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ABSTRACT. We define a function L(z) =} (1 - e~?/°) for x > 0, where the sum runs
over all non-trivial zeros p of the Riemann zeta function ((s), taken in the symmetric
pairing p and 1 — p to ensure absolute convergence. We prove that L(z) converges
absolutely for every = > 0, that it is differentiable, and that its derivative is given by
L'(z) =3, %e‘“’/” (with the same pairing). We also show that L(z) is real-valued. This
functional serves as a continuous analogue of the Li coeflicients. We state the conjecture
that the Riemann Hypothesis is equivalent to the strict positivity L'(x) > 0 for all x > 0.
All results are unconditional and rely only on standard zero-density estimates.

NOTATION

Let p = 8 + iy denote a non-trivial zero of ((s). By the functional equation, if p is a
zero then so are 1 — p, p, and 1 — p. The sum » | , is always understood in the symmetric
pairing p and 1 — p:

T—o0
0<~<T

> flp) = lim (f(p) + fF(1=p)).
P
This pairing guarantees absolute convergence of the series we consider, as shown below.

1. INTRODUCTION

The Riemann zeta function ¢(s) has non-trivial zeros p in the critical strip 0 < R(p) <

1. The Li coefficients
A= (1=(1=1/p)")

p
(summation in the symmetric pairing) satisfy A, > 0 for all n if and only if the Riemann
Hypothesis (RH) holds [I]. In this paper we introduce a continuous analogue

L(z) = Z(l — e_””/”), x>0,

p

where the sum is taken in the symmetric pairing. We prove its basic analytic proper-
ties: absolute convergence, differentiability, and reality. We then state a conjecture that
connects the positivity of L'(z) to RH.

2. PRELIMINARIES

The Riemann—von Mangoldt formula gives

T T 7
N(T)=—log—+ = logT

where N(T') counts zeros with 0 < v < T'. Consequently N(7') = O(T'logT) and the
number of zeros with v € [k, k + 1] is O(log k). These estimates are unconditional.
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3. ABSOLUTE CONVERGENCE
Definition 3.1. For x > 0, define

L(z) = Z(l - e’x/p),

p

using the symmetric pairing.
Theorem 3.1. For every x > 0, the series defining L(x) converges absolutely.

Proof. For a zero p with (p) > 0, consider the paired term
P(p) = (1 - e*“”/p) + (1- e*x/(lfp)).

We estimate |P(p)|. For any 2z € C with |z| < 1/2, the inequality |1 — e % — z| < e|z|?
holds (by Taylor’s theorem with remainder). Take z = z/p and z = z/(1 — p). For
all sufficiently large |p| we have |p| > 2z and |1 — p| > 2z, hence |z/p| < 1/2 and
|z/(1 —p)| <1/2. Then

2

_m T T
I—e /P:_+R1<p)7 ’Rl( )| 1120
p ol
and similarly
2
1 — e—o/0-p) = _T ’ R ot
C Rl R S et
Thus
1 1 1 1
Pp) =a(=+—)+R(p). IR <ex*(Tg+m—rz).
p 1—p p[? 1= pf?
Now %—I— 1%,) = p(l 5 Since [p(1 — p)| > ~* (because |p| >~ and |1 — p| > 7), we have
1 1 1
LSNP,

p l1—pl™ 2

Also 1/|p]? < 1/+4% and 1/]1 — p|* < 1/72. Therefore
1 K
P(p)] < =5 +2ea®— < =

7? 7Ty

where K = x + 2ex? is a constant depending only on x.

The finitely many zeros with v < 2x contribute a finite sum. For the remaining zeros,
the series > _, |P(p)| is bounded by K> _, 1/7* Since the number of zeros with

v € [k, k+ 1] is O(log k),
1 k‘
> <Z T

’y>2x

Thus the series converges absolutely. U

4. DIFFERENTIABILITY

Theorem 4.1. L(z) is differentiable on (0,00), and for each x > 0,

1
L'(z) = Z el
P P

with the same symmetric pairing.
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Proof. For each zero p with &(p) > 0, define
1 1
g,(r) = (1 — e—x/p) + (1 _ 6—w/(1—p)), h,(z) = g/p( z) = ;e—w/p 4+ = e~ a/(1=p)
We first show that the series D g, hp(2) converges uniformly on any compact interval

[a,b] C (0,00). For v > 2b, we have |z/p| < 1/2 and |x/(1 — p)| < 1/2 for all = € [a, b].
By the Taylor expansion of e™* with remainder,

1 1 = |z|® 2 2b2
z/p _
—e =-——=+R,(x), < < < )
p p P P(2) ml < Z /f'lpl’c+1 Ipl3 Z P =
Similarly,
1 1 x 20?
—z/(1=p) — — S <=
1= T @—pp P SIS
Thus
1 1 1 1
e = (Ce ) (b LY
o) p l—p p? o (1—p)? (o)

with |T,(x)] < %2. Using the bounds |%—i—ﬁ| < 1/4? and \p%+ﬁ| < 2/~2, we obtain
for all large v,

1 2 4V 1+20+4p°
Let K =1+ 2b+ 4b* (depending only on [a,b]). Then |h,(z)] < K/~ for all z € [a,b]
and all sufficiently large ~
Let ng be the number of zeros with v € [k — 1,k]. Then ny = O(logk). The total
contribution from zeros with v > M is bounded by

= Kny = logk
B TR B e raved
k=M k=M

Hence the series » o, hy(z) converges uniformly on [a, b].

Now consider the partial sums Ly(x) = > g0, y<n 90(%). Each g, is smooth, and
g, = h,. The series of derivatives converges uniformly on [a, b], and the series of functions
converges at least at one point (e.g., at any fixed zg € [a, b], by the absolute convergence
proved in Section 4). By Theorem 7.17 of Rudin [3], L(z) = limy_,o Ly(z) is differen-
tiable on [a,b] and L'(x) = Y h,(x). Since [a, b] is arbitrary, the result holds on (0, c0).
Unwrapping the pairing gives the stated formula for L'(z). O

5. REALITY
Proposition 5.1. L(z) is real-valued for all x > 0.

Proof. We use the definition of the sum in the symmetric pairing. For each zero p with
I(p) > 0, consider the quadruple {p,1 — p, p, 1 — p}. The contribution of this quadruple
to L(x) is

(1- e*“/”) +(1— efw/(lfp)) +(1— e*fﬂ/ﬁ) +(1— ef:v/(lfﬁ)).

Since p and 1 — p are the complex conjugates of p and 1 — p respectively, this sum is equal
to 2R((1 — e™™/*) + (1 — e=*/17))), which is real. Summing over all p with S(p) > 0
yields a real number. The same reasoning applied to the derivative series shows that
L’(x) is also real. d
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6. RELATION TO LI COEFFICIENTS

Remark 6.1. Ezpanding 1 — e=*/? as a power series in x and interchanging sum and
series (justified by absolute convergence) gives

L(z) = i (_2—)'%10,195”, On = Zpin
n=1 ’ P

(the sum is taken in the symmetric pairing). The classical Li coefficients are

A= (1—(1—1/p)") = i (Z) (—1)F L.

P k=1

Thus L(x) is a continuous generating function for the Li coefficients.

7. CONJECTURE
Motivated by the Li criterion and the formal analogy, we propose the following:

Conjecture 7.1. The Riemann Hypothesis is equivalent to the strict positivity L'(z) > 0
for all x > 0.

A proof of this equivalence would require an arithmetic representation of L'(z) via the
explicit formula, which is beyond the scope of this paper.

8. CONCLUSION

We have introduced a smoothed functional L(z) defined by the zeros of the Riemann
zeta function and established its absolute convergence, differentiability, and reality. This
functional is a continuous analogue of the Li coefficients. We have stated a conjecture
linking its derivative to the Riemann Hypothesis. The analytic properties proved here
provide a foundation for further investigation.
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