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Abstract

We formulate a cosmological model in which inflation, the vanishing of the total energy
of the Universe, and present-day dark energy arise as structural consequences of octonionic
non-associativity. The fundamental action is assumed to contain a positive-definite scalar
constructed from the octonionic associator. This term behaves as a vacuum component,
enforcing exponential expansion without the introduction of an ad hoc inflaton field. We
demonstrate that inflation is dynamically unavoidable (forced inflation), that the zero-total-
energy condition holds at all cosmic epochs, and that a minimal residual associator norm
naturally yields the observed dark energy density. Numerical estimates from the inflationary
epoch to the present Universe are included.

1 Introduction

Standard cosmology successfully describes the Universe within the ACDM framework. Never-
theless, several fundamental questions remain open:

1. Why did inflation occur?
2. Total energy of the Universe?

3. Why does dark energy exist and why does it dominate today?

We propose that these features arise from the algebraic structure of the octonions @, the
largest normed division algebra. Their essential property — non-associativity — introduces a
positive scalar invariant which acts as a geometric vacuum energy.

The central thesis is:

Non-associativity structurally enforces inflation and implies a zero-total-energy Uni-
verse with a residual dark energy term.

2 Octonionic Structure

The octonions O are an 8-dimensional normed division algebra with multiplication satisfying:

N(zy) = N(z)N(y). (1)

They are non-associative. The associator is defined as:

[2,y, 2] := (zy)z — 2(y2). (2)



In general,

[z,y,2] # 0. (3)
We define the positive-definite scalar invariant
A= <[¢i7¢j7¢k]?[¢i?¢ja¢k]>? (4)
where ¢; denote octonionic-valued fields.
Because it is a norm square,
A>0, (5)

and vanishes only if the algebra effectively reduces to an associative subalgebra.

3 Fundamental Action and Derivation of the Field Equations

3.1 Motivation for the Associator Term

The octonions O are non-associative. Their associator

[y, 2] == (xy)z — 2(y2) (6)

does not vanish in general.

Since the associator measures the failure of associativity, it represents an intrinsic geometric
invariant of the algebra. To construct a scalar quantity suitable for inclusion in a gravitational
action, we define the norm-square invariant

A = ([¢i, D, k), (b4, D55 Dx])- (7)

Because it is a norm square, it satisfies

This scalar is:

e algebraically invariant,
e positive semi-definite,
e independent of coordinate choice,

e non-vanishing whenever non-associativity is present.

It is therefore the natural candidate for a geometric vacuum contribution.

3.2 Construction of the Action

We postulate that the gravitational dynamics are governed by

S = /d%\/fg <16;GR + AA) : (9)

where:
e R is the Ricci scalar curvature,
e (G is Newton’s constant,

e )\ is a coupling parameter,



e A encodes octonionic non-associativity.

The first term reproduces standard Einstein gravity. The second term introduces the alge-
braic invariant.
No additional scalar field is introduced. The associator term is purely geometric.

3.3 Variation with Respect to the Metric

To derive the field equations, we vary the action with respect to g"*.
The variation of the Einstein—Hilbert term gives

) (\/—gR) = V=9 (G 0¢9"") + boundary terms. (10)

We now consider the associator term:

S = /d4x\/—g)\./4. (11)
Its variation is
0S4 = /d41‘ (AN(V=9)A+ A/—gsA) . (12)
Using the identity

1 %
0/—g= _5\/ _gg,uz/(sgu ) (13)

and assuming A does not depend explicitly on curvature (but only algebraically on internal
fields), the dominant metric dependence enters through /—g.
Therefore

1
854 = -5 / d /=g \AGu o™ . (14)

3.4 Effective Energy—Momentum Tensor

By definition,

2 654
TA — 2 . 15
- V=g dg" (15)
Substituting the variation yields
T;Szé) = )‘-Ag,uu- (16)
We identify the effective energy density
pa = AA. (17)
Thus
T4 = paguw- (18)



3.5 Equation of State
For a perfect fluid in FRW spacetime,

T;w = (P + p)uuul/ + DG (19)
Comparing with
T;(Lf) = PAGuv, (20)
we obtain
PA = —pA- (21)

Hence the equation-of-state parameter is

w="L4- 1 (22)
pa

This is identical to a cosmological constant.

3.6 Resulting Field Equations

Combining Einstein—Hilbert variation and the associator contribution, we obtain

G = 871G (Tfj;mfm) + ,OAg;W> : (23)

The associator therefore enters as an effective vacuum term
Acpr =8mGpa. (24)
3.7 Physical Interpretation
The logical structure is:

e Non-associativity produces a positive scalar invariant.
e The invariant contributes to the action.

e Variation yields a vacuum-type stress tensor.

e The equation of state is w = —1.

e A cosmological constant term emerges dynamically.

Thus the cosmological constant is not inserted ad hoc, but arises as a projection of octonionic
non-associativity.

4 Forced Inflation as a Consequence of the Associator Term

4.1 Field Equations Including the Associator Contribution

From Chapter 3 we obtained the modified Einstein equations

G,W = 871G (TP(LGatter) + PAg,uV> , (25)

where



pa = AA, PA = —PA. (26)

The associator therefore behaves exactly like a cosmological constant. We now analyze the
cosmological consequences in a homogeneous and isotropic Universe.

4.2 FRW Geometry

For a spatially flat Friedmann—Robertson—Walker metric,

ds® = —dt* + a(t)*(dz? + dy? + d=?), (27)
the dynamics are governed by the Friedmann equations:

G

H? = Tptotv (28)
a 4G
— = ——(ptot + 3ptot) s 29
a 3 (ptot + 3Dtot) (29)
where

a

H=—-.
. (30)

4.3 Inflation from the Associator Density

Assume that at early times the associator term dominates:

Ptot = PA- (31)
Using
PA = —pPA, (32)
we compute
Prot + 3Ptot = pa — 3pa = —2pa. (33)

Substituting into the second Friedmann equation yields

a 1
Z_ iy 34
a 3 PA ( )

Since p4 > 0, we obtain
i > 0. (35)

Thus the Universe undergoes accelerated expansion.

4.4 Constant Hubble Parameter

From the first Friedmann equation:

8rG
H> = = pa. (36)
Because p4 is constant, it follows that
H = const. (37)



The scale factor therefore satisfies

a(t) = age™. (38)

This is exponential expansion.

4.5 Algebraic Necessity of Inflation

In conventional inflationary models, accelerated expansion requires:
e a scalar inflaton field,
e a specially chosen potential,

e finely tuned initial conditions.

In contrast, within the octonionic framework:

Non-associativity = A > 0= pg >0=d > 0. (39)
As long as the algebra is not fully associative, A cannot vanish. Inflation is therefore struc-
turally enforced.
4.6 Dynamical Attractor Behavior

Now include additional matter or radiation components:

Ptot = PA + Pm + Pr, (40)
with
Pm X CL_3, Pr X at (41)
For exponential expansion,
a(t) ~ et (42)
we obtain
pm o e 3, pr o e 4T, (43)

Both contributions decay exponentially.
Hence
Ptot —> pA as T — oo. (44)

The inflationary solution is therefore a dynamical attractor.

4.7 Termination of Inflation

Inflation ends when the associator energy is partially converted into standard matter and radi-
ation degrees of freedom. In the octonionic picture, this corresponds to a partial relaxation of
the associator configuration.

However, a minimal residual value

remains, which later appears as dark energy.



4.8 Structural Chain of Implications

The logical structure of forced inflation is:

Non-associativity = A > 0 = p4 = const = a(t) ~ e’ = Inflation.

(46)

Inflation is therefore not a special initial condition, but a structural consequence of octonionic

algebra.

5 Zero Total Energy of the Universe: Detailed Energy Compo-

sition
5.1 Decomposition of Positive Energy

The total positive energy inside the Hubble sphere is composed of

Epos = Liatter + Eradiation + Evacuum-

Fach contribution is given by

E; = pVuc?,
where the Hubble volume is
47 c
Vi = — R} Ry = —.
H 3 H> H q
Thus
47 3
Epos = (pm + pr + PA);@CQ-
Using Friedmann:
81G
H? = Tptotv
we obtain
—1/2 —3/2
Ry ptot/ s Vi Ptot/
Hence
—3/2 —1/2
Epos x Ptotptot/ = ptot/ .
5.2 Gravitational Energy
For a homogeneous sphere:
3 GM?
Egrav = _5 R .
H
Since
M = piot Vg 0;1/27
we find
te ~1/2
Egrav X = %10;2 = _pto%/
Ptot
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Thus
Etotal = Epos + Egrav =0. (57)

The cancellation is scale independent and holds for any epoch.

6 Initial Planck Energy and Early Universe Limit

6.1 Planck Scale Quantities

The Planck units are

ke

Mp =4[ & =218 x 10~ % kg, (58)
Ep = Mpc? ~ 1.96 x 10° J, (59)
/hG
lp =\ — ~1.62 x 107* m, (60)
¢ 96 3
pp = #51x10 kg/m®. (61)

6.2 Initial Hubble Volume at Planck Density

At prot ~ pp:
81G 1
Hp =/ "—pp ~ — 62
P 3 PP tpv ( )
where
hG _
tp = ,/75 ~ 5.39 x 10745 (63)
Hence
Ry ~ {lp. (64)
The Hubble volume becomes
Vi ~ 3. (65)
6.3 Initial Positive Energy
BE) = ppthe (60
Using the Planck definitions one finds
E") ~ Ep. (67)

Thus the initial energy contained in the Planck Hubble volume is of order one Planck energy.



6.4 Gravitational Cancellation at Planck Scale

The corresponding gravitational energy is

3 GM?
BN — 2P _pp. 68
grav 5 0p P ( )
Therefore
P
Efon = 0. (69)

6.5 Interpretation
At the Planck epoch:
e Positive energy is dominated by Planck density.
e The Hubble radius equals the Planck length.
e The energy inside the causal domain is of order Ep.
e Gravitational binding energy exactly compensates it.

Hence the Universe can originate from a Planck-scale configuration with zero total energy.
As the Universe expands:

Epos o< p~ /2 =109 (70)

today, while the negative gravitational contribution grows with equal magnitude.
The zero-energy condition is therefore preserved dynamically from the Planck epoch through
inflation to the present Universe.

7 Dark Energy as Associator-Induced Positive Vacuum Energy

7.1 Origin of Vacuum Energy from the Associator

In the octonionic framework the additional fundamental contribution to the action is

Sa o</d4x\/jg./4, (71)

where the associator norm is defined as

A = ([9i, b5, k), [0, b5, D)) > 0. (72)

Since A is a norm square, it is strictly non-negative and vanishes only if the fields lie in an
associative subalgebra.
The corresponding energy density is

pa = AA. (73)

Variation with respect to the metric yields

T = paguw- (74)

Thus the equation of state becomes

PA = —pA, w=—1 (75)

The associator term therefore behaves exactly like a cosmological constant.



7.2 Contribution to the Positive Energy Budget

The total positive energy inside the Hubble sphere is

Epos = (pm + pr + pA) VHC27 (76)
with
47 c
Vi = — R} Ry = —.
H 3 ) H= 4
The associator contribution is

Ea = paVic®. (78)
Unlike matter and radiation,
Pm X a3, pr o< a”?, (79)
the associator density satisfies
pA = const. (80)

As the Universe expands, the Hubble volume grows and therefore

EA X VH (81)

At late times, when H — const, the associator contribution dominates the positive energy
content.

7.3 Minimal Non-Associativity and Residual Energy

The octonionic structure implies that complete associativity is not globally realizable. Even in
the vacuum configuration a minimal residual associator norm persists:

Amin > 0. (82)

This generates a minimal vacuum energy density

Observationally,

pA = 5.9 x 10727 kg/m®. (84)

Dark energy is therefore interpreted as the energetic manifestation of irreducible octonionic
non-associativity.

7.4 Dominance in the Present Universe

Today the total energy density satisfies

Ptot = Pm T PA, (85)

with approximately

pA ~ 0.69 ptot- (86)

Hence the dominant positive energy contribution is
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Eq =~ 0.69 Epos. (87)
The gravitational energy compensates the total positive contribution:

Egrav = _Epos- (88)
Therefore

Etotal =0 (89)

remains valid even in the dark-energy dominated epoch.

7.5 Geometric Interpretation

The associator corresponds geometrically to torsion in the internal G structure of the octonionic
algebra. Persistent non-associativity induces a constant positive scalar invariant.
Thus the chain of implications is:

Non-associativity = A >0 = p4 >0 = d > 0. (90)

Dark energy is therefore not an additional field, but the macroscopic manifestation of the
algebraic structure of the underlying octonionic geometry.

8 Expansion Behaviour of the Universe Across Cosmological
Phases

8.1 Overall Structure of Cosmic Expansion

The cosmic expansion can therefore be separated into four dynamical regimes:
o Inflationary phase: exponential expansion driven by a large associator contribution.
e Radiation-dominated phase: expansion with a(t) oc t'/2.
e Matter-dominated phase: expansion with a(t) oc t2/3.

e Dark-energy dominated phase: renewed exponential expansion caused by the residual
associator term.

8.2 Interpretation in the Octonionic Framework

Within the octonionic model both inflation and present-day dark energy originate from the same
algebraic structure: the non-associativity of the octonions.

The difference between the early and late accelerated expansion phases lies only in the
magnitude of the associator term:

e Early Universe: large associator contribution leading to strong inflation.

e Late Universe: minimal residual associator producing weak accelerated expansion.

Thus two major cosmological phenomena arise from a single underlying algebraic mechanism.
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9 Conclusions
We have shown:

1. Non-associativity introduces a positive-definite scalar invariant.
2. This invariant behaves as vacuum energy.

3. Inflation is algebraically enforced.

4. The inflationary solution is a dynamical attractor.

5. The total energy of the Universe vanishes at all epochs.

6. Dark energy corresponds to the minimal residual associator norm.
A Appendix A: Algebraic Structure of the Octonionic As-
sociator

A.1 Basic Identities

The octonions O form a non-associative but alternative normed division algebra. For
x,y, 2z € O the associator is defined as

[z,y, 2] := (zy)z — x(y2). (91)

Alternativity implies:

[z,2,y] = [y, z,x] = 0. (92)

The associator is totally antisymmetric:

[xvy7 Z] = —[y,x,z] = —[x,z,y]. (93)
In a basis {eg = 1,e,} with a = 1,...,7 one has
eaep = —0gp + Capcle, (94)

where Cgp. are the totally antisymmetric structure constants of the imaginary octonions.

The associator can be written as

[6a7 €b, 60] = 2Pypeqed, (95)

where ®gp.q is the Go-invariant 4-form dual to Clpe.
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A.2 Positive Definiteness

Define the scalar invariant

Using norm multiplicativity,
N(zy) = N(z)N(y), (97)
one finds
A >0, (98)

with equality if and only if the fields lie in an associative subalgebra.

Thus the associator norm defines a positive semi-definite scalar functional.

B Appendix B: Derivation of the Effective Energy-Momentum
Tensor

B.1 Variation of the Associator Term

Consider the action contribution

Sy = / d*z/—g MA. (99)
The variation with respect to the metric yields
5S4 = / d*z (M(v/=g)A+ A\/—gd A). (100)
Using
0v/—=g = —%Jjgguuég“”y (101)

and assuming A depends only algebraically on the fields (not explicitly on curvature), we
obtain

=—— = Mg (102)
[Y
Hence,

PA = /\.A, PA = —pPA- (103)

This confirms the equation of state

w=—1. (104)
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C Appendix C: Proof of Zero Total Energy in FRW Geom-
etry

C.1 Scaling Relations

For a spatially flat FRW universe:

H? = %p. (105)
3
Thus
c _
Ry = o ocp '/, (106)
The mass inside the Hubble sphere is
47 _ B
M = p—Riy o pp®% = =12, (107)
C.2 Energy Cancellation
Positive energy:
Epos = Mc? oc p~ /2. (108)
Gravitational energy:
Egrav = _g Ry X _0_1/2 = —p . (109)
Therefore:
Etotal = Epos + Egrav =0. (110)

The cancellation holds independently of the epoch since it depends only on the Friedmann
relation.

D Appendix D: Stability of the Inflationary Attractor

Consider perturbations

p=pa+op. (111)
Linearizing the Friedmann equation:
Sp—+3H(1+w)dp = 0. (112)
For matter (w = 0):
Sp o< a3 (113)
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For radiation (w = 1):

Sp o< a?. (114)
Since
a(t) ~ eft, (115)
all perturbations decay exponentially:
op — 0. (116)

Thus the inflationary solution is dynamically stable.

Inflation, zero total energy, and dark energy are thus direct consequences of octonionic
algebra.

E Appendix E: G5 Geometry and Octonionic Structure

E.1 The G5 Invariant 3-Form

The automorphism group of the octonions O is the exceptional Lie group Gs. It preserves the
octonionic multiplication structure.
On R” with basis {e,} (a =1,...,7), define the Go-invariant 3-form

1
gCabc dz® A dzb A daf, (117)

where Cyp. are the totally antisymmetric octonionic structure constants.
The dual 4-form is

SO:

D = xp, (118)
with components
Doped = %Eabcdefgcefg- (119)
These satisfy the fundamental identity
CabeCede = 0acObd — dadbe + Pabed- (120)

E.2 Associator in Terms of the G, 4-Form

The octonionic associator can be written as

[ea, €p, ] = 2 Papeqed. (121)

Hence the scalar invariant becomes

A=4 (I)abcd@abce ¢d¢e~ (122)

Using the contraction identity

q)abcdéabce = 65d€7 (123)

one obtains
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A =24 padq. (124)
Thus the associator norm is directly controlled by the Go-invariant structure, establishing
geometric positivity.
E.3 Nearly Parallel G, and Cosmological Constant
If the internal 7-manifold X7 admits a nearly parallel G5 structure:
dy =199, (125)
then the scalar curvature of X> satisfies

21

Compactification on such a manifold produces an effective 4D vacuum energy

pA X TE. (127)

Thus dark energy corresponds geometrically to torsion in Gy geometry, which is equivalent
to persistent octonionic non-associativity.

F Appendix F: Projective Derivation of the Einstein Equations

F.1 Octonionic Projector

Consider the decomposition

0 =R ®Im(0). (128)

Define a projection operator onto spacetime directions:

P:0 - T,M,. (129)

The effective spacetime metric arises from the projected norm:

guw = (Plep), Plev)). (130)

Because the octonionic norm is multiplicative,

N(zy) = N(x)N(y), (131)

curvature emerges from variations of projected multiplication.

F.2 Emergence of Curvature

Define a projected covariant derivative

D, =Pod,. (132)

Non-associativity induces a curvature tensor via

[D,, D,)V? = RP, V°. (133)

ouv

The curvature scalar is obtained by contraction:
R =g""R,,. (134)
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F.3 Effective Gravitational Action

Projecting the full octonionic invariant action onto spacetime yields

Sdf—l/d%m/—g<1£ﬂ;R—%AA>. (135)

Variation with respect to g, gives
QW:&Gcme”+L@W) (136)

Thus Einstein’s equations arise as the projected dynamics of octonionic multiplication.

F.4 Interpretation

e The metric arises from projected octonionic norm.
e Curvature originates from non-associative multiplication.
e Vacuum energy corresponds to the invariant associator norm.

¢ Einstein gravity is the low-energy projection of octonionic geometry.
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