Simplicial Gauge Theory

A Geometric Framework Connecting FEg, Factorial Combinatorics,
and the Fundamental Constants of Nature

Herman Herstad Nythe

hermannythe@gmail.com

22 January 2026

Abstract. We present a unified geometric framework in which the fundamental coupling
constants of nature emerge from the combinatorics of n-simplices and the structure of
the exceptional Lie group Eg. The theory is governed by a lattice gauge action on the
Eg root lattice, where interactions are classified by the simplicial dimension N,, = n! —1.
For electromagnetism (n = 5), the unique factorization N5 = 119 = 7 x 17 into Mersenne
and Fermat primes enables an Abelian projection yielding the fine structure constant
o™l = (9527 —1)/(2v/119) = 137.0362 with 1.5 ppm precision. The structural decompo-
sition a~! = |2I| + F, + 1/|©7| reveals contributions from the binary icosahedral group
(generators of Fg), the Fermat prime 17, and the 28 exotic differentiable structures on
S7. The framework successfully derives the proton-electron mass ratio (0.0016% devia-
tion), Higgs-to-W ratio (0.03%), Weinberg angle (0.4%), and gravitational coupling via
the Catalan-Mersenne sequence (ozé1 = 2127 —1). Three fermion generations arise from
the genus-3 topology of the Klein quartic at the n = 6 scale. The theory predicts a dark
sector pseudoscalar resonance (JP¢ = 07F) near 27-28 GeV and a neutrino mass scale
of ~ 0.07 eV.

1. Introduction

The Standard Model of particle physics contains approximately 26 free parameters whose values
are determined experimentally but lack theoretical explanation. The fine structure constant o =
1/137, which governs electromagnetic interactions, exemplifies this situation: it is a dimensionless
number, identical in any unit system, yet its value appears arbitrary.

This paper proposes that these parameters are not free but are determined by the geometry
of an underlying discrete structure—specifically, the Eg root lattice and the combinatorics of
simplices. We develop a framework called Simplicial Gauge Theory (SGT), which:

1. Defines a hierarchy of interactions indexed by n, with complexity NV,, =n!—1

2. Constructs a lattice gauge action on the Fg lattice with Abelian projection

3. Derives coupling constants as geometric invariants of this structure

4. Explains mass ratios through inter-level couplings

5. Predicts the number of fermion generations via vacuum topology



The numerical precision achieved—in several cases exceeding 0.01%—suggests these patterns
warrant serious investigation, whether they reflect fundamental physics or remarkable mathe-
matical coincidence.

2. The Factorial Hierarchy

Definition 2.1 (Simplicial Dimension). For each integer n > 2, define the simplicial dimen-
sion:

Ny=nl—-1 (1)
This equals the dimension of the augmentation ideal in the group algebra C[S,,], or equivalently,

the number of non-identity permutations of n objects.

The physical interpretation is that N, counts the dynamical degrees of freedom of an (n — 1)-
simplex, excluding the static identity configuration.

n n! N, Factorization Interpretation

2 2 1 1 (unit) GUT scale

3 6 5 5 (prime) Strong interaction
4 24 23 23 (prime) Weak interaction
5 120 119 7x17 Electromagnetism
6 720 719 719 (prime)  Dark sector

Table 1: The factorial hierarchy. Note that N5 = 119 is uniquely composite among the first
several values.

Observation 2.2 (Primality Pattern). For n € {3,4,6}, the value N, is prime. For n = 5,
uniquely, N5 = 119 = 7 x 17 factors into a Mersenne prime (M3 = 23 — 1 = 7) and a Fermat
prime (Fy = 22" +1 = 17).

We propose that this primality pattern determines whether an interaction is confined (prime N)

or propagating (composite N'). Electromagnetism, with its massless photon and infinite range,
corresponds to the unique composite case.

3. Theoretical Framework: The Master Equation

3.1. The Ey Lattice as Vacuum Geometry

The exceptional Lie group Fg possesses unique mathematical properties:

e Dimension 248, rank 8
e 240 roots, satisfying 240 = 2 x 5!
e Achieves optimal sphere packing in 8 dimensions [5]

e Contains all smaller exceptional groups: Fg D E7r D Eg

We postulate that the vacuum geometry is the Eg root lattice Ag,, with physical spacetime
arising as a 4-dimensional projection.



3.2. Abelian Projection and Prime Factorization

A key technical issue is that SU(N) cannot embed in Eg for large N. We resolve this via
Abelian projection onto the maximal torus T® C Ex.

For a simplicial dimension N,, with prime factorization N, =[], p;", the gauge group factorizes:

Gn= Q) U(1), C T®C Eg (2)
P|Nn

For electromagnetism (N5 =7 x 17):

GEM = U(1)7 X U(1)17 (3)

This product structure enables a toroidal topology T2 = S% X 5117, which trivializes m; and
permits massless gauge bosons.

3.3. The Simplicial Gauge Action

We propose the following action governing vacuum dynamics:

9(E719)
Ssar =353 [1- % [Tre (%)) + 3 @ (DM —mi)wi| @
net p " PNy, k=1

where:

e H =1{3,4,5,6} indexes the hierarchy levels (strong, weak, EM, dark)

Bn o 1/g2 is the inverse coupling at level n

6, are phase variables on the U(1), factors

9(X719) = 3 is the genus of the vacuum topology at the dark sector scale

DLH’) is the chiral covariant derivative (left-handed projection)

e my are geometric mass terms arising from “phason friction”

The first sum is a Wilson-type plaquette action penalizing non-trivial holonomy. The second
sum describes three generations of chiral fermions.

3.4. Continuum Limit

In the limit where the lattice spacing £ — 0, standard lattice gauge theory techniques yield:

1 _
Ssar =% /d4l‘ <_4FMVF/“/ + (i Dy — m)1/1> (5)

recovering the Yang-Mills kinetic term and Dirac Lagrangian.



3.5. Path Integral Derivation of v N

We now show explicitly how the geometric factor v/119 emerges from the path integral over the
U(1)7 x U(1)17 gauge sector.

The partition function for the electromagnetic sector is:
Zem = /7797 Db17 exp <—55 > Splor, 917}) (6)
P

For a single plaquette with the Abelian projection:

_ o L 07 6017
Sp=1 119Re (e e ) (7)

Expanding for small fluctuations around the vacuum (6, < 1):

1

- (97 + 917)2
2-119

Sp 2.119

(02 + 63, + 207017) = (8)

The effective electromagnetic phase is Ogy; = 074617, living in a configuration space of dimension
Ns =7x17=119.

The key result comes from the Gaussian integral over this N/-dimensional space. For a field ¢ in
N dimensions with action S = [¢|:

N+1
o = /2 FF((N)) ()

For large N, this admits a systematic expansion in 1/N:
(16) = VA (1= — s + O (10)
AN 32N2

For electromagnetism (AN = 119), the leading approximation /119 = 10.909 is excellent. For
smaller values, we must use the exact Gamma function:

N VN Exact (|¢|) Correction

n
3 5 2.236 2.128 —4.8%
4 23 4796 4.690 —2.2%
5 119 10.909 10.863 —0.4%
6 719 26.814 26.795 —0.07%

Table 2: Exact vs. approximate configuration space radius.

The formula a;,t = 47V N —1/(2v/N) can be understood as incorporating the leading correction
from Eq. (10):
1
Sl=ATVN (1 — 11
“n N 87N (1)

This systematic 1/N expansion justifies the formula structure and explains why the precision
improves for larger N (electromagnetism vs. strong force).



The factor 47 arises from the projection onto 4D spacetime. The gauge field A, couples to the
2-sphere of directions in physical space, contributing the solid angle:

Qy = / dQ = 4n (12)
SQ

Combining these results:
afeiding = QZ X <’¢‘> = 471'\/@ (13)

The subleading correction —1/(2v/N) arises from the next term in the saddle-point expansion,
representing quantum fluctuations around the classical vacuum.

3.6. Phason Friction and Mass Generation

The mass terms my. in the Master Equation arise from phason friction—resistance to motion
through the discrete configuration space.

Definition 3.1 (Phason Friction Coefficient). Let w,, denote the displacement field in the per-
pendicular space of the Fg — R* projection. The phason free energy density is:

1 1 ow|?
— Kpn|Vw|? + i dn

2 ot (14)

F phason =

where K, is the phason elastic constant and I'y is the friction coefficient depending on the
topology of N.

3.6.1. Derivation of K, from Eg Geometry

The phason elastic constant Kpy, is not a free parameter—it is fixed by the geometry of the Eg
lattice.

Viazovska [5] proved that the Fg lattice achieves optimal sphere packing in 8 dimensions with
density:

As= (15)

In quasicrystal elasticity theory, the phason elastic constant is determined by the second deriva-
tive of the free energy with respect to phason strain. For an optimal packing, this is proportional
to the packing density raised to the power 1/d, where d is the lattice dimension:

o 1/8
Ko = Bp x (80" = B x (52 16)

where Ep = \/he® /G =~ 1.22 x 1012 GeV is the Planck energy.

Evaluating the geometric factor:
md 1/8 1 mt 4Inm —1n 384

]Kph = 0.840 Ep \ (18)

Thus:




This result is remarkable: the phason elastic constant is approximately 84% of the Planck energy,
determined entirely by the Fg packing geometry with no free parameters.

The crucial observation is that I'ys depends on whether N is prime or composite:
Case 1: Composite N =p x ¢ (e.g., EM with 119 =7 x 17)

The configuration space factors as T? = SI% X 5’,}. There exists a zero-friction direction along the
diagonal:
Ipxg =0 along 6, =46, (19)

This zero mode corresponds to a massless gauge boson (the photon).
Case 2: Prime N = p (e.g., Strong with N3 = 5)

The configuration space is irreducible—it cannot be factored into a product. Every direction
encounters friction:

_h
= 2

where £p is the Planck length. This generates a mass gap:

r, >0 (20)

1
Mgap = \/Kph - I'p /b (21)

For fermions, the geometric mass in the Dirac equation becomes:

my = &/ I, - Kpn (22)

where & is a generation-dependent coefficient from the genus-3 topology.

This mechanism explains why confined interactions (Strong: N = 5, Weak: N = 23, Dark:
N = 719) have massive mediators, while electromagnetism (N = 119 = 7 x 17) has a massless
photon.

3.7. Renormalization and Infrared Fixed Points

A critical question is why our geometric formulas match low-energy (CODATA) measurements
rather than high-energy (GUT scale) values. The answer lies in the renormalization group (RG)
interpretation.

Proposition 3.2 (IR Fixed Point). The geometric coupling constants derived from the Eg lattice
represent infrared fixed points of the renormalization group flow.

Argument. In lattice gauge theory, the continuum limit ¢ — 0 corresponds to the infrared limit.
The lattice spacing ¢ acts as a UV cutoff; removing it (¢ — 0) probes arbitrarily large distances
(low energies).

The bare coupling gg at the lattice scale flows under RG:

ngl = 500 (23)

For QED, B(g) > 0 (not asymptotically free), so g increases toward the IR. The geometric value

9521 —1

= —— = 137.0362 24
geom 2\/@ ( )

(0}



is the fixed point at u — 0 (zero momentum transfer), which is precisely where CODATA
measurements are performed.

At higher energies, o runs according to the standard RG equation:
a_l(Q2) geom - Z Qf In (m ) (25)
f

The geometric structure of Eg thus provides the boundary condition for RG flow, fixing the
IR value while allowing standard running at higher scales.

This resolves the apparent puzzle: our formulas are not GUT-scale predictions but IR anchors.
The universe “flows” from UV chaos to the geometric IR attractor defined by the Eg lattice
structure.

4. The Fine Structure Constant

4.1. Precision Formula

Proposition 4.1 (Precision Formula for a). The inverse fine structure constant is:

—47T\/N — ——— =47v119 —

2\/1T (26)

Derivation. The formula arises from projecting the N5 = 119 dimensional configuration space
onto the 2-sphere (solid angle 47). The “radius” in configuration space is /N3, giving main term
474/119. The correction —1/(21/N5) represents quantum /topological effects at order N =1/2,

Numerical verification:

V119 = 10.90871211...
47 x 10.90871 = 137.08204...
1/(2 x 10.90871) = 0.04584...
a1 =137.08204 — 0.04584 = 137.03620

27
28
29

(
(
(
(30

)
)
)
)
CODATA 2018 value [6]: o = 137.035999084(21)

Deviation: 1.5 parts per million.

The formula can be written compactly as:

9521 — 1
-1

ot = 31
24/119 (31)

since 8 x 119 = 952.

4.2. Structural Decomposition

Proposition 4.2 (Structural Formula). The fine structure constant decomposes as:

1 1
L= I+ B+ o7 = 120 +17 + 2 = 137.0357.. (32)

Each term has precise mathematical meaning:



4.2.1. First Term: [2]| =120 = 5!

The binary icosahedral group 27 C SU(2) has order 120. Via the McKay correspondence [3],
this group generates the Eg Dynkin diagram:

Binary tetrahedral 27" +— FEj

Binary octahedral 20 <+— FEy
Binary icosahedral 2 <+— Ejy

The 240 roots of Eg decompose as 240 = 2 x 120 = 2 x |2]|.

4.2.2. Second Term: F5 = 17 (Fermat Prime)

17 = 22* 41 is the second Fermat prime. By Gauss’s theorem, regular n-gons are constructible
iff n is a product of a power of 2 and distinct Fermat primes. The 17-gon is the first non-trivial
constructible polygon, representing geometric stability.

4.2.3. Third Term: 1/|07| = 1/28 (Exotic Spheres)

Milnor [I] and Kervaire-Milnor 2] proved there are exactly 28 exotic differentiable structures
on S7. These are manifolds homeomorphic but not diffeomorphic to the standard 7-sphere.

In M-theory, the 7 compact dimensions can be topologically “twisted” in 28 distinct ways. The
term 1/28 represents a sum over vacuum configurations:

1 1 1

= = = 33

3% = 258 EX (33)
Note that 28 =4 x 7 is also a perfect number and appears as dim(so(8)).

4.3. Refined Formula

Including the next-order correction:

1 1 120
-1

=120+ 17+ — (1+— ) =120+ 17+ ———— = 137.03601 4

o 0+ 7+28<+119> 0+ 17+ =0 = 137.0360 (34)

Deviation: 0.08 ppm from experiment.

5. Prime Structure and Force Classification

The factorization 119 = 7 x 17 is not accidental. These primes have special arithmetic form:

Definition 5.1 (Mersenne and Fermat Primes).

Mersenne primes: M, =2 —1 (p prime) (35)
Fermat primes: F, = 22" +1 (36)



For our factorization:

7=2"—1=DM;y (37)
17=2"+1=F (38)

Proposition 5.2 (Primality Principle). The topological range of an interaction is determined by
the factorizability of Ny,:

e Prime N = Irreducible topology = Confinement (Strong, Weak, Dark)

e Composite N = Product topology T* = Massless bosons (EM)

For N5 = 7 x 17, the configuration space admits a torus 7% = SI x S}, which has trivial 71 (no
topological obstruction to long-range propagation).

Number-theoretic property. By quadratic reciprocity:

()= ()

The primes 7 and 17 are quadratic non-residues of each other—maximally distinct in a precise
sense.

6. Other Coupling Constants

6.1. Strong Coupling
For the confined strong interaction (n = 3, N3 = 5):
arl = (N2 1)+ - — 84 = — 8447 (40)
VN3 V5

where N, = 3 is the number of colors. Experimental value at Mz: a;! ~ 8.47. Deviation:
0.3%.

6.2. Weak Coupling

For the weak interaction (n =4, Ny = 23):

1 1 60.19 — 0.10
1
N _ — 30.04 A1
“w =3 ( i 2\/23) 2 (41)

Experimental value: a;[,l ~ 30. Deviation: < 0.5%.

6.3. Weinberg Angle

The weak mixing angle:
119 7x17

517 517

sin? Oy = = 0.2302 (42)

Note: 517 = 11 x 47, and 517 = 30 x 17 + 7, where 30 is the Coxeter number of Fg.

Experimental value: sin? 6y = 0.23122. Deviation: 0.4%.



7. Gravitational Coupling

The gravitational coupling ag = Gmg /(hc) = 5.9 x 1073 stands apart from the gauge couplings.

7.1. The Catalan-Mersenne Connection

The Catalan-Mersenne sequence is defined by M, where py1 = M, :

2537127122715 ... (43)

Each term is a Mersenne prime (for the first four entries).

Proposition 7.1 (Gravitational Coupling).

agl = My = 2" — 1 ~ 1.701 x 10 (44)

Experimental value: a;' ~ 1.69 x 10%. Deviation: 0.6%.

7.2. Connection to Electromagnetic Structure

Remarkably, 2'27 is numerically close to powers of 7 and 17:
2127 oo 719 5 1718 (45)
Verification:
logy (719 x 17'8) = 191og, 7 + 181logy 17 (46)
= 19(2.807) + 18(4.087) = 53.3 + 73.6 = 126.9 (47)
Thus:
0451 ~ M2 x Ff® =719 % 1718 (48)

The Mersenne and Fermat primes from electromagnetism, raised to powers differing by 1, yield
the gravitational coupling. This suggests gravity is not independent but emerges from iterated
electromagnetic structure.

8. Mass Ratios

8.1. Proton-Electron Mass Ratio

Proposition 8.1.

31.V3I -1« (1 6!_1> 6V5 - a (1 5 (49)

me
Interpretation:
e 6 = 3!: Strong interaction factorial

10



e /5 = /N3: Strong interaction geometry
e o~ !: Electromagnetic coupling

e (1 —1/719): Dark sector correction

Numerical verification:

6v/5 = 13.4164... (50)
6v/5 x 137.036 = 1838.68 (51)
1838.68 x 0.998609 = 1836.12 (52)

CODATA value [6]: m,/m. = 1836.15267343(11). Deviation: 0.0016%.

8.2. Higgs-to-W Mass Ratio

My Ey 17
My Vi V7 (53)

Experimental: My /My, = 125.25/80.38 = 1.558. Deviation: 0.03%.

Proposition 8.2.

8.3. Top-to-W Mass Ratio

ome _ [Na 23
=V =V = 92.145 (54)

Experimental: m;/My = 172.69/80.38 = 2.149. Deviation: 0.2%.

Proposition 8.3.

8.4. Neutrino Mass Scale

The neutrino mass is suppressed by both weak and electromagnetic geometries:

e 0.511 MV 511000 &V
~ - - ~ 0.068 6V 55
T NG N2 T (23 119)2 7491169 ¢ (55)

This matches the lower bound from oscillation experiments (> m, 2 0.06 eV) and cosmological
constraints.

9. Three Generations and the Klein Quartic

9.1. The n =6 Scale and SL(2,7)

At the next hierarchy level (n = 6, Ng = 719):

ag '~ 4mV719 ~ 336 (56)
The number 336 is significant:
336 = |SL(2,7)| = 7(7> —1) = 7 x 48 (57)

11



9.2. The Klein Quartic

The Klein quartic is defined by:
By +yPr+2B8r=0 (58)

It is a Riemann surface of genus 3 with maximal symmetry.

Hurwitz’s Theorem [4]: For genus g > 2:

Aut(X)] < 84(g - 1) (59)

The Klein quartic achieves this bound:

|PSL(2,7)| = 168 = 84(3 — 1) (60)

Including orientation-reversing maps: |SL(2,7)| = 336.

9.3. Topological Origin of Generations
Proposition 9.1 (Generation Count). The vacuum topology at the Ng = 719 scale is a genus-

8 surface. The three topological “handles” correspond to three independent fermion propagation
channels—the three generations.

Ngen = 9(2719> =3 (61)

This provides a geometric explanation for why there are exactly three generations of quarks and
leptons.

10. Predictions

10.1. Dark Sector Resonance at 27-28 GeV
The n = 6 scale (Ng = 719) implies a dark sector with characteristic mass:

Maark ~ me - 6V719 - a5t = 0.511 x 6 x 26.81 x 337 MeV ~ 27.7 GeV (62)

Alternatively, scaling from the proton:

Myarc ~ my x V719 ~ 0.938 x 26.81 ~ 25.1 GeV (63)

Both estimates point to the 25-28 GeV range.

10.1.1. Spin and Parity Prediction
The quantum numbers of the dark sector resonance are determined by the symmetry structure
at the n = 6 scale.

Since Mg = 719 is prime, the interaction is confined (like the strong force). The lightest bound
state is analogous to a pion—a pseudoscalar meson. The phason dynamics provide the key
insight:

12



The phason field w couples to the vacuum through dw/0t. Under time reversal T":

ow ow

T: 5—)—@

(64)

The ground state must be odd under T. Combined with the scalar nature of the phason dis-
placement, this yields:

JPC — 0—+

(Pseudoscalar) (65)

Proposition 10.1 (Dark Sector Quantum Numbers). The fundamental dark hadron at ~ 28
GeV has spin J = 0, negative parity P = —1, and positive charge conjugation C = +1. It is a
pseudoscalar particle.

This prediction distinguishes SGT from other models:

e 2HDM models typically predict CP-even or CP-odd Higgs bosons
e NMSSM predicts a mix of CP states

JPC

e SGT uniquely predicts = 0~ from topological arguments

Experimental signature: The CMS dimuon excess near 28 GeV, if interpreted as this dark pseu-
doscalar Agac, should exhibit:

1. Preferential decay to heavy fermions: Agax — bb, 7777, putpu~
2. Angular distribution consistent with J =0

3. No ~v decay at tree level (odd parity)

10.2. Summary of Predictions

Quantity Formula Predicted Status

al (9521 — 1)/(2v/119) 137.0362 Verified (1.5 ppm)
mp/me  6vV5-a7l-(1—1/719) 1836.12 Verified (0.0016%)
My /My J/17)7 1.558 Verified (0.03%)
ag! 2127 — 1 1.70 x 103 Verified (0.6%)
Nigen 9(X719) 3 Verified

my me/(23 x 119)2 0.068 eV Consistent

Myark my X V719 2528 GeV  Testable

Jre Phason parity 0~ " Testable

Table 3: Summary of derived and predicted quantities.

11. Mathematical Foundations

We collect the established theorems underlying this work.

Theorem 11.1 (McKay Correspondence [3]). Finite subgroups G C SU(2) correspond bijec-
tively to simply-laced affine Dynkin diagrams, with the binary icosahedral group 21 (|21] = 120)
corresponding to Eg.

13



Theorem 11.2 (Kervaire-Milnor [2]). The group ©,, of h-cobordism classes of exotic n-spheres
satisfies |©7] = 28.

Theorem 11.3 (Hurwitz [4]). For a compact Riemann surface of genus g > 2: |Aut(X)| <
84(g — 1), with equality for the Klein quartic (g = 3).

Theorem 11.4 (Viazovska [5]). The Eg lattice achieves the densest sphere packing in 8 dimen-
sions, with density 7 /384.

12. Conclusion

We have presented Simplicial Gauge Theory, a framework in which fundamental constants emerge
from the combinatorics of simplices and the geometry of Fg. The central results are:

95271 — 1 1

1 7

=——— =2I|+ 2 + — +0(10 66
9 /7119 ’ ‘ 2 ( ) ( )

|©7]

(0}

mp_gzm.a—l.Q ! ) (67)

me 6 -1

M /17 /23
[t < - e 29 (68)
My 77 My 5
agt =2 — 1~ 79 x 1718 (69)

The precision achieved—0.08 ppm for «, 0.0016% for m,/m.—combined with the natural emer-
gence of three generations and the testable 27-28 GeV prediction, suggests these patterns merit
further investigation.

The mathematical ingredients—McKay correspondence, exotic spheres, Hurwitz theory, Eg lattices—
are established results. Whether their appearance in physics reflects deep structure or coincidence
remains to be determined.
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