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Abstract

If it is declared that real numbers are countable, the Cantor’s diagonal process must be
discussed. We try to find the problem of Cantor’s proof by using the same method and logic
to prove that a countable set is uncountable. That means real numbers may be a countable
set but it was proved uncountable by Cantor’s diagonal process. By critically analyzing the
ontological foundations of the ” Abstraction of Actual Infinity”, we expose an illicit method-
ological shift in classical set theory: the unrestricted extension of actual infinity from the
internal generation of infinite sets to external mappings between distinct infinite totalities.
By redefining countable infinity purely through an intrinsic single-valued successor oper-
ations derived from the Peano framework, we bypass the mapping dilemmas of Cantor’s
definition of countable set with abstraction of actual infinity. Utilizing this new framework,
we construct a ”Right-ward Mirroring Successor Operator” capable of sequentially travers-
ing all decimal expansions of real numbers within the interval [0,1), thereby establishing
that real numbers are countable under both potential and actual perspectives of infinity.
Finally, we expose a fatal logical rupture within the Dedekind cut framework regarding
the synchronization of measure theory derived from uncountable reals and total order set,
validating our countable thesis as a necessary resolution to the internal contradictions of
classical continuum mechanics.

1 Introduction

Since Georg Cantor’s seminal publications in 1874 and 1891, the uncountability of the continuum
has stood as an unshakeable dogma of transfinite set theory. Cantor’s diagonal argument
established a rigid hierarchy of infinite cardinalities, asserting that the power set of the natural
numbers possesses a strictly greater magnitude, denoted as 2% or X;. Under the hegemony of
the Zermelo-Fraenkel set theory with the Axiom of Choice (ZFC), this conclusion gave rise to
the modern measure-theoretic paradigm: the set of rational numbers Q is a dense but negligible
set of Lebesgue measure zero, while the set of irrational numbers constitutes the absolute
topological and measure-theoretic bulk of the real line R, boasting a measure of one.

Even historical critics within the constructivist and intuitionist factions, such as Leopold
Kronecker and L.E.J. Brouwer, who rejected actual infinity and the unrestricted law of excluded
middle, ultimately conceded to the narrative that the real numbers could not be exhaustively
enumerated by the natural numbers. They viewed the continuum as an ever-unfolding, choice-
sequence driven ”potential infinity,” which by its very nature evaded static serialization.

This paper challenges this long-standing consensus. We argue that the perceived ”uncount-
ability” of the real numbers is an artifact of a logical category mistake inherent in the application
of the diagonal method. By dismantling the static spatialization of infinite processes and rein-
stating the dynamic, temporal vitality of algorithmic operators, we demonstrate that the real
numbers can indeed be systematically generated and enumerated. We bypass the secondary con-
structs of transfinite arithmetic and directly attack the legal boundaries of Cantor’s mapping
assumptions, culminating in a rigorous proof that the real numbers are countable.



If we declare that reals are countable, the Cantor’s diagonal process must be discussed. So
Cantor’s diagonal process is reviewed first and then a counterexample to the process is proved.

2 Cantor’s Diagonal Argument Revisited

To expose the hidden presuppositions of the classical proof, we first restate Cantor’s diagonal
argument in its standard formalization. Let I = [0,1) be the half-open interval of real numbers.
The hypothesis assumes that I is countable. Consequently, there exists a bijective mapping
¢ : N — I, allowing the entire set of real numbers in I to be displayed as an exhaustively
completed, static list L:

T = O.a11a12a13a14 PN

To = O.a21a22a23a24 PN

r3 = 0.&31&32&33&34 PN

r; = O.ailaig...aii...

where a;; € {0,1,...,9}. Cantor then constructs an anti-diagonal real number b = 0.b1b2b3 . ..
via a specific modification rule M:
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By construction, for every i € N, the i-th digit of b differs from the i-th digit of r; (b; # asi),
which implies b # r;. Thus, b € I but b ¢ L, contradicting the initial assumption of bijectivity.

An epistemological examination reveals that this elegant demonstration relies on two un-
stated assumptions:

1. Assumption A: The Actual Infinity Process Is Used for Mapping: The list L
must represent a totally finished, closed, and static entity. The entire domain of natural
numbers and their associated real representations must collapse into an absolute state of
stasis prior to the execution of the rule M. If the list is actively growing or computationally
unfolding, the diagonal elements a;; cannot be fixed in space-time, rendering the definition
of b non-terminating and invalid. According to the perspective of potential infinity, the
mapping in the proof will be listed endlessly and there is no chance to construct the anti-
diagonal real number b. So when Cantor assume reals are countable, it means the mapping
with naturals can be completed. From the anti-diagonal real number b construction, index
1 € N is enumerated, it is known natural numbers are ended and there is no more any
natural number to map real numbers.

2. Assumption B: Unrestricted Mapping Order: Cantor did not tell us how to list reals
in his proof. The proof assumes that the topological structure of reals permits arbitrary,
non-sequential cross-set mappings to natural numbers. It presupposes that the specific
ordering of the list L is irrelevant to the structural validity of the proof, maintaining that
any arbitrary permutation of a countable sequence will inevitably yield the exact same
ontological rupture via the creation of an omitted element b. There is no relation between
proof result and list way of mapping.

3 The Dilemma of the Diagonal Method

We expose the fragility of Cantor’s spatiotemporal lockdown by introducing a specific, well-
defined countable set S and following proof mirrors the exact logical mechanics of the diagonal



argument, yet results in an absurd contradiction. Let S be the set of terminating decimals
defined as:
S =1{0,0.1,0.11,0.111,0.1111, ... }

The elements of S are generated by a deterministic rule and are unequivocally countable. Let
us arrange this set in its natural, sequential order to form a static list Lg:

s1 = 0.00000. ..
s2 = 0.10000. ..
s3 = 0.11000. ..
s4 = 0.11100. ..

We now apply Cantor’s exact diagonal operator to Lg. Let us examine the diagonal elements
of this matrix: s11 = 0,899 = 0,833 =0,.... For all i € N, the diagonal digit s;; is strictly equal
to 0. We execute an identical anti-diagonal modification rule M*: if s;; = 0, change it to 1.
This operation outputs a new real number:

1
b* =0.11111--- = —.
9

Under the paradigm of actual infinity, the infinite sequence of ones must be viewed as a com-
pleted object. Therefore, b* = % represents the absolute limit and definition of the infinite
extension of the elements within .S. However, Cantor’s logic dictates that because b* differs at
the ¢-th digit from every s; € Lg, it must be concluded that b* is not in Lg, and therefore S
is uncountably infinite. This conclusion is false. The failure of the diagonal method on this
explicitly countable set exposes a fatal vulnerability: it does not mean uncountable that an
element of a set is not in the mapping list, which is completed in proof. Therefore we can
not get the conclusion that reals are uncountable using Cantor’s diagonal process with ended
mapping.

Furthermore, we must raise an historical objection. Suppose Cantor had applied this
paradigm prior to knowing whether the rational numbers Q were countable. He can prove
rational numbers are uncountable using same logic. All positive QQ are listed as a matrix, which
is same as Cantor listed them in the proof that rational numbers are countable. First column is
mapped to N first, f(n) = (%). The second column is mapped then, ... . If the whole mapping
is completed, f(n) = (%) is a bijection mapping and there are no other rational numbers in the
mapping list. So the positive rational numbers are uncountable. Yet Cantor avoided this pitfall
for Q by abandoning static cross-set projections in favor of the dynamic ”zigzag” path. This
demonstrates that the true measure of countability is the existence of an internal, algorithmic
successor rule that generates the set, rather than the execution of an external, static mapping
which inherently manufactures artificial halting paradoxes.

4 The Abstraction of Actual Infinity[6]

To understand why the diagonal method fails as an absolute refutation of countability, we must
consult the authoritative definition of the ” Abstraction of Actual Infinity.” As codified in the
Encyclopedia of Mathematics:

” As applied to constructive processes of potentially infinite duration... abstraction
of actual infinity consists of ignoring the fact that such processes do not terminate in



principle and in considering the results of such processes on the assumption that they
have terminated, viz. that the sets of objects have been generated. The resulting
sets (objects) are then mentally regarded as actual 'finished’ objects.”

This definition emphasizes that actual infinity is a mental idealization designed for the internal
synthesis of a set’s construction rules. It does not grant authorization to utilize this ”frozen
state” to establish external, cross-set mappings that override the dynamic properties of the rules
themselves. Cantor’s usage constitutes an unrestricted and illegal application of actual infinity.

Based on the abstraction of actual infinity, we will discuss Cantor’s diagonal process again.
We shall demonstrate that any attempt to generate an omitted number through a diagonal
modification rule can be used to list new reals to mapping list L.

Cantor did not tell us how to list L, but he used ”...” in mapping list L. It means we know
what will happen next. But we know nothing about mapping list L except they are reals. He
even did not tell us the basic mapping list requirement, which the reals in the list L should be
different each other. There are infinite ways (rules) to add different real numbers to mapping
list and one is Cantor’s diagonal rule.

Let us define an initial list containing a single element ro = 0.0000.... We invoke a list-
generation machine governed by a feedback loop based on Cantor’s diagonal rule. Suppose
Cantor uses Rule 1 (if a;; # 1 — 1, else — 2). Our machine dynamically generates the next real
number using Rule 1 and instantly appends it to the very front of the list, moving all existing
entries down. Under actual infinity, this recursive process can be completed in thought without
time, yielding a completed infinite list Rj:

Step 0: 0.0000...,

Step 1: 0.1111..., 0.0000...,
Step 2: 0.2111..., 0.1111..., 0.0000...,
Step 3: 0.1211..., 0.2111..., 0.1111..., 0.0000...,

Now, can Rule 1 be used to find an omitted real number in the completed list Ry using Rule 17
The answer should be No if actual infinity is accepted. Any number generated by Rule 1 will
match an entry already saved in the history of the list. Rule 1 can no longer produce a number
outside of R;.

To break our list, Cantor must change his strategy to a new rule, say, Rule 2 (if a;; # 2 — 2,
else — 3). However, as the "second mover” in this logical game, the constructivist machine can
immediately adapt. The moment Cantor defines Rule 2, the machine overlays Rule 2 onto the
list-generation engine, running the actual infinity abstraction to produce a more comprehensive
list Ro that completely absorbs the generative capacity of both Rule 1 and Rule 2. Because any
well-defined mathematical rule must be finite in its linguistic or algorithmic description, the
set of all humanly conceivable diagonal modification rules is strictly countable. Consequently,
the diagonal method ceases to be a proof of uncountability; it degrades into a version-upgrade
trigger for a dynamically expanding, mapping list. In other words, the diagonal process and its
variants should be used to create the mapping list because its basic requirement is all reals are
different.

5 The Fracture of the Recursive Chain at the Limit of Infinity

The ontological error of assuming an infinite process can be statically completed without al-
tering its structural properties can be demonstrated by analyzing the behavior of the recursive
successor chain at the boundary of infinity.



Let us return to our sequence-generated set S via a rigorous algebraic definition. Let ag =
0 € S. The elements of S are generated by the strict monadic operator g : S — S:
x
r)=-—+40.1
9(z) =15+
This yields the sequence 0 — 0.1 — 0.11 — 0.111.... Let us invoke the abstraction of actual
infinity and assert that this process terminates, reaching its ultimate transfinite limit point:

1
b= lim ¢"(0) =0.1111--- = 9

n—o0

We now test the validity of the successor operator g at this boundary point. If b = % is an

ordinary element of this completed countable totality, it must obey the laws of the successor
function:

1 _1/9+01_1 9 10 1
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We observe a catastrophic structural collapse: ¢(b) = b. The successor operator loses its

injectivity and collapses into an identity function, violating the foundational requirements of an
infinite sequence.
Let us examine the inverse precursor operator g~!(z) = (z —0.1) x 10. Applying this to our

limit point yields:
e (- Y N BT S T
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The precursor operator is locked in a closed-loop and can never retroactively trace its steps back
to the foundational seed element ag = 0. The recursive chain is fractured. This mathematically
proves that the uncritical application of actual infinity to recursive structures alters the algebraic
properties of the underlying system. A similar behavior is observed in non-standard analysis
where the transfinite hyperreal oo satisfies co +1 = oo. Thus, the classical interpretation of the
diagonal argument relies on an illusion that ignores the structural mutation and fracturing of
the successor function at the transfinite boundary. Maybe we have two choices: to give up the
abstraction of actual infinity on the construction of an infinite set or to patch up the definition
of successor.

6 A Intrinsic Re-Definition of Countable Infinity

To resolve the paradoxes arising from cross-set mapping, we propose to abandon Cantor’s def-
inition of countability—which relies on external bijections with N—and return to the intrinsic
axiomatic purity of the Peano framework.

We analyze the standard Axiom of Infinity within classical set theory, formalised as:

WX(zeX AVZ(ZeX = ZU{Z}eX))

This axiom asserts the existence of a set containing a base element and ensuring that every ele-
ment has a unique successor. Crucially, the axiom does not require the invocation of an external
mapping to validate the infinity of X; it relies entirely on the internal, recursive properties of
the successor operator (Z — ZU{Z}).

We define a new framework for countability that is entirely self-contained and free from
cross-set mapping constraints:

Definition 1. A set A is defined as Primordially Countable if and only if there exists a
monadic operator (successor function) f : A — A and a unique base element ag € A such that
the following three conditions are strictly satisfied:



1. Vx € A, f(z) # ao (The base element possesses no precursor within the system. So
f:A— A—agindeed).

2. Va,b e A, a#b = f(a) # f(b) (The successor operator maintains strict injectivity
across the entire domain).

3. For every element © € A, then direct successor f(x) € A as well; Also every element
x € A is reachable via a well-defined, recursive execution of the operator f initiated from
ag (Abstraction of Actual Infinity).

The structure of definition above is same as the definition of natural sequence[7]. We can
say they are isomorphic based on meaning of countability.

Under this intrinsic definition, the requirement of establishing a bijective bridge to the
natural numbers is eliminated. Countability is returned to its rightful status as an internal
property of a set’s algorithmic coherence. We present four valid examples of Primordially
Countable infinite totalities under this definition:

1. The Positive Even Numbers: ag =2, f(z) =z + 2.
2. The Positive Odd Numbers: ap =1, f(z) =z + 2.
3. The Set {0,0.1,0.11,0.111,0.1111,... }: ap =0, f(x) = & +0.1.

4. The Entire Set of Positive Rational Numbers Q" via the Newman-Spiegelman-Johnson
Explicit Monadic Successor Formula:

1
ag =1, r)=———
0 /(@) 2z —z+1
where |z| denotes the standard floor function. This formula generates the entire set
of positive rationals sequentially through pure self-iteration, bypassing any necessity for
coordinate mappings or prime-factorization bijections.

7 Proof that the Real Numbers on [0,1) are Countable

We now execute the central objective of this paper: proving that the set of all real numbers in the
decimal form within the interval I = [0, 1) satisfies the criteria of Primordial Countability. To
achieve this, we must construct an explicit, injective, non-repeating monadic successor operator
that systematically generates the continuum.

Let z € [0,1) be represented as a terminating or non-terminating decimal string 0.dydads . . . .
We exclude representations that terminate in an infinite progression of recurring nines (0.d; ... d;999...)
to maintain representation uniqueness, adhering to standard convention.

We define the Right-ward Mirroring Successor Operator F : I — [ via the following
operational algorithm:

Locate the first decimal digit from the left. Perform a +1 addition. If a digit reaches
10, it resets to 0, and the carry operation is propagated strictly to the right (to
the next lower decimal place). If the subsequent decimal place does not yet
exist, it is created with an initial value of 0 before absorbing the carry. F is adding
0.1 and carry to right digit(s) if needed.



Let us illustrate the explicit path of F through its initial iterations initiated from the base
element ag = 0:

F(0.0)=0.1

F(0.1) = 0.2

F(0.8) = 0.9

F(0.9) =0.01 (9 resets to 0, carry moves to the right)
F(0.01) = 0.11
F(0.91) = 0.02

F(0.99) = 0.001 (Both 9s collapse, carry propagates two steps right)

The inverse precursor operator F ! is symmetrically defined as a subtraction of 1 at the tenths
place, with borrowing operations propagating strictly to the right. For instance, F~1(0.002) =
0.991.

The set I of real numbers within the interval [0,1) in which a unary operation F, which
is named Right-ward Mirroring Successor Operator, is defined (i.e. F is a single-valued
mapping of [ into itself) satisfies three conditions, which is similar to the conditions in the
definition of natural number sequence[7].

We subject our operator F to the three rigorous criteria of Definition 1:

e Verification of Condition 1 (No Precursor for Base): The base element is ag = 0.
For any valid decimal string = € [0,1), the execution of F(z) involves addition and
rightward carry expansion. It is algebraically impossible for F(z) to output 0.0000...,
because the total sum of the digital weights is strictly non-decreasing or shifts to lower
decimal matrices. Thus, Vo € I, F(z) # 0.

e Verification of Condition 2 (Strict Injectivity): Let a,b € I such that a # b. By the
standard definition of decimal equality, there must exist at least one specific decimal place
k where the digits differ (ax # br). When the operator F acts on a and b, the rightward
propagation of carries is uniquely determined by the configuration of digits to the right of
the tenths place. Because the borrowing chain of F~! is entirely deterministic and unique
for any given digital configuration, it is impossible for two distinct numbers to converge
to the same successor. Hence, F(a) = F(b) = a =b.

e Verification of Condition 3 (Complete Domain Enclosure): The first part of
Condition 3 is satisfied obviously if real does not terminate in an infinite progression of
recurring nines (0.d; ... d;999...) to maintain representation uniqueness as well as we do
not know what will happen when carrying to first 9 of infinite progression of recurring
nines. For second part of Condition 3, We evaluate it under both philosophical paradigms
of infinity:

1. Under Potential Infinity: Potential infinity rejects completed infinite digits, recog-
nizing only finite truncations of arbitrary precision. Because the rightward carry
mechanism of F can drill down to any arbitrary depth 10~ in a finite number of
deterministic steps, it can generate any finite or terminating decimal of any requested
precision. Thus, it completely blankets the potential real domain.

2. Under Actual Infinity: Actual infinity accepts completed non-terminating decimal
strings (such as m — 3 = 0.14159... or § = 0.1111...) as valid mathematical indi-
viduals. Since the abstraction of actual infinity states that an infinite sequence of



operations can be completed in thought, the generation stream driven by {0, F} can
seamlessly traverse the infinite digital matrix. The transfinite execution of F acts
on non-terminating strings without disrupting their structure, e.g., F(0.1111...) =
0.2111... and F(0.14159...) = 0.24159....

This serialization path does not traverse the real line from left to right linearly. Instead, it
behaves like a fractal space-filling curve on the continuum. It expands locally, dives deep
into the microscopic decimal columns via rightward carry propagation, and then resurfaces to
capture the macroscopic intervals. It structurally mirrors the zigzag method Cantor used to
count the rational numbers. Consequently, the real numbers on [0, 1) are primordially countable,
which immediately implies:

R is countable.

8 The Internal Contradiction of Dedekind Cuts in Classical Continuum Me-
chanics

To reinforce our proof, we expose a structural contradiction within the classical real number
system that arises when real numbers are assumed to be uncountably superior to rational
numbers.

As reasoning of Cantor’s diagonal process that proved reals are uncountable, the irrational
numbers are more than rational numbers. And the measure of irrational numbers is 1.

Modern real analysis relies on Richard Dedekind’s construction of irrational numbers via
cuts. A Dedekind cut A|B partitions the rational number field Q into two non-empty, disjoint
sets such that A is closed downwards (Va € A,c <a = ¢ € A) and B is closed upwards. If
A lacks a maximum and B lacks a minimum, the cut A|B defines an irrational number.

The classical real continuum attempts to maintain two mutually exclusive assertions simul-
taneously:

1. The Postulate of Bijective Cut-to-Point Uniqueness: A single, specific partition
A|B of the rational field corresponds to exactly one unique irrational number. This
property is vital to preserve the total order topology (<) of the real line, ensuring that
the continuum does not possess blurry boundaries or overlapping points.

2. The Postulate of Transfinite Cardinality Inflation: The cardinality of the set of
irrational numbers is strictly greater than the cardinality of the rational numbers (Q). In
the language of measure theory, ©(Q) =0 and p(R\ Q) = 1.

We present the fatal logical rupture resulting from this juxtaposition. If the irrational
numbers are strictly more numerous than the rational numbers, there must exist a structural
expansion of cardinality during the transition from the set of all possible rational cuts to the set
of real points. Since every Dedekind cut is uniquely defined by a boundary line drawn through
the rational field @, the total number of distinct cuts cannot exceed the intrinsic structural
capacity of the rational configurations themselves.

If R\ Q possesses a strictly higher cardinality (X;) than Q (Xg), then by the pigeonhole
principle, a single, isolated rational cut boundary A|B must simultaneously play host
to an uncountable cluster of distinct irrational numbers. However, if an uncountable
infinity of irrational numbers shares the exact same lower class A and upper class B, they become
topologically indistinguishable. Classical analysis can no longer define a strict inequality (< or
>) among these co-habiting points. The real line completely loses its properties as a totally
ordered set.

To preserve the total order of R, classical mathematics must enforce that one cut corresponds
to exactly one real point, which binds the magnitude of the irrationals to the structural bounds of
the rationals. This configuration directly refutes the measure-theoretic claim that the irrationals



are uncountably more numerous. The Dedekind cut framework cannot survive unless the real
numbers are countable. Our proof resolves this conflict by restoring logical harmony between
the ordering of the continuum and its cardinality.

We have a question about Dedekind Cut. It is known that irrational numbers have decimal
expansions that neither terminate nor become periodic. If % = 0.1111... is changed to an
irrational number, infinite digits of % should be changed. However only one digit is changed,
% becomes another rational number. Is an irrational number closer to % or a rational number?
The answer of this question is out of human imagination. Same situation is for 7 as well as for
other irrational numbers. One digit of 7 is changed and it becomes another irrational number,
but infinite digits of m should be changed and then it can become a rational number. So how
can Dedekind image the cut of rational numbers can be used to define irrational numbers.

9 Conclusion

The journey through the foundations of mathematics reveals that Cantor’s paradise is sustained
by a logical illusion. By isolating the abstraction of actual infinity and confining it to its
legal boundaries, we have demonstrated that Cantor’s diagonal argument operates merely as a
localized algorithm modifier rather than an absolute limit on cardinality. Through the synthesis
of the Peano framework and the construction of the Right-ward Mirroring Successor Operator,
we have provided an explicit path for the complete serialization of the real numbers, proving
that the continuum is countable. The internal collapse of the Dedekind cut under the weight of
measure-theoretic expansion further validates our conclusion. The limits of human algorithmic
construction mark the true boundaries of mathematical reality; time, continuity, and the endless
progression of the successor belong firmly to the domain of the countable.
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