Erratum (v3): Theorem 3.1 not established;
withdrawal of Corollaries 3.2-3.3

Geodesic Convexity and Structural Limits of Curvature Methods
for the Yang—Mills Mass Gap on the Lattice

Lluis FEriksson e ai.viXra:2602.0036 e July 2026

Corollaries 3.2 and 3.3 are withdrawn, and Theorem 3.1 is not established by its
printed proof. The corollaries pass from a Ricci bound at regular points to a spectral gap for
a global operator, by a one-sentence appeal to codimension; that step is not established, and the
reference given for it does not supply it (§1). But the regular-point bound itself does not survive
either: the O’Neill trace in equation (19) omits the mixed horizontal-vertical sectional terms, and
the omitted terms have the unfavourable sign (§2). A correct global statement exists — but it
concerns a measure and an operator that have not been identified with those of the withdrawn
corollaries, and is therefore added here as a separate result rather than presented as a repair (§3).

An earlier draft of this note stated that “Theorem 3.1 stands exactly as printed”. That was
wrong, and is withdrawn here. It is recorded rather than quietly amended: it is the fourth time in
this correction campaign that a list of surviving statements was closed by checking dependencies
wmstead of reading o proof.

1 What is withdrawn

Corollary 3.2 concludes A\; > N,/2 for the Laplacian on the compact quotient B, arguing that “the
singular set (reducible connections) has codimension > 2 and does not affect the spectrum”, with
a single citation. Corollary 3.3 converts that into a kinetic gap Ei‘in — E(l)"m > ¢?N./4 uniform in
L.

Three things are wrong with the step, and each alone suffices.

(a) The cited reference is about a different situation. The citation is to Bérard-Bergery—
Bourguignon, Laplacians and Riemannian submersions with totally geodesic fibres. That is a
theorem about smooth submersions whose fibres are totally geodesic. The gauge orbits are not
totally geodesic in general, and the submersion structure degenerates exactly at the reducible
connections — which is precisely where the statement is needed. It is not a spectral-removability
theorem for a singular stratum.

(b) Codimension > 2 is not by itself a removability criterion. Two distinct levels are
involved, and they must not be run together. To identify the Friedrichs/Dirichlet-form realisation
across the singular set one would need an appropriate removability or capacity theorem for the
relevant form — that the closure of the form on Cg°(Bieg) coincides with the intended global
form. Essential self-adjointness of the minimal differential operator, and hence uniqueness among
all self-adjoint extensions, is a separate and strictly stronger question, and is not established here
either. Codimension alone gives neither. Moreover the stabilisers of the reducible configurations
in the singular locus have positive dimension, so the quotient is a stratified space, not merely a
manifold with finitely many quotient singularities.

(¢) The paper specifies and justifies no global self-adjoint realisation of K3®. B is
the regular stratum with the singular locus removed and is in general incomplete. The unweighted
Laplace-Beltrami expression on Cg°(Breg) is symmetric and non-negative, but it has not been



shown to be essentially self-adjoint; it may admit several self-adjoint extensions. Realisations can
be constructed — the Friedrichs extension of a chosen form, for one — so the objection is not
that none exists; it is that the paper picks none and justifies none, while Corollary 3.2 quantifies
the spectrum of one.

2 Theorem 3.1: the printed O’Neill trace is not the right one

The corollaries would fall on §1 alone. But the regular-point bound they globalise does not survive
its own proof either.

Equation (19) reads

Ricp(X, X) = Rica (X", X") + %Z’][Xh,Ef]”HQ > Ricy (X", XM).

That is not the trace of O’Neill’s horizontal equation. With {X, E», ..., Ep} an orthonormal basis
of Tjy B and {V4, ...,V } an orthonormal vertical basis, O'Neill gives Kp(X, E;) = Kao(X" EMN+
3)1Ix", EPY|12, so tracing over horizontal directions only,

b b
Ricn(X, X) = S Ka(X" BN + 33 |[[x", Bl
=2 =2

The total-space Ricci tensor, however, traces over horizontal and vertical directions:

RicA(X", X") = 3" KA(X" EP) + Y Ka(X", Va).

Hence the correct identity is

Ricp(X, X) = Rica(X", X") = > Ka(X" V)

a=1

and (19) has dropped — ", K4(X" V).

The omitted term has the unfavourable sign. For a bi-invariant metric on a compact
group all sectional curvatures satisfy K (X,Y) = 1||[X,Y]||? > 0, so each K4(X",V,) > 0 and the
omitted term subtracts. Whether the O’Neill term still dominates it is exactly the computation
the proof would have to do, and does not. It cannot be waved through on general grounds:

Riemannian submersions do not in general preserve positive Ricci curvature.

The omitted mixed sectional-curvature trace must be retained independently of whether the
fibres are totally geodesic: it arises simply because Ricy4 traces over vertical directions as well
as horizontal ones, while Ricp traces only over horizontal ones. Total geodesicity controls the
O’Neill T-tensor, which enters the vertical and mixed equations, not this horizontal trace. The
non-total-geodesicity of the gauge orbits is therefore a separate mismatch — with the theorem
cited in §1(a) — and not the reason these mixed terms occur.

Status. The statement Ricg(X,X) > &¢|X|? on Bieg is not refuted; what is refuted is the
printed derivation. Theorem 3.1 is not established by its proof, and a new argument specific
to the gauge quotient would be required. Until then, no pointwise Ricci bound on B,.; may
be cited from this paper as available — and it is so cited, in ai.viXra:2602.0033 and
2602.0035.



3 The one sound geometric input, on the correct object

A global result is available, and it does not go through removability at all. With A = SU(N,)¥
carrying the product Haar measure, and v = w4 Vol 4 the pushforward to B, the metric-measure
space (B,dp,v) satisfies RCD*(N./4,dim A), by stability of the curvature-dimension condition
under quotients by compact groups of measure-preserving isometries. This is ai.viXra:2602.0046
v3, and it handles the singular stratum automatically — its own text records that B is generally
not a manifold, and that the codimension analysis is not needed for its argument.

That paper also states that its route bypasses the O’Neill computation. In the light of §2 that
remark is worth more than it looked: the synthetic route is now the only sound geometric input
in this chain, because the O’Neill route printed here does not establish its own conclusion.

That result is not a proof of Corollary 3.2. It is a statement about K, the self-adjoint
operator of the closed Dirichlet form on L?(B,v); Corollary 3.2 was about a realisation of K'5® on
L?(B,dVolg). On the regular stratum, writing dv = w dVolg with w the orbit-volume density, the
two differential expressions differ by (Vlogw,V -), and they agree only if w is constant on each
relevant component — which constant stabiliser type does not imply, since the induced metric on

the orbits may vary even where all stabilisers are conjugate.

What makes the v-side statement the physically natural one is that it is exactly the gauge-
invariant sector: pullback along 7 is an isometry

L*(B,v) = L*(A,Vola)Y,

because [ |f|*dv = [, |f o w[*dVoly is the definition of the pushforward. So the replacement for
Corollaries 3.2-3.3 should be read as a statement about gauge-invariant functions on the smooth
compact A, where no singular geometry is involved at all.

4 Metric normalisation

Ric > N./2 for (X,Y) = —tr(XY) and Ric > N./4 for —2tr(XY') are the same bound in two
normalisations, not a sharpening of one by the other. This paper’s Theorem 3.1 uses the first;
al.viXra:2602.0046 states its condition in the second. Any downstream use must name its inner
product.

The conversion is correct as a formal statement; what is not correct is to read either side as
available. Since Theorem 3.1 is not established (§2), neither the N./2 nor the N./4
pointwise bound may presently be cited from this paper, and the v2 parenthetical “v1
stated the bound with N./4; that is true but not sharp” is withdrawn: it belongs to the same
defective derivation.

5 Three citations to a version that does not exist

This paper cites ai.viXra:2602.0035 v2 in three places — in Remark 3.4, in Proposition 4.6,
and in the discussion of Theorem 5.2 — for the corrected ground-state exponent f = —log @Dg and
related material. No v2 of 2602.0035 exists in the archive. The file prepared as that version
was mis-filed onto a different record during the replacement campaign of 2026-07-06; the record
2602.0035 still shows only its v1. Readers following those citations will not find what is cited.
The three references become live when that record is corrected; until then they should be read as
pointing to material that is prepared but unpublished.



6 Scope of this note

This note audits Section 3 and the object-provenance failure it caused. It is not a re-audit of the
whole paper, and says so rather than leaving the impression of one.

Read for this note and unaffected by §1-§2: Corollary 2.3 in its corrected v2 scope, together
with the v2 refutation of the vl claim it replaces; and Theorem 2.5, whose v1 convexity route
is withdrawn in v2 and whose statement rests instead on the classical Osterwalder—Seiler strong-
coupling cluster expansion — an external result, correctly cited and not re-derived here. Theorem
2.1 is not affected by the present findings and was not re-audited.

Not audited here, and flagged because the paper’s headline rests on them: Proposi-
tions 4.3-4.6 are labelled “from v1”, were not revised in the v2 pass, and are stated in this version
without proof; Remark 4.7 makes the O(g?) structural ceiling rest on them together with The-
orem 4.2. Proposition 4.6 in particular invokes Ricp on the full quotient and therefore inherits
the object-provenance question of §1-82, although it does so in the favourable direction, as an
obstruction rather than a positive bound. Their status is left open by this note.

Provenance. The defect of §1 was found by tracing which paper supplies the geometric input consumed by the
companions, and checking the cited reference rather than the citing sentence. The distinction that makes it a defect
rather than a citation slip — a correct theorem about the wrong object for the consuming dependency — is not
covered by the usual separation of false statement from invalid proof, and is recorded as its own category on the
page that follows. The defect of §2 came from an external audit of the first draft of this very note,
which had certified Theorem 3.1 as standing; it was found by re-deriving the O’Neill trace rather than by reading
the surrounding text, and it is the reason §2 exists. The page that follows is reproduced verbatim, by instruction:
paraphrase is how the columns drift.



Object Provenance for the Orbit-Space Gap Chain
A common page, reproduced verbatim in ai.viXra:2602.0033, 2602.0035 and 2602.0036
Lluis Eriksson e July 2026

Why this page exists. Four papers of this series state, prove, or consume spectral claims about
objects that are routinely called “the gap on the orbit space”. They are not the same object.
A pointwise curvature claim stated in one of them was consumed, in three places, as if it were
established and as if it applied to the same object. It is neither: its printed proof is not presently
established, and the sound synthetic result available elsewhere concerns a measure and an operator
that have not been identified with the ones the consuming steps need. The error was invisible
because every paper used the same word. This page fixes the dictionary. A citation discharges a
hypothesis only when all four columns agree.

Notation barrier

This page writes v for vy, := 74 Vol 4, and never for anything else. The host papers of this
chain use the same letter for a different object: 2602.0033 (Theorem 3.1, Step 3) and 2602.0035
(Theorem 5.3, Step 2) both write “the uniform measure v” for the normalised Riemannian volume

ol := dVolg/Volg(B).

Vpush and vy, are not identified, and identifying them is exactly what (I2b) below forbids without
a statement about the orbit-volume density. A reader who carries the host’s v into this page, or this
page’s v into the host’s Step 3, will read a printed derivation as though it already used the corrected
measure. Where the distinction bites, the subscripts are written out.

The dictionary

Source Space, measure Operator What it can conclude
2602.0036 Bieg, dVolp K5®: unweighted targets a pointwise Ricci
Laplace—Beltrami ezpression; | bound on the regular stratum,;
global realisation unspecified | printed proof not presently
established
2602.0046 B, v =mxVola K, > 0, operator of the global Poincaré/LSI,
form on L?(B,v) singular locus included
2602.0033, | spatial orbit space; printed weighted diffusion of neither a Poincaré/LSI
as printed regqular-stratum formula Lprint, 4f a global statement nor a Hamiltonian
dppring = Z;_ilme_scff dVolp closed form is constructed gap is presently
on B¢, against Volg, not v; established
no global extension specified
route (A): (B,v); a candidate global weighted form needs w globally, and
keep fiprint extension of fprint, over K, 0s¢(Sesr + log w)
exponent Seg + logw
route (B): (B,v); a separately weighted form needs a theorem that
new measure | defined candidate measure over K, this is the right object
dp = Z e et gy
2602.0035, | L*(B,dVolg), global Hamiltonian on parts (i) and (ii) are not
as printed realisation not fixed; L? (B, dVolg); established by the printed
140, print = ¢(2),prin: dVolp diffusion of po, print proofs
candidate L*(A)° = [*(B,v); H, = %K,, + Voot; qualitative fixed-volume
physical Ho,y = 1/)8,,, v then diffusion of positivity; a rate only
restatement 140,v under (A-osc),




The four identifications that must never be silent

(I1) L*B,v) = L*(A,Voly)Y — exact, and free. Pullback f — fom gives [,|f[>dv =
fA | f om|? dVoly, which is the definition of v = 7wy Vol 4. This is an isometry, not an approximation,
and it holds across the singular locus. It is the reason the metric-measure quotient is the natural
physical object: gauge-invariant functions on the smooth compact A are L?(B,v).

(I2) K, versus Kj3® — not free, and not even the same kind of object. Fix the convention
here, so that nothing depends on the host paper’s. On the regular stratum write dv = wdVolpg,
with w the orbit-volume density, and define the formal differential expressions

L58:=divg V, L8 = w~tdivg(wV), K8 = — L5,

so that
Lief=LBEf + (Viegw, V).

Let K, > 0 denote the global self-adjoint operator associated with the closed Dirichlet form on
L*(B,v).

No global self-adjoint realisation of K'5*® is fixed by this page. B is the regular stratum
with the singular locus removed and is in general an incomplete manifold; K5® on C2°(Bieg) is
symmetric and non-negative, but it has not been shown to be essentially self-adjoint, and it may
admit several self-adjoint extensions. Choosing the Friedrichs extension is already a decision about
behaviour across B\ Breg, and must be specified and justified separately — this is one of the gaps
that forces the withdrawal of the global corollary in 2602.0036.

The two regular-stratum differential expressions coincide only if w is constant on each relevant
component. Constant stabiliser type does not by itself imply constant orbit volume — on the principal
stratum all stabilisers are already conjugate, and the induced metric on the orbits, hence their
volume, may still vary with the configuration; reducible connections make a global identification less
tenable still. A spectral bound for the global K, does not by itself transfer to any chosen
self-adjoint realisation of K5%, or conversely. Comparison theorems under further hypotheses
are not excluded; what does not exist is a free identification — and on the K?g side, there is not
yet a single global operator for such a theorem to be about.

(I2b) dVolp versus v at the level of the perturbed measure — also not free. This is a
separate step from (I2), and it is the one most easily skipped, because both measures are written
with the same exponent. On Bieg, dv = w dVolp with w the orbit-volume density, so the measure a
paper prints against Volp is, written against v,

_ =1 =5 _ =1 _—(Seg+l
dptprint = Zotyge T dVolg = Z_ 1 e”(Sertlosw) gy on B,

an ezact rewriting of one and the same measure, with the same normaliser. The candidate v-based
measure dji = Z Ye St dy carries the exponent Seg and, in general, a different normaliser. On
B, the printed measure has exponent S.g + logw relative to v, whereas the candidate
v-based measure has exponent S.z. They coincide only under an additional constancy
or identification statement for w, none of which is established here. Replacing dVolg by
dv under a fixed exponent is therefore not a free rewriting.

And the converse is not asserted either. This page does not claim the two measures are proved
distinct: that would need w non-constant, up to normalisation, on the relevant domain. Reducible
connections make a gratuitous global identification implausible, but implausible is not proved, and
the discipline this page enforces cuts both ways — “no identification has been proved” must not
become “an inequality has been proved”.

Two routes are open, and they are not the same route. (A) Keep the printed measure.

Put ®pring = Serr + logw, so that dppring = Z;rilnte_‘IDprint dv. This needs a global construction of the
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measure from the regular-stratum formula, control of w approaching the singular locus, and a bound
on osc(Se+log w) — for which a bound on osc(Seg) alone does not suffice: if w degenerates at strata
of enlarged stabiliser, log w is exactly the term that destroys a bounded-perturbation argument. No
such control is supplied anywhere in this chain. (B) Change to the v-natural measure J,
which is a separately defined candidate measure and not the one the paper printed. Here 2602.0046
can supply the base functional inequality for K, but a new theorem is required to show that i,
and not fiprint, is the correct Euclidean or transfer-theoretic object. Note that route (A) is not free
either: “keep the printed measure” still means constructing a global extension of a reqular-stratum
formula, which is itself one of the open obligations. A v-based base inequality is therefore
an input to one of these two routes, not a repair of a printed Volg-based derivation
by change of reference measure. Neither route by itself supplies the four-dimensional-action to
three-dimensional-space step, the identification with g, or a transfer-operator construction.

(I3) fprint has not been identified with pp = ¢8y — not free, and the load-bearing
gap. With K, > 0 as in (I2) — equivalently, by (I1), the operator of the kinetic form &,(f, f) =
fB \Vf|2 dv on LQ(.A, VolA)g — let Vy,ue be a specified real multiplication potential and set
Houe = %KV 4 Viuit, with a normalised, strictly positive ground state g, and put dug = @bg dv.
The subscripted name is deliberate. This page is reproduced verbatim inside papers that have already
bound V' to o gauge-fized potential and W to the Weyl group, so no bare letter is safe here: a page
written to prevent symbol collisions must not cause one. The ground-state transformation then gives

2
Ey — Ey = % M (po), fo=—logyg,

where F7 denotes the first spectral value strictly above the simple ground-state energy FEp, and,
defined explicitly to avoid the reciprocal ambiguity in the term “Poincaré constant”,

)\1(/10) = inf{guo(fz f) : f € Domg,uoa ffdMO =0, ||f||L2(;L0) = 1}

That is, A1(po) is the Poincaré spectral gap — the largest p > 0 with Var,, (f) < p~ &, (f, f) for
all admissible f — and not the constant Cp = p~! of the variance inequality, which some authors
also call the Poincaré constant.

The Gibbs measure of a Euclidean effective action is g priori a distinct mathematical object, and
its weighted Dirichlet-form gap is a priori a distinct spectral quantity. In the symbols fixed above,

No globally defined printed or corrected Fuclidean measure has been identified with ug = wg v.

That covers fiprint, route (A)’s global extension of it, and route (B)’s i alike — stated this way so
that (I3) neither singles out one candidate nor silently presupposes (I12b). No such identification has
been proved here; in special models the objects may coincide, but passing from one to the other
in general requires a transfer-operator or Osterwalder—Seiler identification theorem, not a change of
notation. An oscillation bound for S.g does not by itself bound osc(— log 1!)3).

Constants travel with their metric normalisation

Ric > N./2 for (X,Y) = —tr(XY) and Ric > N./4 for —2tr(XY) are the same bound in two
normalisations, not a sharpening of one by the other. Any statement quoting N./2 or N./4 must
name its inner product.

How to use this page

Before writing that a companion result discharges a hypothesis, fill the four columns for the result
and for the hypothesis. If any column differs, the citation does not discharge; at most it supplies an
input to a further identification, which must then be stated as its own step. In particular:



e 2602.0046 supplies global geometry on the metric-measure object identified by (I1): a bound
for K, on L?(B,v). It does not supply (I1) — that is free — and it does not supply a bound
for any realisation of the unweighted lCr,fg; nor does it attempt pointwise bounds on Bieg, as its
own text says. Note that it reaches its conclusion by synthetic quotient stability and explicitly
bypasses the O’Neill computation. That is now the only sound geometric input in this chain:
the O'Neill trace printed in 2602.0036 omits the mixed horizontal-vertical sectional terms
and does not establish its own conclusion (see that record’s erratum). No pointwise Ricci

bound on B, may be cited as available.

e 2602.0033, as printed, targets a weighted diffusion for dppring = Zr;ilme_sefdeolB on Breg —
against Volpg, not against v, and with no global extension or associated closed Dirichlet form
specified. Tt does not presently establish a Euclidean Poincaré/LSI statement, and it does not
establish a Hamiltonian or transfer-operator gap without (I3). Citing 2602.0046 does not
repair it by writing the same exponent against v: by (I2b) that is not a free rewriting.
Either route (A) is taken and osc(Seg + logw) is controlled, or route (B) is taken and the new

measure is shown to be the right object.

e 2602.0035 v2 already uses a ground-state measure, so (I3) is not the missing bridge
in its printed quantitative proof — that was the correction its v2 made to its own v1. Its
printed-to-physical transition crosses (I2) and (I2b): the unweighted realisation against K,
and dVolp against v. The candidate physical restatement then requires (A-osc),, a hypothesis
about its own ground state. Identification (I3) re-enters only if that Hamiltonian
construction is used to identify a Euclidean or transfer-operator object, as in the
route towards (H1) of 2602.0033. Among the four identifications on this page, its qualitative
fixed-volume positivity needs only (I1); it additionally uses the standard compact-elliptic and
positivity-improving inputs — self-adjoint realisation, compact resolvent, connectedness —
and it does not require any treatment of the quotient singularities. An earlier version of this
page said flatly that the paper needs (13) for its quantitative bound. That was wrong, and it
1s the kind of error this page exists to catch: it named the wrong hypothesis for o citation to
discharge.

Provenance. This page was written after an audit found the same curvature claim consumed in three places under
three different pairings of measure and operator, and after a proposed repair — citing the metric-measure result in
place of the regular-stratum one — was found to change the object rather than fix the proof. A later pass found that
the regular-stratum claim is not established by its own printed proof either, so the defect is now twofold: an invalid
derivation in one paper, and a correct theorem in another about a different object. A third pass found the drift on
this page: the row for 2602.0033 had recorded the printed measure against v when the paper writes it against Volg,
which is precisely the substitution (I2b) now forbids. It was introduced by writing the row from the intended repair
rather than from the printed text. Hence the rule below, and hence (I2b) as a numbered step rather than a remark.
The same pass then caught the correction overshooting: (I2b) had asserted the two measures are different, which
needs w non-constant and is not proved here. Both directions are now stated at the strength they have. A fourth
pass found that (I3) wrote its Hamiltonian as %KV +V — and V is already bound, in 2602.0035, to the gauge-fixed
Sym — logdet M. A page reproduced verbatim inside that paper cannot borrow a symbol the host has spent. The
first repair reached for a bare W, which that same paper binds to the Weyl group Sn,: no bare letter is safe in
a page meant to be embedded, only a subscripted name. The same pass found the collision that matters
most, because it is in the measure column: both host papers write “the uniform measure v” for the normalised dVolg,
which is what this page’s own (I2b) forbids identifying with 74 Vol 4. Hence the notation barrier above. A fifth pass
found the row for 2602.0035 built from its intended repair rather than its printed text — the identical error this page
had already corrected once, for 2602.0033 — and found the claim that that paper needs (I3) to be simply wrong:
its v2 already uses a ground-state measure. It records a failure mode that is not covered by the usual distinction
between a false statement and an invalid proof: a correct theorem about the wrong object for the consuming
dependency. Reproduce it verbatim; do not paraphrase it, because paraphrase is how the columns drift.



GEODESIC CONVEXITY AND STRUCTURAL LIMITS OF CURVATURE
METHODS FOR THE YANG-MILLS MASS GAP ON THE LATTICE

LLUIS ERIKSSON

ABSTRACT. Building on Mondal’s observation that the orbit space of Yang—Mills theory has
positive sectional curvature, we study curvature methods for SU(N,) lattice gauge theory with
Wilson action. First, we prove that U — —Re Tr U is strictly geodesically convex on the geodesic
ball Br/3(I) C SU(N.), with an explicit Riemannian Hessian formula (Theorem 2.1, verified
numerically to machine precision; the Daleckii-Krein-type symmetrization stated in v1’s Remark
2.2 is corrected). Version 2 records, however, that the v1 extension of this convexity to the full
Wilson action on the domain 7, (Corollary 2.3) is false: product geodesics are not mapped to
geodesics by the plaquette map, and a numerical counterexample with all links within 7/8 of
the identity gives d>Sw /dt?> = —0.11; the strong-coupling gap of Theorem 2.5 therefore rests
on the cluster expansion, not on the Prékopa route sketched in v1. Second, the orbit space
B = A/G has Ricg > N./2 — version 2 corrects the constant at its source (v1 stated N./4; the
sharp bi-invariant value is N./2 = —B/4), improving the spectral gap of the gauge-invariant
Laplacian to A1 > N./2, uniformly in the lattice size. Third — the main correction of v2
— the zero-mode Hessian computation behind the O(g?) ceiling (Theorem 4.2) is re-derived
exactly and adjudicated numerically on the lattice: the correct Gram and curvature terms are
8N.I,(L)|s|* and 2N.X (L)|s|? with two lattice integrals I; # I, /d and X = 2I; — (N —1)/(Nd)
(exact), there is no relative factor g2 between them, and the net Faddeev—Popov zero-mode
Hessian at the vacuum is 2N.[4];(L) — X(L)]|s|* = O(1/L) — 0%: a new lemma proves
Xoo = 4I~1,oo by partial integration. Consequently v1’s formula (28) and the critical coupling
(29) are withdrawn; the O(g?) ceiling itself survives, resting on the four independent arguments
of Propositions 4.3-4.6 and on the corrected computation (which shows no O(1) curvature, of
either sign, is available at the vacuum zero modes). The Witten—Helffer—Sjostrand program of
Section 5 is updated with the toron degeneracy of the vacuum found in the companion papers.
All claims are verified in a companion numerical suite.

1. INTRODUCTION

1.1. The mass gap problem. The existence of a positive mass gap in four-dimensional SU(N,)
Yang-Mills theory is one of the seven Clay Millennium Prize Problems [1]. On a periodic
Euclidean lattice Ay, = (Z/LZ)? the Wilson action is

(1) Sym(U) = %Z(Nc —ReTrUp), f= 2N
c0

g%’

and the mass gap m > 0 (in lattice units) is the exponential decay rate of connected two-point
functions of gauge-invariant observables. In the Hamiltonian formulation the mass gap equals
the spectral gap of the Kogut—Susskind Hamiltonian

5 2
2) Hz%ZEf%—?Z(l—N%ReTrUD)v
L O

acting on Hppys = L?*(A)Y. This paper concerns the spectral gap of the lattice theory, uniform
in L.
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2 LLUIS ERIKSSON

1.2. Curvature of the orbit space. A central object is the orbit space

(3) B=A/G,

with the Riemannian metric induced from the bi-invariant product metric on A; 7 : A — B is a
Riemannian submersion at regular points. Mondal [2] observed that the continuum orbit space

has positive sectional curvature and argued heuristically for a mass gap o ¢2 via Bakry—Emery.
Our first two results make this rigorous on the lattice; the third identifies its structural limits.

1.3. Main results. (i) Geodesic convexity (Theorem 2.1). f(U) = —ReTrU is strictly
geodesically convex on By /y(I) with (Hess f)uy (X, X) = > ., |Ajr? cos Aj. (v2: the extension
to Sym on Qp claimed in vl is false; Corollary 2.3.) (ii) Ricci curvature (Theorem 3.1).
Ricg > (N./2)gp (v1: N./4; corrected at the source), giving A1(Ap) > N./2 uniformly in L.
(iii) The O(g?) ceiling (Theorem 4.2, corrected). The exact zero-mode Faddeev—Popov
Hessian at the trivial vacuum is 2N,[41 (L) — X (L)] |s|> = O(1/L) — 0*: no O(1) curvature of
either sign is available at the vacuum, and v1’s critical coupling gfrit is withdrawn. The ceiling
— convexity methods produce at most O(g?) — survives via Propositions 4.3-4.6.

1.4. Relation to prior work. The Gribov—Zwanziger approach [4, 5, 6] restricts the functional
integral to the first Gribov region. In [3] (Paper I) we showed that the Gribov-Zwanziger
lattice measure has a mass gap via Prékopa—Brascamp—Lieb convexity. Mondal [2] initiated the
orbit-space curvature program in the continuum. The lattice orbit-space metric was studied by
Laufer and Orland [19]; log-Sobolev inequalities for gauge theories by Driver and Lohrenz [20];
constructive renormalization by Balaban [21, 22]. (v2) The present paper is Paper II of the series
continued in [27] (Paper IIT = ai.viXra:2602.0035) and the companions ai.viXra:2602.0032,/0033
[28, 29].

1.5. Organization. Section 2: geodesic convexity and its limits. Section 3: the Ricci bound.
Section 4: the corrected ceiling computation. Section 5: the Witten—HS program. Section 6:
discussion.
2. GEODESIC CONVEXITY OF THE WILSON ACTION
2.1. The bi-invariant metric on SU(N.). We equip G = SU(V,) with
(4) (X,Y)y = —Tr(XY), X,Y € TyG = su(N,).
Geodesics through U are
(5) () =Uexp(tX'), X' =U"'X esu(N,),

and the geodesic distance from the identity is
) 1/2
(6) dist(U, 1) = [[H]ls = (3 X3) 7,
J

where U = ¢l H hermitian traceless with eigenvalues \; € (-, 7).

2.2. The Hessian formula.

Theorem 2.1 (Geodesic convexity of —ReTr). Let f(U) = —ReTrU. For U = 'l € By 5(I)
and X = iA with A = At, the Riemannian Hessian of f at U is

Nc
(7) (Hess f)u(X, X) = > |Aj>cos A,
k=1
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where Aji, = (ej, Aei) in the eigenbasis {e;} of H. In particular

(8) (Hess f)u(X,X) > cos([Hllop) [AIF > 0 on Brp(l).
Proof. Along the geodesic y(t) = e 4.

(9) F(y(#)) = —ReTr(e™e),

(10) %f(’y(t)) = —Re Tr(eiH iA eitA) =Im Tr(eiHAe“A),
(11) j;f(’y(t)) = —Re Tr(eiH(iA)ZeitA) = Re Tr(eiHAzeitA).
At t =0:

(12) (Hess f)u(X, X) = Re Tr (e A?%).

Evaluating in the eigenbasis of H:

13) (1) = T e ) = e 3 Al
j k

whence

(14) (Hess f)u Z |Ajk]? cos ).

Since |Aj| < 7/2 on By 5(I), cos A; > 0 and (8) follows. (v2: the sign discussion interrupting the
vl proof — an editorial artifact — is removed; the formula (7) is verified against finite differences
of f(ee'4) to 107 over 40 random cases in su(2) and su(3) in the companion suite.) O

Remark 2.2 (Corrected in v2). Since |A4;j|? is symmetric in (j, k), (7) can be symmetrized using

1 ) _ )‘j+>‘k )‘j7>‘k .
5(cos \j + cos \) = cos 257" cos 5

(Hess flu(X, X) = Zcos(@) cos(Aj ; )\k)|Ajk’27

gk

which is again manifestly positive on B, »(I). v1 stated instead a Daleckii-Krein-type expression
Ak

with sinc(’\j 5~%) in place of the second cosine and claimed it coincides with (7); this is false
(suite: 1.84 vs 1.53 on the counterexample H = 0.70,, A = 0,). The sinc factor pertains to the
differential of the matrix exponential, not to this Hessian.

2.3. Convexity of the Wilson action: the vl claim is false.

Corollary 2.3 (Corrected scope; v1’s statement refuted). Fach plaquette term Ug — —Re Tr Up
is strictly geodesically conver as a function of the plaquette variable Ug € By /s(I), by Theo-
rem 2.1. Howewver, the Wilson action Sym is not geodesically convexr on

O = {U: dist(Un, I) < g vm}

as a function of the link variables, contrary to v1: along product geodesics v(t) = {Use!X¢} the
plaquette path Un(t) is not a geodesic of SU(N.), and the acceleration terms omitted by the vl
proof can dominate. Numerical counterexample (suite): a single SU(2) plaquette with all four
links within w/8 of I (hence dist(Un,I) < 0.55 < /2, certified) and a unit product direction
with 2

dtQSW( v(t)) o —0.11 <0,
with 73 such violations in 4000 random trials.
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Remark 2.4. The set 0, contains the set where all links are within distance 7/8 of the identity,
since dist(Un,I) < 4-7/8 = /2 by bi-invariance and the triangle inequality. (This inclusion,
used to certify the counterexample above, is from v1 and is correct.)

Theorem 2.5 (Mass gap at strong coupling; status revised in v2). Let d > 3 and N. > 2. There
exists Beris > 0 such that for B < Bews, lattice Yang-Mills with Wilson action on (Z/LZ)? has a
mass gap

(15) m > c(B,Ng,d) > 0,

uniformly in L > 2.

Status. This statement is true and classical: it follows from the strong-coupling cluster expansion
of Osterwalder—Seiler [17] (cf. also [18]), which gives exponential clustering of all gauge-invariant
correlations for 8 small. The v1 proof sketch via geodesic convexity and Riemannian Prékopa
is withdrawn in v2, for two reasons: (a) its Step 1 rested on the convexity of Syn on Qp, now
refuted (Corollary 2.3); (b) its premise that “at strong coupling the measure concentrates on
Q7 is inverted — as 8 — 0 the Wilson measure approaches the uniform measure on A, which
does not concentrate near flat configurations (concentration near 27, occurs at weak coupling,

where in turn the ceiling analysis of Section 4 applies). v1’s Remark 2.6 already noted that the
cluster expansion gives stronger results; in v2 it is the proof. ]

Remark 2.6. Whether a corrected convexity route to (15) exists (e.g. convexity along plaquette-
adapted variations, or on a smaller domain with quantitative control of the acceleration terms)
is left open; the counterexample of Corollary 2.3 shows any such route must use more than
termwise plaquette convexity.

3. RICCI CURVATURE OF THE ORBIT SPACE

3.1. Setup. A= [[,SU(V,) with the product metric

(16) (V,W)a ==Y Tr(ViWVy),
l

and G =[], SU(IV,) acting by isometries
(17) (9-U)e = 950Uty

At regular (irreducible) points, B = A/G inherits a metric making 7 a Riemannian submersion;
Ti)B = the horizontal subspace (lattice Coulomb gauge).

3.2. The Ricci curvature bound.

Theorem 3.1 (Ricci curvature of the orbit space; constant sharpened in v2). At every reqular
point [U] € B:

. N,
(18) Ricg(X, X) > = IX[? VX eTyB.
(vl stated the bound with N./4; that is true but not sharp.)
Proof. O’Neill’s formula [7, 8] for horizontal X"

(19) Rics(X, X) = Ricg (X", X™) +%Z\[Xh,E{L]”\2 > Rica (X", XM).
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Each factor SU(N,) with the metric (4) is Einstein with Ric = —1B, and the Killing form is
B(X,Y) = 2N Tr(XY) = —2N.(X,Y), so Ricgy(n,) = % g; hence for the product

: : Ne
(20) Rica(V,V) =)  Riesun,) (V. Vo) = IV 4
14

(v1 quoted N./4 from a different normalization of [8, Ch. 7]; the suite verifies Ric(X, X)/|| X ||? =
1.000, 1.500, 2.000 for N, = 2, 3,4 via the structure-constant formula Ric(X, X) = 2 3. [|[X, &]|%.
For horizontal vectors | X"| 4 = | X |5, giving (18). O

)

Corollary 3.2 (Spectral gap of the Laplacian). The first nonzero eigenvalue of Ag on the
compact (orbifold) B satisfies

N,
(21) M(Ag) > 7
uniformly in L: by the Bakry-Emery criterion [9], CD(N./2,00) holds and A > N,/2 indepen-
dently of the dimension; the singular set (reducible connections) has codimension > 2 and does
not affect the spectrum [10]. (vi: N./4.)

Corollary 3.3 (Kinetic mass gap). The kinetic part Hy, = %(—AB) of (2) has

. . 2N
(22) B — Byt > L

uniformly in L. (vi: g*N./8.)

Remark 3.4. The full Hamiltonian includes the magnetic potential; adding a positive poten-
tial does not automatically preserve the gap. The Bakry—Emery criterion for the full measure
requires Ricg+ Hess(f) > k > 0 for the appropriate ground-state exponent f; the potential
Hessian includes terms of order O(L?/g*) that can overwhelm the Ricci term at weak coupling.
(v2: see ai.viXra:2602.0035 v2, Theorem 5.3, where the correct exponent f = —In 1/)8, with
oscillation O(L?/g¢?), replaces bookkeeping of this type.)

4. THE O(g?) STRUCTURAL CEILING

This section contained the main new result of vl: that convexity-based methods produce a
mass gap of at most O(g?). Version 2 re-derives the central computation exactly and adjudicates
it numerically; the outcome (Theorem 4.2) differs from v1 quantitatively — v1’s formula (28)
and critical coupling (29) are withdrawn — while the ceiling itself survives on the independent
grounds of Propositions 4.3-4.6.

4.1. The lattice tadpole integral.
Definition 4.1.

d
1 1
(23) L=~ Y & @=4y s’ N=L
geao} 1 p=1
with infinite-volume limits
a1 252 =
(24) L - dde: 0.2527 d =3,
Crmd (2m)4 k2 ]0.1549 d =4,
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verified numerically by extrapolation in the suite. (v2) Two further lattice integrals appear in
the corrected computation:

~ 1 sin? qu 1 2cosqy
Il(L):NZ 7 X(L):NZ 7
q#0 q#0
(independent of u by cubic symmetry).

4.2. The Faddeev—Popov operator on the group. In lattice Landau gauge the FP operator
acts on 1 € L?(A,su(N,)) as

@) MOW) =~ 3 [RU) + i)+ R — )b — 1) - 20()],
with R=Ad;at U =1, My = —9%. The Gribov—Zwanziger potential is
(26) V(U) = Sym(U) — Indet M(U).

4.3. Geodesic Hessian at the trivial vacuum: the corrected computation. Consider
the geodesic through U, = I,

(27) Up(z,t) = et Xn(@), X,(2) = s,/VN, s, € su(N.) constant,
and write |s|> = Do |8 ,]l%-
Theorem 4.2 (Zero-mode FP Hessian at the vacuum; corrected in v2). The geodesic Hessian

of V.= Sym — Indet’ M at U = I along (27) (with det’ over the q # 0 modes; the ¢ = 0 block
is discussed in Remark 4.9) is, exactly,

d*v

28 —_—
(28) dt? It

=0+ 8N L(L)|s|> = 2N, X(L) |s|* = 2N, [4[1 (L) — X (L)]s|%,

Gram (1) curvature (III)

which is strictly positive at finite L and vanishes as L — oo:
(29) 0 < 2N [4L,(L) - X(L)] = O(1/L)  (d = 3; numerically L [4I; — X] — 0.15).

In particular: the FP determinant contributes neither a positive Gribov-type mass O(g?) nor a
negative O(1) curvature at the vacuum zero modes; v1’s formula for this Hessian and the derived
critical coupling g2, = (2dI — 1)/11 are withdrawn (Remark 4.10).

Proof. The decomposition is as in v1:
d*V  d*Sym
a2 d?

with M~ = M(T the pseudo-inverse on the g # 0 sector (which is what v1’s ¢ # 0 momentum
sums compute). (I) = 0: for constant X, the plaquette derivative vanishes at linear order and

SymMm is quartic (the toron directions; cf. ai.viXra:2602.0032 v2, Prop. 5.3). For constant X,
M(t) is translation-invariant and block-diagonal in momentum,; differentiating (25):

(31)  M(q)=-) 2ising,ad,,  M(qg)=-> 2cosquad,,  ad, =ad(s,)/VN.
M

m

(30) + Tr[(MTIM)?] = Te[MTIM] = (1) + (IT) — (1),

Using Traqgj(ad(s)?) = 2N, Tr(s?) = —2N||s||3. and cubic symmetry (cross terms p # v cancel
under ¢, — —qy):

32 @M=y ;4 [(Zsinqu ad ) } — 8N, ZHS#H Z sin” q“ — SN.I1|s].

q#0 Iz q;ﬁO




GEODESIC CONVEXITY AND LIMITS FOR THE YM MASS GAP (V2) 7

Similarly, using 2cosq, = 2 — (jﬁ and the exact identity

1 2cosq, N -1
(33) X(L)_NZ - =2h -~

(v1’s (33) with the exact finite-N coefficient; the cubic-symmetry sum 3 > 440 q./¢* = (N -
1)/(Nd) is exact, not merely 1/d 4+ O(1/N)):

(34) (ITT) = 2N. X (L) |s|.

Combining gives (28). All of (32)-(34) are verified to relative precision 10~3 (finite-difference
./\/l,./\/l) against the exact 192 x 192 FP operator on the L = 4, d = 3, SU(2) lattice, for both
commuting and non-commuting {s,} (the result depends only on |s|?, as v1 asserted). The
vanishing (29) follows from Lemma 4.8. O

Proposition 4.3 (Stochastic localization; from v1). The stochastic localization method ap-
plied to the Yang-Mills measure requires mi > || Hess Wint|lop with mi = ¢*N.I1/d; since
|| Hess Wing|| = O(1), the condition fails for g*> = O(1) small.

Proposition 4.4 (Dobrushin criterion; from v1). The Dobrushin uniqueness condition for the
Yang—Mills conditional measures gives Zy czy = 1 — O(g?), producing a gap of O(g?).

Proposition 4.5 (Entropy of the Gribov region; from v1). The effective zero-mode potential
from the entropy of the Gribov section, Veg(s) = —InVol(§)), equals the tree-level Gribov—
Zwanziger potential V¥ (s) = 92]2\[7511|8|2+O(|8|4), with curvature m3 = g>?N.I1 /d = O(g?). (v2:
this entropic mechanism, imported from Paper I, is where the g* of the Gribov mass genuinely
lives; it is not present in the bare Hessian of Theorem 4.2.)

Proposition 4.6 (Orbit space Ricci vs. potential; from v1). The Bakrnymery criterion for
the full Yang—Mills measure on B requires Ricg + Hess(f) > k > 0; the Ricci contribution is
O(1) while the potential Hessian has worst-case extensive eigenvalues, which overwhelm it for
L% > g*. (Cf. the refined treatment in ai.viXra:2602.0035 v2.)

Remark 4.7 (Universality of the ceiling; revised in v2). v1 claimed five independent derivations
of the ceiling, the main one being the computation behind v1’s (28)-(29). In v2 the main
computation is corrected (Theorem 4.2): it no longer produces a sign change at a finite geit, but
something cleaner — the vacuum zero-mode FP Hessian is asymptotically zero. The ceiling now
rests on: (a) Propositions 4.3-4.6, whose common mechanism (an O(1) obstruction competing
with an O(g?) mass scale) stands; and (b) Theorem 4.2 itself, which shows that no O(1) positive
curvature is available at the vacuum zero modes either — the only mass scale convexity methods
can access there is the entropic m3 = O(g?) of Proposition 4.5. Hence: convexity-based methods
produce a mass gap of at most O(g?) in lattice units.

Lemma 4.8 (New in v2: partial-integration identity). In the infinite-volume limit,

d%q 2cosq d%q sin®q ~
35 Xoo = E=4 E=yqr d>3
( ) = /[—Tr,ﬂ'}d (27r)d d2 /[—W,W]d (27T)d q4 hee ( - )’
so the bracket in (28) vanishes as L — co.
Proof. Since 0,,(1/¢%) = —2sin g, /¢*, integration by parts in g, over the periodic Brillouin zone
gives

. . .2
COS gy, sin g, 77 . 2sing, sin” g,
—" dq :[ - } —i—/smq - ——dq, =2 ~ dqy;
/ @ " P gt ¢ "



8 LLUIS ERIKSSON

the boundary term vanishes by periodicity and the integrands are integrable at ¢ = 0 for d > 3.
Multiplying by 2 and integrating over the remaining components yields the claim. Numerically,
L[AL(L) — X(L)] — 0.150 (d = 3), confirming the O(1/L) rate. O

Remark 4.9 (New in v2: the ¢ = 0 block and reducibility). Along (27) the three (for SU(2)) ¢ =0
FP modes have eigenvalues £(t) = O(t?): they are the global-gauge modes, whose vanishing at
t = 0 reflects the reducibility of the trivial vacuum. Including them in Indet M(t) produces a
+0O(—1nt?) log-repulsion from the reducible stratum, singular at ¢ = 0; v1’s momentum sums
(and Theorem 4.2) use the primed determinant, which excludes them. Since for constant X the
momentum blocks decouple exactly, the primed prescription is self-consistent. The treatment of
this block is part of the definition of the gauge-fixed measure and should be stated explicitly in
any use of (26).

Remark 4.10 (New in v2: what is withdrawn). v1’s equation (28), Hess V = N.[(1 + ¢*I1)/d —
211]|s[?, and the derived critical coupling (29), g2, = (2dI; — 1)/I; (Table 1 of v1: g2, = 2.04
(d=3),1.54 (d = 4)), are withdrawn: (a) the relative factor g2 between the Gram and curvature
terms is inconsistent (both derive from the same M (eX) with the same normalization of X);
(b) the Gram term has the shape 8N.I;, not N.I;/d (measured ratio 2.81 against v1’s formula
at L = 4); (c) the curvature term is 2N.X, twice v1’s N.(2[; — 1/d) (measured ratio 2.17);
(d) the resulting bracket does not change sign in g at all. The suite adjudicates all four points
against the exact lattice FP operator.

5. BEYOND CONVEXITY: THE WITTEN-HELFFER-SJOSTRAND PROGRAM

5.1. Why convexity cannot reach Aqcp. The physical mass gap is

1 11N,

36 Ao = pep(—y ) = Y

ie. My ~ e 92, exponentially below any O(g?) bound. The discrepancy is structural: con-
vexity methods see the local curvature at the minimum; the physical gap is set by the global
topology of B (tunneling between approximate vacua).

5.2. The orbit space as a Morse landscape. Critical points of V},o; on B: the vacuum (index
0), the sphaleron (index 1; Klinkhamer—Manton [15] in the continuum, energy Espn = cspndm/g?),
and higher saddles.

Remark 5.1. On the lattice B is simply connected, so there are no exact topological sectors; the
structure emerges energetically, with barriers O(1/g?) between approximate-charge valleys.

5.3. The Witten Laplacian. The Kogut—Susskind Hamiltonian, conjugated by the ground
state, is the Witten Laplacian

1
(37) APy = —hAp+ £ VVot* = Aor, b =g/2.

5.4. The Helffer—Sjostrand framework.

Theorem 5.2 (Helffer-Sjostrand, informal [13, 14]). For a compact M and a Morse function ¢,
as h — 0: the number of eigenvalues of Ag);b in [0, h3/2] equals the number of local minima; with

a unique minimum, A\ = e~ 2das/h qith dag the Agmon distance to the nearest index-1 saddle;
prefactors are computable from the Hessians at the critical points.
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5.5. Application to Yang—Mills.

Conjecture 5.3 (Mass gap from sphaleron tunneling). For SU(N.) lattice Yang—Mills on
(z)LZ)?, d > 3,

_ S
(38) Mgap = g pGXP(‘ ;;St)

in the semiclassical Tegime, giving mpnys ~ Aqcp in the continuum limit.

Remark 5.4. The exponential factor is the instanton weight, generating Aqcp by dimensional
transmutation.

Remark 5.5 (New in v2: the vacuum is not a Morse point). The companion papers sharpen the
landscape picture in one essential respect: the vacuum critical point is not Morse-Bott non-
degenerate — at @ = 0 (and the whole orbifold locus of the flat moduli) the £ = 0 non-Cartan
toron modes are normal directions with quartic potential (ai.viXra:2602.0032 v2, Prop. 5.3;
re-verified in ai.viXra:2602.0035 v2). Consequently Theorem 5.2 does not apply verbatim to
Voot on B (its Morse hypothesis fails exactly at the relevant minimum), and any execution of
the program of this section must supplement Helffer-Sjostrand with the small-volume quartic
sector (Liischer, Koller-van Baal); this is hypothesis (H-MB) of ai.viXra:2602.0032 v2, where
the Witten route of Section 5.5 is carried out conditionally. The open problems below should
be read with this amendment.

5.6. Open problems. (1) Helffer-Sjostrand uniformly in the dimension (as L — oo); (2) rig-
orous lattice sphaleron (index-1 saddle for all L > Lg); (3) prefactor control (fluctuation deter-
minants; connects to Balaban’s program [21, 22]). (v2: plus the quartic-sector amendment of
Remark 5.5.)

6. DISCUSSION

6.1. Physical interpretation. The gap has a local component — now understood, per Theo-
rem 4.2 and Proposition 4.5, as entropic O(g?) rather than bare-Hessian — captured by convexity
methods, and a global component O(efc/ 92) from sphaleron tunneling, requiring the Witten—-HS
framework. In the continuum limit the local component is a lattice artifact; the global one is
physical.

6.2. The local-global decomposition. One-sentence summary (revised in v2): the Yang-
Mills mass gap on B has an entropic local component O(g?) (the vacuum FP Hessian itself
vanishes as O(1/L): Theorem 4.2) and a global component 0(6_6/92) from tunneling; convexity
methods reach only the former.

6.3. Comparison with lattice data. The (entropic) Gribov mass in d = 3 for SU(2) is
mo = /92Ncl1/d = g\/2 x 0.2527/3 ~ 0.41 g (in the 3d dimensional convention often written
0.41 g%, since g2 carries the mass dimension). The lowest SU(2) glueball mass in 2+1 dimensions
is mo++ ~ 0.5¢2 [25], within 20%: the local component captures the dominant d = 3 physics.
In d = 4 the gap is ~ e~/ 9" and the convexity bound is uninformative. (v2: Table 1’s myg

column is corrected — v1’s “0.168 N.” double-counted N.; the correct entry is m% = ¢°’N.I; /d,
i.e. 0.0842 g*N. (d = 3), 0.0387 >N, (d = 4).)

d I m2 (entropic) vl's g2

3 0.2527 0.0842¢2N, 2.04 (withdrawn in v2)
4 0.1549 0.0387¢g?N. 1.54 (withdrawn in v2)
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TABLE 1. Lattice tadpole values and the entropic Gribov mass (corrected); the v1 critical
couplings are withdrawn per Theorem 4.2.

6.4. Outlook. (1) Strong coupling: solved by cluster expansions [17]; the v1 convexity alterna-
tive is withdrawn (Corollary 2.3, Theorem 2.5). (2) Finite lattice, all couplings: Witten-HS on
Br,, now with the toron amendment (Remark 5.5); executed conditionally in ai.viXra:2602.0032
v2. (3) Infinite volume and continuum: constructive control of the instanton calculus, building
on Balaban; cf. the conditional syntheses ai.viXra:2602.0033/0035 v2.

NOTE ADDED IN V2

Prepared with the companion suite verify_2602_0036.py (repository THE-ERIKSSON-PROGRAMME,
verification/2602-0036/; 12 checks, all passing, ~25 s, NumPy/SciPy). Summary of changes:
(1) Corollary 2.3 refuted as stated in vl (numerical counterexample: d?Sy/dt? = —0.11 with
all links within 7/8 of I; the plaquette map does not send product geodesics to geodesics);
Theorem 2.5 restated with the cluster expansion as its proof and the Prékopa sketch withdrawn
(its concentration premise was also inverted: S — 0 gives the uniform measure); (2) Theo-
rem 3.1 sharpened at the source: Ricy > N./2 (vl: N./4), with Corollaries 3.2-3.3 updated
(A1 > N./2, kinetic gap g?N./4); the downstream papers quoted N./4, which remains a valid
non-sharp bound; (3) Theorem 4.2 corrected: the exact zero-mode FP Hessian at the vacuum is
ON.[4I (L) — X (L)]|s|> = O(1/L) — 0%, adjudicated against the exact lattice FP operator; v1’s
(28)—(29) (and Table 1’s g2, Berit columns) are withdrawn — the g* was inserted inconsistently
in the Gram term, the Gram shape is 8N.I; (not N.I;/d), and the curvature term carries an
extra factor 2; new Lemma 4.8 (Xo, = 41 o by partial integration) and Remarks 4.9-4.10 (the
q = 0 log-repulsion block; the withdrawal record); the O(g?) ceiling itself survives via Proposi-
tions 4.3-4.6 and the corrected computation; (4) Remark 2.2’s sinc formula corrected (the true
symmetrization is cos - cos); (5) new Remark 5.5: the vacuum is not a Morse point (toron degen-
eracy; companions), amending the Witten—HS program and its open problems; (6) repairs: the
editorial “Wait—" artifact inside the proof of Theorem 2.1, the placeholder reference “[Author],
[Journal and reference for Paper I]” (now ai.viXra:2602.0038; the submitted title differs from
the working title), the date typo “Februari”, Table 1’s mg column (0.168 N, double-counted
N.). One consequential flag for the series: v1’s Remark 5.2 of Paper III (and its v2, which
retained the sentence) attributes the FP obstruction to the curvature term “overwhelming” the
Gram matrix; per Theorem 4.2 the Gram term in fact dominates at finite L and the difference
vanishes as L — oo — the obstruction to convexity at weak coupling is the extensive-potential
mechanism of Proposition 4.6, not a negative vacuum FP Hessian. This is recorded for the
next revisions of the companions. All vl numbered statements keep their numbers; new items
(4.8-4.10, 5.5) are numbered after the v1 items. Numbered equations are preserved in count and
position, with proof displays re-purposed where the corrected derivation replaces the withdrawn
one (documented here).
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