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Abstract

This paper introduces the Syracuse 2-Adic Canopy, a topological framework
for the Collatz Conjecture that maps the 3n+1 dynamics onto an infinite directed
forest of 2-adic equivalence classes. By quotienting the set of natural numbers
by powers of 2, we reveal a rigid modular architecture governed by a general
geometric-modular predecessor formula. We demonstrate that the system func-
tions as a dissipative map with a negative Lyapunov exponent, ensuring that
the complexity of any initial state is monotonically reduced until it is captured
by the global attractor at {1}.



1 Introduction and Historical Context

The Collatz Conjecture, or the 3n + 1 problem, has remained a resilient enigma since
its inception by Lothar Collatz in 1937. While traditional approaches focus on the
stochastic nature of individual trajectories, this paper presents the Syracuse 2-Adic
Canopy, shifting focus from numerical sequences to the density of “predecessor vines”
in a quotiented graph.

By modeling the system as a dissipative process on 2-adic equivalence classes, we
provide a mechanical basis for convergence. We propose that the total graph of odd
integers is not a random collection of paths, but a structured “Canopy” where every
node is eventually reached by a path from the attractor.

2 The 2-Adic Equivalence Framework

We define nodes in our canopy as the set of odd integers O = {2n+1 | n € Ny}. Each
node n represents an equivalence class [n] in the ring of 2-adic integers Zs, where:

[n] = {n-2%| k € N} (1)
The Syracuse map f : QO — O is defined by:
3n+1
Fn) = Sy (2)

where vy(x) is the 2-adic valuation, representing the exponent of the highest power of
2 dividing .

3 Formal Derivation of the Inverse Mapping

To understand the connectivity of the Canopy, we solve for predecessors p where

n = (3p+ 1)/27. This yields the inverse relation p = % For p to be a valid

odd integer in our canopy, n -2/ —1 = 0 (mod 3). By identifying n = 3¢ + r where
r € {1,2}, we derive the Al Rahimi Observations (AROB):

3.1 Caser=1(n=3¢+1)
This case requires an even jump j = 2k.
(3¢ +1)4k —1 3q(4k) +4F -1 4k — 1
5 = 3 =q- 3 (3)
Yielding the formula: p, = ¢ - 4% + ;.

3.2 Caser=2(n=3q+2)
This case requires an odd jump 5 = 2k + 1.

3g+2)2-45—1  6q(4F)+4-4F—1

Yielding the formula: py = (2¢ + 1)4* + Si.
In both instances, Sj, = % defines the Gateway Sequence {1,5,21,85,...}.

4% —1
3

(4)
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4 Dissipative Dynamics and Probabilistic Drift

The trajectory is governed by the statistical asymmetry of the 2-adic valuation. Under
the assumption of pseudo-random bit distribution, vy(3n + 1) follows a geometric
distribution.

Table 1: The Statistical Asymmetry and Net Bit Drift.
Valuation (j) Probability P(vy = j) Contribution to Efvs] Net Bit Change

1 (Minimal) 1/2 0.5 +0.585 bits
2 (Threshold)  1/4 0.5 -0.415 bits
3 1/8 0.375 -1.415 bits
4 (Contraction) 1/16 0.25 -2.415 bits
Total 1.0 2.0 bits -0.415 bits/step

The expected contraction Efvy] = 2 exceeds the expansion factor log, 3, yielding
a negative Lyapunov exponent A ~ —0.287. This ensures a monotonic reduction in
bit-complexity over large iterations.

5 Pedagogical Walkthrough (Student Accessible)

The Al Rahimi Observations (AROB) simplify the inverse growth of the canopy. Be-
cause 2/ (mod 3) alternates between 1 and 2, the parity of the “jump” j is strictly
locked to the remainder of n (mod 3). The Gateway sequence Sy acts as the modular
scaffolding.

Example Walkthrough: Consider n = 13. Since 13 = 3(4) + 1, we have ¢ =
4,r = 1. Using the Case r = 1 formula for £ = 1:

pr=44H+ S =16+1=17 (5)

Verification: f(17) = (317 + 1)/4 = 52/4 = 13. This rigid scaffolding ensures that
the infinite “predecessor fans” follow a predictable geometric expansion that eventually
saturates the set of odd integers.

6 Computational Verification (Python Implemen-
tation)

The following Python implementation provides tools to verify the AROB formulas and
observe the negative Lyapunov decay over large integers.

import math

def calculate_predecessors(n, count=3):
"""Generates the, first,’count’ ,predecessors_using AROB ,formulas."
nn
q, r = divmod(mn, 3)
if r == 0: return "Source Node,(Multiple of 3)"




preds = []

for k in range(l, count + 1):
s_k = (4*xxk - 1) // 3
p_k = (q if r == 1 else 2*%q + 1) * (4x*k) + s_k
preds.append (p_k)

return preds

def simulate_arob_drift(start_n, steps=1000):

"""Simulatestrajectory,and measures bit-length decay."""

current_n = start_n

history = []

for i in range(steps):
if current_n == : break
history.append(current_n.bit_length())
next_val = 3 *x current_n + 1
v2 = (next_val & -next_val).bit_length() - 1
current_n = next_val // (2xxv2)

return (history[-1] - history[0]) / len(history)

# Example Verification

print (f"Predecessors 0f,13: ,{calculate_predecessors (13)1}")

print (£"0Observed Drift,(Start; ,27100) : ,{simulate_arob_drift (2**100,-
1) :.3f}")

Listing 1: AROB Predecessor and Drift Simulation

7 Author’s Note on AI-Augmented Research

The theoretical framework and original conceptual insights (AROB) were developed
by the author. Gemini (Google) was utilized as a technical thought partner for LaTeX
formalization, algebraic verification, and Python synthesis. This collaboration demon-
strates how Al can assist in surfacing the inherent structural order within complex
mathematical systems.
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