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Abstract

Building on the lattice results established in Papers [E261]-[E261X], we give a conditional
construction of a scaling-limit state for pure SU(N,) lattice Yang—Mills theory in four
Euclidean dimensions, along dyadic lattice spacings ar = ag 2~ *. The construction proceeds
via a two-layer architecture:

Layer 1 (Local fields). For bounded gauge-invariant local observables (Wilson loops,
normalized plaquette traces), expectations converge—without extracting subsequences—to a
unique limit. For expectations of bounded observables at fixed physical side length L > 0,
precompactness is trivial since [(O), 1| < 1. (Tightness in the sense of Prokhorov is relevant
only when upgrading to laws of random fields, e.g. via Mitoma’s theorem for &’-valued
variables.) Uniqueness follows from a multiscale RG-Cauchy estimate that bounds the change
of local expectations under a single RG step. The extension to unbounded observables such
as smeared curvature monomials, which require additive renormalization, is deferred to future
work.

Layer 2 (Confinement). The physical string tension opnys > 0 is established through
step-scaling of Creutz ratios evaluated on Wilson loops whose physical dimensions R x 1" are
held fixed as a — 0.

The limiting state on bounded observables inherits Osterwalder—Schrader positivity from
the lattice and admits a Hilbert-space reconstruction via reflection positivity. SO(4) rotational
invariance is expected in the continuum (the hypercubic breaking being O(a?), subject to
the standard operator classification and construction of renormalized Schwinger functions).
The mass gap is established conditionally via uniform exponential clustering of connected
correlators—an input from a uniform physical transfer-matrix spectral gap (Assumption A.2)—
and the reconstruction theorem. Nontriviality follows conditionally from an area law for
Wilson loops.

Key dependencies on prior papers: uniform LSI inputs [E261]-[E261X]; Balaban multi-
scale effective action [E2611]-[E26V]; DLR-LSI [E26VII]; unconditional lattice closure inputs
[B261X].
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1 Introduction

1.1 The problem

The construction of a mathematically rigorous four-dimensional quantum field theory with a
non-abelian gauge group—and the proof of its associated mass gap—remains a central challenge
in mathematical physics, listed as a Clay Millennium Problem [9]. Lattice gauge theory provides
a non-perturbative, gauge-invariant regularization, but removing the lattice cutoff (a — 0)
unconditionally requires:
1. uniform functional inequalities (log-Sobolev, spectral gap) independent of the volume;
2. a compactness—uniqueness argument for the limiting state on bounded gauge-invariant
local observables;
3. preservation of the physically essential properties (Osterwalder—Schrader axioms, confine-
ment, mass gap).
Papers [E261]-[E26IX] established item (1) on the lattice. The present paper carries out
items (2) and (3).

1.2 The two-layer architecture

Standard compactness arguments in constructive QFT face a dual obstruction in gauge theories.
First, the fundamental connection fields A, are gauge-variant, and the natural orbit space
is nonlinear. Second, the natural gauge-invariant observables—Wilson loops—are nonlocal,
exponential functionals requiring perimeter renormalization.

We resolve this through a bipartite logical structure:

Layer 1

Local fields and RG—Cauchy uniqueness. We work with bounded gauge-invariant
local observables (Definition 2.4). The uniform L bound ||O|s < 1 implies the trivial
precompactness of expectations (at fixed physical side length L > 0) [(O)q ] < 1.
(Prokhorov/Mitoma tightness becomes relevant only if one constructs random fields and
studies their laws as probability measures.) The LSI provides the stronger quantitative
control (exponential concentration) used in later layers. Uniqueness is obtained not by
identifying the theory through a single observable (such as the string tension), but by
proving a quantitative Cauchy estimate for the expectations of local observables at a
fixed physical scale under successive RG steps. This guarantees convergence without
subsequences.

Layer 2
Step-scaling and confinement. To capture macroscopic physics, we analyse Creutz
ratios on Wilson loops with lattice dimensions I(a) = |R/a|, J(a) = |T/a], so that
their physical size remains fixed as a — 0. The result is a strictly positive physical
string tension oppys > 0.

Remark 1.1 (What is not used for uniqueness). We do not use the string tension to determine the
theory. The argument “o fixes the theory” would require proving that oppys uniquely determines
all Schwinger functions—a statement that is not established and not needed. Uniqueness follows
entirely from the RG—Cauchy estimate (Layer 1). Confinement is an output of the construction,
not an input to uniqueness.

1.3 Main results

Theorem 1.2 (Main theorem (conditional)). Let G = SU(N.), d = 4. Fiz a physical scale £y > 0
and tune the bare coupling B(a) = 2N./g(a)? along a weak-coupling trajectory (e.g. consistent
with the 2-loop asymptotic freedom scaling). Then, under the assumptions listed below:



(i) Existence and uniqueness (dyadic) (Assumption 3.5). For every bounded gauge-
invariant local observable O € Ay and each fixed physical side length L > 0, the expectation
(O)a,,1. converges as k — oo along the dyadic sequence aj, = ao/2F to a unique limit,
independent of subsequences of {ar}. The extension to unbounded observables (smeared
curvature monomials) requires additional renormalization and is deferred to future work.

(ii) Reflection positivity and reconstruction. The limiting state on the quasi-local algebra
of bounded gauge-invariant observables inherits reflection positivity from the lattice and
admits a Hilbert-space reconstruction (Section 5). Euclidean covariance and the cluster
property are conditional properties of the infinite-volume continuum theory (Section 5).

(iii) Mass gap (Assumptions A.2 and 5.5). For each fized physical spatial size L > L, the
Hamiltonian Hj, reconstructed via OS satisfies inf(spec(Hp) \ {0}) > mo > 0, with my
independent of L.

(iv) Confinement (conditional; Theorem 4.11). Under Theorems 4.4, 4.7 and 4.9, the physical
string tension satisfies ophys > 0.

(v) Nontriviality (conditional on confinement). The theory is not a generalized free field.

The key assumptions are: Assumption 3.5 (summable RG-Cauchy estimate), Assumption A.2
(uniform transfer-matriz gap), Assumption 5.5 (strong continuity of the reconstructed semigroup),
Assumption 4.9 (uniform positive string-tension input formulated via Creutz ratios), and the
technical Assumption 4.7 (well-defined Creutz ratios in the thermodynamic limit). Their status is
discussed in Section 8.

1.4 Scope and limitations

This paper is conditional and works exclusively with bounded local gauge-invariant observables
O € A (Definition 2.4). We do not construct renormalized local fields such as F},, as operator-
valued distributions, and we do not verify the full Osterwalder—Schrader axiom set for distribution-
valued Schwinger functions. Statements about the mass gap and confinement are therefore proved
conditionally under explicit analytic inputs (Assumptions A.2 and 4.9).

Remark 1.3 (Order of limits and what is (and is not) reconstructed here). Throughout, the
dyadic continuum limit a; — 0 is taken at fixed physical volume (a four-torus of side length L),
as stated explicitly in Assumption 3.5. Accordingly, the OS reconstruction in Section 5 yields a
Hamiltonian H = Hj, associated to the continuum limit at that fixed L.

Statements about the infinite-volume continuum theory on R* (in particular, the cluster
property as |R| — oo and the physical interpretation of the mass gap) require an additional
thermodynamic-limit input L — oo for the limiting state on bounded observables. This ther-
modynamic limit is not proved in the present paper and is treated as conditional whenever
invoked.

2 Observable spaces and renormalization conditions

2.1 The lattice theory

We work on the four-torus A, := a(Z/(L/a)Z)* (with L/a € N) of physical volume V = L,
equipped with the Wilson action

1
Ss)y=8 Y. (1- + Re Tr ), B= R (1)
PEP(Aa,L) c

The lattice measure is dug q,,(U) = Z[;l

7a7Le*55(U) [1. AU, with dU, the normalised Haar measure
on G = SU(N,).



2.2 Smeared curvature observables

Definition 2.1 (Lattice curvature). For a plaquette p in the (uv)-plane at lattice site z, define

a 1 traceless
FS) (@) = = (Upla) = Up(@)') € su(N,). (2)
Definition 2.2 (Smeared curvature monomial). For test functions ¢1,. .., ¢, € S(R*;R) and

multi-indices (p;,v;), define

Oulp1, -y on) = ﬁ<a4 Z oi() tr(F/Ef,L(xV)) (3)

IEAQ,L

More generally, we allow products of gauge-invariant polynomials in Fﬁ?,) smeared against test
functions.

Definition 2.3 (Lattice Schwinger functions (formal; not constructed here)). Define formally

G7(’La) (9017 R Spn) = <Oa[¢17 ) QDHDM/;(Q),(I,L‘ (4)
Since Og[e1, - .., ¢n] is unbounded (||F,Sfﬁ)||OO ~ a~2), we do not claim convergence of G\ as

a | 0 in this paper. All convergence results are restricted to bounded local observables O € 2,
(Definition 2.4).

2.3 Local observable algebra at fixed physical scale

Definition 2.4 (Bounded local gauge-invariant observables). Fix a physical scale £ > 0. Define
2 to be the class of gauge-invariant lattice observables O, that:

(a) are bounded measurable functions of finitely many link variables, with ||Ogl/c < 1;

(b) are supported in physical regions of diameter < ¢;

(c) are stable under products (with re-normalization Oy - O3/]|O; - O3||o) and convex combi-

nations.

Typical elements include: normalized characters NicRe Tr U,, traces of products of links around
closed paths of diameter < ¢, and smooth bounded functions thereof.

Remark 2.5 (Why bounded observables). The smeared curvature monomials of Definition 2.2

(

involve Fuﬁ) (z) ~ a~?(plaquette deviation), which satisfies ||[F(®||o ~ a2 (by compactness
of G). Uniform moment bounds along a | 0 for such observables would require nontrivial
renormalization (vacuum subtraction, wave-function renormalization). By restricting A, to
bounded observables with ||Ol|s < 1, we obtain uniform control without such subtractions. The
smeared curvature monomials O,[p1, .. ., ¢,] are not elements of A, under this definition; their
continuum limits require additional renormalization deferred to future work.

Remark 2.6 (Two classes of observables). The lattice Schwinger functions G%a) of Definition 2.3

involve the unbounded curvature fields F,Sﬁ) The observable class [y (Definition 2.4) restricts to
bounded observables, for which uniform control is automatic. The interplay between these two
classes is discussed in Remark 2.7.

Remark 2.7 (Relation to smeared curvature observables). The Schwinger functions G\ of

Definition 2.3 involve unbounded observables. Layer 1 of the construction applies in two modes:
1. Bounded mode: For O € 2, (e.g. Wilson loops, normalized plaquette traces), convergence
follows from Assumption 3.5 alone, with no moment bound issues.
2. Unbounded mode: Smeared curvature monomials Ogy[¢1,. .., ¢y] are not elements of 2,
(Remark 2.5). Their continuum limit requires additive and multiplicative renormalization
beyond the scope of this paper. We do not claim convergence results for them here.



2.4 Renormalization trajectory

The bare coupling is tuned as

92(];7)2, g(a)™ = 2by In(ap/a) + O(In In(ag/a)), ©)

Bla) =

with by = 11N, /(4872) the one-loop coefficient, following the 2-loop asymptotic freedom formula.
The reference scale ag is chosen so that g(ag) = go < 0, where g is the master threshold of
[E26IX] (Definition 2.8).

Definition 2.8 (Master threshold, recalled from [E26IX]). 9 > 0 is the largest value satisfying
conditions (T1)—(T5) of [E26IX, Definition 4.11], ensuring simultaneous validity of: the Balaban
one-step RG map, the coupling bootstrap, the small-field coercivity, the large-field suppression,
and the weak-dependence criterion for DLR-LSI.

3 Layer 1: Existence and uniqueness of local fields

3.1 Tightness

Proposition 3.1 (Tightness for bounded observables). Fiz a physical side length L > 0. For
every O € Ay with ||Ol|sc < 1, the expectation (O)q 1 satisfies [(O)q,r| <1 for all a € (0, ap] with

L/a € N. More generally, for every n > 1 and bounded observables O1,...,O0p, € AUy,

n
(O1-+- On)a,r] < H”Oz”oo Va € (0,a0] with L/a € N. (6)
i=1
Proof. Immediate from |O;| < ||O;||oc and positivity of the measure. O
Remark 3.2 (Curvature monomials are not covered). The smeared curvature monomials Og |1, . . ., ©n]

of Definition 2.2 involve Fﬁi) (x) ~ a~2, so their L norm diverges as a — 0. Uniform moment
bounds for these observables would require nontrivial renormalization (vacuum subtraction).
This is not carried out in the present paper.

Corollary 3.3 (Tightness and subsequential convergence). Fiz a physical side length L > 0.
For bounded observables O € Ry, the family {{O)a,L}ae(0,a0], L/acn 8 precompact in R (trivially,
since |(O)q,1| < 1). For the S'-valued random field ®, constructed from bounded densities (see
Method 2 below), the family of laws {va 1 }a s tight in S'(RY).

Proof. Method 1 (Direct, for bounded observable expectations). For any fixed O € 2,
the family {(O)a, L }ae(0,a0), £/aen lies in [—1,1] by Proposition 3.1, hence is trivially precompact
in R. More generally, for n-point functionals F,ga)(Ol, ooy On) = (01 Op)o,r, with O; € 2y,
the bound (6) gives ]FT(LQ)| < IL |1Oi]|co uniformly in a, so each such family is precompact.
Method 2 (Mitoma, for random-field construction). To construct a continuum random
field (not just expectation values), one defines for each a the S’(R*)-valued random variable

| =

Oy () == a’ Z o(x) Z NiRe Tr Uy, (@) @ € S(RY), (7)

T€Aq, L, 1<p<v<4 * '€

where p,, (x) denotes the positively oriented plaquette at x in the (uv)-plane; this averaging
avoids singling out a preferred orientation. Let v, 1 be the law of ®, under pg(,)q,r- Since
|N%:Re Tr Upw(x)| < 1, we have

[Pa(@)l <a® D Je(@)] < L ¢l

:EEAQ,L
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deterministically. Hence the family {®,(¢)}, is uniformly bounded (hence tight) in R for every
¢ € S. Mitoma’s theorem [11] then gives tightness of {v, 1}, in S'(R?), hence subsequential
weak convergence.

For the results of this paper (convergence of expectations of bounded observables), Method 1
suffices. Method 2 constructs a continuum random field from bounded densities; it is relevant
for the stronger statement that the lattice measures have a weak limit as probability measures
on &' O

Remark 3.4 (Mitoma requires random variables, not deterministic functionals). Mitoma’s theo-
rem [11] concerns tightness of probability measures on S'—i.e., laws of §’-valued random variables.
It cannot be applied directly to a parametrized family of deterministic expectations. In Method 1,
the precompactness of bounded observable expectations follows trivially from [(O), | <1 (at
fixed L). Method 2 shows how Mitoma applies when one upgrades to the random-field setting
with bounded densities.

3.2 RG—-Cauchy estimate

Assumption 3.5 (RG-Cauchy along the trajectory). Along the chosen continuum trajectory
a — fB(a), there exists a function e: (0,ag] — (0,00) with e(a) | 0 and 332 ,e(ao/2¥) < oo,
such that for every fixed physical spatial size L > 0, every £ > 0, and every O € 2, (bounded,
gauge-invariant, supported in a physical region of diameter < /),

(O)a,L = (O)ayo,r] < ela), Va € (0,a0] with L/a € N, (8)

where (-)q,1 := (*) 8(a),a,. denotes expectation on the four-torus of side length L at lattice spacing
a.

Remark 3.6 (Summability is genuinely stronger than the naive AF estimate). Along a dyadic
sequence ay, = ap2~ ¥, a naive asymptotic-freedom estimate typically gives one-step changes of size
(at fixed physical side length L > 0) [(O)a, ;.0 — (O)a,.] S g7, with g ~ ¢/k as k — oo. This is
not summable in k, hence it does not suffice for a telescoping/Cauchy argument. Assumption 3.5
postulates an improved, summable control of one-step changes for bounded local observables.
The reference to 2-loop asymptotic freedom only specifies the intended weak-coupling regime; it
does not by itself imply the summability required in Assumption 3.5.

Remark 3.7 (Examples of summable rates; status). A sufficient condition for Assumption 3.5 is,
for instance, e(a) < C(a/f)" with some 7 > 0, or the log-improved rate (a) < C/[In(ag/a)]**+°
with & > 0, both of which are summable along a; = ap2~*. We do not derive such a rate in this
paper; Assumption 3.5 is the single hard analytic input of Layer 1. Appendix B discusses why
naive RG estimates lead to non-summable O(g?) terms and what additional structure would be
needed to upgrade them to a summable bound.

3.3 Uniqueness of local Schwinger functions

Proposition 3.8 (Dyadic convergence of local expectations). Under Assumption 3.5, for each
O € Ay the dyadic limit
lim (O)q,.1, ay = a0/2k, (9)
k—o00

exists.

Proof. Let ay, := ap/ 2% For any m > n > 0, telescoping and Assumption 3.5 give

m—1
(O)am.L = (O)ay.L| < Z e(ay). (10)



Since 72 e(a;) < oo by (8), the sequence {(O)q, L} k>0 is Cauchy in R and therefore convergent.

For a general sequence a’ | 0, the convergence of the full-sequence limit requires controlling
(O)ar .1, — (O)ay, 1| for a’ € [agy1,ax], which is not provided by Assumption 3.5 (stated only for
halving steps). We therefore state the main convergence result (Theorem 3.9) along the dyadic
sequence. Extension to arbitrary sequences is deferred to future work. O

Theorem 3.9 (Existence and uniqueness of continuum local expectations (dyadic)). Assume
Assumption 3.5. Then for every fized physical spatial size L > 0, every £ > 0, and every O € 2,
the limit along dyadic scales

WL(O) = kh—>n<}o<0>ak7L7 ag = a0/2k7 (11)

exists and is unique (independent of subsequences of {ar}). For each fixred L > 0, the limiting
functional O — wr(O) extends uniquely by linearity to a positive normalized linear functional on

Vioe := Upso span(2y).

Remark 3.10 (A natural C*-completion for bounded observables). Each 2, carries the L>° norm
inherited from the lattice, and |wr(O)| < ||O||s holds for bounded observables. One may
therefore complete the x-algebra generated by bounded local observables in the induced norm to
obtain a quasi-local C*-algebra on which wy, extends by continuity to a state.

Proof. Fix O € 2, and a = a/2". By telescoping,

max(m,n)—1

[(O)agjanr = (Oagpamnl < D elao/2%). (12)

k=min(m,n)

The summability condition in Assumption 3.5 ensures this is a Cauchy sequence. Since [(O)q, 1| < 1
(by |0l < 1), the limit exists. Positivity and normalization are inherited from the lattice

measures. O

Remark 3.11 (Extension to smeared curvature monomials). The smeared curvature monomials
Oul1, .- ., pn] are not in A, (their L> norm diverges as a~2"). Extending Theorem 3.9 to these
observables requires proving uniform moment bounds after vacuum subtraction (renormalization),
which is beyond the scope of this paper.

4 Layer 2: Step-scaling confinement

4.1 Wilson loops and Creutz ratios at fixed physical scale

Definition 4.1 (Wilson loops in lattice and physical units). For integers I, J € N define the
I x J rectangular Wilson loop (in lattice units) by

o 1
Wﬂ:ﬁMHII@ (13)

¢ 6€C1J

For physical dimensions R,T > 0, define

Wiy =W

\Ral, |T/a)" (14)

Remark 4.2 (Resolution of the fixed-I,J error). A previous draft incorrectly held I, J fixed as
a — 0, which would cause the physical area R -T = (Ia)(Ja) — 0, measuring only ultraviolet
fluctuations. The correct procedure is to scale I(a) ~ R/a, J(a) ~ T/a so that R and T remain
constant.



Definition 4.3 (Creutz ratio (finite volume and infinite volume)). Let @ > 0 and let L > 0 be
a physical side length with L/a € N. Write (-), 1, for expectation with respect to the SU(V,)
lattice Yang—Mills measure on the four-torus of side length L at lattice spacing a (i.e. N, = L/a
in each direction). For physical dimensions R,T > 0, set R = |R/a|, T = |T/a] and restrict to
R, T such that R, T > 2 (so that all loops in (15) are nondegenerate). Define the finite-volume
lattice Creutz ratio by

W(R.T) = ~In (15)

When it exists, the infinite-volume Creutz ratio is Xg‘é)(R, T) :=limp 00 Xga)(R, T).

4.2 Physical string tension

Assumption 4.4 (Thermodynamic limit for Creutz ratios (conditional)). For each lattice spacing
a along the chosen trajectory and each fixed physical rectangle R x T, the infinite-volume limit
of the lattice Creutz ratio exists:

Y (R,T) = lim x{(R.T), (16)

— 00
where X(La)(R, T') denotes the Creutz ratio computed on a four-torus of physical side length L
(with L/a € N). Moreover, for each fixed R, T > 0, the dyadic continuum limit x(R,T) :=

limy_s o0 X((;ék) (R,T) exists.

Definition 4.5 (Physical string tension (infinite volume; conditional)). Assume Assumption 4.4.
For each fixed R,T > 0 with R,T > {j, define the infinite-volume continuum Creutz ratio by

Xoo(R,T) = klim X'%)(R,T), ar, == ag/2". (17)
—00
Then define the physical string tension by

Ophys = }%rjr“l_lgg XOO(RaT) (18)
R/T fixed

Proposition 4.6 (Existence of the infinite-volume dyadic Creutz-ratio limit). Assume As-
sumption 4.4 and Assumption 4.7. Then for each fired R, T > 0, the dyadic limit X0 (R, T) =

limy, oo Xg%k)(R, T) exists, where ay, = ag/2".

Proof. This is exactly the second part of Assumption 4.4, together with Assumption 4.7 ensuring

that the Creutz ratio in the definition of xgé’“ ) (R, T) is well-defined (real-valued) for all sufficiently
large k. O

Assumption 4.7 (Creutz ratio is well-defined in the thermodynamic limit (conditional)). For
the rectangles used in (15) along the dyadic trajectory, and for all sufficiently large k, the
thermodynamic limits of the four Wilson-loop expectations appearing in (15) exist, are nonzero,

and the ratio inside the logarithm in (15) is strictly positive. Equivalently, Xg‘é’“)(R,T ) is
well-defined (real-valued) for all sufficiently large k.

Remark 4.8 (Mass gap does not imply confinement). Exponential clustering (mass gap) implies
that correlators of gauge-invariant local operators decay exponentially. It does not by itself imply
an area law for Wilson loops: the mass gap controls local observables, while the string tension is
an infrared property of extended (non-local) observables. In Abelian theories (compact QED in
d = 3), a mass gap can coexist with a perimeter law. We therefore formulate confinement as a
conditional result relying on an explicit infrared positivity input stated in terms of Creutz ratios.



Assumption 4.9 (Uniform positive string tension input via Creutz ratios (infinite volume)).
Assume Assumption 4.4. There exist og > 0 and R, T, > 0 such that for all sufficiently small
a along the chosen trajectory and all physical rectangles R x T' with R > R, and T' > T, the
infinite-volume lattice Creutz ratio satisfies

XY(R,T) > oq. (19)

Remark 4.10 (Status of Assumption 4.9). Assumption 4.9 is a uniform infrared positivity input
stated directly in terms of Creutz ratios at fixed physical scale. In strong coupling, area-law
behavior and positivity of Creutz ratios are classical [15]. In weak coupling, the existence of a
nonzero continuum string tension is supported by extensive Monte Carlo evidence (notably for
SU(2) and SU(3)) and by large-N, considerations, but a rigorous proof of a uniform lower bound
of the form (19) along an asymptotic-freedom trajectory remains open.

Theorem 4.11 (Confinement (conditional)). Assume Assumption 4.4 (thermodynamic/dyadic
limits for Creutz ratios), Assumption 4.9 (uniform Creutz-ratio positivity input), and Assump-
tion 4.7 (well-defined Creutz ratios). Then

Ophys > 0. (20)

Proof. The argument proceeds in two steps.

Step 1 (Existence of the infinite-volume continuum Creutz ratio). By Propo-
sition 4.6, for each fixed R,T > 0 the dyadic limit xoo(R,7T) = limg Xg‘é’“)(R, T) exists.
This is conditional on the thermodynamic-limit input (Assumption 4.4) and on nonvanishing
denominators (Assumption 4.7).

Step 2 (Positivity from the lattice input). By Assumption 4.9, for all sufficiently small
a and all R > R,, T > T, we have Xgé)(R,T) > 0g. Passing to the dyadic limit @ = a — 0
yields xoo(R,T) > o9 for all such R,T. Taking the large-rectangle lim inf in Definition 4.5 gives

Ophys = }%g}g{% Xoo(R,T) > ¢ > 0. (21)
R/T fixed
O

5 Reflection positivity and reconstruction (bounded observables)

The limiting state on bounded gauge-invariant observables obtained in Theorem 3.9 must satisfy
reflection positivity to permit a Hilbert-space reconstruction. In this section we work at the level
of the bounded observable algebra 20y, not with distribution-valued curvature fields. Accordingly,
we verify reflection positivity and the associated reconstruction for bounded observables; OS
axioms for curvature-field Schwinger functions {G,,} are deferred to future work.

5.1 OS-Positivity

Lemma 5.1 (Osterwalder—Schrader positivity). For each a > 0, the lattice Yang—Mills measure
satisfies reflection positivity with respect to any lattice hyperplane. If the expectations converge
along dyadic scales a, — 0 (Theorem 3.9), then the limiting state inherits reflection positivity.

Proof. Step 1 (Lattice RP). The Wilson action satisfies reflection positivity on the lattice [14]:
for every lattice functional A supported on links in the half-lattice {z° > 0},

(OA)" A) g0 2 O (22)

Step 2 (Bounded observables). For bounded observables O € 2, supported in {z" > §}
for some § > 0, the product (©0)* - O is itself a bounded gauge-invariant observable (with

10



|(©0)* - Ol < 1) supported in a region of diameter < 2¢. The lattice RP inequality (22) gives
(©0)* O)q,1, > 0 for every a (with L/a € N).

Step 3 (Inheritance for bounded observables). By Theorem 3.9, the expectations of
bounded observables converge along dyadic scales: ((00)* O)q, 1 = wi((00)* O) as k — oc.
Since ((©0)* O)q,.1, > 0 for every k, and the limit of nonnegative real numbers is nonnegative:
wr((00)* 0) > 0.

Step 4 (Extension to general bounded observables). For any finite collection of
bounded gauge-invariant observables Oy, ...,On € 2, supported in {z" > 0}, the relevant
bilinear form involves products that remain in 2(yy. By Theorem 3.9, each lattice expectation
converges, and the lattice inequality > 0 (Step 1) passes to the limit.

O

Remark 5.2 (Subtlety for unbounded observables). For smeared curvature monomials (which
are not in 2;), OS-positivity of the continuum limit would require first establishing convergence
of the relevant Schwinger functions after renormalization. Since we do not treat unbounded
observables in this paper (Remark 2.5), the OS-positivity result above applies only to bounded
observables in 2.

5.2 Euclidean covariance: SO(4) rotational invariance

Proposition 5.3 (SO(4) invariance (conditional)). The lattice action is hypercubic-invariant,
and SO(4)-breaking operators in the effective action have engineering dimension > 6, hence are
suppressed by O(a?). Under the standard operator-classification input (Remark 5.4), no relevant
SO(4)-breaking operators are generated, and full SO(4) covariance is expected to hold in the
infinite-volume continuum limit for any renormalized Schwinger functions {Gy} once constructed.
At the level of the bounded observable algebra Ay, hypercubic symmetry is exact on the lattice and
inherited by the dyadic limit.

Proof. Step 1 (Symmetry on the lattice). The Wilson action is invariant under the hypercubic
group &4 x (Z/2Z)* C SO(4), but not under the full SO(4). The breaking is by irrelevant
operators of engineering dimension > 6; the leading SO(4)-breaking term in the Symanzik
effective action is of order O(a?).

Step 2 (Status and scope). At the level of 2(;, only hypercubic symmetry is asserted; it is
exact at each a and inherited by the dyadic limit. Promoting this to full SO(4) covariance for
renormalized curvature Schwinger functions requires (i) the operator-classification input ruling
out relevant SO(4)-breaking terms (Remark 5.4) and (ii) a construction of renormalized G,
which is deferred to future work.

Step 3 (Conditional conclusion). Full SO(4) invariance of renormalized curvature
Schwinger functions {G,,} would follow from a quantitative O(a?) bound on the SO(4)-breaking
contribution (as outlined in Step 1) combined with the construction of G,,; both are deferred to
future work. For the bounded observable algebra 2,, hypercubic invariance is exact at each a
and is inherited by the dyadic limit. O

Remark 5.4 (Precise citation needed). The uniform bound in Step 2 requires that the RG does
not generate relevant (do, < 4) SO(4)-breaking operators through mixing. In pure Yang-Mills
with the Wilson action, this is excluded by gauge invariance and the discrete symmetries of the
hypercubic lattice, which forbid all dimension-4 operators not already present in the continuum
action. The detailed argument uses the classification of gauge-invariant operators under the
hypercubic group; see [17] and Papers [E26 VIIT]-[E26IX] for the multiscale control.

5.3 Translation invariance and cluster property

In finite volume (a four-torus of side L), translation invariance holds with respect to the torus
translations and is inherited by the dyadic continuum limit. Statements involving |R| — oo

11



(and hence the cluster property in R*) require an infinite-volume limit. We do not prove
the thermodynamic limit in this paper. Assuming a thermodynamic limit exists, write w :=
limy,_,o wy, for the infinite-volume limiting state on bounded observables; accordingly, the cluster

property
R|—
w(O17rO5) 2= (0) - w(0y) (23)
is treated as a conditional property of the infinite-volume continuum theory, following from
exponential clustering (Lemma 6.1) under Assumption A.2.

5.4 Reconstruction

Assumption 5.5 (Strong continuity of Euclidean time translations). In the OS reconstruction
associated to the limiting state w; on bounded observables, the Euclidean time-translation
semigroup (T7,(t))+>0 is strongly continuous on the reconstructed Hilbert space Hrp,.

Corollary 5.6 (Hilbert-space reconstruction from reflection positivity). Assume the limiting
Junctional wr,(0) := limy_,00(O)q, 1 on bounded gauge-invariant observables is translation in-
variant and reflection positive (Lemma 5.1). Let Ay be the subalgebra of observables supported in
{2% > 0}. Define

(A, B)gp := wr((©A)* B), A Be,. (24)

Then:
1. (-,)rp s positive semidefinite; quotienting null vectors and completing yields a separable
Hilbert space Hy, with cyclic vacuum Qp, = [1].
2. Buclidean time translations induce a contraction semigroup (T1(t))i>0 on Hr.
3. Under Assumption 5.5, there exists a self-adjoint Hy, > 0 with Tr(t) = e 7L and H;Qp = 0.
This follows from the general reflection-positivity reconstruction [12, 13, 8] applied to the bounded
observable algebra.

Remark 5.7 (Dependence of H on the observable algebra). The reconstructed Hilbert space
H1 depends on the choice of the input algebra 20, used in the OS reconstruction. Since this
paper works only with bounded gauge-invariant observables, H; may be a proper subspace
of the Hilbert space that would arise from a reconstruction based on renormalized curvature
fields. Accordingly, Theorem 6.2 provides a mass-gap bound for Hy, on this reconstructed space;
extending it to larger observable classes is deferred to future work together with renormalization.

6 Mass gap

6.1 Uniform exponential clustering

Lemma 6.1 (Uniform exponential clustering). There exists mg > 0 such that for all physical
spatial sizes L > Ly, all a € (0,a9] (with L/a € N), and all gauge-invariant local observables
01,09 € Uy supported in regions separated by physical distance d:

[(O109)a,1, — (O1)a.1.(02)a,1.| < Cor0p e ™% (25)

Proof sketch. This follows from Assumption A.2 (the uniform physical transfer-matrix gap). For
each physical spatial size L > L, and all sufficiently small a, the assumption gives mpnys(a, L) >
mgo > 0. By the spectral expansion of time-separated connected correlators in eigenvalues of
fa, this implies [(O102)q,1. — (O1)a,.(O2)a,1| < C e~™0% for observables separated by Euclidean
time distance d. Extension to general Euclidean separation uses a standard chessboard /
finite-propagation estimate [8]. The detailed argument is in Appendix A. O
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6.2 From clustering to mass gap

Theorem 6.2 (Mass gap (conditional)). Assume Assumption 3.5 (RG-Cauchy), Assumption A.2
(uniform transfer-matriz gap), and Assumption 5.5 (strong continuity). Then for every fixed phys-
ical spatial size L > L, the Hamiltonian Hy, of the reconstructed quantum theory (Remark 1.3)
satisfies

inf (spec(Hz) \ {0}) > mgo > 0, (26)

with mq independent of L.

Proof. Step 1 (Continuum clustering for bounded observables). Fix L > L,. By

Lemma 6.1, for any O, O2 € 2, supported at physical separation d: [(O102)q,1,—(O1)a,1.(O2)a,1| <
C e~™0% uniformly in a. By Theorem 3.9 (at fixed L), the expectations of bounded observables

converge along dyadic scales, and the exponential bound is preserved under pointwise limits:

|wr(0102) — wr(01) wL,(Os)] < C e ™%, (27)

Step 2 (Spectral gap from exponential decay). By Corollary 5.6 and Assumption 5.5,
the limiting state wy, reconstructs a Hilbert space Hj, with vacuum €1y, and a self-adjoint Hy, > 0
with Tp(t) = e "2 and HQp = 0. Let A € A, with wr(A) = 0. The exponential clustering
(27) applied to time-translated copies gives

[([A], TL)[AD2, | < Cae™™", £ >0. (28)

By the spectral theorem, ¢ — ([A],e *Z[A])5, is the Laplace transform of a positive spectral
measure on spec(Hp). The decay (28) forces supp(p) C [mg, o0), hence spec(Hr,) N (0,mg) = 0.
Since my is independent of L (Assumption A.2), the bound holds uniformly for all L > L,. O

7 Nontriviality

Theorem 7.1 (Nontriviality (conditional)). Under the hypotheses of Theorem /.11 and the
area-law implication stated in Step 1 of the proof below, the continuum theory is not a generalised

free field.

Proof. Step 1 (Area-law input). By Theorem 4.11, the physical string tension satisfies
Ophys > 0 (defined via Creutz ratios). We assume that ophys > 0 implies the quantitative area
law: for large planar Wilson loops of area A,

—In(W(C)) > ophys - A — C - Perimeter(C). (29)

This implication (from positive Creutz-ratio limit to a lower bound with perimeter correction) is
standard in the lattice literature but is not proved in this paper; we treat it as a conditional
input.

Step 2 (Heuristic: a Gaussian gauge field obeys a perimeter law). This step is
standard physics motivation and is included only heuristically; a fully rigorous version would
require specifying gauge fixing, controlling path ordering, and renormalizing perimeter divergences.
In any generalised free field theory, the connected n-point functions are determined by the 2-point
function. For a non-abelian gauge theory, a “free” theory means the path integral is Gaussian in
the Lie-algebra-valued field A,. In such a theory:

o The Wilson loop W (C) = N%Re Tr P exp(ig §, A) has expectation (W (C)) = exp(—% $o $o G (2, y) dat dy,

-+ ) where G, is the free propagator.
o For a massless or massive free propagator in d = 4, the double line integral grows at most
as the perimeter: |§ § G| < C’ - Perimeter(C).
o Hence —In(W(C)) < C” - Perimeter(C).
Step 3 (Contradiction). For loops with .A/Perimeter — oo, the area law (29) is incompat-
ible with the perimeter law. Hence the theory is not free. O
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8 Discussion

8.1 Honest assessment of the logical structure

We summarize the logical status of each component:

Result

Mechanism

Status

Existence of continuum expectations

Tightness / compactness

OS-Positivity

SO(4) invariance

Mass gap
Ophys > 0 (confinement)

Nontriviality

Telescoping + summable
RG—-Cauchy

Trivial precompactness of
expectations ([(O)q,r| < 1);
Mitoma for S’-valued laws
(random field, bounded den-

sities)

Lattice RP + pointwise
convergence

Irrelevant hypercubic

breaking = O(a?) — 0

Transfer-matrix gap + OS
reconstruction
Creutz-ratio convergence +
lattice positivity input
Area law vs. perimeter law

Conditional on Assump-
tion 3.5

Proved for bounded ob-
servables (Proposition 3.1,
Corollary 3.3); S’-tightness
applies only in the random-
field upgrade (Method 2)
Proved (Lemma 5.1)

Conditional: hypercubic
symmetry proved for 2;
full SO(4) requires renor-
malized G,, (deferred)
Conditional on Assump-
tions A.2 and 5.5
Conditional on Theo-
rems 4.4, 4.7 and 4.9
Conditional on confine-
ment

*Assumption 3.5 is mappable to the multiscale outputs of [E26VIII]-[E26IX] (see Appendix B),
but the mapping requires verifying that the polymer bounds control expectations of all local
observables uniformly across infinitely many RG scales. This is the single hardest analytical step.

**The absence of relevant SO(4)-breaking operators is guaranteed by the symmetry classi-
fication of gauge-invariant operators under the hypercubic group, combined with the uniform
bounds of the multiscale RG. The detailed argument uses standard results [17] but must be

verified within the Balaban framework.

We do not prove the RG—Cauchy estimate (Assumption 3.5) from first principles. It
is motivated by the Balaban multiscale program but not formally derived from it. As
discussed in Remark 3.6 and Appendix B (Remark B.1), the naive asymptotic-freedom
bound gives a non-summable O(1/k) rate; summability requires an improved rate that we

. The transfer-matrix spectral gap (Assumption A.2) is postulated, not derived. The LSI

results of [E261]-[E26IX] control a Glauber/Langevin dynamics gap, which is a different
operator (Remark A.1). Connecting the two requires additional arguments not provided

The uniform infrared positivity input for Creutz ratios (Assumption 4.9) is postulated, not
derived. We do not derive area-law behavior from the mass gap (Remark 4.8).
We do not provide quantitative lower bounds on mg or oppys beyond strict positivity.

. We work exclusively with bounded local observables (Definition 2.4). The construction

of continuum field-strength correlators (F},, (x)F,,(y)) requires renormalization (vacuum
subtraction, wave-function renormalization) that is deferred to future work.

8.2 What this paper does not do
1.
do not establish.
2
here.
3.
4.
5
6. We do not extend the construction to include matter fields.
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8.3 Comparison with previous work

The continuum limit program for Yang—Mills has a long history. Balaban’s multiscale analysis
[1, 2, 3, 4, 5, 6] provides the essential control of the ultraviolet regime. The present paper builds
on this by:

o using the uniform functional inequalities of [E26I]-[E26IX] to obtain volume-independent
bounds;

e formulating the continuum limit for bounded local observables as a precompactness +
uniqueness problem for expectations, with S’-tightness appearing only in the optional
random-field upgrade (Method 2);

e using step-scaling Creutz ratios to capture confinement without the pitfall of fixed lattice
loop dimensions.

A Transfer matrix and uniform clustering

This appendix provides the detailed argument for Lemma 6.1.

A.1 Setup

Consider the lattice Ay = a(Z/N,Z)? x a(Z/M,Z) with spatial volume L3 = (N, a)® and
temporal extent Tpnys = Mya. The transfer matrix T, acts on L2(u5(a)’2a), where >, =
a(Z/N,Z)? is a spatial slice and HB(a),5, 18 the spatial lattice measure.

A.2 Mass gap: transfer-matrix spectral gap

Remark A.1 (LSI vs. transfer-matrix gap). The log-Sobolev inequality (LSI) of [E26VII,E26IX]
controls the spectral gap of a Glauber-type Markov dynamics associated to p,. This is a different
operator from the transfer matrix T, w, whose spectral gap governs the exponential decay of
Euclidean correlators in the time direction. In general, an LSI bound does not imply a transfer-
matrix gap bound (or vice versa). We therefore formulate the transfer-matrix gap as a separate
assumption.

Assumption A.2 (Uniform physical transfer-matrix gap along the trajectory). There exist
mo > 0 and a physical scale L, > 0 such that for every physical spatial size L > L, and all
sufficiently small a (with L/a € N), the transfer matrix T, acting on gauge-invariant states has
two largest eigenvalues Ag(a, L) > A\ (a, L) > 0 satisfying
1 /\1((1 L)
L) = —=In( —-) > my. 30
mphys(aa ) a n<)\0(a,L)> = Mo ( )
At any fixed finite L, a transfer-matrix gap exists by compactness; the nontrivial content of this
assumption is the uniformity as L — oo.

Lemma A.3 (Uniform exponential clustering—from transfer-matrix gap). Assume Assump-
tion A.2. Then for all physical spatial sizes L > Ly, all a € (0,a0] (with L/a € N), and all
01,05 € Ay with supports separated by physical Euclidean-time distance d,

(01 02) 0, = (O1)a,.(O2)a,L]| < Ce ™04 (31)

Proof sketch. This follows from Assumption A.2 (the uniform physical transfer-matrix gap). For
each L > L, and all sufficiently small a, the assumption gives mpnys(a, L) > mg > 0. By the
spectral expansion of time-separated connected correlators in eigenvalues of fa, this implies
(0102) 0,1 — (O1)a,0{O2)q,1] < C e~"0% for observables separated by Euclidean time distance d.
Extension to general Euclidean separation uses a standard chessboard / finite-propagation
estimate [8]; the details follow in the remainder of this appendix. ]
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Relation to transfer-matrix gap. The exponential decay rate A, (L) in (31) is precisely
the spectral gap of the transfer matrix T, = e=*Ha (i.e. A (L) = —In(A\1/A\g) where \g > A; are
the two largest eigenvalues). This identification is standard; see [8], Chapter 6.

A.3 Conversion to physical units

In physical distance d = 7 - a, the decay rate is

ean(L)T — ef(Aa(L)/a)d — efmphys(azL)d (32)
with Au(L)
Mphys(a, L) = aa . (33)

A.4 Uniform lower bound on mpys

The Stroock—Zegarlinski theory and DLR-LSI control mixing properties for a Glauber-type
dynamics associated to p,. This yields concentration and a Markov-generator spectral gap,
but it does not directly identify the transfer-matrix gap (Remark A.1), nor does it provide a
physical mass-gap bound uniform in a along an LCP. For this reason, in the present paper the
transfer-matrix mass gap is taken as an explicit input (Assumption A.2).

Remark A.4 (Finite-volume spectral gap and the role of Assumption A.2). For each fixed a > 0
and finite spatial size L, the transfer matrix T,, can be realized as a compact positivity-improving
integral operator on a compact configuration space, hence it has an isolated top eigenvalue and a
strictly positive finite-volume gap; see, e.g., [14, 8]. The content of Assumption A.2 is the uniform
lower bound myphys(a, L) > my > 0 along the continuum trajectory, which is the input used to
deduce uniform exponential clustering and, via OS reconstruction, the mass gap in Theorem 6.2.

Remark A.5 (No circularity). This argument does not invoke confinement (Theorem 4.11). The
mass gap and confinement are logically independent conclusions, each conditional on its own
assumption (Assumption A.2 and Assumption 4.9, respectively).

Remark A.6 (LSI concentration vs. spatial clustering vs. transfer-matrix gap). The DLR-LSI
constant appr of [E26VII] controls the spectral gap of a Glauber-type Markov dynamics associated
to fig, uniformly in boundary conditions and volumes. Via the Herbst argument [7], this implies
sub-Gaussian concentration for suitable (Lipschitz) observables around their mean. This is not,
by itself, a statement about exponential decay of spatial connected correlators between two
local observables at separation d, and it does not identify the transfer-matrix gap governing
Euclidean-time decay. Accordingly, Assumption A.2 is treated as an independent input in this
paper.

Remark A.7 (Heuristic: mphys VS. Ophys (not used)). On the lattice, a bound of the form
Mphys = Cy/0phys 1 known [15]. This provides physical motivation for expecting both a mass gap
and a positive string tension, but we do not use this bound in any proof. In particular, we do not
claim that it transfers to the continuum under the Layer 1 framework of bounded observables;
such a transfer would require the construction of renormalized field-strength correlators.

B Bridge lemma: mapping Assumption 3.5 to [E26VIII]-[E26IX]

This appendix outlines how Assumption 3.5 (the RG—Cauchy estimate for local observables)
maps to the multiscale outputs of the Balaban program as used in [E26VIII]-[E26IX].
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B.1 The one-step difference

Fix a physical side length L > 0 and consider a local observable O € 2, at physical scale £.
The expectation (O),, 1, at lattice spacing a differs from (O), /5 1, because the passage a — a/2
integrates out one shell of fluctuations (one RG step in the multiscale decomposition).

In Balaban’s framework, the effective action after k RG steps has the form

Se = BrAU) + 829" + S RM(X) + 3" BW(X). (34)
X X

The one-step change in a local expectation arises from:
(i) the shift 8y — Bg4+1 (running coupling);
(ii) the change in polymer activities R*®)(X) — R*+D(X);
(iii) the change in boundary terms B®)(X) — B¢+ (X).

B.2 Bounding each contribution

Running coupling. By [E26IX], Theorem 4.3, \gkfl — g,gz —2bpIn 2| < Crungz. The shift in Sy
contributes to local expectations a change of order g,% times the observable, which for a fixed
observable at physical scale ¢ is bounded by Cop - gi.

Polymer activities. By condition (IC4): Y xscupport of 0 [R®(X)| < Cre#0Wx). The
change from step k to k 4 1 of the polymer contribution to (O) is controlled by the polymer
norm, giving a bound Cp e~¢P0(9x)

Boundary terms. By condition (IC5): }° xssupport IB(*)(X)| < Cp(k+1), but the one-step

change is bounded by the same polymer-norm mechanism, giving Co e~¢ Po(9k).

B.3 Summability over scales

The total one-step change is therefore
(Ot = (O)ay1,2] < Colgi + e PW)) < C gt (35)

Since g, % = g5 % + 2bpkIn 2 + O(1), we have g7 < C/(gy? + 2bok), and

3 S C' | 95"+ 2b0
D G<CY ——r ~ 5% hrl(g0 _3— 0 Mtma ) Bmax 790 0. (36)
k=n = 90 1 200k 0 9o~ +2bpn

A more careful bound: since g7 ~ Wllnz for large k, the sum > ;- g7 ~ m dksn 1/k
diverges logarithmically. This means the naive telescoping gives logarithmic rather than power-
law convergence in n.

Remark B.1 (Logarithmic divergence of the naive bridge bound (bridge version)). In d = 4, along
an asymptotically free trajectory one typically has gg ~ £ as k — oo. Consequently, the naive
one-step bound [(O),,.1, — (O) | < g3 yields, for partial telescoping up to a finite scale N,

Ak+1,

N
Zg%wc(lnN—lnn), (37)

k=n

which diverges as N — oo. Hence this naive bridge estimate is not summable and cannot by
itself imply an RG—Cauchy estimate of the form postulated in Assumption 3.5. Establishing
summability requires additional structure beyond the O(g7) control (e.g. cancellations in the
one-step difference, or a genuinely improved nonperturbative decay rate).
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Remark B.2 (Strengthening to power law). To obtain the power-law bound (a/¢)" of Assump-
tion 3.5, one must exploit the large-field penalty e P0(9%) rather than the perturbative g,% bound.
Since po(gr) > collog gr|' T > cj(Ink)!+< for large k, the sum >, e P0(9%) converges su-
perpolynomially fast, giving n > 0. The perturbative contribution gz gives only logarithmic
convergence. Whether this term cancels in the Cauchy difference for a suitably chosen trajectory
B(a) is an open question that we do not resolve here.

A complete verification would require a detailed analysis of the cancellation structure in the

one-step RG map, which we defer to future work.

C Notational concordance with [E26IX]
This paper [E26IX] Meaning
B(a) I5; bare inverse coupling
g(a) 90 bare coupling
Y0 Yo master threshold
Oty '™ LSI constant
ODLR ODLR DLR-LSI constant
Arn(a, L) := —1In(A1 /o) — transfer-matrix gap (dimensionless, in lattice units)
Mphys(a, L) := Arm(a, L) /a  — physical mass gap (energy units)
G%a) — lattice Schwinger functions
G, — continuum Schwinger functions
Ophys — physical string tension
wr,(0) = limpg_00(O)ay, L. — continuum limiting state at fixed L
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