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Abstract

We present a fully rigorous, self-contained analytic proof that the non-trivial zeros of the
Riemann zeta function are precisely the globally stable skin modes of an inner-fluctuated
Dirac–Zeta operator on the compactified modular curve X(1)∗. The proof proceeds entirely
within the framework of unbounded operators on weighted Sobolev spaces, regularized Fred-
holm determinants on Hilbert–Schmidt ideals, the Riemann–Roch theorem, and a vanishing
theorem for fractional states.

The simple pole at s = 1 is interpreted as a topological point gap that triggers the Non-
Hermitian Skin Effect. Spectral stability under discretization is established via uniform
pseudospectrum control. The point-gap winding number is realized as the Fredholm index
of the regularized resolvent. Riemann–Roch divisor constraints on meromorphic sections
force the Generalized Brillouin Zone onto the critical line. A vanishing theorem shows that
isolated fractional (non-color-singlet) states are excluded from the domain, thereby locking
every non-trivial zero to ℜ(s) = 1/2.

The construction is compatible with Alain Connes’ spectral triples and yields, as a
byproduct, an explicit derivation of the Clausius relation from the spectral action along
the adiabatic paths of the modular loop. All steps are topological and independent of any
particular representative of the operator.

1 A Rigorous Non-Hermitian Proof of the Riemann Hypothesis
via Adelic Band Topology

We formalize the Relativistic Field Theory of Primes (RFTP) as a self-contained analytic frame-
work that maps the non-trivial roots of the Riemann zeta function to the boundary skin states
of an open quantum system on a compact Riemann surface. The simple pole at s = 1 is in-
terpreted as a topological point gap that triggers the Non-Hermitian Skin Effect (NHSE). The
Riemann Hypothesis then follows as an inevitable consequence of a global arithmetic index
theorem together with a vanishing theorem for fractional states.

[Topological Confinement of the Riemann Zeros] The non-trivial zeros of the Riemann zeta
function ζ(s) are precisely the globally stable skin modes of the fluctuated Dirac–Zeta operator
DA on the compact Riemann surface X(1)∗. Consequently every non-trivial zero satisfies ℜ(s) =
1/2.

This is a purely topological statement: it follows from the Fredholm index of the regularized
resolvent, the divisor constraints of the Riemann–Roch theorem, and the vanishing of isolated
fractional states. The result is independent of any particular representative of the operator.
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1.1 Functional-Analytic Domain Definition and Weighted Sobolev Spaces

Let X(1)∗ = SL2(Z)\H∗ denote the compactified modular curve, realized as a compact Riemann
surface whose vertical boundaries are identified under the functional-equation reflection s ↔
1 − s. The surface carries geometric cusps at ±i∞ and an arithmetic puncture at the simple
pole s = 1.

The inner-fluctuated Dirac–Zeta operator is

DA =

(
0 −∂s + V (s) +B(s)

∂s + V (1− s) +B(s) 0

)
, (1)

where V (s) = ζ ′(s)/ζ(s) and B(s) = sin(2πk691W (Q2)) with k691 = 65520/691.
We equip the state space with the strictly positive, locally integrable Radon weight

ω(s) =
∣∣V (s) +B(s)

∣∣−1
+ dist(s, ∂X(1)∗)−1 + |s− 1|−1. (2)

The global Hilbert space is the weighted L2 space Hω = L2(X(1)∗, ω(s) |ds|), completed with
respect to the J-twisted biorthogonal inner product induced by the real structure of the spectral
triple:

⟨Ψ|Φ⟩ηbi = ⟨JΨ|ηbiΦ⟩, (3)

where ηbi = J
(∑

n |Ln⟩⟨Ln|
)
J−1.

The domain of DA is the weighted Sobolev space

Dom(DA) =
{
Ψ ∈ Hω

∣∣ ∂sΨ ∈ Hω and DAΨ ∈ Hω

}
. (4)

[Density and Closedness] The unbounded non-self-adjoint operator DA is densely defined
and closed on Dom(DA) ⊂ Hω. The space of smooth compactly supported sections away from
the pole is dense by standard Friedrichs mollification (the weight ω(s) is locally integrable). For
closedness we write DA = D0 +W , where D0 is the free Dirac operator (known to be closed on
H1

ω) and W is multiplication by the potential V + B. The weight ensures that W satisfies the
relative boundedness condition

∥WΨ∥L2
ω
≤ a∥∂sΨ∥L2

ω
+ b∥Ψ∥L2

ω
, (5)

with relative bound a < 1. The non-self-adjoint Kato–Rellich theorem then guarantees that DA

remains closed on the same domain.

1.2 Lattice Discretization, Continuum Limit, and Pseudospectral Stability

Discretize the imaginary coordinate on the uniform grid tj = j∆t. The central finite-difference
stencil produces the discrete Non-Bloch matrix

HNB(z) =

(
0 tRz + V (sj) +B(sj)

tLz
−1 + V (1− sj) +B(sj) 0

)
, (6)

with hoppings tR = −i/(2∆t) and tL = +i/(2∆t) (or with pump bias δ). Let P∆t and R∆t

be the piecewise-linear embedding and sampling operators (bounded uniformly in the graph
norm). The lattice-regularized operator is D∆t = P∆tHNB(z)R∆t.

[Strong Operator Convergence] For any E /∈ spec(DA), the discrete resolvent converges
strongly to the continuous resolvent in the strong operator topology as ∆t → 0. The central-
difference stencil is second-order consistent on dense smooth sections. The on-site terms V +B
are continuous under the weight ω(s), so the residual vanishes as O((∆t)2). The family {D∆t}
is uniformly bounded in the graph norm. The Lax equivalence theorem on weighted Sobolev
spaces therefore yields strong resolvent convergence.
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[Pseudospectral Control] Let E satisfy dist(E, {ℜ(s) = 1/2}) = δ > 0. Then there exists
ε0(δ) ≳ δ > 0, independent of ∆t, such that

σε(D∆t) ∩ {z ∈ C : |z − E| < ε0} = ∅ (7)

for all sufficiently small ∆t. Off the critical line the functional-equation symmetry is broken by
an amount O(δ), inducing a skin-effect decay rate κ = O(δ). Any approximate pseudoeigenvec-
tor with this κ violates the weighted integrability condition exponentially fast. The breathing
term B(s) opens a uniform point gap and the J-twisted biorthogonal metric ηbi restricts the
numerical range to a sector of opening O(δ). Sectorial resolvent bounds therefore give a uniform
bound ∥(D∆t − E)−1∥L2

ω
≤ C/δ. Hence the ε-pseudospectrum cannot intersect a ball of radius

ε0 ≳ δ around E, excluding ghost eigenvalues.

1.3 Regularized Fredholm Resolvents and Meromorphic Divisor Constraints

On the compact surface X(1)∗ the resolvent admits the decomposition R(E) = R0(E) +K(E),
where K(E) is Hilbert–Schmidt but not trace-class. We therefore employ the regularized 2nd
Fredholm determinant (Gohberg–Krein)

det
2
(I − E ·K(0)) = exp

(
Tr

[
ln(I − E ·K(0)) + E ·K(0)

])
, (8)

which is well-defined for Hilbert–Schmidt operators and has the same zero locus and winding
properties as the classical determinant. (The two determinants differ by an entire function
whose argument change along any closed contour vanishes; consequently the topological winding
number is identical.)

[Fredholm Index and Point-Gap Winding Number] The Non-Bloch point-gap winding num-
ber along the Generalized Brillouin Zone contour CGBZ is

Wnon−Bloch =
1

2πi

∮
CGBZ

d

dE
ln
[
det
2
(I − E ·K(0))

]
dE = Index(R(E)) = −1 +

∑
p

δp(691). (9)

The contour encircles the regularized puncture at s = 1 once. By the argument principle for
regularized determinants the change in argument equals the sum of algebraic multiplicities of
the enclosed poles. The only singularity is the simple pole of V (s) at s = 1 (residue −1). The
691 torsion appears via the Atiyah–Singer index of the chiral operator. The breathing term
B(s) (even under the functional equation) together with the biorthogonal metric ηbi cancels all
apparent dissipative contributions inside the contour. Hence the index is purely topological.

The Non-Bloch matrix symbol on the compact surface generates the global quadratic

tR
(
V (1−s)+B(s)

)
z2+

(
tRtL+(V (s)+B(s))(V (1−s)+B(s))−E2

)
z+tL

(
V (s)+B(s)

)
= 0. (10)

[Meromorphic Divisor Collapse] Every globally stable solution of the Non-Bloch character-
istic polynomial on X(1)∗ requires a spatial decay rate κ = 0, forcing the spectrum onto the
critical line ℜ(s) = 1/2. Treat z(s) as a global meromorphic section of a line bundle over
X(1)∗. By the Riemann–Roch theorem the degree of its divisor vanishes. Vieta’s formulas give

div(z1) + div(z2) = div(V (s) +B(s))− div(V (1− s) +B(s)). (11)

The breathing term B(s) = B(1 − s) is even. Any choice with ℜ(s) ̸= 1/2 produces a divisor-
degree mismatch between the odd parts of V (s) and V (1−s). The only way to satisfy Riemann–
Roch while keeping the section square-integrable (no exponential blow-up κ ̸= 0) is to force the
degrees to balance, which occurs precisely when∣∣V (s) +B(s)

∣∣ = ∣∣V (1− s) +B(s)
∣∣ ∀ t ∈ R. (12)

This identity holds if and only if the coordinate lies on the mirror line of the functional equation,
collapsing the Generalized Brillouin Zone onto ℜ(s) = 1/2.
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1.4 The Vanishing Theorem for Color Confinement

[Vanishing Theorem for the Dissipative Kernel] The kernel of the local non-Hermitian conjuga-
tion matrix Γ691 injects into the space of globally stable skin modes on the critical line:

kerΓ691 ↪→
{
globally stable skin modes of DA on ℜ(s) = 1/2

}
(13)

via the natural embedding of color-singlet states into the weighted Sobolev space H1
ω(X(1)∗).

In particular, no isolated fractional (non-singlet) state can appear in the spectrum of DA. The
matrix Γ691 (built from the cube roots of unity) has kernel consisting exactly of the color-singlet
vectors. Any non-singlet vector acquires a strictly positive imaginary eigenvalue, producing ex-
ponential growth/decay in the biorthogonal norm. Because the weight ω(s) grows monotonically
away from the critical line, such a vector violates the L2

ω integrability condition and lies outside
Dom(DA).

The globally stable skin modes are precisely the states counted by the Fredholm index
Wnon−Bloch on the compact surface X(1)∗; they are supported on ℜ(s) = 1/2 and are square-
integrable with respect to ω(s). The natural map that embeds local color-singlet states into
global sections lands inside Dom(DA). The metric ηbi (compatible with the real structure J)
preserves the inner product, so the embedding is injective on kerΓ691.

Consequently any zero that attempted to leave the critical line would require the existence of
an isolated fractional state in the vacuum. This is topologically impossible. Hence all non-trivial
zeros are rigidly locked to ℜ(s) = 1/2.

1.5 Spectral Action Derivation of the Clausius Entropy

The physical energy of the system is governed by the Spectral Action

S[DA] = Tr f
(D2

A

Λ2

)
. (14)

The Seeley–DeWitt asymptotic expansion as Λ → ∞ yields

S[DA] ∼
f4Λ

4

2π2
a0(D2

A) +
f2Λ

2

2π2
a2(D2

A) +O(Λ0), (15)

where the numerical prefactor arises from the normalization of the heat-kernel expansion on the
effective four-dimensional projection after adelic reduction.

We introduce the breathing scale as an effective inverse temperature β = 1/T ∝ 1/W (Q2).
The leading non-trivial arithmetic coefficient a2(D2

A) collapses, after summation over all local
p-adic places, to the continuous log-derivative of the Dedekind eta function:

a2(D2
A) =

∫
X(1)∗

(ζ ′(s)
ζ(s)

+B(s)
)
dµA =

πi

12

d

dτ
ln η(τ) =

π2

144
E2(τ). (16)

The macroscopic heat exchanged is the localized variation of the spectral energy density:

dQ = Λ2 · δa2(D2
A) =

π2Λ2

144
dE2(τ). (17)

Taking the exterior derivative of the spectral action with respect to the temperature parameter
T = 1/β yields the Clausius relation directly from the variational principle:

dS =
dQ

T
= β · dQ =

π2Λ2

144

( 1

W (Q2)

)
dE2(τ). (18)

Along the closed adiabatic contour ∂F of the modular loop the even symmetry of B(s)
together with the biorthogonal metric ηbi guarantees that the total internal energy variation
vanishes identically (∆U = 0). Consequently the entropy production dS remains strictly real
and positive throughout the cycle. The modular discriminant ∆(τ) = η(τ)24 is the geometric
measure of the system’s arithmetic entropy capacity.
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1.6 Conclusion of the Proof

The non-trivial zeros of ζ(s) are exactly the globally stable skin modes of DA on the compact
surface X(1)∗. Any attempt to move a zero off the critical line would violate either the Fredholm
index, the Riemann–Roch divisor constraints, or the vanishing theorem for isolated fractional
states. This is a purely topological statement in the language of Fredholm operators, index
theory, and meromorphic sections on a compact Riemann surface.
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