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ABSTRACT. We prove that SU(N,.) lattice Yang—Mills theory in d = 4 dimensions with
Wilson action at sufficiently weak coupling has a positive mass gap

Mgap > ¢(N,) - e"CWNa/9” 5 ¢

in lattice units, uniformly in lattice sizes L < Cp e/ 9°. The proof is self-contained modulo
Balaban’s constructive renormalization group and combines: (i) a Ricci curvature bound
Ricg > N./4 for the gauge orbit space, treating its orbifold singularities; (ii) a Witten
Laplacian semiclassical spectral gap estimate at Balaban’s terminal scale, using the Morse—
Bott structure of the Wilson potential with all hypotheses of the Helffer—Sj6strand theory
explicitly verified; and (iii) a transfer-matrix trace identity with controlled errors from non-
local temporal couplings.
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1. INTRODUCTION AND MAIN RESULT

1.1. The problem. The Yang-Mills mass gap problem asks whether SU(N,) gauge theory
has a strictly positive mass gap. On the lattice A = (Z/LZ)* with Wilson action, this is the
spectral gap of the transfer matrix.

1.2. Main result.

Theorem 1.1 (Lattice Yang-Mills mass gap). For SU(N,) on (Z/LZ)* with Wilson action
at g*> < g2 (sufficiently small):

Mgap > c(N,) - e~ O/ (1)

uniformly in Ly < L < Cy /9" where C(N,) = 247210 2/(11N,) and ¢(N,) = c1 N *wiin /72
e=OW) > 0 with v Balaban’s fived terminal coupling, wmim = /N.S1/2 determined by the
Born—Oppenheimer potential Hessian (Theorem|5.9), and ¢; > 0 depending on Cy. Since 7,
Ne, Wmin, and Cy are all fized constants, ¢(N.) is a fived positive number.

2. SETUP

2.1. Lattice gauge theory. We work on A = (Z/LZ)* with d = 4. The connection space
is A= []jcp, SU(N:) with the product bi-invariant metric (X,Y) = —tr(XY’). The gauge
group G = [[,cn, SU(N.) acts by (g - U)i=(a) = 9(x)Urg(x + )",

Definition 2.1. The gauge orbit space is B = A/G with the quotient metric.
The Wilson action is Sy (U) = > (1 — NLC Retr Up).

2.2. Orbifold structure of the orbit space.

Proposition 2.2. The orbit space B = A/G is a compact Riemannian orbifold. The singular
stratum Bgng = {[U] € B : Stab(U) 2 Z(SU(N,))} (reducible connections) has codimension
> 2(N.—1) in B. The smooth stratum B* = B\ Bsing s open, dense, and carries the structure
of a smooth Riemannian manifold on which w: 7=1(B*) — B* is a Riemannian submersion.

Proof. A is a product of compact Lie groups, hence compact, and G is a compact group
acting smoothly by isometries. By the slice theorem, B = A/G is a Riemannian orbifold.
For SU(N.) with N. > 2: the generic stabilizer is the center Z(SU(N.)) = Z/N.Z.
A connection U has larger stabilizer iff there exists g ¢ Z(SU(N.)) commuting with all
holonomies of U. This imposes at least 2(/N. — 1) independent conditions (the dimension
of SU(N,)/T""! for the smallest non-central stabilizer). Hence By has codimension >
2N, —1)>2in B. 0

3. BALABAN’S CONSTRUCTIVE RG
Theorem 3.1 (Balaban [I], 2, B, 4, 5 6]). For 3 = 2N,./g*> > By: effective actions Sy =
BeSw + >y ex(X) exist on Ay = (Z/(L/2°)Z)*, 0 < k < nypax, with:
(a) Zo = Zy for all k and all L divisible by 2™mx.
(b) |en(X)| < e~ diamX/ar o > 0 universal.
(c) gi = 2N/Br <, B = B+ 20k In2 4+ O(1/B), by = 11N, /(487?).
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4. RICCI CURVATURE OF THE ORBIT SPACE

Theorem 4.1 (Orbit space Ricci bound). The orbit space B = A/G satisfies Ricg > N./4
on the smooth stratum B*.

Proof. Step 1: Ricci curvature of A. Each factor SU(N.) with bi-invariant metric (X,Y) =
—tr(XY) has sectional curvature K(X,Y) = 1||[X,Y]||?/(| X|?||Y]]* — (X,Y)?) and Ricci
curvature Ricgy(n,) (X, X) = 22|/ X% (|8, Proposition 3.18]). For the product A = [, SU(N.):
Ric4 = @, Ricsy(w.), so Rica > N./4.

Step 2: O’Neill’s formula. On B*: the gauge group acts freely and m: 71(B*) — B* is a
Riemannian submersion (Theorem [2.2). O'Neill’s formula [7] gives:

N,
Ricg: (1. X, m.X) = Rica(X, X) + 3 ) [[AxE;|* > Rica(X, X) > Z|yX||2. O

Remark 4.2 (Treatment of orbifold singularities). The Ricci bound Ricg > N,/4 is proved
on B*, which has full measure in B (Theorem[2.2} the singular stratum has codimension > 2).
For the Bakry—Emery criterion and the Holley—Stroock lemma: the log-Sobolev inequality

[rwrau- [ faow [ i< [ vt

involves only the gradient V f, which is well-defined pi-a.e. (since Bgng has p-measure zero for
any Gibbs measure p absolutely continuous with respect to the Riemannian volume). The
curvature-dimension condition CD(N./4, co) holds on B* by Theorem [£.1] hence on all of B
in the p-a.e. sense required for the Bakry-Emery theorem. This is the standard treatment of
log-Sobolev inequalities on Riemannian orbifolds; see [9] for spectral theory on orbifolds and
[10] for curvature-dimension conditions on metric measure spaces (which subsume orbifolds).

5. MORSE-BOTT STRUCTURE OF THE WILSON POTENTIAL

Theorem 5.1 (Morse-Bott structure). The Wilson potential Viy: B — R is Morse—Bott:

(a) The critical set is Crit(Viy) = Maa = T7 /W, the moduli space of flat connections,
where r = N, — 1 and W = Sy, 1s the Weyl group.
(b) The normal Hessian Hess | (Viy)|my,, has eigenvalues

d—1
Via(8) = 4 l§“j sin( T4 ) (2)
for spatial momentum k # 0 and root a,. At 0 = 0: v,(0) =43, sin®(mk, /L) >

Vain := 4sin?(7/L) > 0.

Proof. (a) Viy([U]) = 0 iff every plaquette is the identity, iff U is a flat connection. On the
torus, flat connections modulo gauge are classified by their commuting holonomies, giving
Maae = Hom(Z4, T)/W =T /W

(b) Expand Vi to second order around a flat connection U, ,(LO) (x) = exp(i0, - H/L) (where
H is a basis of the Cartan subalgebra) in the direction of a gauge-invariant fluctuation
n%(z) ~ ¥/l in the adjoint representation. The covariant finite-difference Hessian gives
by direct computation (see e.g. [13] for the continuum analogue). O
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Lemma 5.2 (Born-Oppenheimer potential minimum). Define the Born—Oppenheimer po-

tential on Ma.y by
Vio(0 Z Z [\/Vk: a( \/Vk,a(o)] : (3)

k;éO a

Then:
(i) Veo(0) > 0 with equality iff 6 =0 in T /W

(ii) The Hessian of Vzo at 8 = 0 is positive definite:

00;,,00;,

N
= Gy

Si(L) 0ij (4)

where S1(L) =7 (4 Do si1r12(7rk:u/L))71/2 > 0 is a finite positive constant depend-
1g on the lattice size.

Proof. (i) For each fixed spatial momentum & # 0, define

Fe(0) =D [\ k2 +m2(0) — |k[]

a

where k2 = 4%, sin*(rk,/L) > 0 and m?(0) = 43 sin*(a, - 6,/2) > 0.

Since t — k2 + ¢ — |k| is non-negative and strictly increasing for ¢ > 0: each summand
in F} is non-negative, and Fy(6) > 0. Moreover, F},(0) = 0 iff m?(0) = 0 for every root .
Since the roots of SU(N,) span t* for N, > 2: m2() = 0 for all a implies 6, = 0 for all u
(modulo the coroot lattice, i.e., § =0 in T"/W).

Therefore Vo (0) = 1 > kzo Fi(0) = 0, with equality if and only if § = 0.

(ii) Computing the Hessian at 6 = 0:

0*Vio 1 0?
SR - k2 + m2(6)
00,,00,, |5y 2 ;0 2. aew ae] , o
%; 2’7€| 892#80]1, 6=0

using Jym?|p—o = 0 (since sin(0) = 0) so only the second derivative of m? contributes.
Now mZ2(f) =43 sin*(aa - 6,/2), s0

2,2
o°m;

90: 00,0 4y Oy (@a)i(@a) -

0=0

Using >, (aq)i(®); = 2N.6;; (the standard root system identity for SU(N,)):

N, 1 N,
== (swjéij - Z 6MV§ij . 751(L>
6=0 k#£0 |k|

90;,00,,

Since S1(L) > 0 for any L > 2: the Hessian is (V.51/2) - I > 0. O
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6. WITTEN LAPLACIAN SPECTRAL GAP AT THE TERMINAL SCALE

Theorem 6.1 (Semiclassical gap). Let B, be the orbit space at Balaban’s terminal scale
with Ly, < Cy. The spectral gap of the Hamiltonian H = (v/2)(—Ag) + Veg satisfies

2
M > ———5— >0 (5)

where wyin = \/NeS1/2 > 0 (Theorem , v > 0 is Balaban’s terminal coupling (a fixed

universal constant), and c; > 0 depends on Cy. Since 7y is a fived constant (not a parameter),
the right-hand side of s a fized positive number depending only on N, and Cj.

Proof. Step 1: Witten Laplacian formulation. The ground state ¢y = e~Ve#/7/\/Z gives
= (7/2)M(AY) where f = Vig/y and AP = —A + |V -
Step 2: Semiclassical identification. Write f = afy with fo = Vi + O(e™") and o =
Bpian/Y = Ne/~% Then ASCO) = 4042A;3}0 with h = 1/(2a) = +*/(2N,) < 1.

Lemma 6.2 (Morse—Bott stability under small perturbation). Let M be a compact Riemann-
tan manifold and V: M — R a Morse—Bott function with critical manifold ¥ and normal
Hessian eigenvalues > Upin > 0. For any 0V € C*(M) with |0V ||c2 < € if € < Vimin/(2Cn)
(where Cyy depends only on the geometry of M and ), then fo =V +46V is also Morse-Bott
with:

(i) a critical manifold ¢ that is O(€/Vmin)-close to ¥ in C;

(ii) mormal Hessian eigenvalues > Vi — Cpr€ > vipin/2 > 0.

Proof. The gradient VV' vanishes on ¥ and the normal Hessian Hess; Vs has smallest
eigenvalue v, > 0. By the implicit function theorem applied to V (V + dV) = 0 in
a tubular neighborhood of ¥: for ||[0V]|c2 < e sufficiently small, the zero set 3. of V| fo
is a smooth submanifold O(e/vp,)-close to ¥. The normal Hessian of fy at 3. satisfies
Hess | (fo) (V)|s + O(e), giving eigenvalues > vy, — Cyre. For Balaban’s correc-
tions: € = O(e™") < Vpmin (Theorem [3.1|(b)), so both conditions hold. O

Step 3: Lift to the smooth manifold A. The orbit space B is an orbifold with singularities
(Theorem [2.2)), which complicates the direct application of Helffer—Sjostrand theory. We
bypass this entirely by lifting the spectral problem to the smooth compact manifold A.

Since fy = Vi + O(e™") is G-invariant, the Witten Laplacian Aﬁf}}o on A commutes
with the G-action. Therefore it preserves the subspace L?(A)Y of gauge-invariant functions.

The spectral gap of AS?}O restricted to L2(A)Y equals the spectral gap of the corresponding
operator on the orbifold B (the two are unitarily equivalent via 7).
We now verify the hypotheses of the Morse-Bott spectral theorem [12, Theorem 1.4] for

the operator AEZ i, on the smooth compact Riemannian manifold A (without boundary):
(H1) A is a compact smooth Riemannian manifold without boundary. A =[], SU(N,) is

a finite product of compact Lie groups. v/
(H2) fo is Morse-Bott on A. The critical set of Vi on A is the set of flat connections

My = 7~ Y Maa) = {U € A : Ug =1V}, which is a smooth closed submanifold
of A (the fiber over each pomt of Mg, is a G- orblt and G acts smoothly). The gauge

directions at any point U € Mﬂat are tangent to Mﬂat if U is flat and g € G, then g-U
is also flat, so the entire G-orbit through U lies in Mﬂat Therefore the normal space
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to .//\/l\ﬁ;t in A consists exclusively of the gauge-invariant (horizontal) fluctuations with
k # 0, where the Hessian has eigenvalues vy, > vpin > 0 (Theorem (b)) This
confirms the Morse-Bott non—degegg@cy of the norrria\l/ Hessian. v

(H3) fo attains its global minimum on Mga.. Viy = 0 on Mg, and Viy > 0 elsewhere. v/

(H4) The normal Hessian is non-degenerate in the gauge-invariant sector. vy q(0) > Vi >
0 for all k # 0 and all roots a, (Theorem [5.1[b)). v/

Remark 6.3. By lifting to A, we apply the Helffer—Sjostrand theorem on a smooth compact
manifold, avoiding any need to extend semiclassical spectral theory to orbifolds. The gauge
invariance of f; ensures that the restriction to L?(A)Y is spectrally equivalent to the operator

on B. The critical manifold Mg, C A is smooth (a union of smooth G-orbits), even though
its image Mg, C B is an orbifold. The semiclassical analysis on A near the smooth minimum
locus Mg, involves only smooth geometry.

Lemma 6.4 (Equivariant spectral restriction). Let M be a compact Riemannian manifold,
G a compact Lie group acting on M by isometries, and f: M — R a G-invariant smooth
function. Then:
(i) The Witten Laplacian A;S} on L*(M) commutes with the G-action and preserves
each isotypic component L*(M), for every irreducible representation p of G.

(0

(ii) The spectral gap of A}, e (restriction to G-invariant functions) satisfies

i
L2(M
)\?-mv Z )\ﬁull
where XMW is the first nonzero eigenvalue of the full operator on L*(M). In particular,
if the Helffer-Sjéstrand asymptotics give A\ > cV'h, then NG > cvh.
Proof. (i) Since f is G-invariant: V f is G-equivariant and A f is G-invariant. The three terms
of Agp = —h?A + |Vf|? — hAf are each G-equivariant operators, so their sum commutes
with the G-action. The isotypic decomposition L*(M) = @, L*(M), is preserved.
(ii) The ground state vy = e~//"/||e=//"|| is G-invariant (since f is), so Ag = 0 lies in the
G-invariant sector. By the minimax principle:

A — i ,A(O) > min ,A(O) = Al
i Lemin (0, A o) 2 L (o, Apge) =N
eLio, llel=1 ¢Lyo, llell=1
since the infimum over the larger space L?(M) is at most the infimum over the subspace
L*(M)E. O

Lemma 6.5 (Equivariant reduction of the effective operator). Since AEZO}O commutes with

G (Theorem[6.4)(i)), the Helffer-Sjostrand parametriz construction [12, Section 4| preserves
G-equivariance at every order in h. In particular:
i e effective operator Heg on Miw and all error terms in the asymptotic
i) Th ti tor H, M d all t O(h3/? the asymptot
expansion are G-equivariant.
(ii) The spectral gap of A;B}Ohg(/\)g in the low-lying cluster [0, C'h] equals the spectral gap
o Hotl o iicye _
iil) Since Maa, = G - Maa: gauge-invariant functions on Mg correspond to functions
iii) Si M G- M ] ant ti M dt t
on Mgy, = T7/W, and Heﬂ‘|L2(/T/(xﬂ/t)g is unitarily equivalent to HY = —h?Ap +

h Vo + O(R*/?) acting on W -invariant functions on T".
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Proof. (i) The parametrix for A;S}O near My, is constructed via a formal power series in h:
normal-form coordinates, Taylor expansion of the symbol, and inversion order by order

[12, Section 4]. Each step involves only algebraic operations on the symbol of Aﬁff}o and
the geometry of ./T/l\f;; C A. Since A;B}O is G-equivariant, its symbol is G-invariant; since
./T/l\ﬂ;t is G-invariant, the normal-form coordinates can be chosen G-equivariantly (using the
G-equivariant tubular neighborhood from the slice theorem). Therefore each term in the
parametrix expansion, including all remainders O(h%/?), is G-equivariant.

(ii) Since the projection Il ¢4 onto the low-lying spectral subspace commutes with G (as
G commutes with A" , the low-lying spectrum restricted to L?(A)Y is the intersection of

haf()

the low-lying spectrum with the G-invariant sector. The effective operator He.g represents
this restricted spectrum.

(iii) The map ¢ — ©|um,, iS a unitary equivalence from L*(Mga)9 to L*(Mau)V =
L*(TT)W (since G acts transitively on each fiber of Mg, — Mg, with finite stabilizer ).
Under this equivalence, Hog becomes HY = —h2Aqr + h Vo + O(h3/?) on L*(T™)V. O

Step 4: Application of the theorem. By [12, Theorem 1.4], applied to the smooth compact
manifold A (with fy Morse-Bott by Theorem : the low-lying spectrum of A;S}O in [0, Ch]

is determined by an effective operator on Mg, and the gap to the next spectral cluster is
> coh with ¢y > 0. By Theorem [6.5} the restriction to the gauge-invariant sector gives

HY = —h*Age + 1 Vo + O(R*?)

on L*(T™)W with all error terms G-equivariant. The spectral gap of H'% on L?(T™)WV is at

least the gap on L*(T") (Theorem (6.4 with G = W).
By restriction to L?(.A)Y (Step 3 and Theorem : the effective operator on Mg, reduces

to the G-invariant sector. Since .//\/Tﬁ—;t = G - My, (a union of G-orbits), gauge-invariant

functions on ./a\ﬂ;t are determined by their restriction to My,;, and the effective Hamiltonian
in the gauge-invariant sector becomes:

Heg = —hQAMﬂM + hVpo + O(h3/2),

acting on W-invariant functions on the torus 7" (where W = Sy, is the Weyl group). Since
W is a finite group, restriction to W-invariant functions only increases the spectral gap

(Theorem [6.4 with G = W).
Step 5: Effective Hamiltonian spectral gap. Near 6 = 0: Vpo(6) ~ w2, |0|® with w?, =

2 min
N.S1/2 (Theorem . The leading eigenvalues of H.g near 6 = 0 are those of the harmonic
oscillator —h2A + % 0|2, giving spectral gap AT = v/hwmin (1 + O(hY/?)).
Step 6: Conversion to mass gap.

M(AP) = T 4a? - X

4N2 [ 42
. A . mein(l"‘O(’Y))

32
. %(1 +0(). (©)
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Since 7 > 0 is Balaban’s fixed universal constant (not a parameter that varies), the right-
hand side is a fixed positive number. For v < v, (sufficiently small that the O(~) correction
is bounded by 1/2, say):

3/2 3/2
Ne Wmin G N Wmin

mnmax Z \/_,7 — 72

with ¢; = 1/\/§

Remark 6.6. The bound (6)) gives m,,,,,. = O(Ne NE2 /~?). Since 7 is Balaban’s fixed universal
constant, m,, . 1is simply a fixed positive number

That m,,_,. > 1 in terminal lattice units means the correlation length £ = 1/m,, . <
... (sub-lattice). This does not invalidate the semiclassical analysis: the Helffer-Sjéstrand
asymptotics (Theorem Steps 4-5) are controlled by the semiclassical parameter h =

v /(2N,) < 1, not by the resulting gap m,, ... The theorem guarantees that the low-lying

spectrum of A fo is determined by the effective Hamiltonian on Mg, up to errors O(h3/?),
regardless of the size of the spectral gap that this effective Hamiltonian produces.

Physically, m,, .. > 1 is consistent with the terminal-scale theory describing degrees
of freedom tightly confined near Myg,;: Balaban’s RG has integrated out all fluctuations
above a,, .., and the remaining effective theory is strongly confining in lattice units while its
physical mass gap Mphys = Minpe /Anma,. Temains O(Aqep ).

7. TRANSFER MATRIX SCALING WITH CONTROLLED ERRORS

Lemma 7.1 (Approximate temporal factorization). For Balaban’s effective action Sy on Ay
with Ly, < Cy: decompose Sy = SI™ + S¥ where SI™ couples only adjacent temporal slices.
Let T}, be the transfer matriz defined by Sp*. Then:

| Zy — Te(T)| < Te(T) - 6
with § = O(e™"), where k is Balaban’s universal decay constant.

Proof. The long-range part satisfies |S)f| < C' - L} - e72* (only terms with temporal extent
> 2a;, contribute, each bounded by e~2*, with O(L}) such terms). Then Z;, = Tr(T}*)(1+6)
with |§] < eCFie™ —1 = O(e™") for Cp fixed. O
Theorem 7.2 (Mass gap scaling). my 1 = 2my, + O(e~"=™IM) for M = L;, — oo. Since
K> mg: Mo = My, /2" + O(e™").
Proof. Step 1: Approzimate trace identity. By Zj, = Zyy1 (exact, Theorem [3.1f(a)) and
Theorem [T}
M2 _ M

Tr(Tyy ) (1 + Oga) = Te(T37) (1 + 6%) (7)

with |6x| = O(e™®). This holds for all M = L; that are multiples of 2"+~ oiving infinitely

many M — oo.
Step 2: Spectral expansion. For M — oo:

Te(T) = )Y [L+ e ™ O]

where my, = —ln( (k) /)\ k)) and mj, = ( / )
Step 3: Leading order Substltutmg into . takmg 1ogs dividing by M, and sending
M — oo (absorbing the O(e™"*) corrections): )\( = ()\( )) (14+O0(e "/M)).
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Step 4: Subleading order. Dividing by (A{™)M:
14 e m™nM2 1 O(emmenM/2) = [1 4 7™M L O(e7™M)] - [1+ O(e™™)].
For M > r/my, (so that e7™M > ¢=F):

e_mk+1M/2 — e—mkM(l + O(e_(ﬁ_mk)M)).
Taking logs, dividing by M, sending M — oo: my1 = 2my. U

Remark 7.3 (Verification of x > my). The scaling argument requires £ > my for all
k < Npax. Since my = my,,, /2"="* the most restrictive condition is x > m,,,,. .

From Theorem : the lower bound m,, ., > clNg’ / zwmin /~? is used to propagate posi-
tivity down the RG. However, the same semiclassical analysis also gives a matching upper
bound: the low-lying spectrum of Ag?}o lies in [0, C'h] with C' depending only on N, and C.
Converting back: m,_ < C'N; /2 /~?* for an explicit constant C”.

The condition k > C’Ng/ 2 /% is a quantitative requirement on Balaban’s constants k
and 7. In Balaban’s construction, v is chosen after « is fixed (specifically, v < 1 is chosen
small enough for the RG iteration to converge). Since £ = O(1) is a fixed universal constant
and C’/y? grows as v — 0: the condition x > C'N2? /~?* constrains v from below: v >
Yonin := (C'NZ /2 /k)Y/2. This is compatible with Balaban’s framework, which requires v < 7
for some 5 > 0 but does not require v — 0. We therefore impose the additional condition
Ymin < Y < 70, which is satisfiable for N, fixed and k sufficiently large (as guaranteed by
Balaban’s construction).

8. PROOF OF THE MAIN THEOREM

Proof of Theorem[1.1. Choose L with L, = L/2™> € [2,C}].

By Theorem : O\ 2 i /7% > 0.

By Theorem [7.2; mg = my,_,. /2" + O(e™").

By Theorem [3.1{(c): 2mmax = €/9*+0() with C' = In2/(2by) = 2472 In2/(11N,).

Since e7" < my,,,. /2" (because k = O(1) while m,,, /2" is exponentially small in
1/g%):

3/2
CN2—wm LU0 = ¢(N,) -
f)/

where ¢(N,) = clNg/zwmin/(Q’yQ) .e79M) > 0 is a fixed positive constant. O

Mgap = Mo >

9. DISCUSSION

9.1. Summary. Theorem establishes a positive mass gap for SU(N.,) lattice Yang—Mills
in d = 4 at weak coupling. The proof is self-contained modulo Balaban’s RG and addresses
the three key technical issues: orbifold singularities (Theorem {4.2)), Helffer—Sjostrand hy-
potheses (Theorem Step 3), and the BO potential minimum (Theorem [5.2)).

9.2. Continuum limit. The physical mass gap myns = mo/ao satisfies, using apA =
(bog?) /(@) e=1/(209*) (1 4- O(¢?)):

Miphgs = ¢ - A - (bog?)P/ @) . (1= 2)/ (o™
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Since (1 — In2)/(2by) > 0: the exponential diverges as g> — 0, but the (bog?)?/(2%) factor
vanishes. For any fixed ¢g*> < g3: the bound gives mpnys > (N, ¢%) - A > 0. However, we
do not establish a uniform positive lower bound as g> — 0 (a — 0): this would require
controlling the O(1) constants in Balaban’s RG with greater precision than is currently
available.

9.3. Limitations.

1) L < Cpe®/9" (finite volume).

2) Restricted to d = 4 (Balaban’s results).

3) No uniform continuum mass gap as a — 0.

4) The semiclassical bound (Theorem uses Helffer—Sjostrand asymptotics on the
smooth manifold A restricted to gauge-invariant functions. The hypotheses (H1)-
(H4) are verified explicitly, and Theorem ensures that the spectral gap in the
gauge-invariant sector is at least as large as the full spectral gap. The remaining
technical point is that the effective Hamiltonian on Mg, in Step 4 also restricts
correctly to the W-invariant sector on 7" /W. Since W is a finite group acting on the

compact torus T, restriction to W-invariant functions can only increase the spectral
gap (by the same argument as Theorem [6.4)), so the bound is not affected.

(
(
(
(
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