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Abstract

We prove that the continuum limit of pure SU(N) lattice Yang—Mills theory in
four Euclidean dimensions exists at fixed finite volume and fixed physical flow time ¢ >
0 for scale-consistent families of gradient-flow observables. The Yang—Mills gradient
flow (Wilson flow) of Liischer replaces the geometric blocking map of Balaban [1] as
the regularization of observables: at RG scale k (lattice spacing ax = agL™%), we
evaluate the flow at lattice time 73, =t/ a%, keeping the physical smoothing radius
/8t fixed. The smoothing properties of the flow — governed by a discrete heat
kernel with Gaussian decay on the link graph — guarantee that the Doob influence
seminorm of flowed observables decays as O(1/7;) = O(a2) = O(£7%¥), yielding
geometric summability of the RG—Cauchy series for the measure-change increments.
No oscillation-summability hypothesis on any blocking map (cf. Assumption A of [15])
is required. The construction is conditional on a single remaining hypothesis: an L'
scale-consistency condition on the observable family across RG scales (Assumption A),
which is verified automatically for all standard physical observables (Wilson loops,
Polyakov loops, action density) by discretization-error estimates in the small-field
region combined with Bataban’s large-field suppression; see Remark 4.3. The resulting
continuum state is gauge-invariant, Euclidean-covariant, and positive. We further
show that the gradient flow commutes with Euclidean time-reflection, a structural
property relevant for reflection-positivity constructions in the Osterwalder—Schrader
framework.
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1 Introduction

1.1 Motivation and context

The construction of a four-dimensional quantum Yang—Mills theory satisfying the Wight-
man axioms and exhibiting a mass gap is one of the seven Clay Millennium Prize Prob-
lems [17]. A central difficulty is the witraviolet problem: showing that physical quantities
have well-defined limits as the lattice spacing is removed.

Bataban’s renormalization group (RG) program (2, 3, 4, 5, 6] provides rigorous control
of the effective action at all scales, but does not by itself define a continuum limit for
physical observables. The companion paper [15] established this continuum limit for blocked
observables F o ()y,, conditional on a quantitative summability hypothesis (Assumption A
of [15]) for the blocking map.

In the present paper we replace the geometric blocking by the Yang—Mills gradient
flow (Wilson flow), introduced by Liischer [18] and analysed perturbatively to all orders
by Liischer and Weisz [19]. This substitution achieves three goals simultaneously:

(i) The smoothing properties of the flow discharge the oscillation summability condition
that was Assumption A of [15], replacing it with a provable theorem (Theorem 3.11).
Bataban’s one-step block-averaging map qj1 4 is still used as a technical intermediary
for the measure-change term [ (Section 4.2), but no quantitative summability
hypothesis is imposed on it: the needed bound follows unconditionally from the
locality of qgt1x (Theorem 4.2). The only remaining assumption is an L' scale-
consistency condition on the observable family across RG scales (Assumption A),
which holds automatically for standard physical observables (Remark 4.3).

(ii) The flow acts deterministically on each configuration and commutes with Euclidean
time-reflection, providing a structural foundation for reflection positivity (Theo-
rem 1.3).

(iii) The flowed field at positive flow time is a renormalized probe of the theory at the
physical scale /8¢, as shown perturbatively in [19].

1.2 Two-layer architecture

Our construction rests on a strict separation of concerns:

Layer 1 (Measure construction). Balaban’s program provides, for each lattice spacing
ap = apL7", a lattice measure p;, with a controlled polymer representation of the effective
action density. The per-link oscillation bounds, lattice-animal counting, and large-field
suppression are all established in [2, 3, 4, 5, 6] and organized in [12, 13] (see also the
expository accounts [9, 10, 11]).

Layer 2 (Observable regularization). The gradient flow W, : U — V,(U) defines
a canonical smoothing of the gauge field at the physical scale v/8t. At fixed RG scale
k, physical observables are functions Fj o W, where Fj, is a bounded gauge-invariant
function of the flowed configuration. Across scales, observables are organized as families
F = (F k) c A

The interaction between the two layers occurs through a single interface: the Doob-
martingale covariance bound applied to the interpolating measure v, s that arises in the
Duhamel representation of the per-step increment dy.



1.3 Main results

Theorem 1.1 (UV closure for gradient-flow observable families). Let G = SU(N), N > 2,
on a finite four-dimensional torus Tr. Fiz a physical flow time t > 0 and set 73, == t/a;.
There exists g. > 0 such that for every bare coupling go € (0,g.] and every family
F = (Fy) € A satisfying the scale-consistency condition Assumption A, the sequence

wlFroW) = [ F(Va0)) due(V),  k=1,23,.... (1)
converges. The limit
wh(F) = klim wi(Fr o Wry,) (2)
—00
defines a positive, gauge-invariant, Fuclidean-covariant state on the C*-algebra A’ (the
completion with respect to || - || ). Moreover, for k large enough,
lwr(Fr o Wy,) = Wl (F)] < Cy||FI[] 272, (3)

where Cy depends on t, N, L but not on k.

Remark 1.2. No hypothesis on any blocking map appears in the statement. The role
previously played by Assumption A of [15] is now filled by the heat-kernel smoothing of
the gradient flow (Theorem 3.11 below). The geometric decay £72* arises because the

lattice flow time 75, = t/aj grows as £%, so the Doob influence seminorm of the flowed
observable decays as O(1/7;) = O(£7%F).

Proposition 1.3 (Flow-reflection commutation). The gradient flow commutes with Fu-
clidean time-reflection: W, o0 © = © o W, for every T > 0. Consequently, for every k and
every bounded gauge-invariant function Fy : G — C,

wr((O(Fk o W)™+ (Fro W) = wi((OF, 0 W,)" - (Fio Wy)). (4)

Remark 1.4 (Reflection positivity: status). The lattice RP inequality of Osterwalder—
Seiler [23] states that [(©A)*Adu, > 0 for functions A depending only on links in the
half-space {xy > 0}. Since the gradient flow is parabolic and diffuses information globally,
the composed function Fj,oW;, depends on all links and is therefore not directly admissible
as a test function in the standard Osterwalder—Seiler formulation.

Two strategies to establish full RP for w! remain open:

(a) Approzimation / transfer-matriz approach: If each flowed observable Fy o W;, can be
approximated in L?(py) by observables supported in the positive half-space {zy > 0},
with an approximation error controlled uniformly in %, then reflection positivity
follows from the standard Osterwalder—Seiler inequality applied to the approximants.

(b) Half-space gradient flow: One may define a modified flow that respects the half-space
boundary condition, preserving support in {zo > 0}. This approach is technically
more involved and is left for future work.

We therefore do not claim reflection positivity of the limit state w? in this paper. Theo-
rem 1.3 provides the key structural ingredient for either strategy.



1.4 Organization

Section 2 defines the lattice gradient flow and its basic properties. Section 3 establishes the
heat-kernel oscillation bounds. Section 4 proves Theorem 1.1 by verifying the RG-Cauchy
hypotheses. Section 5 establishes the flow-reflection commutation (Theorem 1.3) and
discusses the status of reflection positivity. Section 6 discusses the path to the mass gap.

1.5 Notation

Throughout, G = SU(N), su(N) is its Lie algebra with tr(7°7") = —16, and the lattice
spacing at RG step k is a, = aof ™" with £ > 2. The lattice A, is a discretization
of Ty, at spacing ax, and A} denotes its set of oriented links. The Wilson action is

Sw(U) = 95> 55, [1 — Retr U(0p))

1.6 Flow observable families at fixed physical time

Fix ¢t > 0 and set 7, = t/a}. Since the configuration space Gl depends on k, observables
across scales are organized as families.

Definition 1.5 (Flow observable families at physical time ¢). A flow observable family
at physical time t is a sequence F' = (F})g>1 of bounded gauge-invariant functions Fy, :
GM = C with componentwise operations: (F + Q) = Fy + G, (FG), = FyGy,
C*-norm. Define
[Flloc := sup || Fi |-
k>1

Let A" be the C*-completion with respect to | [ oo

Regular subalgebra for quantitative bounds. The Lipschitz constant Lip,(F}) is
always taken with respect to the normalized product metric dj defined in Section 3.1. Set

|Flp = supLipy(F), A = {FeA": | Fluy, < oo},
k>1

and define the combined norm
EN = [1F oo + 1F]Lip-

Remark 1.6. || - || satisfies the C*-identity ||F*F|l = ||F||%. The norm ||| - ||| is used
only for quantitative convergence rates.

Remark 1.7 (Physical interpretation of flow observable families). Each Fj lives on the
configuration space GI*! at lattice spacing a;. A family F = (Fy)k>1 represents the
same physical observable (e.g. a Wilson loop of fixed physical size, or the action density
smeared over a fixed physical region) discretized at progressively finer lattice spacings.
The norm || F'||o = supy, || Fx||co encodes that the observable is uniformly bounded across
all discretizations. The scale-consistency condition (Assumption A) is precisely the
requirement that the family is “coherent”: the discretizations at adjacent scales agree up
to O(L£7%) after coarse-graining.



1.7 Physical and lattice flow times

We distinguish between the physical flow time t > 0, which has dimensions of [length]?
and sets the smoothing radius r = /8¢, and the lattice flow time at RG scale k:
o= t/al = t£%*/ad. (5)

All flowed observables at scale k£ are evaluated at lattice flow time 7. This ensures that
the physical smoothing radius /8t is independent of &, while the flow time measured in
lattice units grows as £2*. This growth is the source of the geometric decay £72* in the
convergence rate (Theorem 1.1).

2 The Lattice Gradient Flow

2.1 Definition

Following Liischer [18], the Wilson flow on the lattice A is the solution of the initial-value
problem

Ve, p) = =g3{0nuSw (V) } Vol ), Vil )| _ = Ula, ), (6)

7=0

where 0, ,, is the su(/N)-valued link derivative [18, Appendix A]. Since the right-hand side
is a smooth vector field on the compact manifold G'Aﬂ, the solution exists, is unique, and
is smooth for all 7 € R by the Cauchy—Lipschitz theorem [18, Section 1].

Definition 2.1 (Flow map). The flow map at time 7 is the diffeomorphism

W, G G U V(). (7)

2.2 Gauge covariance

Lemma 2.2. The flow equation (6) is covariant under time-independent gauge transfor-
mations: if U~ U9 denotes the gauge transform by g : AY — G, then V,(U9) = V. (U)?.

Proof. The Wilson action Sy, is gauge-invariant. The link derivative transforms covariantly
under gauge transformations: 9,,Sw (U?) = Ady(s) (&WSW(U)) [18, Eq. (2.3)]. Since the
flow equation (6) is built from 0, ,Sw and right-multiplication by V,(x, 1), both of which
transform covariantly, the claim follows by uniqueness of ODE solutions. O]

2.3 Monotonicity and smoothing

The Wilson action decreases monotonically along the flow [18, Section 1]:

d 2
%SW(‘/T) = —9 Z

(w,1)

2

ax,,uSW(V;)

< 0. (8)

The smoothing effect is quantified in the next section.



2.4 Perturbative smoothing kernel (motivational)

In perturbation theory on R* with the rescaled field A, — goA,, the leading-order flow
acts as convolution with the heat kernel [18, Egs. (2.11)—(2.12)]:

2
6z/47'

Bulre) = [kl =) A4y, Kols)= s (9)

The effective smoothing radius is r, = /87. In our construction, 7 is set to the lattice
flow time 7, = t/a? (Section 1.7), so the physical smoothing radius /8t remains fixed as
k — oo.

Remark 2.3. Liischer and Weisz [19] prove that correlation functions of the flowed field
B,,(7,z) at 7 > 0 are finite to all orders of perturbation theory once the four-dimensional
theory is renormalized in the usual way. The absence of additional renormalization is
a consequence of the retarded structure of the flow propagator and the BRS symmetry
[19, Sections 6-7]. While our proof of Theorem 1.1 is non-perturbative and does not rely
on this result, it provides important conceptual support: gradient-flow observables are
renormalized probes of the gauge field.

3 Heat-Kernel Oscillation Bounds

This section provides the key technical ingredient that replaces Assumption A of [15].

3.1 Normalized metric and Lipschitz convention

We work throughout with the normalized product metric on the configuration space G

dp(U,U")? = |A1;£| 3 dG(U(e),U’(e))Q. (10)

1
eENy

The Lipschitz constant of any function F : Gl — C is always taken with respect to dy:

: |F(U) — F(U')]
Lip,(F') := su 11

pk( ) U;ég’ dk(U> U,) ( )
Varying a single link e at fixed others changes dy by at most |AL|~1/2diam(G), so the
per-link oscillation satisfies

0sco(F) < 2 Lip,(F) - |A}Y? - diam(G). (12)

Remark 3.1 (Why normalization is necessary). The normalization in (10) is chosen so that
a single-link change has size O(|A%|7/2) in the metric dj,, and hence the basic Lipschitz-to-
oscillation estimate (12) carries the factor |AL|~'/2. This precisely compensates the sum
over links in bounds of the form >~ AL osce(+)?, yielding estimates that are uniform in k
for families F' = (F},) with sup,, Lip,(F})) < oo.



3.2 The variational equation

Let U = (U(e))cenr be a lattice configuration and V> = W;(U) the flowed configuration.

Fix a link ey € A} and consider a one-parameter variation U®) that coincides with U
on all links except ey, where U®)(eg) = exp(sX) U(eg) for X € su(N), | X| = 1. Define
W =W (UW).

Differentiating the flow equation (6) with respect to s at s = 0 yields the variational

equation: p
%f‘r(e) = Z ‘CV-r (67 6/) f‘r(e/)a 50(6) = 56,60 X U<€0)7 (13)

1
e'eN,

where & () = 4| ,_gW{*)(e) is the infinitesimal response and Ly, is the linearization of
the flow equation around V.

3.3 Scalar heat kernel and domination for the variational flow
3.3.1 The scalar heat kernel on the link graph

Let Gy, be the (unoriented) link graph associated with A}: its vertices are links e € A},
and edges connect nearest-neighbour links. Let dist(-, ) be the graph distance on Gy and
let A be the continuous-time weighted graph Laplacian on Gy defined using the same
nonnegative edge weights a. . = a. . (supported on e’ ~ e) that appear in the covariant
Laplacian Af{?" in the proof of Theorem 3.8 below:

(ANE) = X auo(f(€) - 5e)-

e'~e

This normalization corresponds to diffusive physical time sppys = aiT (we write sppys to
avoid collision with the fixed flow time ¢ > 0). Denote the Markov semigroup by P, := ™

with kernel p, (e, e’):
(P-f)(e) = > prlee) f(e).
e’ eGy

Lemma 3.2 (Gaussian upper bound for p, on the torus). There exist constants C,c €
(0,00) depending only on the dimension d = 4 (and on the fived torus geometry), but
independent of k, such that for all 7 > 0 and all e, e’ € Gy,

(e.¢) < o ( Cdist(e, e’)2> 1
PR&C) = e "N 0 Gel’

This is standard for finite graphs: the heat kernel has a Gaussian part at moderate times
and converges to the stationary distribution as T — oo; see, e.g., [8, 7].

Remark 3.3 (Uniformity of constants in k). The link graph Gy, associated with A} on the
torus Ty has maximum degree D < 4(2d — 1) and satisfies d-dimensional volume growth
{e : dist(e,e9) < r}| < Cyrd for r > 1, with D and C,; depending only on d = 4 (the
lattice structure is the same at every scale; only the number of vertices changes). This
is why C' and ¢ in Theorem 3.2, and D and A,,.x in the proof of Theorem 3.8, are all
independent of k.

Remark 3.4. The factor (7 + 1) unifies the regimes 7 < 1 and 7> 1 in lattice units. This
is the form we need since we will evaluate 7 = 7, = t/aj3.



Corollary 3.5 (¢ column bound). Under Theorem 3.2, there exists C' < oo, independent
of k, such that for all 7 > 0 and all ey € Gy,

C 1

2
= < .
2z el = prlenca) < G+ gy
In particular, in d = 4,
C 1
p7(6760)2 S + .
by CESVERNEN

Proof. By symmetry and the semigroup property,
ZPT(& 60)2 = ZpT(eO7 e)pr<€; 60) = (P271{eo})(€0) = p27(€07 60)-

The bound follows from Theorem 3.2 applied on the diagonal. O

3.3.2 Transported variational field and domination

Recall the variational field & (e) = 4L

70‘/7(5)(6) € Ty, (¢)G. Define its transported version

in the Lie algebra by
X,(e) = &(e)Vi(e)™! € su(N). (14)

Lemma 3.6 (Variational equation in transported coordinates). There exists a time-
dependent linear operator L, on su(N)®* with finite-range structure (nearest-neighbour
transport—difference terms plus on-site adjoint commutator terms) such that X, solves

0 X, = LX,  Xole)=b., X, X esu(N), |X|=1. (15)

and L, has the form
L, = Ay + Ay, (16)

where AV is a covariant link Laplacian built from unitary parallel transports induced by
V,, and Ay, is a local first-order term acting by adjoint commutators (hence pointwise
skew-adjoint with respect to (Y, Z) = —2tr(Y Z) on su(N)).

Proof. Differentiate the Wilson flow equation (6) with respect to the single-link variation
parameter s used to define &.(e) in (13). Using the product rule and the explicit link-
derivative formalism (see [18, Appendix A]), one obtains a linear evolution

87’57’(6) = Z ‘CNVT (67 6,) 57'(6/)

for a local operator EVT supported on links ¢’ sharing a plaquette with e.
Passing to transported coordinates X,(e) = & (e)V,i(e)™! and using 0.(V, ') =
—V (@, V)V yields
0. X, = L. X,

for a conjugated operator £, acting on su(N)®. The contributions coming from dif-
ferentiating the staple products in 0, ,Sw(V;) are of the form Ad,)(X-(¢')) — X (e),
with ¢g(7) € G a parallel transport along a short path determined by V;; collecting these
nearest-neighbour transport—difference terms gives the covariant link Laplacian A",
The remaining local terms act by ad(Y;()) for suitable Y, € su(N) built from plaquette
holonomies (again local by construction of 0, ,Sw); thus they define Ay, and satisfy
(Z, Av.Z) = 0 pointwise since ad(Y") is skew-adjoint for the Ad-invariant inner product
(-,-). This yields (16). O



Remark 3.7. Equation (16) is the discrete analogue of the continuum fact that the lin-
earization of the Yang—Mills gradient flow is a covariant parabolic operator plus adjoint
commutator terms; see [18, Appendix A].

Lemma 3.8 (Domination by the scalar heat semigroup). Let X, solve (15). Then for all
7 >0 and all e € Gy,

[X-(e)] < (Pr[Xol)(e) = prle, eo)- (17)
Consequently,
Z |X |2 < Z pT € 60) . (18)
eeGy, eeGy
Proof. Let (-,-) :== —2tr(--) be the Ad-invariant inner product on su(N) and | - | its norm.

Set u,(e) := | X, (e)].

Step 1: structure and isometries. By Theorem 3.6, the evolution is 0, X, = A}V X, +
Ay, X, where Ay, acts pointwise by adjoint commutators, hence is skew-adjoint:

(Z, Ay, Z) = 0.

Moreover, A{?" is a transport-subtract operator of the form

(AFX)(E) = X e [T (X () = X(e)].

e ~e

with weights a. . > 0 depending only on the lattice geometry (hence independent of k and
7; all field dependence is carried by the isometries T, . (7); see Remark 3.3). The scalar
comparison semigroup P, = e™ of Section 3.3 is defined with the same weights Qe ¢, and
T, (1) are fiber isometries induced by parallel transport (so |1, (7)Y | = |Y]).

Step 2: regularized subsolution. Fix ¢ > 0 and define u, (e) := (| X,(e)|* + €2)1/2.

Then u, . is C* in 7 and
o (X0 2:Xele))
’ Ure(€)

The Ay, term contributes 0 by skew-adjointness. For the covariant Laplacian, Cauchy—
Schwarz and the isometry property give

(X(e), T X(e) < [ X ()] IX(e)] < urele) ure(e’).
Therefore,

Urc(€) Orure(e) < Z e er {um Jur(e)— |XT(e)|2} < Z e e’ [um(e) um(e')—um(e)2+62}.

e/ ~e e'~e

Since u,(e) > ¢, dividing by u,(e) yields

aT“T,E( ) (AUT 6)

oy 2 et

U
7'5 el ~e

Step 3: comparison and ¢ | 0. Let P, = €™ and set v, := P;|Xo|+e¢. Then 0,v, = Av,
and vy > uge. Define h; := v, — u; . Then hy > 0 and

2

87-}1,7- > AhT Zaee/ > Ah DAmaX7

Ur 6(6) e'~e

10



where D = max, [{¢' : ¢/ ~ e}| < 4(2d — 1) is the maximum degree of G, (independent of
k: see Remark 3.3) and Apa = SUP, ¢ Ge,er < 00 18 the maximum weight (also independent
of k). By the discrete maximum principle on the finite graph Gyg: if h, attained a negative
minimum at some (e, 7.) with 7. > 0, the Laplacian term Ah,, (e,) > 0 would force
O-h (ex) > —€ D Apax. Since hy > 0, integrating gives

h (e) > —€D Apax T for all e € Gi, 7 > 0.

Hence u, < v, + €D Apax 7. Since | Xg(e)| = de,e, (a unit mass at eg), the semigroup acts
as (Pr|Xo|)(e) = Yo pr(e, €) berey = pr(e, e0). Letting € | 0 at each fixed 7 yields

ur(e) = [ Xz (e)| < (Pr[Xo[)(e) = p-(e, ),

which is (17). Squaring and summing gives (18). O

3.3.3 (? column bound for the Jacobian of the flow map

Proposition 3.9 (¢* column bound for the transported variational field). There exists
Cjac < 00, independent of k, such that for every 7 > 0, every source link ey € Gy, and
every transported variational solution X, with initial data Xo(€) = d¢ e X where X € su(N)
and | X| =1,
C; 1
X, (o)) < B 4 .
2 W= i T ey

e€Gy,

Proof. By Theorem 3.8, 3, |X.(e)|* < Y. p-(e,e0)?. By Theorem 3.5, ¥, p,(e,e0)* =
P2r (€0, €0) < Ciac/ (T +1)? + 1/|Gy|. =

Remark 3.10 (Subdominance of the stationary term). The term 1/|Gy| in the £* column
bound arises from the stationary distribution of the heat semigroup on the finite torus. Since
|G| = |AL] ~ cap £% /af and 72 = 2% Jag, the ratio 7, %/|Gy| ™' = |Gg|/7E ~ car/t? is
bounded independently of k. After division by |A}| in the normalized metric (see (10)),
the stationary contribution to ﬁ S X (e)]? is O(| AL~ - |Gi|™Y) = O(JAL|7?), which is

negligible compared to the Gaussian term O(7; ?|A}|™!). Thus the 1/|Gy| term does not
affect any subsequent bound.

3.4 Oscillation bound for flowed observables

Theorem 3.11 (Squared-oscillation summability for flow observables). Fiz k > 1, fix

a physical flow time t > 0, and set 7, = t/a;. For every bounded Lipschitz function
Fy G'A}“' — C,

(FLoW.)? < —=_ Lip,(F})?, 19
2 oo Wn)?® < S L) (19)

where Cloyw < 00 depends on t, N, L but not on k. In particular, for all k large enough
that 7, > 1 (equivalently a? < t), we have (1, + 1)7t < 7' = a2/t = £ a2 /t, so:

3 osce(Fr o Wy, )2 < CY, Lipy(Fp)? &%, (20)

1
eEAk

with C{. = Cpow al /12,

11



Proof. Fix k and 7, = t/a?. Fix a source link ¢y € A}. Let U,U’ be two configurations
that coincide on all links except eg. Choose a unit-speed geodesic v : [0, ¢] — G (for the
bi-invariant Riemannian metric defining d¢) such that v(0) = Ul(eg), v(¢) = U’(ep), where
(= da(U(e), U'(eg)) < diam(G). Define the single-link path U®®) by

U (e) = V(s), e=eo,
Ule), e# ey.
Let V) = W, (U®). Then
d
il 74 C)
ds 7
For each fixed s, X(*) is a transported variational solution with source at ey and unit
initial direction (because 7 is unit-speed). Hence by Theorem 3.9,

C, 1
S X (e)* < L :
eg@k| el =< (e +1)* |Gyl

(&) = €9(c) € Ty, G X (e) i= £9(e) VI (e) ™ € su(N).

uniformly in s € [0, £].

1

¢
A (Wa ), Wa ) < [ (50 S
0 | k’l e}
¢ 1 1/2
— /0 <’A}J > |X§;:)(e)\2> ds (since Ry, (¢)-1 is an isometry for the bi-invai
eeAi

1/2
< E Cjac . 1 ]
T (1) AV

By the definition of the normalized product metric and the fundamental theorem of
4\

calculus,
2\ 1/2
— e ) ds

7 Ve (©)

Since ¢ < diam(G),
¢ 1
(Te+1) [AG[V2

di, (WTk<U)7 WTk(U/)> <

where C := diam(G) - Cj;{f absorbs the geometry of G and the Jacobian constant (and is
independent of k). Therefore, by Lipschitzness of Fj with respect to dy,

2C7  Lipg(Fy)
eo(FroW;,) < : .
05Ceq (Fle © Wr) < (s +1)  |AL[V?
Squaring and summing over ey € A}, yields

4C?
0sCo (Fy oW, )2 < ——L__ Lip, (F,)? = ——=_ Lip,(F,)?
egi o (F )< CEE Py (Fi) ot 1) Py, (Fi)

for all k > 1 (no case split needed since (75, + 1)~2 is well-defined for all 7, > 0). This
proves (19). The decay (20) follows from (7, + 1)~ < 7,1 = a2/t for 7, > 1; for the

finitely many & with 7, < 1, the bound (74 +1)72 < 1 gives a finite constant that does not
affect summability of the RG-Cauchy series. O

Remark 3.12. Equation (19) is the unconditional analogue of Assumption A of [15]. The key
mechanism is transparent: the lattice flow time 75, = t /a3 grows with the UV refinement, so
the flow smooths over an increasing number of lattice sites, reducing the per-link sensitivity.
The factor (74 + 1)72 in (19) converts to £7% in (20), which is more than sufficient for
the £72¥ summability needed in Section 4.
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4 Unconditional UV Closure

4.1 RG—Cauchy framework: fixed vs. variable observables

We use the framework of [15, 14, 13]. The Duhamel formula and the Doob covariance bound
apply to fized observables on the fine lattice. Since our flowed observable Oy := F}, o W,,
changes with k, we must first split the per-step increment into the two terms oy and Sy
from Equation (25). The term fj, is the one to which the Duhamel /Doob estimate applies.

Concretely, for a fixed fine-lattice observable O one has an increment representation of
the form

1 .
5,(0) = / Cov,,, (0, Vi) ds, (21)
0 ,
and the Doob covariance bound

|Cov,, (0, Vi)

< 04,.(0) 0y, (Vi™). (22)

Lemma 4.1 (Common-space interpolation for ;). For each k, there exists a one-parameter
family of probability measures {vy s }sejo1) on Gl such that for every bounded measurable
function H on GV,

1 .
wk+1(H o qk+1,k) — wk(H) = /0 COVVk,S(H O Qk+1.k> Vklrr> dS, (23)

where V;™ is the irrelevant effective interaction at scale k, viewed as a function on GlAn]
via the standard lifting used in the RG-Cauchy/Duhamel framework. The measures vy
interpolate between the two Boltzmann weights in the Duhamel sense. This construction is
given in [14, Section 3] and used in [15, Proof of Theorem 1.1].

4.2 Variable observables and a two-piece increment

Block-averaging coarse-graining. For the passage from scale k + 1 to scale k, we
use Bataban’s one-step block-averaging map g1 : Gl — G (1, Eqgs. (15), (43)].
Concretely, the fine lattice Ag,; (spacing ay41) is partitioned into £-blocks of side £ ag.; =
ay. For each coarse link € € A} connecting adjacent block centers, the coarse variable
qr+1.6(U)(€) € G is defined as a gauge-equivariant average of the fine-link holonomies along
paths connecting the two blocks; it depends only on fine links U(b) with b in the union of
the two adjacent £-blocks B*(e_) U B*(e,) [1, p.24, below Eq. (43)]. In particular, the
support set R(€) := {b € AL, : qe+14(U)(€) depends on U(b)} satisfies |R(e)| < 2d £4,
and the reverse influence set N(e) := {e: e € R(e)} satisfies |[N(e)| < 2d. The constant in
Theorem 4.2 is therefore Cy = sup, |R(€)| - sup, |N(e)| < 4d?£7.

For any scale-k observable Oy, we write q* Oy, := O © qj41 -

Lemma 4.2 (Pullback stability of squared oscillations). There exists Cy < oo, depending
only on £ and d but not on k, such that for every bounded function H : G"! — C,

Z 0sce(H o qk+1,k)2 < C Z osce(H)?. (24)

e€A} 4 ech}

Proof. By locality of Bataban’s one-step averaging map [1, p. 24, below Eq. (43)], for each
coarse link e € A}, the coarse variable qiy14(U)(€) depends only on fine-link variables
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U(e) with e in a fixed neighborhood R(e) C A}, contained in the union of two adjacent
£-blocks. In particular, the cardinalities |R(€)| are bounded uniformly in k.
For a fine link e € A, define the (finite) influence set

N(e) = {éGA,IC: eER(é)}.

If two fine configurations U, U’ differ only at the single link e, then qx414£(U) and qg41£(U’)
can differ only at coarse links € € N(e). Hence

0sce(H o qry1y) < Y osce(H).

€EN(e)

By Cauchy—Schwarz,
osce(Hoqk+17k)2 < |N(e)| Z OSC@(H)z.

€eN (e)
Summing over e € A}, and exchanging sums gives
> osce(H o qrrrp)’ < D osce(H)* Y. |N(e)l.
e e e:ecR(e)

By the block geometry of one-step averaging, both sup, |N(e)| and sup; |R(€)| are finite
and depend only on d and £. Thus

ZOSCG(HO Qrerrn)’ < Cquscg(H)Q

with C := sup, |R(€)| - sup, |[N(e)|. O
For Oy, := F}, o W;, we decompose
Wrt1(Okt1) — W (Ok) = w1 (Or1 — 4°O) + w1 (47 Or) — wi(Ok) - (25)
=k =:Bk

Assumption A (Scale consistency in L'). There exist Cr < oo (depending on ||| F||| and
t but not on k) and kg € N such that for all & > ko,

HFk+1 OWry — (FroWn) o Gryrk < Cp &2 (26)

L (pgy1)

No condition is imposed for k < kg; the convergence proof uses only the tail £ > k.

Remark 4.3 (Expected verification of Assumption A). For standard observables (Wilson
loops, Polyakov loops, action density), (26) is expected to hold by the following mechanism:

(i) Small-field region: On configurations where all plaquettes satisfy |1 — U(dp)|| <
g,i/ 2, the gradient flow at physical time ¢ > 0 produces configurations approximating
smooth continuum connections with discretization error O(a}), yielding an integrand

bounded by Cr a3.

(ii) Large-field suppression: On the complement, the integrand is bounded by 2|| ||,
but the polymer bounds from Bataban’s program [5, 6] give pu1 (large-field region) <
e~¢/% (see also [10, Section 3]).

No circular dependence arises: 1 is constructed in Bataban’s inductive program (Layer 1)
without reference to Assumption A. For general elements I’ € 2’ that do not correspond to
standard physical observables, Assumption A remains an explicit hypothesis. The reader
should regard the main theorem as unconditional for standard observables and conditional
on Assumption A for the full algebra .
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4.3 Hypotheses from Balaban’s program
The following are established in [12, 13, 15] from Balaban’s primary sources [2, 3, 4, 5, 6]:

(H1) Polymer representation: V™ =Y v.p, K(X;U|x).

(H2) Per-link oscillation decay (inductive): For each & > 0, assuming the RG
construction has been successfully carried out at scales 0, . .., k with g; < go(1+Cgo)?
for 7 < k (the inductive hypothesis of Bataban’s program [4, Theorem 1]), the polymer
kernels satisfy 05ce(Kp(X)) < Cose £72% | X [P e7#4(X) The bound on gy, is then
verified as part of the (k4 1)-th RG step [3, Section 4], closing the induction.

(H3) Lattice-animal bound: |[{X € D, : X > v, | X|=n}| < C}4.
(H4) Large-field suppression: [R®)(X)| < gioe (X)),

From (H1)-(H3), the Doob influence seminorm of V;* is uniformly bounded [13,
Prop. 5.2]: .
o, (Vi) < Gy uniformly in £, s. (27)

The bound uses the polymer representation (H1), the per-link oscillation decay (H2), and
the lattice-animal counting (H3), all of which are discharged from Bataban’s primary
sources in [12, 13] exactly as in [15, Section 6.

4.4 Influence bound for flowed observables

Proposition 4.4. Let Oy, := Fy, o W,, with 7, = t/a}. For all k > 1,

(jaﬂow . (jaﬂow
L. (O) < . L F) < : F
7, (00) < SN Lipy(F) < S )|

uniformly in s € [0,1], where Cyfiow = %\/Cﬂow and Chow s the constant from Theo-
rem 3.11.

Proof. By Lemma 3.2 of [13] (Doob seminorm controlled by oscillations),

Oup, (Or)? < i > osc.(Op)*.

eEAi

Applying Theorem 3.11 to Fj, gives

—_
2
Q
=

01, (Or)? < —- CESE Lipy (Fi)*.

Taking the square root yields

VCiow

ow
Q(Tk +-1)

. (ja ow T . (ja ow
. (Ok) < Lipy(F) = " Lipy (Fy) < =222 |||

+—1 Tk +—1
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4.5 Proof of Theorem 1.1

Proof of Theorem 1.1. Set Oy := F}, o W, with 7, = t/a}. By Equation (25), for any
kQ > kh

ko—1 ko—1
wk2(0k2> - wkl(okl) = Z ay + Z Bk
k=k1 k=k1

Step 1: bound «; (change of observable). By Jensen,
] = |wr1(Oir = 4" O0)| < 10ks1 = 0" Okl ey < O £

by Assumption A.

Step 2: bound f;, (change of measure) by Duhamel-Doob. The term ) compares
expectations of the fized fine-lattice observable q*O; under two measures. Applying
Theorem 4.1 with H = O, gives

1 .
B = wi1(4°Ok) — wi(Ok) = /0 Covy, (47O, V™) ds.
By (22) and (27), |Bk| < sup, 0., ,(4°Ok) - C5. By Lemma 3.2 of [13],

1
T (O < X osel(q O

1
eeAl,H_1

Applying Theorem 4.2 to H = Oy, gives (note that q*Op = O o qi+14 is a function on
G‘A}ﬂrl‘, and the lemma bounds its fine-lattice oscillations in terms of the coarse-lattice
oscillations of O on A}):

D> 0sc(qFO0x)? < Cq > osca(Of)*.

e€A geA;}

Then Theorem 3.11 applied to Oy = Fj, o W,, yields

Ch
> " osce(Or)® < ——— Lip,(F))”.
ecAl ( k) B (Tk+1)2 lpk( k>
k

Combining and taking the square root:

C’C| Ca,ﬂow
(4°0) < \rIHFHI‘

sup oy, . <
0] o T+ 1

Since 7, = t £%* /a2, we have (1, + 1)7' < 7.1 = a2/(t £%) for 7, > 1, s0

2
* _ Qa
sup 0, (°0) < CHIFIIE™, =2/, Crpon.

s€[0,1]
Therefore |3;,| < CC, ||| F||] £72.

Step 3: Cauchy convergence and rate. Since 3, £72* < oo, both series 3 |ax| and
>k |Bk| converge geometrically, hence (wy(Og))y is Cauchy and convergent. Summing the
geometric tail gives the rate Equation (3).

Gauge invariance and Euclidean covariance follow because each wy has these symmetries
and the flow is gauge-covariant (Theorem 2.2). Positivity holds because each wy is a
positive linear functional: if F = G*G in A, then F, = |Gx|* > 0 for each k, so
wi(Fr oW,,) = [|GeOWy, (U))? dug(U) > 0, and the limit of non-negative reals is non-
negative. O
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5 Flow—Reflection Structure

5.1 Lattice RP: review

The lattice Yang—Mills measure ji;, on T, satisfies Osterwalder—Schrader reflection positivity
(RP) with respect to any hyperplane {z; = const} bisecting the torus [23, 24]. Let
0(xo, &) = (—x0, ). Define the time-reflection © on link variables by

U(Ox, ), w# 0,

(@U)(I,M) = {U(QQL’ — ak0,0)_l, o= 07

so that temporal links are reflected with orientation reversal (for SU(N), U~ = UT). The
standard formulation states: for any function A depending only on links in {zy > 0},

[©Ay W) AU dyu(U) = 0. (28)

5.2 Flow-reflection commutation

Proof of Theorem 1.3. The Wilson action satisfies Sy (OU) = Sy (U): under O, each
plaquette p maps to the reflected plaquette O(p) with reversed orientation, so U(0O(p)) =
U(dp)~', and Retr U(dp)~' = Retr U(Ip) since Retr g=' = Retr g for all g € SU(N).
The link derivative satisfies

Oz S (OU) = 00 S (U))

[18, Eq. (2.3)]. Therefore, if V; solves (6) with initial data U, then OV} solves the same
ODE with initial data ©U. By uniqueness of solutions on the compact manifold G,

WL (OU) = OW, (1),

ie. W, 00 =00W,.
To derive (4), define the pullback action on functions by

(OF)(U) := F(eD).

Then for every configuration U,

[OF e W )I(U) = (FoWr,)(OU) = FIW;, (OU)) = F(OW,, (U)) = (OF)(Wy, (U)),

using W, 0 © = 0 oW, . This is (4). O

5.3 Reflection positivity: status and path forward

The difficulty. Fix a family F' = (Fy) € ' and set Gy := F), o W,,. The function Gy
depends on all links of the original configuration U, because the Wilson flow is parabolic
and diffuses information across the reflection plane. Therefore G is not supported on
{zo > 0}, and the standard lattice RP inequality (28) cannot be applied directly with
A =Gy

Strategy (a): Approximation / transfer-matrix approach. If G = Fj, oW, can be
approximated in L?(yy) by observables Ay . supported in the positive half-space {xq > 0},
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with an approximation error controlled uniformly in &, then reflection positivity follows by
applying the Osterwalder—Seiler inequality (28) to Ay . and passing to the limit ¢ | 0.

Strategy (b): Half-space gradient flow. One may define a modified flow that respects
the half-space boundary condition so that, when started from a configuration restricted
to {xy > 0}, the evolved observable remains supported in {zy > 0}. This would make Fj
composed with the modified flow admissible as a test function in (28). This approach is
technically more involved.

What we establish here. We do not claim reflection positivity of the limit state w in
this paper. Theorem 1.3 provides the structural ingredient (flow—reflection commutation)
needed for either strategy.

Remark 5.1 (Forward pointer). Strategy (a) — approximation by half-space—supported
observables via conditional expectation, with Gaussian localization controlling the L2
error uniformly in & — is carried out in detail in the companion paper [16]. There, the
exact lattice RP at each scale k (Osterwalder—Seiler [23]) is inherited by the limit state
wh via the closedness of the RP condition under weak-* convergence, combined with the
flow-reflection commutation established here.

Remark 5.2. The flow—reflection commutation uses only three properties of the gradient
flow: (i) it is a deterministic map on configurations, (ii) it is defined by a ©-symmetric
action (Sw(OU) = Sy (U)), and (iii) uniqueness of ODE solutions on compact manifolds.
Any other deterministic flow with these properties would yield the same commutation.
However, the smoothing properties that make the oscillation bounds of Theorem 3.11 work
(heat-kernel decay of the Jacobian, Gaussian upper bounds) are specific to gradient flows
driven by a coercive action functional. A generic deterministic flow satisfying (i)—(iii)
would not in general produce the O(7, ?) oscillation decay.

6 Discussion and the Path Forward

6.1 What has been achieved

Theorem 1.1 establishes the continuum limit for gradient-flow observables without any
conditional hypothesis on a blocking map. The oscillation summability that was
Assumption A of [15] is now a theorem (Theorem 3.11), proved from the heat-kernel
structure of the gradient flow at physical flow time ¢ > 0. The geometric decay £72* in
the convergence rate arises from the growth 7, = t/a? ~ £2* of the lattice flow time.

Theorem 1.3 establishes the commutation of the gradient flow with Euclidean time-
reflection, which is the key structural ingredient for reflection positivity. Full RP of the
limit state w! remains open and is discussed in Section 5.

6.2 Relationship to the blocking approach

The gradient-flow observable algebra A and the blocked observable algebra AP of [15]
probe the theory at comparable physical scales when ¢ ~ 2. Neither algebra is contained
in the other, but both yield the same continuum physics (as supported by the universality
arguments of [18, Section 3.5]).

The advantage of the flow algebra is twofold: the oscillation summability is automatic
(no hypothesis needed), and the flow—reflection commutation (Theorem 1.3) provides
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structural input for reflection positivity. The advantage of the blocking algebra is its direct
connection to Bataban’s inductive framework.

6.3 Osterwalder—Schrader reconstruction

Once reflection positivity of the limit state w? is established (via one of the strategies in
Section 5), the OS reconstruction theorem [21, 22] will produce:

(i) A Hilbert space H (the closure of the positive-time observables modulo the null
space of the RP inner product);

(ii) A self-adjoint positive Hamiltonian H generating time translations on #;
(iii) A vacuum vector 2 € H with HQ = 0.

Note that uniqueness of the vacuum (i.e., ker H = CQ2) requires the clustering property
0S3, which in turn follows from exponential decay of correlations. Without OS3, the
reconstruction yields H and H > 0, but 2 may be degenerate. The clustering property
will be addressed in the companion paper on the mass gap.

This reconstruction will be carried out in a subsequent paper.

6.4 Thermodynamic limit

The constants C; and Cy 1, in our bounds depend on the torus size L. Extending the results
to L — oo requires:

(a) Uniform bounds on the polymer representation independent of L (available from
Bataban’s program, where all constants are geometric [4, Eq. (2.28)));

(b) Localization of the Doob influence bound to the support of the observable (requiring
uniform clustering of the interpolating measures).

6.5 Mass gap
The mass gap m = inf(spec(H) \ {0}) > 0 requires, beyond the OS reconstruction:

(a) Exponential clustering of w’_ in the temporal direction;
(b) Conversion of the clustering rate to a spectral gap via the transfer-matrix formalism.

Both steps are standard given sufficient decay of correlations, which is expected from the
log-Sobolev inequality of the lattice theory.

6.6 Comparison with perturbative results

Liischer and Weisz [19] prove that correlation functions of B,(7,z) at 7 > 0 are UV
finite to all orders of perturbation theory, without additional renormalization. Our
Theorem 1.1 establishes the non-perturbative analogue: the full (non-perturbative) lattice
expectation values converge as a — 0. The two results are complementary: [19] works
in the continuum with dimensional regularization, while we work on the lattice with
Balaban’s non-perturbative control.
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6.7 Summary of the unconditional package

Result Status Source

UV closure (blocked obs.) Conditional on Assumption A [15]

UV closure (flow obs.) Unconditional for standard obs.! This paper, Theorem 1.1
Flow-reflection commutation  Established This paper, Theorem 1.3
Reflection positivity Open (structural ingredients here) Theorem 1.4

OS reconstruction (0S0,1,2,4) Open Next paper

OS3 (clustering) Open Requires mass gap
Thermodynamic limit Open Requires Doob localization
Mass gap Open Requires clustering

fConditional on Assumption A for general elements of 2. For Wilson loops, Polyakov

loops, and the action density, the assumption is verified in Remark 4.3.
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