The Hessian of the GGy 3-form on the Grassmannian,
a geometric ratio matching the Koide angle,
and two obstruction theorems

P. Music

Abstract

We compute the Hessian of the Gy 3-form ¢ restricted to Gr(3,R®) at the flavour-
symmetric point, obtaining eigenvalues 07, (—2¢g)?, (=3¢0)! on the SO(3)-decomposition
Symj ®A2@R-I. The geometric ratio |Aaz|/|Af/wo| = 2/9 matches the empirical Brannen—
Koide phase to 0.02%.

We prove two obstruction theorems constraining any dynamical derivation of § = 2/9.
First, since cos(2/3) is transcendental (Lindemann—Weierstrass), no symmetric polynomial in
the mass eigenvalues with algebraic coefficients can select 6 = 2/9 as an extremum. Second,
any topological flux quantisation mechanism produces phases that are rational multiples of
7, for which cos(30) is algebraic; such mechanisms are therefore also excluded by the same
transcendentality. These results establish that the Koide phase § &~ 2/9 — if exact — cannot
arise from any polynomial potential or standard topological mechanism, severely constraining
the space of viable explanations.

All analytic results are verified by independent numerical computation.
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1 Introduction

The charged lepton masses satisfy the Koide relation [1]

me +my, +mr
(Ve + /My + Vmr)?

to a precision of 6 x 1075. In the Brannen parametrisation [2], \/mj = p(1 + v2cos(§ +
27k/3)) with @ = 2/3 holding identically for any J. The empirical phase is dexp = 0.22227 rad,
remarkably close to 2/9 = 0.22222... (deviation ~ 0.02%). Here 0 is defined on the principal
branch (0,7/3) by assigning k& = 0 to 7 (heaviest), &k = 1 to e (lightest), k = 2 to u; other
assignments shift 6 by £27/3.

Sumino [3] showed that a U(3) family gauge symmetry can protect @ = 2/3 from radiative
corrections, but did not derive the value of §. Many approaches have been explored — Casimir
ratios, exceptional algebraic structures, topological mechanisms — but none has produced a
derivation of § = 2/9.

In this paper we provide two results that constrain any such derivation:

2
Q= = 0.666661 ~ (1)

1. A complete computation of the Hessian of the G 3-form on Gr(3,R%), yielding the geo-
metric ratio 2/9 (Section 3).

2. Two obstruction theorems showing that 6 = 2/9 cannot arise from (a) any symmetric
polynomial in the mass eigenvalues with algebraic coefficients, nor (b) any topological flux
quantisation mechanism (Section 5).

These obstructions do not prove that § = 2/9 is accidental; they prove that any mechanism
producing it must be neither polynomial nor topological in the standard sense, which severely
restricts the space of viable theories.

2 Setup

Let V = R” carry the standard Go-invariant 3-form ¢ € A3(V*), and let RS € R” be orthogonal
to a fixed unit vector e;. The restriction ¢|gs = Re(2) where Q = dz; A dzy A dzg is the
holomorphic volume form on C3 via 23, = e}, + iex,3. Explicitly,

123 _ 156 4 246 _ 345 (2)

©lrs =€ e

For an oriented 3-plane W € Gr(3,R®) with frame (v1, v, v3):

Fvy = L) G Gy = (). (3)

~ vol(vy,v2,v3)’

The democratic point Vy = span(ej,ez2,e3) has @9 = f(Vh) = 1. The tangent space
Ty, Gr(3,R%) = Mj3(R) parametrises deformations v;(¢) = w; + € 1 Aipuy with wy = ey,
Uk = €k+3.

3 Hessian of f at the democratic point

Lemma 1 (Levi-Civita). At Vy: (a) p(w;, wj, ug) = 0 for alli, j, k. (b) p(wk, ua, up) = =90 Ekab-

Proof. Since ¢|ge = Re(f2) and 2, = wy + iuy, the expansion of Re(2) contains only terms with
an even number of u-type indices. Part (a) follows (one wu-index). Part (b) follows by direct
evaluation against (2). Verified computationally for all 3% = 27 index combinations. O



Lemma 2 (Gram matrix). G;j(e) = §;; +2(AAT);;, hence vol(e) = 1+ %HAH2 + 0(e%).
Lemma 3 (Numerator expansion). ¢(vi(g),v2(g),v3(e)) = po + e2Na(A) + O(e3) with

%0
No(4) = £ [x(4%) — (Tr AY"]. @)
Proof. The O(e) term vanishes by Lemma 1(a). The O(¢?) term uses Lemma 1(b) and the
identity Zk Ekij€kab = (Sm(Sjb — 5ib5ja- ]

Theorem 4 (Hessian). The Hessian of f = ¢/ vol on Gr(3,R®) at the democratic point is
Hy(A) = —po[(Tr A)? + 2| Aansil|’], ()

where Aanyi = 5(A — AT).

Proof. f(e) = (po + €2Na)(1 — %HAH2) + O(e"), so Hy(A) = 2Ny — ¢/ A||>. Decomposing

A =S+ A (symmetric + antisymmetric): Tr(A?) = ||S||?> — |A]|? and Tr(AAT) = ||S||2 + ||A|1?,
giving (5). O
Remark. Both contributions to the Hessian are essential. The numerator alone gives Na|py2 =
— 20| A||? and Nolgymz = +22||A||?, while the normalisation contributes —%2||A||? uniformly.
On Sym3 they cancel; on A? they add; on R - I the ratio is 2:1.

Corollary 5 (Eigenvalue decomposition). Under SO(3), M3(R) = Sym3(R3) @ A2(R3) @ R - [
with eigenvalues:

Subspace  dim Figenvalue Interpretation

Sym3(R3) & 0 flat directions
A?(R3) 3 —2¢9 mass splitting
R-T 1 -3¢0 trace/scale

Remark. The full 12 x 12 Hessian on Gr(3,R") is observed numerically to have spectrum
(—3)4,08. Restricting to Gr(3,R%) c Gr(3,R7) yields the universal spectrum 0°,(—2)3, (—3)%,
independent of which codimension-1 restriction is chosen (verified for all four choices).

4 The geometric ratio and structural identities

4.1 The ratio 2/9

Theorem 6 (Geometric ratio). For N = 3, the ratio

s el 2 _2 (6)
M T Af /o] Bx0+3x2+1x3 9

matches the empirical Brannen—Koide phase to 0.02%.

4.2 Structural identity
Proposition 7. For all N > 2, Cy(Sym” (N)) = N(N — 1) = 2dim A2(RY).

Proof. Cy(Sym*(N)) = k(N + k)(N — 1)/(2N). Setting k = N: N -2N - (N —1)/(2N) =
N(N —1). Since dimA2(RY) = (§) = N(IV — 1)/2, the identity follows. Verified numerically
for N=2,...,7. O

Remark. For N = 3, the Hessian trace on A? satisfies | Tr(Hy|p2)|/po = 3 x 2 = 6 =
Co(Sym33). Both the Hessian eigenvalue 2 and the centre charge ¢(A?) = 2 originate from
the second exterior power A?: the former via the antisymmetriser diabjp — Oip0ja, the latter via
c(A¥) = kmod N. This shared algebraic origin is suggestive but does not constitute a proven
structural link between the variational and representation-theoretic constructions.



4.3 Dimensional uniqueness of N = 3

Two independent conditions single out N = 3:
1. dim A>(RY) = N iff N = 3 (since (§) = N gives N = 3).

2. The Casimir ratio Co(N)/Co(Sym” (N)) = (N +1)/(2N?) = 2/9 iff N = 3.

5 Obstruction theorems

5.1 Polynomial obstruction

Theorem 8 (Polynomial obstruction). Let F': R — R be any polynomial with algebraic coeffi-
cients. On the Koide surface (parametrised by § with QQ = 2/3 fized), every symmetric polynomial
in the three mass eigenvalues (equivalently, every polynomial invariant under the Weyl group
S3) depends on § only through cos(3d). Therefore F' can select § = oy as an extremum only if
cos(3dg) is algebraic. Since cos(2/3) is transcendental by the Lindemann—Weierstrass theorem,
no such F' can select 6 = 2/9.

Proof. On the Koide surface, define x = /my/u = 1 + v/2cos(d + 27k/3). The elementary
symmetric polynomials of {x} satisfy:

o1 =) 7, =3, 02= Zi<]’ Tilj = %, o3 =[[ag = —% + @COS(%), (7)

where o1 and o9 are constant (using > cos(d + 27k/3) = 0 and > cos? = 3/2), and only o3
varies with 9.

Since my, = p?z%, any symmetric polynomial in {my} is a symmetric polynomial in {z%}.
By Newton’s identities, this is a polynomial in the power sums po, = > w%”, each of which is a
polynomial in o1, 09,03. With 01,09 fixed, all dependence on § enters only through o3, hence
through cos(3d). Thus any Ss-symmetric polynomial F' in the mass eigenvalues restricts to a
polynomial P(cos(3d)) on the Koide surface.

At an interior extremum (§ # 0,7/3), P'(cos(3dp)) = 0, which forces cos(3dp) to be algebraic.

By Lindemann-Weierstrass, if a # 0 is algebraic then e’ is transcendental. Since 2/3 is
algebraic and nonzero, e?/3 is transcendental, so cos(2/3) = Re(e?/3) is transcendental (if it
were algebraic, e?/3 = cos(2/3) + isin(2/3) with sin(2/3) = /1 — cos2(2/3) algebraic would
give a contradiction). Thus cos(3 x 2/9) = cos(2/3) is transcendental and cannot be a root of
any polynomial with algebraic coefficients. O

Remark. This eliminates all polynomial approaches with algebraic coefficients to deriving § =
2/9, including: the J3(Q) cubic norm, polynomial Casimir combinations, any Sumino-type poly-
nomial potential V(®) with algebraic couplings, and the Gy volume functional restricted to
the Koide surface (verified numerically: f(®(0)) is monotonic in cos(39) with extrema only
at § =0,7/3).

5.2 Topological obstruction

The polynomial obstruction has a powerful corollary for topological mechanisms.

Theorem 9 (Topological obstruction). Any mechanism that produces the Brannen phase 6 (in
radians) as a rational multiple of w is excluded as a derivation of 6 = 2/9.

Proof. In any topological flux mechanism (e.g. 't Hooft flux quantisation [4], discrete Wilson
lines on resolved ADE singularities [5]), holonomy eigenvalues are of the form e>™P/4 for integers
P, q. If such a mechanism determines the Brannen phase, then § = rr for some r € Q. But then
30 = 3r7 is a rational multiple of 7, and cos(3r) is algebraic — since e?™%"/2 is a root of the



cyclotomic polynomial ®,(x) for some ¢, and real and imaginary parts of algebraic numbers are
algebraic.

By contrast, cos(3 x 2/9) = cos(2/3) is transcendental (Theorem 8). Since 2/9 # rr for
any r € Q (equivalently, 2/(97) ¢ Q, which follows from the transcendence of 7), no rational
multiple of 7w equals 2/9. O

Remark. This theorem applies to all standard topological mechanisms in gauge theory: 't Hooft
flux quantisation (m € Zy), discrete Wilson lines, orbifold phases, and Chern—Simons levels.
All produce phases that are rational multiples of w, which are precisely the values not excluded by
the polynomial obstruction. There is thus a complementarity: polynomial functionals can only
select algebraic cos(39) (rational multiples of m among them), while the empirical § = 2/9 gives
transcendental cos(2/3), which lies outside both classes.

5.3 Perturbative exclusion
We verify independently that perturbative dynamics also fail to select § = 2/9.

Proposition 10. The one-loop effective potential for U(3) family gauge bosons compactified
on S, with holonomy eigenvalues 0, = & + 2wk/3 (matching the Brannen convention, & in
radians), is monotonic on the Brannen domain 6 € (0,7/3) and has no interior critical points.
In particular, § = 2/9 is not a critical point.

Proof. The adjoint contribution depends only on differences 6; — 6; = 27 (i — j)/3, independent
of 6. For fundamental matter, Zi:o e = ¢ind S~ 2mk/3 which vanishes unless 3|n. The
surviving terms give Viuna(6) o< Y2, < cos(3md)/m*, which equals B4(35/(2)) (fourth Bernoulli
polynomial, periodised) up to normalisation. Since Bj(x) = 2x(2z — 1)(z — 1) has roots at = =
0, %, 1, the critical points in 0 are § = 0, 7w/3, 2w /3 — all on the boundaries of the Brannen domain
(0,7/3). No interior critical point exists. Verified numerically: Ving is strictly monotonic on
(0,7/3). O

This provides an independent exclusion: the one-loop potential, with § in the Brannen
convention (radians), is monotonic on the physical domain (0,7/3) and has no interior critical
points.

6 Confrontation with experiment

We use PDG 2024 [6] central values: m, = 0.51099895 MeV, m, = 105.6583755 MeV, m, =
1776.86 + 0.12 MeV.

Setting § = 2/9 and @ = 2/3, with p fixed from m,, alone (one mass as input), the remaining
two masses are predicted with zero free parameters:

Observable Prediction (0 = 2/9) Data Deviation
Brannen phase ¢ 2/9=0.22222... 0.22227 0.02%
mr 1776.97 MeV 1776.86 £ 0.12 MeV 0.90
Me 0.510994 MeV 0.510999 MeV 0.001%

A measurement of m, to £0.05 MeV would provide a 2o test of § = 2/9.

7 Discussion

7.1 What is proven

1. The Hessian formula (5) and eigenvalue decomposition (Theorem 4, Corollary 5).



2. The geometric ratio dgeom = 2/9 (Theorem 6).
3. The structural identity Ca(Sym™ (N)) = 2dim A?(RY) for all N (Proposition 7).

4. The polynomial obstruction: no symmetric polynomial in the mass eigenvalues with alge-
braic coefficients selects § = 2/9 (Theorem 8).

5. The topological obstruction: no flux quantisation mechanism selects 6 = 2/9 (Theorem 9).

6. The one-loop potential is monotonic on the Brannen domain (0, 7/3) (Proposition 10).

7.2 What is conjectured

Conjecture 11 (Koide phase). The Brannen—-Koide phase equals § = 2/9 exactly.

No dynamical mechanism is proposed. The obstruction theorems show that if this conjecture
is true, its derivation must involve neither a polynomial potential nor a standard topological
quantisation.

7.3 What kind of mechanism could work?

The two obstructions together severely constrain viable approaches. A mechanism producing
0 = 2/9 exactly must satisfy:

e It cannot be the extremum of a polynomial functional with algebraic coefficients (Theo-
rem 8).

e It cannot arise from a topological phase (rational multiple of 7) (Theorem 9).

e It could, in principle, involve: transcendental functionals (exponential, logarithmic); non-
perturbative effects whose phases are not rational multiples of 7 (e.g. instanton actions
involving In2 or similar); or an exact cancellation producing 2/9 from a combination of
m-dependent and m-independent contributions.

The fact that 2/9 is rational while cos(2/3) is transcendental — and that 2/(97) is transcen-
dental so 2/9 is not a rational multiple of 7 — places § = 2/9 in a very specific number-theoretic
class. Any derivation must explain why the phase is a simple rational number that is not a
rational multiple of 7.

7.4 On the identification A?*(R?) =3

The Hessian decomposition is under SO(3), with A%(R3) as the spin-1 representation. The
standard isomorphism A%(C3) 22 3 holds for SU(3), but A%(R3) € A?(C?) is not SU(3)-invariant.
Relating the SO(3) Hessian eigenvalues to SU(3) Casimir values requires additional structure
(e.g. the Go-invariant almost-complex structure on R®) that we do not provide.

7.5 Falsifiable predictions

1. If § = 2/9 exactly: m, = 1776.97 £ 0.11 MeV. Present data: 1776.86 + 0.12 MeV (0.90
tension). A future measurement to £0.05 MeV provides a 20 test.

2. The construction is mathematically consistent only for NV = 3 generations.



7.6 Limitations
e () =2/3 is not predicted (input from Sumino).
e The overall scale i is not predicted.

e The ratio dgeom = 2/9 is a purely geometric observation; no dynamical mechanism con-
necting the G2 Hessian spectrum to the lepton mass matrix is known.

e The neutrino sector is not addressed.

e The quark sector has @ # 2/3 (Qup =~ 0.85, Qdown ~ 0.73), consistent with the Sumino
mechanism being lepton-specific (QCD corrections not compensated).

Acknowledgements

[To be added.]

A Numerical verification

All analytic results have been verified by independent numerical computation in Python.

Hessian spectrum. Full 9 x 9 Hessian matrix on Gr(3,R%) computed by centred finite
differences (¢ = 107%). Eigenvalues: 0° (max |.| < 1077), (—2.000000)3, (—3.000000)!. Full
12 x 12 Hessian on Gr(3,R7): spectrum (—3)%, 08.

Symmetric polynomials. On the Koide surface () = 2/3, 200 values of § € (0,7/3)):
o1 = 3.000000 (constant to 1071), g9 = 1.500000 (constant to 10~!2), o3 linear in cos(3) with
residual < 10712,

Brannen surface scan. f(®(d)) computed for 200 values of § € [0,7/3]. Monotonic in
cos(36), extrema only at boundaries 6 = 0,7/3. § = 2/9 is not an extremum.

One-loop potential. Vog(§) = >, - cos(3md)/m* computed by direct summation (Nierms =
500) for 6 € (0,7/3) in radians. Vg is strictly monotonic on this interval; no interior critical
points. Critical points of B4(3d/(27)) at § = 0,7/3,27/3, all on boundaries of the Brannen
domain.

Casimir values. Cy(Sym?®3) = 6 and C3(3) = 4/3 verified by explicit construction of SU(3)
generators. Structural identity Cy(Sym™(N)) = N(N —1) = 2(];) verified for N =2,...,7.

Code availability. Complete Python scripts reproducing all verifications are provided as
supplementary material.
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