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Abstract

A previous paper proposed a matter-�rst route to loop quantum gravity: interaction vertices de-
�ne the graph, fermion-line segments carry local SL(2,C) frames, and geometry is reconstructed
from the resulting spacetime-algebra comparators. Its central open gap was the relation between
those matter-built bivectors and the simplicity-constrained boundary data of spin-foam dynam-
ics. This paper closes that kinematical gap and adds a �nite-cuto� vertex algorithm. First, we
express the EPRL linear simplicity constraint in the invariant plane of the bivector classi�ca-
tion B2 = s+ pI: up to the standard sign and normalisation conventions for SL(2,C) Casimirs,
the EPRL embedding Yγ : j 7→ (ρ, k) = (γj, j) selects a ray p/s = 2γ/(γ2 − 1). Second, we
sharpen the closure bridge: the area-vector closure condition at a tetrahedron is equivalent to the
Minkowski polygon inequality, and this is exactly the condition that the four-valent intertwiner
space be non-empty. Thus classical closure and quantum admissibility are two presentations of
the same Gauss constraint. Third, we construct the Lorentzian vertex from the same data: the
boost sector is represented by principal-series generators certi�ed by the so(1, 3) algebra and
Casimirs, and the node booster Bγ

4 is evaluated as a radial boost integral. Finally, by absorbing
each booster and intertwiner into a rank-four node tensor, the �nite-cuto� EPRL four-simplex
amplitude becomes a tensor-network contraction on K5 rather than an explicit state sum. The
result is not a continuum limit; it is a reproducible bridge between the matter determinant,
bivector simplicity, and a computational Lorentzian EPRL vertex.

1 Introduction

The previous paper in this sequence, now posted as ai.viXra:2606.0064 [1], developed a matter-�rst
version of loop quantum gravity inspired by Penrose's combinatorial spacetime [2] and Altaisky's
locally Lorentzian matter-spin-network construction [3]. The basic move was to start not from
a pre-existing lattice of geometry, but from interaction events and fermion-line segments. Each
line carries an SL(2,C) frame; comparing neighbouring frames gives the discrete connection; loop
curvature is the bivector logarithm of the holonomy in the spacetime algebra Cl(1, 3) [18, 19]; and the
bilinear Grassmann action gives an exact determinant Z = detD. Gauge invariance then reduces
the determinant to a function of cycle-space holonomies, with b1 = |E|− |V |+1 independent cycles.

That construction deliberately stopped before the spin-foam vertex. It produced a matter-
induced geometry and an induced �eld equation [20], but the elementary grade-two areas were
not yet constrained by the simplicity conditions that select gravitational bivectors inside the larger
topological BF phase space [6]. Nor did it provide the Lorentzian EPRL vertex amplitude. The
present paper supplies that missing bridge.
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The contribution is threefold.

1. Bivector simplicity. The boost-rotation split of a curvature bivector B gives two invariants,
s = ⟨B2⟩0 and pI = ⟨B2⟩4. The EPRL map Yγ : j 7→ (ρ, k) = (γj, j) carries the same invariant
pair, modulo the usual sign and additive conventions for SL(2,C) Casimirs. In the classical
limit, the linear simplicity constraint K⃗ = γL⃗ is a ray in the (s, p) plane.

2. Closure as admissibility. At a tetrahedron, area-vector closure is possible precisely when the
four face areas obey the Minkowski polygon inequality. The same inequality is the condition
for a non-empty four-valent intertwiner space. This identi�es the geometric closure constraint
with the quantum Gauss constraint at the node.

3. A �nite-cuto� Lorentzian vertex engine. The SL(2,C) booster is built from principal-
series generators whose commutators and Casimirs are explicitly checked. The resulting Bγ

4

is fused with the four-valent intertwiner into a node tensor, so the four-simplex amplitude is
evaluated as a tensor network on K5. This makes the same graph cycle structure visible on
both sides: holonomies in the matter determinant and magnetic indices in the spin-network
evaluation.

We will be careful about scope. The paper does not prove a continuum limit, does not claim that
a single vertex reproduces general relativity, and does not supersede specialised high-performance
EPRL codes. The claim is narrower and, for the present programme, more useful: the matter-built
Cl(1, 3) bivectors, the EPRL simplicity map, the Lorentzian booster, and the e�cient four-simplex
contraction can be written in one consistent language and veri�ed in a reproducible �nite-cuto�
implementation.

2 Simplicity as bivector classi�cation

2.1 The invariant plane

Let B ∈ Cl+(1, 3) be a Lorentz bivector, decomposed into boost and rotation parts as

B = K⃗ · σ̂ + L⃗ · Iσ̂, σ̂i = γiγ0, (1)

where σ̂2
i = +1 and Iσ̂i are the rotation bivectors. Then

B2 = s+ pI, s = |K⃗|2 − |L⃗|2, p = 2K⃗ · L⃗. (2)

These are the two Lorentz invariants used in [1] to classify elliptic, hyperbolic, parabolic, and
loxodromic holonomies.

The EPRL model imposes linear simplicity weakly through the embedding

Yγ : j 7−→ (ρ, k) = (γj, j), (3)

from an SU(2) spin into a unitary principal-series representation of SL(2,C) [5, 4, 10]. Classically
this corresponds to

K⃗ = γL⃗. (4)

Substitution into (2) gives the basic geometric reading of the Barbero�Immirzi parameter.
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s = ⟨B2⟩0

p = ⟨B2⟩4

elliptic (s < 0) hyperbolic (s > 0)null

0 < γ < 1 γ > 1γ = 1

strongly simple axis p = 0

Figure 1: Linear simplicity as a ray in the bivector invariant plane. Strong diagonal simplicity is
the axis p = 0; �nite EPRL γ selects a �xed loxodromic ray.

Proposition 1 (EPRL simplicity is a ray in the invariant plane). For boundary data satisfying (4),

s = (γ2 − 1)|L⃗|2, p = 2γ|L⃗|2, (5)

so the bivector lies on the ray
p

s
=

2γ

γ2 − 1
(6)

in the (s, p) classi�cation plane. With (ρ, k) = (γj, j), the principal-series invariants (ρ2 − k2, 2ρk)
reproduce the same pair, up to the �xed sign and additive constants used by di�erent Lorentz-Casimir
conventions.

Remark 1 (Conventions). There are two common sources of sign shifts. First, some authors use
C1 = k2−ρ2 while others use C1 = ρ2−k2+1. Second, the sign of J⃗ · K⃗ depends on the orientation
chosen for the boost generator. These choices do not a�ect the content of Proposition 1: the EPRL
label (γj, j) �xes the same two-dimensional invariant data as the spacetime-algebra bivector.

2.2 Strong and weak simplicity

The companion paper used elementary tetrad areas of the form

F [ij] = 1
2e

[i,j] ∧ e[i+1,j], (7)

which are simple blades by construction: F ∧F = 0. This is strong diagonal simplicity. The EPRL
bivector at �nite γ is di�erent. It is not generally a strongly simple blade in the sense p = 0; rather,
it satis�es the linear simplicity relation (4) weakly at the quantum level. Thus the correct bridge is
not that every �nite-γ EPRL bivector is strongly simple. The bridge is that both the matter-built
blade and the EPRL representation label are controlled by the same invariant pair, with γ specifying
how the weakly imposed quantum constraint tilts the data away from the strongly simple axis.

3 Closure equals admissibility

The next condition is closure. At a boundary tetrahedron τ , the four face area-vectors must sum
to zero, ∑

f⊂∂τ

A⃗f = 0. (8)
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This is the classical Gauss constraint. In the bivector language one may write the same condition
as a closure of the four appropriately transported face bivectors; in this section we focus on the
area-vector content, because that is exactly what is quantised by the four-valent intertwiner.

Lemma 1 (Area closure and the polygon inequality). Let A1, . . . , A4 ≥ 0 be four face areas. There
exist four vectors in R3 of these lengths whose sum is zero if and only if

Ai ≤
∑
j ̸=i

Aj (i = 1, . . . , 4). (9)

This is the four-face version of Minkowski's theorem for convex polyhedra [7, 8].

On the quantum side, a four-valent node with spins j1, . . . , j4 carries an intertwiner precisely
when

Inv(j1 ⊗ j2 ⊗ j3 ⊗ j4) ̸= 0. (10)

In the recoupling channel ((j1j2)k, (j3j4)k)0, this means that the allowed ranges for k overlap:

max(|j1 − j2|, |j3 − j4|) ≤ k ≤ min(j1 + j2, j3 + j4). (11)

The overlap condition is just the polygon inequality on the four spins.

Proposition 2 (Closure�admissibility correspondence). Under the area-spin dictionary Af ∝ jf ,
the following conditions are equivalent at a four-valent boundary node:

(i) the four face area-vectors can close;

(ii) the four areas satisfy the polygon inequality (9);

(iii) the four-valent intertwiner space is non-empty.

Thus the classical closure condition and the quantum admissibility condition are the same Gauss
constraint expressed before and after quantisation.

Proof. Lemma 1 gives (i)⇔(ii). The recoupling range (11) is non-empty i� no spin is larger than
the sum of the other three, which is (ii) with Af ∝ jf . This proves (ii)⇔(iii).

Remark 2 (What is, and is not, proved). Proposition 2 is an area-vector statement. Full geometric
reconstruction of a four-simplex also requires shape matching and consistent transport of bivectors
between tetrahedral frames. Those are additional gluing data. The proposition establishes the
�rst necessary bridge: the local closure constraint that makes a node geometric is exactly the local
admissibility constraint that makes the spin-network amplitude non-zero.

4 The Lorentzian vertex and its booster

4.1 The boost as a bivector exponential

In the spacetime algebra, a boost of rapidity r in the 3-direction is generated by the bivector
σ̂3 = γ3γ0,

x 7−→ e−rσ̂3/2 x erσ̂3/2. (12)

The Lorentzian EPRL vertex needs the corresponding unitary principal-series matrix element

d
(ρ,k)
jl (r;m) = ⟨l,m|e−ırK3 |j,m⟩, (13)

where j = k, k+ 1, . . . and m is �xed by the boost along the 3-axis. The reduced matrix element is
useful only if the generators really form a representation of so(1, 3).
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Proposition 3 (Certi�ed principal-series generators). A consistent Naimark-form implementation
[15, 16] is obtained by taking

Bj =
kρ

j(j + 1)
, ξj =

1

j

√
(j2 − k2)(j2 + ρ2)

4j2 − 1
, (14)

and

K3|j,m⟩ = −mBj |j,m⟩ − ıξj
√

j2 −m2 |j − 1,m⟩+ ıξj+1

√
(j + 1)2 −m2 |j + 1,m⟩, (15)

with K± generated from commutators with K3 rather than inserted by hand. On the interior of a
�nite jmax truncation the matrices satisfy

[Ki,Kj ] = −ıϵijkJk, [Ji,Kj ] = ıϵijkKk, (16)

and the Casimirs are constant,

K⃗2 − J⃗2 = ρ2 − k2 + 1, J⃗ · K⃗ = −kρ. (17)

The generator K3 is Hermitian, so e−ırK3 is unitary and composes as a boost.

The essential numerical lesson is the one that fails most easily in direct implementations: the
o�-diagonal coe�cient in (15) is imaginary while the diagonal coe�cient is real. With the opposite
choice, metric-looking identities can survive while the Lorentz commutators fail.

4.2 The node booster

The EPRL booster for a four-valent node is

Bγ
4 (jf , lf ; i, k) =

∫ ∞

0
dr sinh2 r

∑
{mf}

Ii{mf}(jf )

4∏
f=1

d
(γjf ,jf )
jf lf

(r;mf )I
k
{mf}(lf ). (18)

This is the standard booster decomposition of the Lorentzian EPRL amplitude [12, 11, 13, 14]. It
separates the non-compact SL(2,C) part of the vertex from the SU(2) recoupling part.

Proposition 4 (Finite-cuto� booster evaluation). For �xed boundary spins, bulk spins, radial cuto�,
and jmax truncation, (18) is a �nite numerical integral. Increasing the radial cuto� and the spin
truncation gives a convergence diagnostic for the computed booster. In the small-spin tests used here
the on-shell channel lf = jf carries the largest weight, but this dominance is treated as a numerical
observation, not as a general theorem.

The implementation uses the tridiagonal structure of K3 at �xed m. This is both conceptually
and computationally important: geometrically the boost is a bivector exponential; representation-
theoretically it changes j by one unit while preserving m; numerically it reduces a dense diagonali-
sation on a space of size O(j2max) to independent tridiagonal solves in the m sectors.

5 The four-simplex amplitude as a tensor network

5.1 The EPRL state sum

For the boundary graph K5 of a four-simplex, the �nite-cuto� EPRL vertex can be written as

Aγ
v(jf , ie) =

∑
{lf≥jf}

∑
{ke}

{15j}(lf , ke)
∏
e

Bγ
4 (jf⊃e, lf⊃e; ie, ke), (19)
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where f labels the ten triangles and e labels the �ve boundary tetrahedra. The brute-force expression
is correct but quickly becomes unusable: exciting all ten faces to lf = jf , . . . , jf + lcut has (lcut+1)10

bulk-spin con�gurations before the intertwiner and magnetic sums are considered.
The magnetic part has additional structure. A magnetic number mf lives on each edge of K5,

while the four-valent intertwiner imposes one closure constraint at each node. The �ve constraints
have rank four, leaving

b1(K5) = |E| − |V |+ 1 = 10− 5 + 1 = 6 (20)

independent magnetic variables. This is the same graph-theoretic cycle number that organised the
holonomies in the matter determinant of [1]. The two cycle spaces are not the same physical object�
one carries magnetic labels, the other holonomies�but they are the same homological skeleton of
the graph.

Proposition 5 (Cycle-space support). The magnetic sum in the K5 spin-network evaluation of the
{15j} symbol can be parametrised by six independent edge magnetic numbers, one choice for each
fundamental cycle after a spanning tree is �xed. Equivalently, four tree-edge magnetic labels are
solved from node closure.

5.2 Node tensors

The crucial improvement is to avoid treating {15j}, boosters, and the l-sum as separate nested
loops. The node label ke is local: it appears only in the booster of node e and in the node's four-
valent intertwiner. Therefore its sum can be pushed inside the node. Bundle the bulk spin and
magnetic number on each edge into a bond index

αf = (lf ,mf ), lf = jf , jf + 1, . . . , jf + lcut. (21)

Then de�ne the rank-four node tensor

Te(αf1 , . . . , αf4) =
∑
ke

Bγ
4 (jf⊃e, lf⊃e; ie, ke)I

ke
mf1

···mf4
(lf⊃e)× (orientation phases). (22)

With these tensors the {15j} is no longer computed separately; it is the wiring of the �ve node
tensors.

Proposition 6 (Tensor-network EPRL vertex). The �nite-cuto� vertex (19) is exactly the K5

tensor contraction

Aγ
v =

∑
{α}

T0(α01, α02, α03, α04)T1(α01, α12, α13, α14)

× T2(α02, α12, α23, α24)T3(α03, α13, α23, α34)T4(α04, α14, α24, α34).

(23)

If all bonds have dimension D =
∑j+lcut

l=j (2l + 1), a hand-ordered node elimination contracts this

network with peak arithmetic cost O(D8) and memory O(D6), rather than the O(D10) scalar con-
traction of the naive magnetic sum.
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T0

T1

T2 T3

T4

�ve rank-4 node tensors Te =
∑

k B
γ
4 I

k,

one bond α = (l,m) per triangle, contracted on K5

Figure 2: Tensor-network form of the four-simplex vertex. Each tetrahedron is a rank-four tensor
fusing the Lorentzian booster and the four-valent intertwiner; each triangle is a shared bond.

5.3 The semiclassical phase

For non-degenerate Lorentzian boundary data, the large-spin asymptotics of the EPRL four-simplex
amplitude contains phases proportional to the Lorentzian Regge action [9, 17, 10],

SRegge =
∑
t

AtΘt. (24)

Here the areas At and dihedral angles Θt are precisely the geometric data reconstructed from the
bivectors. The paper does not numerically take the large-spin limit; it only identi�es the classical
Regge functional supplied by the spacetime-algebra reconstruction and shows where it enters the
known asymptotic structure of the Lorentzian vertex.

6 Discussion

The companion paper left a precise gap: its matter-built graph carried Lorentz frames, cycle
holonomies, simple tetrad blades, and a determinant-induced �eld equation, but it did not yet
explain how those ingredients become the simplicity-constrained data of a spin-foam vertex. The
present paper �lls that gap at the �nite-complex level.

The �rst result is conceptual. The two invariants used to classify matter-built curvature bivectors
are the same two invariants carried by the EPRL representation labels, modulo conventional signs.
Linear simplicity is therefore not an unrelated condition; it is a distinguished ray in the invariant
plane already used by the matter-�rst construction. The second result is kinematical. Closure
of four area-vectors, the Minkowski polygon inequality, and the non-emptiness of the four-valent
intertwiner space are equivalent. This is the local point at which a classical tetrahedron and a
quantum spin-network node meet. The third result is algorithmic. The Lorentzian EPRL vertex
can be assembled from a certi�ed principal-series boost, a �nite node booster, and a K5 tensor-
network contraction. The graph cycle structure that controlled the matter determinant reappears
as the support of the magnetic spin-network sum.

The limitations are equally important. First, the closure-admissibility result is local and area-
vector based; full four-simplex reconstruction additionally requires shape matching and consis-
tent bivector transport. Second, the booster construction is certi�ed internally by algebra closure,
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Casimirs, boost composition, and convergence tests, but it still needs independent numerical cross-
checks. Third, the tensor-network contraction evaluates a �nite-cuto� vertex; it is not a renormalised
spin-foam model and does not prove a continuum limit. Fourth, the Regge action is identi�ed
through the known asymptotic structure of the EPRL vertex, not extracted here by a large-spin
numerical limit.

These limitations point to the next tasks. The most immediate is an independent small-spin
benchmark of the booster and vertex values against published reference values or an independently
implemented code path. The second is a sparse or path-optimised version of the K5 tensor network,
needed for larger lcut and non-uniform boundary spins. The third is a two-vertex or Pachner-
move experiment comparing a glued complex with an e�ective single vertex. That would bring the
determinant RG of [1] and the EPRL amplitude into the same numerical coarse-graining problem.

What has been established here is therefore deliberately modest but structurally useful: the
matter-�rst graph, the bivector simplicity constraints, and the �nite Lorentzian four-simplex am-
plitude can be written in a common Cl(1, 3) and cycle-space language. This makes the programme
concrete enough to test rather than only interpret.
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