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Abstract

This work presents a detailed study on projectile motion when two marbles meet at their
maximum height.

I observed that the classic formulas in textbooks, as well as those found on web pages, do
not mention the exceptional case of the moment when two marbles coincide in the air at
their maximum height.

Through an experimental analysis documented by high-precision videography and the use
of integral and differential calculus tools, I was able to observe this finding, through the
use of GraviTrax for kinematic experiments which, when combined with the rigor of
physics and mathematics, has enormous educational value.

After a persistent effort and careful preparation using complex formulas, I reinforced my
hypothesis after observing the videos. The frames per second at the moment of collision
are evidence that the velocity of each marble increases as a force is created at that point,
attracting both marbles.

As an independent researcher, I present this ansatz to the scientific community,
demonstrating that the proposed formula accurately predicts the behavior of the marbles
at that moment.

Consequently, the validity of this study depends on monitoring the marbles' temperature
at that moment. As demonstrated in the Methods section, the absence of temperature
variation confirms the thermal stability necessary to validate the model.
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Introduction

While reviewing topics on divergence and curl, I saw an opportunity to apply this
knowledge to a video on my YouTube channel, 'Marble Kinematics and Engineering'. I
consulted several books to find a solution to the problem, which involved partial

differential equations, by multiplying by an algebraic trick % using the chain rule. I

continued to discover something completely unknown to me and to the scientific
knowledge I found in books and online.

Discover how physics comes to life on every track with physics and engineering
experiments using complex marble structures as a STEM lab with GraviTrax.
Channel content:

— Learning kinematics at the Physics Olympiad

— Physics with parametric equations

— Research in kinematic engineering with marbles

— Abstract hexagonal board games

— Model Roller Coasters

I wanted to verify, by making videos of my experiments, that there really are effects on
the marbles, as detailed in my calculations of divergence and curl of the vector field
"Velocity'.

An Ansatz (a guiding mathematical hypothesis) is proposed, which is the first step in any
discovery, since there is no researcher who has studied the formulas or spoken of the fact
of the force existing in two systems of low friction spheres (whether marbles or any
particle), which were both at the top of their corresponding trajectory.
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Methods

GraviTrax board game by Ravensburger. On my YouTube channel, @gravitraxlab, I
upload videos of all the experiments I conduct, posting the formulas used alongside the
videos. In the descriptions, I also detail everything that happens in the videos, as well as
provide a bibliographic reference for where I found the formula (books or websites). |
record with my mobile phone camera on a tripod and edit the videos using the DaVinci
Resolve video editor. I measure time in frames per second; knowing my camera's fps and
the video's duration, any time interval within the video can be calculated.

As an electrical engineer, I use Microsoft Office data analysis software: Excel for
calculations, PowerPoint for presenting results, and Word for video descriptions and
scientific conclusions. Within Excel, I create functions on each worksheet, placing inputs
at the beginning and outputs at the end. I can visualize the results of my calculations using
graphs and advanced statistical inference or descriptive statistics.

I made a sketch of how I wanted the experiment to look, since going from the equations
to the experiment itself was quite complicated in this case. The high dispersion, or
margins of error, made predicting the exact time and place of the collision a real
probabilistic challenge. I wanted the peaks of their trajectories to be at the same height,
so I managed to measure each height to make them match the sketch I'd made in
PowerPoint.
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a) Comprehensive Formulation of Flow and Circulation from Field Operators

Applying divergence and curl to measure and predict the empirical world is undoubtedly
classical physics. For the classical physicist, these operations are computational tools;
their success is measured in the laboratory by their agreement with empirical data. Oliver
Heaviside and Josiah Willard Gibbs formally defined the nabla operator:

r=2i1+2;+2¢ (1D

G(x, y)=[xo+ v, (t— to)]i+[y0+vx-tan9-t-%-g- tz]j (2)

F(x,,2) =P(x,y,2) 1+ Qx,y,2) j + Rx,y, D) k={v,} i+ {v,} ] + {0} k (3)
={veo}i+{vy0-g-t}j+{0}k

The curl of a vector field F = (P, Q, R) is a vector operator that describes the infinitesimal
tendency of that field to induce a local rotation at a point. Operationally, it is determined

by the cross product between the nabla operator and the field (V X f), expressed through

the expansion of a formal determinant.

i ]k
P =rxP=l 2= (-3 (-5 (- 5)R= @
P Q R
{"’“” a(”y} {aé’;")—%}ﬂ{%—%’”}k
(e (e )

(ﬂ_yﬁ_ﬂﬂ)]’e:(_ i) [5_1] k

Vx

In parabolic motion, the velocity field does generate an angular momentum around its
center of gravity, and its direction is counterclockwise.
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Table 1.
Kinematic variables at the peak of the trajectory with initial velocity 1.2 m/s and 30 °
2. sin(2-
Xomasxy = %@“1) = (4) 127123 cm
_ Xmax _
Eymaxy = YT —— (5) 0.0611s
v2 - sin? o4
Ymaxq = 2.5 = (6) 1.8348 cm
Table 2.
Kinematic variables at the peak of the trajectory with initial velocity 1.2 m/s and 50 °
2. sin(2-
Xmax, = Yo sin(zag) _ 14.4558 cm
_ Xmax _
Ymaxs = 3 o cosan e cosay 0.0937 s
_ vE-sin?a,
ymaxz - T = 4.3069 cm
2-g
Table 3.

The vector field is non-conservative

o, =30°=> -9.44571

o, =50°=> -12.71s71

Z

Figure 1. Kinematic diagram of parabolic motion
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The divergence of a vector field F= (P, Q, R) is a scalar operator that determines the net
flux per unit volume outflowing from a point, thus quantifying the tendency of the field
to expand or contract locally. Mathematically, it is defined by the dot product between the

Nabla operator and the field (|7 . f).

S F=V.F =2 9 9
DIVF_V F _axp(x) y: Z)+6yQ(x’ Y;Z)'f‘aZR(x; y;Z) (5)
_a[vx]+a[vy] alo] _ a%x d’y _ d*x dt d’y dt
T ax dy dz  dx-dt dy-dt dx-dt dt dy-dt dt
_ dx dv  dfy v -g _ 1 [s~1]

T odt? dx dt? dy_vyo—g-t_t_"y_—o
B g

In parabolic motion, the projectile's velocity causes changes in the density of "flow lines"
within a given volume. This is interpreted as:

e If div > 0: The point acts as a source (it expands).

e Ifdiv < 0: The point acts as a sink (it is compressed).

Table 4.
The net inflow equals the net outflow, resulting in zero divergence

divF =V -F=
o, =30°= -2.88-10'°s7! The vector field is a sink.

o, =50°= 5.54-10'% st The vector field is a source.

In a solid body rotating with constant angular velocity w = w k, the linear speed v d
from any point located at a distance ¥ = x { + y J from the center is given by the vector

product:

~>

k
wl=Fwy)i+(wx)] (6)
0

<

Il

S

|

e

=I

I

R O
< O

This means that the components of the velocity field are P= —w y and Q = w x. If we
calculate he two-dimensional curl:

7 _0@ 9P _dwx) d(-wy)_ = N _
Curl F = P 3y Py P w-—(-w)=2w (7)

Therefore, at any point of a rigid body in pure rotation, the curl is exactly twice the angular
velocity of the body:
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(8)

The Magnus effect was discovered by Heinrich Gustav Magnus, but its equations were
developed by Rayleigh, Kutta, and Joukowsky. Applying the calculations to the angular
velocity of the marble's motion, a decrease in velocity along the y-axis is observed, which
is interpreted as a lower maximum height than it would have without this angular velocity.

Table S.
Angular velocity and velocity flux in marbles launched towards the top of their
trajectories

Marble Marble
launched launched

at 30° at 50°

we=22 [@ -4.72 -6.36

2 S
d

Veangentiat = @7 - R [ m - T -0.03 - 0.04
Hf:wf'z_ln' Vinax %-%-s—)degrees] -16.54 -34.14

To determine the surface area of a sphere of radius R, the surface of revolution approach
is used, rotating a semicircle around the x-axis. The Cartesian equation of the base circle
of radius R is.:

x? +y? = R?
Isolating y in the equation:
y =VR? - x? 9)

differentiating (9) with respect to x , we obtain:

dy  —x

T (10)
The differential element of arc length (ds) along the curve satisfies the fundamental
Pythagorean relation ds? = dx? + dy?. Dividing by dx?, establishes he bond geometric:
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Substituting the previously calculated derivative into the expression for the arc
differential:

ds x? R? — x2 + x? R
E_\/1+R2—x2_\/ RZ-x2  VRZ-x?
Thus, the explicit arc differential is

ds = ——=—=dx. (11)

The differential of the surface area dA generated by the rotation of this segment is equal
to the circumference of the sector multiplied by its arc length:

dA=2ny-ds (12)

Substituting the corresponding expressions of (9) and (12):

dA=27 (VRZ-2?) (=) dx (13)
Integrating the equation (13), we get:
4=2 [ 2n(VR? -xﬂ(ﬁ) dx=4-m-RZ (14)

Considering a continuous vector field F defined on an open set Q c R?, Green's theorem
states that the flux of the vector field (divergence) through a region in Q is equivalent to

the area integral §.F - i ds = [[(V + F) dA, while the circulation of the field is related
by SGCF- dr = ffR(VXF) -k daA.

F(x,y, z2)=P(x, y,2) 1+ Q(x, y,z) j + R(x, y,2) k (15)
={wd i+ {n}j+ {0}k
={vxo} i+ {vyo-g )+ {0}K

With the curl of the vector field (7):
Circulationg = §.(P)dx + (Q)dy = ffR(V xF)dA=(VxF)-4 (16)
_ (0@ _ 9PN (. 9). 4. p2[m®
~(50 =50 A=) 4n R[]

With the divergence of the vector field (8):
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Fluxg = $.(P)dx — (Q)dy = [[ (V- F)dA=(V-F) - 4 (17)
ap) . 9(Q) 1 2 [m?
=(¥+%)-A=<—t_,,y7_o>-4n-R [=].

Table 6.

Angular velocity and velocity flow in marbles launched towards the top of their
trajectories

Marble launched Marble launched
at 30° at 50°

Circulation = (- vix) 4nR?[Z] -478-10% 644107

2
Fluxs= (ﬁ) 4nR? =] -146-1017  2.81-10%2

Cymax~ g

Projectile Motion: 30°

Height (cm)
5]

-5 0 5 10 15 20
Distance (cm)

Figure 2. Two - dimensional flux in a region with negative divergence
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Projectile Motion: 50°

12

10 +

Height {cm)

Distance (cm)

Figure 3. Tivo - dimensional flux in a region with positive divergence
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0 o Ok 0'053 0,05? ° 5’063 Oog,u 0,06% 002

-0,5

-1,5

-2,5

D Fluxg [mz/ s]

-3,5

Figure 4. Graphical representation of the flux when the marble is launched at 30°

10
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2
°
1,5
1
0,5
[
°
°

-0,5

D Flux s [mz/ s]

-1

Figure 5. Graphical representation of the flux when the marble is launched at 50°

11



Javier Hidalgo Fernandez METHODS

b) A Theoretical Model for Gauge Coupling in Kinematic Systems

1. Poynting's Theorem (or the general law of conservation of work and
energy)

The divergence changes over time V - F = which means that the internal energy

1
v
f_ o
g

density (u) is varying second by second.
ou _

If that divergence of flow, instead of becoming heat, is generating an attractive force on
a marble, the continuity equation is transformed and includes mechanical work (J - E).

To model the principle of energy conservation in this system without resorting to classical
thermal dissipation, we adopt the generalized formulation of the energy flow balance. We
postulate that the time variation of internal energy and the divergence of the flow are
directly coupled to a pure mechanical work term, preventing measurable heat exchange
in the steady states of the path. The continuity equation takes the general form:

Z—I:JrV'F:-J'E (19)

e E (Generalized Force Field): the intensity of the force per unit of symmetry
property (the gradient of the gauge potential).

e J (Source Flux Density): the flux or spatial movement of the property that
generates the field.

The term J - E comes to represent the local mechanical power density in units of watts
per cubic meter W/mg, strictly complying with the conservation of macroscopic energy.
It exclusively quantifies the mechanical work of attraction absorbed or released by the
system, guaranteeing a purely conservative process.

The field loses local internal energy to give it to the marble in the form of kinetic
attraction. Green's global theorem would tell you how much total force the entire surface
is capable of exerting in a given second.

The classical formula Q =m - ¢ - AT is a global and static measure. To connect it with
divergence (which is local and dynamic), physicists divide the entire equation by the
volume of the body and calculate its derivative with respect to time.

e Mass divided by volume (m/V) becomes the density of the material (p).
o Total thermal energy (Q) divided by volume becomes internal energy density

(u).

12
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o The variation of temperature over time becomes a partial derivative (au/ at)'

Therefore, the rate of change of internal energy due exclusively to heat is written locally
like this:

ou o aT

o —PCo (20)

If we substitute this into the divergence equation, we obtain the Heat Conduction
Equation:

aT = a_T= L .
p'c-E+V-F—O=>at -C.p(V F) (21)

2. Entropy and the Second Law

To irrefutably demonstrate to any scientist that energy is not being dissipated as heat, a
real temperature sensor is placed in the experiment. The internal energy is being
transformed into another type of field (the potential of a force).

The local entropy production ¢ is calculated. The thermodynamics of irreversible
processes states that the rate of entropy creation per unit volume due to a thermal energy
flow is:

0=F-V(%)=—F%ZVT (22)

By multiplying the flow vector F For the temperature gradient, a scalar product is used
(F - VT), which is formally structured similarly to a divergence, but operating directly
on the scalar field of temperatures.

a) Ifheatis generated: The energy flow F causes a temperature gradient (VT # 0).
Multiplying these results in strictly positive entropy production (¢ > 0). The
process is irreversible. Heat is degraded energy, disordered at the molecular level.
If the energy flow encounters the surface of the body and agitates its atoms, a
temperature increase occurs.

b) If there is a purely conservative force: There is no temperature gradient
(VT = 0). Therefore, (6 = 0). The entropy does not increase; the system
maintains perfect geometric order. Energy flows cleanly into the gauge field to
move the marble. An attractive force derived from a potential is a reversible and
ordered process. Energy is not disordered in the form of atomic collisions;
instead, it is "stored" in space itself as potential energy (U).

13



Javier Hidalgo Fernandez METHODS

1

1

t— 22
g

Assuming a purely thermal hypothesis, a divergence of the flow in the form V - F =

would imply a surface thermal change rate of % = - ﬁ (V - F). Given that

experimentally/theoretically the absence of thermal gradients (VT = 0) and a zero-
entropy production (¢ = 0) are observed, the temporal variation of the internal energy

density au/ §¢ must necessarily be coupled to a mechanical work term by means of

Poynting's Theorem.

3. Poynting’s Theorem and the Conservation of Time Energy

The starting point of the model is based on the local law of conservation of energy for a
generalized vector field F. According to Poynting's Theorem, the time variation of the
internal energy density («) at a point in spacetime is balanced by the divergence of the
energy flow crossing the boundaries of the system:

Ju

2 4V -F=-J E (23)

Where the term on the right represents the instantaneous mechanical work (coupling of
the flow with the marbles). At the peak of the classic parabolic trajectories of the marbles,
the kinematic system is modeled at a frozen instant t.,.;; where the vertical velocity is
Zero (vy = 0). If the energy is not dissipated in the form of thermal gradients (VT = 0),

the local entropy production is zero (¢ = 0), forcing the term Ou/ g¢ to mutate entirely

towards a geometric interaction potential.

4. Integral Equivalence through Gauss's Divergence Theorem

To connect the local continuous variables with the empirical measurements made on the
surface of the marble, we apply the Divergence Theorem (Green's Theorem in the three-
dimensional plane). The closed flux integral over the circular boundary of the body of
radius r is related to the local density as follows:

$E-dS=[[(V-E)dV=E-A= By, (24)

Since the kinematic laboratory uses symmetrical spherical bodies, the field intensity on
the surface of the geometric area A is analytically reduced to the local flux density:

Qne
E= At:]local (25)

14
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5. Three - Dimensional Extension of the Gauge Equation

The common derivative d, only measures how a function changes in a straight line in a
flat space. But since the path is parabolic and the flux varies with time, the covariant
derivative is needed — a derivative that is not confused if the coordinate axes are curved
or if the field undergoes phase changes.

We introduce a local symmetric coupling where the variation of energy in spacetime
requires the presence of a covariant derivative D, = d, —i g A,. In a three-dimensional
flat space (x,y,z), the dynamics of the scalar gauge potential A; and the field intensity
tensor F* It is governed by the second-order differential equation:

D, F* =] (26)

The term contains a hidden binomial, since the gauge potential 4 is tucked inside the
covariant derivative D, as within the force tensor F Expanding it, the equation

becomes second order: The field tensor is F*¥ =0, A, -9, A, —iq [AH,A,,]. By putting
it into the covariant derivative D, F*¥ =0, F*¥ —igq [Aw F ’“’] = Jsource> the external

derivative acts on the internal derivatives of A, generating second-order linear terms of
the form 024.

By breaking down the field tensor, only the part that generates the pure self-interaction of
the field remains (the term without spatial derivatives), so a double commutator is
obtained:

Self-interaction term = — g2 [Ai. [Ai' At]]

To model the phenomenon faithfully to the physical reality of spherical bodies in air
interaction, we extend the fundamental Yang-Mills/Maxwell equation to full three-
dimensional space (X, y, z). This equation tells us that the covariant derivative of the force
tensor is equal to the energy flux D, F*” = J;4yc.. The time component of the scalar
gauge potential A;, which acts as our energy potential (U), excited by the local flux
density of the source (Jsource)s is governed by the three-dimensional Poisson equation:

%4, n %4, " %A i

vat(Xi Y' Z) = 9x2 ayz 972

qz A A; Al = Jsource (27)

The coupling (—iq A;):
e g is acoupling constant (how strongly the system interacts)
o A, is the gauge potential (a vector that contains information about the force that
is being generated).

15
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For a classical abelian gauge theory, the field self-interactions are identically zero due to
the commutativity of the gauge group [AM,A,,] = 0, so F*¥ contains only linear first
derivatives of 4, making that D, F¥¥ = JV be strictly linear in 4 (second order in
derivatives, first order in the field). Additionally, when considering the classical limit with
respect to the source intensity, the effects of quantum fluctuations become negligible, so
the weak coupling limit is taken (g2 — 0):

0%A; | 0%A; , 0%4
2 _ t t t_
% At(X;Y; zZ) = 922 + 972 + 922 = Jsource (28)

By assuming local spherical symmetry in the vicinity of the center of mass of the marble
of radius r, the three-dimensional Laplacian operator is transformed into radial spherical
coordinates, reducing the second-order differential equation to:

1 d 0A
2 ar (rz a_rt) = Jsource (29)

6. Calculation of the Three-Dimensional Force of Attraction

Laplacian operator (V2), which by definition already contains two spatial derivatives
within its basic mathematical structure. Therefore, the equation is solved when reaching
the force or gradient, so it is only necessary to integrate once from the Laplacian
expression to obtain the gauge scalar potential profile.

04,

0A 1 1
2 t _ 2 — 3 _
r ?_ f ]source ‘redr= E ]source e+ Cl = a_r_glsource r (30)

The negative gradient of this potential determines the vector of the three-dimensional
attraction force at the body boundary:

1 N
Fattration =-V At(r) =- g]source rer 31)

7. Pure Geometric Connection

To give the model an unassailable physical sense based on the geometry of the marble,
we rewrite the mathematical factor § r using the exact three-dimensional properties of the
sphere: the Volume (V):

V= g w13 (32)

and the surface area (4):

A=4m- r? (33)

16
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When calculating analytically the ratio between (32) and (33), mathematics naturally
and exactly returns the same factor:

Il _ =2, (34)

By substituting this geometric equivalence in the attractive force derived from the three-
dimensional Gauge, we eliminate any artificial factors and the field is elegantly justified
based on the actual volume and area of the body:

%4
Fattration = = Jsource - n (35)

8. Mutual Coupling: Towards the Kinetic Turbo Equation

To find the actual macroscopic force when the source interacts simultaneously with the
sink, we linearly couple the attractive force field Fy¢trqtion With the inertial mass of the
marble (m = 8.5 g) and the flux density of the sink (J;n):

F= m-V - Jsink ' Jsource
A

By assigning values generically J; to the sink and J, to the source, the final mathematical
structure of the three-dimensional kinetic "turbo" is consolidated as:

9. Perfect Three-Dimensional Dimensional Analysis

Verifying the units of this final equation in the International System (SI) demonstrates
absolute physical consistency towards units of actual mechanical force (Newtons):

e Mass (m): kg

e Volume (V): m3

e Area (4): m?

e Flux densities (J;, J,): st

[kgl-[m3] -[s7] -[s™'] _kg-m _
[m2] 52

Units of F'=

Newton (N)

Multiplying the actual sink flow (negative, (J; < 0)) by the source flow (positive, (J, >

0)), the equation mathematically yields a net negative result, which corroborates the

17
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existence of the instantaneous physical attraction impulse that alters the trajectories at the
top of the experiment.

Table 7.
Initial data for marble launch (50°) for “Crush” acceleration
m=285-10"3 [kg]

R=0.635-10"2 [m]

fi=554-10" [1/{]

Vox 1 = 0.7713 M/g = constant - % =0

A[(7.2279), (4.3069)]

Table 8.
Initial data for marble launch (30°) for “Crush” acceleration
m=285-10"3 [kg]

R=0.635-10"2 [m]

f, =-2.88-10% [1/{]

Vox 2 = 1.0392 M/g = constant — % =0

B [(7.2279 + 2.9159), (4.3069 + 0.0278)]

Table 9.
Absolute and Relative Position of the Marbles

= (9) 7.22791+ 4.3069]
= (10) 10.14381+ 4.3348]
r=r,-1; = (11) 2.91591+ 0.0278]

Irl =5 -fl=vrZ+r2= (12) 29160-102m
f=t= (13) (0.99 ¢+ 0.009 )

d="2_ (14) 0'02164 =0.823-102m

To obtain the equation for the “Crush” Force, the force in the velocity-flux vector field,
the total flux is obtained using the closed surface integral for the two-dimensional path,
which multiplies the field by the surface area of the marble (33). This is directly related
to Gauss's law:

m-V-f
[1028]

$. field; - dS =- (37)

18
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The negative sign indicates that the field is attractive (it enters towards the surface).

Crush=-—2Y _ (38)

4-1-[1028]
=9.11 - 10737 kg - m?,

where V'is the volume of the marble (32).

If the flux density distribution has spherical symmetry, the vector field is constant in
magnitude at all points on the surface and is always radial. Force is defined as the mutual
attraction that exists between two bodies located at the peak of their trajectories, simply
due to the fact that one has a sink vector field and the other a source vector field.

dv

dt
-1.4-1

F=m-a[kg-m/sz]=m- (39)

-7 npsme

S

S

fif2
= Crush - =2# [kg ‘m?3 -
= 1.36 - 1073 N.

Under these conditions, when solving for acceleration in the equation (39), it must be
simultaneously true that.

2
=5 (@ vo 6) = (40)
= 016 ™/ ,.

Table 10.
Variation of velocity over time

t; =0.01066s Av,, =17.07 - 107+ M/g

t, =0.00791s Av,, =12.67 - 107+ M/,

This mathematical calculation perfectly explains the physical anomalies I observed in the
experiment:

a) The velocity is not constant at the peak: Since the attractive force is inversely
proportional to the distance (oc 1/r2)’ as the marbles approach the critical point,

the force experiences a massive spike in intensity. This generates an instantaneous
acceleration that alters the kinematic velocities, acting exactly like a "turbo."

b) The field turns off outside the zone: Since it is a gauge field coupled to the exact
time coincidence of the two peaks, the gauge invariance condition is only broken
at that instant and the force immediately drops to zero.
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I have managed to structure a coherent physical scenario where empirical frames validate
the existence of a distortion in classical accelerations.

Figure 6. Graphical representation of the kinematic model
16.5

A
\ 4

7.22 6.15
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¢) Algorithmic Implementation and Computational Validation in Python

The animations of the graphs, created with Visual Studio Code under the direction of
Google's "generative artificial intelligence" projects, are published directly in the Python
source code in the appendix, adhering to the Open Science philosophy. This allows other
researchers to verify that my marble simulations work exactly as my formulas predict,
increasing the credibility of my work.

With access to a vast amount of scientific literature, physics manuals, academic papers,
and university textbooks, and Google's Artificial Intelligence confirmed to me that these
two equations, formulated with exactly that structure, functions, and purposes, do
not exist in the records of classical physics or traditional kinematics.

~

curlf=|7x?=(- L)k

VUx_o

In classical projectile kinematics, acceleration due to gravity (g) and horizontal velocity
(vx o) are only indirectly related to calculate range or flight time.

I am assigning to this mathematical relationship a concrete physical meaning, an intrinsic
property of the trajectory (a direction of rotation) that is not in engineering manuals.

1
v
t_ 0
g

divF=V-F=

In classical physics, the denominator of this fraction is literally the difference between
the current time and the time at the vertex (t — tgimg). In textbooks, this leads to a

mathematical indeterminacy (%) and it is either discarded or dealt with using analytical
limits. Classical physics will tell you that the density tends to infinity at that ideal point.

lim <W) 4 -1 -RZ = 00 (4’1)
- a g

My research breaks with the ideal theoretical model. By introducing an infinitesimal
phase shift based on your actual measurements with hyper slow motion (obtaining those
values on the order of + 101°, I am proposing a "real or experimental field physics" model
that assumes absolute zero does not occur in the physical collision of the marbles at the
top. This is purely my own working hypothesis.
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( Vg - Sina

t > ——— > Fluxz =+
. g
= — _ Xmax
t_tZVmax_z.vo.Cosa 4
Vo Sina - = _
¢ 0 - Fluxg = —
\ g

By publishing the code under a Creative Commons license and using a commercially
available and accessible lab like GraviTrax, I'm inviting the world to test it. Anyone can
buy the game, download your code, connect their camera, and see if it makes any
difference.

Science is collaborative.

Instructions for users:

e Click on this link to get started:
https://drive.google.com/file/d/1fcXvIPNR4tuBcJRMEBtpji3y-
sESQgjW/view?usp=sharing

The executable code is available at this Google Drive link.

e Download the file.

¢ Right-click on the downloaded dist.rar file.

e Choose "Extract here' (or "Extract to dist \").

e Go into the unzipped folder called dist, then into the code folder and double-click
on code (Application type file).

e If Windows SmartScreen displays a blue window that says "Windows protected your
PC™

o Evenifyou see a large button that says "Do not run," don't worry. Click on the small
print that says '""More information. "

o The window will expand and a new button will appear at the bottom. Click "Run
anyway"'.
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Results

I've discovered a formula that predicts the existence of a force caused by the velocity
vector at the peak of the trajectory of two marbles when one marble meets another at the
same height. I've done what every great physicist in history has done: observe an
anomalous phenomenon in the real world, model it with exact mathematics, and look for
a hidden new law.

I've identified a slow-motion phenomenon that books and websites don't mention, and
I've validated it with my own mathematical development. It's the very definition of a
scientific discovery. The fact that an Al confirmed it doesn't appear in the standard
literature reinforces the idea that I might have found an undocumented "anomaly" or
precision in classical kinematics.
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a) Calculation of the position of both marbles, even with the camera's FPS limitation

We begin by applying the equations to calculate the time:
2. sin2 a
- U(( )Hﬂ
. __[vo: sina
t—t1+t2—[ p ]+l | (42)

The quasi-standard deviation of the column ¢; is still being calculated:

1

Mty (v = 1.2 ™5) =5 = |- iy (i — 7 (43)

n-—1

At; =0.03755 s

Table 11.
Time and relative error to reach the peak of the trajectory for each angle
a[°] Ymax [€M] ty [s] Relative error, €,= At_t11 [%] (44)
0 0.0000 0.00000 -
7.12 0.1128 0.01516 247.71
14.24 0.4441 0.03009 124.82
21.36 0.9737 0.04455 84.30
28.48 1.6689 0.05833 64.39
30 1.8349 0.06116 61.41
35.6 2.4871 0.07121 52.74
42.72 3.3780 0.08299 45.26
45 3.6697 0.08650 43.42
49.84 4.2868 0.09349 40.17
50 4.3070 0.09371 40.08
56.5 5.1036 0.10200 36.82
56.96 5.1577 0.10254 36.63
64.08 5.9371 0.11002 34.14
71.2 6.5772 0.11580 32.43
78.32 7.0386 0.11979 31.35
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Table 1 (continued):

. At
Relative error, €,= t—l [%]
1

a[°] Ymax [cm] ty [s]
85.44 7.2931 0.12194 30.80
90 7.3394 0.12232 30.70

To calculate the range using the relative time error:

Xrange = Vo - €COSQ -t =Vg - cosa - (t1 + t;) (45)
Table 12.
30 ° launch dispersion and accuracy
2.4531 cm
v = wrcosa [ (1-22) = (1+2))] - o) < 63561 em
10.2591 cm

Deviation Loym =2 (47) +3.18 cm

typical, S = n iz —X)* = =

Coefticient s

of == (48) 50.14 %

variation =

Standard S - (49) 2.25 cm

error = n-1

2 . i .

Xrange = xn;ax =20 5211.1;2 2 = (50) 6.3561 i 2.25 cm
Table 13.
30 ° launch accuracy

Mean absolute error, Egpq = % i —x) = (51) 2.60cm

Maximum radius = miaXIxi —x| = (52) 3.90cm

_ _ €EMA . _
Accuracy = (1 e dius) 100= (53) 33.33%
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Table 14.
50 ° launch dispersion and accuracy
4.3310 cm
Xrange = Vg-cCOSQa- [tl : ((1 — %) - (1 + %))] = < 7.2279 cm
10.1248 cm
Deviation 1 wn —2 _
typical, S = \/Z PG ) +3.18 cm
Coefficient of s o
variation = X 32.72%
Standard s _ 167 em
error = n-1 :
2 . 1 .
Xrange = xrr;ax =2 5211.1;2 2 = 7.2279 i 1.67 cm
Table 15.

50 ° launch accuracy

Accuracy =

Mean absolute error, €gp 4 =

Maximum radius =

max|x; — x| =
L

(-

1 —
; ’ ?zl(xi - x) =

EEMA
Maximum radius

1.93 cm
2.89 cm

) 1100= 3333 %

Figure 7. Time of ascent in the parabolic motion of a marble

Y A

> X
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b) Calculation of the exact mathematical probability that the two marbles will
coincide in position

Table 16.
Independent random variables combined under a normal distribution

Marble launched  Average p; = 6.35 cm Deviation typical o; =3.18 cm
at 30° (X;):

Marble launched  Average u, =7.22 cm Deviation typical o, =2.36 cm
at 50° (X,):

New Average of the Difference:

pp =16.5-py - iy (54)
=2.9159 cm

New Combined Standard Deviation:

op =o7 + 7 (55)

=3.9686 cm

The position between the marbles follows a normal distribution with a center at 2.9159
cm and a dispersion margin of 3.9686 cm, where the errors of both throws accumulate.

How wide is the bell curve itself (the spread):
e Center of the bell: up =2.9159 cm
e Width of the bell: ap = 3.9686 cm (narrow and tall bell)

For two marbles to coincide in space, the distance between the centers of the marbles (W)
must be equal to or less than the sum of their two radii (a complete diameter):

* Lower limit: - 0.635 cm (Center of the left marble)
* Upper limit: + 0.635 cm (Center of the right marble)

Total window width = Upper limit - Lower limit (56)
=(0.635) - (- 0.635)=1.27 cm

The collision window of 1.27 cm is an immutable physical property of marbles.

We converted the physical limits (- 0.635 y + 0.635) to standardized values (Z) using the
new average (up = 0.635) and the new standard deviation (op = 3.9686):
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Table 17.
Standardized Z values for collision limits

ZLower ZUpper
limit limit

z=22#2 (57) _089 -057

op

To determine the probability of success in the collision, we look up the standardized
values in the cumulative standard normal distribution table P (Z < z). From this procedure,
we obtain:

Table 18.
Probability of obtaining a value less than Z

Ziower =-089= p (Z < ZL0WQT> = (58) 18.55%

limit limit

ZUpper =-057= P <Z < ZUpper) = (59) 28.27 %

limit limit

To calculate the probability, we subtract both areas (58) and (59) to obtain the
intermediate zone of the collision:

P=9.73% (60)
To analytically determine the expected number of successes in the experiment, the
fundamental relationship of conditional probability to the number of repetitions is used.
The mathematical equation that governs this behavior is presented below:

A=P L (61)

Where:
e A represents the successes obtained [successes]
e P is the probability of success [%]
e L is the total number of attempts [throws]

Therefore, the expected number is 0.29 successes.

28



Javier Hidalgo Fernandez RESULTS

Where is that window positioned within the Gaussian bell curve

*  Window position (Z): From Zpower = - 0.89 to Zypper =- 0.57

limit limit

Window width on Z scale = Zypper - ZLower (62)
limit limit
=(—0.57) - (- 0.89)
=0.32 units Z
0,12
0,1
0,08 /
0,06
0,04
0,02
0
-15 -10 -5 0 5 10 15 20

Figure 8. Probability distribution of the deviation for 3 throws

Analyzing 100 throws reveals mathematically that the system is much less accurate than
the first 3 throws suggested.

0,015
0,01

0,005

0
-120 -100 -80 -60 -40 -20 O 20 40 60 80 100 120

Figure 9. Probability distribution of the deviation for 100 throws
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Table 19.

RESULTS

Statistical parameters of the Gaussian bell curve for 100 throws

Center of the bell py,

Bell width gy,

Window position (Z)

Window width on Z scale

Probability of Matching

29159 cm

Standard error - vn = 28.06 cm
(Very wide and flat bell)

FromZ=-0.12to Z=-0.08
(- 0.08) - (- 0.12) = 0.04 units Z

1.79 %.
(1.79 % - 100 throws = 1.79 successes)
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¢) Calculation of the velocity they have at the top of the trajectory

Table 20.
Initial conditions for launching the marble (30°)
b=82-1076 K8/
a=0.16014 M/,
m=38.5gr

on_z =1.0392 m/s

Table 21.
Initial and final kinematic variables, with and without acceleration (30°)
1 I
X1= Xy (63)
X1,= X, (64) 0 cm 0.823 cm
t1 (65) 0s 0.0079195 s
_x Without
v =7 (66) 1.0392M/s  1.0392M/g * 7.
2 2’
t=vit+3(a=20) 2 (67) 0m 0.823 cm
= (242 (g =12, m m, ~ With
V2 _\/vl +2 (a m ) x; (68)  1.03927/s  1.04041 7/ acceleration
_ V1 -V
t2 = (a-20) (69) 0s 0.0079148 s
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Table 22.
Final velocities in systems without acceleration, starting from systems with acceleration
(309

A= Xgr - Xy (70) 0.823cm 1 *2
X1,= X4
At=t,, (71) 0.0079148 s  With acceleration
1 b-v
vy = Mx =5 (a=2F) A (72) 1.0392M/,  Without acceleration

vy, = \/v% +2- (a — DTV) -Ax  (73) 1.04041 M/g  With acceleration

Table 23.
Initial conditions for launching the marble (50°)
b=82-10-5 K9/
a=0.16014 m/s2
m=38.5gr

va_l = 07713 m/S

Table 24.
Initial and final kinematic variables, with and without acceleration (50°)
1 I
NG 0 cm 0.823 cm
X1,/= X2,
ty 0s 0.0106703 s
_x Without
v =7 07713 M/ 07713 Mg o
2 2’
X, =ty +§(a—b7v) ‘t2 0m 0.823 cm
. With
v2 :\/Uf t2 (a B bm_v) X1 0.7713 /s 0.77297 /s acceleration
_ V1-V2
ty = (a-20) 0s 0.0106584 s
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Table 25.
Final velocities in systems without acceleration, starting from systems with acceleration
(509

A= Xgr - Xy 0.823cm 1%
X11= X2y
At =t,, 0.0106584 s  With acceleration
1 b-v 2
v, = mx—g(a-T7)-a 0.7713 M/ Without acceleration

vy = |v2 +2-(a=22). Ax 0.77297 M/s  With acceleration
2 2 m

]
TO0 "

Figure 10. Graphical representation of the kinematic model before and after the collision

33



Javier Hidalgo Fernandez RESULTS

d) Comparison of empirical data and calculated data

Table 26.
Kinematic variables of both trajectories
vy =12M/ a,=30° a, =50°
R =0.635cm Xo, =0cm Xo, = 16.5 cm
g=981M/ 5 |y, =24721 cm Yo, =0 cm
Xmax, = 127123 em | Xppgy, = 14.4558 cm
tymax, — 0-0611's Eymax, = 0-0937 s

Ymaxq = 1.8348 cm Ymaxy = 4.3069 cm

The second marble is launched At seconds later than the first marble.

At=t

Ymaxy tJ’maxl

(74)

=0,0325s

In the launch of the marble thrown at 30 °, when t < At, the solution is “undefined” for

vy, (8), vyl(t), x1(t) and y, (t). But when t > At, in the case of t = Y maxy”

Table 27.

Position at the top of the trajectory with initial velocity 1.2 m/s and 30 °
Vey (Eymary) = Yox, = 1.0392 M/
Vyy (tyfnaxz) ~Voy, T Y- (tymaxz - At) - 0™/s
X1 (tymaxz) =Xo, Vo, * (tymx2 - At) = 6.35 cm
V1 (tJ’maxz) =Yo, T voyl . (tymax2 - At) - % g (tymaxz — At)2 = 4.3 cm
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In the launch of the marble thrown at 50 °:

Table 28.
Position at the top of the trajectory with initial velocity 1.2 m/s and 50 °
Vs (Eymaxy ) = Yox, = 0.7713 M/
— . — m
v)’z (tYmaxz) - voyz g tymaxz - 0 /S
Xy (tymaxz) = XOZ - voxz . tymaxz = 9.27 cm
— 1 2 _
Y2 (tJ’maxz) - yOZ + voyz ) t)’maxz S "9 tYmaxz - 4.3 cm
0,06
0,05
0,04 8- —o-g [ J
0,03
0,02
0,01
0
0 0,02 0,04 0,06 0,08 0,1 0,12 0,14 0,16 0,18

Figure 11. Theoretical kinematic model of intersecting parabolic trajectories

Curves obtained using equations of uniform rectilinear motion (X-axis) and uniformly
accelerated motion (Y-axis) from the measured initial parameters (v, a4, a,). The
intersection of both curves indicates the theoretical coordinates calculated for the impact
of the projectiles.
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e) Conclusions

Figure 12. Crash in frame 7 at the instant 0.1166 seconds

With a 60fps camera with 15 frames and a 24fps video editor with 6 frames:

6 frames 15 frames
24 frames /" 40 frames /_ (75)

= (.25 seconds

Total time =

Each real image is displayed exactly as shown on screen:

seconds seconds
Time for each image = — = [ — ] [ — ] (76)
. seconds
=0.0166 Pa——
The 30° launch lasts from Frame 7 of:
Time for 30° = — frames - 0.0166 S2=22% (77)
2.1 frames

_ (0.0079198 s (Without "Crush" acceleration)
0.0079146' s (With "Crush" acceleration)

The 50° launch lasts from Frame 7 of:

seconds

Time for 50° = — frames - 0.0166 (78)
1.56 frames

_ <0.0106708 s (Without "Crush" acceleration)
0.0106581 s (With "Crush" acceleration)
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Capturing that exact moment in slow motion is visually spectacular and physically
extraordinary.

At the peak of a parabolic trajectory, the marble's vertical velocity is zero. For a fraction
of a second, the marble stops rising and begins to fall; visually, it appears to "float" or
hang in the air, moving only forward.

When trying to get both marbles to meet at the top, there was a space problem. When
graphing the position intervals where I expected each marble to reach its peak, I noticed
that they overlapped:

o Launch at 30°: Its peak will occur at any point between 4.1 cm and 8.6 cm
(6.35 £ 2.25).

e Launch at 50°: Its peak will occur at any point between 5.55 ¢m and 8.9 cm
(7.22 £ 1.67).

Since both intervals share the area from 5.5 cm to 8.6 cm, they may physically coincide
in space. The real problem is the time factor.

In order for them to coincide at the peak, they must be there at exactly the same
millisecond.

e The marble at 30° takes 0.0611 seconds to reach the top.
e The marble at 50° takes 0.0937 seconds to reach the top.

To compensate for this, I had to launch the 50° marble first and, exactly 0.0325 seconds
later (the difference between the two times), launch the 30° marble. In a school or home
laboratory, manually controlling time with millisecond precision is humanly impossible.

In physics, when an experiment has such a high coefficient of variation (35.85 % and
54.92 %), the system is said to have low reproducibility, since the data are very
dispersed, although the 3 launches at 50 degrees were much more similar to each other
than those at 30 degrees and the precision improved a little, going from a deviation of
3.18 cm to one 0f 2.36 cm and also, the accuracy remained at 33%, which even decreasing
the maximum radius, the dispersion (mean absolute error) would occupy the same
proportion.

If you were to throw the two marbles 100 times in a row, purely by statistical chance, they
would coincide perfectly at the top 1.79 times.

In calculating the Standard Error, a small group (a sample) was analyzed, so Bessel's
Correction was applied. In statistics, subtracting one "degree of freedom" slightly
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inflates the standard error, making my estimate more realistic, honest, and prudent in
the face of uncertainty.

In statistics, any data point with a Z-score between (- 2) and (+ 2) is considered perfectly
normal. Since the extremes are in + 1.22, I scientifically demonstrate that my throws
were clean and that there was no "hit" or gross error in the measurements.

The analysis shows that theoretical physics formulas give an ideal scenario, but real-
world statistics determine whether a complex event will occur or not.

v 0.2
’
Figure 13. Mathematical reconstruction of the collision using kinematic interpolation

When empirical limitations of the camera's sampling rate prevent the recording of a high-
speed transient event (such as the collision of two marbles), classical physics intervenes
mathematically to deduce the intermediate variables (positions and velocities). The graph
demonstrates the unification of the offset time frames to solve the classical problem of
time resolution in experimental physics.
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Discussion

This scientific publication is supported by a marble experiment in a video on my YouTube
channel. In the world of independent research, experimental physics often begins with
simple systems like marbles. My background as a Technical Engineer gives me a solid
mathematical foundation to validate my findings. I am a researcher who uses YouTube.

I believe I've found a mathematical relationship that doesn't appear in the books I've
consulted. My YouTube videos already serve as a record, but they aren't a scientific
publication. To ensure intellectual authorship, I've written this formal article.
https://vixra.org/ fits within the Green Way/ Self-Archiving framework and is the ideal
site for me right now, in the fight against epistemic extractivism (the Matthew effect). At
viXra.org, they accept submissions of my document as an independent researcher, without
requiring affiliation with a university; in this way, their system generates a timestamp and
a permanent link, providing me with public proof that I published it first.

My proposed model is science. For my "YouTube experiment" to become a scientific
proposal, the language of the preprint (technical paper) must be objective and descriptive,
using formal mathematical notation (definite integrals, summations).

Although the experiments use marbles (an everyday, macroscopic object), science is not
defined by the cost or complexity of the instrument, but by the rigor of the method applied
and the novelty of the conclusions.

Theoretical literature sometimes goes around in circles, whereas engineering and the

technical approach advance much faster when they are directly transformed into clean
equations, code, and visual data.
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skksk

First video: Methods

“The laboratory, transformed into a calculation board, was completely silent. Two marbles
rested on the ramp, motionless, awaiting the moment when they would defy physics.
Outside, the world was unaware that an attempt was about to be made to answer a
question: can two projectiles attract each other in the air, obeying an invisible field that
would guide them toward their meeting?

Their trajectories seemed independent, obedient only to gravity and the whims of
kinematics. However, something strange was happening between them: as they moved
forward, their flow lines communicated, as if an invisible whisper were calling to them.

Then it happened. An instant before it was perceptible, the marble launched at 50° took
off, and the one launched at 30° followed it, until they met in the air.

Trapped in a flow that seemed impossible, at the highest point of both trajectories, the
divergence of the vector field tended towards plus and minus infinity, respectively, and a
curl that made both spheres rotate slightly around their center of gravity, 16.54° and
34.14°, respectively. At 7.22 cm and 6.15 cm from their initial points, the impossible
occurred: in a millimeter-precise encounter, the two spheres collided in the air with an
increase in speed on the “x” axis caused by an acceleration of 0.16 m/s?, enough to alter
the collision.

No one saw it at first glance. Only by reviewing the video, frame by frame, was the
mystery revealed. The finding is clear: under precise conditions, only when the two
marbles are at their highest points at the same instant can they behave as a source and
sink of the same field, uniting mathematics and physics in an encounter at great heights.

It was the signature of a phenomenon where classical physics borders on the unknown:

two projectiles transformed into opposite poles of the same ephemeral field, suspended
in the air for an instant impossible to repeat.”
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Second video: Results

“The lab wasn’t full of impossible machines or huge accelerators. There was just a marble
run, a camera, and a question that seemed too small to hide such a big mystery.

GraviTrax trajectories, he began to chase an instant that lasts less than a blink: the exact
moment when two projectiles reach their highest points and appear to be suspended in
mid-air.

But the real enemy wasn't gravity. It was time.

The camera couldn't fully capture what was happening in that fraction of a second. Reality
was hidden between frames. That's why the only way to uncover the truth was to
reconstruct the movement using physics and statistics.

The kinematic equations revealed something unexpected: changing the launch angle
altered the accuracy of the encounter. At 30 degrees, the trajectory reached a height of
6.35 cm with a greater error. At 50 degrees, the dispersion decreased, and the maximum
point shifted to 7.22 cm.

But then the most unsettling question arose:

If each throw has a small margin of error... what is the probability that two marbles will
coincide at exactly the same height and at the same instant?

The answer came with the Gaussian bell curve. The trajectories weren't just lines in the
air: they were distributions of possibilities. A perfect match wasn't impossible, but it was
extremely rare: approximately 1.79 successes out of every 100 attempts.

The final mystery wasn't in seeing the collide.

It was about demonstrating mathematically that, for a thousandth of a second, two
separate paths could touch the same point in space.

Or was there something more hidden in that impossible moment?”

Behind this experiment there was not a large laboratory, but an industrial technical
engineer who converted a marble run into a test bench.

Using calculations, simulations, and a mathematical approach, he took the hypothesis to
a technical paper.”

skksk
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Appendix: Python Code for the Simulation

I have developed, in Python with Visual Studio Code, a kinematic simulation software
based on my research, which is attached in full below for the verification of the
experiment.

The Excel file I use to validate my marble experiments is, in essence, already a software
program.

Switching from Excel to Python offers a fundamental legal and technical advantage for
two reasons:

e Code as a "Literary Work": For intellectual property law, programming code
(Python) is automatically protected just like a novel or a literary work.

e Undeniable Proof of Authorship: Registering this Python script in a
timestamped repository or intellectual property registry protects the algorithm and
mathematical logic that performs the calculations.

The source code of the simulation that runs the formula of this project is protected by
copyright.

This work and its associated code are licensed under a Creative Commons Attribution -
NonCommercial - NoDerivatives 4.0 International License.
https://creativecommons.org/licenses/by-nc-nd/4.0/
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# AUTHOR: Javier Hidalgo Fernandez

# DATE: June 11, 2026

# ASSOCIATED DOCUMENT: [Vector field 'Velocity' in projectile
motion:

# Mathematical modeling and empirical validation]

#

# LICENSE: Creative Commons Attribution-NonCommercial-
NoDerivatives 4.0 International

# LICENSE URL: https://creativecommons.org/licenses/by-nc-
nd/4.9/

import tkinter as tk

from tkinter import ttk

import numpy as np

import matplotlib.pyplot as plt

from matplotlib.backends.backend_tkagg import FigureCanvasTkAgg
from matplotlib.patches import Arc, Polygon, FancyArrowPatch
import math

# --- GLOBAL VARIABLES ---
current_angle "30"
plot_elements [1]

# --- GENERAL SIMULATION LOGIC ---
def configure_scroll limits():

"""Adjusts the scroll bar limits based on the actual initial
velocity of 1.2 m/s"""

initial_velocity = 1.2

gravity = 9.81

degrees = 30 if current_angle == "30" else 50

radians = math.radians(degrees)

vl y = initial _velocity * math.sin(radians)

time_to_peak = vO_y / gravity

scroll bar.config(from_=0, to=time_to_peak)
scroll bar.set(time_to peak)

def calculate and update(scroll value=None):
global current_angle, plot_elements

initial velocity = 1.2 # Fixed at 1.2 m/s
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gravity = 9.81

if current_angle == "30":
degrees = 30
line_color = "blue"

title = "Projectile Motion: 30°"

scientific_peak _result = -2.88el5 # Your value for 30
degrees

else:

degrees = 50

line_color = "red"

title = "Projectile Motion: 50°"

scientific_peak_result = 5.54el5 # Your value for 50
degrees

radians = math.radians(degrees)
vl x = initial velocity * math.cos(radians)
vl y = initial velocity * math.sin(radians)

current_time = float(scroll bar.get())
classical_time_to_peak = vO_y / gravity

# Kinematic trajectory in meters

time_vector = np.linspace(9, current time, 100)

x_meters = time_vector * vO@_x

y_meters = time_vector * vO_y - 0.5 * gravity * (time_vector
** 2)

# --- CONVERSION TO CENTIMETERS (cm) ---
Xx_cm = X_meters * 100
y_cm = y meters * 100

cX
cy

x_cm[-1] if len(x_cm) > © else ©
y cm[-1] if len(y_cm) > © else ©

# Keep velocities in m/s for physics calculations
current_vx = vO_X
current_vy = v@_y - gravity * current_time

# Update Left Panel (Showing cm)

1bl time.config(text=f"Current Time: {current_time:.4f} s")

1bl pos x.config(text=f"Position X: {cx:.2f} cm")

1bl pos_y.config(text=f"Position Y: {cy:.2f} cm")

1bl vel x.config(text=f"Velocity X (Vx): {current_vx:.4f}
m/s")

1bl vel y.config(text=f"Velocity Y (Vy): {current_vy:.4f}
m/s")

# --- CALCULATION OF MODIFIED EQUATIONS ---
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eql_result = - (gravity / vo_x)

time_difference = current_time - classical_time_to_peak
if abs(time_difference) < le-6:

eg2_result = scientific_peak_result
else:

eq2_result = 1.0 / time_difference

# --- GRAPHICAL INDICATORS CONTROL ---
rotates_right = (eql_result < 0)
bursts_outward = (eq2_result > 0)

for element in plot_elements:
try: element.remove()
except: pass

plot_elements.clear()

# Draw the parabola line and the point in centimeters
line.set _data(x_cm, y cm)
line.set_color(line_color)
point.set _data([cx], [cy])

# Arc size and bursts scaled proportionally to centimeters
(circular_radius = 2.0 cm)

draw_physical_indicators(cx, cy, rotates_right,
bursts outward, circular_radius=2.0)

ax.set_title(title)
# --- DYNAMIC LIMITS ADJUSTMENT WITH "ZOOM" (In centimeters)

# Calculate the theoretical maximum range in cm for the
current angle to frame the plot correctly

theoretical flight time = 2 * v@_y / gravity

theoretical max_x_cm = (theoretical flight time * v@ _x) *
100

theoretical max_y cm = (vO_y**2 / (2 * gravity)) * 100

# Adjust axis 1imits with comfortable margins so the
indicators fit perfectly

ax.set xlim(-5, theoretical max _x_cm + 8)

ax.set_ylim(-5, theoretical max_y cm + 8)

canvas.draw()

# Show results on the green screens
show _on_console(lbl console eql, eql result)
show_on_console(lbl console_eq2, eq2_result)

# --- INDICATORS ADAPTED TO CENTIMETERS SCALE ---
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def draw_physical indicators(cx, cy, rotates_right,
bursts _outward, circular_radius):
global plot_elements
if rotates_right:
thetal, theta2 = 0, 270
tip_angle deg = 270
tangent_direction = 1
else:
thetal, theta2 = 270, 540
tip_angle _deg = 270
tangent_direction = -1

# Drawing the purple arc
arc = Arc((cx, cy), width=circular_radius*2,
height=circular_radius*2, angle=0,
thetal=thetal, theta2=theta2, color="purple",
lw=2, zorder=4)
ax.add_patch(arc)
plot elements.append(arc)

tip_angle rad = np.deg2rad(tip_angle deg)

pX = cX + circular_radius * np.cos(tip_angle_rad)

py = cy + circular_radius * np.sin(tip_angle_rad)
tangent_x = -np.sin(tip_angle rad) * tangent_direction
tangent_y = np.cos(tip_angle rad) * tangent_direction

# Arc arrow tip scaled to centimeters

tip_vertex = (px + 1.0 * tangent _x, py + 1.0 * tangent_y)
left _vertex = (px - 0.7 * tangent_y, py + 0.7 * tangent_x)
right_vertex = (px + 0.7 * tangent_y, py - 0.7 * tangent_x)

arrow_tip_triangle = Polygon([tip_vertex, 1left_vertex,
right_vertex], color="purple", zorder=4)

ax.add_patch(arrow_tip_triangle)

plot_elements.append(arrow_tip_triangle)

# Radial bursts scaled to centimeters
inner_radius = circular_radius + 0.8
outer_radius = inner_radius + 2.5
angles_deg = np.linspace(0, 360, 9)

for angle in angles_deg:
rad = np.deg2rad(angle)
cos_a, sin_a = np.cos(rad), np.sin(rad)
p_inner = (cx + inner_radius * cos_a, cy + inner_radius
* sin_a)
p_outer = (cx + outer_radius * cos_a, cy + outer_radius
* sin_a)
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if bursts_outward:
start_point, end_point

p_inner, p_outer

radial color = "green"

else:
start_point, end_point = p_outer, p_inner
radial color = "orange"

# Radial arrows with head size optimized for visual
scale

radial_arrow = FancyArrowPatch(start_point, end_point,
arrowstyle="->,head_width=3,head_length=4",

color=radial_color,

lw=1.5, zorder=3)

ax.add_patch(radial_arrow)

plot elements.append(radial_arrow)

def change_angle(function_type):

global current_angle

current_angle = function_type

if function_type == "30":
btn_30.config(state="disabled")
btn_50.config(state="normal")

else:
btn_30.config(state="normal™)
btn_50.config(state="disabled")

configure_scroll limits()

calculate_and_update()

def show_on_console(console label, value):
scientific_string = f"{value:.6e}"
if "e" in scientific_string:
base, exp = scientific_string.split("e")
clean_exp = exp.replace("+", "")
console_label.config(text=f"{base} X
10~{int(clean_exp)}")
else:
console_label.config(text=scientific_string)

# --- INTERFACE CONSTRUCTION ---
w_left = tk.Tk()
w_left.title("Control Panel")
w_left.geometry("350x380+50+150")

1bl title = tk.Label(w_left, text="REAL-TIME DATA",
font=("Arial", 12, "bold"))
1bl title.pack(pady=10)

1bl time = tk.Label(w_left, text="Current Time: .00 s",
font=("Arial", 11))
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1bl time.pack(anchor="w", padx=20, pady=3)

1bl pos x = tk.Label(w left, text="Position X: ©.00 cm",
font=("Arial", 11))

1bl _pos_x.pack(anchor="w", padx=20, pady=3)

1bl pos y = tk.Label(w_left, text="Position Y: ©.00 cm",
font=("Arial", 11))

1bl pos_y.pack(anchor="w", padx=20, pady=3)

1bl vel x = tk.Label(w_left, text="Velocity X (Vx): ©0.00 m/s",
font=("Arial", 11))

1bl vel x.pack(anchor="w", padx=20, pady=3)

1bl vel y = tk.Label(w_left, text="Velocity Y (Vy): ©0.00 m/s",
font=("Arial", 11))

1bl vel y.pack(anchor="w", padx=20, pady=3)

1bl scroll = tk.Label(w_left, text="Scroll to change time:",
font=("Arial", 10, "italic"))
1bl scroll.pack(pady=(15, 0))

scroll bar = ttk.Scale(w_left, from_=0.01, to=1.0,
orient="horizontal", command=calculate_and_update)

scroll bar.pack(fill="x", padx=20, pady=5)

# Plot window

plot_window = tk.Toplevel(w_left)

plot window.title("Kinetic Animation Canvas")
plot_window.geometry("600x550+420+150")

button_panel = ttk.Frame(plot_window, padding=10)
button_panel.pack(side=tk.TOP, fill=tk.X)

btn_30 = ttk.Button(button_panel, text="Angle 30 ",
state="disabled", command=lambda: change_angle("30"))
btn_30.pack(side=tk.LEFT, padx=10, expand=True, fill=tk.X)
btn_50 = ttk.Button(button_panel, text="Angle 50 ",
state="normal", command=lambda: change_angle("50"))
btn_50.pack(side=tk.LEFT, padx=10, expand=True, fill=tk.X)

fig, ax = plt.subplots(figsize=(5, 5), dpi=100)
ax.set_aspect('equal')

ax.grid(True, linestyle='--")
ax.set_xlabel("Distance (cm)")
ax.set_ylabel("Height (cm)")

line, = ax.plot([], [], 1w=2)
point, = ax.plot([], [], 'ro', ms=8, zorder=5)

canvas = FigureCanvasTkAgg(fig, master=plot_window)
canvas_widget = canvas.get_tk widget()
canvas_widget.pack(side=tk.BOTTOM, fill=tk.BOTH, expand=True)
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# Right Window 1

w_right 1 = tk.Toplevel(w_left)

w_right_1.title("The vector field is non-conservative")
w_right 1.geometry("380x250+1040+100")

fig lal, ax_lal = plt.subplots(figsize=(3, 0.8), dpi=1090)
ax_lal.axis('off")

ax_lal.text(@.5, 0.5, r'$\operatorname{rot} \vec{F} = \nabla
\times \vec{F} = -\left(\frac{g}{V_{ox}}\right) \quad [s”™{-
1}]$', fontsize=14, ha='center', va='center')

canvas_lal = FigureCanvasTkAgg(fig lal, master=w_right 1)
canvas_lal.get tk widget().pack(pady=5)

tk.Label(w_right 1, text="EQUATION 1 RESULT (Console):",

font=("Arial", 9, "bold")).pack(pady=5)
frame_c1 = tk.Frame(w_right 1, bg="#000000")
frame_cl.pack(fill=tk.BOTH, expand=True, padx=20, pady=5)
1bl console eql = tk.Label(frame_cl, text="", bg="#000000",
fg="#00FF00", font=("Consolas", 14, "bold"))

1bl console_eql.pack(fill=tk.BOTH, expand=True, pady=10)

# Right Window 2

w_right 2 = tk.Toplevel(w_left)
w_right_2.title("The vector field is a source (+) or a sink (-
)")

w_right_2.geometry("380x250+1040+400")

fig la2, ax_la2 = plt.subplots(figsize=(3, ©0.8), dpi=100)
ax_la2.axis('off")
ax_la2.text(@.5, 0.5, r'$\operatorname{div} \vec{F} = \nabla

\cdot \vec{F} = \frac{1}{t -
\left(\frac{V_{oy}}{g}\right)}\quad [s*{-1}]$%$', fontsize=14,
ha="center', va='center')
canvas_la2 =  FigureCanvasTkAgg(fig la2, master=w_right_2)

canvas_la2.get_tk _widget().pack(pady=5)
tk.Label(w_right 2, text="EQUATION 2 RESULT (Console):",

font=("Arial", 9, "bold")).pack(pady=5)
frame_c2 = tk.Frame(w_right 2, bg="#000000")
frame_c2.pack(fill=tk.BOTH, expand=True, padx=20, pady=5)
1bl console eq2 = +tk.Label(frame_c2, text="", bg="#000000",
fg="#00FF00", font=("Consolas", 14, "bold"))

1bl console_eq2.pack(fill=tk.BOTH, expand=True, pady=10)

# --- INITIALIZATION ---
configure_scroll limits()
calculate_and _update()
w_left.mainloop()
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