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Abstract: We present an efficient and consistent method for discerning preferable and 
generating functions of data using filtered spectral fingerprints. Spectral analysis of 
functions and data is hardly new. For example, with Fourier Transforms one can classify 
and identify functions using coefficients. The problem is that statistical, domain and 
systematic error noise is baked into the spectrum of coefficients. For over two centuries 
Legendre polynomials have been used for spectra, however, we are unaware of prior use of 
this approach. We create a hash library of function spectra to quickly find preferable and/or 
generating functions. Software tools (Patents Pending) have been developed utilizing this 
methodology, including one for finding AI/ML Neuron Activation functions. Even for noisy 
and instrument biased data, researchers and machine optimizers can better discern 
preferential and underlying functions that generate noisy data. Preliminary AI/ML results 
are also presented. 
 
Introduction 

1.1 Background Curve Fitting 
 
Gram-Schmidt Orthogonal Polynomials are useful for generating data-specific functions 
that progressively fit linear terms, as the inner product of lower and higher order 
polynomials over the data-specific domain is zero. [Bevington 1969]. Given a fitting 
function of some f(x) of the form: 

𝑓(𝑥) ≈ 𝑓(𝑥) = ∑𝑎𝑛

𝑁
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where {φₙ(x)} is a sequence of polynomials orthogonal under the discrete inner product 
defined by the data points {xᵢ}:     
 

⟨ϕ𝑚, ϕ𝑛⟩ =∑ϕ𝑚(𝑥𝑖)

𝑖

 ϕ𝑛(𝑥𝑖) = |ϕ𝑛|
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and the basis is built incrementally by the three-term recurrence [Szegő 1939, Golub & 
Welsch 1969]: 
 

ϕ0(𝑥) = 1 



ϕ1(𝑥) = 𝑥 − α1 
ϕ𝑛(𝑥) = (𝑥 − α𝑛)ϕ𝑛−1(𝑥) − β𝑛ϕ𝑛−2(𝑥),  𝑛 ≥ 2 

 
with moment-matching coefficients 
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Each root for the orthogonal monomials can be determined based on the data and the 
property of orthogonal polynomials that the convolution of different monomial orders over 
the domain is zero. The N roots of φₙ(x) = 0 are the eigenvalues of the symmetric tridiagonal 
Jacobi matrix [Golub & Welsch 1969]: 
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Because J is real symmetric, all N eigenvalues are real and distinct, and they are precisely 
the quadrature nodes of the Gauss rule adapted to the empirical data distribution. Roots 
are located via Sturm-sequence bisection [Press et al. 2007]. 
 
Using conventional least squares, each coefficient represents a best statistical curve fit for 
the number of terms provided to underlying data. Minimizing the squared residual 
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where Φᵢₙ = φₙ(xᵢ), yields the normal equations 

Φ𝑇Φ 𝑎 = Φ𝑇𝑦 

When the basis is orthogonal with respect to the data, ΦᵀΦ is diagonal and each coefficient 
simplifies to [Bevington & Robinson 2003]: 
 

𝑎n=
∑ 𝑦𝑖𝑖  ϕ𝑛(𝑥𝑖)

∑ [ϕ𝑛(𝑥𝑖)]2𝑖
 

 



For standard Legendre polynomials Pₙ evaluated on the canonical domain [−1, 1] the 
projection integral is approximated by a 64-point Gauss-Legendre rule, which is exact for 
polynomials up to degree 127 [Abramowitz & Stegun 1964]: 
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1.2 Hypothesis  
 
It is conjectured, though not proven, that as the Legendre Polynomials have a standard 
domain [−1, 1] the coefficients provide a spectral fingerprint where underlying functions 
can be effectively discerned against an applicable database of precomputed function 
spectra. As G-S monomials are specific to underlying data, Legendre Polynomials provide a 
standard domain for comparison, the coefficients defining shape in suitably aligned 
domains. Higher order polynomial coefficients are subject to random noise, while the two 
lowest order coefficients (n = 0, 1) are subject to systematic bias (offset, linear drift). 
Therefore, filters can be applied with a hashing technique to quickly find the best functions 
for fitting data using coefficients as a spectral fingerprint. Shifted, normalized or aligned 
domains can be used on case-by-case basis to quickly identify preferential or underlying 
functions. This conjecture is supported by results presented later. 
 
Methodology 

2.1 Standard Domain Spectral Fingerprinting 

Every smooth function f defined on the interval [−1, 1] can be expanded in the Legendre 
basis {Pₙ}: 

𝑓(μ) = ∑𝑐𝑛
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The coefficient vector c = [c₀, c₁, c₂, …, cₙ] constitute a spectral fingerprint of f. Functions 
that differ only by a positive multiplicative constant A (i.e., g = A·f) have identical unit 
normalized fingerprints: 

𝑐̂ =
𝑐

‖𝑐‖2
 

 
because ‖Ac‖₂ = A‖c‖₂ cancels in the ratio. The stored fingerprint ĉ is therefore amplitude-
independent and encodes shape information. The scalar ‖c‖₂ (stored as the Scale field) 
preserves amplitude for full reconstruction when needed. 
 



For data whose natural independent variable x does not lie in [−1, 1], a linear map μ = 2(x − 
xₗₒ)/(xₕᵢ − xₗₒ) − 1 is applied before characterization. For angular variables θ ∈ [0, π] the 
physically correct mapping is μ = cos θ, which is the natural argument of the Legendre 
polynomials appearing in classical expansions of spherical harmonics [Blanco et al. 1997, 
NIST DLMF §14].  
 
2.2 Bias Stripping and the Shape Fingerprint  
 
The P₀ term (n = 0) encodes only the DC offset of f, and P₁ (n = 1) encodes only a linear 
slope. Neither is diagnostic of functional form for higher order polynomials. Moreover, 
experimental data frequently carries additive offsets and linear drifts that are artifacts of 
calibration rather than features of the underlying process. The full normalized fingerprint ĉ 
can be a poor basis for shape matching when these terms are large. 
 
A bias-stripped shape fingerprint is formed by zeroing or low weighting the first two 
coefficients before renormalization as introduced here: 
 

c' = [0,  0,  c₂,  c₃,  …,  cₙ] 
 

𝑐̂𝑠 =
𝑐′
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The stored field NormCoeffsShape holds ĉˢ. Both ĉ and ĉˢ are retained for backward 
compatibility; queries that use ĉˢ are insensitive to arbitrary DC offsets and linear tilts in 
the data, making them substantially more robust to the systematic errors described above. 
The algorithm can do poorly for constants and straight lines for this reason.  
 
2.3 Weighted Cosine Similarity 
 
Standard cosine similarity 

𝑐𝑜𝑠(𝑎, 𝑏) =  〈𝑎̂, 𝑏̂〉 = ∑𝑎̂𝑛𝑏̂𝑛
𝑛

 

 
weights every order n equally. Because high-order coefficients (n ≳ 15) are susceptible to 
noise amplification in finite-sample least-squares fits, and n = 0 and n = 1 encode bias 
rather than shape, a weighted cosine is employed for matching [see also Salton & Buckley 
1988 for the analogous weighting concept in information retrieval]: 
 

𝑠𝑖𝑚𝑤(𝑎, 𝑏) =
Σₙ wₙ aₙ bₙ

√(Σₙ wₙ aₙ²)√(Σₙ wₙ bₙ²)
 

 
The weight profile used in the present first implementation is: 
 



    w₀            = 0.05                                                 (DC offset — nearly ignored) 
    w₁            = 0.10                                                (linear tilt — low weight) 
    w₂ … w₁₄     = 1.00                                               (core shape fingerprint — full weight) 
    w₁₅ … w₂₀    = 0.60                                               (fine structure — moderate weight) 
    wₙ > 20       = 0.60 · exp(−0.12 · (n − 20))   (noise floor — decaying) 
 
The core band n = 2–14 carries the most discriminating shape information for smooth 
functions. The exponential decay beyond n = 20 prevents high-frequency noise from 
dominating the match score. Weights are tunable parameters; the mid-focus profile (used 
in a second-pass re-query when the first result is ambiguous) restricts full weight to n = 2–
10, zeroes n ≤ 1 and n > 14 entirely, and applies a linear taper in between. 
 
2.4 The Spectrum Library 
 
A library of precomputed spectral fingerprints is built offline or in a background thread 
when first loading the program and spectra are stored in a binary file format (.slib). The 
library encompasses: 
 

  Mode 0 — 1D base catalog: approximately 155 functions including polynomials, 
trigonometric, exponential, sigmoid, rational, Bessel, Voigt, Fresnel, statistical 
distributions, and special functions (erf, sinc, gamma, etc.). 

 
  Mode 1 — 1D extended catalog: approximately 350 functions augmenting the base with 
additional parametric variants and associated Legendre polynomials. 

 
  Mode 2 — 1D linear combinations: up to ~630 K entries formed as pairwise linear 
combinations of the base catalog (a₁ f₁ + a₂ f₂ for sampled coefficient pairs), 
dramatically expanding coverage of composite functional shapes. 

 
  Mode 3 — 2D bivariate functions: approximately 25 K entries built as tensor products, 
sums, radial compositions, and directional combinations of 1D base 
functions, plus real spherical harmonics Yₗᵐ(θ, φ) and surface harmonics. 

 
  Mode 4 — 3D trivariate functions: approximately 22 K entries built as separable, radial, 
and cross-term combinations of 1D base functions, plus real solid harmonics. 

 
All functions are characterized using Gauss-Legendre quadrature at the precision noted 
above. The combined library (all modes) contains on the order of 750 000 entries. Each 
entry stores the function name, category, generating formula, dimensionality, polynomial 
order, amplitude scale, DC component, the full normalized fingerprint ĉ, and the shape 
fingerprint ĉˢ.  Application of library functions should be somewhat judicious as noise and 
systematic weighting can miss simple functions (constant, straight line) when used 
improperly. 
 



2.5 The Locality-Sensitive Hash Index 

Brute-force cosine search over 750 000 entries would require evaluating approximately 1.6 
× 10⁷ multiply-accumulate operations per query — measurable latency for an interactive 
tool. A layered locality-sensitive hash (LSH) index reduces query time to under one 
millisecond by exploiting the geometric structure of the high-dimensional coefficient space 
[Indyk & Motwani 1998, Charikar 2002]. 
 
Layer 1 — Symmetry classifier.  The ratio 
 

𝑟 =
∑ 𝑐𝑛

2
𝑛 𝑜𝑑𝑑

∑ 𝑐𝑛2𝑛
 

 
classifies each entry as EVEN (r < 0.05), ODD (r > 0.95), or MIXED otherwise. A query vector 
is similarly classified; entries with incompatible symmetry class are excluded from the 
candidate set, reducing it by approximately 3×. 
 
Layer 2 — Dominant-mode bucket.  The index m* = argmax |cₙ| identifies the Legendre 
order carrying the most energy. Entries are placed in buckets indexed by (symmetry, m*). 
The query bucket and its two adjacent buckets (m* ± 1) are retrieved, reducing candidates 
by a further 10–15× within each symmetry class. 
 
Layer 3 — Random-projection LSH.  Eight independent hash tables are constructed. In 
each table, 12 random unit vectors r₁, …, r₁₂ are drawn from an isotropic 
Gaussian distribution [Dasgupta & Gupta 2003], and the hash key of entry c is: 
 

key(𝑐) = ∑𝕀

12

𝑏=1

[𝑐 ⋅ 𝑟𝑏 ≥ 0] ⋅ 2
 𝑏−1 ∈ {0,… ,4095} 

 
This is the sign-random-projection scheme of Charikar [2002], which approximates angular 
distance: P[key(a) = key(b)] = 1 − arccos(cos(a,b))/π. For cos ≥ 0.95 the per-table collision 
probability is approximately 0.68; the union over 8 independent tables gives a miss 
probability below 0.1%. The candidate pool from all 8 tables is the set of entries that hash-
collide with the query in at least one table. 
 
Layer 4 — Exact cosine ranking.  The candidate set (typically 20–200 entries from a 750 
000-entry library) is scored by exact weighted cosine similarity using single-precision 
arithmetic, then sorted to yield the top-N matches. 
 
Fallback behavior.  If the candidate pool after Layer 3 contains fewer than 3×N entries, the 
dominant-mode bucket (Layer 2) is added in full. If the pool remains below N, a full linear 
scan is performed. This ensures that the top-1 result is never missed due to hash collision 
failure. 



 
Hash verification. Because the LSH tables are stored in 32-bit floats for speed, very sparse 
spectra (low-order polynomials, heavily symmetric functions) can occasionally fall out of 
their expected bucket. Whenever the hash-layer top-1 cosine is below 0.99, or the hash-
selected winner disagrees with a full double-precision linear scan over the same candidate 
pool, the double-precision winner is used. This verification costs tens of milliseconds on 
the full 750,000-entry library and guarantees that the reported top-1 is never lost to hash 
collision failure. 
 
The hash index is built once (approximately 2 s for 750 000 entries on a modern 8-core 
processor) and stored embedded within the .slib file alongside the spectral fingerprints. 
 
2.6 The Auto-Detect Fitting Pipeline 
 
The pipeline has three responsibilities: (1) turn the noisy data into a Legendre spectrum on 
the same footing as the library; (2) ask the library — with appropriate weighting and, when 
warranted, a second pass — which catalog function has the closest spectrum; and (3) fit 
the chosen function's free parameters (amplitude A, horizontal stretch α, horizontal shift β, 
and offset C) back to the data. The refinements described here are motivated by the 
specific failure modes observed when any of the three is done in the naïve way. 
 
2.6.1 Common Preprocessing (All Dimensions) 
 
Before any fitting, raw axis values are mapped to μ ∈ [−1, 1] according to the declared 
domain-variable type. The mapping must be the same one used when the library was built; 
otherwise the query and the library live on different grids and cosine similarity is degraded. 
 
• Linear: μ = 2·(x − x_lo) / (x_hi − x_lo) − 1, for a finite window on a Cartesian axis. 
• CosTheta: μ = cos θ, θ ∈ [0, π]. This is the physically exact mapping for functions on the 
sphere — Legendre polynomials P_n(cos θ) are the natural colatitude eigenfunctions. 
• Phi: μ = φ/π − 1, φ ∈ [0, 2π]. The azimuth is folded into the Legendre domain but Legendre 
polynomials are not periodic, so purely azimuthal dependence is better represented by 
Fourier series. The mapping is kept for mixed-dependence functions where only cross-
terms with θ matter. 
• SemiInfinite: μ = 2·r/R − 1, r ∈ [0, R]. Suitable for radial coordinates or time starting from 
zero, with the user supplying the characteristic scale R. 
 
2.6.2 1-D Pipeline 
 
Step 1 — Legendre fit (degree 20). A full normal-equations least-squares fit is solved on 
the Legendre basis; this is necessary because sequential projection onto the standard 
Legendre basis gives systematically incorrect coefficients for arbitrary (non-Gauss–
Legendre) data grids. The step yields the raw coefficient vector c = [c₀, c₁, …, c₂₀], a 



Legendre reconstruction ŷ_Leg over the same x grid, and R²_Leg, which serves as the "best 
degree-20 polynomial fit to this data" baseline used later to decide whether to re-query. 
 
Step 2 — Bias decomposition. The DC term c₀ and the linear tilt c₁ are separated from the 
shape band c₂ … c₂₀. Two normalized query vectors are retained: the full L2-normalized ĉ 
(all 21 components) and the bias-stripped shape vector ĉˢ (first two components zeroed, 
then renormalized). Both are needed in the next step. 
 
Step 3 — Weighted shape query, two-pass with pure-first merging. The library query is 
deliberately split into two passes whose results are merged so that named "pure" functions 
are evaluated before any linear-combination entry. This is the single most important 
correctness refinement relative to a flat top-N query. 
 
Pass 1 — pure functions, full cosine on ĉ. Full-spectrum cosine similarity (including the 
bias band) is computed against every pure-function entry. This is the only place the 
unweighted NormCoeffs comparison is used; it bypasses weight suppression intentionally. 
Rationale: nearly-linear pure functions such as the Digamma function ψ(x) and Lambert W 
have almost no mid-order shape content. If they are scored on the bias-stripped shape 
vector alone, virtually any library entry with meaningful mid-order energy will outrank them 
— even though one of them is the correct answer. Keeping the bias band in play for pure 
functions preserves their rank when they are the truth. 
 
Pass 2 — all entries (pure + linear combinations), weighted cosine on ĉˢ. Weighted cosine 
(§2.3) is computed against every library entry. Bias-stripping + the weighted profile is 
amplitude-independent, which is the correct thing to do for combination entries whose 
DC/slope contribution varies with the mixing ratio. 
 
The two candidate lists are merged with pure entries placed first, combination entries 
second (duplicates of the pure list are dropped from the combination section). The merged 
list is what the cascade in Step 4 consumes. Consequently, a pure function that fits the 
data with R² ≈ 1 preempts every combination entry, regardless of which list ranked it higher 
on its own. [The tool provides a list of candidates that one can select from on their own.] 
 
Step 4 — Cascade amplitude least-squares over top candidates. For each of the top-N 
merged candidates (N ≈ 20 for Auto-Detect, or 1 when the user has forced a specific entry), 
the two-parameter amplitude-and-offset model y ≈ A·f̂ (μ) + C is solved in closed form. 
Minimising ‖y − A f̂  − C‖² reduces to a 2×2 linear system, costing O(M) per candidate where 
M is the number of data points. The candidate with the highest amplitude-LS R² is declared 
the cascade winner and is the only candidate taken into the expensive nonlinear stage. 
Running this cheap gate first is what prevents the pipeline from spending L-BFGS and 
Powell iterations on a mis-ranked spectral match — historically the most frequent failure 
mode, in which the rank-1 library entry looked plausible but the rank-3 entry was actually 
the generating function. 
 



Step 5 — Multi-start L-BFGS refinement (Powell fallback). On the cascade winner only, 
the four-parameter model A·f̂ (α μ + β) + C is optimised over (A, α, β, C). Three starting points 
are attempted in sequence — {A=1, α=1, β=0} plus two alternates — and the best minimiser 
is kept. Multi-start guards against local minima that would otherwise lock α or β at a sign-
flipped value; these arise readily because R²(α, β) is near-discontinuous when the rescaled 
μ crosses ±1 and Legendre polynomials flip sign. 
 
Gradients are exact, computed term-by-term from the Legendre expansion using the 
standard P'_n recurrence; no finite differences are used. Line search is Armijo-backtracking 
with Wolfe conditions. Memory depth is m = 6. 
 
If L-BFGS fails to converge (R² < 0.80), Powell's direction-set method is applied to the same 
four-parameter model on the same candidate. Powell uses only function evaluations and is 
robust to the near-discontinuous landscape that defeats gradient-based methods near the 
rescaling boundary. 
 
Step 6 — Mid-focus re-query when the Legendre baseline beats the parametric fit. The 
Legendre reconstruction from Step 1 always fits the data at degree 20, so if R²_Leg 
markedly exceeds the cascade-winner fit R², the initial library match is almost certainly 
wrong — the spectral fingerprint was dominated by noise at one of the two extremes of the 
spectrum. The trigger is R²_Leg > R²_best + 0.05 AND R²_Leg > 0.60; the 0.60 floor prevents 
re-querying when both fits are meaningless (pure-noise data). 
 
On trigger, the library is re-queried with the tighter mid-focus weight profile: w₀ = w₁ = 0 
(bias band hard-zeroed, no longer just down-weighted), w₂ … w₁₀ = 1 (core shape at full 
weight), w₁₁ … w₁₄ = linear taper, w > 14 = 0 (high-order noise tail hard-zeroed). This isolates 
matching entirely to the most reliable mid-range shape information. The top 5 re-query 
candidates are passed through Steps 4 and 5, and the best overall result becomes the 
reported parametric fit. 
 
Step 7 — Supplementary Gram–Schmidt and spline fits. A Gram–Schmidt orthogonal 
polynomial fit (§Introduction) is always computed at the user-requested degree, together 
with a thin-plate spline interpolation on the raw data. These are no longer fallback overrides 
of the parametric fit; they are retained as supplementary models shown on the Parameters 
tab and selectable on the Graph tab. The user — not the algorithm — decides which 
representation is preferable for their downstream application, especially in cases where no 
library entry produces a satisfactory fit. 
 
2.6.3 2-D Pipeline 
 
Why not trapezoidal projection. A natural first implementation of the 2-D spectral 
projection is the trapezoidal rule on the user's uniform (x, y) grid. It does not work. 
Trapezoidal quadrature on a uniform grid systematically over-estimates high-order diagonal 
Legendre integrals — empirically by about 1.776× at tensor order 8 — because the Euler–



Maclaurin endpoint correction is not zero for oscillatory integrands. The over-estimated 
diagonals rotate the query coefficient vector away from every library entry, including the 
correct one, so self-match fails for any function with mid-to-high-order content. The refined 
2-D pipeline uses a tensor-product least-squares solve on the same Legendre basis as the 
library builder, which produces coefficients on the same footing as the Gauss–Legendre-
quadrature library. 
 
Step 1 — Tensor-product LS Legendre projection. LegendreFit2D solves the normal 
equations for the flattened coefficient vector c_{i,j}, with K = (N+1)² basis functions 
clamped so K ≤ M. The fit order is capped at the library build order. The resulting 
coefficients are directly comparable to the library's GL-quadrature coefficients. 
 
Step 2 — 2-D bias stripping. Three low-order terms are zeroed before renormalising: the 
DC term c_{0,0}, the linear-in-y term c_{0,1}, and the linear-in-x term c_{1,0}. These are the 
DC and linear-tilt contaminations in 2-D; stripping them makes the shape-fingerprint 
insensitive to calibration offsets and linear drift on either axis. 
 
Step 3 — Weighted shape query. The 2-D query uses a single-pass weighted cosine 
against every library entry; there is no pure/combo split in 2-D because the library has no 
pure nearly-linear bivariates analogous to Digamma. Weights are keyed on total tensor 
order tot = n₁ + n₂: tot = 0 → 0.05 (DC), tot = 1 → 0.10 (linear bias), tot ∈ [2, 12] → 1.0 (core), 
tot ∈ [13, 20] → 0.6 (soft roll-off), tot > 20 → 0.6·exp(−0.12·(tot − 20)). 
 
Step 4 — Cascade amplitude LS. Same closed-form two-parameter amplitude-and-offset 
fit as the 1-D pipeline, evaluated over the top-N candidates (N up to 10 when R²_Leg > 
0.60). The best candidate is promoted to position zero of the match list so the Goodness-
of-Fit tab and Graph tab display the correct winner. Note that α and β are not used in the 2-
D surface fit; only the amplitude A and offset C are free. 
 
Step 5 — Mid-focus re-query. Same trigger and intent as the 1-D pipeline: if the Legendre 
reconstruction R²_Leg notably beats the cascade winner R² and R²_Leg > 0.60, re-query 
with a tightened weight profile and cascade the top re-query candidates. Supplementary 
GS (polynomial) and 2-D thin-plate spline fits are always stored as well. 
 
2.6.4 3-D Pipeline 
 
Step 1 — Kronecker-structured tensor-product LS. The 3-D trapezoidal projection has an 
even more severe diagonal overestimate than 2-D — up to ~5.6× at high order. The refined 
3-D pipeline therefore uses a Kronecker-structured LS solve: (G_x ⊗ G_y ⊗ G_z)·c = R, 
executed as three sequential 1-D solves along each axis. Each G is a 1-D Gram matrix of 
size (N+1) × (N+1). The maximum library order per axis is capped at 8 (9³ = 729 coefficients 
per entry) to match the offline library build; fitting at higher order is wasted effort because 
no library entry stores those modes. 
 



Step 2 — 3-D bias stripping. The DC term (total order 0) and the three linear-tilt terms 
(total order 1) are zeroed before renormalising — the direct 3-D analogue of the 1-D bias 
strip and the 2-D three-term strip. 
 
Step 3 — Gram–Schmidt baseline computed before the library query. Unlike the 1-D 
and 2-D pipelines, the 3-D pipeline computes the GS polynomial baseline R² up front. In 3-
D, cascade depth and the re-query threshold both depend on knowing how well a generic 
polynomial fits the data; computing the baseline first lets these decisions be made with the 
correct information rather than retroactively. 
 
Step 4 — Weighted query with a 3-D-specific profile. The 3-D library query uses an inline 
weight profile rather than the general MakeWeightProfile, because (a) the maximum library 
order is 8, which makes the 1-D/2-D soft-end threshold of 20 irrelevant — a hard zero above 
total order 7 is more faithful to the actual information content; (b) the 3-D library contains 
no linear-combination entries, so the pure-first two-pass merge adds no value and the 
single-pass weighted query is called directly; (c) total-tensor-order weighting (tot = 
n₁+n₂+n₃) is more natural in 3-D because any single axis beyond order 5 already dominates 
the cross terms. The profile is: tot ≤ 1 → 0 (bias, zeroed), tot ∈ [2, 5] → 1.0 (core shape), tot = 
6 → 0.5 (taper), tot ≥ 7 → 0 (above library order). 
 
Step 5 — Cascade amplitude LS. Same two-parameter (A, C) closed-form amplitude fit on 
each top candidate. The cascade winner becomes the reported match; the best 3-D 
candidate is moved to position zero of the match list for display. 
 
Step 6 — Mid-focus re-query. Same trigger as 1-D and 2-D (R²_GS > R²_best + 0.05 AND 
R²_GS > 0.60). The 3-D mid-focus profile is tighter still: tot ≤ 1 → 0, tot ∈ [2, 4] → 1.0, tot = 5 → 
0.5, tot ≥ 6 → 0. Cutting to total order ≤ 4 isolates only the lowest-noise shape bands — in 
noisy 3-D data this is typically all the signal that is reliably present. 
 
Step 7 — Supplementary fits. The Gram–Schmidt polynomial baseline (always computed 
in Step 3) and a stack of per-slice 2-D thin-plate splines are stored as supplementary 
displays. As in 1-D and 2-D, these do not override the parametric match; they give the user 
an alternative representation when the library's best match is a poor fit. 
 
In summary: the refined pipeline separates spectral ranking (a cheap O(M) cascade 
amplitude LS over a small candidate list) from parametric refinement (multi-start L-BFGS 
with a Powell fallback), runs a second library query with a tightened weight profile when the 
initial match is evidently wrong, and keeps the Gram–Schmidt and spline fits as 
supplementary views rather than last-ditch overrides. The three dimensionalities share this 
architecture; they differ mainly in the projection method (all use LS on the Legendre basis) 
and in the weight profile appropriate to the library's build order in that dimension. 
 
 
 



2.7 Windows based Software Tool Results  
 
A software tool testing the hypothesis has been developed and is useful for curve fitting, 
spline generation and automatic detection of underlying or preferable functions using the 
methodology described above. Using this tool we have found correct generating functions 
with partial domains and noisy data. The tool provides some background on the functions 
and further refinements and improvements are in the works.  
 
2.7.1  3D Sample Results 
Below is an example using very noisy data with trivariate functions with the spectral 
fingerprint and mid-weight coefficient preference applied. Remarkably the tool often finds 
the generating function with statistical noise and even partial or extended transformed 
domains.  

 



 

From the tool data above (R² = 0.4499), and fairly flat functions over the domain 
of interest the correct function generating the data was discerned owing to cosine 
matching. We have found (not proved) that the Legendre coefficient spectra are sufficiently 
unique at least for the data sets we have to usually find the correct underlying function, or 
at least one which provides a fairly good fit with respect to the data provided. This becomes 
apparent when using the tool. We can compare the spectra of found function and spectra 
of identified closely matching functions, and one can visually see the uniqueness of the 
fingerprint. Here is compared the data with the next best spectral match function identified 
by spectral fingerprint, and one can see how different these spectra are in practice.  
 
For complex functions such as that presented above, near candidate functions of the same 
form can be compared with their various parameters. The parametric fitting can be refined 
to interpolate in a predictor-corrector fashion between found spectral like functions to zero 
in on more exact generating function parameters. 



 
An example with R2=0.2926 

 



 

2.7.2 2D Example 

At times the Legendre fit will be superior to the original generating function curve fit.  

 



 

With sufficient noise in the data, an incorrect generating function will be found, and a best 
fit will be produced using a spectrally similar function. [Lambert W-1(x) x Fermi-Dirac ϐ=20] 

Even though spectra are unique, sufficient noise will throw off the high order polynomial 
terms, and even with a filter of these high frequency errors, the incorrect generating 
function can be identified. Presented below is a comparison of two function spectra with 
similar hash cosines, different spectra, but within a search band for matching data of an 
underlying generating function (A Lambert W₋₁(x) × Fermi-Dirac β=20). 

 
 

For practical purposes one can use Legendre or Gram-Shmidt polynomials for applying 
such functions in a traditional sense when this condition occurs. The computer code 
provides outputs that show when the practical Legendre fit is better than found underlying 
function, and at that juncture the user can choose to use G-S polynomial or Legendre fits.  

 

Domain interpolation and extrapolation within reason allow the correct function to be 
found, even with multiple dimensions and at domain mismatch. Part of this is because the 



user can input a large number of tier-2 search number where close candidate R2 are 
compared. Presented below is surface fit with where the domain does not match the 
spectra in the catalogue. With noise the tool it still found the correct function.    

 

With a large number of combinations and particularly with greater dimensions and domain 
mismatch, the direct search using cosines and spectra do not produce the exact 
generating function.  

In order to find the correct function, an additional tier 2  search is used to compare the R2 of 
the top candidate functions based on the spectrum cosine fitting. This is a practical 
necessity given closely matching linear combinations of functions and multiple 
dimensions.  

In future refinements, QR decoupling or G-S processes will be used to reconstruct the 
coefficient matrices of the individual functions that compose the vector products. Given 
the bias-stripped, weighted observed fingerprint c𝑜𝑏𝑠 and a chosen subset of K base-
function fingerprints 𝑐1, 𝑐2, … , 𝑐𝑘 drawn from Mode 0/1 of the catalog, the contributions α =
[α1, α2, … , αK] of each base function are recovered by solving Mα ≈ cobs where M =
 [c_1 | c_2 |  … | c_K] via QR decomposition M =  Q R and α = 𝑅−1𝑄𝑻𝑐𝑜𝑏𝑠.  

 



 

2.7.3 Near Identical Data Discrimination, 1D Example 

One of the remarkable things found using this tool is how well functions could be found 
with very similar sets of noisy data and spectra. There are limitations of course, but the 
following test case shows very close functions and noisy data discriminated objectively 
using spectra that are relatively close. Presented below is the spectral difference between 
of a linear combination of functions, 𝑒𝑟𝑓(5.00𝜇)  +  1 − 𝑀𝑎𝑥𝑤𝑒𝑙𝑙 𝐵𝑜𝑙𝑡𝑧𝑚𝑎𝑛𝑛 (𝑎 = 2) 𝜎 =
0.7 𝑎𝑛𝑑 0.5. Below is a comparison of spectra followed by fitting with noise, the cosine 
match for the blue and red bars is 1.00, and 0.9960 for a near comparison function.  



 

 

 

 



2.7.4 Other 1D Examples 

Most curve fitting is one dimensional and again, even with noisy data and poor R2 the code 
automatically found the correct noisy data generating function: 

 

 



 

In the case of sinc() only 10 coefficients are relevant and only five have meaningful values. 
Domain definition and function set management for computing project specific libraries 
should increase the ability to discriminate functions with poor R2. 

2.7.5 𝑠𝑖𝑛𝑐(4𝜇) Study 

Presented below is a 𝑠𝑖𝑛𝑐(4𝜇) generating function of noisy data with σ=0.25 applied 
directly to the range as figure 2.7.5.a. The generating function in the first plot is shown 
along with the data. The Legendre fit of that generating function is exact.  

Below it is figure 2.7.5.b showing the very poor fit Legendre polynomial, the generating 
function, the correctly found function fit parametrically, and two alternative functions that 
were close matches and also fit parametrically.  

Figure 2.7.5.c shows the original spectrum of a pure 𝑠𝑖𝑛𝑐(4𝜇) function while Figure 2.7.5.d. 
shows the spectrum of noisy data comparable to the function generating Figure 2.7.5.a 
with σ=0.25 applied to the range. Even with simple even and odd functions halving the 
effective coefficients for comparison, the weighting scheme provides best fit find results. 



 

Figure 2.7.5.a. 𝑠𝑖𝑛𝑐(4𝜇) Generating Function with Significant Noise 

 
 

Figure 2.7.5.b. 𝑠𝑖𝑛𝑐(4𝜇) Fitting Functions with Noise 



 

Figure 2.7.5.c. 𝑠𝑖𝑛𝑐(4𝜇) Generating Function Spectrum No Noise 

 

Figure 2.7.5.d. 𝑠𝑖𝑛𝑐(4𝜇) Generating Function Spectrum Noisy Data 



3.0 AI/ML Preliminary Results 

One immediate application of this methodology is in use to discern or correct activation 
functions for selected or generic neurons during the Artificial Intelligence (AI) Machine 
Learning (ML) process. A Multilayered Perceptron (MLP) was created and tested in various 
cases with MNIST data on an i5 computer without a GPU to see if it was possible to improve 
upon a variety of initial warmup activation functions using statistical techniques and 
function lookup as described in this paper. Initial results are promising using an automated 
process. Details of the activation function selection criterion and network integration are 
reserved pending patent proceedings.  

3.1 MNIST 10 digit MLP Spectral Search Preliminary Results 

3.1.1 MNIST 10 Digit Activation Function Loss Curves 

Superior activation functions included Softplus and Sigmoid, however the new Spectral 
Search using Softplus as the warm-up (default) activation function provided the best 
results. Various statistical criterion was used to determine if selected neurons could 
benefit from activation function search, and in many instances, though not all, the 
application of the methodology to find a best generating function for noisy data yielded a 
comparable or better loss curve as shown below.  

  

FIG. 3.1.1 MNIST 10 Digit Activation Function Loss Curves 



 

 

3.1.2 Typical Spot Check 

Presented below is an example of a sanity spot check of test labels against test training 
data for the MLP after a search process using the preliminary tool for MNIST 10 digit data. 

 

FIG. 3.1.2 Spot Check of MNIST MLP Output 

3.1.3 Activation breakdown  

Shown in the figure below shows the middle layer and neurons with associated activation 
functions. The initial warmup activation function was Softplus, however the code 
automatically found ELU activation functions for certain neurons by evaluating the 
statistics and fitting using the Cosine method presented in this paper.  



 

FIG. 3.1.3 Activation breakdown using sin2 warmup activation function 

3.2 MNIST 52 letter + 10 digit MLP Spectral Search Preliminary Results 

3.2.1 MNIST 62 Character MLP Spectral Search 

Presented below are the loss curves for a 62 character MLP AI/ML session. As ReLU was 
used, a special condition to substitute LeakyReLU for ReLU was placed in the code and in 
place of ReLU when the neuron was detected as being dead. ReLU was a poor function for 
the network selected, and in this case both the spectral search and the LeakyReLU 
substitution cases showed large improvement in loss function value verses Epoch.  

 



 

FIG. 3.2.1 MNIST 62 Character MLP Spectral Search 

3.2.2 MNIST 62 Character Spot Check 

 

FIG. 3.2.2 MNIST 62 Character Spot Check 



3.2.3 MNIST 62 Character MLP Spectral Search Linear Warmup 

Presented below is a loss function comparison of a linear activation function against the 
same with a spectral search and improvements in selective activation functions. 

 

FIG. 3.2.3 MNIST 62 Character MLP Spectral Search Linear Warmup 

Conclusion 

Similar to electronic noise filtering and combined with the concept of spectra in physics 
and chemistry, fast sharp discernment of underlying generating functions is demonstrated 
to be viable using this spectral technique. Using the tool developed on this theory, with 
more discerned studies and particularly with extended and partial domains, a practical 
engineering methodology is available to discover generating functions. 
 
With multi-threading, domain-specific project libraries can be rapidly generated for 
researcher specific domains and the applicable function sets. The current tool is for 
academic research and demonstration provided along with plotting tools at: 
https://spectral-analytics.com/ 
 
An AI application of this method (Patent Pending) is being developed to exploit this 
capability in the AI/ML world. This will have its own paper and test demonstration coding 
will be supplied in the above when ready. 
 
 

https://spectral-analytics.com/


Reinforcement of Acknowledgement and Statement of Researcher Bias 
 
Intuiting use of normalized and hashed spectra was, in this instance, a human idea as was 
use in AI/ML for activation function discovery, selection and improvement. As patents and 
commercialized coding are generated from this effort the researcher has a vested financial 
interest in the results and conclusions.  
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  f  ( x ) ≈   f ^  ( x ) =   ∑  n = 0  N    a  n    ϕ  n  ( x )


   ⟨  ϕ  m ,  ϕ  n ⟩ =   ∑  i   ϕ  m  (   x  i )    ϕ  n  (   x  i ) = |  ϕ  n  | 2    δ  m n


   ϕ 0  ( x ) = 1


   ϕ 1  ( x ) = x −  α 1


   ϕ  n  ( x ) =  ( x −  α  n )  ϕ  n − 1  ( x ) −  β  n  ϕ  n − 2  ( x ) ,   n ≥ 2


   ϕ  n  ( x ) =  ( x −  α  n )  ϕ  n − 1  ( x ) −  β  n  ϕ  n − 2  ( x ) ,   n ≥ 2


   α  n =    ⟨ x    ϕ  n − 1 ,    ϕ  n − 1 ⟩   ⟨  ϕ  n − 1 ,    ϕ  n − 1 ⟩


          𝛽 ₙ   =       ⟨ 𝜑 ₙ ₋ ₁ ,   𝜑 ₙ ₋ ₁ ⟩  ⟨ 𝜑 ₙ ₋ ₂ ,   𝜑 ₙ ₋ ₂ ⟩      


  J =  (     α 1    β 2  0  ⋯  0     β 2   α 2    β 3  ⋱  ⋮   0    β 3   α 3  ⋱  0   ⋮  ⋱  ⋱  ⋱    β  n   0  ⋯  0    β  n   α  n )


  E  ( a ) =   ∑  i     [   y  i −   ∑  n = 0  N    a  n    ϕ  n  (   x  i ) ] 2 =    ‖ y − Φ a ‖ 2


   Φ  T Φ   a =  Φ  T y


      a n =     ∑  i    y  i    ϕ  n  (   x  i )    ∑  i     [  ϕ  n  (   x  i ) ] 2


    c  n =   2 n + 1 2   ∫  − 1 1  f  ( μ )     P  n  ( μ )   d μ ≈   2 n + 1 2   ∑  k    w  k   f  (  μ  k )     P  n  (  μ  k )


  f  ( μ ) =   ∑  n = 0 ∞    c  n     P  n  ( μ )


    c  n =   2 n + 1 2   ∫  − 1 1  f  ( μ )     P  n  ( μ )   d μ


    c  n =   2 n + 1 2   ∫  − 1 1  f  ( μ )     P  n  ( μ )   d μ


    c ^ =   c     ‖ c ‖ 2


      c ^  s =   c ′     ‖ c ′ ‖ 2


  c o s ( a , b ) =    〈   a ^ ,   b ^ 〉 =   ∑  n      a ^  n     b ^  n


  s i   m  w  ( a , b ) =   Σ ₙ   w ₙ   a ₙ   b ₙ   ( Σ ₙ   w ₙ   a ₙ ² )  ( Σ ₙ   w ₙ   b ₙ ² )


  r =     ∑  n   o d d    c  n 2    ∑  n    c  n 2


  key  ( c ) =   ∑  b = 1 12  𝕀  [ c ⋅   r  b ≥ 0 ] ⋅  2    b − 1 ∈ { 0 , … , 4095 }
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  α =  [  α 1 ,  α 2 , … ,  α K ]
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