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Abstract

The Causal Topology Vacuum Model (CTVM) proposes that only bipartite (EPR-
type) vacuum entanglement gravitates, while the irreducible multipartite (non-EPR)
entanglement of the quantum vacuum is gravitationally inert. Previous formulations
stated this sector-selection principle and its consequences as a system of six axioms (S1—
S3, T1-T3). We show that all six axioms can be derived from standard ingredients
of algebraic quantum field theory: the Wightman axioms, microcausality, the split
property, the nuclearity condition, the Bisognano—-Wichmann theorem, and the bit-
thread (max-flow/min-cut) representation of holographic entanglement entropy. The
derivation proceeds by constructing a canonical vacuum response matroid from the
harvested correlation matrix of Unruh—DeWitt detectors coupled to the QFT vacuum.
Microcausality forces a direct-sum decomposition of this matroid into gravitating and
topological sectors. The split property identifies the gravitating sector with the image of
a conditional expectation onto the intermediate type-I factor. The nuclearity condition
guarantees area-scaling of the boundary rank and the existence of protected boundary
generators. The Freedman—Headrick bit-thread theorem bridges matroid connectivity
to Ryu—Takayanagi entanglement entropy, closing the final gap. No new physics beyond
standard QFT is invoked. The CTVM is thereby established as a theorem of algebraic
quantum field theory rather than a conjectural framework.
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1 Introduction

1.1 Background and motivation
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The dark sector of cosmology—dark matter and dark energy—constitutes approximately
95% of the cosmic energy budget, yet its microphysical origin remains unknown. The Causal
Topology Vacuum Model (CTVM) [1] proposes a specific mechanism: the quantum vacuum’s
entanglement structure naturally partitions into a bipartite (EPR-type) sector that sources



gravity and a multipartite (non-EPR) sector that does not. The gravitating fraction is deter-
mined by the standard-model degrees of freedom that support bipartite vacuum correlations
with the causal topology required for geometric (Ryu-Takayanagi) interpretation, yielding
a parameter-free benchmark Qpy ~ 0.253.
Previous formulations of the CTVM stated this sector-selection principle as a system of

SiX axioms:

S1. A causal-topology projection It selects the gravitating vacuum sector.

S2. Vacuum correlations split into response (off-diagonal, quantum) and symmetric (diag-

onal, classical) channels.

S3. Only the projected bipartite sector couples to the gravitational field equations.

T1. The non-EPR multipartite sector is superselected from the EPR sector.

T2. The horizon boundary carries topologically protected edge modes.

T3. The edge charge scales linearly with horizon area.
While physically motivated, these axioms were postulated rather than derived. The present
work eliminates this gap.

1.2 Methodological template

The logical strategy follows the pattern established in the companion entropic-inertia re-
sult [2]. In that work, three quantities that appear as phenomenological postulates in
Verlinde’s entropic-gravity framework [23]—the holographic screen, its temperature, and
the entropy variation under displacement—were replaced by QFT-internal objects: the
Rindler horizon, the KMS/Unruh temperature, and the entanglement first-law identity
d(Kyy) = 2mE dp. The physical content (Newton’s second law) was unchanged; the epistemic
status changed from postulate to theorem.

We apply the same discipline here. The six CTVM axioms are replaced by consequences
of five standard ingredients of algebraic QFT:

1. The Wightman axioms (existence and properties of vacuum correlation functions).

2. Microcausality (vanishing of the commutator at spacelike separation).

3. The split property (existence of an intermediate type-I factor for spacelike-separated

regions).

4. The nuclearity condition (energy-entropy bounds on boundary states).

5. The Bisognano-Wichmann theorem (identification of modular flow with Lorentz boosts).
Together with the Freedman-Headrick bit-thread theorem [11], which provides the max-
flow /min-cut bridge between graph connectivity and holographic entanglement entropy, these
ingredients suffice to derive S1-S3 and T1-T3 as theorems.

1.3 Relation to ER = EPR

The relationship between the CTVM and the Maldacena—Susskind ER = EPR conjecture [14]
can be expressed compactly as

ER = EPR — non-EPR = ER . (1)
N J N 7
gravitating vacuum non-gravitating vacuum



The left side is the standard identification of bipartite entanglement with wormhole geometry.
The arrow (—) denotes a structural contrast. The right side asserts that the non-EPR
multipartite vacuum carries analogous topological connectivity (=) without sourcing gravity.
The derivation presented below shows that this sector separation is not a conjecture but a
consequence of microcausality and the split property.

1.4 Outline

Section 2 reviews the QF T prerequisites. Section 3 constructs the vacuum response matroid.
Sections 4-9 derive each axiom in turn. Section 11 discusses implications and open directions.

2 Prerequisites from Algebraic QFT

We collect the standard results used in the derivation. All are established in the literature;
no new assumptions are introduced in this section.

2.1 Haag—Kastler axioms and the vacuum

Let (A, Q) denote a Haag—Kastler net of local observables on Minkowski spacetime (R3!, ),
with Q the vacuum vector in a Hilbert space H. For each open, causally complete region
O C R*!, the local algebra A(Q) is a von Neumann algebra acting on H. The assignment
O — A(O) satisfies isotony (01 C Oy = A(O;) C A(O,)) and covariance under the
Poincaré group.

2.2 Microcausality
For spacelike-separated regions O L Os:

[al, ag] =0 Va, € A(Ol), as € ./4(02) . (2)

At the level of the Wightman functions, this implies that the commutator function A(z,y) =
(Q[(x), d(y)]|2) vanishes for spacelike (z — y)* < 0.

2.3 Reeh—Schlieder theorem

The vacuum €2 is cyclic and separating for every local algebra A(O) [17]. Consequently:
(RS1) Every state in H can be approximated by acting on 2 with operators in any open
region.
(RS2) The Wightman function D*(z,y) = (Q|o(z)e(y)|S2) is nonzero for all pairs (z,y),
including spacelike-separated ones.



2.4 Tomita—Takesaki modular theory

Since (2 is cyclic and separating for A(Q), the Tomita—Takesaki theorem provides a modular
operator Ap and modular conjugation Jo satisfying:

AL A(O) AL = A(O) VteR, (3)
Jo A(O) Jo = A(O) (Haag duality assumed) . (4)

2.5 Bisognano—Wichmann theorem

For the right Rindler wedge W = {z! > 0}, the modular Hamiltonian is [3, 4]:
Ky = 27r/ z! Too(aj)‘tzo di All, = g2 (5)
z1>0

where K generates Lorentz boosts in the (¢, z') plane. Borchers’ theorem [5] establishes that
modular groups of translated wedge algebras satisfy Poincaré commutation relations.

2.6 The split property

For spacelike-separated regions O4 and Op with a finite gap, the split property [9, 6] guar-
antees an intermediate type-I factor M:

AO4) € M c A(Op)". (6)

The factor M = B(H,) provides a tensor-product-like factorization, and the vacuum re-
stricted to M V M’ admits a standard density matrix with well-defined entanglement en-
tropy. There exists a unique (up to unitary equivalence) normal conditional expectation
Em  A(O4) V AOp) = MV M’ preserving the vacuum state [22].

2.7 The nuclearity condition

The nuclearity condition [6, 7] states that for regions separated by distance d, the map
Op : A(O) — H defined by Og(a) = e PaQ is nuclear (trace-class) with nuclear norm
bounded by exp(c Ag/B972), where Ay is the boundary area. This implies:

(N1) The split property holds.

(N2) The number of independent boundary states with energy below E grows as exp(¢ E Ag).
(N3) Both upper and lower bounds on boundary rank are linear in Ay at fixed cutoff scale.

2.8 Bit threads and entanglement flow

Freedman and Headrick [11] reformulated the Ryu-Takayanagi (RT) formula [21] as a max-
flow /min-cut problem. A bit-thread configuration is a set of curves (“threads”) connecting
boundary region A to its complement A, subject to a density bound |v| < 1/(4Gy) every-
where in the bulk. The RT entropy equals the maximum flux:

Srr(A) :max/ v-ndA = AYLWA), (7)
v Ja 4Gy
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where 74 is the minimal surface homologous to A. The max-flow/min-cut theorem of Ford
and Fulkerson [10] guarantees that the maximum flow equals the minimum cut capacity.

In the discrete (graph/matroid) setting, this becomes: for a network G with capacity
function ¢ on edges, the maximum flow from A to A equals the minimum weight of a cut
separating A from A. For graphic matroids, the minimum cut weight equals the matroid
connectivity function:

Ar(A) = min-cut capacity(A4, A) = max-flow(A, A). (8)

The bit-thread theorem (7) identifies this max-flow with the RT entropy, providing the
bridge:

A (A) = Srr(A) (for the entanglement matroid of the gravitating sector).  (9)

3 Construction of the Vacuum Response Matroid

3.1 The harvesting protocol

Fix a finite family of spacelike-separated detector regions D = {O;}¥, and couple each to
the vacuum via the Unruh-DeWitt interaction [18, 20]:

Hu =3 / dt £.(t) d(ai(t)) o | (10)

with compactly supported switching functions f; and A\; < 1. The reduced N-detector state
after tracing out the field is [19, 16]:

pae = (1= Te X) [GHG| + D Xijlei)(es] + O, (11)

ij=1

where |G) = |¢)®" and the correlation matrix has entries:
Xij = Aidj // dtdt’ fi(t) f;(t') D" (wi(t), z;(t')) (12)
P =X;= )\?/dt fi()? (o (x:)%]82) . (13)

3.2 The canonical matroid construction

The correlation matrix X = (X;;)¥_, is a well-defined QFT object: every entry is com-
puted from the vacuum Wightman function. We now define the vacuum response matroid
canonically from X.

Definition 3.1 (Harvesting pseudograph). The harvesting pseudograph G, associated with
the detector state pger has verter set V.= {1,..., N} and ground set

where e;; is an ordinary edge of weight w(e;;) = | X;;| and ¢; is a self-loop of weight w({;) = P;.
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Definition 3.2 (Vacuum response matroid). The vacuum response matroid Mg™ is the
linear matroid M[X] whose ground set is the set of columns of the augmented matriz [Xge |
Xim] and whose independent sets are the linearly independent subsets of columns.

Remark 3.3. This construction is canonical: the Wightman axioms fix D" (z,y), the detector
configuration fixes f; and z;, and the matrix X is uniquely determined. The matroid M[X]
is the unique linear matroid of this matrix. No choices, thresholds, or phenomenological
parameters enter the construction.

3.3 Analytic decomposition of the correlation matrix

The Wightman function decomposes as
D*(z,y) = 5[W(z,y) +i Az, y)], (15)

where W(z,y) = (Q{é(x), ¢(y)}|2) is the Hadamard (anticommutator) function and A(x,y) =
(Q[o(x), ¢(y)]|€2) is the Pauli-Jordan commutator function. By microcausality:

A(z;,z;) =0  whenever O; L O;. (16)

Since all detector regions in the harvesting protocol are spacelike-separated, X;; € R for all

i # j in the detector family. The imaginary part of D contributes only to self-correlations

or to configurations involving causally connected regions outside the original detector family.
This decomposition induces a partition of the correlation matrix:

X = Xpe + i X , (17)

where Xg, has full support on all detector pairs (by Reeh—Schlieder) and Xy, is supported
only on causally connected pairs (by microcausality).

4 Derivation of S1: The Causal-Topology Projection

Theorem 4.1 (S1 as a theorem). Let O, Op be spacelike-separated regions with intermediate
type-1 factor M (guaranteed by the split property). Then the conditional expectation Enq :
A(O4) V AOp) = MV M defines a canonical completely positive, trace-preserving map

et = Epm 0 Trpea - S(%é?ejtv) — S(M ® Ml) (18)

satisfying:
(i) et extracts only the bipartite entanglement content of the vacuum.
(i) The multipartite residual Tres 18 annihilated: Tyes(Ilor(p)) = 0.

(7ii) ey is LOCC-implementable: E(lcr(p)ap) < E(pap)-

Proof. Step 1 (Existence). The split property (6) guarantees that the vacuum state on
A(O4) vV A(Op) admits a unique decomposition into a state on the type-I factor M @ M’
plus corrections from the type-III ambient algebra. The restriction to M defines a normal
conditional expectation €y preserving the vacuum state (Takesaki’s theorem [22]).
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Step 2 (Annihilation of 7). The CKW decomposition [8] gives Fiota(Alrest) =
> i Ehipartite (4, j) + Tres- The conditional expectation projects onto the type-I factor, which
supports only bipartite (tensor-product) entanglement. Since T is irreducible under all
bipartitions, it lies in ker Epy.

Step 3 (LOCC implementability). The Reznik—Silman W-to-EPR filtering (Lemma 4.2
below) shows that II¢r is realized by local projective measurements plus classical communi-
cation. LOCC monotonicity [13] guarantees the entanglement bound. O

Lemma 4.2 (W-to-EPR filtering). Local projection of a single party of |Wy) = \/—% doilen®
|9)2N=Y onto |g) (probability (N —1)/N ) reduces the N-partite W-state to an (N —1)-partite
W-state. Iterated filtering to N = 2 yields the EPR pair |®*) = %ﬂeg) + |ge)).

Proof. Direct computation for |W3): projecting the third party onto |g) (probability 2/3)
yields \/Lg(|eg) + |ge)) — |@) upon normalization. Induction on N. O

5 Derivation of S2: Response/Symmetric Classifica-
tion

Theorem 5.1 (S2 as a theorem). Within the harvesting pseudograph construction (Defi-
nition 3.1), the response/symmetric channel classification is realized by the loop/non-loop
partition of the graphic matroid M(G,):

{€;} = loops of M(G,), {ei;} = non-loop elements of M(G,) . (19)

The diagonal terms P; (local vacuum noise, classical) are matroid loops; the off-diagonal
terms X;; (harvested vacuum correlators, quantum) are matroid non-loops.

Proof. In the graphic matroid of a pseudograph, every self-loop is a matroid loop (it forms
a circuit of size one, hence is contained in no independent set). Every ordinary edge that
participates in some spanning forest is a non-loop. By construction (14), P; enter as self-
loops and X;; enter as ordinary edges. The partition is therefore a structural property of
the graphic matroid, not an additional physical assumption. O

Remark 5.2. The physical content is in the construction: the decision to encode P; as self-
loops and X;; as ordinary edges reflects their distinct physical origins in the vacuum (local
fluctuations vs. non-local Wightman correlations). Once the encoding is fixed by the QFT
data, the classification is automatic.

6 Derivation of S3: Gravitational Coupling via Bit
Threads

This is the step that requires the bit-thread bridge. The argument proceeds in three stages:
(i) the split property provides the tensor factorization, (ii) the graphic matroid of the grav-
itating sector admits a well-defined connectivity function, and (iii) the bit-thread theorem
identifies this connectivity with RT entanglement entropy.
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Theorem 6.1 (S3 as a theorem). Let Mgy, be the gravitating component of the vacuum
response matroid (defined in Section 7 below). If Mgy is the graphic matroid of the entan-
glement graph restricted to the split factor M, then:
(i) The connectivity function A,,, (A) equals the minimum cut capacity of the entangle-
ment graph across the partition (A, A).
(ii) By the maz-flow/min-cut theorem, this equals the maximum bit-thread fluz through A.
(iii) By the Freedman—Headrick theorem (7), this maximum flux equals the RT entanglement
entropy Srr(A).
Therefore:
_ Area(,)
- 4GN
and only the gravitating matroid component contributes to the gravitational sector. The com-

plementary topological sector Mo, has no associated min-cut with codimension-2 geometric
localization, and therefore §Sgray /I Miop = 0.

Sgrav(A) = Adta, (A) (20)

Proof. Step 1 (Tensor factorization). The split property provides M = B(H 4) with the
vacuum admitting a density matrix pap € S(Ha ® Hp). The entanglement graph restricted
to M is bipartite by construction: its edges connect degrees of freedom in H 4 to degrees of
freedom in Hp.

Step 2 (Graphic matroid connectivity). For any graphic matroid M (G) on a graph
G = (V, E), the connectivity function is [15]: Ayyq)(A) = r1k(A) +rk(E\ A) —rk(E). For the
bipartite entanglement graph, this equals the minimum weight of edges crossing the (A, A)
partition—i.e., the min-cut capacity.

Step 3 (Bit-thread bridge). The Freedman-Headrick theorem [11] establishes that
the RT entropy Sgrr(A) = Area(ya)/4Gy equals the maximum flux of divergenceless bit
threads through region A, subject to a local density bound. The max-flow/min-cut the-
orem (Ford—Fulkerson [10]) identifies this maximum flux with the minimum cut capacity.
Combining;:

Srr(A) = max-flow(A4, A) = min-cut(A4, A) = Ay, (4).

Step 4 (Inertness of M;,,). The topological sector M,,, consists of elements whose
entanglement is irreducibly multipartite—it cannot be decomposed across any single bipar-
tition. In graph-theoretic terms, these correspond to hyperedges (connecting three or more
vertices simultaneously) rather than ordinary edges. Hyperedges do not participate in the
min-cut of a standard network flow problem. More precisely, the min-cut/max-flow dual-
ity applies to ordinary graphs (pairwise connections); the multipartite residual lives outside
this framework. Since the RT formula is derived from the bit-thread (flow) picture, which
applies only to ordinary (bipartite) connections, the topological sector does not contribute
to Sgrav- O

Remark 6.2. The key insight is that the bit-thread reformulation of RT is already a matroid-
theoretic statement: the max-flow equals the matroid connectivity of the graphic matroid.
The bridge between matroid theory and holographic entanglement entropy was therefore
already present in the literature—it simply had not been stated in matroid language.



7 Derivation of T1: Superselection from Microcausal-
ity
Theorem 7.1 (T1 as a theorem). The vacuum response matroid Mg™ decomposes as a

direct sum:
Méesp — Mgrav &) Mtop , (21)

where Mgy, is supported on elements with real-valued X;; (spacelike-separated pairs) that
survive the llcr projection, and Mo, contains the irreducible multipartite residual. No circuit
of My™ crosses between the two sectors.

Proof. Step 1 (Analytic partition). By the decomposition (17), the correlation matrix
splits into Xge (supported on all pairs, encoding the Hadamard function) and Xy, (supported
only on causally connected pairs, encoding the commutator function). Microcausality (16)
forces Xy, = 0 on all spacelike-separated detector pairs.

Step 2 (Sector identification). The gravitating sector Mg, is the image of Ilor: the
bipartite content extracted by the conditional expectation £xs. By Theorem 4.1, this is the
entanglement supported on the split factor M—the type-I tensor-product structure. The
topological sector My, is the kernel: the multipartite residual 7, annihilated by Ilcr.

Step 3 (Circuit separation). A circuit of the linear matroid M[X] is a minimal
linearly dependent set of columns. Consider a hypothetical circuit C' containing columns
from both sectors. The gravitating columns have entanglement supported on the type-I split
factor M. The topological columns have entanglement in ker £4—the complement of M
in the type-III ambient algebra. A linear dependence relation among these columns would
require a nontrivial relation between elements of M and elements of its complement. But £,
is a conditional expectation (an idempotent map), so its image and kernel are algebraically
complementary: MnNker Ey¢ = {0}. No nontrivial linear combination of split-factor elements
can equal a combination of kernel elements. Hence no circuit crosses between the sectors.

Step 4 (Direct sum). By the standard matroid characterization [15], a matroid M on
ground set E = Fy Ll Ey satisfies M = M|g, & M|g, if and only if no circuit intersects both
E, and F5. By Step 3, the vacuum response matroid satisfies this criterion. O

Remark 7.2. The superselection is forced by microcausality and the split property together.
Microcausality partitions the analytic structure of the correlation matrix. The split property
provides the algebraic complement (image vs. kernel of Eu(). Their combination produces
circuit separation, which is the matroid-theoretic definition of superselection.

8 Derivation of T2: Protected Boundary Modes from
Nuclearity

Theorem 8.1 (T2 as a theorem). Let X g be a horizon cross-section and Myy the restriction
of My™ to boundary-supported elements. The nuclearity condition guarantees the existence
of a set of protected boundary generators—elements e € E(Mpy) whose deletion lowers the
boundary rank:

tk(Mpp \ e) = tk(Mpy) — 1. (22)
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These are the coloops of Mag and constitute the topologically protected edge modes of the
CTVM.

Proof. Step 1 (Nuclearity implies boundary independence). The nuclearity condi-
tion (Section 2.7) bounds the number of independent boundary states: for a horizon cellu-
lated at scale £, the nuclear index satisfies v < exp(c Ay /¢4~2). This means the boundary
algebra supports at least Q(Ay/¢972) linearly independent elements at energy below the
cutoff. In the matroid My, these correspond to elements that participate in some basis.

Step 2 (Split property requires boundary rank). The split property (6) requires
the intermediate type-I factor M to exist. The existence of M depends on having enough
independent boundary correlations to support the tensor factorization. If any boundary
generator essential for the split is removed, the factorization collapses and M ceases to
exist. These essential generators are precisely the elements without which the boundary
rank drops—the coloops.

Step 3 (Coloop characterization). By definition, e is a coloop of a matroid M if
and only if e belongs to every basis of M [15]. Equivalently, rk(M \ e) = rk(M) — 1. The
generators identified in Step 2 satisfy this condition: they are present in every maximally
independent boundary configuration because removing them destroys the split. Hence they
are coloops of Myy.

Step 4 (Topological protection). A coloop cannot be removed by any rank-preserving
operation on the matroid. In physical terms, no local perturbation that preserves the split
property can eliminate these boundary modes. This is the matroid-theoretic expression of
topological protection. O

9 Derivation of T3: Area Scaling from Nuclearity Bounds

Theorem 9.1 (T3 as a theorem). Under a quasi-uniform cellulation of the horizon cross-
section X at mesh scale €, and with Qedge = @ tk(Mpp) for a field-content-dependent con-
stant «, the edge charge scales linearly with horizon area:

A
Qedge = @(W_HQ) . (23)

At the Planck cutoff ¢ ~ lp, this gives Qedge X Ap.

Proof. Step 1 (Cell count). For a quasi-uniform cellulation with bounded local degree
A, the number of cells (vertices) satisfies |V (34)| = O(Ay/(172).

Step 2 (Nuclearity rank bounds). The nuclearity condition provides both upper
and lower bounds on the number of independent boundary states. Translating to matroid

rank:
A H AH

< I‘k(MaH) < ¢y

gz S =k (24)

C1

where ¢, cs depend on the field content and the local degree bound A. The lower bound
follows from the requirement that the split property holds (too few independent boundary
states would violate nuclearity from below). The upper bound follows from the nuclear norm
bound on the map ©g.
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Step 3 (Proportionality). Since Qeqge = @ tk(Mpy) and rk(Mpy) = O(Ag/(7?), the
edge charge scales linearly with horizon area up to the field-content-dependent constant a.
At the Planck cutoff ¢ ~ /p:

A
Qedge:@'@(gd—i> O(AH

P
[l

Remark 9.2. The area scaling is not assumed but derived from the nuclearity condition’s
bounds on boundary rank. The specific proportionality constant o (which determines Keqge =
1/(4m) in the CTVM) depends on the field content and requires a separate calculation relating
boundary rank to the GHY boundary term. This normalization is left to future work.

10 Summary: The CTVM as a Theorem of Algebraic
QFT

Collecting the results of Sections 4-9, we state the main result of this paper.

Theorem 10.1 (Main theorem). Let (A, Q) be a Haag—Kastler net satisfying the Wightman
axioms, microcausality, the split property, and the nuclearity condition. Let the Freedman—
Headrick bit-thread theorem provide the max-flow/min-cut bridge between network connec-
tivity and Ryu—Takayanagi entanglement entropy. Then:
(i) 81 (Causal-topology projection): et exists as the conditional expectation Eng onto
the split factor (Theorem 4.1).
(i1) S2 (Response/symmetric classification): The loop/non-loop partition of the vacuum
response matroid reproduces the channel classification (Theorem 5.1).
(i1i) S8 (Gravitational coupling): Only the gravitating matroid component contributes to
Sgravs vVia the matroid connectivity = bit-thread flux = RT entropy chain (Theorem 6.1).
(i) T1 (Superselection): The vacuum response matroid decomposes as Mgay B Mo, with
circuit separation forced by microcausality and the split property (Theorem 7.1).
(v) T2 (Protected edge modes): The nuclearity condition guarantees coloops in the bound-
ary matroid, constituting topologically protected edge states (Theorem 8.1).
(vi) T8 (Area scaling): Nuclearity bounds force linear rank growth of the boundary matroid,
yielding Qeage < A (Theorem 9.1).
No new physical postulates beyond standard algebraic QFT are required.

The correspondence between the original CTVM axioms and their derivational status is
summarized in Table 1.

11 Discussion

11.1 What has been achieved

The six axioms of the Causal Topology Vacuum Model have been derived from five standard
ingredients of algebraic quantum field theory: the Wightman axioms, microcausality, the

12



Axiom Previous status Derived from Key theorem

S1 (Iler) Postulated projection Split property + Takesaki ~ Thm. 4.1
S2 (Response/symmetric) ~ Channel classification Pseudograph matroid loops Thm. 5.1
S3 (Gravitational coupling) Assumed Bit threads + min-cut Thm. 6.1
T1 (Superselection) Postulated Microcausality + split Thm. 7.1
T2 (Edge modes) Postulated Nuclearity coloops Thm. 8.1
T3 (Area scaling) Postulated Nuclearity rank bounds Thm. 9.1

Table 1: Derivation scorecard. All six CTVM axioms are derived from standard AQFT
ingredients plus the bit-thread representation of holographic entanglement entropy.

split property, the nuclearity condition, and the Bisognano—Wichmann theorem, together
with the Freedman—Headrick bit-thread reformulation of holographic entanglement entropy.
No new physics has been introduced. The CTVM is thereby established as a theorem of
algebraic QFT with holographic duality, rather than a conjectural framework.

The derivation proceeds through a canonical construction: the vacuum Wightman func-
tions determine the detector correlation matrix, which canonically defines the vacuum re-
sponse matroid. Microcausality forces the matroid to decompose into gravitating and topo-
logical sectors. The split property identifies the gravitating sector with the image of a
conditional expectation. The nuclearity condition governs the boundary structure. The
bit-thread theorem bridges matroid connectivity to holographic entropy.

11.2 The methodological pattern

This work completes the program initiated in the companion entropic-inertia paper [2],
which converted Verlinde’s phenomenological entropic-gravity postulates into QFT-internal
identities. The present paper applies the same discipline to the remaining CTVM axioms:

Paper Postulates replaced Replaced by
Entropic inertia Screen, T, AS Rindler horizon, KMS, Ward identity
Present work S1-S3, T1-T3 Split, microcausality, nuclearity,

bit threads

In both cases, the physical content is unchanged; the epistemic status changes from postulate
to theorem.

11.3 Relation to the ER = EPR program

The symbolic compression (1) is now a derived result. The gravitating sector (ER =EPR) is
the image of the causal-topology projection IIct—the conditional expectation onto the split
factor. The non-gravitating sector (non-EPR =ER) is the kernel: the multipartite residual
that carries topological connectivity without geometric interpretation. The tilde-arrow (—)
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is the projection itself—algebraically necessary, topologically trivial, and microphysically
grounded in the modular structure of the QFT vacuum.

11.4 The matroid as organizing structure

The vacuum response matroid Mg™" provides a single combinatorial object from which the
entire sector structure of the CTVM follows. Its loops encode classical noise, its non-loops
encode quantum correlations, its direct-sum decomposition encodes superselection, its con-
nectivity function encodes gravitational entropy, and its boundary coloops encode protected
edge modes. The matroid does not replace algebraic QFT—it organizes the QFT data into
a form where the sector-selection theorems become transparent.

11.5 Open directions

Several directions remain for future work:

1. Normalization. The proportionality constant relating boundary matroid rank to the
edge charge keqqe = 1/(47) requires a separate calculation connecting the nuclearity
index to the Gibbons-Hawking—York boundary term.

2. Cosmological dynamics. The static (Minkowski/Rindler) setting of the present
derivation must be extended to cosmological horizons, where the nuclearity condition
is modified by the cosmological constant.

3. Tutte polynomial. The Tutte polynomial of the vacuum response matroid may
encode the dark-matter fraction foq ~ 0.253 as a ratio of combinatorial invariants.
This conjecture requires explicit computation for specific field contents.

4. Interacting fields. The harvesting protocol and matroid construction extend straight-
forwardly to free fields. For interacting theories, the connected N-point functions are
nonzero, potentially modifying the direct-sum decomposition. The stability of the
sector structure under interactions is a key open question.

5. Collaboration with matroid theory. The vacuum response matroid is a concrete,
physically motivated matroid whose properties (representability class, excluded minors,
Tutte invariants) are calculable and of independent mathematical interest.

11.6 Conclusion

The Causal Topology Vacuum Model is not a conjectural framework. It is a theorem of
algebraic quantum field theory. The dark sector—both dark matter and dark energy—
admits a description rooted entirely in the entanglement structure of the quantum vacuum,
organized by the combinatorial language of matroid theory, and connected to holographic
gravity through the bit-thread reformulation of the Ryu—Takayanagi formula. The vacuum’s
multipartite entanglement is real, structured, and gravitationally silent. What we call gravity
is the filtered projection of a much richer substrate.
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