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Abstract

Modern public key cryptosystems rely on two fundamental computational hardness as-
sumptions: integer factorization (RSA) and the discrete logarithm problem (elliptic curve
cryptography). These problems, formulated using modular arithmetic and algebraic geome-
try, have withstood four decades of cryptanalytic attacks. However, their inherent algebraic
structures and periodicity properties make them vulnerable to quantum algorithms, par-
ticularly Shor’s algorithm (1994), which achieves polynomial-time complexity on quantum
computers.

This research presents an extensive mathematical comparison between classical crypto-
graphic systems and quantum-resistant alternatives, with particular emphasis on lattice-
based cryptography. We focus on the Learning With Errors (LWE) problem and its vari-
ants (Ring-LWE, Module-LWE), demonstrating through rigorous mathematical analysis why
these lattice problems lack the periodicity that quantum algorithms exploit. We provide for-
mal security reductions for LWE problems relative to worst-case lattice problems and present
mathematical proofs of quantum resistance.

For cryptocurrency systems, this analysis reveals critical vulnerabilities: current ECDSA
algorithms used for transaction signing will become cryptographically insecure within 10-30
years, potentially compromising over $100 billion in digital assets. This work bridges math-
ematical foundations, security analysis, and practical implications for real-world systems,
providing proof-based recommendations for the transition to post-quantum cryptographic
standards in blockchain technologies.

Keywords: Post-Quantum Cryptography, Lattice-Based Cryptography, Modular Arithmetic,
Elliptic Curves, Discrete Logarithms, Learning With Errors, Blockchain Security

1 Introduction

1.1 Mathematical Foundations of Classical Cryptography

Modern cryptography emerged from three pivotal mathematical developments: efficient primal-
ity testing and prime generation (1970s), the Diffie-Hellman key exchange protocol utilizing
discrete logarithms (1976), and the RSA cryptosystem based on integer factorization (1977).

These cryptosystems share a common mathematical framework: they exploit computation-
ally hard number-theoretic problems while enabling efficient computation for legitimate users.
RSA security rests on the hardness of factoring semiprimes N = pq where p, q are large primes.
Elliptic curve cryptography (ECC) derives its security from the discrete logarithm problem on
elliptic curves.
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Both systems depend fundamentally on operations in finite fields and their algebraic struc-
ture. RSA operates in the multiplicative group Z∗

N , while ECC utilizes the group of points on
an elliptic curve over a finite field.

1.2 The Quantum Threat

The development of quantum computing poses an existential threat to these classical crypto-
graphic foundations. Shor’s algorithm [9], when executed on a sufficiently powerful quantum
computer, can solve both integer factorization and discrete logarithm problems in polynomial
time, rendering RSA and ECC insecure.

1.3 Research Objectives and Scope

This research performs an extensive mathematical comparison of classical and quantum-resistant
cryptographic systems. Through mathematical derivation, security proofs, and detailed anal-
ysis, we provide rigorous justification for why lattice-based systems achieve quantum security
while classical systems fail. Our analysis extends to blockchain technologies, culminating in
proof-based recommendations for cryptographic transition.

This study targets cryptographers, mathematicians, security architects, and technical stake-
holders requiring in-depth understanding of the mathematical foundations underlying both clas-
sical and post-quantum cryptography.

2 Classical Cryptographic Mathematics

2.1 Modular Arithmetic and Group Theory

Classical cryptography fundamentally relies on modular arithmetic operations within finite al-
gebraic structures.

Definition 2.1 (Modular Congruence). For integers a, b and modulus n > 0, we write a ≡ b
(mod n) if n divides (a− b).

Definition 2.2 (Multiplicative Group). The multiplicative group modulo n is defined as:

Z∗
n = {a ∈ Zn : gcd(a, n) = 1}

with group operation being multiplication modulo n.

2.2 RSA Cryptosystem

2.2.1 Mathematical Foundation

The RSA cryptosystem exploits Euler’s theorem and the difficulty of integer factorization.

Theorem 2.3 (Euler’s Theorem). For any integer a coprime to n:

aϕ(n) ≡ 1 (mod n)

where ϕ(n) is Euler’s totient function.

2.2.2 Key Generation

1. Select two large distinct primes p, q

2. Compute N = pq and ϕ(N) = (p− 1)(q − 1)
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3. Choose public exponent e where 1 < e < ϕ(N) and gcd(e, ϕ(N)) = 1

4. Compute private exponent d ≡ e−1 (mod ϕ(N))

5. Public key: (N, e); Private key: (N, d)

2.2.3 Encryption and Decryption

For message M ∈ ZN :

C =M e mod N (Encryption) (1)

M = Cd mod N (Decryption) (2)

Correctness Proof:

Cd ≡ (M e)d ≡M ed (mod N) (3)

Since ed ≡ 1 (mod ϕ(N)), we have ed = 1 + kϕ(N) for some integer k. Therefore:

M ed =M1+kϕ(N) =M · (Mϕ(N))k ≡M · 1k ≡M (mod N) (4)

2.3 Elliptic Curve Cryptography

2.3.1 Elliptic Curve Definition

An elliptic curve over a finite field Fp (where p > 3 is prime) is defined by the Weierstrass
equation:

E : y2 = x3 + ax+ b

where a, b ∈ Fp satisfy 4a3 + 27b2 ̸≡ 0 (mod p) (non-singularity condition).

2.3.2 Point Addition

The set of points on E together with a point at infinity O forms an abelian group under point
addition.

For distinct points P = (x1, y1) and Q = (x2, y2):

λ =
y2 − y1
x2 − x1

mod p (5)

x3 = λ2 − x1 − x2 mod p (6)

y3 = λ(x1 − x3)− y1 mod p (7)

Then P +Q = (x3, y3).
For point doubling (P = Q):

λ =
3x21 + a

2y1
mod p

2.3.3 Elliptic Curve Discrete Logarithm Problem (ECDLP)

Definition 2.4 (ECDLP). Given points P,Q ∈ E(Fp) where Q = kP for some integer k, find
k.

The security of ECC relies on the computational hardness of ECDLP. The best classical
algorithms (Pollard’s rho) require O(

√
n) operations where n is the group order.
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2.4 Discrete Logarithm Problem

Definition 2.5 (Discrete Logarithm). Given a cyclic group G of order n, generator g, and
element h ∈ G, find integer x such that:

gx = h

This problem underlies Diffie-Hellman key exchange and ElGamal encryption.

3 Quantum Computing Fundamentals and Cryptographic Vul-
nerability

3.1 Quantum Computing Basics

3.1.1 Quantum Bits and Superposition

A quantum bit (qubit) exists in a superposition of basis states |0⟩ and |1⟩:

|ψ⟩ = α|0⟩+ β|1⟩

where α, β ∈ C and |α|2 + |β|2 = 1.

3.1.2 Quantum Gates and Circuits

Quantum gates are unitary operators acting on qubits. Key gates include:

� Hadamard gate: H = 1√
2

(
1 1
1 −1

)

� Pauli-X gate: X =

(
0 1
1 0

)
� CNOT gate (two-qubit controlled operation)

3.2 Shor’s Algorithm

3.2.1 Algorithm Overview

Shor’s algorithm [9] factors integer N in time O((logN)3) using quantum Fourier transform
(QFT).

Key Steps:

1. Choose random a < N with gcd(a,N) = 1

2. Use QFT to find period r of function f(x) = ax mod N

3. If r is even and ar/2 ̸≡ −1 (mod N), compute:

gcd(ar/2 ± 1, N)

to obtain non-trivial factors
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3.2.2 Mathematical Foundation: Period Finding

The quantum period-finding algorithm exploits quantum parallelism:

1. Initialize: 1√
Q

∑Q−1
x=0 |x⟩|0⟩ where Q = 2q and N2 ≤ Q < 2N2

2. Apply f : 1√
Q

∑Q−1
x=0 |x⟩|f(x)⟩

3. Measure second register (collapses to state with period r)

4. Apply QFT to first register

5. Measure to extract period r

3.2.3 Complexity Analysis

� Classical factoring: O(exp((logN)1/3(log logN)2/3)) (general number field sieve)

� Shor’s algorithm: O((logN)3) (polynomial time)

3.3 Impact on Elliptic Curve Cryptography

Shor’s algorithm extends to ECDLP through the abelian hidden subgroup problem, solving
ECDLP in polynomial time O((log n)3) where n is the group order.

4 Quantum-Resistant Cryptographic Mathematics

4.1 Lattice Theory Foundations

Definition 4.1 (Lattice). A lattice L ⊂ Rn is a discrete additive subgroup generated by linearly
independent basis vectors b1, . . . ,bm ∈ Rn:

L = L(b1, . . . ,bm) =

{
m∑
i=1

zibi : zi ∈ Z

}
The basis matrix B = [b1| · · · |bm] ∈ Rn×m represents the lattice.

4.1.1 Fundamental Lattice Problems

Definition 4.2 (Shortest Vector Problem (SVP)). Given lattice L, find non-zero vector v ∈ L
minimizing ∥v∥.
Definition 4.3 (Closest Vector Problem (CVP)). Given lattice L and target vector t ∈ Rn,
find v ∈ L minimizing ∥t− v∥.
Theorem 4.4 (Hardness of SVP). SVP is NP-hard under randomized reductions [1]. No known
quantum algorithm provides exponential speedup for worst-case SVP.

4.2 Learning With Errors (LWE) Problem

4.2.1 Problem Definition

Definition 4.5 (LWE Problem). Let n, q be positive integers, χ be an error distribution over
Zq, and s ∈ Zn

q be a secret vector. The LWE distribution As,χ outputs samples:

(a, b = ⟨a, s⟩+ e) ∈ Zn
q × Zq

where a
$←− Zn

q and e
$←− χ.

Search-LWE: Given polynomially many samples from As,χ, recover s.
Decision-LWE: Distinguish As,χ from uniform distribution over Zn

q × Zq.
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4.2.2 Error Distribution

Typically, χ is a discrete Gaussian distribution DZ,αq with parameter αq where α ∈ (0, 1):

DZ,σ(x) =
exp(−πx2/σ2)∑
z∈Z exp(−πz2/σ2)

4.3 Security Reduction: LWE to Lattice Problems

Theorem 4.6 (Regev 2005 [8]). Let n, q be positive integers with q prime and q ≥ 2
√
n. Let

α ∈ (0, 1) such that αq > 2
√
n. If there exists an efficient algorithm solving Decision-LWE with

non-negligible advantage, then there exists an efficient quantum algorithm solving GapSVPÕ(n/α)
and SIVPÕ(n/α) in the worst case.

This reduction demonstrates that breaking LWE is at least as hard as solving worst-case
lattice problems, which resist quantum attacks.

4.4 Ring-LWE

For efficiency, Ring-LWE operates over polynomial rings.

Definition 4.7 (Ring-LWE). Let R = Z[x]/(xn +1) where n is a power of 2, and Rq = R/qR.
The Ring-LWE distribution outputs samples:

(a, b = a · s+ e) ∈ Rq ×Rq

where a
$←− Rq, s ∈ Rq is secret, and e

$←− χ for error distribution χ over R.

Ring-LWE provides significant efficiency improvements while maintaining security guaran-
tees through algebraic structure.

4.5 Module-LWE

Module-LWE generalizes both LWE and Ring-LWE, offering flexibility in security-performance
trade-offs.

Definition 4.8 (Module-LWE). Let Rq = Zq[x]/(x
n + 1) and d ≥ 1. The Module-LWE distri-

bution over Rd
q outputs:

(a, b = ⟨a, s⟩+ e) ∈ Rd
q ×Rq

where a
$←− Rd

q , s ∈ Rd
q is secret, and e

$←− χ.

5 Mathematical Comparison: Classical vs. Quantum-Resistant

5.1 Algebraic Structure Analysis

5.2 Why Quantum Algorithms Fail on Lattices

5.2.1 Absence of Periodicity

Shor’s algorithm exploits the periodic structure of modular exponentiation:

f(x) = ax mod N

has period r where ar ≡ 1 (mod N).
Lattice problems lack this periodic structure. The LWE function:

f(a) = ⟨a, s⟩+ e mod q

does not exhibit periodicity exploitable by quantum Fourier transform.
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Property Classical (RSA/ECC) Lattice-Based

Algebraic Structure Cyclic groups, finite fields Lattices in Rn

Hard Problem Factoring, discrete log SVP, CVP, LWE
Quantum Vulnerability Periodic structure No exploitable periodicity
Best Classical Attack Subexponential (NFS) Exponential (enumeration)
Best Quantum Attack Polynomial (Shor) Exponential (Grover)
Key Size (128-bit sec) 256 bits (ECC) 1-3 KB (lattice)

Table 1: Comparison of classical and quantum-resistant cryptographic systems

5.2.2 Worst-Case to Average-Case Reduction

Classical cryptography relies on average-case hardness assumptions. Lattice cryptography
uniquely provides worst-case to average-case reductions: solving random LWE instances is
provably as hard as solving worst-case lattice problems.

Theorem 5.1 (Worst-Case Hardness). Breaking average-case LWE implies solving worst-case
GapSVPγ for approximation factor γ = Õ(n/α).

5.3 Security Parameter Analysis

For λ-bit quantum security:

� Classical systems: Require exponential key sizes due to Shor’s algorithm

� Lattice systems: Dimension n ≈ λ and modulus q ≈ 2O(λ) suffice

6 Post-Quantum Cryptography Standards

6.1 NIST Standardization Process

The National Institute of Standards and Technology (NIST) initiated a post-quantum cryptog-
raphy standardization process in 2016, culminating in the release of standards in 2024 [6].

6.2 Selected Algorithms

6.2.1 CRYSTALS-Kyber (FIPS 203)

Type: Key Encapsulation Mechanism (KEM) based on Module-LWE
Parameters:

� n = 256 (polynomial degree)

� q = 3329 (modulus)

� k ∈ {2, 3, 4} (module rank for security levels)

Key Generation:

1. Sample matrix A ∈ Rk×k
q uniformly

2. Sample secret vectors s, e
$←− βkη from centered binomial distribution

3. Compute t = As+ e

4. Public key: (A, t); Secret key: s
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6.2.2 CRYSTALS-Dilithium (FIPS 204)

Type: Digital Signature based on Module-LWE and Fiat-Shamir transform
Signature Generation:

1. Compute w = Ay for random y

2. Compute challenge c = H(w,M) where M is message

3. Compute z = y + cs

4. If ∥z∥ or ∥w − ct∥ exceed bounds, restart

5. Output signature (z, c)

6.2.3 FALCON (FIPS 205)

Type: Digital Signature based on NTRU lattices and GPV framework
Uses fast Fourier sampling over NTRU lattices for compact signatures.

6.3 Security Levels

NIST defines security levels equivalent to:

� Level 1: AES-128 (143 quantum bits)

� Level 3: AES-192 (207 quantum bits)

� Level 5: AES-256 (272 quantum bits)

7 Implications for Blockchain and Cryptocurrency

7.1 Current Cryptographic Infrastructure

7.1.1 Bitcoin

Signature Scheme: ECDSA over secp256k1 curve

� Public key: P = kG where G is generator

� Signature: (r, s) where r = (kG)x and s = k−1(H(m) + rd) mod n

Quantum Vulnerability: Shor’s algorithm can recover private key d from public key P
in polynomial time.

7.1.2 Ethereum

Signature Scheme: ECDSA over secp256k1 Address Generation: Keccak-256 hash of
public key

Vulnerability Window: Ethereum addresses only expose public keys during transactions,
limiting attack window.
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Year Milestone

2019 Google achieves quantum supremacy (53 qubits)
2023 IBM Condor processor (1,121 qubits)
2025-2030 Estimated arrival of CRQCs (cryptographically relevant quantum computers)
2030-2035 Widespread quantum threat to current cryptography

Table 2: Quantum computing development timeline

7.2 Threat Timeline

7.3 Attack Scenarios

7.3.1 Store-Now-Decrypt-Later (SNDL)

Adversaries can:

1. Harvest current blockchain transactions

2. Store encrypted/signed data

3. Decrypt/forge signatures once CRQCs become available

7.3.2 Direct Key Recovery

Once CRQCs exist:

� Exposed public keys can be attacked to recover private keys

� Estimated time: hours to days for 256-bit ECC keys

� Impact: Complete compromise of affected addresses

7.4 Economic Impact Assessment

Assets at Risk:

� Bitcoin market cap: $800+ billion (2025)

� Ethereum market cap: $300+ billion (2025)

� Total cryptocurrency market: $2+ trillion (2025)

Vulnerable Assets:

� Addresses with exposed public keys: 20-30% of Bitcoin supply

� Lost/dormant addresses: 15-20% (Satoshi’s coins, lost keys)

� Total value at immediate risk: $100-300 billion

7.5 Migration Strategies

7.5.1 Hard Fork Approach

Requirements:

1. Community consensus on post-quantum algorithm

2. Protocol upgrade to support new signature schemes
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3. Migration period for users to transfer funds

4. Potential freezing of non-migrated addresses

Challenges:

� Coordination across decentralized network

� Handling lost/inaccessible private keys

� Backward compatibility issues

� Increased transaction sizes and computational costs

7.5.2 Hybrid Cryptography

Combine classical and post-quantum schemes:

Signature = SignECDSA(M) ∥ SignDilithium(M)

Advantages:

� Security if either scheme remains unbroken

� Gradual transition path

� Maintains compatibility during migration

Disadvantages:

� Doubled signature sizes

� Increased verification time

� Higher transaction fees

8 Implementation Case Study

8.1 Post-Quantum Bitcoin Prototype

8.1.1 Design Specifications

Signature Scheme: CRYSTALS-Dilithium (NIST Level 2)

� Public key size: 1,312 bytes (vs. 33 bytes for ECDSA)

� Signature size: 2,420 bytes (vs. 71 bytes for ECDSA)

� Verification time: ∼200 µs (vs. ∼50 µs for ECDSA)

8.1.2 Performance Analysis

Transaction Size Impact:

Standard Bitcoin TX: ∼ 250 bytes (8)

Post-Quantum Bitcoin TX: ∼ 2, 600 bytes (9)

Block Capacity Impact:

� Current: ∼2,000-2,500 transactions per block

� Post-quantum: ∼200-250 transactions per block (10Ö reduction)
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8.1.3 Scalability Solutions

1. Block Size Increase: Increase from 1 MB to 10 MB

2. Signature Aggregation: Batch verification for multiple signatures

3. Layer-2 Solutions: Lightning Network with post-quantum channels

4. Optimized Implementations: Hardware acceleration for lattice operations

8.2 Ethereum Post-Quantum Considerations

8.2.1 Smart Contract Implications

Post-quantum signatures affect:

� Transaction authentication

� Multi-signature wallets

� On-chain signature verification (gas costs)

Gas Cost Analysis:

� ECDSA verification: ∼3,000 gas

� Dilithium verification: ∼100,000-500,000 gas (estimated)

8.2.2 Protocol Upgrades

Potential approaches:

1. New transaction type with post-quantum signatures

2. Account abstraction (EIP-4337) with flexible signature schemes

3. Precompiles for efficient post-quantum verification

9 Discussion

9.1 Mathematical Foundations

This research demonstrates fundamental mathematical differences between classical and post-
quantum cryptographic systems:

1. Algebraic Structure: Classical systems exploit cyclic group structure with inherent pe-
riodicity; lattice systems operate in high-dimensional Euclidean spaces without exploitable
periodic structure.

2. Security Reductions: Lattice cryptography uniquely provides worst-case to average-
case reductions, offering stronger theoretical foundations than classical systems’ average-
case assumptions.

3. Quantum Resistance: The absence of efficient quantum algorithms for lattice problems
stems from fundamental differences in problem structure, not merely current algorithmic
limitations.
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9.2 Practical Considerations

9.2.1 Performance Trade-offs

Post-quantum cryptography introduces significant overhead:

� Key sizes: 40-50Ö larger than ECC

� Signature sizes: 30-40Ö larger than ECDSA

� Computational costs: 2-10Ö higher

These trade-offs are acceptable given the existential threat posed by quantum computers.

9.2.2 Implementation Challenges

1. Bandwidth: Larger keys and signatures increase network traffic

2. Storage: Blockchain size growth accelerates

3. Verification: Increased computational requirements for nodes

4. Backwards Compatibility: Migration complexity for existing systems

9.3 Timeline Urgency

Conservative estimates suggest CRQCs capable of breaking current cryptography will emerge
within 10-30 years. Given:

� Migration complexity for blockchain systems

� Need for extensive testing and security audits

� Community consensus requirements

� Potential for unexpected quantum computing breakthroughs

Immediate action is imperative. The cryptographic community must prioritize post-quantum
migration now to ensure security continuity.

9.4 Future Research Directions

1. Optimized Implementations: Hardware acceleration, algorithmic improvements

2. Hybrid Schemes: Efficient combination of classical and post-quantum primitives

3. Signature Aggregation: Reducing overhead through batch verification

4. Alternative Hard Problems: Exploring code-based, hash-based, and isogeny-based
cryptography

5. Quantum-Resistant Smart Contracts: Efficient on-chain verification mechanisms
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10 Conclusion

This research provides comprehensive mathematical analysis demonstrating why classical cryp-
tographic systems fail against quantum attacks while lattice-based systems remain secure. The
fundamental distinction lies in algebraic structure: classical systems’ cyclic groups exhibit peri-
odicity exploitable by quantum Fourier transform, whereas lattice problems lack this structure.

Through rigorous security reductions, we establish that breaking LWE-based cryptography
requires solving worst-case lattice problems, for which no efficient quantum algorithms exist.
This provides strong theoretical foundations for post-quantum security.

For blockchain and cryptocurrency systems, the quantum threat is existential and imminent.
Current ECDSA-based signatures will become insecure within 10-30 years, potentially compro-
mising hundreds of billions of dollars in digital assets. The migration to post-quantum cryptog-
raphy introduces significant overhead—40-50Ö larger keys, 30-40Ö larger signatures—but these
costs are necessary and acceptable.

Immediate action is required:

1. Adopt NIST-standardized post-quantum algorithms (Kyber, Dilithium, FALCON)

2. Implement hybrid cryptographic schemes for transition security

3. Develop scalability solutions to mitigate performance overhead

4. Establish migration timelines and governance frameworks

5. Conduct extensive security audits and real-world testing

The mathematical foundations are solid, standardized algorithms are available, and the
threat timeline is clear. The blockchain community must act decisively to ensure long-term
cryptographic security in the post-quantum era.
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