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Abstract

We verify, at the level of form, the large-field hypothesis (Hypothesis 4.2) of the compan-
ion paper on integrated cross-scale derivative bounds for Wilson lattice gauge theory (Pa-
per III). The proof rests on three ingredients: (i) a dictionary lemma translating the Hilbert—
Schmidt large-field condition on plaquette holonomies into Balaban’s Lie-algebra formulation;
(ii) an interface lemma connecting conditional measures with Balaban’s T-operation and its
uniform small-factor bound on admissible background fields (Eq. (1.89) of [2]); (iii) the uni-
formity estimate (Eq. (1.75) of [2]) ensuring that slow-field dependence contributes only
an O(1) multiplicative constant. For d = 2, we give an independent proof via character-
positive convolutions that avoids the Balaban machinery entirely. Version 2 corrects the
status of these results after the quantitative audit of the series (ai.viXra:2602.0051-0055, all
v2). (a) vl’s claim that the bound is “more than sufficient” for the absorption condition
of Paper III is withdrawn: the printed small factor is exp(—cpo(gx)) with ¢ = 2/(1 + So),
and with the polylog floor on pg the suppression trivializes (6_01’0(70) ~ 0.95) and the ab-
sorption inequality fails at every scale (excess > 10%°); effectiveness requires the power-law
hypothesis (H-P0) of 2602.0052 v2. (b) v1’s premise “po(gr) — oo as gr — 0 along the
flow” and §7’s appeal to a stability theorem rely on the inverted-sign running-coupling flow
of the series erratum; with the correct asymptotic-freedom flow the small-field condition
gk < 7o holds only for k£ < k*(8), and all statements are windowed: Ly < eC/9°+0(),
(¢) v1’s Remarks 4.1-4.2 (slow-field identification and Balaban conditional representation)
are unproved interface statements; they are made explicit here as hypothesis (H-SFI), cf. the
interface lemmas of 2602.0052 v2. (d) In d = 2 the prefactor K5(1)/Z(Ug) of Proposition 6.4
is not uniform in 3, so the d = 2 route verifies a fixed-3 variant only; this is now stated in the
theorem. What survives unconditionally and is validated in the companion numerical suite:
the HS/Lie-algebra dictionary (Lemma 2.1), the gauge-invariance identity (Remark 2.2),
the block event inclusion (Lemma 3.2), and the character-positivity mechanism of Section 6
(Peter—Weyl positivity of the Wilson weight, convolution stability, maximum at the identity,
and conditional tail domination in an exact d = 2 toy).

*Version 1 of this paper carried the title “Large-field suppression for lattice gauge theories: From Balaban’s
renormalization group to conditional concentration” and asserted that its main bound is “more than sufficient”
for the absorption condition of Paper III. That sufficiency claim is withdrawn in this version; see the Note added
in v2 (Section 8).
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1 Introduction and main result

1.1 Setup and notation

We work on a finite periodic lattice A C Z¢ with gauge group G = SU(N,) and Wilson action
at coupling B = 2N./g*> (we write 8" = ¢=2 = B/(2N.) when the reduced normalization
is needed; cf. Paper III, eq. (9)). We adopt the notation and conventions of [3] (henceforth
“Paper III”) throughout. We write fy for Balaban’s fixed ultraviolet reference coupling (as
in [2]), and 79 > 0 for the small-coupling threshold such that Balaban’s RG construction and
bounds apply uniformly whenever the effective couplings satisfy gr < 7o for all scales k. We
further choose 7 small enough so that

ebal < g, whenever g, < 7o, (1)

where ¢, is the chart radius of Lemma 2.1 and €Ea1 is the Balaban HS threshold of (3). This

ensures that in the regime of Theorem 1.3 the cutoff in (4) is inactive and g = P2l
Correction (v2). Under the correct asymptotic-freedom flow (2602.0051 v2; series erra-

tum), the reduced coupling S = gk_2 decreases along the cascade, 2Ny = 2N () — cowk +

O(1/8) with cgow > 0, so the premise “gp < v for all £” is available only inside the window

. ON, /1 1 .
k S k (/8) - Cllow (92_'}/(2)> +O(1)7 equlva’lently Lvol S eC’/gQ+O(1)'

All results of this paper are stated within this window. vl asserted them for all scales; that
assertion relied on the inverted-sign flow (flag F1 of the series erratum) and is withdrawn.



1.2 The large-field event
For a scale-k block B, define

Zy(B) == {3P € Py(B): |Up—1llus > ex}, (2)

where Py (B) is the set of plaquettes associated with B at scale k.

1.3 Choice of thresholds

Balaban’s small-field characteristic function Xzf (Definition 3.1) imposes conditions on plaquette
holonomies at scale k. We define the Balaban HS threshold z—:Eal as the supremum of constants
such that

|Up —1|jus < B VP e P(B) = x}' =1 on the component containing B.  (3)

This threshold is well-defined because Balaban’s small-field condition is formulated via upper
bounds on Lie-algebra representatives of plaquette holonomies on the principal chart (cf. [2]),
and Lemma 2.1 converts between HS norm and Lie-algebra norm with finite constants depending
only on N.. We choose

er = eBM A, (4)

where €, > 0 ensures the principal branch of log is controlled (Lemma 2.1). This choice has two
consequences:

¢ Inclusion: under the small-coupling assumption g < 7o, any plaquette with [|[Up —1||gs >
€k violates Balaban’s small-field condition, triggering X}f (Lemma 3.2).

e Suppression: the event Zi(B) is controlled by Balaban’s T-operation with small factor
exp(—cpo(gr)) (Lemma 4.3), conditionally on (H-SFI).

Remark 1.1 (Asymptotics of the threshold). In Balaban’s construction, the small-field condition
at scale k imposes upper bounds on plaquette Lie-algebra representatives on the principal chart.
Whenever these bounds are of order O(po(gk) gr) in operator norm (cf. [2]), Lemma 2.1 gives
z—:Eal = po(gk) gk- (v2) With the correct flow, g does not tend to 0 along the cascade; the
asymptotics ‘e, — 0 as g — 0”7 of v1 concern the bare-coupling limit g — 0 at fized k, not the

infrared limit k — oo at fized g.

Remark 1.2 (Interpretation). Heuristically, sfal 18 the largest HS-radius such that all plaquettes

remain inside Balaban’s small-field domain on the principal chart. The choice g = EE““ 18

therefore the sharp threshold at which the large-field characteristic X}f must trigger.

1.4 The audit hypotheses (new in v2)

Hypothesis ((H-SFI) slow-field interface). The content of Remarks 4.1 and 4.2: for gauge
fields in the small-field domain, (i) the block-averaged holonomies generating Gx+1 of Paper III

encode the same coarse information as Balaban’s background field Uék), modulo blockwise gauge
transformations, and (ii) the conditional fast density dug(- | Grr1) admits Balaban’s representa-
tion via the scale-k small/large-field decomposition and the T-operation. vl stated (i)—(ii) as
remarks; no proof is given there or here. The corresponding interface lemmas are analyzed in
2602.0052 v2, where they are shown to require quantitative inputs not available at the printed
level of generality.



Hypothesis ((H-P0) power-law penalty exponent (2602.0052 v2)). There exist co > 0 and § > 0
such that Balaban’s large-field penalty exponent satisfies po(g) > co g~ for g < 9. The printed
polylog floor po(g) > co|log g|' ¢ is insufficient: with ¢ = 2/(1 + Bo) the suppression factor is
e=cP0(0) ~ 0.95 at v = 0.1, By = 100, and the absorption inequality of Paper III fails at every
scale (companion suite, check 4).

1.5 Main theorem

Theorem 1.3 (= Hypothesis 4.2 of Paper III; v2: windowed, conditional). Fiz d > 3, G =
SU(N.), and Lrg > 2. Assume (H-SFI). There exist v9 > 0, ¢ > 0, and Cpx < oo (depending
only on d, N., Lrc) such that if the effective couplings satisfy g; < ~vo for all j < k — which,
under the correct asymptotic-freedom flow, holds precisely for k < k*(B), i.e. Lyo < eC/lg*+0(1)
— then with thresholds (4),

esgs sup ,Uk(Zk(B) ‘ gk-‘,—l) < Chik eXP(—CPO(gk)) (5)
k+1

for every scale-k block B and every scale k < k*(B), with ¢ =2/(1+ o).

Moreover — correcting vl — the bound (5) satisfies the absorption condition of Paper IIT
(Eq. (15) there) if and only if the exponent clears the geometric rate: cpo(gr) > (d—1)In Lrg +
Cabs. With the polylog floor on py this fails at every scale; it holds under (H-P0). v1’s assertion
that (5) is “more than sufficient” is withdrawn.

The proof assembles Lemmas 2.1, 3.2, and 4.3 below.

2 Dictionary: HS-large implies Lie-algebra-large

Lemma 2.1 (HS-large implies Lie-algebra-large). Let G = SU(N.). There exist constants
g« > 0 and ¢1,co > 0 depending only on N, such that, for every U € G with |U — 1|jgs < &,
the principal-branch logarithm X :=1logU € su(N.) is well-defined and satisfies

allXlus < U —-1us < cof| X|lus. (6)

In particular, if ||U — 1||us > € with € < e, then || X|lus > €/ca.

Proof. For ||U — 1||gg sufficiently small, all eigenvalues of U lie in a neighborhood of 1 that
avoids the negative real axis, hence the principal logarithm X = logU is defined and belongs
to su(N.). Write U = X with X anti-Hermitian and traceless. For || X||op small we have the
convergent expansion e® —1 = X + X2+ -, hence [|[U — 1|us = || X|[us(1 + O([|X|lop))-
Choose e, > 0 such that || X||sp is small whenever ||U — 1|gs < €4, and absorb the error term
into constants ¢y, ¢z depending only on N.. Finally, || X|op < | X|lus < v/Ne || X |lop gives the
required uniform control. ]

Remark 2.2 (Gauge invariance). The quantity |[Up — 1||3q = 2N, — 2Retr(Up) is a class
function (gauge-invariant). The eigenvalues of X =logUp are likewise gauge-invariant (up to
permutation), so Lemma 2.1 is independent of gauge-fizing conventions.



3 Block event inclusion

Definition 3.1 (Balaban large-field trigger at scale k). Fiz a scale k. Let Xzf denote Balaban’s
small-field characteristic function (as defined in [2]; cf. Definition 2.1 and Eq. (2.3) therein),
and set X}j =1 —Xzf. For a block B, let Li(B) be the event that X}Cf is triggered in the connected
component of the scale-k decomposition that contains B. The Balaban HS threshold EE’al 1S as

in (3).

Lemma 3.2 (Block event inclusion). Let B be a scale-k block and assume g < ~vo. With the
choice e, = B N ey as in (4),
Zi(B) C Li(B). (7)

Proof. Under the small-coupling assumption g; < 79, we have EEal < &4 by (1), so the cutoff in
(4) is inactive and e = €52, On Zy(B), there exists a plaquette P € Py(B) with ||Up — 1||us >

er = P, By the contrapositive of (3), xi' # 1 on the component containing B, so x} is
triggered and Zi(B) C Li(B). O

4 Interface with Balaban’s construction

This is the technical heart of the paper: we connect the conditional measure py(-|Gxy1) of
Paper III with the T-operation of Balaban. (v2) The two identifications on which this section
rests were stated in v1 as Remarks 4.1 and 4.2 without proof; they jointly constitute hypothesis
(H-SFI) of §1.4 and everything downstream of them is conditional on it.

4.1 Identification of slow-field structures

Paper III defines Gy11 as the o-algebra generated by the block-averaged holonomies at scale

k + 1. In Balaban’s construction, the slow-field variables at step k are the minimizers Uék) of
the gauge-fixed effective action, determined by the averaging operations (cf. [1], Section 1).

Remark 4.1 (Slow-field identification (interface statement; part of (H-SFI))). For gauge fields
in the small-field domain, the block-averaged holonomies that generate Gii1 encode the same
coarse information as Balaban’s background field Uék), modulo blockwise gauge transformations.
In particular, Balaban’s bounds, which are uniform over admissible backgrounds, may be applied
uniformly in the conditioning on Gii1. (v2) This is an unproved identification; see 2602.0052 v2
for the obstructions to making it quantitative.

Remark 4.2 (Balaban conditional representation (interface statement; part of (H-SFI))). Un-
der Balaban’s RG hypotheses at scale k (effective coupling gr. < o), the conditional fast density
dpg(-| Gr+1) admits Balaban’s representation in terms of the scale-k small/large-field decompo-
sition and the associated T-operation (cf. the representation around Eq. (1.72) in [2]). (v2) Un-
proved; part of (H-SFT).

4.2 The interface lemma

Lemma 4.3 (Interface: conditional large-field mass; conditional on (H-SFI)). Let puy(- | Grt1)
denote the scale-k fast conditional measure of Paper I, and let X be a connected component of
Balaban’s large-field region at scale k. Assume (H-SFI) and that the effective couplings satisfy



gj < Yo for all j < k. Then there exists Cyni < 00, depending only on (d, N., Lrc), such that
for Gri1-a.e. slow-field configuration,

2
1+ 5o

,uk(large—ﬁeld component = X } gk+1) < Cuni exp(— po(gk)>. (8)
The constant Cyyi absorbs the uniformity factor e3°P1°l from Balaban’s estimate (cf. Eq. (1.75)
in [2]), where sup |o| = O(1) uniformly in the slow field.

Proof. By Remark 4.2 (i.e. under (H-SFI)), the conditional fast density dug(-|Gr+1) admits
Balaban’s representation at scale k. In particular, the conditional contribution of configurations
with large-field component X is controlled by the T-operation Ty (X) (cf. Eq. (1.72) in [2]).

Step 1: The small-factor bound. By Eq. (1.89) of [2]: || Tk(X) 1| < exp(—ﬁpo(gk)).

Step 2: Uniformity in the slow field. The slow-field dependence enters through the analyti-
cally extended T-operation T}(X, (U, J)). By Eq. (1.75) of [2]: ||(TL(X, (U, J)) 1) T/(X, (U, J)) F|| <
¢?3UP 17l sup |F|. The analyticity bounds of Balaban’s construction ensure sup |o| < C, with C,
depending only on the geometric parameters (d, N., Lrg).

Step 3: Assembly. Setting Cypni = €3¢ gives the claimed bound uniformly in G 1. O

Remark 4.4 (The small factor trivializes without (H-P0); new in v2). The exponent in (8) is
cpolgr) with c =2/(14 Fo). Since Py is a fixed large reference coupling (Bo = 100 in the series’
representative arithmetic), ¢ ~ 0.02, and with the polylog floor po(vo) =~ 2.5 at vy = 0.1 the factor
is eP0 2 0.95: no suppression. This is the same trivialization adjudicated in 2602.0052 v2 (F2)
and reproduced in the suites of 2602.0053 v2/0055 v2; check 4 of the companion suite reproduces
it for this paper. All effectiveness claims are therefore conditional on (H-PO).

5 Proof of the main theorem

Proof of Theorem 1.3. 1. Inclusion. By Lemma 3.2, Zy(B) C Li(B).

2. Suppression. By Lemma 4.3 (under (H-SFI)), ux(Li(B) | Grt1) < Cuni exp(—ﬁpo(gk)).

3. Absorption — corrected in v2. v1 argued: “since po(gx) — oo as g — 0, for § sufficiently
large we have ¢po(gr) > (d — 1)In Lrg + Caps.” Both steps fail: under the correct flow g
increases along the cascade (F1), and at any fixed scale the polylog floor gives c¢py ~ 0.05 <
(d—1)In Lrg > In2 (suite check 4: the absorption inequality fails at every sampled scale, excess
10%6-10%%2). The absorption condition of Paper III therefore holds only under (H-P0), and then
only for k < k*(p).

4. Essential supremum. Constants are uniform in Gx11 by Lemma 4.3 (under (H-SFI)). Set
c=2(14pp)~! and Oy = Cuni. O

6 The two-dimensional case via character positivity

In d = 2, Hypothesis 4.2 can be verified independently of Balaban’s RG machinery, using
harmonic analysis on compact groups. (v2) The verification below is pointwise in [3: the
prefactor of Proposition 6.4 is finite for each fixed § but is not claimed uniform in f3; see
Remark 6.6.

Definition 6.1 (Character-positive class functions). A continuous class function f: G — R is
character-positive if f(g) = > caarxa(g) with ay > 0.

6



Lemma 6.2 (Maximum at the identity). If f is character-positive, then f(g) < f(1) for all
g €G.

Proof. For eachirrep A, [xx(g)| < dx = xa(1). Withay >0, f(g) = >, axxalg) < 2oy axlxa(g)| <
Z,\ axdy :f(l)- 0

Lemma 6.3 (Convolution preserves character-positivity). If f and h are character-positive class
functions in LY(G), then f * h is character-positive. In particular, (f *h)(g) < (f*h)(1) for all
g €G.

Proof. For central L' functions, Fourier coefficients satisfy m()\) = FRN)/dy. If f =
Y axxx and h = > byxy with ay,by > 0, then f x h = > (axby/d))x) has nonnegative coeffi-
cients. The maximum statement follows from Lemma 6.2. ]

Proposition 6.4 (Prop. 7.2 of Paper III, corrected; d = 2, fixed ). In d = 2, with axial
gauge in a 2 x 2 block, the conditional density of the plaquette variable Up, given the boundary
holonomy Ug is

p(Up, | Up) o ws(Up,) Kg(Up'Up),

where Kg = wg?’ is character-positive. By Lemma 6.2, Kg(g) < Kg(1) for all g € G. Hence
p(Up, |Up) < Kzg(1) ws(Up,) (up to the normalization Z(Ug)), and the tail probability is dom-
inated by the single-plaquette measure:

< K1)

1 (|Up, — 1lus > €| Up) Z(0p)

I/ﬁ(HUpO — 1||HS Z 8).

For each fized B, the ratio Kg(1)/Z(Ug) is bounded above by a constant C(B) < oo, since
Z(Ug) > 0 by strict positivity of wg and continuity of Kz on the compact group G. This
pointwise bound eliminates the spurious e*P prefactor that appeared in the earlier version of
Prop. 7.2; we do not claim uniformity in 5 or in Up for this ratio.

Remark 6.5. The argument of Proposition 6.4 does not extend to d > 3 because the marginal
density in higher dimensions involves coupling tensors (Clebsch—Gordan coefficients for r =
2(d — 1) > 4 factors) that can have indefinite signs. The Balaban machinery of Sections 2—4 is
essential in d > 3.

Remark 6.6 (S-non-uniformity of the d = 2 prefactor; new in v2). Theorem 1.3 promises con-
stants depending only on (d, N, Lrg). The d = 2 route delivers less: the measured growth of
C(B) = Kp(1)/ming Z(U) in the exact U(1) toy of the companion suite (check 7) is already
super-polynomial in B, and no B-uniform bound is claimed. The d = 2 wverification of Hypothe-
sis 4.2 1is therefore fixed-B: for each [ there is a finite constant, which suffices for the qualitative
statement but not for the S-uniform constants advertised in v1’s Theorem 1.8. In d > 3 nothing
changes: there the route is (H-SFI)+(H-P0)-conditional anyway.

7 Compatibility with the absorption condition

The absorption condition (Eq. (15) of Paper III) requires ¢po(gr) > (d — 1) In Lrg + Caps-
Corrected in v2. vl argued that this holds for all k£ “since py(g) — oo as g — 0” and
appealed to Balaban’s stability theorem to keep gr < 7o for all k. Both appeals rely on the



inverted-sign flow (F1): under the correct asymptotic-freedom flow the effective coupling grows
along the cascade and remains in ]0, ] only for k < k*(53), i.e. Lyo < eCl9°+0(1) (2602.0051 v2;
suite check 5: at g = 0.05,79 = 0.1, N. = 3,Lrc = 2, k* = 18639 and log L, < 32.3/¢?).
Within the window, the inequality itself still fails with the polylog floor on py (Remark 4.4); it
holds under (H-P0). Summary: compatibility = window + (H-P0), not unconditional validity.

8 Note added in v2

Version 1 of this paper claimed the unconditional verification of Hypothesis 4.2 of Paper III.
Following the quantitative audit of the series (ai.viXra:2602.0051/0052/0053/0054/0055, all v2),
the claims are corrected as follows.

e v1’s “more than sufficient” (after Theorem 1.3) and §7’s “holds for all ¥ are withdrawn:
with ¢ = 2/(1 + f3p) and the polylog floor, the suppression factor is ~ 0.95 and absorption
fails at every scale (excess 10%6-10%-2). Effectiveness requires (H-P0) (2602.0052 v2).
[Suite check 4]

e v1’s premises “pp(gr) — 00 as gr — 0 along the flow” and “Balaban’s stability theorem
ensures g < 7o for all £” used the inverted-sign flow (F1). Corrected: all statements are
windowed, k < k*(8), Lyl < €C/9°+0M) [Suite check 5]

e Remarks 4.1-4.2 (slow-field identification; Balaban conditional representation) are un-
proved interface statements; they are now the explicit hypothesis (H-SFI), on which Lemma 4.3
and Theorem 1.3 are conditional. Cf. the interface lemmas of 2602.0052 v2.

e The d = 2 verification (Section 6) is fixed-3: the prefactor Kz(1)/Z(Ug) is not uniform
in 8 (Remark 6.6). The character-positivity mechanism itself is exact and fully validated.
[Suite checks 6-7]

e Reference hygiene: v1’s [3] carried no identifier (its earlier treatment is viXra:2505.0139);
the audited companions 2602.0051-0055 (v2) are now cited. What survives unconditionally:
Lemma 2.1, Remark 2.2, Lemma 3.2, and the character-positivity results of Section 6. [Suite
checks 1-3, 6-7]

All numerical adjudications are reproduced by the deterministic companion suite verify_2602_0056.py
(7 checks) at https://github.com/1luiseriksson/THE-ERIKSSON-PROGRAMME, directory verification/2602-
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