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Abstract

We verify the large-field hypothesis (Hypothesis 4.2) of the compan-
ion paper on integrated cross-scale derivative bounds for Wilson lat-
tice gauge theory. The proof rests on three ingredients: (i) a dictionary
lemma translating the Hilbert—Schmidt large-field condition on plaque-
tte holonomies into Balaban’s Lie-algebra formulation; (ii) an interface
lemma connecting conditional measures with Balaban’s T-operation
and its uniform small-factor bound on admissible background fields
(Eq. (1.89) of [2]); (iii) the uniformity estimate (Eq. (1.75) of [2])
ensuring that slow-field dependence contributes only an O(1) mul-
tiplicative constant. For d = 2, we give an independent proof via
character-positive convolutions that avoids the Balaban machinery en-
tirely. Together with the companion paper, this yields a uniform
(volume-independent) log-Sobolev inequality for the Wilson lattice gauge
measure at sufficiently weak coupling.
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1 Introduction and main result

1.1 Setup and notation

We work on a finite periodic lattice A C Z¢ with gauge group G = SU(N,)
and Wilson action at coupling 3 = 2N./g? (we write 874 = g=2 = 3/(2N,)
when the reduced normalization is needed; cf. Paper III, eq. (9)). We adopt
the notation and conventions of [3] (henceforth “Paper III”) throughout.
We write 3y for Balaban’s fixed ultraviolet reference coupling (as in [2]),
and vy > 0 for the small-coupling threshold such that Balaban’s RG con-
struction and bounds apply uniformly whenever the effective couplings sat-
isfy gr < o for all scales k. We further choose 7y small enough so that

E]kaal <e, whenever g < 7o, (1)

where e, is the chart radius of Lemma 2.1 and 5%31 is the Balaban HS

threshold of (3). This ensures that in the regime of Theorem 1.3 the cutoff

in (4) is inactive and g = 52l

1.2 The large-field event
For a scale-k block B, define

Zy(B) :={3P € Pr(B) : |Up — 1|lus > e}, (2)

where Py (B) is the set of plaquettes associated with B at scale k.

1.3 Choice of thresholds

Balaban’s small-field characteristic function x§ (Definition 3.1) imposes con-
ditions on plaquette holonomies at scale k. We define the Balaban HS thresh-
old egal as the supremum of constants such that

|Up—1||us < B VP e Py(B) = X3’ = 1 on the component containing B.
(3)

This threshold is well-defined because Balaban’s small-field condition is

formulated via upper bounds on Lie-algebra representatives of plaquette



holonomies on the principal chart (cf. [2]), and Lemma 2.1 converts between

HS norm and Lie-algebra norm with finite constants depending only on IV,.
We choose

e = e A e, (4)

where €, > 0 ensures the principal branch of log is controlled (Lemma 2.1).
This choice has two consequences:

e Inclusion: under the small-coupling assumption g < 79, any pla-
quette with ||Up — 1||us > e violates Balaban’s small-field condition,
triggering X}j (Lemma 3.2).

e Suppression: the event Z;(B) is controlled by Balaban’s T-operation
with small factor exp(—cpo(gx)) (Lemma 4.3).

Remark 1.1 (Asymptotics of the threshold). In Balaban’s construction, the
small-field condition at scale k imposes upper bounds on plaquette Lie-algebra

representatives on the principal chart. Whenever these bounds are of order

O(po(gr) gk) in operator morm (cf. [2]), Lemma 2.1 gives B < po(gx) i,

and in particular €, — 0 as gr — 0. The precise asymptotics depend on
the exact definition of Xzf in [2]; the results of this paper require only that
5Ea1 — 0 as g — 0.

Remark 1.2 (Interpretation). Heuristically, E?al is the largest HS-radius

such that all plaquettes remain inside Balaban’s small-field domain on the
principal chart. The choice € = &?Eal is therefore the sharp threshold at
which the large-field characteristic X}j must trigger.

1.4 Main theorem

Theorem 1.3 (= Hypothesis 4.2 of Paper III). Fiz d > 3, G = SU(N,),
and Lrg > 2. There exist vo > 0, ¢ > 0, and Chy < 0o (depending only on
d, N¢, Lrg) such that if the effective couplings satisfy g; < ~vo for all j <k,
then with thresholds (4),

ess sup ,uk(Zk(B) | gk+1) < Chik eXP(—CPO(gk)) (5)

Okt1

for every scale-k block B and every scale k.

Since po(gr) — o0 as g — 0 and the absorption condition of Paper 111
(Eq. (15)) requires only that the suppression exponent diverge along the RG
flow, the bound (5) is more than sufficient. When the asymptotics of Re-
mark 1.1 apply, Bksz = po(gx)? and the bound can equivalently be written as

exp(—c’\/ Bre2).

The proof assembles Lemmas 2.1, 3.2, and 4.3 below.



2 Dictionary: HS-large implies Lie-algebra-large

Lemma 2.1 (HS-large implies Lie-algebra-large). Let G = SU(N.). There
exist constants €, > 0 and c1,co > 0 depending only on N, such that, for
every U € G with ||U — 1||gs < e, the principal-branch logarithm X =
logU € su(N,) is well-defined and satisfies

allXlus < U =-1ns < c2f| X]us. (6)

In particular, if U — 1||us > € with € < e, then || X||us > €/co.

Proof. For |U—1||us sufficiently small, all eigenvalues of U lie in a neighbor-
hood of 1 that avoids the negative real axis, hence the principal logarithm
X =logU is defined and belongs to su(N,.).

Write U = eX with X anti-Hermitian and traceless. For || X o small we
have the convergent expansion eX —1 = X + %X 24+ ..., hence

IU = lns = [IXlns (1 + O X lop))-

Choose e, > 0 such that || X||op is small whenever |U — 1|gs < &, and
absorb the error term into constants ci,cy depending only on N.. Finally,
| X lop < [| XS < VNe || X||op gives the required uniform control. O

Remark 2.2 (Gauge invariance). The quantity ||Up—1|/}g = 2N.—2Retr(Up)
is a class function (gauge-invariant). The eigenvalues of X = logUp are
likewise gauge-invariant (up to permutation), so Lemma 2.1 is independent
of gauge-fixing conventions.

3 Block event inclusion

Definition 3.1 (Balaban large-field trigger at scale k). Fiz a scale k. Let
Xif denote Balaban’s small-field characteristic function (as defined in [2]; cf.
Definition 2.1 and Eq. (2.3) therein), and set X :=1— x3f. For a block B,
let L(B) be the event that X}gf is triggered in the connected component of
the scale-k decomposition that contains B. The Balaban HS threshold 51,331
is as in (3).

Lemma 3.2 (Block event inclusion). Let B be a scale-k block and assume

gk < vo. With the choice g, = sgal Nex as in (4),

Proof. Under the small-coupling assumption g < 9, we have 5%31 < ey

by (1), so the cutoff in (4) is inactive and gj, = b2l
On Zi(B), there exists a plaquette P € Pi(B) with |[Up — 1||us > e =
ebal. By the contrapositive of (3), Xzf # 1 on the component containing B,

so x} is triggered and Zx(B) C Li(B). O
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4 Interface with Balaban’s construction

This is the technical heart of the paper: we connect the conditional measure
tx(+ | Gpa1) of Paper III with the T-operation of Balaban.

4.1 Identification of slow-field structures

Paper III defines Giy1 as the o-algebra generated by the block-averaged
holonomies at scale k + 1. In Balaban’s construction, the slow-field vari-
ables at step k are the minimizers Uék) of the gauge-fixed effective action,
determined by the averaging operations (cf. [1], Section 1).

Remark 4.1 (Slow-field identification (interface statement)). For gauge
fields in the small-field domain, the block-averaged holonomies that generate
Gi41 encode the same coarse information as Balaban’s background field Uék),
modulo blockwise gauge transformations. In particular, Balaban’s bounds,
which are uniform over admissible backgrounds, may be applied uniformly

in the conditioning on Gy 1.

Remark 4.2 (Balaban conditional representation (interface statement)).
Under Balaban’s RG hypotheses at scale k (effective coupling g < o), the
conditional fast density dug(- | Gry1) admits Balaban’s representation in
terms of the scale-k small/large-field decomposition and the associated T-
operation (cf. the representation around Eq. (1.72) in [2]).

4.2 The interface lemma

Lemma 4.3 (Interface: conditional large-field mass). Let pug(- | Gry1) de-
note the scale-k fast conditional measure of Paper III, and let X be a con-
nected component of Balaban’s large-field region at scale k. Assume the
effective couplings satisfy g; < o for all j < k. Then there exists Cyni < 00,
depending only on (d, N, Lrg), such that for Gii1-a.e. slow-field configura-
tion,

2
1k (large-field component = X ’ Git1) < Cuni exp(— po(gk)). (8)

- 1+ 5o

The constant Cyn; absorbs the uniformity factor e35"P1l from Balaban’s es-
timate (cf. Eq. (1.75) in [2]), where sup |o| = O(1) uniformly in the slow
field.

Proof. By Remark 4.2, the conditional fast density dug(- | Gr+1) admits
Balaban’s representation at scale k. In particular, the conditional contri-

bution of configurations with large-field component X is controlled by the
T-operation T (X) (cf. Eq. (1.72) in [2]).



Step 1: The small-factor bound. By Eq. (1.89) of [2]:

2
1+ 8o

Tp(X)1 < eXp<— pO(Qk))-

Step 2: Uniformity in the slow field. The slow-field dependence enters
through the analytically extended T-operation T} (X, (U,J)). By Eq. (1.75)
of [2]:

|(T3(X, (U, ) 1) ' Th(X, (U, ) F| < > 17l sup | F.

The analyticity bounds of Balaban’s construction ensure sup |o| < C, with
C, depending only on the geometric parameters (d, N., Lrg).

Step 3: Assembly. Setting Cyni = €397 gives the claimed bound uniformly
in gk+1. ]

5 Proof of the main theorem

Proof of Theorem 1.3. 1. Inclusion. By Lemma 3.2, Z;(B) C Li(B).

2. Suppression. By Lemma 4.3,

2
1+ Bo

wk(Lr(B) | Gr+1) < Cuni eXP(— pO(gk:))'

3. Absorption. Since py(gi) — oo as gx — 0, for § sufficiently large (en-
suring g < 7o along the RG flow), we have cpy(gx) > (d—1)In Lrg +
Cans, satisfying the absorption condition of Paper III.

4. Essential supremum. Constants are uniform in Gy11 by Lemma 4.3.
Set ¢ = 2(1 + ,30)_1 and Cpix = Clyni- ]

6 The two-dimensional case via character positiv-
ity
In d = 2, the Hypothesis 4.2 can be verified independently of Balaban’s RG

machinery, using harmonic analysis on compact groups.

Definition 6.1 (Character-positive class functions). A continuous class
function f: G — R is character-positive if

flo)=> axalg), ar>0.
Ae@G

Lemma 6.2 (Maximum at the identity). If f is character-positive, then

flg) < f(1) forall g € G.



Proof. For each irrep A, |xa(9)| < dx = xa(1). With ay >0,

Flg) = axxalg) D axlxalg)l <D andy = f(1). O
X X X

Lemma 6.3 (Convolution preserves character-positivity). If f and h are
character-positive class functions in L'(G), then f * h is character-positive.
In particular, (f xh)(g) < (f*xh)(1) for all g € G.

Proof. For central L' functions, Fourier coefficients satisfy m()\) = f()\)ﬁ()\) /dx.
Iff = Ea)\x,\ and h = Zb)\X)\ with a,\,b,\ Z 0, then f*h = Z(a)\b)\/d)\))()\

has nonneg. coefficients. The maximum statement follows from Lemma 6.2.

O]

Proposition 6.4 (Prop. 7.2 of Paper III, corrected; d = 2). In d = 2, with
azial gauge in a 2 X 2 block, the conditional density of the plaquette variable
Up, given the boundary holonomy Up is

p(Up, | Up) o< wg(Up,) Kg(Up,'Up),

where Kg = wg3 is character-positive. By Lemma 6.2, Kg(g) < Kg(1) for
all g € G. Hence )
p(Ur, | Up) < Kpg(1)ws(Up,),

and the tail probability is dominated by the single-plaquette measure:

ns(IUp, = Lns > ¢ | Up) < — =S vs(IlUR — Ls > €).

For each fized 3, the ratio Kz(1)/Z(Ug) is bounded above by a constant
C(B) < oo, since Z(Ug) > 0 by strict positivity of wz and continuity of
Kpg on the compact group G. This pointwise bound on the kernel suffices to
eliminate the spurious e prefactor that appeared in the earlier version of
Prop. 7.2; we do not claim uniformity in B or in Ug for this ratio.

Remark 6.5. The argument of Proposition 6.4 does not extend to d > 3
because the marginal density in higher dimensions involves coupling tensors
(Clebsch—Gordan coefficients for r = 2(d — 1) > 4 factors) that can have
indefinite signs. The Balaban machinery of Sections 2-/ is essential in
d>3.

7 Compatibility with the absorption condition
The absorption condition (Eq. (15) of Paper III) requires

cpo(gr) > (d—1)InLrg + Caps.



Since po(g) — oo as g — 0 (cf. [2]), this holds for all & whenever f is large
enough that gr < g for all k along the RG flow. The latter condition is
ensured by Balaban’s stability theorem (cf. [2], Introduction), which shows
that the effective couplings remain in 0, yy| provided the bare coupling is
sufficiently small.
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