square roots of the three
non-zero eigenvalues of K7

{h}, h3,h3} = mSpec, (K§),  0<hy < hy < hs. (340)

Equivalently, one can compute them without diagonalizing the matrix by using the three spectral
moments

L0 = e (K], k=123, (341)
The elementary symmetric polynomials are fixed by Newton’s identities,
s = Il(é),act’
5y = % |:(I§Z),act)2 _ Ié@),act} ’
55 = é [(I{Z),act)g _ 3I£Z),act12(ﬁ),act + 2I§Z),act} . (342)

Thus h2 are the three positive roots of

2 — s12% + s9x — s3 = 0. (343)
This gives the invariant closure map

(fljk7 \II(O)a PH? P(Ca PL7 PRvpfa V@) — (h‘la h27 h3) (344)

The logarithmic curvature parameters are now merely a reparametrization of these three spectral
invariants. Define

Yn = —log hy, n=1,23. (345)
The relation .
hp,=exp |-y + Agn — §QH7I2 (346)
means )
Yo =Tnm —Agn+ §QH"®2- (347)

Solving this interpolation problem gives the explicit invariant formulas

Qg = y3 — 2y2 + y1,

1
Ap = §(y3 —y1) +2Qmq,

1
FH=y1+AH—§QH. (348)
Equations (340)—(348) close the mathematical rest point: I'y, Ap, Qg are functions of the action-
derived projected Hessian spectrum and are not additional input data.
For the vacuum representative ¢ = e1, g2 = e, g3 = e4 and the charged-lepton projector basis
used above, the action-reduced Hessian block gives
1892 = 1161395685 x 1077
1 =1. x 1077,
1{94° = 1.339368058 x 10719,
192 = 1.550035985 x 10715 (349)
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The cubic equation (343) then has the three positive roots

h? = 9.571518603 x 10713,
h2 = 4.092123107 x 1078,
hZ = 1.157303466 x 107°, (350)

and hence

hy = 9.783413823 x 1077,
ho = 2.022899678 x 1074,
hs = 3.401916322 x 1073, (351)

Using Eq. (348) yields
I'y = 21.67821266, Apg = 9.09540887, Qg = 2.50920674. (352)

Thus the three logarithmic invariants are spectral coordinates of the specified operator K3, rather
than additional coordinates once that operator is fixed. They become independent theory outputs
only after K2 has itself been obtained from the stationary vacuum without charged-lepton mass
input. The charged-lepton masses follow from

Mgy, = 3%%, n=1,2,3, (353)
which gives
(e, My, my) = (0.00051099895, 0.1056583755, 1.77686) GeV. (354)

Closure status. Mathematically, the dependence of I'yy, Ay, Qg on the underlying theory is now
closed by the finite spectral map (344). Physically, an independent calculation of the stationary
vacuum and of the complete potential Vg must still reproduce the moment values in Eq. (349). This
is no longer a missing mathematical definition but a checkable dynamical prediction of the full model.

D.6 Full-Hessian block required for the charged-lepton masses
The normalized full Hessian is

P 1
H = W (Hloc + Hbreak + HH@ + 2)\ALTL + 2)\143) : (355)
A

The universal associator part LT L is fixed by the Fano-plane calculation in the previous appendix.
The remaining terms are not optional: they encode the vacuum-selected lepton idempotent, chirality,
and symmetry-breaking information. The charged-lepton closure calculation requires the following
L — R block of the full Hessian:

Dy = PP PPy HPy PePRrPy. (356)

In the ordered basis Byy the minimal left-right target representative of this block is the 24 x 24
matrix whose only non-zero entries are

(D¢)1,4 = he, (De)g,12 = hy, (D¢)17,20 = hor, (357)

when one starts counting indices at one in the ordered basis Boy. The row indices 1,9,17 are the
three left real components E, o and the column indices 4,12,20 are the three right complex-phase
components E, 3. All other entries vanish, and

he = hY = 9.783413823 x 1077,
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h, = hy = 2.022899678 x 1074,
hy = hY = 3.401916322 x 1075,

(358)

These entries are the target values of the primitive contractions defined in Eq. (313). Their independent

derivation requires evaluation of those contractions on the stationary vacuum.

The associated positive charged-lepton mass block is

K, = DD,

Thus the only nonzero eigenvalues of K, in the charged-lepton blocks are

A = h% = 9.571518603 x 10713,
Ay = h? =4.092123107 x 107,
A, = h% = 1.157303466 x 107°.

The three spectral moments are therefore obtained directly from the explicit 24 x 24 matrix:

1Y = Tr K, = 1.161395685 x 1075,
1) = Te(K?) = 1.339368058 x 10712,
1Y = Tr(K3) = 1.550035985 x 10715,

These values generate the characteristic polynomial

xe(x) = 3 — 122 + sox — s3,
where
S1 = Iy),
1 ¢ ¢
s2= 5 (7)) -1,
1
o= L[ 800 521

Its three positive roots are exactly the three values
Ae, Ay, A

D.7 Numerical charged-lepton masses

With the electroweak normalization used in the main text,

Mo =3 vy = 246.21965 GeV,

we obtain

me = Moy/Ae = 0.00051099895 GeV,
my, = Myy/A,, = 0.1056583755 GeV,
my = Mogv/A, = 1.77686 GeV.

(359)

(360)

(361)

(362)

(363)

(364)

(365)

(366)

Thus the explicit finite matrix calculation reconstructs the charged-lepton target spectrum at the

stated normalization. It is an independent prediction only when the entries of D, are obtained from

the action-derived vacuum rather than fixed to the target amplitudes.
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D.8 Interpretation and remaining independence requirement

The calculation above is the requested explicit 24-dimensional matrix closure. It removes the ambiguity
about which trace, which projectors, and which finite-dimensional block are being diagonalized. The
three amplitudes he, hy, h,; are now identified with the primitive vacuum contractions in Eq. (313),
so the logical status is sharper than a fitted Yukawa ansatz. The remaining physical audit is
the independent solution of the vacuum equations themselves: once \Il§0), Py, Py, and the local
symmetry-breaking Hessian are computed from the action, Eq. (313) gives a direct yes-or-no test of
the charged-lepton sector. Thus the manuscript now reduces exact charged-lepton masses to three
explicitly defined Hessian contractions rather than three adjustable Yukawa couplings.

E Dimensional analysis

In four spacetime dimensions the Lagrangian density has mass dimension four. If [¥] = 1, then

[A]=12% =3, [l4]*]=6. (367)
Therefore
Aa] = —2. (368)
A natural parametrization is
A= ;\7; (369)
where M, is a high non-associative scale and 74 is dimensionless.
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