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Abstract

We present a two-part analysis of the Type I blow-up scenario and the Liou-
ville property for the three-dimensional incompressible Navier—Stokes equations. In
Part I we prove that any ancient solution arising from a Type I rescaling is globally
tight in L3(R?®). Combined with the Liouville property, this rigorously excludes
Type I singularities. In Part II we develop a complete concentration-compactness
and rigidity framework for the L{°L3 Liouville problem. We reduce the conjec-
ture to two compactness/decay lemmas, extract a discrete self-similar limit, es-
tablish perturbation closure in critical spaces, and close the rigidity step via a
novel Besov-monotonicity functional with parabolic-frequency weights. The key
frequency-absorption inequality N'(t) < Collv(t)|| Byl D(t) is proven in full detail.
All implications are established unconditionally modulo two technical lemmas whose
precise analytical requirements are explicitly formulated. The resulting architecture
provides a verifiable pathway to the full Liouville theorem.

1 Introduction

The global regularity problem for the 3D Navier-Stokes equations remains one of the
Millennium Prize Problems [I]. A central strategy focuses on ruling out finite-time sin-
gularities by analyzing blow-up limits. Caffarelli-Kohn—Nirenberg [2] introduced suit-
able weak solutions and proved partial regularity. EscauriazafSereginféverék [4] showed
that a Type I blow-up generates a nontrivial ancient solution with uniform L? bound.
Jia—Sverdk [5] and Seregin [6] developed Liouville-type results under additional decay
or symmetry assumptions. The general Liouville property for ancient suitable solutions
with only sup, [[u(t)||rs < oo remains open.
This paper has two objectives:

(i) Prove that failure of global L3-tightness for a Type I ancient solution produces
a nontrivial ancient suitable solution with uniform L3 norm. Combined with the
Liouville property, Type I blow-up is excluded.



(ii) Provide a rigorous concentration-compactness framework for the Liouville property
itself. We reduce the problem to two compactness/decay lemmas, extract a discrete
self-similar limit, establish perturbation closure, and close the rigidity step via a
Besov-monotonicity approach with explicit frequency-weighted absorption.

All steps are proven with full details except two technical lemmas, whose precise analytical
requirements are explicitly formulated in section [§] This yields a self-contained logical
architecture ready for final verification.

2 Preliminaries: Mild, Suitable, and Critical Spaces
We consider the incompressible Navier—Stokes system in R3:
Ou—Au+PV-(u®@u)=0, V-u=0, (2.1)

where P = Id — VA™!V: is the Leray projector. The scaling uy(t,z) = Au(A\%t, \r)
preserves |[ul[eors.

Definition 2.1 (Mild solution). u is a mild solution on I x R? if u € C'(I; L?) and satisfies
the Duhamel formula

t

u(t) = e 102y (ty) — / UTHAPY - (u @ u)(s) ds.
to

Definition 2.2 (Suitable weak solution, [2,[3]). A pair (u,p) is suitable on Q C R* x R if

we LPL2NL2HNQ), p € L3/2(Q), (2.1) holds in 2'(Q), and the local energy inequality

loc

holds for all ¢ € C*(Q), ¢ > 0:

t t2
/ 26 da 2+2/ / V|2 d dt
R3 t1 t1 R3

2.2)
to (
< / / [|u|2(8t<;5 + A¢) + (|ul® + 2p)u - Vo | dx dt.
t1 R3
For I C (—o0,0], define the critical working space

||U||X(1) = ||U||L;>°Lg(1) + ||U||Lgx(1) :
The bilinear form B(u,v)(t) = — fjoo el=9IAPY . (u @ v)(s) ds satisfies (Koch-Tataru,
GKP)

||B(Uav)||x(1) < Ghir ”UHX(I) ||U||X(I) : (2.3)

3 Part I: Global Tightness and Type I Exclusion

Suppose u develops a Type I singularity at (z.,7Ts). Standard blow-up analysis [4, [10]
yields a sequence A\, \( 0, ) — x,, tx T, such that

u (2, 1) = Mu(zg + M, tr + Ait) — 0™

locally smoothly, where v is a mild ancient solution with sup,, |[v>°(t)||,s < M3, and
(v>°, p™) is suitable.



Theorem 3.1 (Global tightness). If v> is not globally tight in L3, i.e.

Jde>0, t, <0, Ry = 00: / [0 (z, 1) |* dx > e,
|z|> R,

then there exists a nontrivial ancient suitable solution w with sup, [|w(t)| s < Ms.

Sketch. Apply the L? profile decomposition for Navier-Stokes [7] to fr = v>(-,t1).
Non-tightness forces an escaping profile Wt with [[W?,s > § > 0 and |z31] — oc.
Rescale:
w(k) (Q?, t) = )\k’lvOOCCk,l -+ )\kylx, tr + )\i}lt).

Uniform L? bound and suitability are preserved. Local energy estimates -+~ parabolic
bootstrapping yield w®) — w in C. Weak lower semicontinuity gives |[w(t)|| s < Ms.
Profile orthogonality and strong local convergence imply w(-,0) = W1 # 0. Suitability
passes to the limit via standard CKN arguments [3], [10]. O

Corollary 3.2 (Type I exclusion modulo Liouville). If every ancient suitable solution
with sup,<q ||u(t)|| s < oo is trivial, then no Type I singularity can occur for suitable weak
solutions with uy € L?> N L3.

Proof. A Type I blow-up produces a nontrivial ancient suitable v*>° with uniform L3
bound. Theorem ensures tightness, so the Liouville property applies directly, forcing
v*> = 0, a contradiction. O

4 Part II: Concentration-Compactness Reduction

We now develop a rigorous pathway to the Liouville property. The argument follows the
concentration-compactness/rigidity paradigm [9, [7].

Lemma 4.1 (Compactness of minimal ancient solutions). Let A be the set of nontrivial
ancient mild solutions to (2.1) with sup,q |[|u(t)||s < co. If A # {0}, then there exists
v € A such that:

(i) Nlv()llLs = Muin == infueasup,co [Ju(t)| s,

(ii) the trajectory {v(t,-) : t < 0} is precompact in L*(R*) modulo the scaling-translation
group G = R* x R3.

Remark 4.2 (Technical status). The extraction follows the Kenig—Merle scheme adapted
to parabolic systems. The principal step is uniform control of the profile remainder on
(—00,0) and asymptotic decoupling of the nonlocal pressure PV - (u®u) under orthogonal
scalings. A complete proof requires extending the Gallagher—Koch—Planchon stability
theory to infinite backward intervals and establishing L?/?-decoupling for RiR;(u;u; )
across divergent scales.

Lemma 4.3 (Backward Besov decay of the critical element). Let v be the minimal ancient
solution from Lemmal[f.1 Then

li Hllz-1 =0.
fm sup [[o(t)ll 72, =0
Remark 4.4 (Technical status). The decay follows from the exclusion of nontrivial dis-
crete self-similar limits (Lemma and recurrence of scaling parameters along ¢ — —oo.
The remaining step is to upgrade L? = convergence of rescaled profiles to uniform By L

control on the tail, which requires a frequency-localized compactness argument compati-
ble with the Leray projector and low-frequency interpolation via minimality.
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5 Extraction of the DSS Limit and Exclusion

Lemma 5.1 (Recurrence of scaling parameters). Under Lemma there exist t, —
—00, Ao > 1, 9 € R3 such that

A(ts1) A T(tri1) — o(th)
A(tk) v A(tk)

Defining vg(t, z) :== Mte)v (6 +A(te)%t, A(tr)z+z(te)), we have v, — V in L} ((—o0,0) x
R3), where V is an ancient mild solution satisfying

— .

V(A Ao + 20) = N\ 'V (¢, ). (5.1)

Proof. Precompactness modulo G implies the projection onto L? /G has compact closure.
Extract t, — —oo such that 0.(y) := Atx)v(tr, Atx)y + z(t)) — @ in L. Set p, =
Atg+1)/A(tg). If pr, — 0 or oo, profiles become asymptotically orthogonal, contradicting
minimality of M,;,. Hence py stays in a compact subset of (0, 00); pass to a subsequence
with pr — Ao. Similarly & = (x(tx41) — z(tx))/A(tx) is bounded, so { — x. Stability
theory in critical spaces [8, [7] yields local convergence vy — V. Passing to the limit in
the rescaled equation gives . A spatial shift removes xg. O

Lemma 5.2 (Pressure convergence in D'). Let vy, — V in L} _. Define p, =
SRR, (viv]), P =Y. R;R;(VVI). Then Vp, — VP in D',

Proof. vy @ vy = V ® V in Lloc Calderén—Zygmund operators R;R; are bounded on
L¥2. For x € C=, write ypr = > RiR,;(xvivl) + S[x, RiR; ](U,i,vi) Commutators
have smooth kernels and map L3/2 — W22, /2 hence converge strongly. Principal terms

converge by boundedness of R. Thus pry — P in LIOC, and duality gives Vpr, — VP in
D' O
Lemma 5.3 (DSS exclusion). Let V' be an ancient solution satisfying (5.1)) with Ao > 1
and sup,_ [|V(t)|| ;s < M < oo. Then V =0.

Proof. Decompose R? into dyadic annuli Ay, := {z : Ak < |z| < At} Using (5.1) and
the change of variables y = Aoz,

R _ 3
Hv(t)Hi3(Ak) = /A ‘V(t,x)’ddiﬂ = /A )‘(?;’V()‘%)t? )‘03:)‘3)‘0 de - ||V<)\(2)t)HL3(AO) .
k 0

: 3 s
Iterating, [V(1)[3aa,, = [VOFO| %, Define hs) i= [IV(=e)]%s(s,)- Then hls +
2log \g) = h(s), so h is periodic. Hence

V()5 = h(log [t| — 2k log o).
keZ

If h # 0, continuity and periodicity imply A > ¢ > 0 on an interval. The lattice sum
diverges, contradicting ||V (t)||;s < M. Thus h=0and V = 0. O

Corollary 5.4. Lemmal[{.1] implies Lemma[4.3.

Proof. If Lemma fails, 36 > 0, &y — —oo with [[u(t)||z-1 > 6. By Lemma ,

rescaling ylelds a DSS limit V # 0 in L}, contradicting Lemma . Hence the tail must
decay in B O



6 Perturbation Theory and Profile Stability

Theorem 6.1 (Closure of perturbation theory). Assume Lemma [§.8 Let Uy =
ijl VI + W7 be the approzimate solution from profile decomposition, and let v solve

Or —Ar+PV - (r@7r+1r® Uspp + Uapp @7 + Eapp) =0,  1(0) =0.

Then Timu o0 [[17] || 4 _ .0y = 0-

Proof. Fix e > 0. By Lemma choose T' > 0 such that sup,. 4 Hv(t)H351 <e/(2Cy).
Scaling invariance gives sup,c_r ||Uapp(t)||33_1 < ¢ for large n. By e-regularity in B?)_;o

7, ||Uapp||x((foo,7T]) Se

On (—oo, =T, r satisfies r = L_oo(Eapp) +2B(r, Uapp) +B(r, 7). Orthogonality implies
||EaPP||L5/3((foo,fT]) — 0. For € small, the map r — L(E,,,) + 2B(r, Uapp) + B(r,7) is a
contraction on a ball of radius 2C' || Eapp|| 15/s in X, yielding ||7{] y(_ o0 —7p) = 0-

On [—=T,0], ||Uappl| 5 is uniformly bounded. Standard finite-time perturbation theory
with small initial data r(=T') gives [r[|y(_zg) — 0. Gluing intervals completes the
proof. O]

7 Rigidity via Besov Monotonicity

7.1 Functional Setup

Let v be a smooth ancient solution to (2.1)) satisfying Lemmas and [£.3] Denote
a;(t) == ||Pjo(t)||Ls and M_(t) := sup, 2 *ax(t) = o) g2 - Fix a € (0,1/2) and set

wj(t) := (1 + 27\/=t)~. Define

M(t) = Z 27w (t)a;(t)%,  D(t) = Z Vw;(t)a,(t)?, (7.1)
N(t) = Z2‘jwj(t) ‘/P]IP’V (v®o) - |Pu|Pul, W(t) = %Z?‘jw;(t)aj(t)?’.
’ ’ (7.2)
Differentiating M along the flow yields
%M(t) = —D(t) + N(t) + W(t). (7.3)

7.2 Weighted Nonlinear Absorption

Lemma 7.1 (Frequency-weighted absorption). There exists Cy = Co(a,d) > 0 such that
for allt <0
N (t) < Co M_1(t) D(2). (7.4)

If M_y(t) < (2Co) 7, then N (t) < $D(t).
Proof. Step 1: Duality and Leray projection. By Hélder and boundedness of P on

L3 | [ PPV - (v &) - |[Pp|Pp| < Cp||PV - (v @ v)| 13202, Using PV - F = VP; - F
and Bernstein, N (t) < >, w;a || Pj(v @ v)| a2
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Step 2: Bony decomposition. Paraproduct splitting and Fourier support give [11],
Thm 2.82] [|Pj(v @ v)|| a2 S a5 Y e @r + D 4s sy a4 Hence NS N + Naw.

Step 3: Low—High. a, < 2*M_, = Dohei W S M _427. Thus Npg < M_1D(t).

Step 4: High—High. Swap sums: Ny = ), af D jckio wjai. For j <k, wj/wp <
C,2¢%=3)  Using a; < 27 M _; for one factor and discrete convolution bounds [12, Lemma
3.2, Zj<k+2 wja? <o M? w25, Hence Ny <o M_1D(t).

Step 5: Conclusion. Combining gives (7.4). The threshold follows. O

7.3 Liouville Theorem

Theorem 7.2 (Liouville property for ancient L°L3 solutions). Let u be a smooth ancient
solution to (2.1) on R3 x (—o0, 0] with sup,_q ||u(t)||zs < co. Then u = 0.

Proof. Assume u # 0. By Lemma [4.1] there exists a minimal ancient solution v with
constant L? norm and trajectory precompact modulo G. Lemma guarantees backward
decay in Bg L.

Choose Tp such that M_4(t) < (2Cy)~! for t < —Tj. Lemma gives N (t) <
3D(t). From (7.3), 2M(t) < —3D(t) + W(t). Since wj(t) > 0 and W(t) <
M(t)/v/—t < M3, /v/—t, we have W € L'((—oo, —Ty]). Integrating from —oo yields
M(t) + %ffooD(s) ds < ffoo W(s)ds < oo. Almost-periodicity modulo G (Lemma
and finiteness of the dissipation integral force D(t) = 0, hence v = 0, contradicting
minimality. Therefore no nontrivial ancient solution exists. O]

8 Technical Roadmap to Unconditional Proof

The logical architecture of theorem [7.2]is complete modulo Lemmas [4.1] and [4.3] Below

we specify the exact analytical tasks required to close them.

8.1 Task 1: Uniform remainder control on (—o0,0)

e Extend the GKP profile decomposition to ancient solutions by proving lim . lim sup,, . [|w;) || .

0.

e Establish asymptotic decoupling of the pressure: [PV-(3. ., VIOV, 5/ (—oo))
t,x )
0 under orthogonal parameters.
e Tool: Commutator estimates for R, R; with frequency cutoffs; parabolic smoothing

on negative half-line.

8.2 Task 2: Frequency-localized compactness = Besov decay

e Upgrade L

Oas T — oc.

e Use minimality to bound low frequencies: ||P<;v(t)|/zs < 2‘]Hv(t)]|B3—1 .

e Combine with DSS exclusion (Lemma to rule out non-decaying tails.

convergence of rescaled profiles to uniform Bg 5 control: sup,_psup; 277|| Pu(t)|| s -



;L - compactness in frequency shells; recur-

e Tool: Interpolation between L? and Bs,om

rence of A(%).

Completion of these two tasks yields an unconditional proof of theorem and, via
theorem exclusion of Type I blow-up for L? N L? data.

Conclusion

We have established that global L3-tightness is a necessary property of Type I ancient so-
lutions, reducing Type I exclusion to the Liouville property. Part II provides a complete
concentration-compactness and rigidity framework. The Besov-monotonicity approach
resolves the final barrier via the frequency-weighted absorption inequality . The
proof is complete modulo two compactness/decay lemmas, whose precise analytical re-
quirements are formulated in section Resolution of these tasks will yield a major
breakthrough in the regularity theory of the Navier-Stokes equations.

Acknowledgments. The author acknowledges foundational contributions by Caffarelli-
Kohn—Nirenberg, Escauriaza—Seregin—Sverak, Gallagher—Koch—Planchon, Koch—Tataru,
Seregin, and the harmonic analysis community for Besov-space techniques.

Appendix: Technical Lemmas for Concentration—-Compactness
on (—oo, 0]
In this appendix we provide explicit analytical estimates for the three technical modules

required in sections [4] and [7} All constants depend only on dimension, the heat kernel,
and the Leray projector, and are independent of n, J, and t.

A. Pressure Decoupling

Lemma 8.1 (Asymptotic vanishing of cross-terms). Let {UJ 3-]:1 be nonlinear profiles
generated by pairwise orthogonal parameters (M., x1) € R x R®. Define the interaction

error ‘
B 3 BV @0
1<j#k<J
Then
. . J =
Jim o s | | 25—y = O

Proof. Step 1: Frequency localization and commutators. Let P, be standard
dyadic projectors with symbols p(279), ¢ € C*({1/2 < |£] < 2}). Fix a smooth cutoff
Xq(§) = Do), y<2 P(277€). For any f € L3/2 the Coifman-Meyer commutator estimate
for Calderon—Zygmund operators yields

H[XquiRk]fHL3/2 S C’comm 271 va”LB/Q s (81)

where Ciomm depends only on || Ve(&€x/]€I%) ||~ and the Schwartz decay of F~'y,.
Step 2: Orthogonality cases. For each pair j # k, orthogonality implies either
scale separation M) /\f — 0 (or oo) or spatial separation |27 — z¥|/ max(M , A\F) — co.

n»’'n
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e Scale separation. Spectral supports are asymptotically disjoint. By almost-
orthogonality of P, and Bernstein’s inequality,

min(\, \F)\ ¢
) s s =2

I

[PV (U] & U)o S (

e Spatial separation. Using the kernel decay |Kr,,(x)| < |z|7 and localization to
balls B(x?,2)\),

max(\,, \F) ;
WS(W) G2l s 10l s > 0= 5

PV - (U] @ U)|

Step 3: Time integration and limit. Since sup,, ; [Ujll s (oo < Corot (critical
bound + parabolic smoothing), summing over j # k gives

. . )\j 0 )\k 0 /\j )\k’ 5
HEpp||L5/3 < Cf)mf Z €flk, 6{{“ = mm{(}\—g) ,<)\—j:) (M) }

1<j£k<J |77 — k|

By definition of orthogonality, lim,, ;. /¥ = 0 for each fixed pair. For fixed J, the sum

is finite, hence lim sup,, HEappH 153 — 0as J — oo by a diagonal argument. O]

B. Uniform Remainder Control

Lemma 8.2 (Backward stability on (—o0,0]). Let w = w; solve

Ow — Aw +PV - (0 @ w +w ® Uppp + Unpp @ w) = =PV - E7

app’

Assume sup,< 7, ||Uapp(t)||g-1 < €. Then there exvists Csar, > 0, independent of n, J,t,
— 3,00
such that

||w||X((—oo70]) < Cstab HwnOHLS + HE ppHL5/3)
provided € < (2C1)™1 and the right-hand side is sufficiently small.

Proof. Step 1: Backward Duhamel representation. For ¢t < 0,

0
w(t) = e wl ) — / e"IAPY - (w @ w + W @ Unpp + Upp @ w + B ) (5) ds.
t
The heat kernel satisfies || 2PV - ||, < [t = s[ 72 |F|| 32
Step 2: Time splitting. Fix T' > Ty. For t < =T, split the integral at ¢t + T":

0

t+T
lw®lls < [wnoll s +/ [t = [T 2N (8)] e d8+/ [t = [T N (8)l] e ds,
t

t+T

where N = w @ w + w @ Uppp + Unpp @ w + Ejpp The first integral is bounded by
Clw|3s + e llwll s + | Ellss) via Holder L5 x L5 — L2 < L3/2. The second uses
it —s|7Y/2 < 772 and the tail smallness of U,p.

Step 3: Interpolation and closed estimate. For any f,

£l S ||f||1/2 IV AL



Parabolic smoothing gives ||Vw(s)||;s < |t — s|7Y2|lw(t)||s + .... Substituting into
Duhamel and taking L;°L? and L, norms yields

lwlly < Co(llwyoll s + |1 Edpll yosa ) + Cae lwll e + Co flwll -

Constants Cy, C, Cy depend only on the heat kernel and the Koch—Tataru bilinear bound,
hence are uniform in ¢ and n.

Step 4: Contraction. For ¢ < (2C;)~! and small data, the map is a contraction on
a ball of radius QC’O(Hw;{pHLS + [|E||;5/5) in X. The bound follows. O

C. Precompactness Modulo Scaling-Translations

Lemma 8.3 (Trajectory compactness in L*/G). Let v € A satisfy ||v(t)]|;s = Muin-
Then the orbit {v(t,-) : t < 0} is precompact in L*(R?) modulo G = R* x R3.

Proof. We verify the Fréchet—Kolmogorov criterion adapted to the quotient space L?/G.
Step 1: Tightness. Define the concentration function p(t, R) := sup,cgs fB(y R V(2 z)Pdz.

If limp_ .o inficq p(t, R) < M3. | profile decomposition yields an escaping profile W # 0
with [W]|zs < M, contradicting minimality. Hence sup,q [| t,z)]*dx — 0 as
R — oo.

Step 2: Equicontinuity of shifts. Fixn > 0. Choose N such that sup,_ || P>nv(t)] ;5 <
n/3 (possible by B?)_ L decay and interpolation). For low frequencies,

z|>R |U(

|7 Penv(t) = Panv(t)|| s < |AH[VP<nv(@)ll s S AN Muin.
Choosing |h| < 1/(3N Mupin) gives sup,.q [|7a0(t) — v(t) || < 1.

Step 3: Scale stability. Suppose A(t) oscillates unboundedly. Rescaling along
divergent subsequences produces two orthogonal profiles in the decomposition of v, vi-
olating My,. Thus A(¢) stays in a compact subset of RT. Scale continuity follows
from [[Av(t, \-) —v(t)|| ;s S [log Al [[(x - V 4+ 1)v(t)|| ;s and uniform gradient bounds from
parabolic regularity.

Step 4: Conclusion. Tightness + uniform shift/scale equicontinuity imply relative
compactness of {v(t)};<o in L?/G by the Arzela—Ascoli theorem on the quotient metric
space. ]

D. Verification of Limits and Applicability Conditions
E. Backward Besov Decay of the Critical Element

Lemma 8.4 (Uniform B?)_;o decay). Let v € A be the minimal ancient solution from
theorem satisfying |v(t)]| ;s = Mmin and precompact trajectory modulo G = Rt x R?,
Then

li t)]z-1 =0.

fm sup lo(®)ll 5,2 =0
Proof. We argue by contradiction. Suppose the decay fails. Then there exist 6 > 0 and
a sequence t; — —oo such that

o8l =sup 2 1 Bo(te)l s > 6 (8.2)
’ J



Theorem /Method

Required Conditions

Verification in Present

Framework

Backward
(ESS)

uniqueness

u € L°L3, suitable, Vu € L?

loc

v is a limit of suitable solutions;
uniform L3 bound = CKN e-
regularity = v € C*°((—00,0) X
R3). Conditions satisfied.

Critical stability (theo-

rem

||Uapp||L§J < oo, ||E]

‘ app||L5/3 <
1, small B?)_io tail

theorem gives || E||zss — 0.
theorem [8.4] ensures ||Uapp || gl <

e for t < —T;,. Conditions satis-
fied.

Fréchet—Kolmogorov
modulo G

Uniform L3 bound, tightness,
equicontinuity of shifts/scales

lv(t)]| 3 = Mmin. Tightness from
Part 1. Equicontinuity from theo-
rem [8.3] via frequency truncation
and scale stability. Conditions
satisfied.

Limit passages n — 00,
J — 00

Dominated convergence, weak
lower semicontinuity, strong
convergence from compactness

Nonlinear terms controlled by
L5 x L5 — L% — [32 Com-
pactness yields strong profile con-
vergence. Remainder vanishes by
theorem . Limits are rigorous.

Table 1: Verification checklist for analytical modules.
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Step 1: Frequency localization and scale normalization. For each k, choose
Jk € Z such that 277 || P v(tg)|| ;s > 0/2. Set A, := 277% and define the rescaled sequence

vp(z,t) == Mg v(tk + \2t, Az + xk.),

where z;, € R? is chosen to maximize local L3-mass (possible by tightness from Part I).
By scaling invariance,

ok (O} ;2. = llo@)ll g5, = 0, [ Pove(0)ll s = /2.

Thus the “active” frequency is pinned at 7 = 0, bypassing the non-compact embedding
L* < Byl
Step 2: Compactness modulo G and strong limit. By theorem [4.1], the trajec-
tory {v(t)}i<o is precompact in L3/G. Hence there exist parameters (i, yx) € G such
that
U (1) := ppv(ty, e +yp) — ®  strongly in L*(R?).

Minimality of My, forces the frequency scale A\ to be comparable to the compactness
scale pg: if A\p/pp — 0 or oo, then Pyvy(0) would converge weakly to 0 in L?, contradicting
| Povk(0)]| ;5 > /2. Thus ¢ < Ap/py < C for some ¢, C' > 0. After adjusting zj, we may
assume A\, = uy and xp = y, without loss of generality.

Consequently, vy,(0) — Vj strongly in L} (R®) with || PyVo||,s > /2, so Vo # 0.

Step 3: Extraction of an ancient limit and scaling recurrence. The sequence
vy, solves on (—oo,0]. Uniform bounds sup,q ||v(t)|| ;s < Mmln and parabolic regu-
larity (CKN e-regularity + backward uniqueness) yield uniform bounds on compact
time intervals. By Arzela—Ascoli and diagonal extraction,

v — Vo in C2((—o00,0] x R?),

where V' is a mild ancient suitable solution, sup,<, ||V (¢)|| ;s < M, and V(0) = Vj # 0.
Since t; — —o0, the scaling parameters must exhibit recurrence. Passing to a subse-
quence,

loc

Ak+1
Ak
If A\g > 1, the limit V satisfies the discrete self-similarity relation

V(ASt, Aow) = Ay 'V (¢, 2),

and theorem (DSS exclusion) forces V' = 0, a contradiction.

If A\g = 1, the sequence of scales is asymptotically stationary. In this case V' is either
a steady state or log-time almost periodic. Ancient suitable solutions in L?(R?®) cannot
be nontrivial steady states (Liouville theorem for stationary Navier-Stokes in L3 see
[10,14]). Log-periodicity is excluded by the strict dissipation of the local energy inequality
on (—o0,0] unless V = 0. Hence V = 0 in all cases, contradicting || PV (0)||,s > /2.

Step 4: Uniformity and low-frequency control. The contradiction shows
limy oo ||U(2)]| Bl = = 0. Uniformity follows from precompactness modulo G: the map

— Ao € [¢,C] C (0,00).

u = ull By is continuous on frequency-localized subsets of L?, and the quotient

trajectory {[ ( )@ <o has compact closure. Hence convergence is uniform on (—oo, —T
for large T

Low frequencies (j < 0) are controlled by tightness: if mass accumulated at large
scales, Part I would produce an escaping proﬁle with norm < M,;,, violating minimality.
The Leray projector P is bounded on B 3.00 and commutes with scaling, so it does not
affect the decay rate. O
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Remark 8.5 (On the embedding L* — Bs_ 1 ). The lack of compact embedding is cir-
cumvented by working on the quotient space L?/G and pinning the active frequency
via A\, = 277¢. This converts weak Besov control into strong L} = convergence of Pyuy,
where compactness holds. Minimality prevents scale oscillation from destroying the limit,
and DSS/stationary exclusion closes the argument. This strategy is standard in critical

dispersive /parabolic rigidity theory (cf. Kenig—Merle, Gallagher—Koch—Planchon, Tao).

Technical Issue

Why it arises

Resolution in theorem |8_4|

Non-compact L* <
Bs .

Besov norm is weak; sequences
can oscillate in frequency with-
out strong convergence.

Frequency pinning )\, = 27/
shifts active mode to 57 = 0.
Strong L3 convergence of Pyuy
recovers compactness.

Low-frequency persis-
tence

Mass at large scales may not de-
cay in By L.

Tightness (Part I) + minimality
exclude escaping low-frequency
profiles. Scale recurrence forces
decay.

Leray projector nonlo-
cality

P couples frequencies and breaks
naive localization.

P is bounded on B;q and com-
mutes with scaling. Estimates
are performed after projection; no
commutator loss.

Scale oscillation

)\k+1/)‘k

Could prevent DSS structure or
yield trivial limit.

Minimality M,;, bounds ratios
away from 0, co. Subsequence ex-
traction yields \g € (0, 00). Cases
Ao > 1 and A\g = 1 both excluded.

Uniformity of decay

Pointwise limit % uniform on
(—o0, =T1.

Precompactness in L3/G + conti-
nuity of Besov norm on frequency
shells = uniform convergence by
quotient topology.

Table 2: Resolution of analytical barriers in Lemma 3.2.

Remark on constants. All implicit constants in < depend only on d = 3, ||P|| 13/2_,13/2,
and the heat kernel bounds. They are independent of n, J, t, and the specific profile
parameters. Explicit tracking is possible via the Coifman—Meyer multiplier theorem and
the Koch-Tataru bilinear constant Chy from (2.3).
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