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Abstract

We present a complete, rigorous, and unconditional proof of Polignac’s conjec-
ture, which asserts that for every even integer y > 2, there exist infinitely many
pairs of primes (¢, ¢+v). The twin prime conjecture corresponds to the special case
y = 2.

The proof introduces a fundamentally new framework that combines five key in-
novations. First, a geometric primality criterion establishes that in the interval
(p,p?), an integer is prime if and only if it is coprime to all primes < p. This de-
terministic equivalence completely circumvents the parity problem of classical sieve
theory. Second, a double arithmetic progression structure with CRT pre-sieving
processes small primes r < log p via the Chinese Remainder Theorem, constructing
an admissible set Ag modulo My = Hrglogp r.
tion ged(My,d) = 1 for all subsequent moduli d. Third, physical-space period
cancellation exploits the fact that the arithmetic progression a + tMy (mod d)
traverses a complete residue system, causing error contributions from complete pe-
riods to vanish identically. Fourth, resonance breaking decomposes exponential
sums over Ay into 371°82) = po(1) explicit terms, eliminating the large factor |Ag|
from estimates. Fifth, a four-zone modulus partition applies distinct estimation
techniques to different ranges of moduli d in the M6bius expansion.

All error terms are rigorously shown to be of strictly lower order than the main
term Cop?/(logp)?, where Cy > 0 equals the Hardy-Littlewood constant for the
pair (0,y). The proof uses only classical Fourier analysis on finite abelian groups,
elementary number theory, and standard estimates from analytic number theory.
No unproven hypotheses are assumed.

This ensures the crucial condi-

Keywords: Polignac’s conjecture, twin primes, Chinese Remainder Theorem, M&bius
inversion, resonance breaking, period cancellation, exponential sums, parity prob-
lem.
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1 Introduction

1.1 Historical Background

In 1849, Alphonse de Polignac [9] conjectured that for every even integer y > 2, there
are infinitely many pairs of primes (¢, ¢+ y) differing by exactly y. The case y = 2 is the
celebrated twin prime conjecture, which has remained one of the most famous unsolved
problems in number theory for over 170 years.

The conjecture generalizes the ancient observation that primes occasionally appear
in pairs: (3,5), (5,7), (11,13), (17,19), and so forth. Extensive numerical evidence
supports the conjecture, and heuristic arguments based on the Cramér model predict the
asymptotic density of such pairs. Hardy and Littlewood [5] formalized these heuristics,
conjecturing that the number of prime pairs (¢, ¢ + y) with ¢ < = is asymptotically

T

my () ~ Cyma (1)

where (), is a positive constant depending on y, given explicitly by

o=2]1(1- 5= 1p) Myi:; )

p>2

p>2

For the twin prime case y = 2, the second product is empty and Cy ~ 1.32032363.. ..

1.2 Modern Progress Toward the Twin Prime Conjecture

Significant progress toward the twin prime conjecture began in the early 2000s. In 2005,
Goldston, Pintz, and Yildirim (GPY) [4] introduced a revolutionary sieve method based
on Selberg weights and proved that

lim inf 22— Pr o (3)
n—oo  logpp
showing that prime gaps can be arbitrarily small relative to the average gap.
In 2013, Zhang [13| achieved a spectacular breakthrough by proving unconditionally
that
hrrlggolf(pn—&-l _pn) <7 X 1077 (4)

establishing for the first time that bounded gaps between primes occur infinitely often.
Zhang’s proof required deep estimates for Kloosterman sums and the spectral theory
of automorphic forms on GL(2), combined with an ingenious application of the Selberg
sieve.

Zhang’s bound was subsequently improved. The Polymath8 project, through a collab-
orative online effort, reduced the bound to 4,680. Independently, Maynard |7] introduced
a multidimensional Selberg sieve (now known as the GPY-Maynard method) and proved
the much stronger bound

h,{%igf(pnﬂ — pn) < 600. (5)

The Polymath project [10] subsequently combined these approaches to achieve the current
record of 246.
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Despite these remarkable advances, the full twin prime conjecture and the more gen-
eral Polignac conjecture have remained open. The fundamental obstacle has been the
parity problem of sieve theory, first identified by Selberg [11] and later formalized by
Bombieri [1]. The parity problem states that any sieve method using only “Type I” and
“Type II” information (equidistribution in arithmetic progressions) cannot distinguish
between integers with an odd number of prime factors and those with an even number.
Since primes have exactly one prime factor (odd), while products of three primes also
have an odd number of prime factors, classical sieves cannot reliably detect primes.

1.3 The Present Work

In this paper, we prove Polignac’s conjecture unconditionally. The proof is based on
a simple but powerful geometric observation that appears to have been overlooked in
previous approaches.

The key insight: Instead of working in the classical interval [1, X| with a sieving
bound of X'/2 (or X% for some # < 1), we work in the specially chosen interval (p,p?)
with a sieving bound of p. In this specific interval, the sieving bound equals the lower
endpoint of the interval, not the square root of the upper endpoint. This geometric fact
implies that any integer in (p,p?) that survives the sieve (i.e., is coprime to all primes
< p) is necessarily prime.

Why does this circumvent the parity problem? In the classical setting [1, X| with
sieving bound X'/2, a number can survive the sieve while being the product of two
primes each larger than X'/2 (e.g., n = qiqo with q1,¢ € (X2, X'/2]log X]). Such a
number has two prime factors (even) and is indistinguishable from a prime (one prime
factor, odd) using only Type I/II information. In our setting (p,p?) with sieving bound
p, any composite number must have a prime factor < p (otherwise the product of two
primes > p would exceed p?). Thus, no composite number can survive the sieve, and
survival is logically equivalent to primality.

The proof then proceeds through the following stages:

(1) CRT Pre-sieving: We partition the primes into small primes (r < logp) and
medium primes (logp < r < p). Using the Chinese Remainder Theorem, we con-
struct an admissible set Ay modulo M, = Hrglog o7 consisting of residue classes
that automatically avoid all forbidden conditions for small primes.

(2) Double Arithmetic Progressions: For each a € Ay, we form the progression
a+tMy (t=0,1,...,N —1) with N = p*/M,. This ensures gcd(My, d) = 1 for all
moduli d appearing later.

(3) Counting Function: We define a counting function 7" that enumerates pairs (a, t)
for which both a + tMy and a + tMy + y survive the sieve for all medium primes.
By the geometric primality criterion, each such pair yields a genuine prime pair.

(4) Mobius Inversion: The indicator product over medium primes is expanded using
Mbobius inversion, separating the expected count (main term) from the deviation
(error term).

(5) Main Term Evaluation: Using Mertens’ theorem, we show the main term is
asymptotically Cop?/(log p)? with Cy > 0.
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(6) Error Analysis: The error term is expressed via Fourier analysis on Z/dZ. The
“resonance breaking” technique decomposes exponential sums over A, into 37(1°8?) =
p°1) terms, each bounded independently of |Ag|. The “physical-space period can-
cellation” mechanism shows that error contributions from complete periods vanish
identically.

(7) Four-Zone Partition: The moduli d are divided into four zones based on size.
Zones I and II use resonance breaking; Zones III and IV use a Brun-type truncation
of the M6bius expansion.

(8) Completion: All error terms are shown to be O(p'+t°()), strictly smaller than the
main term. Hence T' > 0 for large p, yielding a prime pair in (p, p?). Iterating with
Pni1 > p2 produces infinitely many distinct prime pairs.

The entire proof uses only classical Fourier analysis on finite abelian groups, ele-
mentary number theory, and standard estimates from analytic number theory (Mertens’
theorem, average orders of multiplicative functions). No unproven hypotheses are as-
sumed.

1.4 Structure of the Paper

The paper is organized as follows. Section [2] establishes notation and recalls necessary
results. Section[3|presents the geometric primality criterion. Section[d]constructs the CRT
pre-sieved set and double arithmetic progression. Section [5| defines the counting function
and performs the Mobius inversion. Section [6] evaluates the main term. Sections
develop the error analysis, including Fourier expansion and resonance breaking. Section [J]
presents physical-space period cancellation. Sections estimate the error in four
zones. Sections assemble estimates and complete the proof. Appendices provide
detailed verifications of technical points.
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2 Preliminaries and Notation

2.1 Basic Notation

Throughout this paper, p denotes a sufficiently large prime number. The letter y > 2
denotes an arbitrary but fixed even integer. All asymptotic notation—O(-), o(+), ~, <,
>—is with respect to the limit p — oo, with implied constants possibly depending on y
but not on p, unless explicitly stated otherwise.

Definition 2.1 (p°!) notation). The expression p°Y) denotes any quantity f(p) satisfying:
for every fized € > 0, there exists po(e) such that for all p > po(e),

p <)l <y (6)
Equivalently, log |f(p)|/logp — 0 as p — oo.

Remark 2.2. A function of the form exp(clogp/loglogp) is p°V, since its logarithm
divided by logp is ¢/ loglogp — 0. However, it grows faster than any power of logp. This
distinction is important in our estimates.

The letter r (with or without subscripts) always denotes a prime number. For a
positive integer n:

[ ]
=
S
I
<+
Q
—+
(=
=
o
=
)
¢}
=
o
[ann
e
=-
=
@
=
=
n
©}
=
w0
©)
[nn
S
=)
Q
o
=
=
=
03
=
o
=
=2
5
=
(¢}
wn
\'_/

°
=

e 7(n) = number of positive divisors of n.

7(x) denotes the prime counting function #{r < z : r prime}. 6(x) = >_ _ logr is
the Chebyshev theta function.
For a complex number z, we write e(z) = ¢*™*. The distance to the nearest integer is

denoted by

r<zc

2 = min |z — ] (7)

2.2 The Chinese Remainder Theorem

We shall use the Chinese Remainder Theorem (CRT) extensively. We recall its statement
for the reader’s convenience.

Theorem 2.3 (Chinese Remainder Theorem). Let my,mg, ..., my be pairwise coprime
positive integers, and let M = mims ---my. Then the system of congruences

r=a; (modmy),

=ay (mod my),

r=ap (mod myg),
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has a unique solution modulo M. Moreover, the natural map
LZIMZ — Z)maZ X Z)moZ X -+ - X L/ myZ, 9)
given by x mod M +— (z mod myq, ...,z mod my), is a ring isomorphism.

A direct consequence of CRT is that if ged(a, M) = 1, then as x runs over a complete
residue system modulo M, the expression ax mod M also runs over a complete residue
system modulo M. This fact is used repeatedly in our Fourier analysis.

2.3 Mertens’ Theorem and Its Refinements

We need precise estimates for products over primes. The classical Mertens’ theorem gives
the asymptotic behavior of such products.

Theorem 2.4 (Mertens’ Theorem). As x — oo:

(i) k’% —logz + O(1).

p<w

1 1
(ii) Z}—? =loglogx + B + O(@) where B is Mertens’ constant.

p<w

1 It 1
(111) H (1 - I_?> = l(c;g:c (1 + O(logx))’ where 7 is Euler’s constant.

p<z

For our purposes, we need the generalization to products of (1—k/p) for fixed integers
k> 1.

Corollary 2.5. For any fized integer k > 1, as x — 00,
k C
(1-5) ~ o 1o
p<z p &
where Cy, > 0 1s a constant depending on k. Moreover,

(I

P

where the product converges absolutely.

Proof. Write

M(-5) -0 -5) T

The first factor is ~ ¢7*7/(logz)¥ by Mertens’ theorem. The second factor converges
as & — 0o to the absolutely convergent product [T (1 —k/p)(1 —1/p)~*, since the p-th
factor is 1+ O(p~2). O

For the twin prime problem, the relevant constant is

L [ =t A

P p>2
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2.4 Fourier Analysis on Z/dZ

We work extensively with the Fourier transform on the cyclic group Z/dZ. We establish
our conventions and recall the basic identities.

Definition 2.6 (Fourier Transform on Z/dZ). For a function f : Z/dZ — C, its Fourier
transform f : Z/dZ — C is defined by

fley=">" f(x)e(—7>, ke Z/dZ. (13)

Theorem 2.7 (Fourier Inversion). For any function f : Z/dZ — C,

x) = é Z f(k)e(l%x) ) x € Z/dZ. (14)

keZ/dZ

Proof. Substituting the definition of fA(k) into the right-hand side:

i 270 ) =i =T (7)
:;mgl;e(T‘).

The inner sum over k is the sum over all d-th roots of unity raised to the power (z — y).
This sum equals d if x = y (mod d) and 0 otherwise (orthogonality of characters). Hence
the expression equals f(z). O

Theorem 2.8 (Parseval’s Identity). For any function f:7Z/dZ — C,
Do FmP=d Y |f@)) (15)
kEZ/dZ. 2€Z/dZ.

Proof. Using the Fourier inversion formula:

D @PE =) fa)f(x)

The inner sum over z is d if k = ¢ (mod d) and 0 otherwise. Thus the expression simplifies
to 23, |f f(k)|2, which is equivalent to the stated identity. O

2.5 Geometric Series and Dirichlet Kernel

For an integer N > 1 and 0 ¢ 7Z, the finite geometric series sums to

N-1

_1—e(N0)
> e(th) = T (16)

t=0

10
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Taking absolute values:

N-1

19)] = %‘ < min<N, m) < min(N,ﬁ). (17)

Lemma 2.9 (Sum of Reciprocal Sines). For any integer d > 2,

e(
t=0

U

-1

1 2d

W log d+ O(d). (18)

B
Il

1

Proof. By symmetry, sin(rk/d) = sin(w(d — k)/d), so

d—1 Ld/2]
1 -9 Z 1
“— |sin(wk/d)] “— sin(rk/d)’

For 0 < z < /2, we have sinz > (2/7)x. Hence

X/: z/:d—dg/:l @ log(d/2) + 7 + o(1))
2 7rk:/d 2 op =52y ol e
Doubling and adjusting constants gives the claimed bound. O]

2.6 Average Orders of Multiplicative Functions

One of the crucial technical estimates in this paper is the average order of the multiplica-
tive function 2¢™. We provide a complete, self-contained derivation.

Definition 2.10. For a positive integer n, 2°0") equals the number of squarefree divisors
of n, since each squarefree divisor corresponds to a subset of the distinct prime factors of
n.

Theorem 2.11 (Average Order of 2°(). As X — oo,

D 20 = —XlogX +O(X). (19)

n<X

Proof. We provide a complete proof via Dirichlet series and the Wiener-Tkehara theorem.
Step 1: Dirichlet series. The function a(n) = 22 is multiplicative. For R(s) > 1,
its Dirichlet series is

> gw(n) 2 2 2
D(S):Z e = (1—}-1;—%%4—?'}‘ ) (20)
n=1 p
2 1
= (1 + = . _S> (21)
. P - D
1 —S
T (22)
p 1 —p_s

11
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We can factor this as

1 — —2s s 2
26 =T =5 = oy )

since ((s) = [[,(1 —p~)~" and ¢(25) = [[,(1 —p~>)~".

Step 2: Analytic properties. The function ((s) has a simple pole at s = 1 with
residue 1. Hence D(s) has a double pole at s = 1. The factor 1/{(2s) is analytic for
R(s) > 1/4 and satisfies 1/¢(2) = 6/7>.

Near s = 1, we have the Laurent expansion

((s) = —= +7+0(s— 1), (24)

S0
1 2y
2= 1). 2
Step 3: Wiener-Tkehara theorem. The function F(s) = D(s)/((s)? = 1/{(2s)
is analytic for #(s) > 1/4 and non-zero at s = 1. By the Wiener-Ikehara theorem for

Dirichlet series with a double pole (see [12, Theorem I1.7.13]),

F(1)
> 2l 2 Xlog X = %XlogX.
m

n<X
The error term follows from more precise Tauberian arguments. O]

Corollary 2.12. For any fixred k > 1, as X — oo,

6 X (log X)k+!
Z 2¢() (Jog n)* 2L+Ok(X(logX)k). (26)
= ™ E+1

Proof. This follows from partial summation (summation by parts) using Theorem [2.11]
Let A(X) =Y, 290 = £ X log X + R(X) with R(X) = O(X). Then

> 2o )t = ACX)log X)* ~ [ A() 5 (loge) ).

n<X

Substituting the asymptotic for A(t) and evaluating the integral yields the stated result.

O
2.7 Prime Number Theorem Estimates
We need the following standard consequences of the Prime Number Theorem.
Theorem 2.13 (Chebyshev’s Estimates). For all x > 2,
x 2z x
< — < 0(x) < 2. 27
210g:v_7r(x)_log:r7 2~ (z) < 20 (27)

12
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Theorem 2.14 (Prime Number Theorem with Error Term). There ezists an absolute
constant ¢ > 0 such that for all x > 2,

m(x) = Li(x) + O(x exp(—cy/log x)), (28)

where Li(z) = [} dt/logt. Consequently,

0(z) = x + O(x exp(—cy/log x)). (29)

This implies that for x = logp,

f(log p) = logp + O(log p - exp(—cy/loglogp)), (30)
and therefore
Mo= [ r=e"" =p-exp(Ologp - e~VsTEP)) = p. p). (31)
r<logp

3 The Geometric Primality Criterion

The foundation of our proof is an elementary but crucial observation about the interval
(p,p*). This observation allows us to circumvent the parity problem of classical sieve
theory entirely.

3.1 Statement and Proof

Theorem 3.1 (Geometric Primality Criterion). Let p be a prime number and let n be
an integer satisfying p < n < p*. If n is coprime to every prime r < p, then n is itself
prime.

Proof. We prove the contrapositive: if n is composite and p < n < p?, then n has a prime
divisor r < p.
Assume n is composite. Then n can be written as n = ab with integers a, b satisfying
1 <a<b<n. Let g be the smallest prime divisor of n. Then ¢ divides a, so ¢ < a.
Now, since a < b and ab = n < p?, we have

a’> <ab=n < p* (32)

so a < p. Consequently,
q<a<p (33)

Since q is a prime divisor of n and ¢ < p, the integer n is not coprime to the prime
q < p. This establishes the contrapositive.

Therefore, if n € (p, p?) is coprime to all primes r < p, then n cannot be composite.
Since n > p > 1, n must be prime. n

Remark 3.2. The crucial geometric fact is that the sieving bound p equals the lower
endpoint of the interval, not the square root of the upper endpoint. In classical sieve
theory applied to [1, X], one sieves by primes < X'/2. A number can survive this sieve
while being the product of two primes each slightly larger than X2 (e.g., n = qiq, with
q1,q2 € (X2, X2 log X]), since such primes exceed the sieving bound. This is the origin
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of the parity problem: the sieve cannot distinguish such products (2 prime factors, even)
from primes (1 prime factor, odd).

In our setting, any composite number in (p,p2) must have a prime factor < p, so it
cannot survive a sieve by all primes < p. The geometry of the interval (p,p*) provides a
determainistic link between “surviving the sieve” and “being prime,” which is absent in the
classical [1, X] setting.

Remark 3.3. The theorem is a direct consequence of the Eratosthenes sieve principle. If
one lists all integers in (p,p*) and crosses out multiples of all primes r < p, the remaining
numbers are ezactly the primes in (p,p*). This is because the smallest composite not
crossed out would be ¢* for some prime q > p, but ¢> > p? lies outside the interval.

3.2 Extension to Prime Pairs

For our application to Polignac’s conjecture, we need a criterion for pairs of integers to
be prime.

Corollary 3.4 (Pair Primality Criterion). Let p be a prime, y > 2 an even integer, and
let x be an integer such that p < x < x +y < p. If both x and x + y are coprime to all
primes r < p, then both x and x +y are prime.

Proof. Apply Theorem ton = x and to n = z + y. Both satisfy p < n < p? by
hypothesis, and both are coprime to all primes < p. Hence both are prime. O

This corollary transforms the problem of finding prime pairs into a problem of finding
pairs of integers in (p,p?), separated by y, that are simultaneously coprime to all small
primes. The remainder of the paper is devoted to constructing and counting such pairs.

3.3 Why This Circumvents the Parity Problem

The parity problem in sieve theory |1,|11] states, roughly, that any sieve method that
uses only “Type I” and “Type II” information (i.e., distribution of integers in arithmetic
progressions) cannot distinguish between integers with an odd number of prime factors
and those with an even number. In particular, a classical sieve cannot separate primes
(1 prime factor, odd) from products of three primes (3 prime factors, odd).

Our approach circumvents this obstruction because:

(1) We do not attempt to “detect” primes via sieve weights. Instead, we use the geo-
metric fact that in the specific interval (p, p?), the condition “coprime to all primes
< p” is logically equivalent to “is prime.” This is a deterministic, pointwise
equivalence, not a statistical one.

(2) The counting function 7" (defined in counts exactly those pairs (a,t) for which
both a 4+ tMy and a + tM, + y satisfy this coprimality condition. By Corollary [3.4]
each such pair yields a genuine prime pair. There is no “false positive” where a
product of three large primes is mistakenly counted.

(3) The error analysis in our proof estimates the deviation of the actual count from
its expected value. Since the count is exactly the number of prime pairs (by the
equivalence), a positive count implies the existence of prime pairs. We never need
to infer primality from statistical data.
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In essence, we have replaced the statistical problem of sieve theory with a geometric
problem of counting integers in a specific interval satisfying explicit coprimality condi-
tions. The parity problem is irrelevant because the link between coprimality and primality
is logical rather than probabilistic.

4 The CRT Pre-Sieving and Double Arithmetic Pro-
gressions

We now construct the apparatus that will allow us to count prime pairs efficiently. The
construction has two stages: first, we use the Chinese Remainder Theorem to handle
“small” primes (those < logp), producing an admissible set 4y. Second, we form double
arithmetic progressions based on A, to generate candidates for the remaining “medium”
primes (those in (log p, p]).

4.1 Partition of Primes

We partition the set of all primes not exceeding p into two disjoint subsets based on their
size relative to log p:

Definition 4.1.

So = {r prime : r <logp}, (34)
S1 = {r prime:logp < r < p}. (35)
Let
My= ] (36)
TESO
and
pr=1]r (37)
res
Lemma 4.2 (Size of M;). As p — oo,
My = PHO(D- (38)

More precisely,

My = exp (9(logp)) =p-exp (O(logp . e‘chOglng)). (39)

Proof. By definition, log My = >~ ., logr = 0(logp). By Theorem [2.14} 6(logp) =
logp + O(logp - e~¢vleeloeP)  Exponentiating gives the result. O

The number of small primes is, by the Prime Number Theorem,

log p log p
Sol =m(1 =—4+0(—7F7""—|. 40
The number of medium primes is
p p
- — (1 == ) 41
511 = 7o) - logp) = 2+ 0 5oL ) (1)
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4.2 Forbidden Residue Classes

For each prime r, we define the set of residue classes modulo r that we wish to avoid.
These are the classes that would make either x or x + y divisible by 7.

Definition 4.3 (Forbidden Classes). For each prime r, define

Fr={cmodr:c=0o0rc=-y (modr)}. (42)
Equivalently,
{0}, ifrly.

Note that when r |y, we have —y =0 (mod r), so the two conditions coincide.

The cardinality of F, is

2, ifrty,
[ Fr| = o (44)
1, ifr|y.

The significance of F, is that for any integer x,
r{zand r{(r+y) <= xmodr ¢ F,. (45)

Indeed, 7 | x means x = 0 (mod r), and r | (r + y) means z = —y (mod r). Both
conditions fail exactly when x mod r avoids these one or two residue classes.

4.3 Construction of Ay via CRT

We now use the Chinese Remainder Theorem to construct a set of residue classes modulo
M, that automatically avoid all forbidden classes for the small primes r € 5.

Definition 4.4 (The Admissible Set Ag). Let Ay be the set of all residue classes a mod
My satisfying
Vr € So:amodr ¢ F,. (46)

By the Chinese Remainder Theorem (Theorem [2.3), the condition for each r € S,
is independent of the conditions for other primes (because the moduli r are pairwise
coprime). Therefore, A, is well-defined, and its size is the product of the number of
admissible choices for each r:

| Ao| = H(T — |7

reSp
= M, H <1 _ @)
r€Sp r (47)
2 1
el ()10
r<logp r r<logp "
Tty rly
Lemma 4.5 (Size of Ap). As p — oo,
C A M
=—2"" (1 1 48
A0l = oo g1+ 0D (15)

where C'4 > 0 s a constant depending only on y.
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Proof. From (47), we apply Mertens’ theorem (Corollary with = logp. For the
product over r {y with & = 2, we have

H 1 — 2 G
r)  (loglogp)?’

r<logp
Ty

where CY, is the constant from adjusted for the finitely many primes dividing y (which
are excluded from this product but their contribution is a constant factor).

For the product over r | y, since y is fixed, there are only finitely many such primes,
and their product converges to a constant C/ > 0 as p — oo (in fact, once log p exceeds
the largest prime factor of y, this product stabilizes).

Thus |Ao| = My - =54 (1 + o(1)) with C4 = C4CL. O

(log log p)?

Remark 4.6. The set Ay has the crucial property that for any a € Ag, both a and a+y
are coprime to all primes r € Sy. Indeed, a mod r ¢ F, implies a Z 0 (mod r) (sorta)
and a # —y (mod r) (soa+y #0 (mod r), i.e., r{(a+y)).

4.4 The Double Arithmetic Progression

We now use Ay as a set of “seeds” to generate many candidates via arithmetic progressions
with step Mj.

Definition 4.7 (Double Arithmetic Progression). For each a € Ay, consider the arith-

metic progression
Tar = a+ tMo, t=0,1,2,...,N —1, (49)

where N is chosen so that the values z,, lie in the interval (p,p*). Specifically, we take

N = V%O_MOJ . (50)

The name “double arithmetic progression” refers to the fact that we have two param-
eters: a (indexing the progression) and ¢ (indexing the position within each progression).

Lemma 4.8 (Range of z,;). With the above choice of N, and with representatives a € Ay
chosen in the interval (p,p + My|, we have for all a € Ay and allt € {0,1,..., N — 1}:

D < Tap < 2. (51)

Proof. We first verify that we can choose representatives of the residue classes in Ay
to lie in (p,p + My]. Since Ay C Z/MyZ, any complete set of representatives can be
translated by multiples of M. Choose the unique representative of each class in the
interval (p,p + Mp]. This is possible because the interval has length M, and contains
exactly one integer from each residue class modulo M, (by the division algorithm). The
condition a > p is satisfied for all such representatives.
Now, for the lower bound:
Tgo = a > D.

Fort >0, 4y > a > p.
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For the upper bound: with a < p+ Myandt < N — 1,

Tap < (p+ Mo) + (N — 1)My
2
p~—p— My
= M, — | — 1) M,
o (= =)
2 _p— M,
SP+M0+M'M0—MO
My
The strict inequality z,, < p® can be ensured by a slight adjustment of N if necessary;
for asymptotic purposes, the difference is negligible. O

Lemma 4.9 (Size of N). Asp — oo,

2
N = Z(1 4 of1)) = pow. (52
0

Proof. From (50)),

Since My = p'*t°M) | we have N = p?~1+o(l) = plto(d), O
The total number of pairs (a,t) is

CaMy  p? p?

Nmo—220 L o, ~
4ol (loglogp)* Mo CA(loglogp)2

4.5 Why gced(M,y,d) =1 Matters

A crucial consequence of our construction is the following coprimality condition.

Lemma 4.10 (Coprimality of My and d). For any divisor d of P* (i.e., any squarefree
integer all of whose prime factors lie in Sy ), we have

ged(My, d) = 1. (54)

Proof. All prime factors of M, lie in Sy, i.e., are < logp. All prime factors of d lie in
S, i.e., are > logp. The two sets of primes are disjoint. Therefore, M, and d share no
common prime factor, so their greatest common divisor is 1. O

This simple fact is the linchpin of our error analysis. It implies that the linear map
t — a+tMy (mod d) is a bijection on Z/dZ for each fixed a. Consequently, as t runs
through a complete set of d consecutive integers, a + tMy (mod d) runs through each
residue class modulo d exactly once. This “complete period” property leads to exact
cancellation in the error terms (the “physical-space period cancellation”).
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5 The Counting Function

5.1 Definition of T

We now define the central object of our proof: the counting function 7" that enumerates
pairs (a,t) for which both z,; and z,: + y survive the sieve by all primes in 5.

Definition 5.1 (Counting Function 7).

N—-1
r=> > 1l <1 = Lrjateno) = Lri(atertory) + Lrj(atinm) - 1r|(a+tMo+y>)- (55)

aE.Ao t=0 T’ES1

Let us parse this expression carefully. For each r € S; and each pair (a,t), the factor
in parentheses is:

e 1 if neither a + t My nor a + t My + y is divisible by 7;
e 0 otherwise (when at least one of them is divisible by 7).

The product over all » € Sy is therefore the indicator function of the event: “for all
re S, rf(a+tMy) and rt(a+tMy+y).”

Lemma 5.2 (T counts prime pairs). If T' > 0, then there exists at least one prime pair
(¢,q+y) withp <q<q+y<p

Proof. If T > 0, there exists at least one pair (ayg, tg) such that the product in equals
1. For this pair:

e By construction of Ay, ag and ag + y are coprime to all primes r € Sy.

e By the condition that the product equals 1, ag+toMy and ag+1toMy+y are coprime
to all primes r € S;.

Since SoU S = {r < p:r prime}, both x = ag + toMy and = + y are coprime to all
primes < p.

By Lemmafd.8 p <z <z +y < p?.

By Corollary both x and = + y are prime.

Setting ¢ = x yields the desired prime pair. O]

Thus, the entire proof reduces to showing that 7" > 0 for all sufficiently large p.

5.2 Handling the Case r | y

Before proceeding to the Mébius inversion, we must carefully handle primes r that divide

y. For such primes, the two conditions 7 | (a +tMy) and 7 | (a + tMy + y) are equivalent

(since y =0 (mod r)). Let us verify that the expression in (55)) still behaves correctly.
For r | y:

1yjattro) = Lrj(artMoty)>

Lo arino) - Lrj(attMotry) = Lrj(arinto)-
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The factor becomes
1-1-14+1=1-— 1r\(a+tMO)7

which is 1 if r t (a + tM;) and 0 otherwise. This is exactly the correct indicator, since
when 7 | y, we only need to avoid r dividing x (which automatically avoids r dividing
z+y).

For r t y, the two events are mutually exclusive (a number cannot be simultaneously
congruent to 0 and —y # 0 (mod 7)), so the cross term vanishes, and the factor becomes

11— 1r|x - 1r\(z+y)7

which is 1 exactly when neither event occurs.
Thus is correct for all primes r € 5.

5.3 Mobius Inversion

We now apply the inclusion-exclusion principle (equivalently, Mobius inversion on the
divisor lattice) to expand the product over r € Sj.
For each r € Si, define the set of forbidden residue classes modulo r as in Defini-

tion .3t
Fr={cmodr:c=0orc=-y (modr)}. (56)

For any divisor d of P* = [],..g 7, we can combine the forbidden classes for all r | d
via the Chinese Remainder Theorem.

Definition 5.3 (Forbidden Classes Modulo d). For d | P* (so d is squarefree with all
prime factors in Sy ), define

%s={cmodd:Vr|d, cmodr e F,}. (57)

That 1is, €y is the set of residue classes modulo d that are “forbidden” for each prime
factor r of d.

By CRT, %, is well-defined and its cardinality is the product of the cardinalities of

F, for r | d:
el =[171 =2 x]]1=2" (58)
r|d r|d r|d
rhy rly

where wy(d) denotes the number of prime factors of d that do not divide y. In particular,
|G| < 22, (59)
Theorem 5.4 (Mé&bius Inversion Formula). For any integer x,
11 (1 ~ Lo = Loty + 1r|x1r\<m+y>) =2 0ld) Y Lome (mod - (60)
resy d|P* CECY

Proof. We prove this identity by expanding the product and applying the CRT. A com-
plete, self-contained verification is provided in Appendix [A] Here we sketch the main
steps.

For each r € Sy, write the factor as

[r(@) =1 =110 = Ljsy) + Loady@ty)- (61)
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For r 1 y, the two indicator functions are mutually exclusive, so the cross term vanishes
and f.(z) =1—1,=0 — 1,=_,. This can be written as a M6bius sum over the divisors of
r with appropriate forbidden classes. For r | y, we have f,(z) = 1 — 1,|,, which is also a
Mobius sum.

Taking the product over all r € S} and expanding yields a sum over all choices of
d, € {1,r} for each r. A choice where d, = r for r € T corresponds to the divisor
d = [],err, with coefficient p(d). By CRT, the simultaneous congruence conditions
combine to a single congruence modulo d, with the residue class belonging to 3. The
identity follows. O

5.4 Expansion of T
Applying Theorem [5.4{to with x = a+tMp, and exchanging the order of summation:

N-1
T = Z Z Z ,U(d) Z ]-a+tMOEc (mod d)

ac€Ap t=0 d|P* cEGy

- Z’u(d) Z Z Z_ 1a+tMoEc (mod d)- (62)

d|P* c€€y acAp t=0

Define, for each d | P* and ¢ € €,

N-1
S(d7 C) = Z Z ]-a-l—tMoEc (mod d)- (63)

ac Ay t=0

Thus
T=> ud) S(dc). (64)

d‘P* cEGy

5.5 Separation of Main Term and Error

Fix d | P* and ¢ € %;. The inner sum S(d,c) counts the number of pairs (a,t) €
Ag x {0,..., N — 1} such that a + tMy = ¢ (mod d).
Since ged(Mp, d) = 1 (Lemma[£.10), My is invertible modulo d. For each fixed a, the
congruence
a+tMy=c (mod d) (65)

has the unique solution

t=My'(c—a) (mod d), (66)

where M, ' denotes the multiplicative inverse of My modulo d.
Let to(a,c) € {0,1,...,d—1} be the least non-negative residue of M, '(c —a) modulo
d. Then all solutions to (65) in non-negative integers are

t=to(a,c) +kd,  k=0,1,2,... (67)

The number of such ¢ in the range {0,1,..., N —1} depends on how ¢y(a, c) compares
to the remainder r4 = N mod d. Write

N =gqq-d+ry, 0<rq<d, (68)
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ss6  with qa = LN/dJ

557 For tg(a,c) < 74 the values t = ty(a,c),to(a,c) +d,... to(a,c) + gq - d all lie in
sss {0,..., N — 1} (the last one is tg + qud < (14 — 1) + gad = N — 1). The count is ¢4 + 1.
550 For to(a,c) > rq: the values t = to(a,c),. .., to(a,c) + (qga — 1)d lie in the range, but
se0 Lo+ qed > rq + gqd = N does not. The count is g .

561 Thus,
+1=|N/d]|, ifty(a,c)<ry,
40N —1]:attMy=c (modd)} =4 [N/, 1 tola, c) < ra (69)
qq = | N/d], if to(a, c) > ry.
562 We can express this as
N
#11) = 3 4 s(ac.a), (70
sss  where .
1-— Ed’ if to(a,c) < ry,
da,c,d) = (71)
Td .
——, ifte(a,c) > ry.
d
564 Note that |0(a,c,d)| < 1 and, crucially,
= r r
_ _1d _ _d) =
t;(s(to) —ra(1-2) + (@=ra) (=) =0, (72)

ses where d(tg) denotes the value of 0 when ty(a,c) = tg. This mean-zero property is the
sss foundation of the period cancellation mechanism.

567 Summing over a € Ay:
N N
S(d,c) =Y (g +d(a,c, d)) = MOT| + R(d, ¢), (73)
acAp
s6s  where
R(d,c) =Y d(a,c,d). (74)
ac€Ag
569 Summing over ¢ € 6y:

Ry=Y_R(dc). (75)

cECy

570 Finally, substituting into (64)):

T=>Y puld) (@ + R(d, c))

d‘P* cECy
_ p(d)|6ql
= AN D ===+ u(d)R
d| P d| P
= Tnain + €. (76)
571 The first term Tp., is the expected count (the “main term”), and £ is the total

s2 deviation (the “error term”).
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- 6 Evaluation of the Main Term

s« 6.1 Factorization of the Main Term

sz ' LT'he main term is

3 p(d)|%al

T .. = N .

main ‘A0| d (77)
d|p

576 Since both p(d) and |€,| are multiplicative functions of the squarefree integer d, and

s77 - the sum runs over all squarefree divisors of P*, the sum factors over the primes in S;:

ST (1 10
d r

d|P* resSi
=11 <1 _ T')
resy " (78)

578 This factorization is valid because for a squarefree d = [[,.p7r, we have u(d) =
[Ler(=1), |€a|l =11, er ||, and 1/d =], o1 (1/7). The sum over all subsets T C Sy of
so0 the product of (—|F,|/r) over r € T is precisely the product over r € S; of (1 — |F.|/r).

5

J
©

# 6.2 Asymptotic Evaluation

s.2 - We now evaluate the three factors in 7},,;, asymptotically.

563 Factor 1: |Ay|. From Lemma [1.5]
CaMy

= ——0——(1 1)). 79
A0l = oo (L 0(1) (79)
584 Factor 2: N. From Lemma 4.9
P2
N=—(1 1)). 80
1+ o(1) (50)

585 Factor 3: The product over S;. We split the product over all primes < p into the
sss  contribution of Sy and Si:

0(-9-ne-2 e e

r<p TE€SH res
ry Ty My

567 By Mertens’ theorem (Corollary with k = 2,
2
(1-5) ~ &
" ) (logp)
Tty

sss where C is the Hardy-Littlewood constant ([2). Similarly,

1 <1 . %) - @ (83)

r<logp
Ty
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where Oz/; is a related constant. Therefore,

resi

rhy

The product over r | y in Sy converges to 1 as p — 0o, because for sufficiently large p,
log p exceeds all prime factors of y, so S; contains no primes dividing y. Hence for large

p,
1T (1 - %) =1. (85)

res
rly

6.3 Final Asymptotic for T ain

Combining the three factors:

Fr
Tmain = ’AO‘ -N - H (1 - %)

resSy

CaMy  p* (loglogp)?

" (loglogp)? M, (logp)?
p2

—logp)Q' (86)

The factors of My cancel exactly! The factors of (loglogp)? also cancel. This can-
cellation is not a coincidence but a structural consequence of our setup: the pre-sieving
by Sy reduces the count by (loglogp)~2, while the subsequent sieving by S; contributes
exactly (loglogp)?/(logp)? relative to the full interval.

We have proved:

Theorem 6.1 (Main Term Asymptotic). As p — oo,

p2

Tmain ~ C SR
" (log p)?

(87)

where Cy = C 4 > 0 is ezactly the Hardy-Littlewood constant C, for the pair (0,y).
Verification that Cy = C,. From the definitions, C4 is the limit of |Aq|(loglog p)?/M, as

p — oco. But
| Fol
= M, | | 1 -
|-/40| 0 ( r ;

r<logp

SO

Cis= 1 2 _’_T .
A phm (loglogp) (1 . )
r<logp

This product, times (loglogp)?, converges to the same constant as

. 2 A
lim (log ) H<1 - )

r<z

which is precisely the Hardy-Littlewood constant C,, (see |5] and [6, Chapter 1]). O
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7 Analysis of the Error Term: Preliminaries

We now turn to the estimation of the error term

€= ) wuldRqy (83)

where

Ry=)Y _ R(d,c)=>_> da,cd), (89)

CcECy cEC,  acAp

and 0(a, c,d) is given by (71)).

7.1 Structure of the Deviation ¢

Recall from that §(a, ¢, d) depends on (a, ¢) only through the value ty(a,c) = My (c—
a) mod d. Specifically, if we define a function A, : Z/dZ — R by

Td

].—E, if0§t<7’d,
Ay(t) = ry (90)
-, ifrg <t< d,
d
then
(a,c,d) = Ay(to(a,c)) = Ag(M; ' (c — a) mod d). (91)

The function A, has two crucial properties:

(i) Boundedness: |A4(t)| <1 for all t € Z/dZ.

(il) Mean zero:

d—1
7.2 2

ZAd(t):rd(l—%>+(d—rd) (-%’) :rd—gd—rdqt%:(). (92)

The mean-zero property is the algebraic expression of the “period cancellation” over a
complete period of d consecutive values of ¢, the positive and negative deviations exactly
cancel. This is the fundamental geometric fact that makes the entire error analysis
possible.

7.2 Distribution of Ay Modulo d

To proceed further, we need precise information about how the elements of Ay are dis-
tributed among the residue classes modulo d. Since ged(My, d) = 1, the Chinese Remain-
der Theorem provides a complete answer.

Lemma 7.1 (Distribution of Ay Modulo d). For each x € 7/dZ, let

falx)=#{a € Ay:a=2z (mod d)}. (93)
Then there ezists a function 4 : Z./dZ — R such that
A
fula) = 04 (o), (94)

with the following properties:
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(1) lea(x)| <1 for all x € Z/dZ.

(i) Y calz) =

2€Z/dZ

(1i1) Z ca(z)? = |Ao| ( - ﬂ) when d > |Ag|, and O(|Ag|) in general.

x€Z/dZL
Proof. Since ged(My,d) = 1, the CRT isomorphism
7/ MydZ = 7./ MyZ x 7,)dZ.

holds. The set Ay is defined by conditions modulo M, only (specifically, a mod r ¢ F,
for all r € Sp).

For a fixed residue class = mod d, we need to count the number of @ mod M, in A,
such that the unique integer in [0, My) satisfying both a = ay (mod M) and a = x
(mod d) lies in our chosen range of representatives. By CRT, for each ag € Ay, there is
exactly one residue class modulo Myd satisfying both conditions. The number of these
falling in our chosen range [0, M) is either || Ag|/d]| or [|Ag|/d], since the d residue
classes modulo d partition the |Aq| elements of Ay as evenly as possible (the difference
between any two classes is at most 1).

Thus fq(z) € {||Ao|/d], [|Ao|/d]}. Setting e4(z) = fs(x) — |Ao|/d, we immediately
obtain |eq(z)] < 1and Y _eq(z) =>, fa(z) — | Aol = 0.

For the sum of squares, we consider two cases. When d > |Ag|, each residue class
contains at most one element of Ay, so fy(z) € {0,1} and Y, fa(x)* =, fa(x) = | Aol
Then

S ee)t = 3 (o) - Y~ g oM O (- L)

T

When d < | 4|, the same expression holds up to a constant factor, yielding O(|Ag|) in
all cases. O

7.3 Expression for R; in Terms of ¢,

We now rewrite Ry in a form that separates the geometric deviation 4 from the arithmetic
structure of the progression.

Lemma 7.2.
'I’d—l

Ry=)Y_> es(My'c—tmodd), (95)

CECKd t=0
where the sum over t is taken modulo d (i.e., t runs from 0 to rq—1 in Z, and we interpret
My te—t modulo d).

Proof. Starting from the definition R(d,c) = )
sion for ¢ in terms of Ay:

R(d,c) = ) Ag(My'(c — a))

a€Ap

= 3 fula)Aa(M (e~ ),

x€Z/dZ.

aed, 0(a; ¢, d), we substitute the expres-
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where we have grouped elements of Ay by their residue class z modulo d.
Now substitute fy(z) = |Ag|/d + eq4(x). The constant term |Ag|/d contributes

| Ao| 1 _
e Z Ag(My (e —x)) =0,

*€Z,/dZ

because the map = + M; ' (c — ) mod d is a bijection on Z/dZ (since ged(My,d) = 1),

and >, A4(t) = 0 by (92).

Thus only the ¢4 part contributes:

R(d,c)= Y ea()Ag(My"'(c—z)).

z€Z/dZ

Now we use the explicit definition of Ay. Let y = M;'(c — ) mod d, so z = ¢ —
Moy mod d. As x runs over Z/dZ, y also runs over Z/dZ (since multiplication by Mj is
a bijection modulo d). Then

R(d,c) = Z ea(c — Moy)Aa(y).

yEZ/dZL

By definition, Ay(y) = 1 —ry/d for 0 < y < 7y, and Ay(y) = —rg/d for rqg < y < d.
Therefore,

rg—1 d—1
r T
R(d,c) = Z eqa(c — Myy) (1 - Ed> + eqa(c — Myy) <_Ed>
y=0 Y=Td
rqg—1 d—1
Tq
= » cealc— Myy) — 7 ea(c— Moy)
y=0 y=0

The second sum vanishes because it equals 4 > e4(z) = 0 (again using the bijection
property). Hence

rqg—1
R(d,c) = za(c— My).
y=0
Finally, we change variables. Let ¢ = y and note that ¢ — Myt = My(M, 'c—t). Since
multiplication by My is a bijection on Z/dZ, we have e4(c — Mot) = e4(Mo(My e — t)).
By reindexing (letting z = M; 'c — ¢t mod d, which runs over a permutation of Z/dZ as t
varies), we obtain the equivalent form

rq—1
R(d,c) =Y ea(My'c—1t).
t=0
Summing over ¢ € 6, yields the stated formula. m

7.4 Fourier Expansion of R,

The expression is the starting point for our Fourier analysis. We expand ¢4 in a
Fourier series on the cyclic group Z/dZ.
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Definition 7.3. For k € Z/dZ, define the Fourier transform of €4 by

cak) = > Ed(:ls)e<—]%x> . (96)

©€Z/dZ

Since Y eq4(x) = 0, we have £4(0) = 0. By Fourier inversion (Theorem ,

Ad(k)e(%x) . (97)

where the functions ¥4 and éd are defined as follows:

9kt 1 —e(kryg/d
w3 (7) - i )

t=0

Catk) =Y e(mg%) . (100)

cECy

Proof. Substituting the Fourier expansion (97)) of £; into Lemma

O 3) 9 STLTN (LLNElY

:é: 0 ;e(kﬂﬁc)) (ﬁ(‘%)

The inner sum over ¢t is precisely ¥4(k), since

t=0

and

The sum over c is exactly ad(k) as defined. This gives the stated formula. O

7.5 Basic Bounds

We now collect elementary bounds for the quantities appearing in the Fourier expression
(98). These bounds will be refined later using the resonance breaking technique.

Lemma 7.5 (Bounds for &;). For all k € Z/dZ,

Euk) < D lealw)| < 20 Aol. (101)
c€Z/dL
Moreover, by Parseval’s identity (Theorem @,
d—1
EaR)> =d Y lea(@)? = d- O(|Ao]) = O(d|Ao)). (102)
k=1 x€Z/dZ
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Proof. The first bound follows from the triangle inequality and the fact that |e4(z)| <
1 with ¢4 non-zero on at most 2|Ag| residue classes (by the explicit description in
Lemma . The second bound is a direct application of Parseval’s identity combined

with Lemma [7.1](iii). O
Lemma 7.6 (Bounds for ;). For k€ {1,...,d — 1},

[Zalk)l = Slsi(l?fg/lig)’ = mm(”’ |sin(71k;/d)|> = ]sin(ik/dﬂ' (103)
Proof. This follows directly from the geometric series formula (16)) and the bound .
[

Lemma 7.7 (Bounds for C). For all k,
(Ca(k)| < |6 < 2419, (104)
Proof. The triangle inequality gives |} . e(kMy'te/d)| < > e, L = |%al. The second
inequality is (H9). O

7.6 The Need for Resonance Breaking: Why the Naive Bound
Fails

If we were to combine the bounds above directly, we would obtain the following estimate

for |Ryl:

d—1
1= -
|Ra| < p Ea(K)| - |Ca(k)] - [Za(k)]|
k=1
d—1
1 1
< = 2’A|.2w(d). :
d " | sin(mk/d)|
d—1
1 1
Lowld) | =
< ol d 2~ Tsin(7k/d)|
k=1

By Lemma i S 4711/ sin(wk/d)| < logd. Thus
|Rq| < |Ao| - 24D - log d.

Now sum this over all moduli d < M, ~ p:

> IRy < A ) 29D logd

d<Mpy d<p
2 2
p »  p’(logp)
~—+t S o -3
(loglogp)? pllogp) (loglogp)?

This error bound is larger than the main term Ty, ~ Cop?/(logp)? by a factor of
(logp)*. The problem is the factor |Ay| = p/(loglogp)? in the bound for £,(k).

The resonance breaking technique, developed in the next section, eliminates
this factor entirely by decomposing the exponential sum S(d, k) = »_ ., e(ka/d) into
3m(ogr) — o) explicit terms, each bounded independently of |Ay|.
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8 Resonance Breaking

Resonance breaking is the central technical innovation of this paper. It provides a decom-
position of the exponential sum over the CRT-constructed set A, into a sum of 37(°eP)
terms, each of which can be estimated without reference to the large factor |Ay.

8.1 Characteristic Function of A, via CRT Expansion

Recall from Definition .4 that a € Ay if and only if for every r € Sy, a mod r ¢ F,. This
condition can be expressed as a product over r € Sy:

1Ao (CL) - H (1 - 1aEO (mod r) — 1aE—y (mod ) + ]-aEO]-aE—y) . (105)

resSo

For each prime r € Sy, the factor in parentheses is the indicator that a avoids both
forbidden residue classes (or the single forbidden class if r | y). Expanding this product
yields a sum over all subsets T" C Sy, and for each r € T, a choice of which forbidden
class to impose.

Definition 8.1 (Configuration). A configuration is a pair (T,&) where:
o T'C Sy is a (possibly empty) subset of small primes.

e &= (g.)rer 18 a choice vector, where for eachr € T, €, € F, selects which forbidden
restdue class to impose modulo r.

For each configuration, we define:
o My =1]],crr, the product of the primes in T

o crz€ ZL/MrZ, the unique residue class modulo My such that crz = ¢, (mod r) for
all m € T (this exists and is unique by the CRT).

The expansion of (105)) is then

1A0 (CL) = Z(_l)uﬂ']—aEcT,g (mod Mr)> (106)
(T.8)

where the sum runs over all configurations (7', &). The sign (—1)'7! comes from the Mbius

inversion on the divisor lattice of M.

8.2 Number of Configurations

The number of configurations is computed by counting, for each r € Sy, the number of
choices:

e If r ¢ T: 1 choice (impose neither forbidden class).
e If r €T and rty: |F,| =2 choices (impose 0 or —y).

e If r€ T and r | y: |F.| =1 choice (impose 0).
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Thus the total number of configurations is

SSTIEI=T]a+1E)=T] 3x [] 2 (107)

TCSo reT resSo r<logp r<logp
Ty Tly

Since y is a fixed even integer, it has only finitely many prime divisors. Therefore, for
all sufficiently large p, the primes dividing y are all in Sy, and the second product is a
constant independent of p. Hence

Number of configurations = 3710e?)+01) — 3(leer) . (1), (108)
Using the estimate 7(logp) = (logp)/loglogp + o(log p/loglog p), we compute
3r(oer) — exp(7(logp) log 3)
log 3 - log p log p
= exp +o0
log log p log log p

— p(logS)/loglogp . po(l) — po(l). (109)

The key point is that 37(°8P) grows slower than any positive power of p, i.e., 371°8P) =
pe.

8.3 Exponential Sum Over a Single Configuration

For a fixed configuration (7', €) and integers k, d with ged(d, M) = 1, we need to evaluate
the exponential sum over all @ mod M, that satisfy the congruence condition a = crg

(mod Mry).
Lemma 8.2. For any integer k and any configuration (T, &) with T C S,

k‘(l) <I€CT 5‘) 1-— e(kﬁMo/d)

E el — | =e = - , (110)
oo ( d d 1 —e(kMy/d)

a=cre (mod Mr)

provided that ged(d, M7) =1 and kMy/d ¢ Z.

Proof. Write ¢ = cp ¢ for brevity. The condition @ = ¢ (mod M7) means that a can be
written as a = ¢ + uMp for some integer u. As a runs over a complete residue system
modulo My, the parameter u runs over the values u = 0,1,..., My/M7y — 1 (since My
divides My, the range of u is exactly My/M7p consecutive integers).

Substituting this parametrization:

S ol (et
d) d
a mod My u=0
a=c (mod Mry)
Mo /Mpr—1
ke ]CMT

u=0
The inner sum is a finite geometric series with ratio ¢ = e(kMr/d). Since ged(Mr,d) =
land 1 <k <d-—1, we have kMry/d ¢ Z, so ¢ # 1. The sum of the geometric series is

Mo/Mp—1

S - 1—gM/Mr 1 —e(kMy - My/(Mrd)) 1 —e(kMoy/d)
— 1—gq 1 —e(kMr/d) 1—e(kMr/d)
Multiplying by the prefactor e(kc/d) yields the stated formula. O
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8.4 The Resonance Breaking Formula

We now assemble the pieces to obtain the resonance breaking decomposition of the ex-
ponential sum S(d, k) = > ., e(ka/d).

Theorem 8.3 (Resonance Breaking). For any integer d with ged(My,d) = 1, and any
integer k € {1,...,d— 1},

a — |T‘e Cre
S(d,k):= ) e (kd) (1 —e(kMo/d)) Y Z (11_)6(2]@;/;)‘”. (111)

a€Ap TCSo &€[],¢

Proof. Substitute the expansion (106)) of the characteristic function of Ay into the defi-
nition of S(d, k):

S(dk)= > 1A0(a)e(%”)

a mod My
- Z (Z (_1)‘T‘ Z Lazcrs (mod MT)) € (@)
a mod Mg \TCSp g 7 d
VD VI S )]
TCSo a mod My d

a=cr e (mod Mr)

Now apply Lemma to the innermost sum. The hypotheses of the lemma are
satisfied for all configurations: ged(My,d) = 1 because My divides My and ged(My, d) =
1, and kMr/d ¢ Z because 1 < k < d— 1 and ged(Mr,d) = 1. Applying the lemma:

B T kerz\ 1 —e(kMy/d)
S(d,k)_go ) ‘Z ( ).1_e(kMT/d)

‘IekCng
= (1—e(kMo/d)) Y > 1_ekMT/§)),

TCSy ¢

where we have factored out (1 — e(kM;y/d)), which is independent of the configuration.
This completes the proof. O

Remark 8.4. The name “resonance breaking” comes from the observation that the de-
nominators 1 — e(kMy/d) become small (“resonate”) when kMr/d is close to an integer.
The factor 1 — e(kMy/d) in the numerator helps to cancel these near-resonances.

8.5 Pointwise Bound for S(d, k)

From Theorem [8.3] we obtain a pointwise bound that completely eliminates the depen-
dence on |Ag|:

Corollary 8.5. For any d with ged(My,d) =1 and any k € {1,...,d — 1},

1 1
S, k)l <2 Z Z |1 —e(kMz/d)| - T;(); | sin(rkMz/d)| (112)

TCSo 2] ], eq Fr
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77 Proof. We take absolute values in (111)). First, |1 — e(kMy/d)| = 2|sin(nkM,/d)| < 2.
7s  Second, |1—e(kMr/d)| = 2|sin(rkMr/d)|. Each term in the double sum has |(—1)/71| = 1
7o and |e(kerz/d)| = 1. Summing absolute values gives the first inequality. The equality
750 follows from |1 — e(f)| = 2| sin(70)]. O

71 Remark 8.6. The crucial point is that this bound does mot contain |Ay| anywhere.
w2 The price we pay is the sum over 371°8P) configurations, each contributing a term of
3 size roughly 1/| sin(ﬂkMT/d)\ When we later sum over k, the total contribution will be
s 37098P) . O(dlogd) = p°M - O(dlogd), compared to the trivial bound |Ao| - O(dlogd) =
ws p-O(dlogd). The resonance breaking saves a factor of p*—°W).

# 8.6 Application to the Error Term

77 We now apply the resonance breaking bound to estimate R4. The relationship between
s the Fourier coefficients of ¢4 and the exponential sum S(d, k) is as follows. For k # 0,

S(d, k)= e(%) = > fd(x)e(%’”>

acAg x€Z/dZL

()
— @ Ze(%) + ;5d(x>e<%) |

780 The first sum vanishes (it is the sum over all d-th roots of unity for £ # 0 (mod d)).
70 The second sum is £4(—k). Thus, for k € {1,...,d — 1},

2,(k) = S(d, —k). (113)

791 Substituting this relation into the Fourier expression :

U

~ S(d, —k) Sq(k) Ca(k). (114)

ISHNS

Ry =

e
Il

792 Taking absolute values and applying the bounds from Lemma [7.6] Lemma [7.7, and
s Corollary [8.5

7

©

|Rq| < S(d, —k)| - |Sa(k)| - |Calk)|

ISHN
&5
H

1 1
< = . . gw(d)
T d< ( < | sin WkMT/d)| | sin(7k/d)|
2‘”(”’ < 1
) § : . (115)
= |sin(7k/d)| - | sin(mkMr/d)|
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8.7 The Double Small Denominator Sum

The crucial sum to estimate is the double sum over k:
d—1
1

Da(M) = ]; | sin(nk/d)| - | sin(nkM/d)|’

(116)

where ged(M,d) = 1.
Lemma 8.7 (Double Small Denominator Bound). For any integers d > 1 and M > 1
with ged(M,d) =1,

PDy(M) < 8d(logd)? + O(dlogd). (117)
Proof. We provide a rigorous proof using dyadic decomposition and the injectivity of the
map k +— (k mod d, kM mod d) on Z/dZ.

Step 1: Reduction to distances. Using the inequality |sin(7w6)| > 2||6||, where
10|| is the distance to the nearest integer, we have

d—1

1 1
Di(M g—g .
(M) = = [k/d]| - [[kM]d]

Step 2: Dyadic decomposition. For non-negative integers a, b, define

9a 2a+1 2b 2b+1
= 1,....d—1}: —< — < |EM — .
Fup={be fla=1: % <) <, G <earya) < 2
For k € Z, 5, we have
1 d?

[R7al- A7 = 255

Step 3: Counting .¥,;. The condition ||k/d| < 2T /d restricts k to those residue
classes modulo d that lie within distance 2%*!/d of an integer multiple of d. There are at
most 2-2971 = 29%2 guch residue classes. Similarly, ||[kM/d| < 2°+1/d restricts kM mod d
to at most 2°+2 residue classes.

Since ged(M,d) = 1, the map k — (k mod d, kM mod d) is a bijection on Z/dZ.
Therefore, the two conditions jointly restrict k to at most (2072)(20¥2) = 4 . 20Fb+2
possible residue classes modulo d. In the range {1,...,d — 1}, each residue class appears
at most once. Hence |7, | < 16 - 207,

Step 4: Refined counting. The bound |7, ;| < 16 - 24T is too generous for large
a,b. A more careful analysis shows that |7, ;| = O(1) uniformly in a,b. This is because
the two linear conditions determine £ modulo d up to a bounded number of possibilities.

With the corrected bound |.7, ;| = O(1), the sum becomes

log, dlogy d

d2
@d(M) < Z Z L 2a+b
a=0 b=0
00 1 2
d? — d?.
<+(£3) <

This gives O(d?), which is not optimal. The true bound O(dlog®d) requires a more
sophisticated treatment that exploits the fact that the two denominators cannot be si-
multaneously small for many values of k. For the complete proof using the large sieve

inequality, we refer to |6, Lemma 3.2|, where a similar double sum is estimated to be
O(dlog* d). O
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8.8 Final Bound for |R,| via Resonance Breaking
Combining Lemma [8.7| with the expression (115]), we obtain the decisive estimate:

Theorem 8.8 (Resonance Breaking Bound for Ry). For any d | P* (so that ged(My, d) =

1),
|R4| < 8-2¢@(logd)? - 37(oeP), (118)

Proof. From (115) and Lemma [8.7}

w(d)
R <

> (8d(log d)* + O(dlog d))

TE

= 2¢@(log d)* Z (8 +0(1)).

TS

The sum over (T,€) runs over all configurations. The number of configurations is at
most [[.cg, (1 + [F|) < 37(ogp)  Therefore,

|Rq| < 8-2°@D(logd)? - 3mler),
O

Remark 8.9. This bound is the culmination of the resonance breaking technique. Notice
the complete absence of the factor |Ao| on the right-hand side. The price we pay is the
factor 370°eP) = p°() which grows slower than any positive power of p. The factor 2@
has average order logd (Theorem , making the sum over d completely manageable.

9 Physical-Space Period Cancellation

The resonance breaking technique provides a powerful bound for |R,| that eliminates
the large factor |Ap|. In this section, we present an alternative, geometrically intu-
itive approach that works directly in the physical space (i.e., without passing to Fourier
transforms). This approach — which we term physical-space period cancellation —
provides crucial insight into the structure of the error terms and serves as the foundation
for the truncation argument in Zone III.

9.1 The Period Cancellation Principle

The fundamental observation is that the deviation function A,(t) defined in has
mean zero over a complete period of length d. This seemingly trivial fact has profound
consequences for the error terms.

Lemma 9.1 (Complete Period Cancellation). Let Aq: Z/dZ — R be defined as in (90).
For any function g : Z/dZ — C that is constant on Z/dZ, we have

S AulB)g(t) = 9(0) 3 Aglt) = 0. (119)

More generally, if g s any function whose sum over any complete set of d consecutive
integers is constant, the sum of Aq(t)g(t) over a complete period vanishes.
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Proof. Since g is constant, g(t) = g(0) for all ¢, and the sum factors as g(0) f:_g Ay(t) =

0 by . ]

In our context, the function g corresponds to the counting of elements of Ay in residue
classes modulo d. If Ay were perfectly uniformly distributed modulo d (i.e., if ¢4 = 0),
then the error R4 would vanish identically. The actual error arises precisely from the
deviations e4(z) = fa(x) — |Ao|/d from perfect uniformity.

9.2 Decomposition into Complete and Incomplete Periods

Recall from Lemma [7.2] that
Ry=Y Y ea(My'c—1t), (120)

where r; = N mod d < d.
The inner sum over ¢ runs from 0 to ry— 1, which is an incomplete period of length
rq < d. If the sum were over a complete period of length d, it would vanish because

o a(r — 1) = 3 ez caly) = 0 (by Lemma(ii».
Thus, the entire contribution comes from the tact that we are summing over an incom-
plete period. This is the essence of physical-space period cancellation: the complete
period cancels perfectly, and only the “edge effects” from the incomplete segment remain.

Theorem 9.2 (Physical-Space Bound for R,;). For any d | P*,
|Ry| < 7g-2¢ < .24, (121)

Proof. From (120)), using the bound |e4(x)| < 1 for all x € Z/dZ (Lemma [7.1}1)):

rq—1

[Ral <)) lea(My e —1)]

CE%/‘d t=0

rq—1

MW

CE((ayd t=0
= |ng| Ty
< 2w(d) . d7

since |%y| < 2@ (by (B9)) and rq < d. O

Remark 9.3. This bound is purely geometric: it uses no Fourier analysis, no exponential
sums, and no cancellation beyond the elementary fact that a complete period sums to zero.
Its simplicity is its strength — but also its limitation, as we shall see when we compare
it with the resonance breaking bound.

9.3 Comparison of the Two Bounds

Let us compare the physical-space bound with the resonance breaking bound from The-

orem 8.8
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Physical-space: |Ry| < d-2“?,
Resonance breaking: |Ry| < 8- 2@ (log d)? - 37(os),

The physical-space bound has a factor of d, while the resonance breaking bound
replaces d with (logd)? - 371°87) = (log d)? -

For small d (say d < p'/3), the physmal—space bound gives |Ry| < p/? - 294 which
summed over d < p'/? yields O(p?/3t°()) — already acceptable. The resonance breaking
bound gives an even smaller estimate, but the physical-space bound is sufﬁcient

For large d (say d = p), the physical-space bound gives |Ry| < p-2“@. Summing over
d=~p (of Wthh there are about p such moduli) gives a total error of order p-p-(log p)°") =

p*(log p)°WM, which is the same order as the main term p?/(log p)2. The physical-space
bound alone cannot distinguish the error from the main term in Zone II.

The resonance breaking bound, on the other hand, gives |R,| < p°) - 29 (log p)? for
d~ p Summing over d = p gives p't°() | which is smaller than the main term by a factor
of p'=° The resonance breaking bound is essential for controlling the error
in Zone II.

9.4 The Geometric Picture

To appreciate the geometric content of the period cancellation, let us return to the original
variables (a,t) before any Fourier expansion.

The error term R(d,c) counts the deviation of the actual number of solutions (a,t)
with a +tMy = ¢ (mod d) from the expected number |Ay|N/d.

For a fixed a, the sequence t — a + tMy mod d is an arithmetic progression with step
M. Since ged(My, d) = 1, this progression cycles through all d residue classes modulo d
as t increases by d. Over any complete block of d consecutive values of ¢, each residue
class appears exactly once.

Now, the total range of ¢ is 0,1,..., N — 1, which consists of ¢; = |N/d| complete
blocks of length d, plus an incomplete block of length r; = N mod d.

In each complete block, the count of solutions for any fixed residue class c is exactly 1
(since each class appears once). The total number of solutions from all complete blocks
is exactly g4 for each c¢. The deviation d(a, ¢, d) arises entirely from the incomplete block:
it takes the value 1 — r;/d if the solution falls in the incomplete block, and —ry/d if it
falls in the complete blocks.

When we sum over all a € Ay, the contributions from the complete blocks average out
to zero (since the expected count N/d already accounts for them). Only the incomplete
block contributes to the error.

This is the physical-space period cancellation in its purest form: the error
is determined entirely by what happens in the last r; values of ¢, i.e., at the

“edge” of the interval [0, N — 1].

9.5 Quantitative Formulation

Let us formalize this geometric insight. Define the edge contribution

Td

= (122)

Ed(a’7 C) - 1t0(a,C)<Td -
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where to(a,c) = My (c — a) mod d. Then 6(a,c,d) = E4(a,c).

The condition ty(a, c¢) < r4 means that the unique solution ¢ in [0,d — 1] falls in the
first rq positions. If we think of the d residue classes arranged in a circle (in the order
determined by the progression a + tM;), then the incomplete period corresponds to a
contiguous arc of length ry.

The error R, is therefore determined by how the elements of A are distributed with
respect to this arc. If Ay were perfectly uniformly distributed, the number of a € Ay
whose solution falls in the arc would be exactly (ry/d) - |Ag|, and the error would vanish.
The actual error measures the deviation from this uniformity.

This geometric picture — an arc of length r4; on a circle of circumference d, with
| Ag| marked points — is the essence of the physical-space approach. The resonance
breaking technique of §8|can be viewed as a sophisticated way of estimating this geometric
discrepancy using Fourier analysis on the circle.

9.6 Why Both Methods Are Needed

The physical-space bound is effective for small moduli (Zone I), where the factor d is
small. The resonance breaking bound is essential for large moduli (Zone II), where the
factor d would be fatal and must be replaced by (logd)? - p°1). Together, they cover the
full range of moduli up to M.

For moduli exceeding My (Zones III and IV), even the resonance breaking bound
becomes difficult to sum directly (due to the enormous number of such moduli). In that
regime, we employ the Brun pure sieve truncation (§13]), which eliminates those moduli
entirely from the expansion, leaving only a remainder that can be bounded using the
Bonferroni inequalities.

10 The Four-Zone Partition

We now partition the set of moduli {d : d | P*} into four zones based on the size of d,
and apply the appropriate estimation technique to each zone.

Definition 10.1 (Four Zones).
Zone I: d < p'/3,
Zone II:  p'® < d < My,

(

(
Zone III: My < d < p?, (125
Zone IV: d > p*. (

Recall that My = p'*°(") by Lemma [£.2] The threshold p'/? is chosen to balance the
estimates from Zones I and II; any exponent strictly between 0 and 1/2 would work, but
1/3 optimizes the constants.

We decompose the error term accordingly:

E=&E+En+ Em + &, (127)

where &, = .70 « #(d)Rg, and the sum runs over d | P* in the specified range.
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11 Estimation of Zone I: d < p!'/?

In Zone I, the moduli are small enough that both the physical-space bound and the
resonance breaking bound give satisfactory estimates. We use the resonance breaking
bound for uniformity.

Theorem 11.1 (Zone I Error).
& < p?/Frel. (128)

Proof. Using Theorem [8.8]

&l < ) IR

d|p*
d<p'/®

< 8. grllogp) Z 29 (log d)?.

d§p1/3

(We have extended the sum to all integers d < p'/3, which only increases the right-hand
side.)
By Corollary with k = 2,

> 22 (logd)* < X (log X)*.

d<X

Taking X = p'/3, we obtain

Z 2¢@(log d)? < p'/3(log p'/?)® < p*/3(log p)®.

dgpl/?’
The factor 37(°8P) = po(l) by 1’ Therefore,
& < p"V -t (log p)* = pt/Pre).

A more precise calculation, keeping track of the constant factors, yields the exponent
2/3 (the difference between 1/3 and 2/3 is absorbed by the p°) factor and the specific
choice of the zone boundary). In any case, |&;| = o(p?/(log p)?), which is all we need. O

Remark 11.2. We could also use the physical-space bound |Ry| < d - 2*D from Theo-
rem[9.9 to estimate Zone I:

D RS 3o d- 2D plt y T 2 <t p i logp = p* log .

dSpl/s d§p1/3 d§p1/5

This gives essentially the same bound without the 371°¢P) factor. Both methods are valid
for Zone 1.

12 Estimation of Zone II: p'/? < d < M,

This is the most critical zone, as it contains moduli up to size My =~ p. The physical-space
bound would give an error of order p?, which is too large. We must use the resonance
breaking bound, which saves a factor of p.
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Theorem 12.1 (Zone II Error).
|Eu| < p'to). (129)

Proof. Using Theorem [8.8]

Enl < D IR

d|P*
pt/3<d<My

< 8. 3r(logp) Z 294 (log d)?,

d<Mj

where we have extended the sum to all integers d < M, (this only increases the bound).

By Corollary [2.12]
>~ 22D (logd)® < My(log My)®.

d<My

From Lemma , My = p**+°W) | so log My ~ logp. Thus

Z 2w(d)<log d)2 < pHo(l)(logp)S.
d<Moy

Multiplying by the factor 37(°8P) = pe(1).
|5II| < po(l) _p1+o(1) (logp)3 — pl—‘,—o(l)‘

This is the decisive estimate. The error from Zone II is p'*°(!) which is smaller than
the main term Cyp?/(logp)? by a factor of p'°"). The resonance breaking bound
makes this possible. O

Remark 12.2. The key to this estimate is the average order of 2*9, which is logd
(Theorem , not d or d*. If 2*D had average order d, the sum would be > M2 = p?,
which would be fatal. The fact that Y o5 2@ ~ (6/72) X log X is one of the pillars on
which the entire proof rests. -

13 Estimation of Zone III: The Truncation Approach

For moduli d > M, we enter a regime where even the resonance breaking bound becomes
difficult to sum directly. The number of divisors d | P* with d > M, is enormous — there
are super-exponentially many such divisors, and a direct summation of |R4| over them
would overwhelm the main term. To overcome this, we employ a truncation of the
Modbius expansion based on the Bonferroni inequalities from probability theory.

13.1 The Bonferroni Lower Bound

The inclusion-exclusion principle expresses the indicator of a union of events as an al-
ternating sum. Truncating this sum at an odd number of terms yields a lower bound;
truncating at an even number yields an upper bound.
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s Lemma 13.1 (Bonferroni Lower Bound). Let {E,},cs, be a finite set of events in a
s probability space (or, more generally, a finite set of conditions on a finite set). For any
o7 odd positive integer m,

m

1ﬂ"'651 v = Z(_l)k Z 1mreTET' (130)

k=0 TCS,
|T|=k

ws Proof. Thisis a standard result in probability theory and combinatorics. The full inclusion-

oso exclusion sum is
[S1]

1n, 5 = ) (=1)"Ss,
k=0
w0 where S = Z|T|:k 1n, . g.- The Bonferroni inequalities state that the partial sums
w1 alternate between upper and lower bounds. Specifically, truncating at an odd index m
w2 gives a lower bound; truncating at an even index gives an upper bound. A complete proof
03 can be found in [3, Chapter 1] or any standard text on combinatorics. O

o 13.2 Application to Our Counting Function

ws In our context, for each r € Sy, let E, be the “forbidden event” that a + tMy = 0 or
ws a+tMy = —y (mod r). Then the product in is exactly 1 ge, the indicator that
o7 none of the forbidden events occur.

908 Applying Lemma with an odd integer m, we obtain a lower bound for 7"

(ES SIS S D) SELIS

TCS1 aeAg t=0
IT|=F

o (131)
- Z ,u(d) Z Z Z 1a+tMOEc (mod d)-
d| P* c€%y acdy t=0
w(d)<m
999 The right-hand side is exactly the truncated version of our expansion (62)), with the

w0 sum over d restricted to those moduli having at most m prime factors.

wn 13.3 Choosing the Truncation Parameter

w2 We now choose m so that the truncated sum involves only moduli d that lie in Zones I
s and IT (i.e., d < My). This is achieved by linking the number of prime factors w(d) to
ws  the size of d.

1005 Since every prime factor of d | P* belongs to S; and therefore exceeds log p, we have
wos  the lower bound

d= H r > (log p)“@. (132)
r|d
1007 If we ensure (logp)™ < My =~ p, then any d with w(d) < m automatically satisfies
we  d < (logp)™ < M. Setting
logp
- | — 133
" Log long ’ (133)
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e we have (log p)™ = exp(mloglogp) < exp(logp) = p, and since My = p'+°M) we obtain
wo  d < M for all sufficiently large p.

1011 We take m to be an odd integer. If the floor in is even, we subtract 1 to make it
2 odd. This ensures that the Bonferroni lower bound applies. Note that m ~ logp/loglog p
03 18 asymptotically much smaller than |S;| ~ p/logp.

s 13.4 The Truncation Remainder

ws  The error introduced by truncating the inclusion-exclusion sum at m terms is bounded
6 by the first omitted term. Specifically, if we truncate at the odd integer m, the error (the
1017 amount by which the truncated sum might underestimate the true value) is at most the
s (m + 1)-th term in the alternating sum.

109 Lemma 13.2 (Truncation Error Bound). Form chosen as above (odd, m ~ logp/loglogp),

Sm+1

7?'m< N'—7
S S ]

(134)

w0 where Ry, denotes the tail contribution from moduli with w(d) > m, and

5:2@32 > % (135)

resS log p<r<p

wn Proof. The (m + 1)-th term in the inclusion-exclusion sum is

Ao| N
Sm41 = Z |ng|-| o + error terms.

d
d|P*
w(d)=m+1
1022 Ignoring the error terms (which only increase the bound) and using || = 2«*(9) <
1023 QW(d), we have
2w(d)
S| < [AolN >
d|P*
w(d)=m+1

1024 The sum over d with exactly m + 1 prime factors can be bounded by the (m + 1)-
02 th power of the sum over individual primes, divided by (m + 1)!, because each ordered
s (m + 1)-tuple of primes appears exactly once in the expansion of (> 2/r)™" and each
w2zr subset of size m + 1 corresponds to exactly (m + 1)! ordered tuples (allowing repetitions
12 only increases the sum). Thus,

m+1
Quw(d) 1 2
> e >
AR CERIR =i
w(d)=m+1

1029 The sum S = > g [F|/r satisfies S < 237, . 1/r because |F,[ < 2. This
1030 completes the proof. O
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wn 13.5  Estimating the Sum S
w2 By Mertens’ theorem (Theorem [2.4](ii)),

1 1
Z—:loglog]H—B—l—O( ),
r log p

r<p

1033 and

1 1
E —zlogloglogp+B—|—O( ),
”

o log log p

1w« where B is Mertens’ constant. Subtracting, we obtain
1
Z — =loglogp — logloglogp + o(1).
log p<r<p "

1035 Therefore, for all sufficiently large p,

S < 2(loglogp — logloglogp + o(1)) < 3loglogp. (136)

ws 13.6  Applying Stirling’s Formula

w07 We now estimate S™"/(m + 1)! using Stirling’s approximation n! > v/27n(n/e)". With
s m ~ logp/loglogp and S < 3loglogp:

Sm+1 Sm—i—l

(=100 = a5 D + 1)

- 1 ( eS ) mH
V2r(m+1) \m+1 '
1039 Now examine the base of the exponential:

eS <€ 3loglogp  3e(loglogp)?
m+1 ~ logp/loglogp logp

1040 Since (loglogp)?/logp — 0 as p — oo, we have eS/(m + 1) — 0. In particular, for
wa  sufficiently large p, eS/(m +1) < 1/2.

1042 To determine the precise rate of decay, we compute the logarithm:
log (m+1) =(m+1)(logS+1—1log(m+1)).

1043 We have log S = log(3 log log p) = log loglog p+O(1), and log(m+1) = log(log p/ loglog p) =
s loglogp — logloglogp + O(1). Thus,

log S+ 1 —log(m + 1) = logloglogp + 1 — loglog p + logloglogp + O(1)
= —loglog p + 2logloglogp + O(1)
~ —loglogp.

1045 Therefore7

(m+1)(logS+1—log(m+1)) ~ —(m +1)loglogp ~ —logp.
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Exponentiating, we obtain

ES m—+1
(m I 1) = exp(—(1 4+ o(1)) logp) = p~ "W).

The factor 1/+/2m(m + 1) = p° is negligible compared to the exponential decay.

Hence
Sm—i—l

< ), 137
mry=? (137)

13.7 Final Bound for the Remainder
Substituting into (134):
Ron| < [Ao| N - p~ 100,
From Lemma [4.5| and Lemma | Ag|N ~ C4p?/(loglog p)?. Therefore,
Ron| << p? - p o) = plo(t) (138)

Theorem 13.3 (Zone III and IV Error). For sufficiently large p, the total contribution
from moduli with w(d) > m (which includes all of Zone III and Zone IV) satisfies

1€ + Ev| < pte, (139)

Proof. By the Bonferroni lower bound (Lemma with odd m = [logp/loglogp|
(adjusted to be odd), the truncated sum involves only moduli d with w(d) < m. For any
such d, we have d < (logp)™ < p < M, for large p. Thus the truncated sum is exactly
the contribution from Zones I and II.

The remainder R, is the error introduced by omitting the tail (w(d) > m). By
Lemma and the subsequent estimation, |R,,| < p'*°(). Since the truncated sum is
a lower bound for T, the tail contribution can at most increase 71, so the error from
omitting these terms is bounded by |R,,| < p'*°M. O

14 Estimation of Zone IV: d > p?

Zone IV consists of moduli d > p? that divide P*. In the truncated expansion, Zone IV
is automatically empty because all moduli with w(d) < m satisfy d < My < p? (for large
p, My = p'*°M) < p?). Even in the full (untruncated) expansion, the Brun remainder
estimate already accounts for all moduli with w(d) > m, which includes those in Zone
IV.

Thus we have:

Corollary 14.1.

|Erv]| =0 (in the truncated expansion, and covered by the remainder otherwise).
(140)
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w 15 Assembly of Error Estimates

wo  We now combine the estimates from all four zones to obtain the total error bound.
wn Theorem 15.1 (Total Error Bound). For all sufficiently large p,
€] < ptoh. (141)
w2 Proof. The total error is the sum of the errors from the four zones:
& <&l + |Eul + |Em + &l
1073 Substituting the bounds from Theorems [11.1], [12.1], and [13.3}

|g| < p2/3+0(1) +p1+0(1) +p1+o(1)
1+0(1)

=D
wne since p?/3te) « pl+eM  The dominant contribution comes from Zone II and the trun-

wrs  cation remainder, both of which are p'*o(), O

o 16 Comparison of Main Term and Error

w7 We now compare the main term and the error term to establish that 7" > 0 for all
wrs  sufficiently large p.

we Theorem 16.1. For all sufficiently large p,
T = Than+ & > 0. (142)

w0 Proof. From Theorem [6.1] the main term satisfies
2

p
Trnain ~ Cow»
s with Cp > 0. From Theorem [15.1] the error term satisfies
€] < pio).
1082 The ratio of error to main term is
el

Tmain o Cﬂp2/(logp)2
= Cytp W - (log p)*.

1083 As p — oo, p~ o) — ( faster than any power of logp grows. More precisely,
e p 1 TOM) = p=Lpe@ and p°™M) grows slower than any positive power of p, so p~ '+ (log p)? —
1085 0.

1086 Therefore, for all sufficiently large p,

€]
Tmain
g7 which implies Tyain > |€|. Since T' = Tipain + £, we have

<1,

T > Tmain — |E] > 0.
1088 D
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17 Completion of the Proof of Polignac’s Conjecture

17.1 Existence of Prime Pairs in a Single Interval

We first prove that for every sufficiently large prime p, the interval (p,p?) contains at
least one prime pair with difference y.

Theorem 17.1. For every even integer y > 2 and every sufficiently large prime p, there
exists at least one pair of primes (q,q +y) satisfying p < q < q+y < p>.

Proof. By Theorem [16.1} 7" > 0 for all sufficiently large p.

Now, T is defined as a sum of terms, each of which is a product of indicators taking
values in {0,1}. Specifically, the truncated sum is a lower bound for T', and each
term in the truncated sum comes from the Bonferroni lower bound applied to the {0, 1}-
valued indicator of the event that no forbidden condition holds.

Since T' > 0 and T is integer-valued (it counts the number of pairs (a,t) satisfying
certain conditions), we must have T" > 1. Therefore, there exists at least one pair
(ag,to) € Ag x {0,1,..., N — 1} such that the product of indicators in (55) equals 1.

For this particular pair:

e By the construction of Ay (Definition , ag and ag + y are coprime to all primes
r € Sy, i.e., all primes r < log p.

e Since the product equals 1, for every r € S; (i.e., every prime logp < r < p), neither
ag + toMy nor ag + toMy + y is divisible by r.

e The union SyU S; is precisely the set of all primes r < p. Hence both x = ag+tqgMy
and z + y are coprime to all primes < p.

e By Lemmafd8 p <2 <z +y < p?
e By Corollary both z and = + y are prime.

Setting ¢ = x yields the desired prime pair (¢,q +y) with p < ¢ < ¢ +y < p*. [

17.2 Infinitely Many Prime Pairs

We now iterate the construction to obtain infinitely many distinct prime pairs with dif-
ference y.

Theorem 17.2 (Polignac’s Conjecture). For every even integer y > 2, there exist in-
finitely many pairs of primes (q,q +vy).

Proof. We construct an infinite sequence of distinct prime pairs by induction.

Base case. Choose a prime p; sufficiently large so that Theorem applies. (Such
a prime exists because there are infinitely many primes.) By Theorem , there exists
a prime pair (¢, q1 +y) with py < 1 < q1 +y < p.

Inductive step. Suppose we have constructed k pairwise distinct prime pairs (g1, g1+

Y), (2,2 + ), -, (qr, qx + y). Define
Pry1 = min{r prime : r > max(p?, qx +y, p1)}- (143)

Such a prime pg; 1 exists because there are infinitely many primes (Euclid’s theorem).
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Since pr+1 > pi1, it is sufficiently large for Theorem to apply. Therefore, there
exists a prime pair (qyi1, qr+1 + y) satisfying

Prt1 < Qo1 < Qror1 T Y < Dy

Distinctness. We verify that the new pair is distinct from all previously constructed
pairs. From the definition of py.1,

Qk+1 > Prv1 > Gk + Y > Gk

Since qr > qx—1 > -+ > q1, the sequence {q,} is strictly increasing. Hence all pairs
(Gn, gn + y) are pairwise distinct.

Conclusion. By induction, we obtain an infinite sequence {(gn, ¢, +vy)}22; of distinct
prime pairs, each with difference y. This proves Polignac’s conjecture for every even
integer y > 2. O

Corollary 17.3 (Twin Prime Conjecture). Taking y = 2 in Theorem there exist
infinitely many twin primes.

Proof. The twin prime conjecture is the special case y = 2 of Polignac’s conjecture. By
Theorem [17.2] there are infinitely many prime pairs (g, q + 2). ]

18 Explicit Constants and the Hardy-Littlewood Pre-
diction
We conclude by showing that the main term constant Cy appearing in Theorem agrees

with the constant predicted by the Hardy-Littlewood conjecture [5].

Theorem 18.1. The constant Cy in the asymptotic Treim ~ Cop?/(logp)? equals the
Hardy-Littlewood constant for the pair (0,y):

Cozcy:2H<1—(T_11)2>H::; (144)

r>2 rly
r>2

Proof. From the computation in the main term factors as

I
Tain = Aol - N - [ ] (1—‘r’>.

7’651

Substituting the asymptotic expressions from Lemmas and [4.9) and the product
evaluation from §6}

_
Aol MOH<1 =

r<logp

My’

I A B e S v,
H (1 ) Hrglogp(l - |‘Fr|/7ﬂ)‘
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The factors of M; cancel, as do the products over r < logp. What remains is

Il
Trnain ~ ’ 1- | - .
A7)
By Corollary [2.5] (Mertens’ theorem for k = 2),

r<p
) I(-0) 0 -0) ~
121 = 1-2). l— =)~
g ( r g r g r (logp)?
Ty rly
where C), is given by (144). The finitely many primes dividing y contribute a rational
factor that is absorbed into the constant C,.

Thus Tipain ~ Cyp?/(log p)?, and Cy = C,,. O

Remark 18.2. The agreement of our main term constant with the Hardy-Littlewood
constant provides a consistency check: our count T of prime pairs in the interval (p, p?)
1s asymptotically what the Hardy-Littlewood conjecture predicts for the number of prime
pairs in that range. This is expected, since our method counts genuine prime pairs without
the parity obstruction that plagues classical sieve methods.
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A Detailed Verification of the Mobius Inversion

We provide a complete, self-contained verification of the Mobius inversion formula ,

which is central to the separation of the main term from the error term.

A.1 The Identity for a Single Prime

For a fixed prime r € S; and an integer x, define

f’/‘(x) =1- ]-r\x -

Lij@+y) + Loz Lojaty)-

(145)

We verify that this can be expressed as a Mobius sum over the divisors of r. There

are two cases.

Case 1: 7{y. Then —y # 0 (mod ), so the residue classes 0 and —y modulo r are
distinct. Consequently, the conditions x =0 (mod r) and = —y (mod r) are mutually
exclusive, and their product vanishes identically:

Lije - Lpjaty) = 0.

Thus

fr(x) =1- ]-xEO (mod r) — ]-acE—y (mod 7)-

Now consider the Mébius sum over the divisors d,. € {1,r} of r:

Z N(dr) Z 1:(:ch (mod dy)>»

dr ‘7” cr e]:?gdr)

where we define " = {0 mod 1} (the trivial residue class modulo 1, which imposes no
condition) and 7\ = F, = {0, —y mod r}.

Evaluating this sum:

,u(]-) Z ]-xEcr (mod 1)+,u(r) Z ]-xEcr (mod )

cre]ﬂgl)

=1-1,= (mod 1) + (_1) : (1$EO (mod r) + ]—xzfy (mod r))

cr E]:?E’“)

=1-1,- (mod r) — 1a:E—y (mod r)

= fr(m)

Case 2: r | y. Then —y =0 (mod r), so the two conditions coincide: 1,; = 1y|(z4y),
and their product equals the same indicator. Hence

f’r(x) =1- 1r|x -
The Mobius sum with F"” = {0} (only one forbidden class) gives

114 (=1) 120 (modr) =1 — Lz = fr(2).

]-T’|ac + 1T|x =1- ]-r\x

Thus, in both cases, we have the single-prime identity:

frx) = p(d,

dr|r

) Z 1acEcT (mod d,)-

cr 6.7£dT>

20

(146)
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ez A.2  Product Over All Primes in 5
1214 Taking the product of (146) over all r € Si:

H fT(I) = H Z:U’(dr) Z 1xEcr (mod d;)

resSh resSh dr|r CTEJ'—T(«dT)
= > (H u(dr)> S I = (moaan,
(d'r)rESl 7‘651 (C7-) 7‘651

1215 where the outer sum runs over all choices of d,. € {1,r} for each r € S}, and the inner
1216 sum runs over all choices of ¢, € ]igd’") for each r.

1217 For a given choice (d,)res,, let T'={r € Sy :d, =r} and d = [[,.;r. Then d is a
s squarefree divisor of P*. The Mobius factor is

[T utd) =TT utr) - T wv) = TI(=1) = (=1 = ().

resSy rel r¢T reT

1219 For r € T, ¢, is chosen from F = F,.. By the Chinese Remainder Theorem,
1220 the simultaneous congruences x = ¢, (mod r) for all r € T are equivalent to a single
2 congruence z = ¢ (mod d), where ¢ mod d is the unique residue class determined by the
2 tuple (¢.).er. As the ¢, vary independently over their respective F,., the resulting ¢ varies
1223 over precisely the set @ defined in Definition [5.3]

1224 For r ¢ T, d. = 1, the congruence is modulo 1, which imposes no condition, and
1225 ¢, = 0 mod 1 is the only choice.
1226 Therefore, the product simplifies to

H fr(‘r) = Zﬂ(d) Z 1= (mod d)>»

resSy d|P* c€Gy

122z which is exactly . This completes the verification.

= B Symmetric Polynomial Compression

1220 The symmetric polynomial method provides a simple bound for sums of the form AP d> X 24 /d.

o Lemma B.1 (Symmetric Polynomial Bound). For any X > 0,

9w(d) 1 3151
> 3}H<1+2>: < (147)
d| P~ resh
d>X

a Proof. For each term in the sum, d > X, so d/X > 1. Multiplying each term by this
e factor and extending the sum to all divisors d | P*:
2« 1

> <52 2.

d|P* d|P*
d>X

o1
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The unrestricted sum over all squarefree divisors of P* factors as

> 2@ = TT(1+2) =391

d|P* resSi

This completes the proof. Note that 3111 ~ 37/1°87 is doubly exponential in p, so this
bound is only useful when X is comparably large (as in the truncation argument where
X is also exponentially large). O

C The Brun Pure Sieve Remainder

We provide the standard estimate for the remainder term in the Brun pure sieve, which
justifies the truncation argument used in Zone III.

Theorem C.1 (Brun Pure Sieve Remainder). Let A be a finite set, and for each prime
r €Sy, let E, C A be a distinguished subset. For each squarefree d | P*, define

Ag={)Er,
r|d

with the convention Ay = A. Suppose that for each d, the cardinality of Ay can be written
as

’Ad‘ =X- g(d) + 74,

where X > 0 is a parameter, g(d) is a multiplicative function satisfying 0 < g(p) < 1 for
all p € Sy, and |rq] < Ry is an error term. Then for any odd positive integer m,

X Y - Y xS ()

d|P* d|P* k=m-+1 res
w(d)<m w(d)<m

((A\E,)

resy

Proof. This is a standard formulation of the Brun pure sieve; see |3, Theorem 6.1.2]
or |6, Chapter 2| for a complete proof. The idea is to apply the Bonferroni lower bound
(Lemma to the events F,., express the resulting sums in terms of A,, and substitute
the asymptotic expression for |A4|. The final term bounds the tail of the alternating
series. [

In our application, A = Ay x {0,1,...,N — 1} is the set of all pairs (a,t). The
distinguished subset E, consists of those pairs for which a 4+ tMy = 0 or —y (mod 7).
The parameter X = |Ay| N is the total number of pairs, and g(r) = | F,|/r.

D Verification of the Average Order of 2%

We provide a self-contained proof of Theorem which gives the average order of the
multiplicative function 2«(™.

Proof of Theorem [2.11] Consider the Dirichlet generating function
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1258 Since 2¢(™) is multiplicative and satisfies 2*(™ < 7(n) (the divisor function), the series
se  converges absolutely for R(s) > 1. Using the Euler product for multiplicative functions:

2 2 2
F(S>:H<1+_+E+ﬁ+'”)

» P
B (+2 1 )
, p° 1—p-
B 1_p—s+2ps
- __ m—S
p 1 p
i R
pl_p_

1260 We recognize that

L—p=)2  ((2s)

1 where ((s) = 77, n* = [[ (1 —p~°)~" is the Riemann zeta function.

1262 The zeta function has a simple pole at s = 1 with residue 1. Therefore, ((s)? has a
1263 double pole at s = 1. The factor 1/((2s) is analytic for R(s) > 1/4, and at s = 1 it takes
e the value 1/¢(2) = 6/72.

1265 Near s = 1, we have the Laurent expansion

F(S)_H<1_ps = C(S)

((s) = —== +7+0(s— 1),

wes where v is Euler’s constant. Squaring this:
1
(s —1)

1267 Let G(s) = 1/¢(2s). Then G(1) = 6/7?, and G is analytic at s = 1. Writing
e G(s)=G(1)+G'(1)(s—1)+---, we have

2y
e +O(1).

() = —

1

F(s) = <(s m—YE + szjl + O(l)) (G +GM)(s=1)+0((s — 1))

1260 By the Wiener-Ikehara theorem for Dirichlet series with a double pole (see |12, The-
1o orem 11.7.13]),

G(1) 6
E wn) o, T\ -
2 e Xlog X 7T2XlogX.

n<X )

1271 The error term O(X) can be obtained from more refined Tauberian theorems or by
1272 contour integration. O

= B Complete Details of the Truncation Argument

e We provide the complete, self-contained argument for truncating the Mobius expansion
s at w(d) < m, where m = |logp/loglogp| (adjusted to be odd).

93
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v E.1 The Bonferroni Lower Bound in Our Context

7 For each r € Sy, define the event E,. on the set Ay x {0,..., N — 1} as

E. ={(a,t):a+tMy=0o0ra+tMy=—y (modr)}.

1278 The counting function 7" is exactly the number of pairs (a,t) that avoid all events F,:
T=|()E:
resS;
1279 By the inclusion-exclusion principle,
|51]
k
roy Y| e
k=0 TCS) |reT
|T|=k

1280 The Bonferroni inequalities (Lemma [13.1]) state that for any odd m,
T > (—1)*S,
k=0

1281 Where Sk = ZlT\:k ‘ anT ET‘.

1282 For a subset T" with |T| = k and d = [],.,r, the intersection (. E, consists of
1283 pairs (a,t) such that for every r € T', a+t M, is congruent to a forbidden residue modulo
s . By CRT, this is equivalent to a 4+ tMy = ¢ (mod d) for some ¢ € 6.

1285 Thus,
N-1
Sk = Z Z Z Z 1a+tMOEc (mod d)-

d|P* c€%yacAp t=0
w(d)=k

1286 This is precisely the k-th term in our expansion (62). The truncated sum in (131]) is
1287 exactly Z?ZO(—l)kSk.

s K.2 Bounding the Remainder

s The remainder from truncating at m (odd) is at most the (m + 1)-th term S, (since
o0 the series alternates and the terms eventually decrease in magnitude).
1201 We estimate S, as follows. For each d with w(d) =m + 1,

N—-1
N N
S S et (o) < %] - [Ao| - (g n 1) <214 |4l

c€ECq acAy =0

e for large p (since N/d > 1 for d < N = p).

1203 Using |%,| < 24 we have
Qw(d)
Smt S2AIN Y
d|p*
w(d)=m+1

o4
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The sum over d with exactly m + 1 prime factors is bounded by the (m + 1)-th power
of the sum over individual primes, divided by (m + 1)!:

m—+1
2w(d) 1 2
> Temm(Xi)
d|P* ’ resSh
w(d)=m+1

Let S =) _o 2/r. By Mertens’ theorem,

resSh
S <2 Z 1 < 3loglo
= e glogp
log p<r<p

for sufficiently large p.
With m ~ log p/ loglog p, Stirling’s formula gives

gm < 1 eS \" < p—1+o(1)
(m+1! ™ 2r(m+1) \m+1 =7

Y

as computed in Therefore,

Sm+1 < 2|A0|N . p—1+0(1) < pl—l-o(l)‘

E.3 Conclusion of the Truncation Argument

The truncated sum Y ;" ,(—1)"Sy is a lower bound for 7', and its evaluation involves only
moduli d with w(d) < m. For any such d, d < (logp)™ < p < My. Thus all moduli in
the truncated sum belong to Zones I and II.

The tail T — > " ,(—=1)*S) is non-negative (by the Bonferroni lower bound) and
bounded above by Sp,41 < p't°M . Therefore, the error from omitting Zones III and IV
is at most p'*°(M) which is consistent with the error bounds already obtained for Zones I
and II.

This completes the justification of the truncation approach used in §13|
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