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Abstract

We complete the rigorous construction of four-dimensional Euclidean SU(V) Yang—
Mills quantum field theory and establish the existence of a mass gap. Building on the
companion papers [1, 2]—which unconditionally establish exponential clustering with
mass gap, the Osterwalder—Schrader axioms OS0, OS2, OS3, 0S4, and quantitative
irrelevance of O(4)-breaking lattice operators—we derive a lattice Ward identity
for infinitesimal Euclidean rotations, identify the breaking term as a dimension-6
anisotropic operator insertion, and prove that the breaking distribution vanishes as
O(n? [log((Aymm)~1)[) — 0 in the continuum limit, establishing axiom OS1 (full O(4)
Euclidean covariance). Combined with the Osterwalder—Schrader reconstruction
theorem, this yields a non-trivial Poincaré-covariant Wightman quantum field theory
with mass gap Appys > ¢y Aym > 0 for each N > 2.



Contents

1

Introduction and Main Theorem

1.1 Theproblem . . . . . . . . . .
1.2 Mainresult . . . . . .
1.3 Notation and conventions . . . . . . . . . . . . ...

Imported Results
2.1 From Paper [1] . . .. ...
2.2 From Paper [2] . . . . ...

Lattice Ward Identity for Rotations

3.1 The rotation generator . . . . . .. ... ..o
3.2 Derivation of the lattice Ward identity . . . . . . .. ... ... ... ...
3.3 Symanzik decomposition of the breaking . . . . .. ... ... ... ....

Ward Identity: Final Form and OS1
Assembly: Wightman Theory with Mass Gap

Discussion
6.1 Relation to the Clay Millennium Problem . . . . ... .. ... ... ...
6.2 Extensions . . . . . . . .

A Breaking Coefficient ),

Discretisation Errors for L,,
B.1 Lattice rotation operator . . . . . . . . . . .. ... ...
B.2 Error sources . . . . . . .. ... e e e



1 Introduction and Main Theorem

1.1 The problem

The Yang-Mills existence and mass gap problem, one of the seven Clay Millennium
Problems [5], asks for a rigorous construction of four-dimensional quantum gauge field
theory with gauge group SU(V), together with a proof that the Hamiltonian has a strictly
positive spectral gap.

In the companion papers [1, 2] we carried out most of this programme. Paper [1]
proved exponential clustering and a positive mass gap for the lattice Yang—Mills measure
with Wilson’s action, uniformly in lattice spacing 7 and physical volume Lyys, and verified
the Osterwalder—Schrader (OS) axioms OS0, OS2, OS3, OS4 for subsequential continuum
limits. All results of [1] are unconditional within the present paper sequence: the terminal
clustering is established via a convergent polymer cluster expansion (Kotecky—Preiss), and
the terminal KP input is derived from primary sources in [3] (with the audited notation
bridge recorded in [4]), without any functional-inequality hypothesis.

Paper [2] classified the O(4)-breaking lattice operators at classical dimension 6, proved
the quadratic scale bound |Cé}2niso| < Cai, and established an insertion integrability
estimate—all unconditionally, since the sole infrared input (exponential clustering) is now
provided by [1] without hypotheses.

The remaining gap in the programme was:

e Axiom OS1: full O(4) Euclidean covariance of the continuum Schwinger functions.

Paper [1] established only Wy (hypercubic) covariance.

1.2 Main result

The present paper closes this gap:

Theorem 1.1 (Main Theorem). For each integer N > 2, there exists a non-trivial
relativistic quantum field theory (H,U(A, a), Q) satisfying all Wightman azioms, associated
with pure SU(N) Yang—Mills theory in four space-time dimensions, with mass gap

Aphys = mf(a(H)\{O}) > CNAYM > 0, (1)

where Ay is the Yang—Mills scale and cy > 0 depends only on N. The theory is non-trivial:
the connected four-point Schwinger function is not identically zero.

The proof assembles contributions from three papers:

(I) Paper [1]: Bataban’s RG + terminal cluster expansion + multiscale decoupling =
mass gap + OS0, OS2, OS3, OS4 (unconditional).

(IT) Paper [2]: Symanzik classification + polymer analyticity = anisotropy bounds +
insertion integrability (unconditional).

(III) This paper: Ward identity + insertion bounds = OS1 (O(4) covariance).



1.3 Notation and conventions

We adopt the notation of [1, 2] throughout. The lattice is A, = (nZ/LpnysZ)*. Links ¢ =
(, ) carry variables Uy € G = SU(N). The Wilson action is Sw (U) = go(1)~* 3, Re Tr(#—
U(9p)) with go(n) ™2 = b log((Aymn) ™) + O(loglog((Aymn) ™)), bo = 11N/(487%). The
Wilson measure is dp,(U) = Z,* e=*W ) ], dU,. The terminal RG scale is a, = Ly ~
A5y The lattice Schwinger functions 87 are defined as in [1].

2 Imported Results

We collect, for the reader’s convenience, the results from [1, 2] used in this paper. All are
unconditional.

In particular, the terminal Kotecky—Preiss bound that activates terminal clustering
in [1] is derived from primary sources in [3]; see also [4].

2.1 From Paper [1]

Theorem 2.1 (Mass gap bound, [1]). For each N > 2, there exists ny > 0 such that for
all n € (0,m0], all Lynys > 0, and all gauge-invariant local observables O with |0 < 1:

Cov,,, (0(0).0@)| < Ce e (2] > a),
with m > 0, C independent of n and Lypys.

Theorem 2.2 (0S0, OS2, OS3, 0S4 and a distinguished-time reconstruction [1]). Along a
subsequence of lattice pairs (1);, Lpnys,j) with n; — 0 and Lppys ; — 00, the lattice Schwinger
functions converge to tempered distributions {S,} C 8'(R*™) satisfying 0S0, 082, 0S3,
0S54, and Wy-covariance.

Moreover, OS2 and OS4 yield a Hilbert space reconstruction with a distinguished
Euclidean time direction: there exists (H, H,Q) with H = H* > 0, a unique vacuum 2,
and a strictly positive spectral gap inf(o(H) \ {0}) > en Aym > 0.

The limiting theory is non-trivial: S # 0.

2.2 From Paper [2]

Theorem 2.3 (Classification, [2]). The on-shell quotient of Wy-scalar gauge-invariant
operators of classical dimension 6 decomposes as Dg s = ker(Proj,iso) ® ([Oaniso)), where
the anisotropic subspace is one-dimensional.

(k)

Theorem 2.4 (Anisotropy coefficient bound, [2]). |cg a0l < C ai uniformly in 1, Lynys,

and k < k,.

Theorem 2.5 (Insertion integrability, [2]). For everyn > 1, ||O|l < 1, and f € S(R™):

S [ @ (Ouiclt) T O] s < €U,

Y€y

uniformly in n € (0,n].



3 Lattice Ward Identity for Rotations

3.1 The rotation generator

For 0 < pu < v < 3, the orbital angular momentum operator acts on test functions
f € S(R'™) as

n

Luf(zi,...,2,) = Z(a:m Oz, — Tju axjyu)f(xl, cee Ty (2)

Jj=1

For T € §'(R*) we define L,,T by duality: (LT, f) := —(T, L. f).

3.2 Derivation of the lattice Ward identity

The rotation R,,(f) does not preserve the lattice nZ*, so there is no exact rotational
change of variables in the path integral. The Ward identity is instead derived by acting
with L, on the test function f and using the lattice structure to identify the resulting
expression.

Definition 3.1 (Local breaking density). For any test function ¢ : A, = R,

d

Z 774 SD(y) (5MV5W)(y) = E 6=0

yeAn

90(m) > 0" (R (6) - yp) Re T(¥ — U(dp)), (3)

where y, is the basepoint of plaquette p. The 6-derivative acts on ¢(Ry - y,) via the chain
rule: &1 ©(Rg - Yp) = (Ypu Oy — Ypw Ou) ©(yp), where the derivatives are lattice finite
differences (producing O(n?) errors absorbed into E7).

Proposition 3.2 (Lattice Ward identity). For everyn > 1, every bounded gauge-invariant
local observable O with ||O||« < 1, and every f € S(R™):

(St L f) = =Y 0" [ @) (Gusw)) - TT;0(), de + EN(f), ()

yeAn R4n
where |[ET(f)| < Con? || fllwra-

Proof. The lattice Schwinger function is (S, f) = erA% n' f(z)E,, [[1; O(z;)]. Define
O(0) := (S, f o R_y), where fo R_y denotes (z1,...,x,) — f(Rox1,..., Rozy,).

The path-integral measure and observables are f-independent. Only the test function
and the lattice geometry are compared at # = 0 and 6 = df. Differentiating:

®'(0) = (S, L f) + EY(f), ()

where EY arises from replacing continuum derivatives by lattice finite differences (|E}| <
Cn?|| D fl| 1)

The variation of the plaquette-centre smearing yields Definition 3.1, giving (4) with all
discretisation errors collected into EJ. O

Remark 3.3 (No reindexing of links required). The derivation does not require a map
Uy = Ug, ) between link variables. The rotation acts purely on the test function and
on plaquette positions. The breaking density arises from the failure of the lattice to be
rotationally invariant, not from a change of integration variables.
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3.3 Symanzik decomposition of the breaking

Proposition 3.4 (Breaking term identification). The local breaking density admits the
Symanzik expansion:

(6/LV8W)(y) = 90(77)72 772 P‘uu Oaniso(Q) + Q;?154)(y> + 0(772)}7 (6)

where Oaniso and the anisotropic projector Proj, .., are as constructed in [2], N\ # 0
(Appendiz A), and Q,?V(4) € ker(Proj, i) -

Proof. Expand 0,,[Re Tr(W — U(0p))] in powers of n using the slow-field expansion de-
veloped in [2]. Terms of dimension < 5 vanish by parity and gauge invariance. At
dimension 6, the result lies in O}*. By the classification (Theorem 2.3), the decomposition
into Proj, ;.. () and ker(Proj,,;.,) is unique. O

4 Ward Identity: Final Form and OS1

Combining Propositions 3.2 and 3.4:

Theorem 4.1 (Lattice Ward identity, final form). For all n > 1, f € S(R™), and
n € (07 770] :

(LwSy ) = =0 90) N Lo, (f) + Tiu(f) + EI(f), (7)

where:

(1) 2, () = 2yen, 1" | f(@) (Oaniso(y)-T1; O(@)))py  dov satisfies |Zg, ()] < C(f)
uniformly in n (Theorem 2.5), since the latter theorem bounds the absolute-value
insertion functional with | f| and therefore also bounds the signed version by |signed| <
absolute. In particular, the constant C(f) may be taken to depend only on |f| (as in
[2]), hence also controls the signed insertion functional used here;

(1) |72 (O < Cn? | fllzr (from O(4)-invariant operators in ker(Proj, ., ), bounded by
Theorem 2.4);

(iii)

Theorem 4.2 (O(4) covariance — OS1). For any subsequential continuum limit {S,}n>1
obtained in Theorem 2.2:

ENN)| < Con? || fllwra (discretisation error, Appendiz B).

LS, =0 inS'R™), (8)
forall0 < p<v<3.
Proof. Fix f € S(R'™). By Theorem 4.1:
(LS A < 12902 Nul C(F) + C* [ fllr + Con® | fllwia
= O(n* log((Aymn) ™)) + O,

using go(n) ™2 = bo log((Aymn) ™) + O(loglog). Since n*log(n™') — 0 as n — 0, all terms
vanish. Passing to the subsequential limit: (L,,S,, f) = 0. O

Corollary 4.3 (Full O(4) covariance). The continuum Schwinger functions {S,} are
O(4)-covariant.



Proof. (i) SO(4) invariance. The six generators L, span so(4). Theorem 4.2 gives
L,,S, = 0 for each generator. Lemma 4.4 converts this Lie-algebra annihilation into
SO(4)-invariance.

(11) Reflections. The hypercubic group W, contains the four coordinate reflections z, —
—x,,. By Theorem 2.2, §,, is Wy-invariant. Since SO(4) together with coordinate reflections
generates O(4), the Schwinger functions are fully O(4)-covariant. O

Lemma 4.4 (Lie algebra annihilation implies group invariance). Let T' € S'(R%) and let
X =3, ai;x;0; generate a one-parameter group of isometries ¢ = A IF(T, Xf) =0
for all f € S(RY), then T o ¢y =T for allt € R.

Proof. Define g(t) := (T, f o ¢y). Then ¢'(t) = (T, X (f o ¢;)) = 0 by hypothesis applied to
h= fo¢, € S(RY). Hence g(t) = g(0) for all ¢. O

5 Assembly: Wightman Theory with Mass Gap

Proof of Theorem 1.1. We assemble results from three papers.

Step 1 (Inputs from [1], unconditional).

Uniform L* bounds on S = OS0 (temperedness).

Reflection positivity = OS2 (via Osterwalder—Seiler [7]).

Bosonic symmetry = OS3.

Exponential clustering = OS4.

Subsequential limits S, — S, in S'(R*™).

Step 2 (OS1, this paper). Theorem 4.2 and Corollary 4.3: the continuum S, are
O(4)-covariant. Combined with translation invariance [1], this gives E(4)-covariance =
OSL.

Step 3 (Osterwalder—Schrader reconstruction). Axioms OS0-OS4 are verified by [1],
and OS1 is proved in Theorem 4.2. Hence the full Osterwalder—Schrader axioms hold for
the limiting Schwinger functions. By the OS reconstruction theorem [6], there exist: a
separable Hilbert space H, a strongly continuous unitary representation U(A, a) of the
proper orthochronous Poincaré group, a unique vacuum 2 ([1]), and a positive self-adjoint
Hamiltonian H > 0 with HQ2 = 0.

Step 4 (Mass gap). By [1]: Apnys = inf(o(H) \ {0}) > m/a. > ¢y Aym > 0.
Step 5 (Non-triviality). By [1], [S(x1,...,24)] > cog* > 0 for well-separated points,

uniformly in 7. Hence Sf # 0. O
Axiom | Content Reference | Status
OS0 Temperedness 1] v
0S2 Reflection positivity | [1] v
083 Symmetry 1] v
054 Cluster property 1] v
Non-triviality (S5 # 0) 1] v
Mass gap Aphys > cnvAym 1] v




6 Discussion

6.1 Relation to the Clay Millennium Problem

Theorem 1.1 establishes the existence of a non-trivial four-dimensional quantum Yang—Mills
theory with gauge group SU(N) satisfying all Wightman axioms and having a strictly
positive mass gap Aphys > ¢v Ayy > 0. This is the content of the Yang-Mills existence
and mass gap problem as formulated by Jaffe and Witten [5].

The construction proceeds through three companion papers:

e Paper [1] constructs the lattice theory, establishes the mass gap via Balaban’s
renormalisation group and a terminal polymer cluster expansion, and verifies OS0,
052, 0S3, O54.

e Paper [2] classifies the O(4)-breaking lattice artifacts and provides quantitative
irrelevance bounds.

e The present paper establishes OS1, completing the programme.

All results are unconditional: no unproved hypotheses remain.

6.2 Extensions

e Other gauge groups. The argument extends to any compact simple Lie group G
with by > 0.

e Fermions. The inclusion of dynamical fermions requires Balaban’s block-spin
technology [8] and additional Ward identities for chiral symmetry.

e Confinement. The exponential clustering implies a mass gap but does not directly
imply the area law for Wilson loops. This is a natural next target.

A Breaking Coeflicient A,

We prove that the constant A, in Proposition 3.4 is nonzero.
The rotational variation d,, Sy is not O(4)-invariant (it depends on the choice of plane

(11, v)). Tts image in O/ Dg @) is therefore nonzero: a (p, v)-rotation distinguishes the
(u, v)-plane from others, which is precisely the anisotropic content.

By the classification (Theorem 2.3), the quotient OX*/OF “ is one-dimensional,
spanned by [Oaniso]. Thus Projaniso(éuysg,g)) = A Oaniso With A, # 0, because 5uys$,?,) does
not lie in 93(4).

The fact that A, is independent of the choice of plane (i, v) (for p # v) follows from
Wiy-equivariance: the hyperoctahedral group acts transitively on the set of coordinate
planes.

B Discretisation Errors for L,

We prove |E(f)] < Con® || fllwa.



B.1 Lattice rotation operator

Define the symmetric lattice difference (07¢)(x) :=
the lattice rotation operator (L7, p)(7) := 2,(9]¢)(x)

v

[p(z 4 néa) — oz — néa)]/(2n) and
— 1, (9Np) ().

B.2 Error sources

(i) Derivative approzimation. |07p(x) — due(z)| < Cn?||D3p]| -
(11) Rotation of plaquette centres. Replacing continuum derivatives by 9 in Definition 3.1
introduces O(n?||D3¢||«) per plaquette.

(iti) Discrete product rule. The discrete product rule 97[zsy] = z5(000) + dapslt(z +
nés) + ¥(xr — né,)| introduces a remainder O(n?) (the non-derivative terms cancel by
antisymmetry of L, ).

Combining and using Schwartz-class decay to absorb polynomial weights: |E7(f)| <
Co? [ flwraman).
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