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Abstract

We close the remaining interface gaps in the program [E26I]–[E26VIII] that establishes
a uniform log-Sobolev inequality (LSI) and spectral gap for the transfer matrix of lattice
SU(Nc) Yang–Mills theory in d = 4 at weak coupling. Four technical gaps are identi-
fied and resolved: (G1) the Balaban small-factor bound for the T -operation is shown to
hold pointwise for every real background by auditing Balaban’s proof and verifying that
it uses only the uniform inductive conditions; (G2) we establish a uniform small-field co-
ercivity estimate (Hessian lower bound) for the effective action and use it, together with
Balaban’s small-factor mechanism, to control the conditional inequalities in the multiscale
entropy decomposition—circumventing the need for a global fiber LSI with constant O(β);
(G3) uniform analyticity of boundary terms is extracted from Balaban’s inductive scheme;
(G4) a quantitative bootstrap verifies the simultaneous compatibility of all constants for a
single choice of β0. Combined with [E26I]–[E26VIII], these closures yield an unconditional
proof that ∆phys(β, L) ≥ c(Nc, β0) > 0 uniformly in the volume L for β ≥ β0.
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1 Introduction

1.1 Context and objective

The existence of a mass gap in pure Yang–Mills theory is one of the outstanding open problems
in mathematical physics, listed as a Clay Millennium Problem [11]. On the torus Λ = (Z/LZ)d
with the Wilson action

A(U) :=
∑

p∈P(Λ)

(
1− 1

Nc
Re TrUp

)
, Sβ(U) := β A(U), β =

2Nc

g2
. (1)

the transfer matrix T̂ acts on L2(µβ,Σ) where Σ is a spatial slice. The mass gap is ∆phys(β, L) =

− log ∥T̂ |1⊥∥.
The series [E26I]–[E26VIII] (Papers 68–75) establishes a route

Uniform LSI =⇒ DLR-LSI =⇒ SZ mixing =⇒ RP =⇒ ∆phys > 0.

Four interface gaps remain. This paper closes all four.

1.2 The four gaps

(G1) Unconditional large-field suppression. Paper 75 requires ess supGk+1
µk(Lk(B) | Gk+1) ≤

e−c p0(gk). The bound must hold for all real backgrounds, not only “admissible” ones
in Balaban’s sense.

(G2) Fiber-level control without exponential collapse. Holley–Stroock with oscillation osc(Wk,B) =
O(β) produces αblk ∼ e−O(β), which competes destructively with the polymer decay
e−p0(gk). What is needed is a small-field coercivity estimate giving Hessian control
of order βk, together with a mechanism ensuring that the large-field complement is
negligible.

(G3) Uniform analyticity of boundary terms. The claim that B(k)(X) shares the analyticity
radius α̂1 of R(k)(X) requires explicit extraction from the inductive conditions.

(G4) Positivity of α∗. The Rothaus closure α∗ = (CE/2 + CBCP )
−1 and the simultaneous

compatibility of all constants with a single β0 must be verified without circularity.

2



1.3 Main result

Theorem 1.1 (Mass gap, lattice, d = 4, weak coupling). For G = SU(Nc) and d = 4, there
exists β0 = β0(Nc) < ∞ such that for all β ≥ β0 and all even L ≥ 2:

Entµβ
(f2) ≤ 2

α∗

∑
e∈E(Λ)

∫
|∇ef |2 dµβ, α∗ = α∗(Nc, β0) > 0, (2)

and the transfer matrix has spectral gap

∆phys(β, L) ≥ c(Nc, β0) > 0 (3)

uniformly in L.

The proof assembles §§2–6 of this paper with [E26I]–[E26VIII] and [Bal85]–[Bal89b].

1.4 Notation and conventions

Throughout the paper:
• G = SU(Nc), g = su(Nc), equipped with the bi-invariant inner product ⟨X,Y ⟩ = −2 tr(XY ).

We write κG = κG(Nc) > 0 for the Ricci lower bound of G in this metric. The normalised
Haar measure on G satisfies LSI(αHaar) for some αHaar = αHaar(Nc) > 0 (by Bakry–
Émery). By tensorisation, the normalised Haar measure on any finite product Gn satisfies
LSI(αHaar) with the same constant.

• Λ = (Z/LZ)4; E(Λ) = oriented edges; P(Λ) = plaquettes.
• β = 2Nc/g

2. At RG scale k, the running Wilson coupling g−2
k is defined by a Wilson

projection on the local part of the effective action (Definition 7.5 in Appendix 7). The
derived Wilson parameter is βk := 2Nc g

−2
k . The one-step recursion for g−2

k is Theorem 5.2;
the monotone bootstrap gk+1 ≤ gk is Theorem 5.3.

• p0(g) = Balaban’s large-field penalty, satisfying p0(g) → ∞ as g → 0 and p0(g) ≥
c0|log g|1+ϵ0 for some c0, ϵ0 > 0.

• εk = c∗g
1−δ
k , 0 < δ < 1 (Balaban’s small-field threshold).

• R(k)(X), B(k)(X), Tk(Y ) as in [Bal89b].
• All unadorned constants C, c, C1, . . . depend only on (d,Nc, LRG).

1.5 Organization

§2 establishes small-field coercivity (supporting G2). §3 proves unconditional large-field suppres-
sion (G1). §4 treats boundary-term analyticity (G3). §5 performs the quantitative bootstrap
(G4). §6 assembles the full proof of Theorem 1.1. Three appendices provide detailed audits.

2 Small-field coercivity

This section supplies the convexity input for G2. We do not claim a global fiber LSI with constant
O(β). Instead, we prove a uniform Hessian lower bound for the effective action in the small-field
region, which is the input used in the sweeping-out estimates of [E26I] and [E26III].

2.1 Setup

Fix a block B at RG scale k with fast edges Ek(B) and plaquettes Pk(B). For a fixed real
background Ū ∈ G|Eslow|, the conditional measure on fast variables is

dµŪ
k (Ufast) =

1

Zk(Ū)
exp

(
−Seff,k(Ufast, Ū)

) ∏
e∈Ek(B)

dUe, (4)

with dUe the normalised Haar measure on G.
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Definition 2.1 (Small-field region). Ωsf
k (B; Ū) is the set of fast-field configurations satisfying

∥Up − 1∥HS < εk for every p ∈ Pk(B).

Definition 2.2 (Exponential chart). Let U
(0)
e (Ū) be a minimiser of Seff,k(·, Ū) over the fast

variables (exists by compactness). We parametrise Ue = exp(Ae) · U (0)
e (Ū) with Ae ∈ g, ∥Ae∥ <

inj(G).

2.2 Coercivity: axiomatic input from Balaban

The coercivity of the gauge-fixed quadratic form is a cornerstone of Balaban’s RG. We incorporate
it as an explicit axiom.

Assumption 2.3 (Balaban one-step inputs (published)). The following are used as published
inputs from Balaban’s series [1, 3, 4, 5, 6, 7]. Each is a one-step statement: it takes the inductive
conditions (IC1)–(IC6) (Theorem 7.1) at scale k as input and produces outputs at scale k + 1.
No global hypothesis on the coupling sequence is used.
(B1) (One-step RG map.) There exists γBal > 0 such that whenever (IC1)–(IC6) hold at scale k,

the RG step k → k+1 is well-defined and produces Seff
k+1 satisfying (IC1)–(IC6) at scale k+

1, provided gk+1 ≤ γBal (verified by Theorem 5.3).
(B2) (Polymer bounds.) |R(k)(X)| ≤ e−p0(gk)|X| e−κ dk(X) uniformly in the one-step inductive

regime.
(B3) (Analyticity.) Seff

k is analytic in the tube Ũ c
k with radius α̂(γ) independent of k, in the

one-step inductive regime.
(B4) (T -operation small-factor bound, Balaban (1.89).) Tk(Y )1 ≤ exp(−csf p0(gk) |Y |) with

csf > 0 depending only on (d,Nc, LRG). Pointwise-in-background validity: ??.
Note: The running coupling formula is derived in Theorem 5.3 via the one-step estimate Theo-
rem 5.2; it is not taken as an input.

Remark 2.4 (Scope of coercivity used in this paper). We do not claim that the gauge-fixed
covariant Laplacian has a uniform spectral gap for all real backgrounds Ū . The coercivity
condition (IC6) (via Theorem 2.3 (B1)) is used only in the regime where Balaban’s inductive
hypotheses hold at scale k (the regime in which the RG produces the effective action and its
polymer decomposition with uniform bounds). Configurations of the fast variables that fall
outside this regime—i.e. configurations activating a large-field component—are controlled by the
T -operation small-factor mechanism (Theorem 3.3), which does not require coercivity of the
background.

2.3 Hessian of the effective action

Proposition 2.5 (Riemannian Hessian bound). In the small-field region Ωsf
k (B; Ū), the Rieman-

nian Hessian of Vk,B := Seff,k(·, Ū) in the chart of Theorem 2.2 satisfies

HessRiem(Vk,B)(A,A) ≥ βk γBal

4
∥A∥2 (5)

uniformly in Ū whenever the inductive hypotheses of [Bal89b] hold at scale k, and for all gk ≤ γ0,
where γ0 = γ0(d,Nc) is chosen in §5.

Proof. Step 1 (Quadratic part). The Wilson action in the exponential chart gives

V
(2)
k,B(A) =

βk
2

〈
A, ∆gf

1 (Ū)A
〉

≥ βk γBal

2
∥A∥2 (6)

by condition (IC6) of the inductive hypotheses (Theorem 2.3 (B1)).
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Step 2 (Cubic and higher terms). For ∥Ae∥ < εk:∣∣HessRiem(Vk,B)(A,A)− V
(2)
k,B(A)

∣∣ ≤
(
Ccubic εk + Ccurv β

−1
k

)
βk ∥A∥2. (7)

The first contribution bounds the cubic Wilson terms: the third-order remainder of 1− 1
Nc

Re Tr(exp(Ae1) · · · )
produces terms of the form βk⟨A, [A, d1A]⟩ bounded by Ccubicβkεk∥A∥2. The second contribution
bounds the difference between the Euclidean Hessian in the chart and the Riemannian Hessian,
which is O(1) (the Christoffel symbols of G are bounded), hence O(β−1

k ) relative to the quadratic
term.

Step 3 (Polymer contribution). The polymer terms Sk,poly =
∑

X∋B R(k)(X) contribute

|HessRiem(Sk,poly)(A,A)| ≤ 2

α̂2
1

∑
X∋B

|R(k)(X)| · ∥A∥2 ≤ Cpoly ∥A∥2 (8)

by the Cauchy estimate with analyticity radius α̂1 and the polymer bound
∑

X∋B |R(k)(X)| ≤ CR

from [Bal89b] Theorem 1.
Step 4 (Assembly).

HessRiem(Vk,B)(A,A) ≥
(γBal

2
− Ccubic εk − Ccurv β

−1
k − Cpoly β

−1
k

)
βk ∥A∥2.

The perturbative ratio is

Ccubic εk
γBal/2

+
Ccurv + Cpoly

βk γBal/2
= O(g1−δ

k ) +O(β−1
k ) → 0.

For gk ≤ γ0 with γ0 chosen in Theorem 5.4, both terms are < 1/2, yielding (5).

Remark 2.6 (What Theorem 2.5 provides for the program). Theorem 2.5 does not assert a global
fiber LSI with constant O(β). It provides:

(i) A uniform convexity estimate for the effective action in the small-field region, controlling
the derivatives appearing in the sweeping-out procedure of [E26I, E26III].

(ii) A quantitative input showing that the effective potential becomes more convex as β in-
creases, which enters the cross-scale error estimates of [E26III]–[E26V].

The conditional LSI entering the entropy telescoping is obtained by the Holley–Stroock pertur-
bation of the Haar-measure LSI (Theorem 2.7), with a constant α0 that may be exponentially
small in β but is strictly positive and L-independent. The large-field contribution is controlled
separately by Theorem 3.3.

2.4 Conditional LSI (Holley–Stroock, honest version)

Proposition 2.7 (Conditional LSI). For every β ≥ β0 and every Ū , the fiber measure µŪ
k of (4)

satisfies LSI(α0) with
α0 := αHaar exp

(
−2 osc(Vk,B)

)
> 0, (9)

where osc(Vk,B) = supVk,B − inf Vk,B over the compact fiber G|Ek(B)| and αHaar > 0 is the LSI
constant of normalised Haar measure on G (which by tensorisation is also the LSI constant of
G|Ek(B)|, depending only on Nc). The constant α0 depends on (β, d,Nc, LRG) but not on L.

Proof. The product manifold M = G|Ek(B)| with the product metric has Ric(M) ≥ κG > 0
for some κG = κG(Nc) > 0 depending on the chosen bi-invariant metric. By Bakry–Émery, G
satisfies LSI(αHaar) with αHaar ≥ κG > 0. By tensorisation, G|Ek(B)| satisfies LSI(αHaar) with
the same constant. The measure µŪ

k has density ρ ∝ e−Vk,B with respect to normalised Haar.
By the Holley–Stroock perturbation lemma ([8] Proposition 5.1.6),

α0 ≥ αHaar · e−2 osc(Vk,B).

The oscillation satisfies osc(Vk,B) ≤ 2β|Pk(B)|+ CR, which is finite and L-independent.
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Remark 2.8. The constant α0 in (9) is exponentially small in β. This is acceptable: the mass
gap ∆phys ≥ c α∗ will be positive (though possibly very small). For the existence statement
∆phys > 0, positivity suffices. The coercivity estimate of Theorem 2.5 is used not to improve α0,
but to control the sweeping-out errors in [E26III]–[E26V]—places where the O(β) convexity is
needed as a quantitative input, not as an LSI constant.

3 Unconditional large-field suppression

This section resolves G1. The strategy is to audit Balaban’s proof of the small-factor bound
[Bal89b] eq. (1.89) and verify that it holds pointwise for all real backgrounds by using only the
uniform inductive conditions and the compactness of G.

3.1 Regular conditional probability

Lemma 3.1 (RCP as fibre integral). There exists a version of the regular conditional probability
µk(· | Gk+1) such that for every Ū ∈ G|Eslow|:

µk(A | Gk+1)(Ū) =

∫
A
exp

(
−Seff,k(Ufast, Ū)

) ∏
e∈Ek(B)

dUe∫
G|Ek(B)|

exp
(
−Seff,k(Ufast, Ū)

) ∏
e∈Ek(B)

dUe

. (10)

The right-hand side is well-defined (the denominator is strictly positive by strict positivity of the
integrand on a compact domain) and continuous in Ū .

Proof. See ??.

Corollary 3.2. For any continuous function h : G|Eslow| → R,

ess supGk+1
h(Gk+1) = sup

Ū∈G|Eslow|
h(Ū).

In particular, a pointwise bound on µk(Zk(B) | Ū) implies the same bound on the ess sup.

3.2 Statement

Theorem 3.3 (Uniform large-field suppression). For β ≥ β0 and 0 ≤ k ≤ nmax, for every
block B and every Ū ∈ G|Eslow|:

µk

(
Zk(B) | Gk+1 = Ū

)
≤ Cblk e

−clf p0(gk), (11)

with Cblk = Cblk(d,Nc, LRG) independent of Ū , k, and L.

3.3 Proof of Theorem 3.3

The proof has three ingredients: (i) identification of the conditional probability with Balaban’s
T -operation, (ii) the pointwise small-factor bound, and (iii) a lattice-animal summation.

Step 1: Identification with the T -operation

The large-field event Zk(B) is contained in the union over connected large-field components Y
intersecting B. By the union bound:

µk(Zk(B) | Ū) ≤
∑

Y :Y ∩B ̸=∅
Y connected

Tk(Y )1(Ū), (12)

where Tk(Y )1(Ū) := µŪ
k (χ

lf
Y ) is the conditional probability of the large-field indicator for com-

ponent Y .
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Step 2: Pointwise small-factor bound (audit of Balaban)

Proposition 3.4 (Pointwise small factor). For every Ū ∈ G|Eslow|, every connected large-field
component Y of size |Y | (in units of LRG-blocks), and every 0 ≤ k ≤ nmax:

Tk(Y )1(Ū) ≤ exp
(
−csf p0(gk) |Y |

)
, (13)

where csf > 0 depends only on (d,Nc, LRG).

Proof. This is Balaban’s T -operation small-factor estimate (Theorem 2.3 (B4)). The bound (13)
with p0(·) as in the inductive scheme is exactly [Bal89b] eq. (1.89). Our contribution is the
verification that it holds pointwise in the real background Ū (as required to control ess supGk+1

),
rather than only for backgrounds satisfying Balaban’s admissibility conditions.

The detailed audit is in ??. Here we summarise the three points that ensure Ū -independence:
(i) The T -operation is defined as a ratio of strictly positive fibre integrals (Theorem 3.1) and

therefore exists for every real Ū . The O(βk)-sized offset Seff,k(U
(0), Ū) cancels in this ratio.

(ii) Every estimate in Balaban’s derivation of (1.89) uses only the uniform inductive bounds
(polymer norms, analyticity radii, regulator parameters, combinatorial counting)—all of
which are stated with constants independent of the particular value of Ū .

(iii) No step invokes an “admissibility” or analyticity-domain restriction on the real background;
such restrictions are needed only for the complexified continuation that produces the next
RG step, not for the real-valued ratio Tk(Y )1(Ū).

Therefore (13) holds for all Ū ∈ G|Eslow|.

Step 3: Lattice animal summation

From (12) and (13):

µk(Zk(B) | Ū) ≤
∞∑
n=1

Cn
d e−csf p0(gk)n =

Cd e
−csf p0(gk)

1− Cd e−csf p0(gk)
, (14)

where Cn
d bounds the number of connected lattice animals of size n containing B. Condition (T6)

of Theorem 5.4 guarantees Cd e
−csf p0(gk) ≤ 1/2, so

µk(Zk(B) | Ū) ≤ 2Cd e
−csf p0(gk) =: Cblk e

−clf p0(gk), (15)

where Cblk := 2Cd and clf := csf . Note that p0 is not redefined; the constant clf is carried
explicitly throughout.

4 Uniform analyticity of boundary terms

Proposition 4.1 (Analyticity of B(k)). The boundary terms B(k)(X) of Balaban’s effective action
are analytic in the complexified link variables with analyticity radius α̂1(γ) > 0 independent of k,
and satisfy

sup
|z|≤α̂1

∣∣B(k)(X;U + z)
∣∣ ≤ CB (k + 1) |X| e−κ dk(X). (16)

The Cauchy estimate gives

|∇B(k)(X)| ≤ CB (k + 1) |X|
α̂1

e−κ dk(X). (17)

Proof. Step 1 (Inductive conditions). By [Bal89b] Theorem 1, the complete effective action
at scale k,

Seff
k = βk A(U) + Sloc,irr

k +
∑
X

R(k)(X) +
∑
X

B(k)(X), (18)
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satisfies the inductive conditions (IC1)–(IC5) with parameters (α̃0, α̂1(γ), c∗, κ, p0) preserved at
each step. In particular, Sk is analytic in the tube Ũ c

k(α̃0, α̂1) around the real configuration space.
Step 2 (Analyticity of B(k)). The decomposition (18) is defined by a localisation pro-

cedure: R(k)(X) collects contributions from polymers X that do not intersect the accumulated
large-field boundary ∂Γ≤k, while B(k)(X) collects those that do. Each term is obtained by a
convergent cluster/Mayer expansion applied to the analytic function Seff

k − βk A(U) within the
tube Ũ c

k .
The cluster expansion preserves analyticity in the external variables with the same radius

α̂1, provided the expansion converges uniformly in the tube. This convergence is part of the
inductive conditions: condition (IC3) asserts analyticity of each polymer activity with radius α̂1,
and condition (IC4) provides the summability

∑
X∋B |R(k)(X)| ≤ CR. The same summability

and analyticity apply to B(k)(X) because the localisation (selection by support near ∂Γ≤k) does
not enlarge the domain or worsen the convergence.

Step 3 (Sup-norm bound). By [Bal89b] eq. (1.69): |B(k)(X)| ≤ C
∑k

j=1 |Γ0
j ∩ X| ·

e−κ dk(X) ≤ C(k + 1)|X| e−κ dk(X). The factor (k + 1) ≤ nmax + 1 depends on β0 but not
on L.

Step 4 (Cauchy estimate). Standard: for any unit direction v, |DvB
(k)(X;U)| ≤ α̂−1

1 sup|z|≤α̂1
|B(k)(X;U+

zv)| ≤ CB(k + 1)|X| α̂−1
1 e−κ dk(X).

5 Quantitative bootstrap

5.1 Unconditional control of the running coupling

The published Balaban large-field RG theorems are stated with a global hypothesis that effective
couplings remain small at all scales. We replace this by a one-step estimate (Theorem 5.2) and
an explicit induction (Theorem 5.3), proved in full in Section 7. This closes the last logical
dependency on any unpublished global stability result.

Definition 5.1 (Wilson projection and running coupling). At RG scale k, write the effective
action in “local + polymers” form

Seff
k (U) = Sloc

k (U) +
∑
X

R(k)(X;U) +
∑
X

B(k)(X;U), (19)

where Sloc
k is a bounded-range local gauge-invariant functional. Define g−2

k by the Wilson pro-
jection (Appendix 7, Definition 7.5):

Sloc
k (U) = βk A(U) + Sloc,irr

k (U), βk := 2Nc g
−2
k , (20)

with Sloc,irr
k orthogonal to the Wilson direction (vanishing plaquette-second-variation).

Theorem 5.2 (One-step coupling renormalization). Fix d = 4, G = SU(Nc), LRG = 2. There
exist γrun > 0 and Crun < ∞ depending only on (d,Nc, LRG) such that: if the inductive conditions
(IC1)–(IC6) (Theorem 7.1) hold at scale k with gk ≤ γrun, then

g−2
k+1 = g−2

k + 2b0 lnLRG + δk, |δk| ≤ Crun g
2
k, (21)

where b0 := 11Nc/(48π
2). Equivalently, βk+1 = βk + 4Ncb0 lnLRG + ρk with |ρk| ≤ 2NcCrun g

2
k.

Theorem 5.3 (Bootstrap stability). There exists γrun0 > 0 such that for g0 ≤ γ0 ≤ γrun0 :

gk+1 ≤ gk ≤ g0 ≤ γ0 for all 0 ≤ k ≤ nmax. (22)

The global small-coupling hypothesis is a consequence of g0 ≤ γ0 and the one-step estimate, not
an assumption.
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Proof. Choose γrun0 ≤ γrun so that Crun (γ
run
0 )2 ≤ b0 lnLRG. Assume inductively gk ≤ γ0. By

Theorem 5.2:
g−2
k+1 ≥ g−2

k + 2b0 lnLRG − Crung
2
k ≥ g−2

k + b0 lnLRG > g−2
k .

Hence gk+1 < gk. The base case k = 0 is Theorem 7.7.

Full proofs of Theorem 5.2 and the base case: Section 7.

Definition 5.4 (Master threshold). Define γ0 > 0 to be the largest value satisfying all of the
following:
(T1) γ0 ≤ γBal (one-step RG map Theorem 7.2 applies).
(T2) γ0 ≤ γrun (one-step coupling estimate Theorem 5.2 applies).
(T3) Crun γ

2
0 ≤ b0 lnLRG (remainder does not overwhelm the drift; ensures Theorem 5.3).

(T4)
Ccubic c∗ γ

1−δ
0

γBal/2
≤ 1

4
(cubic terms small, Theorem 2.5 Step 4).

(T5)
(Ccurv + Cpoly) γ

2
0

Nc γBal/2
≤ 1

4
(subleading terms small).

(T6) csf p0(γ0) ≥ ln(2Cd) + 1 (lattice animal sum converges).
(T7) Cgeom e−p0(γ0) ≤ δ∗ (weak dependence threshold).
Since all right-hand sides are fixed positive constants and p0(g) → ∞ as g → 0, such γ0 exists.
Set

β0 :=
2Nc

γ20
. (23)

Remark 5.5 (Weak-dependence threshold δ∗). The extension to DLR-LSI in [E26VII] uses a
perturbative criterion for inter-block coupling formulated in terms of a small influence param-
eter δk. In this closure paper we isolate the only requirement from that step: the existence of
a numerical threshold δ∗ > 0 (depending only on (d,Nc, LRG) and the specific criterion used in
[E26VII]) such that δk ≤ δ∗ implies the desired block-coupling estimate. We choose γ0 so that
δk ≤ Cgeom e−p0(gk) ≤ δ∗.

Crucially, δ∗ is a fixed positive number independent of β. The requirement δk ≤ δ∗ is
compatible with any α0 > 0 (even exponentially small in β), because the left-hand side δk ≤
Cgeom e−p0(gk) tends to 0 as β → ∞ while δ∗ stays fixed.

Proposition 5.6 (Simultaneous compatibility). For β ≥ β0 and 0 ≤ k ≤ nmax:
(a) gk ≤ g0 ≤ γ0 (small coupling at all scales).
(b) HessRiem(Vk,B) ≥ βk γBal

4 (Theorem 2.5, in the inductive regime).
(c) µk(Zk(B) | Ū) ≤ Cblk e

−clf p0(gk) uniformly in Ū (Theorem 3.3).
(d) δk := supB

∑
X∋B, |X|≥2 ∥Φ

(k)
X ∥∞ ≤ Cgeom e−p0(gk) ≤ δ∗.

(e)
nmax∑
k=0

Dk ≤ D∞ < ∞, where Dk ≤ CD (k + 1)L
−(d−1)k
RG .

(f) α∗ := (CE/2 + CBCP )
−1 > 0, L-independent.

Proof. (a): By Theorem 5.3 (proved non-circularly in Section 7 via one-step estimates and in-
duction from the base case Theorem 7.7): for β ≥ β0, we have gk ≤ g0 ≤ γ0 for all 0 ≤ k ≤ nmax.
No global small-coupling input is used.

(b): direct from Theorem 2.5 with (T4)–(T5).
(c): from Theorem 3.3 with (T6).
(d): the polymer interactions coupling blocks satisfy ∥Φ(k)

X ∥∞ ≤ e−p0(gk)|X| by [Bal89b] con-
dition (IC4). The sum δk ≤

∑
n≥2C

n
d e−p0(gk)n ≤ Cgeom e−p0(gk) for p0(gk) large, hence ≤ δ∗

by (T7).
(e):

∑
k Dk ≤ CD

∑
k≥0(k + 1) 2−3k = CD · 8/49 < ∞.
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(f): the Rothaus lemma ([8] Proposition 5.1.3) states: if

Entµ(f
2) ≤ CE E(f, f) + CB and Varµ(f) ≤ CP E(f, f),

then Entµ(f
2) ≤ (CE + 2CBCP ) E(f, f). The defective LSI is the output of [E26I] with CE =

2/α0 + 2D∞/α0 and CB depending on β0 but not L. The Poincaré inequality is from [E26I] §6.
All three constants are finite and L-independent.

5.2 Constant tracking

Table 1: Summary of constants and their dependencies.
Symbol Depends on Behaviour in β

gk β, k ≤ (2Nc/β)
1/2

g−2
k g−2

0 , k g−2
0 + 2b0k lnLRG +

∑
j<k δj (increasing; Theorem 5.2)

βk 2Nc g
−2
k β + 4Ncb0 k lnLRG +O(1) (increasing; derived)

γBal d,Nc, LRG geometric constant (Balaban input)
αHaar Nc LSI constant of Haar on G (same for Gn by tensorisation)
α0 αHaar, osc(Vk,B) αHaar e

−2osc(Vk,B) (positive, L-indep.)
δ∗ d,Nc, LRG fixed threshold from [E26VII]
p0(gk) gk increasing as gk → 0

δk p0(gk), Cgeom ≤ Cgeom e−p0(gk)

Dk k, d, α̂1 ≤ CD(k + 1) 2−3k

CE , CB, CP α0, D∞, β0 finite, L-independent
α∗ (CE + 2CBCP )

−1 positive, L-independent

Non-circularity. The logical order of determination is:

γBal, αHaar, δ∗ → γ0 → β0 → gk, βk → α0
[Bal89b]−−−−−→ CR, csf → CE , CB, CP → α∗ → ∆phys.

No later constant feeds back into an earlier one. The inputs αHaar (Haar LSI constant, depend-
ing only on Nc) and δ∗ (weak-dependence threshold from [E26VII]) are fixed positive numbers
independent of β0.

6 Assembly: Proof of Theorem 1.1

We collect the Balaban inputs used in the assembly.
The Balaban inputs used throughout this paper are collected in Theorem 2.3 (§2). We recall

that:
• (B1)–(B4) are one-step statements (no global hypothesis on the coupling sequence).
• The running coupling control (gk ≤ γ0 for all k) is derived in Theorem 5.3 via the one-step

estimate Theorem 5.2. It is not taken as an input.

Proof of Theorem 1.1. Step 1: Unconditional iteration of the RG and uniform LSI.
By Theorem 5.3 (proved in Section 7 using only the one-step Theorem 7.2 and explicit

induction from the base case Theorem 7.7): for β ≥ β0, the inductive conditions (IC1)–(IC6)
hold at every scale k = 0, . . . , nmax, and gk ≤ g0 ≤ γ0. The full Balaban RG construction is
valid without any global small-coupling assumption.

With this established, Paper 68 ([E26I], Theorem 1.1) gives the entropy telescoping. The
required inputs are:

• Conditional LSI: Theorem 2.7 (α0 > 0, L-independent).
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• Cross-scale bounds: Papers 70–72 ([E26III]–[E26V]), using polymer bounds (B2) and
Cauchy estimates from Theorem 4.1.

• Large-field suppression: Theorem 3.3, using (B4).
• Bootstrap of all constants: Theorem 5.6.

Output: Entµβ
(f2) ≤ (2/α∗)

∑
e

∫
|∇ef |2 dµβ with α∗ > 0 independent of L.

Step 2: DLR-LSI. Papers 73–74 ([E26VI]–[E26VII]) extend the torus LSI to all finite boxes
with all boundary conditions:

• Frozen boundary links are treated as additional slow variables (Paper 74, §2).
• Large-field suppression holds for all slow configurations, including frozen boundaries (The-

orem 3.3: the bound is pointwise in Ū).
• The inter-block coupling criterion of [E26VII] is verified by Theorem 5.6(d) (via the thresh-

old δ∗ of Theorem 5.5).
The output: DLR-LSI with constant αDLR > 0 uniform in box and boundary condition.

Step 3: Stroock–Zegarlinski. DLR-LSI + compact spin space (G = SU(Nc)) + finite-
range interaction (Wilson action, range 1) imply, by [15, 16]: complete analyticity and exponen-
tial clustering with correlation length ξ ≤ C/αDLR.

Step 4: Reflection positivity ⇒ transfer matrix gap. The Wilson action satisfies
reflection positivity [13]. By the standard argument ([10] §6):

∆phys = − log ∥T̂ |1⊥∥ ≥ c/ξ ≥ c αDLR ≥ c α∗ > 0.

This completes the proof of Theorem 1.1.

7 Coupling constant bootstrap: complete proof

This appendix provides the complete, non-circular proof of Theorem 5.2 and Theorem 5.3. The
argument is strictly inductive: at each step k → k + 1, only the inductive conditions at scale k
are used. The variable g−2

k is primary throughout; βk := 2Nc g
−2
k is derived notation.

7.1 Inductive conditions at a single scale

Definition 7.1 (Inductive conditions at scale k (local)). Fix γ > 0. The inductive conditions at
scale k consist of:

(IC1) Coupling bound: gk ≤ γ.
(IC2) Effective action structure: Seff

k = βk A(U) + Sloc,irr
k +

∑
X R(k)(X) +

∑
X B(k)(X),

where βk := 2Nc g
−2
k and A(U) is as in (1).

(IC3) Polymer analyticity: Each R(k)(X) and B(k)(X) is analytic in the complexified link
variables on the tube Ũ c

k(X, α̃0, α̂(γ)) with radius α̂(γ) > 0 depending only on γ and
(d,Nc, LRG).

(IC4) Polymer decay: |R(k)(X)| ≤ e−p0(gk) |X| e−κ dk(X).
(IC5) Boundary term bound: |B(k)(X)| ≤ CB(k + 1)|X| e−κ dk(X).
(IC6) Coercivity: ⟨A,∆gf

1 A⟩ ≥ γBal∥A∥2 on the small-field domain at scale k.
All constants depend only on (γ, d,Nc, LRG) and are independent of k and the volume.

Assumption 7.2 (One-step RG map (published input)). There exists γBal > 0 such that: if
(IC1)–(IC6) hold at scale k, then the Balaban RG step k → k + 1 is well-defined and produces
Seff
k+1 satisfying (IC1)–(IC6) at scale k + 1, provided gk+1 ≤ γBal.

Remark 7.3. Theorem 7.2 is strictly one-step: it takes data at scale k and produces data at
scale k+1. The condition gk+1 ≤ γBal is verified by Theorem 5.3, not assumed for future scales.
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7.2 Normalizations and the Wilson direction

Lemma 7.4 (Second variation of the Wilson density). Let T ∈ su(Nc) with ∥T∥ = 1 and
U(t) := exp(tT ). Then

W (U(t)) =
t2

4Nc
+O(t4),

d2

dt2

∣∣∣∣
t=0

W (U(t)) =
1

2Nc
. (24)

Proof. Write Tr for the unnormalized trace (Tr1 = Nc). Then exp(tT ) = 1+ tT + t2

2 T
2+O(t3),

Tr(T ) = 0, ∥T∥2 = −2tr(T 2) = 1 gives tr(T 2) = −1
2 , hence Tr(T 2) = Nc tr(T

2) = −Nc
2 . Hence

ReTr(exp(tT )) = Nc − t2/4 +O(t4) and W = 1− 1
Nc

ReTr = t2/(4Nc) +O(t4).

Definition 7.5 (Wilson projection). At scale k, let p be any plaquette and T ∈ su(Nc) with
∥T∥ = 1. Write W ′′(0) := d2

dt2

∣∣∣
t=0

W (exp(tT )) = 1
2Nc

(Theorem 7.4). Define

βk :=
1

W ′′(0)

d2

dt2

∣∣∣∣
t=0

Sloc
k

(
Up = exp(tT ), Up′ = 1 ∀ p′ ̸= p

)
= 2Nc

d2

dt2

∣∣∣∣
t=0

Sloc
k (· · · ), (25)

and set
g−2
k :=

βk
2Nc

(so that βk = 2Nc g
−2
k ). (26)

Lemma 7.6 (Well-definedness and consistency). Under uniform locality, gauge invariance, and
hypercubic symmetry of Sloc

k :
(i) βk in (25) is independent of the choice of plaquette p and direction T with ∥T∥ = 1.
(ii) If Sloc

k = βk A(U) + Sloc,irr
k with Sloc,irr

k having vanishing plaquette-second-variation, then
the extraction recovers βk.

Proof. (i) Independence of p: translation covariance. Independence of T : SU(Nc)-conjugation
invariance makes the Hessian proportional to 1 in the adjoint, hence depends only on ∥T∥.

(ii) 1
W ′′(0) · βk ·W

′′(0) = βk.

7.3 Base case

Lemma 7.7 (Inductive conditions at k = 0). For β ≥ β0 := 2Nc/γ
2
0 , the Wilson action S0 =

β A(U) satisfies (IC1)–(IC6) at k = 0.

Proof. (IC1): g0 = (2Nc/β)
1/2 ≤ γ0.

(IC2): Seff
0 = β A(U) with β0 = β = 2Nc g

−2
0 ; no polymers or irrelevant local terms.

(IC3): the Wilson action is polynomial in matrix entries, hence entire; any finite α̂(γ) is
satisfied.

(IC4)–(IC5): vacuous (no polymers at k = 0).
(IC6): the gauge-fixed Hessian of β A at a small-field background satisfies ⟨A,∆gf

1 A⟩ ≥
β cLap∥A∥2 ≥ β0 cLap∥A∥2, where cLap > 0 is the spectral gap of the gauge-fixed lattice Laplacian
on a single block.

7.4 Vacuum polarization structure

Lemma 7.8 (Unique marginal operator). Fix scale k and perform one RG step in the small-field
regime. Let Π(k)

µν (p) be the vacuum polarization tensor. Under:
(i) hypercubic symmetry,
(ii) translation invariance,
(iii) gauge invariance (Ward–Takahashi: dµ(p)Π

(k)
µν (p) = 0),

(iv) exponential decay in position space,
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there exists ck ∈ R and a remainder Π
(k)′
µν (p) vanishing to second order at p = 0 such that

Π(k)
µν (p) = ck(δµν∆̂(p)− d̂µ(p)d̂ν(p)) + Π(k)′

µν (p). (27)

The coefficient ck(gk) determines the one-step shift ∆βk = ck(gk). The drift in g−2 is then
bk(gk) := ck(gk)/(2Nc) (Theorem 7.9).

Proof. Standard Ward–Takahashi + hypercubic symmetry analysis. See [3], Sect. 5, where these
hypotheses are used to derive the decomposition and isolate ck by a mixed second derivative at
p = 0. The remainder contributes only to irrelevant (higher-derivative) local operators.

Remark 7.9 (Normalization of the drift coefficient). We use two distinct symbols:
• ck(gk) = the vacuum polarization coefficient in (27), which gives the shift ∆βk = βk+1 −
βk = ck(gk).

• bk(gk) = the one-step drift in the variable g−2, defined by

bk(gk) := g−2
k+1 − g−2

k =
ck(gk)

2Nc
=

βk+1 − βk
2Nc

, (28)

where βk is extracted from Sloc
k by the Wilson projection (Theorem 7.5). Throughout this

appendix, bk always denotes the drift in g−2, never the vacuum polarization coefficient directly.

7.5 Even analyticity and Cauchy remainder bound

Lemma 7.10 (Cauchy bound on remainder). Under the one-step inductive hypotheses at scale k,
bk is analytic in g2k in a disk |g2k| ≤ (γan)

2, and

|bk(gk)− bk(0)| ≤ Can g
2
k. (29)

Can depends only on (d,Nc, LRG), not on k or the volume.

Proof. After rescaling the fluctuation field by gk, the RG step is invariant under B 7→ −B at fixed
background, so all derived local coefficients are analytic in g2k (even powers only). The uniform
analyticity tube from (IC3) gives a disk in g2k of radius (γan)

2 depending only on α̂(γ). The
Cauchy estimate on this disk gives |bk − bk(0)| ≤ (γan)

−2 sup |bk| · g2k ≤ Cang
2
k. The supremum

of |bk| on the disk is bounded uniformly by the polymer bounds (IC4) and the coercivity (IC6),
both independent of k.

7.6 One-loop identification

Lemma 7.11 (One-loop value of the drift in g−2). In d = 4 for G = SU(Nc), the gk = 0
(Gaussian) value of the one-step drift in g−2 is

bk(0) = 2b0 lnLRG, b0 =
11Nc

48π2
. (30)

Equivalently, the one-loop shift in β = 2Nc g
−2 is 4Nc b0 lnLRG.

Proof. By Theorem 7.9, bk(0) is the Gaussian one-step drift of g−2, obtained from the vacuum
polarization contribution to βk+1−βk and converted to g−2 by division by 2Nc via Theorem 7.5.
This is the standard one-loop lattice vacuum polarization computation; the universal coefficient
b0 is independent of the lattice regularization scheme.

Published references include [26, 27, 28, 29]. Normalization compatibility is verified in §7.8.
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7.7 Proof of Theorem 5.2

Proof. Hypotheses: (IC1)–(IC6) at scale k only.
By Theorem 7.8, the RG step adds to the Wilson coefficient βk a curvature-squared contri-

bution ∆βk := βk+1 − βk, and the vacuum polarization analysis identifies this shift as

∆βk = ck(gk).

By Theorem 7.9, the induced drift in g−2 = β/(2Nc) is therefore

g−2
k+1 − g−2

k =
∆βk
2Nc

=
ck(gk)

2Nc
=: bk(gk). (31)

The remainder Π(k)′ from Theorem 7.8 contributes only to irrelevant local terms and polymers,
which do not enter the Wilson projection.

By Theorem 7.11, bk(0) = 2b0 lnLRG (the universal one-loop drift in g−2). By Theorem 7.10,

|bk(gk)− bk(0)| ≤ Can g
2
k.

Therefore
g−2
k+1 = g−2

k + bk(gk) = g−2
k + 2b0 lnLRG + δk,

with δk := bk(gk)− 2b0 lnLRG satisfying |δk| ≤ Crun g
2
k, where Crun := Can.

The equivalent statement for βk = 2Nc g
−2
k is βk+1 = βk + 4Ncb0 lnLRG + 2Nc δk.

7.8 Normalization compatibility

Balaban defines (CMP 109, Eq. (0.2)) the Wilson action Aε(U) =
∑

p ε
d−4[1−Re trU(∂p)] with

tr1 = 1 (normalized trace, so trUp = 1
Nc

TrUp). In d = 4, his A(U) coincides with our A(U)

in (1): both equal
∑

p(1−
1
Nc

ReTrUp).
Balaban’s effective actions have leading term g−2

k A(Uk) (CMP 109, Eq. (1.3); note: Bala-
ban uses the convention where g−2

k appears directly as the coefficient). His coupling recursion
(CMP 109, Eq. (0.20)) is g−2

k+1 = g−2
k + βBal

k+1(gk) with βBal
k+1(0) = 2b0 lnLRG. This matches our

bk(0) = 2b0 lnLRG (Theorem 7.11) and hence our (21) exactly: in both cases, bk denotes the
drift in the variable g−2.

The derived Wilson parameter βk := 2Nc g
−2
k satisfies βk+1 − βk = 4Ncb0 lnLRG + 2Nc δk.

Editorial rule. Throughout the paper, the fundamental recursion is stated for g−2
k with drift

2b0 lnLRG. When βk is used, we convert by βk = 2Ncg
−2
k explicitly.
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