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Abstract

The present work investigates the origin of the cosmological constant within a time-
less Euclidean model on E* with a single real harmonic field. The fundamental setting
contains neither fundamental time, nor a Lorentzian metric, nor pre-given cosmological
dynamics; these structures are treated as effective and reconstructed only within an
operationally admissible regime.

It is shown that remote reconstruction relative to a local data region g has an
elliptic character and is accompanied by the exponential instability of inverse continua-
tion. This leads to an infrared-induced narrowing of the stably reconstructible spectral
window and to an increase in the minimum distinguishable wavelength as the scale of
reconstruction grows. On this basis, a finite maximum scale of stable reconstruction
Lax is obtained and interpreted as an operational reconstruction horizon.

It is then shown that, if this infrared limit is represented within the already recon-
structed closed covariant gravitational regime, the leading universal local zero-derivative
response takes the form of a cosmological term. Its natural scale is given by

AIR = XLI;Ii)(?
where y is a dimensionless coefficient depending on the details of the cosmological
reconstruction class.

The relation to redshift is analyzed separately. As the spectral window narrows,
the causal reconstructibility of a remote signal requires the transfer of its observable
content into the admissible infrared range. In the effective FLRW description, this
transfer is realized as cosmological redshift. Redshift thereby admits a reconstructive
interpretation as a mechanism preserving the causal recognizability of remote signals
while short-wavelength details are lost.

In the target homogeneous-isotropic sector, the positive FLRW branch is singled
out as the branch compatible with a finite reconstruction horizon, redshifting infrared
transfer, and an asymptotic Hubble scale Hig ~ L.l . Thus, the cosmological constant
is interpreted not as fundamental vacuum energy and not as non-vacuum hidden mat-
ter, but as a universal geometric infrared response to the limitation of stable remote
reconstruction. The result is structural in character: the full FLRW phenomenology,
the exact value of Hy, the full redshift law z(L), and the possible relation to the cosmic
microwave background remain tasks for further analysis.



1 Introduction

1.1 The cosmological constant problem in a reconstructive setting

The cosmological constant problem is traditionally formulated as the question of the origin of
the term Ag,;, in the Einstein equations and of the reason for its observed smallness compared
with natural microscopic scales [6]. In the standard setting, this problem usually presupposes
that spacetime, the Lorentzian metric, and geometric dynamics are already given as initial
elements of an effective physical theory.

The present work considers a different situation. The fundamental level is given by a
timeless Fuclidean model in which neither an a priori Lorentzian geometry nor a pre-given
cosmological regime is present. Observable spacetime, causal structure, and gravitational
description arise only as effective structures within an operationally admissible reconstruc-
tion.

In standard approaches, the cosmological constant is usually discussed either as a funda-
mental parameter in the gravitational equations, or as a manifestation of vacuum energy, or
in connection with dynamical models of dark energy and infrared modifications of gravity.
These directions will be briefly compared with the present setting below. Here it is impor-
tant to emphasize the main difference: in the model considered here, the cosmological term
is not introduced as an initial parameter, is not identified with vacuum energy, and is not
obtained by adding a new dynamical sector. Instead, the possibility is considered that the
effective cosmological term is the geometric form of the large-scale limit of stable remote
reconstruction.

This shift of viewpoint is especially important within the program in which the special-
relativistic and gravitational layers of the effective description have previously been recon-
structed [1, 2]. In those works, the Lorentzian structure, causal order, and effective gravita-
tional geometry are not postulated as initial entities, but arise as stable forms of operational
reconstruction. Therefore, the cosmological constant should be analyzed in the same logic:
not as a primary parameter of the fundamental level, but as a possible large-scale invariant
of the effective geometric sector.

The main question of the paper is the following. If the fundamental level is given by
the elliptic Laplace equation, while the observable causal structure arises only as an effective
hyperbolic regime of reconstruction, then the remote continuation of local data cannot remain
stable at arbitrarily large scales. A finite scale of stable reconstruction L., appears. If
this infrared limit is to be represented within the already reconstructed closed covariant
GR description, then its leading universal zero-derivative form is that of a cosmological
term. In this sense, the present work offers not a numerical solution of the entire standard
cosmological constant problem, but a reconstructive mechanism for the emergence of an
effective contribution

AIRglw

with the natural scale L2
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1.2 Relation to existing approaches

The reconstructive interpretation of the cosmological constant proposed in the present work
belongs to a broader range of approaches to dark energy, infrared gravity, and the emergent
structure of spacetime. It is therefore useful to briefly clarify how it is related to existing
directions.

First, the present approach differs from the standard vacuum formulation of the cosmo-
logical constant problem. In the usual formulation, the central difficulty consists in relating
the geometric term Ag,, to the vacuum energy of quantum fields and in explaining the
anomalously small observed value of the corresponding energy density [6]. In the model con-
sidered here, Air is not identified with a sum of zero-point fluctuations and is not obtained
by renormalizing vacuum energy. It receives a reconstructive interpretation as a geometric
parameter of infrared incompleteness of reconstruction, that is, as a response to the finiteness
of stable large-scale recovery, rather than as microscopic vacuum energy.

Second, this mechanism differs from dynamical models of dark energy, such as quintessence,
k-essence, phantom-like models, and other scalar-field scenarios [7]. In those approaches, ac-
celerated expansion is associated with an additional dynamical degree of freedom and its
effective equation of state. In the present work, no new scalar sector of dark energy is in-
troduced. The leading contribution Arg,, is of zero order in derivatives and belongs to the
universal geometric sector of the effective description. Thus, the issue is not a new field
on an already given spacetime, but the reconstructive origin of the infrared geometric scale
itself.

Third, the proposed mechanism differs from programs of modified gravity at large scales
[8]. In modified gravitational theories, late-time acceleration is usually explained by changing
the gravitational equations, adding new geometric invariants, additional fields, a bimetric
structure, f(R)-terms, braneworld mechanisms, or other infrared degrees of freedom. In the
model considered here, by contrast, the closed GR regime is regarded as already reconstructed
at the previous stage of the program. The present paper does not replace it by an exter-
nal modification, but considers how, within this closed regime, a universal zero-derivative
contribution associated with the limit of stable reconstruction can be represented.

Fourth, the work has conceptual proximity to holographic and informational ideas, since
large-scale geometry is also related here to the limitation of accessible information [11, 12].
The difference, however, is substantial. In holographic approaches, the central role is played
by entropic or informational bounds associated with area, light-sheets, horizons, the number
of degrees of freedom, or UV/IR relations. In the present work, the initial object is not an
entropic boundary, but the spectral bound of stable elliptic reconstruction:

k < kmax(L).

The horizon appears not as a postulated holographic surface, but as the limit of causally
consistent continuation of local data.

Finally, the proposed setting is related to a broader class of programs in which spacetime
and its causal structure are not taken as fundamental. Such directions include, for example,
causal sets, causal dynamical triangulations, shape dynamics, relational-time frameworks,
and other approaches to emergent or background-independent description [13, 14, 15, 16].
Their common feature is the refusal to fully accept classical spacetime as an initial structure.



The present model differs, however, in that its initial level is not a discrete causal order, not
a sum over triangulated geometries, not an exchange of symmetries in canonical gravity,
and not a relational-time construction, but a timeless Euclidean setting with a single real
harmonic field. The Lorentzian structure, effective causality, geometric GR regime, and
cosmological term are treated here as successive levels of operational reconstruction.

Thus, the reconstruction horizon considered in the present work is neither a vacuum-
energy explanation of A, nor dynamical dark energy, nor an external modification of gravity,
nor a direct version of the holographic principle. Its role is different: it defines an infrared
limit of stable reconstruction which, provided that the closed covariant GR regime is pre-
served, receives a geometric representation in the form of a cosmological term. In this sense,
the present paper occupies a position at the intersection of infrared ideas in cosmology,
emergent approaches to spacetime, and operational reconstruction of the effective physical
scene.

1.3 Aim of the work and relation to previous results

The present paper relies on results obtained previously within the same program. From the
work on special relativity [1], it uses the derivation of the locally Lorentzian structure as
an effective regime of consistent event reconstruction. From the work on the gravitational
sector [2], it uses the already derived closed covariant GR regime as a compensating geo-
metric description arising from the requirements of causal reconstruction. From the work
on the quantum layer [3], it uses the distinction between the fundamental timeless level and
secondary effective structures, including vacuum and operator objects. It is precisely this
distinction between the fundamental elliptic level and the effective hyperbolic regime that is
essential for the cosmological interpretation of remote reconstruction.

The aim of the present work is to consider the missing cosmological step of this program:
to show how the finite scale of stable remote reconstruction, arising from the elliptic instabil-
ity of the fundamental equation, can be represented in the closed GR regime as a universal
infrared geometric contribution. In this way, the paper relates the operational reconstruction
horizon to the effective cosmological term, without using the mean matter density, foliation
curvature, or full FLRW dynamics as initial assumptions.

The present paper also clarifies the role of redshift in the reconstructive setting. Redshift
is treated not as an external phenomenological postulate, but as the FLRW form of infrared
transfer required to preserve the causal reconstructibility of remote signals under the nar-
rowing of the stable spectral window. The corresponding relation to the Hubble scale and
to the positive FLRW branch is analyzed below in Sec. 6.

The apparatus of reconstruction classes and fine-tuning is not redeveloped in the present
paper. The corresponding analysis was given in a separate work [4] and is used here only to
a minimal extent: to clarify under what conditions the observer-dependent limit LO™ can
be interpreted as a parameter of the corresponding cosmological reconstruction class, rather
than as an arbitrary characteristic of a single foliation.

The boundaries of the result should be emphasized. The paper does not construct the
full cosmological phenomenology, does not compute the function H(z), does not analyze
structure growth, does not derive the full redshift law z(L), does not compute the observed
value of Hy, and does not derive the CMB spectrum. The mean total density of the observable
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universe is not used as an input quantity, since in the standard parametrization it already
includes the component phenomenologically described as dark energy. In the present work,
this component is reinterpreted as a geometric infrared contribution, rather than being taken
as an initial energy density.

Possible implications for a limiting background layer are discussed in Sec. 7; they are
not used as input assumptions in the main derivation. In the present paper, such a layer is
not identified with the observed CMB in the full sense; such an identification would require
a separate derivation of the spectrum, temperature scale, anisotropies, polarization, and
relation to structure formation.

Finally, the proposed interpretation is consistent with the previously made distinction
between the geometric infrared contribution, the gravitationally relevant non-vacuum part
of the hidden content, and the standard quantum-vacuum heuristic [3, 5. In the present
setting, Arg is identified neither with dark matter nor with fundamental vacuum energy in
the usual quantum-field-theoretic sense. It is a distinct geometric mechanism associated with
the limitation of stable remote reconstruction.

1.4 Main idea of the work

The main idea of the work consists in separating two stages. At the first stage, in a fixed
flat foliation, the stability of remote reconstruction of data for the fundamental harmonic
field is analyzed. This stage does not use foliation curvature, matter density, or full cosmo-
logical dynamics. At the second stage, the infrared scale obtained in this way is represented
in the already reconstructed effective GR regime as a universal zero-derivative geometric
contribution.

Let L denote the scale of remote reconstruction in the chosen flat foliation. The elliptic
character of the fundamental equation implies that backward continuation of high-frequency
modes exponentially amplifies errors. Therefore, at the scale L, only a finite spectral window
remains stably reconstructible. The corresponding maximum wavenumber ky,..(L) decreases
as L grows, whereas the minimum distinguishable wavelength

21
kmax (L)

increases. This effect will be referred to below as the infrared-induced narrowing of the
spectral window: the limitation arises from the large-scale remoteness of reconstruction,
although technically it appears as the loss of stable access to large k.

Since causally consistent reconstruction requires finite spectral resolution, a critical min-
imum wavelength \,, compatible with a stable causal description, is introduced. The maxi-
mum scale of stable reconstruction is then determined by the condition

)\min(Lmax> = )\*

At this stage, L.y is neither a cosmological constant nor an already given FLRW horizon, but
an operational limit of stable remote reconstruction relative to the chosen observer-dependent
subregime. Its interpretation as a cosmological scale requires an additional condition: the
stability of this limit within the corresponding reconstruction class and the representation
of the resulting infrared scale in an effective geometric language.

/\min<L) =



In the previous GR reconstruction [2], the cosmological term arose as an admissible
universal zero-derivative contribution to the effective geometric action, but its reconstructive
origin and scale were not analyzed. The present paper clarifies this point: if the finite limit
of stable remote reconstruction is to be represented within the closed covariant GR regime,
then the leading universal zero-derivative contribution takes the form

A = Amg, Ar = xL,2

max’

where x is a dimensionless coefficient depending on the details of the cosmological recon-
struction class.

An important element of the work is also the relation between the narrowing of the
spectral window and redshift. If a remote signal with emitted wavenumber k., is to remain
causally reconstructible, then its observed wavenumber must satisfy the condition

kobs(L) < kmaX(L)-
In the effective FLRW description,

k
Eopns(L) = &7
wo(l) = 77 (L)
and therefore N
_em <« Ernax ().
1+ 2(L) — (L)

Thus, redshifting infrared transfer becomes a necessary condition for preserving the causal
recognizability of remote signals under the monotonic narrowing of the spectral window.

In the target homogeneous-isotropic sector, this logic singles out the positive FLRW
branch. It is this branch that makes mutually compatible the finite reconstruction hori-
zon, the cosmological term, the Hubble scale of the redshifting regime, and the causality-
preserving infrared transfer of remote signals. The possibility of an infrared-smoothed limit-
ing background regime is considered below as a structural implication, not as a full derivation
of the observed CMB.

Thus, the central logic of the paper is as follows: the elliptic instability of remote re-
construction in a flat foliation leads to the narrowing of the stable spectral window; this
narrowing defines the finite scale L.; under GR closure, the corresponding infrared limit
is represented as an effective cosmological term Airg,,; the positive FLRW branch provides
a causality-preserving redshifting infrared transfer; and near the reconstruction horizon, in-
dividually resolved event structure passes into an infrared-smoothed limiting regime.

1.5 Main results

The main results of the paper can be formulated as follows.

(R1) In a fixed flat foliation, it is shown that the elliptic character of remote reconstruc-
tion leads to an infrared-induced narrowing of the stable spectral window. At the
reconstruction scale L, the maximum stably reconstructible wavenumber k. (L) de-
creases as L grows, whereas the corresponding minimum distinguishable wavelength
Amin(L) increases. Thus, large-scale reconstruction becomes increasingly infrared and
increasingly less sensitive to the short-wavelength structure of remote regions.



(R2)

Taking into account the finite spectral resolution of the causally consistent reconstruc-
tion regime, the existence of a finite maximum scale of stable reconstruction L. is
obtained, determined by the condition

)\min<Lmax) == >\* .

At this stage, L. has the status of an operational reconstruction horizon associated
with the given observer-dependent subregime and chosen foliation. Its interpretation
as a cosmological infrared scale requires inter-observer compatibility within the corre-
sponding reconstruction class.

It is shown that, under such inter-observer compatibility, the scale L., can be in-
terpreted as an infrared parameter of the corresponding effective cosmological sector.
If this limit is represented within the previously reconstructed closed covariant GR
regime, then the leading universal zero-derivative contribution takes the form of a
cosmological term

AIRg,uzn

where
Ar = xL;2

max*

Therefore, at the level of order of magnitude,

[A| ~ Ly
It is shown that the narrowing of the spectral window makes redshifting infrared trans-
fer a necessary condition for preserving the causal reconstructibility of remote signals.
If ke is the characteristic wavenumber of the signal in the emission region, and kops(L)
is the observed wavenumber after reconstruction at the scale L, then causal recon-

structibility requires
kobs(L) S kmax(L)'

In the effective FLRW description,

k
Fops(L) = —2_,
w(D) =77 (L)
and therefore the condition k
_em < o (L
1+2(L) — (L)

must hold. Redshift thereby admits a reconstructive interpretation as a causality-
preserving infrared transfer: it preserves the causal recognizability of a remote event
at the cost of losing short-wavelength details.

In the target homogeneous-isotropic cosmological sector, the positive FLRW branch is
singled out as the branch compatible with this causality-preserving infrared transfer.
In this branch,

Ar >0,



(R6)

and the asymptotic Hubble scale of the infrared-dominated regime satisfies

Ar
H2, ~ —=.
IR 3
Together with
AIR - XL];li)m

this gives the structural relation

Hpg ~ \/§ Lt

Thus, the reconstruction horizon, the Hubble scale, the positive cosmological constant,
and redshift are mutually consistent manifestations of a single infrared constraint.
Under a self-consistent identification of L, with the Hubble scale of the late infrared-
dominated branch, it is natural to expect x = O(1), although the exact value of x is
not computed in the present work.

It is shown that, near the reconstruction horizon, the individually resolved event struc-
ture must give way to an infrared-smoothed limiting regime. Indeed, as L. — L.y, the
stably reconstructible spectral window narrows to the threshold range

27
=1
Therefore, any event structure requiring wavenumbers k > k, ceases to be individually
reconstructible. This points to the possibility of a CMB-like limiting background layer
as an operational boundary of reconstruction. In the present paper, this layer is not
identified with the observed CMB in the full sense; such an identification would require
a separate derivation of the spectrum, temperature, anisotropies, polarization, and
relation to structure formation.

k<k., k.

The cosmological constant is interpreted not as fundamental vacuum energy and not
as non-vacuum hidden matter, but as a universal large-scale geometric response to the
limitation of stable remote reconstruction. The exact numerical value of Ajg is not
computed in the present work; the normalization of the coefficient y, the precise com-
parison of L,,,, with observed cosmological scales, the derivation of the full dependence
z(L), the computation of Hy, the inclusion of the full FLRW phenomenology, and the
analysis of a possible limiting background layer remain open.

The structure of the paper is as follows. Section 2 introduces the minimal setting, the
fixed flat foliation, and the working operational regime. Section 3 analyzes elliptic remote
reconstruction and derives the infrared-induced narrowing of the spectral window. Section 4
proves the existence of a finite maximum scale of stable reconstruction ... Section 5 shows

that,

under GR closure, this scale defines the leading universal zero-derivative geometric

contribution. Section 6 discusses the positive FLRW branch, the necessity of redshifting
infrared transfer, and the relation to the Hubble scale. Section 7 discusses the status of the
result, the transition to theorematic development, the limits of applicability, and a possible
CMB-like limiting background layer.



2 Minimal setting and operational regime

2.1 Fundamental model and fixed flat working foliation

As the fundamental setting, we consider four-dimensional Euclidean space E* with Euclidean
metric 045, A, B=1,...,4, and a single real scalar field

d:E' - R,

satisfying the Laplace equation

At this level, neither fundamental time, nor a Lorentzian metric, nor an a priori causal struc-
ture, nor pre-given cosmological dynamics is assumed. The Euclidean metric 045 remains
the only initial geometric structure, while all observable physical objects belong to the level
of effective reconstruction.

For the technical derivation of the reconstruction horizon in the present work, we fix a
unit vector

n?, Sapnin® =1,

which defines a flat working foliation
Y = {x € B | nyz? = ). (2)

The parameter s is not fundamental time; it serves only as an ordering parameter along the
chosen foliation and is used to organize local reconstruction. The point is not to single out
a physically privileged global structure, but to choose an operational representation relative
to which the problem of inter-slice continuation of data can be posed.

It is important to emphasize that precisely the flat foliation

n4 = const

is used below in the derivation of the spectral narrowing and of the scale L,,,.. Foliation cur-
vature, mean matter density, and full FLRW dynamics do not enter this technical derivation.
They belong to the more general effective GR description and to subsequent cosmological
phenomenology.

All subsequent results in the present paper are first formulated relative to the fixed
working foliation and the corresponding observer-dependent subregime. This restriction is
essential: in the model considered here, causal reconstruction and the corresponding effective
spacetime are defined observer-relatively, not as a single foliation-independent global struc-
ture. The inter-observer compatibility of the resulting large-scale parameter will be briefly
discussed below in Subsection 2.4.

We next choose the initial slice
EO = 23:0.

The local data region on this slice and the corresponding reconstruction region will be de-
fined in the next subsection. Thus, already at the level of the initial setting, two layers of
description are distinguished: the fundamental layer, defined by Eq. (1), and the operational
layer, in which the foliation, data region, and admissible regime of continuation are chosen.



The essential point for the present paper is that the fundamental equation (1) is elliptic.
This means that remote continuation of local data does not possess hyperbolic stability and
is therefore, in general, exponentially sensitive to errors under inverse continuation [9, 10].
The entire subsequent construction relies on this fact.

2.2 Data region and reconstruction region

Let
QQ C Yo

be a bounded region, interpreted as the localized body of the observer. It is on )y that the
local observer-dependent subregime is defined, and it is there that the locally accessible data
are available, relative to which the remote reconstruction of the field configuration will be
considered. By “data” the present paper means not complete knowledge of the fundamental
configuration ® on all of E*, but only locally accessible information on €y, sufficient to pose
the problem of remote reconstruction in the chosen foliation-based representation.

For each L > 0, define the reconstruction region at scale L by

Q(L) := {x€E4‘O§nAxA§L, z— (npa®)n e Q}. (3)

Equivalently, in the decomposition = y + sn, where y € ¥y and s = n x4, this region can
be written as

QL) ={y+sn|yeQ, 0<s<L}. (4)

Formula (3) defines Q(L) as a region parametrized relative to o in the chosen flat
foliation. Although technically it is constructed through continuation along the direction
n?, the quantity L will be understood below neither as a literal depth in one direction nor as
the scale factor of an FLRW model, but as the characteristic scale of remote reconstruction
relative to a fixed local data region.

At this stage, L is not identified with the Hubble radius, a cosmological horizon, or
a parameter of full cosmological dynamics. It is a parameter of the remote continuation
problem in a fixed foliation-based representation. The relation between the resulting scale
Ly.x and an effective cosmological scale is considered only after the transition to the closed
GR description.

It should be emphasized that {2(L) is not a fundamentally selected region of “reality”; it
is only the region within which the question of consistent reconstruction is posed relative
to a fixed observer-dependent subregime and chosen foliation. Therefore, the subsequent
restrictions on possible values of L are interpreted not as global restrictions on the field ® as
such, but as restrictions on the large-scale sector that remains operationally accessible and
stable.

Let 6 > 0 denote the local error level of the data on €, and let §, > 0 be the admissible
mismatch threshold at which remote reconstruction is still regarded as operationally accept-
able. The main task is then the following: for given Qy, n?, §, and J,, determine for which
values of L there exists a stable continuation of the local data with mismatch not exceeding
the admissible threshold. In the following sections it will be shown that it is precisely the
elliptic character of Eq. (1) that leads here to an infrared-induced narrowing of the spectral
window and then to the existence of a finite maximum scale L ax.
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It is also essential for what follows that the region Q(L) is defined relative to one and the
same local data region 2y. Therefore, increasing L does not mean increasing the amount of
accessible microscopic information. On the contrary, with fixed local access, increasing the
reconstruction scale means an increasingly strong dependence on remote elliptic continuation
and, consequently, increasingly poor conditioning of the problem.

2.3 The GR regime as a closed effective description: the origin of
g, and Tﬁf

The present work does not repeat the full derivation of the effective gravitational sector from
the timeless Euclidean model. However, since this sector is used below as a necessary input,
we briefly recall the part of the previous reconstruction that is required for the analysis of
the cosmological term.

We use the fundamental setting (1) introduced above. At the initial level of the model,
there are no fundamental time, Lorentzian metric, spacetime, causal order, matter, or stress-
energy tensor. In the previous special-relativistic reconstruction [1], a localized observer
together with a chosen foliation X, defines operational events, an effective time parameter,
and a causal order between registered and reconstructed events. In the locally inertial regime,
this construction leads to an effective Lorentzian structure with limiting speed vyax.

The gravitational reconstruction begins by relaxing the condition that the foliation direc-

tion be globally constant. Instead of a fixed normal direction, one considers a slowly varying

field

ng = na(x), nan® = 1.

In this case, neighboring local SR reconstructions must be made mutually compatible. The
effective metric g,, arises as the geometric variable encoding this compatibility: it fixes
local causal cones, operational intervals, and the rules for comparing nearby locally inertial
reconstructions. Hence g, is not a fundamental metric on E*, but belongs to the level of
the reconstructed effective description.

The operational form of the equivalence principle arises from the fact that the acceleration
of the observer and the gravitational component have the same local mechanism in this
reconstruction. In both cases, the issue is a rotation of the local foliation direction relative
to the inertial direction. For an accelerated observer, such a rotation describes the choice
of a non-inertial foliation along the observer’s own registration region. For the gravitational
regime, the same type of rotation becomes a field n4(z) varying from region to region and
therefore requiring the compatibility of neighboring local SR reconstructions.

This is why, in a small neighborhood of an admissible event p, the gravitational com-
ponent is indistinguishable from the effect of an accelerated description: the local observer
registers not a fundamental force, but a change in the orientation of its operational folia-
tion relative to the locally inertial reconstruction. The distinction between acceleration and
gravity arises only when neighboring neighborhoods are compared. If the rotation of the fo-
liation can be removed by a single choice of local non-inertial description, one is dealing with
kinematic acceleration. If, however, the field of rotations has an inhomogeneity leading to
incompatibility of local reconstructions and tidal effects, it requires geometric compensation
and is described by the effective metric g, .
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When
Lgela < Liol,

where Lgaq is the characteristic scale of effective processes and Ly, is the scale on which
the normal field n4(x) varies, the local observer does not resolve the inhomogeneity of the
foliation structure at the scale of its measurement protocol. Therefore, in a sufficiently small
neighborhood of the event p, the field n4(z) can be replaced by a constant normal direction
with small corrections, and the local reconstruction reduces to the previously obtained SR
regime. In geometric language this means that one can choose a locally inertial description
in which
g,uu(p) = Ny 8pguu(p) =0,

while gravitational effects remain only in higher-order inhomogeneities, that is, in the tidal
structure.

Effective fields are likewise not introduced as new fundamental fields. They are opera-
tionally accessible projections of the fundamental configuration ® onto the chosen foliation,

Y = ‘1’1[@; Zs]'

In the local mode description, these quantities are expressed through a finite set of coefficients
accessible to the observer in the given reconstruction region. In the adiabatic regime, their
dynamics can be represented by an effective action

Seff [ga w] .
The corresponding effective stress-energy tensor is defined in the standard variational way:

pr._ 2 0Sa
- Vgl 99"

Thus, T ;jf is not a fundamental source on E*. It describes the stress-energy content of the
effective degrees of freedom inside the reconstructed Lorentzian regime.

A key step in the previous GR reconstruction is the compensation principle. When
local causal reconstructions are transported through a slowly varying foliation structure, a
compatibility mismatch arises. If the causal description is to remain closed, this mismatch
must be compensated by effective geometry. In variational form, the corresponding condition
is written as

3(S,lg] + Serlg, ¥]) = 0.

It is important that the geometric compensation in this regime is universal. The effective
fields v; enter the description through the action Seg[g, ], and it is precisely the variation
of this action with respect to the metric that defines ij Therefore, the dependence of
effective matter on the reconstructed geometry is already taken into account in Seglg, ¢].

No separate universal mixed term belonging to the gravitational sector while also depend-
ing on the specific ¢ is introduced. Such a term would make the geometric compensation
itself dependent on the particular composition of effective matter. As a result, different
effective sectors could define different conditions for causal transport, different local cones,
or different rules for comparing events. This would violate not only the universality of the
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local GR regime, but also the more basic requirement of causal reconstruction introduced
at the SR level: locally accessible events must admit a consistent causal ordering within a
single operational geometry.

Possible non-minimal couplings, if they arise in the effective description, must be treated
as sector-dependent corrections inside Seg[g, 1] or as higher-order effective terms, admissible
only insofar as they do not destroy the common causal reconstruction.

Consequently, the leading geometric sector must be a purely metric functional Sy[g]. In
the local covariant derivative expansion, its minimal form is

Sl = [ ' v/Igl(co + eaRlgl + ),

where the ellipsis denotes higher-derivative invariants suppressed in the minimal closed GR
regime. The requirement that the effective equations for the metric be no higher than second
order, together with locality, covariance of the reconstructed description, and the correct local
SR limit, selects the Einstein sector in four dimensions. After the normalization

_ 1 _ A
CT G T T gG)
one obtains )
_ 4 B
Soldl = 15— | ¢ Vldl (R[g] — 2A) + Saq.

Variation of this action together with Seg[g, ¥] leads to the effective equations
Guwlg] + Mg = 87G T

In the previous GR reconstruction, the cosmological term Ag,, arose as an admissible
universal zero-derivative geometric contribution in the closed effective description. However,
its reconstructive origin, sign, and scale were not analyzed. The present work considers
precisely this missing step.

At the same time, the derivation of the scale L., itself does not require a curved folia-
tion. Foliation curvature and local gravitational inhomogeneity belong to the more general
GR regime in which neighboring local SR reconstructions are made compatible. They are
not used below as the source of Ajg. The cosmological term is considered here as a uni-
versal zero-derivative infrared contribution associated with the finite limit of stable remote
reconstruction. The role of the GR description is to represent this infrared limit in a closed
covariant metric language:

A = A, Air = XL

max’

where x is a dimensionless coefficient depending on the details of the cosmological recon-
struction class. Thus, the present paper does not introduce a new independent sector and
does not use matter density as the source of Ag, but offers a reconstructive origin and
scale estimate for that part of the cosmological term which is associated with the infrared
reconstruction horizon.
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2.4 A brief remark on inter-observer compatibility

Since the preceding subsections define the reconstruction relative to a fixed observer-dependent
subregime and its chosen flat working foliation, it is necessary to clarify in what sense the
infrared parameter obtained below can be regarded as conditionally universal.

Strictly speaking, the technical derivation first gives a limit

L
associated with the given observer O, the local domain of access {2y, and the chosen foliation
n. Its interpretation as a cosmological scale requires this limit to be stable within the
corresponding reconstruction class and not to depend essentially on the choice of a particular
representative of this class within the already admissible local equivalences.

By a reconstruction class, the present paper means a class of admissible reconstruction
regimes in the sense of [4]. The detailed definition of such classes, their selection, and their
relation to the fine-tuning problem are not reproduced here. For the purposes of the present
work, only the following minimal consequence is used: if two observer-dependent subregimes
belong to one and the same reconstruction class, are located in the same local cosmological
region, have small relative velocities, and consider one and the same locally common large-
scale sector, then the effective large-scale description arising for them must coincide up to
the already accounted-for local equivalences.

In this restricted sense, inter-observer compatibility means that universal large-scale pa-
rameters must not depend on the particular choice of a representative within the given local
compatibility class. This statement assumes that one uses either the same working foliation
or sufficiently close foliations in the same range of scales. Therefore, universal infrared pa-
rameters, in particular L., Ar, and the associated asymptotic Hubble scale Hig, should
be regarded as invariants of the local compatibility class, rather than as quantities depending
on an arbitrary choice of a single observer-dependent subregime.

This does not mean that one and the same reconstruction region or one and the same
set of local data must be common to arbitrary remote observers. For observers separated by
cosmological distances or belonging to substantially different foliation regimes, the regions
of stable reconstruction may differ. The conditional universality of cosmological parameters
in the present paper applies to observers of one local compatibility class who consider one
and the same effective cosmological sector.

Thus, the present text uses only the minimal idea of inter-observer compatibility needed
to treat the cosmological term obtained below as a conditionally universal result for nearby
observers of one reconstruction class. In this sense, L.y, Air, and the cosmological param-
eters derived from them are not individual characteristics of a single local procedure, but
parameters of a consistent large-scale description within the given local reconstruction class.
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3 Elliptic reconstruction and narrowing of the spectral
window

3.1 Spectral admissibility criterion for reconstruction
Consider the fixed flat working foliation
Y, = {z € E*| naxt = s}, n4 = const,

and the associated data region €0y C X, introduced in Section 2. Since the field ® globally
satisfies the fundamental equation
Aps® = 0,

the problem of remote reconstruction consists in recovering the content of this harmonic
solution at scale L from locally accessible data specified relative to €.

For what follows, it is useful to distinguish three levels of description. First, there is
the fundamental field configuration ®, which defines an exact solution of the fundamental
equation. Second, there is a locally accessible set of data on )y, with finite resolution and
nonzero registration error. Third, there is an effective hyperbolic regime of description at
scale L, with which the elliptic continuation of these data must remain compatible [1, 2, 3,
4, 5].

The key point for the present paper is that, as the scale L increases, elliptic reconstruction
becomes compatible with an increasingly narrow spectral range of the effective hyperbolic
regime. In other words, as L grows, remote reconstruction loses stable access to short-
wavelength content and becomes increasingly large-scale. Below, this effect will be called
the infrared-induced narrowing of the spectral window: the restriction is induced by the
growth of the large reconstruction scale, although technically it appears as an upper bound
on admissible tangential wavenumbers.

Let kmax(L) denote the maximum tangential wavenumber which, at scale L, remains
compatible both with the elliptic reconstruction of local data and with the requirements of

causal reconstruction [1, 2|. The corresponding minimum distinguishable wavelength is then

defined by
2

() ®)
As L grows, kmax(L) decreases, whereas Ayin(L) increases. Therefore, increasing the recon-
struction scale does not mean an increase in accessible information, but rather its unavoidable
coarse-graining.

For the purposes of the present paper, the concrete form of the effective hyperbolic
equation is not essential. What matters is only the fact, established in previous works,
that there exists an effective causally consistent regime in which observable fields admit a
hyperbolic description on the chosen foliations [1, 3]. Therefore, the subsequent analysis
relies not on the details of the specific dynamics of the effective fields, but only on the fact
of spectral compatibility between elliptic reconstruction and this regime.

Let A, denote the critical minimum wavelength of resolution at which a stable causally
consistent description is still possible. Then the scale L = L,,.., defined by the condition

)\min(Lmax> = >\*7 (6>

)\min(L) =
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corresponds to the limiting scale of stable reconstruction in the given observer-dependent
subregime. At this stage, L.y is neither a cosmological constant nor an already given FLRW
horizon. It has the status of an operational reconstruction horizon obtained relative to a
fixed data region and a chosen flat foliation.

Thus, reconstruction at scale L is regarded as admissible if

Amin(L) < .. (7)
Equivalently, this condition can be written as

_27T

N R (8)

This is the condition that will be used below as the criterion for the existence of a stable
large-scale description.

It is essential here that, for a fixed data region {2y, increasing L is not accompanied by
an increase in the amount of locally accessible microscopic information. On the contrary,
with fixed local access, increasing the reconstruction scale means an increasingly strong
dependence on elliptic continuation and, consequently, increasingly poor conditioning of
the inverse problem. In the following subsections, it will be shown that this leads to the
narrowing of the admissible spectral window and then to the existence of a finite maximum
scale of stable reconstruction L.

3.2 Poisson semigroup and exponential instability

This subsection uses the local flat model corresponding to the fixed working foliation ns =
const. It is in this regime that the spectral restriction used below to define L, is technically
derived. The effective curved geometry is not an input at this stage; it appears later as the
GR representation of the infrared scale already obtained.
In the coordinates
r=y+sn, Y € X,

the Euclidean Laplacian has the form
Aps = 02 + A,
After Fourier transformation in the tangential coordinates y, each mode satisfies the equation
(92 — [K[*)®(s, k) = 0. (9)
The general solution has the form
O(s, k) = A(k)e™s + B(k)e *s. (10)

Poisson continuation corresponds to the stable branch bounded in the direction of con-
tinuation. If the data on the slice ¥ are denoted by ¢y = ®|s,, then for this branch one
obtains R R

(L, k) = e H* o (k). (11)
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In other words, the direct Poisson operator has the form

P, = 6—L\D\7 |D| = 4 /—Azo»

and suppresses high-frequency tangential modes.

In the problem of remote reconstruction, the inverse operation is essential. If the locally
accessible data contain only a smoothed image of the remote content, then recovering the
high-frequency component requires applying the inverse operator

PEl — €L|D|.
At the level of a single mode this gives
do(k) = e"MO(L, k), (12)

up to the choice of orientation of the normal direction. Hence, the error in a mode with
wavenumber |k| is amplified as e”/*!. This is precisely the standard exponential instability
of inverse elliptic continuation.

The status of this estimate should be clarified. The flat Fourier model is used here as
a controlled local regime in which the main mechanism of elliptic instability is explicit. In
a bounded region, rigorous stability estimates depend on the choice of functional norm,
boundary conditions, and class of admissible data. In the present work, these normalization
constants, which depend on the region, norm, and boundary conditions, are absorbed into the
effective operational threshold J,. What is essential for the subsequent derivation is not the
exact value of such constants, but the exponential character of inverse elliptic continuation
and the resulting monotonic dependence of the admissible wavenumber on the reconstruction
scale.

Thus, the subsequent derivation of L., does not require the analysis of the elliptic
Cauchy problem on an arbitrary curved foliation. The technical derivation is carried out
in the fixed flat working foliation. The curvature of the effective geometry, the shape of
the boundary of the region, and the global cosmological dynamics may change coefficients,
the domain of applicability, and subleading terms, but they do not eliminate the type of
high-frequency instability characteristic of the inverse elliptic problem [9, 10].

If the characteristic error level in the accessible data is of order d, and the admissible
operational error threshold after reconstruction is ¢, then for each mode the condition of
controllability takes the form

sellH <, (13)
It follows that the spectral bound of admissible reconstruction is
1 Oy

|k| < kmax(L), Emax (L) ~ Zlog 5 (14)

More rigorously, the numerical factor on the right-hand side may depend on the chosen
norm, boundary conditions, and class of data. Below, it is absorbed into the definition of
., since for the present work what is essential is the logarithmic dependence on the ratio of
the admissible and initial error levels and the monotonic decrease of k(L) as L grows.
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Accordingly, the minimum distinguishable wavelength grows as

27
Fmax(L)

This is the fundamental mechanism of the infrared-induced narrowing of the spectral
window in the model considered here: as the scale L increases, elliptic reconstruction be-
comes compatible with an increasingly narrow tangential spectral range. Therefore, remote
reconstruction becomes increasingly large-scale, and when the critical condition

AInin(-[/) - A*
is reached, the limiting scale of the stably reconstructible sector is attained,
L = Ly (16)

This scale is not introduced as an external horizon; it is defined as the boundary up to
which the criterion of compatibility with a stable causally consistent effective description is
satisfied.

3.3 Lemma on the spectral bound of admissible reconstruction

The preceding argument can be summarized in the following lemma.

Lemma 3.1. Let the locally accessible data be specified with characteristic accuracy 6 > 0,
and let the admissible operational error threshold after reconstruction be 6, > 0, where 0 <
0 < 04. Then, for reconstruction at scale L, based on elliptic continuation in a fived flat
foliation and compatible with the effective hyperbolic regime, there exists an upper bound on
the admissible tangential wavenumber,

< B D). bl L) = Loz (17)

In particular, as the scale L increases, the admissible spectral window narrows monotonically.
Proof. From the mode-controllability condition (13), we have
gellkl <6,
Taking the logarithm gives
0

and hence ) 5
k|l < =log —.

Absorbing inessential normalization factors into the definition of the admissible threshold
d«, we obtain (17). Since, for fixed ¢ and 4., the right-hand side of (17) decreases as L',
the admissible spectral window narrows monotonically as L grows. O
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Lemma 3.1 shows that remote reconstruction automatically induces an upper bound on
the stably reconstructible tangential spectrum. This restriction is not introduced externally
and is not associated with an arbitrary truncation of the effective theory; it follows from the
ill-conditioned inverse elliptic continuation of locally accessible data. In this sense, kpax(L)
defines the boundary of the spectral window compatible with causal reconstruction at scale
L.

Physically, this means that, as the reconstruction scale increases, an increasingly smaller
part of the short-wavelength content remains operationally accessible. Accordingly, the de-
scription inevitably becomes more large-scale and less sensitive to the small-scale structure
of the initial configuration. This mechanism will next be translated into the growth of the
minimum distinguishable wavelength and then into the existence of a finite maximum scale
of stable reconstruction L.

3.4 Monotonic infrared degradation of reconstruction

The most important consequence of formula (17) is that the spectral restriction is monotonic
in the reconstruction scale. Indeed, for fixed § and J,, one has

S )

Thus, increasing L is always accompanied by a decrease in the operationally accessible
spectral window.
Equivalently, the minimum distinguishable wavelength

21
kmax (L)

increases monotonically as the reconstruction scale grows. This means that remote recon-
struction becomes increasingly large-scale: short-wavelength content is progressively lost,
and the description becomes less sensitive to the small-scale structure of the initial configu-
ration.

Thus, the infrared incompleteness of reconstruction has a directed character: it is not a
random loss of individual modes, but expresses a systematic narrowing of spectral compati-
bility when passing to increasingly large scales. This is why the corresponding effect cannot
be removed by a simple local renormalization of the description: the boundary of the ad-
missible spectral window itself depends on L and is irreducibly shifted as the reconstruction
scale increases.

This property leads directly to the existence of a finite scale L,,... Indeed, once the mini-
mum distinguishable wavelength reaches the critical value ., compatible with the existence
of a stable causally consistent description, further reconstruction ceases to be admissible. In
other words, the condition

/\min<L) =

Amin(Lmax) - /\*

defines the limiting scale of the stably reconstructible sector.
The subsequent geometric interpretation of this result requires a separate step. The
monotonic narrowing of the spectral window is not by itself a cosmological constant and
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does not define the full FLRW dynamics. It defines the infrared scale L., which will be
considered in the subsequent sections as a candidate for a universal large-scale parameter
of the effective cosmological sector. Only after the transition to the closed covariant GR
description can this scale be represented as a zero-derivative geometric contribution

AIRg,uzz .

The directed character of infrared degradation will also be important for the subsequent
interpretation of redshift. Since the stably accessible spectral window narrows as L grows,
the causal reconstructibility of a remote signal requires the transfer of its observable content
into a longer-wavelength range. In the effective FLRW description, this transfer is redshift.
However, this step already belongs to the geometric interpretation of the result and will be
considered separately below.

4 Operational horizon and maximum scale of reconstruc-
tion

In the previous section it was shown that the elliptic instability of remote reconstruction in
a fixed flat foliation leads to the spectral restriction

1 Oy
<
k| < kmax(L), Emax (L) = T log =

and also to the monotonic growth of the minimum distinguishable wavelength

27
Fmax(L)

The present section is devoted to the consequences of this result: first, to the finiteness of the
number of accessible modes at a fixed reconstruction scale; second, to the existence of a finite
maximum scale of stable reconstruction L,,.,; and third, to the interpretation of this scale
as a natural infrared parameter which can be represented in the effective GR description as
the source of a cosmological term.

)\min(L) -

4.1 Finiteness of the number of modes on (); under the spectral
restriction

Let ¢y C Yy be the bounded data region introduced in Section 2, and let a positive self-

adjoint operator
_Aﬂov

obtained from the Laplacian on the hypersurface ¥y with boundary conditions corresponding
to the chosen class of local registers of the observer, be defined on it. For definiteness, one
may have Dirichlet boundary conditions in mind; however, the subsequent construction relies
not on this particular choice, but on the fact that the spectrum is discrete on a bounded
region.
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Denote the eigenvalues of the operator —Ag, by
O< <A<

and introduce the corresponding tangential wavenumbers

k’j = \/)\_j

Define the mode counting function by
N(k) = #{j € N| k; < k}. (19)

Then N(k) is the number of tangential modes on €y accessible below the wavenumber k.
Since, at scale L, stable remote reconstruction admits only modes with

|k| S kmax(L)>
the number of accessible modes is
Naee(L) = N(k:maX(L)). (20)

Since g is bounded, the spectrum of the operator —Ag, is discrete, and therefore N,..(L)
is finite for every fixed L > 0.

For large values of k, the counting function satisfies Weyl’s law. Since 2y C ¥, is a
three-dimensional region,

Nk = YA) s o), ko oo (21)

672

Here Vol(£2y) denotes the three-dimensional Euclidean volume of the data region. Hence, in
the regime where the leading Weyl asymptotics applies,

Vol(Q) /1. 6.)\°
NacC(L)N#(ZIOgX> : (22)

This estimate shows that, for fixed 0, d,, and 2y, the number of accessible modes decreases
as the reconstruction scale increases.

Remark 4.1. The finiteness of Naee(L) is not an external reqularization. It arises from
the combination of two internal elements of the setting: the boundedness of the local data
region Qo and the infrared-induced narrowing of the spectral window kyax(L), caused by the
exponential instability of inverse elliptic continuation.

4.2 Theorem on the operational horizon

We can now formulate the central result of this section.
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Theorem 4.2 (on the operational horizon). Suppose that remote reconstruction satisfies the
spectral admassibility criterion
)\min(L) S )‘*7

where Amin(L) = 27 /kmax(L), and where A\, > 0 is the critical minimum wavelength of
resolution compatible with a stable causally consistent description. Then there exists a unique
finite number Ly, > 0 such that

)\min(Lmax) = A (23)
Moreover:
(i) for all 0 < L < Lpyax, reconstruction is admissible;
(11) for L > Lpax, reconstruction is inadmissible;

(7)) Lax s the mazimum scale of stable reconstruction for the given observer-dependent
subregime and chosen foliation.

Proof. From formula (17), it follows that kyax(L) strictly decreases with L, and therefore
Amin(L) = 27/ kpax (L) strictly increases. Moreover,

lim Apin(L) =0, lim Apin(L) = o0.

L—0t L—o0

Hence, for every fixed A\, > 0, there exists a unique L. > 0 satisfying (23). The mono-
tonicity of A\puin(L) immediately implies that, for L < Ly,

)\min(L> < )\*7

whereas for L > L.y,
Amin(L) > ..

This gives assertions (i)—(iii). O

Theorem 4.2 shows that the finite reconstruction horizon arises not as an additional
postulate, but as a consequence of the elliptic spectral restriction and the finite spectral
resolution of the causally consistent regime. In other words, L., is not introduced as
an external scale beyond which the effective hyperbolic regime suddenly breaks down; it is
defined as the boundary up to which the very criterion of compatibility with a stable causally
consistent effective description is satisfied,

)\min(L) S )\*

Thus, the statement that the effective hyperbolic regime is compatible up to L., is not
an additional assumption, but enters the very definition of admissible reconstruction. As
a result, a natural large-scale limit appears in the model, unrelated either to fundamental
discreteness of space or to an externally imposed ultraviolet cutoff.
Using formula (17), Lyax can be written explicitly. From the conditions
21 2T

Amin(L> == k—(L)a k* =
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we obtain . 5 ) 5
Loy = — log — = ~—~ log —.
ke 25 o B

This formula is a model estimate in the flat foliation. It shows that the maximum scale of
reconstruction is determined by the critical spectral resolution and by the ratio between the
local accuracy of the data and the admissible operational threshold. A precise comparison
of this scale with observed cosmological distances requires an additional analysis of the
reconstruction class and is not carried out in the present section.

(24)

Remark 4.3. It should be emphasized that L., is not a fundamental boundary of the field
® itself on E*. It is the mazimum scale up to which a localized observer of the given class can
maintain stable reconstruction of the corresponding large-scale sector. Beyond this boundary,
the fundamental configuration may exist, but it no longer admits continuation in the form
that would be compatible with the given regime of causal reconstruction.

4.3 The operationally observable sector as a region of stable recon-
struction

Theorem 4.2 allows one to interpret the region
Q(Lax) (25)

as the maximal region for which a stable reconstructed description is preserved relative to
the given observer and chosen foliation. In this sense, Q(Lyax) acts not as a fundamentally
selected part of E*, but as an operationally observable sector: the maximal region within
which, for the given reconstruction regime, the conditions of stable registration and causally
consistent large-scale description are still preserved.

This interpretation does not mean that one and the same region Q(Lya.y) is observable
for all observers of the given reconstruction class. For observers separated by cosmological
distances, the corresponding regions of stable reconstruction may differ substantially. The
conditional inter-observer invariance of the result concerns not the coincidence of the regions
Q(Lpmax) themselves, but the stability of the scale L., and of the corresponding infrared
parameter within one reconstruction class.

This understanding removes the need to postulate an external cosmological horizon as a
primary geometric datum. The horizon arises here not at the level of the initial ontology,
but as the limit of applicability of stable reconstruction. This is consistent with the general
logic of the program, in which observable spacetime is regarded as a derivative structure
depending on the regime of accessible reconstruction.

At the same time, the present paper does not claim that outside Q(Ly.y) “nothing exists”.
It claims only that, for the class of observers under consideration, there is no stable procedure
of continuation preserving the type of large-scale geometric and event organization realized
inside Q(Lyax). Thus, the boundary of Q(Ly.x) is a boundary of operational reconstruction,
not an absolute ontological boundary.

This interpretation is important for the subsequent analysis of the cosmological term. If
Lpnax defines the maximum scale of stable large-scale description, then, after the transition
to the closed GR regime, this scale can act as a natural infrared parameter of the effective
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geometric sector. It is only in this restricted sense that (Ly.y) prepares the subsequent
interpretation of Ag; by itself, it is not yet a full FLRW cosmology.

4.4 L,.. as a natural infrared scale

It is crucial for what follows that L., is not merely a boundary of admissibility of recon-
struction associated with the given observer, but also the only large-scale parameter that
arises naturally in the flat foliation setting considered here. The fundamental model (1) it-
self contains neither a distinguished relativistic scale nor a fundamental cosmological length.
The scale L., appears as the result of the interplay between the elliptic instability of re-
mote reconstruction, the local accuracy of the data, and the critical spectral resolution of
the causally consistent regime.

Strictly speaking, at this stage one should write

Lmax = Lgloaj)?)a
because the technical derivation depends on the chosen observer-dependent subregime, local
data region, and foliation. Its interpretation as a cosmological scale requires an additional
condition: the stability of this limit within the corresponding reconstruction class. If this
condition is satisfied, then L., can be regarded not as an arbitrary characteristic of a single
observer, but as a parameter of the given large-scale compatibility class.

In the effective large-scale description, a universal infrared contribution must be con-
structed from parameters that do not depend on particular microscopic details, but are
preserved at the level of the reconstruction class under consideration. If it is stable in this
sense, the scale L., satisfies this requirement: it is determined not by the local structure
of individual modes, but by the very limit of stable reconstruction.

Dimensionally, a universal zero-derivative geometric contribution in the four-dimensional
GR sector must have a scale of order

L72

max*

Therefore, even before analyzing the precise form of such a contribution, it is clear that
Lyax 1s the natural candidate for the infrared scale of the effective cosmological term. The
next section is devoted to showing that, if this reconstruction limit is represented within the
closed covariant GR regime, the leading universal zero-derivative response has the form of a
cosmological constant.

Remark 4.4. Sections 3 and 4 together form the logical chain
elliptic instability —> kmax(L) = Anin(L) = Lax-

This chain gives the first strictly defined infrared scale of the model in the flat foliation
setting. In what follows, this scale will be used as an input for the analysis of the universal
geometric response of the large-scale GR sector.
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5 Infrared anomaly and universal geometric response

5.1 Infrared anomaly as loss of spectral compatibility of reconstruc-
tion

In the present work, an infrared anomaly is understood not as a quantum anomaly in the
standard sense, but as a systematic loss of spectral compatibility of remote reconstruction
when passing to large scales. The content of this statement is as follows. As long as the
reconstruction scale L is small compared with the limiting value L.y, the local data region
Qo and the corresponding observer-dependent subregime still admit stable continuation to
Q(L), compatible with the effective hyperbolic regime. However, as L increases, the spectral
window kpyax(L) narrows, while the minimum distinguishable wavelength A, (L) increases
monotonically. Thus, part of the short-wavelength content of the remote structure ceases to
be accessible in a causally consistent large-scale description.

This irreducible loss of spectral compatibility will be called below the infrared anomaly
of reconstruction. It has a directed character: it is not a random local defect and not an
arbitrary truncation of the effective theory, but a systematic narrowing of the spectral win-
dow as the scale of remote reconstruction increases. Its leading contribution is universal
with respect to the microdetails of the local sector, since it is determined not by a partic-
ular distribution of individual modes, but by the very existence of the finite scale of stable
reconstruction defined by the condition

)\min(Lmax) - A*
Strictly speaking, at the level of the flat foliation setting, this scale has the form

Lmax = Lgnoa’)?)v
that is, it depends on the observer-dependent subregime O, the local data region, and the
chosen foliation n. Its further interpretation as a cosmological scale requires inter-observer
compatibility within the corresponding reconstruction class. Therefore, below, unless ex-
plicitly stated otherwise, L., is understood as an infrared scale compatible within such a
compatibility class, that is, for observers considering one and the same effective large-scale
sector up to the already accounted-for local equivalences.

At L ~ L.y, a limiting infrared regime of reconstruction arises. On the one hand, the
local covariant GR description is still treated as the working form of large-scale analysis.
On the other hand, the finiteness of stable remote reconstruction requires that large-scale
infrared incompleteness be represented in such a description. In other words, if the closed
GR regime is preserved up to a neighborhood of L.y, then it must contain a universal
geometric way of encoding the limiting loss of spectral compatibility.

In the next subsection it will be shown that, if this response is to remain local, covariant,
metric, universal, and of zero order in derivatives, then its leading form coincides with the
form of a cosmological term.
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5.2 Universal covariant zero-derivative infrared contribution

Consider a regime in which the effective large-scale description remains closed and covariant
in terms of the metric g, and the effective stress-energy tensor TC0 as briefly described in
Subsection 2.3. In the previous GR reconstruction, the cosmological term already arose as
an admissible universal zero-derivative contribution to the effective geometric action. The
present section clarifies its reconstructive origin: we isolate the part of the cosmological
contribution that is associated specifically with the infrared limit of stable remote recon-
struction.
For this purpose, it is convenient to write the effective equations in the form

Gy = 87G T + =% + (subleading IR corrections), (26)

where =} denotes the leading universal part of the infrared geometric response. This nota-
tion does not introduce a new independent physical sector: =¥ is used only as an auxiliary
notation for that part of the zero-derivative geometric contribution whose origin is associated
with the reconstruction horizon.

Since we are interested in the leading universal contribution, it is necessary to isolate in
=R the local covariant term of the lowest order in derivatives. Under the assumptions of
locality, covariance, and universality, the form of such a term is strongly constrained. A local
covariant symmetric rank-two tensor of zero order in derivatives, constructed only from the
metric, has the form

[1]

((1(;))) = — AR Gab, (27)

where Ajg is a scalar coefficient characterizing the leading infrared response. No other
universal local covariant tensor of zero derivative order depending only on the metric exists
in this regime.

In other words, if the loss of compatibility of remote reconstruction is to be encoded in
the leading local covariant term of the effective equations of the gravitational sector, then
this term takes the form of a cosmological contribution. Equation (26) can then be rewritten
as

Gap + AR gap = 87G TEF 4 (subleading IR corrections). (28)

It should be emphasized that Ajg does not arise here as a fundamental microscopic
parameter and is not identified with a heuristic sum of vacuum zero-point fluctuations in
standard QFT. It appears as a universal geometric parameter of infrared incompleteness of
reconstruction. This also distinguishes it from the gravitationally relevant non-vacuum part
of the hidden content, which in the previous work was interpreted as dark matter [5]: if
such a part is present, it contributes primarily to T¢I, whereas Ajg belongs to the geometric
zero-derivative sector.

The result obtained can be formulated as a proposition.

Proposition 5.1. Suppose that, in the range of scales under consideration, the closed co-
variant GR description is preserved, and that the leading universal infrared response to the
loss of compatibility of remote reconstruction s local, metric, and of zero order in derivatives.
Then this response has the form of a cosmological term, that is, it can be written as

g(),) = _AIR YGab-

[1]
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Proof. The statement follows from locality, covariance, and zero order in derivatives. The
only local covariant symmetric rank-two tensor depending only on the metric and containing
no derivatives of it is proportional to the metric itself. Therefore,

((1[1),) = —ARgap

[1]

with some scalar coefficient Arg. O

Thus, the form of the leading infrared response is already fixed at the level of the general
requirements imposed on the closed GR. description. Two questions remain open: the scale
of the coefficient Ajg and the choice of the physically relevant sign. The scale will be related
below to L.y, while the question of the sign will be considered in Section 6.

5.3 Order of magnitude of A through L.,

After Proposition 5.1, it is natural to ask what scale the parameter Ajg should have. Since
it arises as a universal large-scale response, its magnitude should be determined not by local
microphysics and not by the mean matter density, but by the infrared parameter already
obtained in the previous section, namely the scale L,.y.

In units ¢ = 1, the cosmological constant has dimension

[A] = L2

If the leading universal IR contribution depends only on L., and on dimensionless charac-
teristics of the reconstruction class, then the only possible dimensional form is
AIR =X LI:I?LX? (29)
where y is a dimensionless coefficient. More cautiously, this can be written as an order-of-
magnitude estimate:
X
L2 -

max

| AR | ~ (30)

The meaning of formula (29) is as follows. As shown in Section 4, L.y is the maximum
scale on which stable reconstruction of the given type is still preserved. For L < L.y, the
influence of the infrared anomaly should be subleading, whereas for L ~ L., it becomes
significant for the large-scale description. Therefore, the natural scale of the coefficient
characterizing the leading zero-derivative IR contribution is set by L_2 .

Importantly, y in (29) is not determined by dimensional analysis alone. It encodes
aspects of the infrared response that depend on the structure of the reconstruction class,
the averaging procedure, the way in which one passes from the observer-relative scale L,(%Q )
to the inter-observer compatible scale L.y, and possibly on additional universal constraints
of the quantum layer. Therefore, the present paper does not claim to compute the exact
value of A. Its aim is to establish the structural fact that, if the cosmological term arises as
the leading universal IR response, then its natural scale is set by L_ 2  rather than by an

independent fundamental cosmological length or by the mean matter density.
This statement can be written as the following result.
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Proposition 5.2. Suppose that the leading universal infrared response in the closed covariant
GR regime has the form of a cosmological term and depends only on the maximum scale of
stable reconstruction L., and on dimensionless characteristics of the reconstruction class.
Then the order of magnitude of the cosmological constant is determined by the estimate

|Ar| ~ L2,

More precisely,
A = x Ly

max’

where x is a dimensionless coefficient.

Proof. Dimensional analysis shows that any scalar quantity defining a zero-derivative geo-
metric contribution must have dimension L=2. If the only universal large-scale parameter is
Liax, then the only possible dimensional combination is L 2 multiplied by a dimensionless

factor y. O]

Thus, an intermediate result has been obtained: if the cosmological term arises as the
leading universal IR response, it has not only a fixed tensorial form, but also a natural scale
determined by the limit of stable reconstruction. It remains to clarify in what sense this
parameter is inter-observer compatible.

5.4 Conditional invariance of A in the compatibility class

In Subsection 2.4, a minimal notion of inter-observer compatibility was introduced. For the
present paper, it is needed in a restricted sense: to separate the observer-relative limit

1,(O:m)

max

from the infrared parameter that can be assigned to a large-scale reconstruction class.

Let K denote a fixed reconstruction class. Then, for observers belonging to this class,
located sufficiently close to one another, and considering one and the same large-scale re-
constructible sector in which the homogeneous-isotropic approximation and the closed co-
variant GR description are preserved, the values of L& may differ only within the already
accounted-for local equivalences. If this limit is stable within the class, then the correspond-
ing scale can be denoted simply by L. and used as a parameter of the given large-scale
sector.

Since the leading universal geometric IR contribution is insensitive to such local read-
justments, the coefficient A;g must also coincide up to these equivalences. This can be
formulated as follows.

Proposition 5.3. Let K be a fized reconstruction class, and let two observers belong to this
class, be sufficiently close to one another, and consider one and the same large-scale recon-
structible sector in which the homogeneous-isotropic approximation and the closed covariant
GR description are preserved. If, in this sector, the leading infrared response has the form

53,) = —AR gap,

[1]

then the value of Ar coincides for these observers up to the already accounted-for local
equivalences.
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Proof. If Ajr depended on the particular choice of observer within one and the same recon-
struction class and one and the same locally common large-scale sector, then the leading
zero-derivative geometric contribution would not be a universal component of the effective
large-scale description. This would contradict the condition of inter-observer compatibility,
according to which universal large-scale parameters do not depend on an arbitrary local
readjustment of the description within one reconstruction class. O]

It should be emphasized that no full theory of reconstruction classes needs to be developed
here. For the present paper, the restricted statement is sufficient: the cosmological constant,
understood as the leading universal geometric IR contribution, must be inter-observer com-
patible for observers of one and the same reconstruction class, provided that they consider
one and the same locally common large-scale cosmological sector. It thereby acquires the
status not of a private characteristic of a single local procedure, but of an effective parameter
of a consistent large-scale description.

Taken together, the results of this section give the following picture. As one approaches
the boundary of stable remote reconstruction, an infrared anomaly arises as a directed loss of
spectral compatibility. If this loss of compatibility is represented within the closed covariant
GR description, then the leading universal response has the form of a cosmological term,
and its natural scale is set by L2 . Thus, the form and scale of the cosmological constant
are determined structurally. The next question is which branch of this geometric response
is physically relevant in the target cosmological sector and what sign Ajg has. This is the
subject of the next section.

6 Positive FLRW branch and causality-preserving IR trans-
fer

6.1 Directed character of IR degradation of reconstruction

In Sections 3 and 4, it was shown that, for a fixed data region €2, remote reconstruction at
scale L is accompanied by the spectral restriction
1 s

kmax(L) = = log

7 5 0 <9 <y,

with kyax(L) decreasing monotonically with L. Equivalently, the minimum distinguishable

wavelength
27

kmax(L)
increases monotonically as the reconstruction scale grows. This means that the infrared
incompleteness of reconstruction has a directed character: the transition to increasingly
large scales systematically worsens the spectral compatibility of remote reconstruction with
the effective hyperbolic regime.

This directedness is important for the subsequent interpretation of the sign of the cosmo-
logical term. By itself, the monotonicity of kn.x(L) does not yet define the full cosmological

>\min<L) =
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dynamics and is not an independent proof of the sign of Ajg. It defines a weaker but es-
sential condition: if the infrared limit of reconstruction is to be represented within a closed
GR/FLRW description, then the corresponding branch must be compatible with the increas-
ing loss of stable access to the short-wavelength content of remote signals.

The content of this statement is as follows. As the characteristic scale L grows, the
sector accessible to stable reconstruction becomes increasingly depleted in the spectral sense.
Therefore, if the effective geometric description is still preserved, its large-scale response must
encode not the recovery of full remote information, but a causally consistent representation
of its infrared-depleted remnant. This is the basic physical meaning of the directed infrared
regime.

Remark 6.1. Two levels of the statement should be distinguished. First, the form of the
cosmological term as the leading zero-derivative IR contribution follows from locality, covari-
ance, and the metric character of the closed GR description, as shown in Section 5. Second,
the sign of this contribution is not determined by dimensional analysis alone. Selecting the
physically relevant branch requires an additional cosmological interpretation of directed IR
degradation.

6.2 Redshift as causality-preserving infrared transfer

The narrowing of the stably reconstructible spectral window creates a potential threat to
causal reconstruction of remote events. If the short-wavelength content of a remote signal lies
outside the admissible window ky,., (L), then such a signal can no longer be stably represented
in the local registers of the observer as a causally recognizable image of a remote event.
Therefore, as the reconstruction scale increases, what is required is not merely attenuation or
loss of the signal, but a transfer of its observable content that preserves causal recognizability
at least at a coarser, infrared level.

Let ke denote the characteristic wavenumber of the signal in the emission region, and
let kops(L) be the corresponding observed wavenumber after reconstruction at scale L. The
condition of causal reconstructibility can be written as

kobs(L) S kmax<L>- (31)
Since, by Lemma 3.1,
1 O
kmax(-L) = Z log g

decreases monotonically as L increases, condition (31) becomes increasingly restrictive at
large scales. If the observed wavenumber of the remote signal remained equal to the emitted
one,

kobs(L) = kem;
then, for sufficiently large L, the condition

kem S kmax(L)

would inevitably be violated for any fixed k., > 0. Hence, preserving the causal recon-
structibility of a remote signal under a narrowing spectral window requires an infrared
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transfer of its observable content:
kobs(L) < kem

in the range of scales where kpax (L) < kem.
In the effective FLRW description, such an infrared transfer has the standard form of
cosmological redshift:

kobs(L) = #’;&L) (32)
Substituting (32) into condition (31) gives
em Fmax (L)- (33)
14 2(L)
Equivalently,
1+2(L) > km]:i“EL). (34)

Using the explicit form of kp.x (L), one obtains the necessary lower bound for the redshifting
transfer: _
1 Ly> —/— . 35
20 2 6.9 (35)

This reasoning can be formulated as the following result.

Proposition 6.2 (necessity of redshifting transfer). Let kya (L) be a monotonically de-
creasing upper bound on the stably reconstructible wavenumber, and let a remote signal with
tnitial characteristic wavenumber ke, > 0 remain causally reconstructible at scale L. Then
its observed wavenumber must satisfy

kobs(L) < kmaX(L)-
If kmax (L) < kem, then causal reconstructibility is impossible without infrared transfer,
kobs(L) < l{fem.

Under the parametrization

k
ko S L) = $7
wo(l) = 77 (L)
this is equivalent to the lower bound
kem
1 L) > .
AR 2 )

Therefore, in the regime of a narrowing spectral window, causal reconstructibility of a remote
signal requires redshifting transfer.

Proof. Causal reconstructibility of the signal requires that its observed wavenumber belong
to the stably reconstructible spectral window, that is,

kobS(L) S kmax(L)'
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If kmax(L) < kem and, at the same time, kops(L) = kem, then this condition is violated.
Therefore, it is necessary that
kobs(L) < kem;

that is, the observable content of the signal must be transferred into the infrared range.
With

k
ko S L)= ¢7
bs(L) 1+ 2(L)
the condition kops(L) < kmax(L) becomes
k
_em <« ko (L
1+2(L) — (L),
which immediately implies
kem
1 Ly> ——.
AL 2 D

O

Proposition 6.2 is not a derivation of the full dependence z(L) and does not replace
standard FLRW kinematics. It establishes a more basic statement: under a monotonic
narrowing of the spectral window, causal reconstructibility of a remote signal requires a
decrease in its observed wavenumber. In a closed FLRW description, such a decrease is
realized precisely as cosmological redshift.

Relation to the Hubble scale. In the effective FLRW description, redshifting transfer
is related not only to the decrease in the observed wavenumber itself, but also to the Hubble
parameter

H(t) = @.
a(t)
Since alto)
0
14 2= a(ton)’
the present value
H() = H(to)

defines the local rate of change of the scale factor and, consequently, the phenomenological
measure of the intensity of redshifting transfer near the observer. In particular, for small
redshifts, standard FLRW kinematics gives, in units ¢ = 1,

z =~ ]{01)7

where D denotes the corresponding small cosmological distance.

From the reconstructive point of view, this means that H, can be interpreted as the
locally observed measure of the geometric regime that transfers remote content into the
infrared range and thereby supports the condition

kobS(L) S kmax(L>'
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If, at large scales, the universal geometric IR contribution dominates, then the corresponding
asymptotic Hubble scale is determined by

AR
H2, ~—.
R 3
Together with
A = xLy2,

this gives

HIR ~ \/%LI:]}LX

Therefore, in the IR-dominated branch, the scale Ly, sets not only the order of the cosmo-
logical term, but also the order of the Hubble scale of the redshifting regime.
This relation can be rewritten as

X ~ 3<HIRLmax)2~

Therefore, if the inter-observer compatible scale L., in the sense of Subsection 2.4, sets
the order of the Hubble scale of the late IR-dominated branch,

—1
Liax ~ HIR )

then it is natural to expect
x =0(1).

This is not a computation of the exact value of x, but only shows that under a self-consistent
identification of the reconstruction horizon with the Hubble IR scale, the coefficient y does
not require a separate fine tuning.

In the full FLRW phenomenology, the observed value Hy may differ from the asymptotic
value Hig, since effective matter and radiation components enter Tﬁg. Therefore, what is
established here is only a structural relation between L..., Ar, redshift, and the Hubble
scale, not an exact numerical prediction of H.

Redshift thereby receives a reconstructive interpretation. It does not preserve the full
microscopic information about a remote event and does not undo the loss of short-wavelength
details. Itsrole is different: it transfers the observable content of a remote signal into a longer-
wavelength range that remains within the stably reconstructible spectral window. This is
why redshift can be regarded as a causality-preserving infrared transfer.

Closer to the scale L.y, this mechanism no longer provides a full detailed reconstruction
of the remote region. It preserves only a coarser causal image: the individual microstructure
of the signal is lost, while the infrared-depleted content remains accessible. Thus, redshift
supports causal reconstructibility not by preserving all information, but by matching the
remote signal to the spectral window that remains accessible at the given reconstruction
scale.
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6.3 Homogeneous-isotropic cosmological sector

To translate the preceding argument into a statement about the physically relevant branch
of Ar, it is necessary to fix the target cosmological sector of the already derived effective GR,
description. The present paper does not undertake a new derivation of homogeneous-isotropic
cosmology from the fundamental level; it only specializes the previously reconstructed closed
covariant gravitational regime to the large-scale sector in which the homogeneous-isotropic
approximation is admissible.

In this sector, the metric can be written in the Friedmann—Robertson—Walker form

ds® = —dt* + a*(t) dX3, (36)

where a(t) is the scale factor and d¥? is the metric of the spatial three-geometry of constant
curvature k = 0, £1.
The effective equations (28), restricted to this sector, take the standard form

k (G AIR

H?>+ — =", —_—
+ a2 3 Pﬁ+ 3 )

a 4rG A
o= g (e + 3pesr) + = (38)

(37)

where H = a/a. Here pog and peg refer to effective matter, including possible visible, non-
vacuum hidden, and radiation components. In the present paper, these quantities are not
used as inputs for deriving Arg; they belong to the full FLRW phenomenology and may
affect the concrete history of H(t), but they are not the source of the geometric infrared
contribution itself.

In the limiting infrared regime L ~ L,.., we are interested in the leading universal
geometric part of the response, associated not with the particular composition of effective
matter, but with the very limit of stable reconstruction. Matter, radiation, and hidden
non-vacuum components enter Tﬁf; they may change the observed value of Hy and the full
expansion history, but they do not replace the zero-derivative geometric contribution Ag. If
this universal IR component is isolated, then, in the corresponding approximation,

a Amr
O 39
Lo (39)
and the asymptotic Hubble scale satisfies
AR

Equations (39) and (40) are used here not as empirical postulates, but as a criterion for dis-
tinguishing possible branches of the geometric IR response inside the already chosen effective
FLRW sector.

As shown in Subsection 6.2, preserving the causal reconstructibility of remote signals
under the narrowing of the spectral window requires redshifting infrared transfer:

kem

Kobs (L) = T+ 2(0)

< kmax(L). (41)
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Therefore, the physically relevant FLRW branch must be such that the large-scale geometry
supports this transfer, rather than removing the infrared directedness of the reconstruction
constraint itself.

If A;g > 0, then the universal IR component defines a de Sitter-like branch. In this
branch, a positive asymptotic Hubble scale arises,

HIR =4/ %, (42)

and remote signals acquire an increasing redshift. Together with

Ar = L2

max

HIR ~ \/%Lr:l;x (43)

Thus, the positive branch makes mutually compatible three elements: the finite reconstruc-
tion horizon, the Hubble scale of the IR-dominated regime, and redshift as a causality-
preserving infrared transfer.

If, on the other hand, Ajg < 0, then the cosmological term has the opposite sign in
the acceleration equation and does not define an asymptotic de Sitter-like screening branch.
Such a branch does not provide a natural geometric realization of the regime in which re-
mote content preserves causal recognizability through transfer to the infrared range near the
reconstruction horizon. Therefore, this branch is incompatible with the target cosmological
regime considered in the present paper: it does not realize de Sitter-like screening behavior
and does not provide a geometric form of causality-preserving redshifting infrared transfer.

Thus, the homogeneous-isotropic sector provides a geometric language for interpreting
the directed IR deficit. Positive Ajg corresponds to the branch in which large-scale geometry
supports the causality-preserving infrared transfer of remote signals and defines a Hubble
scale of order

this gives the structural relation

-1
Hig ~ Lo

The negative branch, although it can be formally written in the effective equations, does
not satisfy the conditions of the target reconstruction regime, since it does not provide a
geometric mechanism for preserving causal reconstructibility near Ly.x.

6.4 Criterion for selecting the positive branch

The main result of this section can now be formulated as a compatibility criterion between
the target cosmological regime and the requirements of causal reconstruction.

Proposition 6.3 (criterion for the positive FLRW branch). Suppose that the following con-
ditions hold:

(i) as the reconstruction scale L increases, kyax(L) decreases monotonically and \yin(L)
wmcreases monotonically;
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(i1) at L ~ Ly, the closed covariant GR regime is preserved;

(7ii) the leading universal response to the infrared limit of stable reconstruction is given by
the zero-derivative geometric term AR Gap;

(iv) the large-scale sector under consideration admits a homogeneous- isotropic FLRW ap-
prozimation;

(v) the target cosmological regime must preserve the causal reconstructibility of remote
stgnals through redshifting infrared transfer, that is, through the condition

fom (L)

kobs(L) = TZ(L) >

near the reconstruction horizon.

Then, wn the cosmological sector under consideration, the branch compatible with these con-

ditions s the positive branch:
A > 0. (44)

Proof. Condition (i) implies that, as the scale L increases, the stably reconstructible spectral
window narrows. Therefore, a remote signal with initial characteristic wavenumber ke,
can remain causally reconstructible only if its observed wavenumber is transferred into the

accessible infrared range:
kobs(L) < kmaX(L)-

As shown in Subsection 6.2, in the FLRW description this condition takes the form

Kem

TZ(L) < kmax(L)J

that is, it requires redshifting infrared transfer.

In the homogeneous-isotropic sector, the sign of Ajg distinguishes two branches of the
geometric IR response. If Ajg > 0, then the universal IR component defines a de Sitter-like
branch with

H2, ~— > 0.
IR 3

Such a branch has a positive asymptotic Hubble scale, supports redshifting transfer of remote
signals, and is compatible with a finite reconstruction horizon. For

Air = xL;

max

HIR ~ \/%Lr:ullx

If, on the other hand, Ajg < 0, then the cosmological term has the opposite sign in
the acceleration equation and does not define an asymptotic de Sitter-like screening branch.
Such a branch does not provide a geometric mechanism by which remote content preserves

it also gives the structural relation
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causal recognizability through transfer to the infrared range near L,,... Hence, it does not
satisfy the conditions of the target reconstruction cosmological regime.
Therefore, under conditions (i)—(v), the branch compatible with the target regime is
precisely the positive branch,
AIR > 0.

]

Proposition 6.3 does not claim that the sign of A follows from dimensional analysis
alone or from the formula for kp.<(L) alone. It states a more precise result: if the infrared
limit of reconstruction is to be represented in the homogeneous-isotropic GR sector in such
a way that the causal reconstructibility of remote signals is preserved, then the physically
compatible branch is the positive FLRW branch.

In other words, the negative branch is not excluded as a formal possibility for writing
effective equations in general. It is excluded specifically as a branch of the target cosmological
regime, because it does not realize de Sitter-like screening behavior, does not define a positive
Hubble IR scale, and does not provide a geometric form of causality-preserving redshifting
infrared transfer.

6.5 Cosmological horizon and redshift as consistent support

After Proposition 6.3, the cosmological horizon and redshift acquire a definite status in the
argument of the paper. They are not used as initial phenomenological postulates in the
derivation of Ajg. Rather, they appear as geometric and observational manifestations of the
same infrared directedness which, at the level of elliptic reconstruction, is expressed in the
narrowing of the spectral window.

First, from the elliptic nature of the fundamental problem and the finite spectral resolu-
tion of the causally consistent regime, the operational scale L, was obtained. It was then
shown that, under GR closure, the corresponding universal zero-derivative contribution has
the form

ARG Air = XL 2.

In the homogeneous-isotropic sector, the positive branch defines the asymptotic Hubble scale

and therefore

Thus, the reconstruction horizon and the Hubble scale of the IR-dominated regime are
structurally related.

From this viewpoint, the cosmological horizon is not added to the model as an external
geometric datum. It is an effective macroscopic expression of the same restriction that
appears in the operational setting as the limit of stable remote reconstruction. In other
words, the finiteness of L., the positive asymptotic Hubble scale, and the de Sitter-like
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screening branch are different descriptions of the same infrared regime, considered at different
levels of the effective description.

Redshift plays a causality-preserving role in this picture. As the reconstruction scale
grows, the accessible spectral window narrows:

kmax(L) i/ :

Therefore, a remote signal can remain causally recognizable only if
Kobs (L) < Kmax(L).
In the FLRW description this condition is realized through
~ kem
14 2(L)

Thus, redshift is not an accidental additional effect, but admits a reconstructive interpreta-
tion: it transfers the observable content of a remote signal into a longer-wavelength range
that remains accessible to stable reconstruction.

At the same time, redshift does not preserve the full microscopic information. It supports
the causal recognizability of a remote event at the cost of losing short-wavelength details.
Therefore, as L.y is approached, one should expect not the full preservation of the individ-
ually resolved event structure, but a transition to an increasingly coarse infrared description.
In the limiting case, this may point to the possibility of a background layer separating the
region of stable event reconstruction from the region in which individual event structure is
no longer accessible.

Thus, the cosmological horizon, redshift, and the positive branch Ajg > 0 are not inde-
pendent additions to the model. In the target cosmological regime, they form a mutually
consistent triadic structure:

kobs(L)

—1
Lax  <— Hpg <+— Ar >0,

where L., defines the operational limit of stable reconstruction, Hig defines the Hubble scale
of the redshifting regime, and AR is its universal geometric zero-derivative representation in
the closed GR sector.

This does not mean that the present paper has already constructed the full observational
cosmology. The exact function z(L) is not derived here, the observed value of Hy is not
computed, structure growth is not analyzed, and the properties of a possible background
layer are not derived. The result obtained is structural in character: it shows that, within the
reconstructive model considered here, the finite reconstruction horizon, the positive FLRW
branch, and redshifting infrared transfer are mutually consistent manifestations of one and
the same infrared constraint.

7 Discussion

7.1 Status of the result within the structure of the program

The present work is important not only as a particular analysis of the cosmological con-
stant, but also as a step that clarifies the place of the cosmological term within the general
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reconstructive program. In previous works, the main elements of the effective description
arising from the timeless Euclidean model were constructed: the special-relativistic structure
as a regime of consistent event reconstruction, the closed covariant gravitational regime as
a compensating geometric sector, the quantum layer as a secondary effective structure, and
hidden large-scale content, including the gravitationally relevant non-vacuum part of the
hidden content interpreted as dark matter.

Against this background, the present paper shows how the cosmological constant can
be included in the same scheme. It is not introduced as a fundamental parameter of the
initial Fuclidean level, is not identified with vacuum energy in the standard quantum-field-
theoretic sense, and is not derived from the mean matter density of the observable universe.
In the setting considered here, the cosmological term receives an interpretation as a universal
geometric infrared response to the finiteness of stable remote reconstruction. Its natural scale
is given by

A = XL

max"*

The positive FLRW branch is singled out as the branch compatible with the causality-
preserving infrared transfer of remote signals. In this branch, the reconstruction horizon, the
Hubble scale of the redshifting regime, and the cosmological term turn out to be different
effective representations of one and the same infrared constraint. Under a self-consistent
identification of L., with the Hubble scale of the late IR-dominated regime, the coefficient
X is naturally expected to be of order unity. However, this remains a structural estimate,
not a computation of its exact value.

Thus, the cosmological constant receives a place within the already constructed recon-
structive architecture. The special-relativistic structure, the gravitational sector, the quan-
tum layer, hidden large-scale content, and the cosmological term are no longer treated as
independent external elements added to the model separately. They are interpreted as dif-
ferent levels of the effective description arising under different conditions of operational
reconstruction of the fundamental Euclidean field.

It should be emphasized, however, that the result obtained has a limited status. The
present paper does not compute the observed numerical value of A, does not construct the
full FLRW phenomenology, does not derive the exact dependence z(L), does not compute the
observed value of Hy, does not analyze structure growth, and does not consider the spectrum
of the cosmic microwave background. The result obtained is structural: it shows that, in the
presence of a finite scale of stable reconstruction and when this scale is represented within
the closed covariant GR regime, the natural leading zero-derivative contribution has the form
of a cosmological term

AIRgmx .

The normalization of the coefficient x, the precise comparison of L., with observed cosmo-
logical distances, the computation of Hy, the derivation of the full redshift dependence, and
the construction of the full FLRW phenomenology remain tasks for future work.
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7.2 Transition to theorematic development and mathematical clo-
sure

After the inclusion of the cosmological term in the general reconstructive scheme, the fur-
ther development of the program should be understood not merely as a transition from the
conceptual stage to the technical stage, but as a transition to the stage of systematic theore-
matic development. What is essential is not only that the main effective layers of the model
have now been assembled into a unified reconstructive scheme, but also that this scheme has
acquired a structurally closed form. As a result, the further development of the program can
be regarded primarily as the task of rigorous mathematical derivation and refinement of the
already specified structure, rather than as a search for further missing conceptual layers.

This is the main methodological shift achieved by the present work. After the reconstruc-
tion of the special-relativistic, gravitational, quantum, hidden, and cosmological layers, the
model can for the first time be interpreted as a coherent inverse-problem setting in which
the main levels of the effective physical description receive a common origin from a single
fundamental Euclidean setting. This opens the possibility of systematically translating the
previously introduced structural claims, operational conditions, and reconstructive principles
into the form of rigorous mathematical statements.

In the same sense, the structural closure achieved here means that the model can be
regarded as a unified basis for a principled description of the main physical regimes without
adding new fundamental layers at each subsequent stage. This does not mean that the full
concrete phenomenology has already been constructed in quantitative form, but rather that,
at the level of the general architecture, the main elements of the physical scene no longer
need to be externally introduced as independent initial entities.

This, of course, does not mean that all quantitative characteristics have already been
computed or that further work is reduced to the formal writing down of previously known
answers. On the contrary, substantial tasks remain: the normalization of dimensionless co-
efficients, the relation between reconstruction scales and observable cosmological quantities,
the construction of the full phenomenology of the effective matter sector, the refinement of
the redshift law, and the analysis of possible limiting background regimes. However, these
questions no longer concern the search for a new conceptual architecture, but the mathe-
matical development of the structure that has now been specified as a unified whole.

Thus, after the present paper, the program enters a phase in which its further development
can proceed as the systematic construction of a rigorous system of mathematical results. This
is the main meaning of the structural closure achieved here: the model acquires not only a
conceptually consistent architecture, but also a basis for further development in the form of
theorematic reconstructive physics.

7.3 Cosmological implications and limitations

The result obtained opens several directions for further cosmological development. The first
direction concerns the full inclusion of the matter sector. In the present work, the mean
matter density was not used as an input in deriving A, since the aim was not to solve the
Friedmann equations with prescribed densities, but to identify the origin of the universal
geometric zero-derivative contribution. However, in order to pass to the full cosmological
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phenomenology, one must consider the equations

k (G AIR
H: 4 = = g + 2
+CL2 3 Peft + 37

g = _?(peﬁ + 3pesr) + %7
taking into account visible matter, radiation, the gravitationally relevant hidden non-vacuum
sector, and possible subleading infrared corrections. It is at this stage that quantitative
relations between L., the coefficient y, the expansion history, and observable cosmological
parameters must be established.

The second direction concerns redshift. In the present paper, it was used not as an
initial phenomenological postulate, but as the geometric form of causality-preserving infrared
transfer. The narrowing of the stably reconstructible spectral window requires remote signals

to satisfy the condition

k

kops(L) = _em
bo(D) =77 (L)

Redshift thereby receives a reconstructive interpretation: it preserves the causal recogniz-
ability of a remote event at the cost of losing short-wavelength information. However, the full
law z(L) is not derived from this condition in the present paper. Such a derivation requires
a separate analysis of the correspondence between the operational scale L, cosmological
distances, the dynamics of the scale factor, and the concrete reconstruction class.

The third direction concerns a limiting background layer near the reconstruction horizon.
Unlike a full identification of such a layer with the observed cosmic microwave background,
the very appearance of a CMB-like reconstruction remnant is a more direct structural con-
sequence of the mathematics obtained above. Indeed, near the reconstruction horizon, the
stably reconstructible spectral window narrows to the threshold range

< Kmax(L).

2m
k < k., k., = L
Therefore, any event structure requiring wavenumbers k > k, ceases to be individually
reconstructible. What remains observable is only the low-frequency image of the remote
region, that is, an infrared-smoothed background remnant.

In this sense, near L,,.,, what appears is not simply the absence of further reconstruction,
but a transition from individually resolvable event structure to a limiting background regime.
Such a layer can be regarded as a CMB-like reconstruction boundary: not as a material
surface in the fundamental space E*, but as an operational screen beyond which individual
event structure is no longer accessible for the given class of observers. It separates the
region in which remote events can still be causally recognized from the region in which only
statistically depleted infrared content is preserved.

If such a limiting background layer indeed arises, then it changes the phenomenological
status of the critical wavelength A,. In the mathematical setting, A\, remains an internal
criterion of admissibility of causally consistent reconstruction and defines the condition

)\min<Lmax) = )\*
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However, what may be observationally accessible in this case is not the microscopic threshold
A itself, but the already formed limiting background layer. Then the phenomenology of the
horizon is determined mainly by the effective scale L., the coefficient x, the Hubble scale
of the TR-dominated regime, and the parameters of the reconstruction class, while the exact
normalization of A, enters them as a hidden internal parameter of the transition from event
reconstruction to the background regime.

At this stage, this result is not a full derivation of the observed cosmic microwave back-
ground. Such an identification would require a separate explanation of:

a nearly thermal spectrum,

the temperature scale,
small anisotropies,
polarization,
acoustic peaks and the relation to structure formation.

These questions are not considered in the present work. Here only the more general structural
result is fixed: near the reconstruction horizon, individually resolved event structure must
give way to an infrared-smoothed background regime. Therefore, the CMB-like layer should
be understood first of all as a reconstruction boundary, not as an already fully derived
observed cosmic microwave background.

Thus, the present paper provides a structural mechanism for the emergence of the cos-
mological term, but does not replace the full observational cosmology. The next stage is to
relate L.y, the coefficient y, redshift, the Hubble scale, matter density, the criterion \,, and
a possible limiting background layer within a unified quantitative FLRW phenomenology.

8 Conclusion

In the present work, a timeless Euclidean model with a single real harmonic field was consid-
ered as a fundamental setting containing neither an a priori Lorentzian metric, nor funda-
mental time, nor pre-given cosmological dynamics. Within this setting, the regime of remote
reconstruction relative to a localized data region €y and a fixed flat working foliation was
analyzed. It was shown that the elliptic character of the fundamental equation leads to the
exponential instability of inverse continuation and, as a consequence, to a scale-dependent
restriction on the stably reconstructible spectral content.
On this basis, an infrared-induced narrowing of the spectral window was obtained:
1 0y

kmax(L) - Zlog 5 )

where L denotes the scale of remote reconstruction, ¢ is the characteristic error level of
the accessible data, and d, is the admissible operational error threshold after reconstruc-
tion. Since kpax(L) decreases monotonically as L increases, the minimum distinguishable

wavelength
2m

Amin(L) = T (L)

42



increases monotonically. Thus, large-scale reconstruction in the model considered here is
accompanied by directed infrared degradation: as the reconstruction scale increases, the
accessible spectral window systematically narrows, and the description becomes increasingly
large-scale and informationally depleted.

A result was then established on the existence of a finite maximum scale of stable recon-
struction L.y, defined by the condition

)\min(Lmax) - A>s<7

where A, is the critical minimum wavelength of resolution compatible with a stable causally
consistent description. At the level of the technical derivation, this scale has the status of an
observer- and foliation-dependent limit L. Tts interpretation as a cosmological infrared
scale requires inter-observer compatibility within the corresponding reconstruction class. In
this sense, Lyax is not a fundamental boundary of the field ® on E*, but an operational
reconstruction horizon: the limit of the large-scale sector that remains accessible to a stable
causally consistent description.

It was then shown that, if this infrared limit is represented within the already recon-
structed closed covariant GR regime, the leading universal local zero-derivative contribution
has the form of a cosmological term. Accordingly, the cosmological contribution receives the

reconstructive interpretation
G + Argu = 871G lef,f + (subleading IR corrections).

Its natural scale is given by
A = x Ly

max’

where y is a dimensionless coefficient depending on the details of the cosmological recon-
struction class, the averaging procedure, and possible additional constraints of the effective
layer. Therefore, at the level of order of magnitude,

|Ar| ~ L2,

In the target homogeneous-isotropic cosmological sector, the physically relevant FLRW
branch of this geometric IR response was singled out. Since, as L grows, the stably recon-
structible spectral window narrows, the causal reconstructibility of remote signals requires
the transfer of their observable content into a longer-wavelength range. In the effective
FLRW description, this condition is expressed through redshift:

kem

kobs(L) = T+ 2(0)

S kmaX(L)-

Thus, redshift receives a reconstructive interpretation as a causality-preserving infrared
transfer: it does not preserve the full microscopic information about a remote event, but
supports its causal recognizability within the narrowing spectral window.
The positive branch
AIR >0
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is compatible with this target regime, since it defines de Sitter-like screening behavior and a
positive asymptotic Hubble scale

Ar
HZ ~ —.
IR 3
Together with
AIR = XL;;)U

this gives the structural relation

HIR ~ \/§Lm;x'

Thus, the reconstruction horizon, the Hubble scale of the IR-dominated regime, the positive
cosmological constant, and redshift are mutually consistent manifestations of one and the
same infrared constraint. Under a self-consistent identification of L., with the Hubble scale
of the late IR-dominated regime, the coefficient y is naturally expected to be of order unity,
although its exact value is not computed in the present work.

Finally, it was noted that, near the reconstruction horizon, individually resolved event
structure must give way to a coarser infrared description. As L — L., the stably recon-
structible spectral window narrows to the threshold range

k < k., k. = 2_7r

As
Therefore, any event structure requiring wavenumbers k > k, ceases to be individually
reconstructible. This points to the possibility of a CMB-like limiting background layer: not
as a material surface in the fundamental space E*, but as an operational boundary beyond
which individual event structure is no longer accessible for the given class of observers. In the
present paper, this layer is not identified with the observed cosmic microwave background
in the full sense; such an identification would require a separate derivation of the spectrum,
temperature, anisotropies, polarization, and relation to structure formation.

Thus, four interconnected results have been established in the paper:

(i) in a fixed flat foliation, the elliptic instability of remote reconstruction leads to the
narrowing of the stable spectral window and to a finite scale of stable reconstruction
Limax;

(ii) when this scale is represented within the closed covariant GR regime, the leading
universal zero-derivative response has the form of a cosmological term and a natural
scale of order L_2 :

max?

(iii) in the target homogeneous-isotropic sector, the positive FLRW branch is singled out
as the branch consistent with causality-preserving infrared transfer of remote signals
and with a Hubble scale of order L_! :

max?

(iv) near the reconstruction horizon, individually resolved event structure must pass into
an infrared-smoothed limiting background regime.
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Consequently, in the timeless Euclidean model considered here, the cosmological constant
receives an interpretation not as fundamental vacuum energy and not as an external phe-
nomenological parameter, but as a universal geometric infrared response to the limitation of
stable remote reconstruction. At the same time, the present result is structural in character.
The paper does not compute the exact observed value of Ajg, does not construct the full
FLRW phenomenology, does not derive the full law z(L), does not compute Hy, and does
not derive the observed cosmic microwave background. These tasks require further analysis
of the relation between L., the coefficient x, the matter sector, redshift, the Hubble scale,
and a possible limiting background layer.

References

[1] A. N. Smirnov, “Special Relativity as an Emergent Structure in a Timeless Euclidean
Model,” International Journal of Quantum Foundations 12 (2026), no. 2, 272-312.
Available at: https://ijqf.org/archives/8065

[2] A. N. Smirnov, “Einstein Equations from a Timeless Euclidean Model: Operational
Reconstruction and the Compensation Principle,” International Journal of Quantum
Foundations 12 (2026), no. 2, 372-402. Available at: https://ijqf.org/archives/
8097

[3] A. N. Smirnov, “The Quantum Core of the Effective Theory as an Operational Recon-
struction in a Timeless Euclidean Model,” International Journal of Quantum Founda-
tions 12 (2026), no. 2, 531-583. Available at: https://ijqf.org/archives/8120

[4] A. N. Smirnov, “Reconstruction Classes and the Fine-Tuning Problem in a Timeless
Euclidean Model,” International Journal of Quantum Foundations 12 (2026), no. 2,
738-765. Available at: https://ijqf.org/archives/8162

[5] A. N. Smirnov, “The Standard Model and Dark Matter in a Timeless Euclidean Model,”
International Journal of Quantum Foundations 12 (2026), no. 2, 805-836. Available at:
https://ijqf.org/archives/8187

[6] S. Weinberg, “The Cosmological Constant Problem,” Rev. Mod. Phys. 61 (1989), 1-23.
d0i:10.1103/RevModPhys.61.1

[7] E. J. Copeland, M. Sami, and S. Tsujikawa, “Dynamics of Dark Energy,” Int. J.
Mod. Phys. D 15 (2006), 1753-1936. Available at: https://arxiv.org/abs/hep-th/
0603057

[8] T. Clifton, P. G. Ferreira, A. Padilla, and C. Skordis, “Modified Gravity and Cosmology,”
Phys. Rept. 513 (2012), 1-189. Available at: https://arxiv.org/abs/1106.2476

[9] J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential Equations,
Yale University Press, New Haven, 1923.

45


https://ijqf.org/archives/8065
https://ijqf.org/archives/8097
https://ijqf.org/archives/8097
https://ijqf.org/archives/8120
https://ijqf.org/archives/8162
https://ijqf.org/archives/8187
https://arxiv.org/abs/hep-th/0603057
https://arxiv.org/abs/hep-th/0603057
https://arxiv.org/abs/1106.2476

[10]

[11]

[12]

[13]

[14]

[15]

[16]

L. Eldén and V. Simoncini, “A numerical solution of a Cauchy problem for an elliptic
equation by Krylov subspaces,” Inverse Problems 25 (2009), 065002. doi:10.1088/0266-
5611/25/6,/065002

R. Bousso, “The Holographic Principle,” Rev. Mod. Phys. 74 (2002), 825-874.
d0i:10.1103/RevModPhys.74.825

A. G. Cohen, D. B. Kaplan, and A. E. Nelson, “Effective Field Theory, Black
Holes, and the Cosmological Constant,” Phys. Rev. Lett. 82 (1999), 4971-4974.
d0i:10.1103/PhysRevLett.82.4971

R. D. Sorkin, “Causal Sets: Discrete Gravity,” in Lectures on Quantum Gravity, eds.
A. Gomberoff and D. Marolf, Springer, New York, 2005, pp. 305-327. Available at:
https://arxiv.org/abs/gr-qc/0309009

R. Loll, “Quantum Gravity from Causal Dynamical Triangulations: A Review,” Class.
Quantum Grav. 37 (2020), 013002. doi:10.1088/1361-6382/ab57c7 Available at: https:
//arxiv.org/abs/1905.08669

H. Gomes, S. Gryb, and T. Koslowski, “Einstein Gravity as a 3D Conformally Invariant
Theory,” Class. Quantum Grav. 28 (2011), 045005. doi:10.1088/0264-9381,/28 /4 /045005
Available at: https://arxiv.org/abs/1010.2481

D. N. Page and W. K. Wootters, “Evolution without FEvolution: Dynam-
ics Described by Stationary Observables,” Phys. Rev. D 27 (1983), 2885-2892.
d0i:10.1103/PhysRevD.27.2885

46


https://arxiv.org/abs/gr-qc/0309009
https://arxiv.org/abs/1905.08669
https://arxiv.org/abs/1905.08669
https://arxiv.org/abs/1010.2481

	Introduction
	The cosmological constant problem in a reconstructive setting
	Relation to existing approaches
	Aim of the work and relation to previous results
	Main idea of the work
	Main results

	Minimal setting and operational regime
	Fundamental model and fixed flat working foliation
	Data region and reconstruction region
	The GR regime as a closed effective description: the origin of g and Teff
	A brief remark on inter-observer compatibility

	Elliptic reconstruction and narrowing of the spectral window
	Spectral admissibility criterion for reconstruction
	Poisson semigroup and exponential instability
	Lemma on the spectral bound of admissible reconstruction
	Monotonic infrared degradation of reconstruction

	Operational horizon and maximum scale of reconstruction
	Finiteness of the number of modes on Omega0 under the spectral restriction
	Theorem on the operational horizon
	The operationally observable sector as a region of stable reconstruction
	Lmax as a natural infrared scale

	Infrared anomaly and universal geometric response
	Infrared anomaly as loss of spectral compatibility of reconstruction
	Universal covariant zero-derivative infrared contribution
	Order of magnitude of Lambda through Lmax
	Conditional invariance of Lambda in the compatibility class

	Positive FLRW branch and causality-preserving IR transfer
	Directed character of IR degradation of reconstruction
	Redshift as causality-preserving infrared transfer
	Homogeneous-isotropic cosmological sector
	Criterion for selecting the positive branch
	Cosmological horizon and redshift as consistent support

	Discussion
	Status of the result within the structure of the program
	Transition to theorematic development and mathematical closure
	Cosmological implications and limitations

	Conclusion

