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Abstract
Assuming a uniform log-Sobolev inequality for the pure Wilson measure (Hy-

pothesis 5.2), we establish exponential clustering with a strictly positive mass gap
for four-dimensional pure SU(N) lattice Yang–Mills theory with Wilson’s action,
uniformly in lattice spacing η and physical volume Lphys:∣∣Covµη(O(0),O(x))

∣∣ ≤ C e−m |x|/a∗ , m > 0, a∗ ∼ Λ−1
YM.

The proof assembles three ingredients: (1) Ba laban’s rigorous renormalization group
for lattice gauge theories (CMP 1984–1989), which produces effective densities with
local polymer decompositions and exponentially decaying activities; (2) uniform
logarithmic Sobolev inequalities for the pure Wilson measure, used here as an input
assumption (Hypothesis 5.2); and (3) a multiscale correlator decoupling identity (this
paper), which separates ultraviolet fluctuations from infrared physics. The coupling
control required by Ba laban’s framework—that the effective couplings remain in the
perturbative regime throughout the RG iteration—is established via an inductive
argument using Cauchy bounds on the analyticity of the effective action.

We also verify (under the same hypothesis) the Osterwalder–Schrader axioms
OS0, OS2, OS3, and OS4 for subsequential continuum limits, and establish vacuum
uniqueness and non-triviality. The remaining axiom OS1 (full O(4) Euclidean
covariance) is not established here; we prove covariance under lattice translations
and the hypercubic group W4, and show that if O(4) covariance holds in the
continuum limit, the reconstructed Wightman theory is a non-trivial relativistic
quantum field theory with mass gap ∆phys ≥ cN ΛYM > 0.
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1 Introduction

The Yang–Mills existence and mass gap problem, one of the seven Clay Millennium
Problems [15], asks for a rigorous construction of four-dimensional quantum gauge field
theory together with a proof that the Hamiltonian spectrum has a strictly positive gap. The
state of the art consists of the works of Ba laban [1, 6] and Magnen–Rivasseau–Sénéor [18].

1.1 Strategy

Our approach combines three independent advances:

(i) Ba laban’s UV package (CMP 95–122): For gauge fields in the small-coupling
regime, repeated block-spin renormalization produces effective densities with con-
trolled polymer expansions and large-field suppression via the R-operation.

(ii) Functional inequalities (Hypothesis 5.2): We assume a uniform log-Sobolev
inequality (LSI) for the pure Wilson measure with constant ρ0 > 0 independent of
lattice spacing and physical volume. This hypothesis is standard in high-temperature
regimes for finite-range Gibbs measures, and it is equivalent (for finite-range systems)
to Dobrushin–Shlosman complete analyticity via Stroock–Zega liński [22]. In the
present gauge-theoretic weak-coupling regime, we isolate it as an explicit input for
clarity.

(iii) Multiscale correlator decoupling (this paper): A telescoping identity decomposes
the two-point function into an infrared term plus ultraviolet remainders, each decaying
exponentially.

The coupling control—that the effective couplings gk remain small throughout the RG
iteration—is established in Section 4 by a self-consistent inductive argument using the
analyticity properties of Ba laban’s effective action.

1.2 Main Result

Theorem 1.1 (Lattice Mass Gap). Assume Hypothesis 5.2. For each N ≥ 2, there exists
η0 > 0 such that for all η ∈ (0, η0] and all Lphys > 0, the Wilson lattice Yang–Mills
measure µη on Λη = (ηZ/LphysZ)4 satisfies: for all gauge-invariant local observables O
with ∥O∥∞ ≤ 1 and all |x| ≥ a∗,∣∣Covµη(O(0),O(x))

∣∣ ≤ C e−m |x|/a∗ , (1)

where m > 0 and a∗ = a∗(η) is defined by (3) so that a∗(η) ∼ Λ−1
YM, with C and m

independent of η and Lphys.

Corollary 1.2 (Physical Mass Gap). Assume Hypothesis 5.2. Along any sequence of
lattice pairs (ηj, Lphys,j) with ηj → 0 and Lphys,j → ∞ (as in Remark 2.4), the physical
mass gap satisfies

∆phys := lim inf
j→∞

m(ηj, Lphys,j) ≥ cN ΛYM > 0.

Theorem 1.3 (Continuum Limit and Reconstruction).
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(a) Subsequential convergence. Assume Hypothesis 5.2. The lattice Schwinger
functions (Definition 2.3) converge along a subsequence of lattice pairs (ηj, Lphys,j)
with ηj → 0 and Lphys,j → ∞ (Remark 2.4) to tempered distributions {Sn} satisfying
OS0, OS2, OS3, OS4, and Euclidean covariance with respect to translations and the
hypercubic group W4 (Proposition 8.3).

(b) Reconstruction with distinguished time. From OS2 and OS4 alone (without
O(4) covariance), one reconstructs a Hilbert space (H, H,Ω) with H = H∗ ≥ 0, a
unique vacuum Ω (Proposition 8.5), and

inf
(
σ(H) \ {0}

)
≥ cN ΛYM > 0.

The theory is non-trivial (Theorem 8.7). The spectral gap bound follows from expo-
nential clustering via Lemma 8.2.

(c) Full Wightman theory (conditional on O(4)). If, in addition, O(4) covariance
holds in the continuum limit (Remark 8.4), then {Sn} satisfies the full Osterwalder–
Schrader axioms and the reconstructed Wightman theory has full Poincaré covariance.

1.3 Organisation

Section 2 fixes notation. Section 3 reviews Ba laban’s framework. Section 4 establishes
coupling control. Section 5 derives the terminal spectral gap. Section 6 proves correlator
decoupling. Section 7 assembles the mass gap bound. Section 8 treats OS reconstruction
and non-triviality. Section 9 discusses extensions.

2 Setup and Notation

2.1 Lattice Yang–Mills

Fix N ≥ 2, G = SU(N). For lattice spacing η > 0 and physical volume Lphys > 0, set
Λη = (ηZ/LphysZ)4. Links ℓ = (x, µ) carry group variables Uℓ ∈ G. The gauge action is

A(U) :=
∑
p⊂Λη

Re Tr
(
I − U(∂p)

)
≥ 0.

The Wilson measure is

dµη(U) = Z−1
η e−g0(η)−2 A(U)

∏
ℓ

dUℓ,

with dUℓ the normalised Haar measure on G and

g0(η)−2 = b0 log
(
(ΛYMη)−1

)
+ O

(
log log((ΛYMη)−1)

)
, b0 =

11N

48π2
. (2)

2.2 RG Scales

Fix a blocking factor L ≥ 2 (sufficiently large). The k-th RG scale is ak = Lkη. The
terminal step is defined by

k∗ = k∗(η) :=
⌊
logL

(
(ΛYMη)−1

)⌋
, (3)

so that the terminal lattice spacing satisfies a∗ = Lk∗η ∼ Λ−1
YM.
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Remark 2.1. The definition (3) ensures that the RG iteration runs from the UV scale η
down to the physical scale a∗ ∼ Λ−1

YM, which requires k∗ ∼ logL((ΛYMη)−1) steps. By (2),
this is k∗ ∼ (1/b0) g0(η)−2, which is large but finite for each η > 0.

2.3 Observables and the Mass Gap

An observable F : G|Λ1
η | → C is gauge-invariant if invariant under Uℓ 7→ gx(ℓ)Uℓg

−1
y(ℓ).

Definition 2.2 (Local observable at a point). Fix a bounded gauge-invariant function
O : G|L| → C depending only on the link variables in a fixed finite link set L contained
in a single hypercube of side η. For x ∈ Λη, the local observable at x is the translate

O(x) : G|Λ1
η | → C obtained by shifting L to the hypercube anchored at x and evaluating

O on the corresponding translated links. A canonical example is the plaquette observable
Op(x) = N−1Re Tr(U(∂px)).

Definition 2.3 (Lattice Schwinger functions). For n ≥ 1 and lattice points x1, . . . , xn ∈ Λη,
the n-point lattice Schwinger function is

Sη
n(x1, . . . , xn) := Eµη

[
O(x1) · · · O(xn)

]
.

The truncated (connected) Schwinger functions Sη,c
n are defined by the standard cumulant

expansion.
To view Sη

n as a distribution on R4n, we extend it to a bounded periodic function

as follows. Identify Λη with the discrete torus
(
ηZ/LphysZ

)4
and define πη : R4 → Λη

by first reducing mod Lphys into [−Lphys/2, Lphys/2)4 and then setting πη(y) := η⌊y/η⌋
componentwise. For y = (y1, . . . , yn) ∈ R4n, set

Sη
n(y) := Sη

n

(
πη(y1), . . . , πη(yn)

)
.

Then Sη
n ∈ L∞(R4n) ⊂ S ′(R4n) via the pairing ⟨Sη

n, f⟩ :=
∫
R4n Sη

n(y) f(y) dy for f ∈ S(R4n).

Remark 2.4 (Finite volume and the thermodynamic limit). At finite Lphys, the lattice
Schwinger functions Sη

n are Lphys-periodic (by construction of πη). For the Osterwalder–
Schrader reconstruction (Section 8), which is formulated for distributions on R4n, we
take the continuum limit along sequences of lattice pairs (ηj, Lphys,j) with ηj → 0 and
Lphys,j → ∞. This is legitimate for the following reasons:

(i) Uniformity of bounds. The polymer bounds (Proposition 3.2), the terminal LSI
(Theorem 5.4), and the mass gap bound (Theorem 7.1) all hold with constants independent
of Lphys. This is because:

• The polymer weights ∥Ek(X)∥∞ and ∥Rk(X)∥∞ depend only on the local geometry
of X (its size and shape in ak-units), not on the total volume.

• The LSI constant ρ0 is uniform in volume by Hypothesis 5.2 (uniform LSI input; see
Remark 5.3 for discussion).

• The mass m = min(m∗, c0) > 0 is determined by local data (the polymer cluster
expansion and the terminal spectral gap).
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(ii) Boundary insensitivity. For gauge-invariant local observables A1, . . . , An supported in

a physical ball of radius R0, the Schwinger function S(η,Lphys)
n (A1, . . . , An) differs from its

infinite-volume analogue by at most C e−m(Lphys−2R0)/a∗ , where the exponential suppression
comes from the clustering bound (Theorem 7.1) applied to the boundary effects.

(iii) Joint limit. For any f ∈ S(R4n),∣∣∣∫
R4n

Sη
n(y) f(y) dy−

∫
[−Lphys/2, Lphys/2)4n

Sη
n(y) f(y) dy

∣∣∣ ≤ ∥Sη
n∥∞

∫
R4n\[−Lphys/2, Lphys/2)4n

|f(y)| dy,

and the right-hand side tends to 0 as Lphys → ∞ since f ∈ L1(R4n). Combined with
(i) and (ii), a diagonal extraction along (ηj, Lphys,j) with ηj → 0 and Lphys,j → ∞ yields
subsequential limits Sn ∈ S ′(R4n) that are non-periodic.

The lattice mass at spacing η and physical volume Lphys is

m(η, Lphys) := − lim inf
|x|→∞

1

|x|
log

∣∣Covµη(O(0),O(x))
∣∣,

for a fixed non-trivial gauge-invariant local observable O, where |x| → ∞ is taken along
sequences in Λη with |x| ≤ Lphys/2. The physical mass gap is defined as

∆phys := lim inf
η→0

Lphys→∞

m(η, Lphys),

where the lim inf is taken along any sequence of lattice pairs (ηj, Lphys,j) with ηj → 0 and
Lphys,j → ∞ as in Remark 2.4. By Theorem 7.1, the bound m(η, Lphys) ≥ m/a∗ holds
uniformly, so ∆phys ≥ cNΛYM > 0 independently of the choice of sequence.

3 Ba laban’s Renormalization Group Framework

We import the following structural results from Ba laban’s programme as a black box. All
results hold under the assumption that gk ∈ (0, γ] for all k ≤ k∗; in Section 4 we prove
that this assumption is self-consistently satisfied.

Theorem 3.1 (Ba laban’s Inductive Representation [4, 6]). Suppose gk ∈ (0, γ] for all
k = 0, . . . , K with K ≤ k∗. Then for each such k, the effective density ϱk on the block
lattice of spacing ak has the form

ϱk(Vk) =
∑

{Ωj ,Λj}

χk(Λk) Tk expAk

(
g−2
k , Uk

)
,

where the effective action decomposes as

Ak = −g−2
k A(Uk) + Ek(Uk) + Rk(Uk) + Bk(Uk) − Ek. (4)

The coupling gk+1 is defined by extracting the coefficient of the marginal gauge-invariant
operator A(Uk+1) from Ak+1.

Proposition 3.2 (Polymer Bounds). Under the hypotheses of Theorem 3.1, there exist
E0, κ > 0 independent of k, η, Lphys such that:

∥Ek(X)∥∞ ≤ E0 e
−κ dk(X), (5)

∥Rk(X)∥∞ ≤ e−p0(gk) e−κ dk(X), (6)
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where ∥ · ∥∞ denotes the supremum over all gauge-field configurations (i.e. over all U ∈
G|Λ1|), p0(g) = A0(log g−2)p0, and dk(X) is the minimal spanning tree distance of X
in the scale-k lattice (the minimal total edge-length of a connected tree in Λak whose
vertex set covers all blocks in X, measured in ak-lattice units). The diameter of X is

k(X) := maxx,y∈X |x− y|/ak; note k(X) ≤ dk(X).
Each polymer activity Ek(X) (resp. Rk(X), Bk(X)) depends only on the gauge field

restricted to links in X. In particular, for any link ℓ,

oscℓ
(
Ek(X)

)
≤ 2 ∥Ek(X)∥∞ 1ℓ∈X , (7)

and analogously for Rk and Bk.

Proposition 3.3 (UV Stability [4, Cor. 3]). Under the same hypotheses, with E± inde-
pendent of k, η, Lphys:

χk e
−g−2

k A(Uk)−E−|Λk| ≤ ϱk ≤ eE+|Λk|.

Proposition 3.4 (R-Operation [5, Eq. (0.4)]).
∫
dV (Rϱk)(V ) =

∫
dV ϱk(V ).

Proposition 3.5 (Analyticity of the Effective Action [3, Thm. 1, §3]). Under the hypotheses
of Theorem 3.1, the functional βk+1(gk) := g−2

k+1 − g−2
k (the discrete β-function at step k)

is analytic in the variable h := g2k for h ∈ (0, γ2], with radius of analyticity Rβ > 0 in
the h-plane depending only on γ, L, and N (and not on k). Writing βk+1 = β̃k+1(h), we
have β̃k+1(0) = b0 where b0 = 11N/(48π2). In particular, by the Cauchy estimate in the
h-variable:

|βk+1(gk) − b0| = |β̃k+1(g
2
k) − β̃k+1(0)| ≤ Mβ

Rβ

g2k,

where Mβ := sup|h|≤Rβ
|β̃k+1(h) − b0| is bounded uniformly in k by Ba laban’s Theorem 1.

The analyticity in g2k (rather than gk) is a consequence of gauge invariance: the effective
action at each RG step, expressed in terms of the coupling, depends only on g−2

k (appearing
as the coefficient of the gauge action A(Uk)), so βk+1 is naturally a function of g2k through
the relation g−2

k = h−1.

Remark 3.6. The analyticity of βk+1(gk) and its uniform bounds follow from Ba laban’s
analysis of the vacuum polarisation tensor in [3], §§ 4–5, specifically the Ward–Takahashi
identities (Eq. (4.9)–(4.15)) and the transverse decomposition (Eq. (5.37)–(5.42)). The
identification βk+1|gk=0 = b0 = 11N/(48π2) follows from the standard one-loop calculation
in lattice gauge theory, which Ba laban outlines in [3] and whose detailed verification was
deferred to a companion paper (see the discussion after Theorem 2 in [3]). The numerical
value of b0 is independently confirmed by the perturbative asymptotic freedom calculations
of Gross–Wilczek [24] and Politzer [25].

4 Coupling Control

This section removes the standing assumption gk ∈ (0, γ] by proving it as a theorem.

Proposition 4.1 (Coupling Control). There exists γ0 ∈ (0, γ) such that if g0(η) ≤ γ0
(equivalently, η ≤ η0 for some η0 > 0), then

gk ≤ g0 ≤ γ0 < γ ∀ k = 0, 1, . . . , k∗.

Moreover, g−2
k ≥ g−2

0 + k b0/2 for all k ≤ k∗.
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Proof. We proceed by induction on k.

Base case (k = 0): By choosing η0 sufficiently small, (2) gives g0(η) ≤ γ0 < γ.

Inductive step: Assume gj ≤ γ for all j = 0, . . . , k. Then Theorem 3.1 and Proposi-
tions 3.2–3.5 apply at all steps 0, . . . , k. In particular, the discrete β-function satisfies

g−2
k+1 = g−2

k + βk+1(gk), βk+1(gk) = b0 + rk. (8)

We decompose rk = r
(sf)
k + r

(lf)
k into small-field and large-field contributions.

Large-field remainder. By Proposition 3.2, Eq. (6), any contribution of large-field polymers
to the marginal operator is suppressed by e−p0(gk). Since p0(g) → ∞ as g → 0, for gk ≤ γ0
sufficiently small:

|r(lf)k | ≤ Clf e
−p0(gk) ≤ g4k. (9)

Small-field remainder. By Proposition 3.5, βk+1(gk) is analytic in g2k with radius Rβ > 0
independent of k. The Cauchy estimate on the Taylor remainder gives: since βk+1(gk) =

b0 + r
(sf)
k + r

(lf)
k and βk+1 is analytic in g2k with βk+1|gk=0 = b0,

|r(sf)k | ≤
sup|z|≤Rβ

|βk+1(z) − b0|
Rβ

g2k =: Csf g
2
k. (10)

The constant Csf = Mβ/Rβ depends on γ, L,N but not on k, because the analyticity
domain and the uniform bound Mβ on |βk+1| are provided by Proposition 3.5 uniformly in
k.

Closure. Combining (9) and (10):

|rk| ≤ (Csf + 1) g2k =: C g2k.

Choose γ0 ≤ γ such that Cγ2
0 < b0/2. Then

g−2
k+1 = g−2

k + b0 + rk ≥ g−2
k + b0/2 > g−2

k ,

so gk+1 < gk ≤ γ0 < γ, completing the induction. The bound g−2
k ≥ g−2

0 + kb0/2 follows
by summing.

Remark 4.2. The argument is not circular: at each step, the inductive hypothesis gj ≤ γ for
j ≤ k is used to invoke Ba laban’s Theorem 1, which provides the analyticity and polymer
bounds. These are then used to bound rk and deduce gk+1 ≤ γ. Ba laban announced this
result as Theorem 2 of [3]; our Proposition 4.1 provides the first published proof, using
the Cauchy-bound approach to avoid explicit two-loop Feynman diagram calculations.

5 Terminal Scale Spectral Gap

5.1 The Effective Terminal Measure

By Proposition 4.1, the terminal coupling ḡ := gk∗ satisfies ḡ ≤ γ0 < γ. The effective
terminal measure is

dµa∗(U) = Z−1
∗ exp

(
−ḡ−2A(U) + R∗(U)

)∏
ℓ

dUℓ,

where R∗ = Ek∗ + Rk∗ + Bk∗ .
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5.2 Oscillation Bound

Proposition 5.1 (Intensive Oscillation). There exist C1, δ > 0 such that

sup
ℓ

oscℓ(R∗) ≤ C1 ḡ
2−δ,

uniformly in Lphys.

Proof. By (7), only polymers X with ℓ ∈ X contribute to oscℓ(R∗), and each contributes
at most 2∥R∗(X)∥∞. Since R∗ = Ek∗ + Rk∗ + Bk∗ , Proposition 3.2 gives

oscℓ(R∗) ≤ 2
∑
X∋ℓ

(
E0 + e−p0(ḡ)

)
e−κdk∗ (X).

The sum over connected polymers containing a fixed link converges by the lattice-animal
bound (Lemma D.1):

∑
X∋ℓ e

−κdk∗ (X) < ∞ for κ > logCanim. The boundary contribution
Bk∗ is a polymer boundary term in the sense of the small-/large-field decomposition (not
a physical boundary of the torus). It is estimated by the same polymer decay bounds
as Ek∗ and Rk∗ in Proposition 3.2, i.e. by a convergent sum over polymers X ∋ ℓ with
weights e−κdk∗ (X). In particular its per-link oscillation is bounded uniformly in Lphys.

5.3 Terminal Log-Sobolev Inequality

Hypothesis 5.2 (Uniform LSI for the pure Wilson measure). There exist γ0 > 0 and ρ0 > 0
such that for all ḡ ∈ (0, γ0], all η > 0, and all Lphys > 0, the pure Wilson measure µḡ

satisfies a log-Sobolev inequality with ρLSI(µḡ) ≥ ρ0, where ρ0 is independent of η and
Lphys.

Remark 5.3 (On the status of Hypothesis 5.2). For finite-range lattice systems on compact
state spaces, uniform LSI is equivalent to the Dobrushin–Shlosman complete analyticity
condition by the theorem of Stroock–Zega liński [22]. In the present setting, µḡ is a finite-
range Gibbs measure on SU(N)|Λ

1| with plaquette interactions. Since SU(N) satisfies LSI
with constant ρHaar > 0 (Bakry–Émery [8]), and the product measure tensorises LSI [14],
the hypothesis reduces to verifying the Dobrushin–Shlosman mixing condition uniformly
in volume for the Wilson measure at weak gauge coupling.

We expect that this mixing condition holds because the gauge symmetry (Elitzur’s
theorem [26]) prevents spontaneous symmetry breaking of gauge-invariant observables at
any coupling, and at weak coupling (ḡ → 0) the plaquette variables concentrate near I with
fluctuations of order ḡ. A full verification—establishing that the Dobrushin interdependence
matrix satisfies αDob < 1 uniformly—requires a quantitative analysis of the conditional
measures on SU(N) in the strong-β regime, which we defer to a companion paper. In
the present work, isolating Hypothesis 5.2 as an explicit input allows all other arguments
(terminal spectral gap, multiscale decoupling, mass gap bound, and OS reconstruction) to
be verified independently.

Theorem 5.4 (Terminal LSI). The terminal measure µa∗ satisfies a log-Sobolev inequality
with constant

ρLSI(µa∗) ≥ e−2C1ḡ2−δ

ρ0 =: ρ∗ > 0,

uniformly in Lphys.
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Proof. Write dµa∗ = e−R∗ dµḡ/Z
′, where µḡ is the pure Wilson measure at coupling ḡ. By

Hypothesis 5.2, ρLSI(µḡ) ≥ ρ0 > 0 uniformly in Lphys for ḡ ≤ γ0. By the local Holley–
Stroock criterion (Lemma A.1), ρLSI(µa∗) ≥ e−2 supℓ oscℓ(R∗) ρ0. Applying Proposition 5.1
gives the result.

Corollary 5.5 (Terminal Exponential Clustering). There exist constants C < ∞ and
m∗ > 0, independent of Lphys, such that for all bounded gauge-invariant observables F,G
with (suppF, suppG) ≥ 1,∣∣Covµa∗ (F,G)

∣∣ ≤ C ∥F∥∞ ∥G∥∞ e−m∗ (suppF, suppG).

Proof. By Theorem 5.4, µa∗ satisfies a uniform LSI with constant ρ∗ > 0. The polymer
remainder R∗ =

∑
X R∗(X) has exponentially decaying activities (Proposition 3.2) but is

not strictly finite-range. We reduce to the finite-range setting by truncation.

Step 1: truncation. Fix an integer R ≥ 1 (in a∗-lattice units) and define

R(R)
∗ :=

∑
X: dk∗ (X)≤R

R∗(X), δR(R)
∗ := R∗ −R(R)

∗ .

Let µ
(R)
a∗ be the measure with R∗ replaced by R(R)

∗ . Since k∗(X) ≤ dk∗(X) ≤ R for every

retained polymer, µ
(R)
a∗ has finite-range interactions (range O(R) in a∗-lattice units).

Step 2: tail oscillation bound. By (7) and Proposition 3.2, only polymers X ∋ ℓ with

dk∗(X) > R contribute to oscℓ(δR(R)
∗ ). By Lemma D.1:

sup
ℓ

oscℓ
(
δR(R)

∗
)

≤ 2
∑
X∋ℓ

dk∗ (X)>R

(
E0 + e−p0(ḡ)

)
e−κdk∗ (X) ≤ C e−κR

with C > 0 independent of Lphys (the sum over animals of spanning-tree distance > R is
controlled by the exponential tail of the lattice-animal series).

Step 3: LSI transfers to the truncated measure. By Lemma A.1 (Holley–Stroock) applied

with R = −δR(R)
∗ :

ρLSI(µ
(R)
a∗ ) ≥ e−2Ce−cR

ρ∗ ≥ 1
2
ρ∗

for R sufficiently large, uniformly in Lphys.

Step 4: finite-range clustering. Since µ
(R)
a∗ has finite-range interactions and satisfies a

uniform LSI, the Stroock–Zega liński equivalence [22] gives Dobrushin–Shlosman complete
analyticity, hence exponential clustering (Appendix B): there exist CR,mR > 0 such that∣∣Cov

µ
(R)
a∗

(F,G)
∣∣ ≤ CR ∥F∥∞ ∥G∥∞ e−mR (suppF,suppG).

Step 5: comparison. For (suppF, suppG) ≥ 2R, the tail polymers in δR(R)
∗ cannot

simultaneously touch both supports. By a standard Duhamel comparison (bounding the

Radon–Nikodym ratio dµa∗/dµ
(R)
a∗ via per-link oscillation of δR(R)

∗ ):∣∣Covµa∗ (F,G) − Cov
µ
(R)
a∗

(F,G)
∣∣ ≤ C ′ ∥F∥∞ ∥G∥∞ e−cR.

Step 6: optimize. Set R = ⌊(suppF, suppG)/2⌋. Combining Steps 4 and 5 yields the claim
with m∗ = min(mR, c)/2 > 0.
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6 Multiscale Correlator Decoupling

This section contains the core new contribution.

6.1 Telescoping Identity

Proposition 6.1 (Multiscale Telescoping). For bounded gauge-invariant observables F,G:

Covµη(F,G) = Covµa∗ (F̃ , G̃) +
k∗−1∑
k=0

Rk(F,G), (11)

where F̃ = Eµη [F | σa∗ ] and Rk(F,G) = Eµak+1
[Covµak

|σak+1
(Fk, Gk)].

Proof. Apply the law of total covariance iteratively along the σ-algebra chain σa0 ⊃ · · · ⊃
σak∗

.

6.2 Single-Scale UV Error Bound

Lemma 6.2 (Single-Scale Error). Let F,G be bounded gauge-invariant observables with
supports separated by distance R. There exist C, κ > 0 independent of k, η, R, Lphys such
that

|Rk(F,G)| ≤ C ∥F∥∞ ∥G∥∞ exp
(
−κ

R

ak

)
. (12)

Proof. The conditional covariance Covµak
|σak+1

(Fk, Gk) integrates out fluctuations at scale
ak with the coarse field held fixed.

Small-field region. The fluctuation operator ∆k(Uk) = −∇∗
Uk
∇Uk

+ akQ
T
kQk + (curvature)

has effective mass ∼ a−1
k . By Ba laban’s propagator estimates [1, 2], the Green’s function

Gk = ∆−1
k satisfies

|Gk(x, y)| ≤ C ′ e−c′|x−y|/ak .

The conditional covariance is expressed via the cluster expansion as a sum over connected
polymer activities linking suppFk to suppGk. Each such polymer has diameter ≥ R/ak
in the scale-k lattice, contributing e−κR/ak .

Large-field region. Any large-field polymer bridging suppFk to suppGk satisfies dk(X) ≥
R/ak and pays the additional factor e−p0(gk) by (6).

Combining the small-field RW decay with polymer localization in the presence of
large-field regions uses a cluster expansion with holes. For the mechanism, see Ba laban’s
original treatment [4, 6] and Dimock’s explicit formulation [11, Appendix F, Thm. F.1].
This yields (12).

6.3 Summation over Scales

Theorem 6.3 (UV Suppression). Let F,G be bounded gauge-invariant observables with
supports separated by distance R ≥ a∗. Then∣∣∣k∗−1∑

k=0

Rk(F,G)
∣∣∣ ≤ C ′ ∥F∥∞ ∥G∥∞ e−c0 R/a∗ ,

for constants C ′, c0 > 0 independent of η,R, Lphys.
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Proof. By Lemma 6.2:∣∣∣k∗−1∑
k=0

Rk(F,G)
∣∣∣ ≤ C ∥F∥∞ ∥G∥∞

k∗−1∑
k=0

e−κR/ak .

Since R ≥ a∗ by hypothesis and ak = Lkη ≤ Lk∗−1η = a∗/L for all k ≤ k∗ − 1, we have

R

ak
≥ R

a∗/L
=

LR

a∗
≥ L,

so each term satisfies e−κR/ak ≤ e−κLR/a∗ . Writing j := k∗ − k so that ak = a∗/L
j, we

obtain
k∗−1∑
k=0

e−κR/ak =
k∗∑
j=1

exp
(
−κ

R

a∗
Lj

)
≤

∞∑
j=1

exp
(
−κ

R

a∗
Lj

)
.

Since R ≥ a∗, the right-hand side is bounded by the numerical constant
∑∞

j=1 e
−κLj

, which
is finite and depends only on κ and L. In particular it is uniform in k∗ and in η. Absorbing
this into C ′ and setting c0 := κL completes the proof.

7 Assembly: The Mass Gap Bound

Theorem 7.1 (Mass Gap Bound). Assume Hypothesis 5.2. For all gauge-invariant local
observables O with ∥O∥∞ ≤ 1 and all |x| ≥ a∗:∣∣Covµη(O(0),O(x))

∣∣ ≤ C e−m |x|/a∗ , (13)

where m = min(m∗, c0) > 0, uniformly in η and Lphys.

Proof. Fix |x| ≥ a∗. Decompose via (11):

Covµη(O(0),O(x)) = Covµa∗ (Õ(0), Õ(x)) +
k∗−1∑
k=0

Rk(O,O).

IR term. By Corollary 5.5 applied to Õ (noting ∥Õ∥∞ ≤ ∥O∥∞ and converting the
terminal lattice distance to physical units):∣∣Covµa∗ (Õ(0), Õ(x))

∣∣ ≤ C1 ∥O∥2∞ e−m∗|x|/a∗ .

UV term. Since |x| ≥ a∗, Theorem 6.3 gives∣∣∣∑
k

Rk

∣∣∣ ≤ C2 ∥O∥2∞ e−c0|x|/a∗ .

Setting m = min(m∗, c0) > 0 and combining gives (13).

Corollary 7.2 (Physical Mass Gap). Assume Hypothesis 5.2. Theorem 7.1 immediately
yields Corollary 1.2: along any sequence (ηj, Lphys,j) with ηj → 0 and Lphys,j → ∞ as in
Remark 2.4,

∆phys ≥ m

a∗
≥ cN ΛYM > 0,

since m = min(m∗, c0) > 0 is independent of η and Lphys, and a∗ ∼ c(ḡ) Λ−1
YM (Section 2).
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8 Osterwalder–Schrader Reconstruction and Non-Triviality

8.1 Verification of OS Axioms

Axiom Content Status Reference

OS0 Temperedness Proved Uniform L∞ bounds + Banach–Alaoglu

OS1 Euclidean covariance Partial R4-translations + W4: Prop. 8.3;

full O(4): not proved (Remark 8.4)

OS2 Reflection positivity Proved Osterwalder–Seiler [21], Thm. 2.1

OS3 Symmetry (bosonic) Proved Automatic for gauge-invariant observables

OS4 Cluster property Conditional Theorem 7.1, assuming Hyp. 5.2

Status of the Clay Millennium Problem claim. This paper establishes, within
the Ba laban framework and assuming Hypothesis 5.2 (uniform LSI for the pure Wilson
measure):

• exponential clustering with mass gap for the lattice theory, uniformly in η and Lphys

(Theorem 7.1);

• OS axioms OS0, OS2, OS3, and OS4 for subsequential continuum limits (this section);

• vacuum uniqueness (Proposition 8.5) and non-triviality (Theorem 8.7);

• reconstruction of a Hilbert space with positive Hamiltonian and spectral gap, with
respect to a distinguished Euclidean time direction (Lemma 8.2, Remark 8.6).

The two remaining inputs for the full Clay problem (Poincaré-covariant Wightman theory
with mass gap) are:

1. Hypothesis 5.2: uniform LSI for the pure Wilson measure at weak gauge coupling;

2. OS1: enhancement of W4 covariance to full O(4) covariance in the continuum limit.

OS0 (Temperedness). Fix n ≥ 1. By Definition 2.3, Sη
n is a bounded measurable

(periodic) function on R4n. Since ∥O∥∞ ≤ 1, we have the uniform bound

∥Sη
n∥L∞(R4n) ≤ Eµη

[
|O(x1) · · · O(xn)|

]
≤ ∥O∥n∞ ≤ 1, uniformly in η ∈ (0, η0].

In particular, for every test function f ∈ S(R4n) ⊂ L1(R4n),∣∣⟨Sη
n, f⟩

∣∣ ≤ ∥Sη
n∥∞ ∥f∥L1 ≤ ∥f∥L1 ,

so each Sη
n defines a tempered distribution and the family is bounded in L∞(R4n).

Since L1(R4n) is separable, the unit ball of L∞(R4n) is compact and metrizable in the
weak-∗ topology σ(L∞, L1). Therefore there exists a subsequence ηj → 0 and Sn ∈ L∞(R4n)
such that Sηj

n → Sn weak-∗ in L∞, hence also in S ′(R4n). Choosing the subsequence
by a diagonal argument over n = 1, 2, . . . yields a common subsequence of lattice pairs
(ηj, Lphys,j) with ηj → 0 and Lphys,j → ∞ (Remark 2.4) along which all n-point functions
converge to tempered distributions {Sn} ⊂ S ′(R4n).
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OS1 (Euclidean covariance). At each finite lattice pair (η, Lphys), the Wilson measure
µη is invariant under lattice translations and the hypercubic symmetry group W4 acting
on Λη. By Definition 2.3, the periodic extension Sη

n inherits these symmetries in the sense
that for every f ∈ S(R4n), every lattice translation vector t ∈ ηZ4, and every w ∈ W4,

⟨Sη
n, f(· + t)⟩ = ⟨Sη

n, f⟩, ⟨Sη
n, f ◦ w⟩ = ⟨Sη

n, f⟩,

where w acts diagonally on R4n. Passing to the subsequential limit in S ′(R4n) yields
the same invariances for Sn. The enhancement from W4 to full O(4) covariance is not
established in this paper; see Remark 8.4.

OS2. Fix the Euclidean time direction µ = 0. Assume Lphys/η is even, so the discrete
time circle admits a reflection hyperplane between time-slices. Let Θ act on lattice sites by
Θ(x0, x⃗) = (−x0, x⃗) (mod Lphys) and on oriented links by (ΘU)ℓ = U−1

Θℓ for time-like links,
(ΘU)ℓ = UΘℓ for spatial links. Let A+ denote the algebra of bounded gauge-invariant
observables depending only on links at positive times, and define (θF )(U) := F (ΘU).

The Wilson action decomposes as a sum of plaquette terms, each a positive-type
function on G. Reflection positivity

Eµη

[
(θF )F

]
≥ 0 ∀F ∈ A+

then follows by the Osterwalder–Seiler argument [21] (specifically their Theorem 2.1,
which is nonperturbative and uses gauge invariance via the radiation gauge together with
positivity of the plaquette interactions). This yields a positive self-adjoint transfer matrix
T = e−H with H = H∗ ≥ 0.

OS4. Theorem 7.1 gives exponential clustering uniformly in η and Lphys.

Remark 8.1 (From OS4 to transfer-matrix correlation decay). In the presence of OS2
(reflection positivity), the Euclidean correlation functions in the time direction µ = 0 admit
a transfer-matrix representation: for observables F,G ∈ A+ supported on time-slices tF
and tG = tF + t with t > 0,

Eµη [(θF )G] = ⟨[F ]Ω, T t [G]Ω⟩H,

where [F ] denotes the equivalence class of F in the OS-reconstructed Hilbert space H,
T = e−H is the positive self-adjoint transfer matrix from OS2, and Ω is the vacuum vector
(cf. [21], Theorem 2.1 and subsequent discussion). By construction, {[F ]Ω : F ∈ A+} is
dense in H. The exponential clustering bound of OS4 (Theorem 7.1), applied to observables
separated by Euclidean time t, then gives precisely the hypothesis of the following lemma
with m0 = m/a∗.

Lemma 8.2 (Exponential clustering implies spectral gap). Let T = e−H be the positive self-
adjoint transfer matrix obtained from OS2 (reflection positivity), acting on the reconstructed
Hilbert space H with vacuum vector Ω. Suppose that for some m0 > 0 and all bounded
gauge-invariant observables F,G ∈ A+ supported on time-slices separated by Euclidean
time t ≥ 1: ∣∣⟨Ω, F T tGΩ⟩ − ⟨Ω, F Ω⟩⟨Ω, GΩ⟩

∣∣ ≤ C(F,G) e−m0 t.

Then inf
(
σ(H) \ {0}

)
≥ m0.

Proof. Let H0 := {Ω}⊥ and P0 the projection onto H0. For F,G as above, set ΨF := P0 F Ω
and ΨG := P0GΩ. Then

⟨Ω, F T tGΩ⟩ − ⟨Ω, F Ω⟩⟨Ω, GΩ⟩ = ⟨ΨF , T
t ΨG⟩.
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The exponential bound |⟨ΨF , T
tΨG⟩| ≤ C e−m0t for all such ΨF ,ΨG implies, by polarisation

and the density of {[F ]Ω : F ∈ A+} in H (which holds by construction in the OS
reconstruction; see Remark 8.1), that {P0[F ]Ω : F ∈ A+} is dense in H0, and hence
∥T t|H0∥ ≤ e−m0t. By the spectral theorem for T = e−H , the spectral radius of T |H0 equals
e− inf(σ(H)\{0}), giving inf(σ(H) \ {0}) ≥ m0.

8.2 Euclidean covariance of subsequential limits

Proposition 8.3. For each n ≥ 1, any subsequential limit Sn obtained in OS0 is invariant
under translations of R4 and under the hypercubic group W4 acting diagonally on R4n.

Proof. For each lattice pair (η, Lphys), the Wilson action and Haar measure are invariant
under lattice translations and under W4. Since the observable O in Definition 2.2 is trans-
lated covariantly, the lattice Schwinger functions Sη

n are invariant under these symmetries.
The periodic extension in Definition 2.3 preserves the same invariances at the level of
the distribution pairing with test functions. Passing to the subsequential limit in S ′(R4n)
yields the claim.

Remark 8.4 (On O(4) symmetry restoration). The enhancement from W4 to full O(4)
covariance in the continuum limit is a separate issue (often called rotational symmetry
restoration). It is expected for isotropic lattice actions such as the Wilson action, but it
is not proved in this paper. Our mass gap argument and the verification of OS0, OS2,
OS3, OS4 do not use O(4) invariance. If one additionally establishes rotational symmetry
restoration (for instance by showing that the limiting Schwinger functions satisfy the
Ward identities associated with infinitesimal rotations), then OS1 holds in its standard
E(4)-covariant form.

8.3 Vacuum Uniqueness

Proposition 8.5 (Vacuum Uniqueness). Let {Sn} be any subsequential limit obtained in
OS0, defined on R4n (after taking Lphys → ∞ as in Remark 2.4). Then the reconstructed
GNS vacuum vector Ω is unique up to phase.

Proof. The proof uses the standard implication: exponential clustering ⇒ triviality of the
tail algebra ⇒ extremality ⇒ uniqueness of the invariant vector.

Step 1: Cluster property in infinite volume. By Theorem 7.1 and Remark 2.4(ii), the infinite-
volume limiting Schwinger functions satisfy: for all gauge-invariant local observables A,B
with ∥A∥∞, ∥B∥∞ ≤ 1,∣∣S2(A, τxB) − S1(A)S1(τxB)

∣∣ ≤ C e−m|x|/a∗ |x|→∞−−−−→ 0,

where τx denotes translation by x.

Step 2: Triviality of the tail algebra. Let ω denote the state on the algebra A of gauge-
invariant local observables defined by ω(A1 · · ·An) := Sn(A1, . . . , An). The exponential
clustering from Step 1 implies that for any A ∈ A and any “tail observable” B ∈⋂

R A{|x|>R}:
ω(AB) = ω(A)ω(B).

This means ω is a factor state (the tail algebra A∞ acts trivially in the GNS representation).
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Step 3: Uniqueness. Let (H, π,Ω) be the GNS triple of ω. Since ω is a factor state
and is translation-invariant (by Proposition 8.3), any translation-invariant vector in H
is proportional to Ω. Indeed, if Ψ ∈ H is translation-invariant, then ⟨Ψ, π(A)Ψ⟩ defines
another translation-invariant state on A, which by the factoriality of ω must be proportional
to ω itself. By the GNS uniqueness theorem, Ψ = λΩ for some λ ∈ C.

8.4 Wightman Reconstruction

Proof of Theorem 1.3. By OS0 (Section 8) we extract a subsequential limit {Sn} ⊂ S ′(R4n)
along lattice pairs (ηj, Lphys,j) with ηj → 0 and Lphys,j → ∞ (Remark 2.4). The limiting
distributions satisfy OS2 (reflection positivity, verified via Osterwalder–Seiler [21]), OS3
(bosonic symmetry, automatic), and OS4 (exponential clustering, Theorem 7.1). They are
translation-invariant and W4-covariant by Proposition 8.3.

If, in addition, O(4) covariance holds in the continuum limit (Remark 8.4), then
OS1 is satisfied and the full Osterwalder–Schrader reconstruction theorem [20] produces
(H, H,Ω) with m = inf(σ(H) \ {0}) = ∆phys ≥ cNΛYM > 0. Non-triviality follows from
Theorem 8.7.

Remark 8.6 (Reconstruction without rotational symmetry). Even without proving O(4)
covariance, OS2 and OS4 provide reflection positivity and exponential clustering with
respect to the distinguished Euclidean time direction µ = 0. From these alone one can
reconstruct a Hilbert space (H, H,Ω) with H = H∗ ≥ 0 and m = inf(σ(H) \ {0}) ≥
cNΛYM > 0 (cf. [21]). What is missing without O(4) is the full Lorentz covariance of the
reconstructed Minkowski theory.

8.5 Non-Triviality

Theorem 8.7 (Non-Triviality). The theory is non-Gaussian: there exist distinct lattice
points x1, x2, x3, x4 ∈ Λη with mutual distances ≫ a∗ such that the connected four-point
lattice Schwinger function satisfies |Sη,c

4 (x1, . . . , x4)| ≥ c0 ḡ
4 > 0, uniformly in η ≤ η0 and

Lphys. Consequently, any subsequential continuum limit satisfies Sc
4 ̸≡ 0.

Proof. The argument has two parts: a lower bound at the terminal scale, and stability
under the continuum limit.

Lower bound at terminal scale. Fix four points x1, . . . , x4 with mutual distances = Ra∗ for a
large constant R (to be chosen). Consider the plaquette observable Op = N−1Re Tr(U(∂p)).
The connected four-point function on the terminal lattice (spacing a∗) decomposes via the
cluster expansion of µa∗ as:

⟨Op(x1) · · · Op(x4)⟩µa∗ ,c = Ttree + Tpolymer,

where Ttree is the leading “tree-level” contribution from the Gaussian part of µa∗ (i.e. from
expanding e−ḡ−2A to fourth order in the fluctuation field) and Tpolymer collects higher-order
polymer contributions.

The tree-level term evaluates to

Ttree =
C4(N)

N4
ḡ4 Γ(x1, . . . , x4),

where C4(N) > 0 is a group-theoretic coefficient (from the fourth moment of the Haar
measure on SU(N), which is strictly positive for non-abelian groups) and Γ > 0 is a product
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of terminal-scale propagators evaluated at the separated points. Since the propagators
decay as e−c|x|/a∗ (Lemma C.1), Γ is bounded below by e−4cR > 0 for fixed R.

The polymer remainder satisfies |Tpolymer| ≤ C ḡ6 by Proposition 3.2 (each additional
polymer vertex carries at least ḡ2). For γ0 sufficiently small, |Tpolymer| < 1

2
|Ttree|, hence

|⟨Op(x1) · · · Op(x4)⟩µa∗ ,c| ≥ 1
2

C4(N)

N4
ḡ4 e−4cR =: c0 ḡ

4 > 0.

Stability under multiscale decoupling. By the telescoping identity (Proposition 6.1) applied
to the four-point function, and by the UV suppression bounds (Theorem 6.3), the connected
four-point function at the original lattice spacing η satisfies∣∣Sη,c

4 (x1, . . . , x4) − ⟨Õp(x1) · · · Õp(x4)⟩µa∗ ,c

∣∣ ≤ C ′ e−c0R,

which is small compared to c0 ḡ
4 for R large. Hence |Sη,c

4 | ≥ c0 ḡ
4/2 > 0.

Continuum limit. The bound |Sη,c
4 | ≥ c0 ḡ

4/2 is uniform in η and Lphys. Since the
subsequential limit Sc

4 is obtained as a weak-∗ limit and the four-point function at
separated points is continuous, we conclude Sc

4(x1, . . . , x4) ̸= 0.

9 Discussion

9.1 The Coupling Control Argument

Proposition 4.1 closes the coupling control inductively using Cauchy bounds on the ana-
lyticity of Ba laban’s β-function, avoiding explicit two-loop Feynman diagram calculations.
The argument relies on two inputs from Ba laban’s published work:

(a) The discrete β-function βk+1(gk), defined via the vacuum polarisation tensor (cf. [3,
Eq. (5.42)]), is analytic in g2k with a radius of analyticity Rβ > 0 that is uniform
in k, as guaranteed by Ba laban’s Theorem 1 combined with the analyticity of the
effective action on the small-field domain.

(b) The value βk+1|gk=0 = b0 > 0 follows from the standard one-loop perturbative
calculation, which Ba laban outlined in [3] and deferred to a companion paper.
The positivity b0 > 0 (asymptotic freedom) is independently established by Gross–
Wilczek [24] and Politzer [25].

Given (a) and (b), the Cauchy estimate produces |rk| ≤ Cg2k with C uniform in k,
which closes the induction.

Remark 9.1. The uniformity in (a)—that the analyticity radius Rβ does not shrink as
k increases—is the technically non-trivial point. It follows from the fact that Ba laban’s
Theorem 1 provides uniform bounds on Ek, Rk, and their analytic extensions, with
constants depending only on γ and not on the step k. The inductive hypothesis gj ≤ γ for
j ≤ k is precisely what activates these uniform bounds at each step, making the argument
self-consistent without circularity.
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9.2 Extensions

Remark 9.2 (Scope of Dimock citations). Dimock’s papers [10, 11, 12] give a detailed
implementation of Ba laban’s RG technology in the superrenormalizable ϕ4

3 model. We
cite them for the methodological steps (random-walk expansions, weakening parameters,
cluster expansions with holes, polymer localization). All gauge-theoretic inputs specific
to 4D lattice Yang–Mills (Ward–Takahashi identities, transversality, marginal extraction,
β-function analysis) are taken from Ba laban’s gauge papers [3, 4, 6].

Other gauge groups. The argument extends to any compact simple G with b0 > 0.

Fermions. Ba laban’s block-spin for fermions [7] and linearity of conditional covariance
extend the decoupling to the mixed case.

Confinement. The correlator decoupling applies to Wilson loops; the area law is a
natural next target.

A Holley–Stroock Stability

Lemma A.1 (Local Holley–Stroock [22]). Let ν be a probability measure satisfying LSI
with constant ρ0 > 0, and let R satisfy M := supℓ oscℓ(R) < ∞. Then µ = e−Rν/Z
satisfies LSI with ρLSI(µ) ≥ e−2Mρ0.

Proof. Decompose e−R as a telescoping product over links: ordering the links ℓ1, . . . , ℓn,
write

e−R(U) =
n∏

i=1

e−R(U≤i,U
0
>i)

e−R(U≤i−1,U
0
≥i)

for a reference configuration U0. Each ratio lies in [e−M , eM ]. The LSI degrades by e2M

through the standard tensorisation argument for bounded local perturbations [23, 16].

B From LSI to Exponential Decay of Correlations

The following implication chain is used in Corollary 5.5. We state it for completeness; full
proofs are in the cited references.

Proposition B.1 (LSI implies strong mixing (finite range)). Consider a lattice spin
system on a compact group G with finite-range interactions (range ≤ R). If the system
satisfies a uniform log-Sobolev inequality with constant ρ > 0 (uniform in volume and
boundary conditions), then the Dobrushin–Shlosman complete analyticity condition holds
with mixing constants depending only on ρ and R.

In this paper the proposition is applied to the truncated terminal measures µ
(R)
a∗ of

Corollary 5.5, not directly to µa∗.

Proof. This is the main result of Stroock–Zega liński [22]: for finite-range lattice systems,
the uniform LSI is equivalent to the Dobrushin–Shlosman mixing condition.

Proposition B.2 (Strong mixing implies exponential decay). Under the Dobrushin–
Shlosman condition, there exist C,m > 0 such that for all local bounded observables
F,G,

|Cov(F,G)| ≤ C ∥F∥∞ ∥G∥∞ e−m (suppF, suppG).

Proof. This is a standard consequence of the Dobrushin–Shlosman theory; see [22, 23].
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C Random Walk and Localization Bounds

Lemma C.1 (Random-walk bounds at scale k). In the small-field regime of Ba laban’s
RG step, the fluctuation covariance Gk(U) = ∆k(U)−1 admits a convergent random-walk
expansion and satisfies

|Gk(U)(x, y)| ≤ C e−c |x−y|/ak ,

with C, c > 0 independent of k, η, Lphys and uniform over backgrounds U in the small-field

domain. Derivative bounds |∇α
xGk(U)(x, y)| ≤ C a

−|α|
k e−c |x−y|/ak hold for |α| ≤ 2.

Proof. For lattice gauge theories, the random-walk expansion and uniform decay esti-
mates in the small-field domain are proved in Ba laban’s propagator papers [1, 2]. The
blocking term akQ

T
kQk provides an effective mass ∼ a−1

k , giving uniform coercivity. For a
detailed modern exposition of the mechanism (parametrix on multiscale cubes, weakening
parameters, summation over paths) in a scalar setting that uses the same technology, see
[10, Lem. 6, Eq. (85), Cor. 7] for the basic RW expansion and decay bounds, [10, §2.5,
Eqs. (103)–(104)] for the weakening-parameter interpolation, and [11, Lem. 2.6, Thm. 2.2]
for the multiscale setting with large-field holes.

D Lattice Animal Bounds

Lemma D.1.
∑

X∋0, X connected e
−κd(X) ≤ (1 − (2de)e−κ)−1 < ∞ for κ > log(2de).

Proof. The number of connected lattice animals of size n containing the origin in Zd is at
most (2de)n [17]. In d = 4, (2de) ≈ 21.7, so κ > 3.1 suffices.
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