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Abstract

We provide reproducible finite-size benchmarks testing whether a Petz-type recoverability
proxy correlates with Wilson-loop confinement diagnostics in Z2lattice gauge theory in 2+1
dimensions. We first present an exact-diagonalization (ED) benchmark on 2 × 2 and 2 × 3
plaquette lattices with open boundary conditions and a Gauss-law penalty term, verifying nu-
merically that ⟨Gv⟩ ∼ 1 for all vertices. We evaluate a trace-renormalized, regularized Petz-type
recoverability error EPetz

rec (w) = − logF (ρABC , ρ̂ABC(w)) for separated subsystems and compare
it to confinement proxies based on Wilson loops and Creutz ratios, interpreted as an effective
string tension σeff . We then extend to larger systems using TeNPy DMRG on ladder geometries
2× L and report multi-L trends as well as a bond-dimension stability check; in the ladder TN
part we report EPetz

rec as a function of contiguous buffer size |B| in MPS site ordering (proxy),
rather than the BFS collar width w used in the ED part. All plots and CSV data in this paper
can be regenerated by running the scripts provided in the appendix.

1 Overview and claims (scope)

This work is a benchmark study. We do not claim thermodynamic-limit scaling exponents. The
goals are:

• (ED) demonstrate end-to-end reproducibility for a gauge-theory instance with strict Gauss
checks on small lattices;

• (TN ladders) test whether qualitative trends persist on larger ladders 2× L beyond ED;

• provide scripts and fixed outputs (CSV/PNG) suitable for community verification.

2 Model and diagnostics

We consider Z2lattice gauge theory with qubits on links and open boundary conditions [1]. The
Hamiltonian used in our benchmarks has the form

H(g) = −g
∑
ℓ

Xℓ −
1

g

∑
p

∏
ℓ∈∂p

Zℓ + Λ
∑
v

(1−Gv) , Gv =
∏
ℓ∋v

Xℓ, (1)

where Λ > 0 energetically penalizes gauge-violating sectors. We validate gauge invariance a poste-
riori by reporting minv⟨Gv⟩ and meanv⟨Gv⟩.
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Component System sizes Key numerical settings

Exact diagonalization (ED) 2× 2, 2× 3 plaquettes sparse ED; Gauss penalty Λ (see script)
Tensor-network ladders (TN) ladders 2× L, L ∈ {4, 6, 8} TeNPy DMRG; χmax = 96; g ∈ {0.5, 0.8, 1.0,

1.2, 1.5, 2.0}

Table 1: Benchmark overview (reproducible by the scripts in the appendix).

Confinement proxy. We measure Wilson loops and compute Creutz ratios χ(2, 2) where defined,
and treat

σeff := χ(2, 2), (2)

where the overline denotes the average over all placements on the given finite lattice where the loop
fits. In 2+1 dimensions, the associated confinement-length proxy is 1/σeff .

Recoverability proxy. Given a tripartition A–B(w)–C, we compute a Petz-type recoverability
error [2, 3]

EPetz
rec (w) = − logF (ρABC , ρ̂ABC(w)) , (3)

with ρ̂ABC(w) produced by a regularized Petz recovery map and with trace-renormalization as
implemented in the accompanying code.

2.1 Benchmark summary (sizes and parameters)

Table 1 summarizes the system sizes and the main numerical parameters used in the ED and TN
benchmarks.

3 Exact diagonalization benchmark on 2× 2 and 2× 3

3.1 Reproducibility summary

The ED script produces a CSV and three figures:

• paper d results.csv

• z2 2x2 recoverability v2.png

• z2 2x3 recoverability v2.png

• z2 2x3 fixed w1 vs invsigma v2.png

3.2 Figures (ED)

4 Tensor-network ladders 2× L (TeNPy DMRG)

4.1 Geometry note (important)

In the tensor-network ladders benchmark we use a computationally convenient proxy tripartition
in which A, B, and C are chosen as contiguous segments in the MPS site ordering. Therefore, |B|
should be interpreted as a contiguous buffer size in MPS ordering, not as a geometric BFS collar
in the link-adjacency graph. This choice is explicit in the script.
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Figure 1: ED benchmark on 2 × 2: EPetz
rec (w) versus buffer parameter w (as defined in the ED

script).

χmax E0 (with shift) σeff EPetz
rec (|B| = 1) EPetz

rec (|B| = 2)

96 −43.851122487503 2.497241 1.692920× 10−4 5.840812× 10−4

192 −43.851122487498 2.497241 1.692840× 10−4 5.840946× 10−4

Table 2: Warm-start bond-dimension stability check at (L, g) = (8, 1.0) (see
paper e convergence check warmstart.py and paper e convergence check warmstart.csv).

4.2 Figures (TN)

4.3 DMRG bond-dimension stability check

We include a warm-start bond-dimension stability check at (L, g) = (8, 1.0), continuing the same
MPS from χmax = 96 to χmax = 192. The script paper e convergence check warmstart.py

writes paper e convergence check warmstart.csv.
A representative warm-start convergence check at (L, g) = (8, 1.0) is shown in Table 2. Here the

MPS obtained at χmax = 96 is continued at χmax = 192 (same state branch), and the observables
are stable to all shown digits.

5 Reproducibility

All CSVs/PNGs in this paper are generated by the scripts included in the appendix. A minimal
validation script for the ladder results is also provided.
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Figure 2: ED benchmark on 2 × 3: EPetz
rec (w) versus buffer parameter w (as defined in the ED

script).

Figure 3: ED “money plot”: fixed-collar recoverability versus confinement proxy 1/σeff .
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Figure 4: Tensor-network ladders: fixed contiguous buffer (|B| = 1) in the MPS site ordering
(proxy) recoverability versus 1/σeff , colored by L.

Figure 5: Tensor-network ladders: fixed contiguous buffer (|B| = 2) in the MPS site ordering
(proxy) recoverability versus 1/σeff , colored by L.
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(a) L = 4 (b) L = 6 (c) L = 8

Figure 6: Recoverability profiles EPetz
rec (|B|) on ladder geometries 2× L for representative L.
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A Reproduction scripts

A.1 Exact diagonalization reproduction script (paper d reproduce.py)

Missing file: paper d reproduce.py

A.2 Tensor-network ladders reproduction script (paper e reproduce.py)

1 # paper_e_reproduce.py

2 # Paper E v1.1: Multi -L scan on Z2 LGT ladders (Ny=2 plaquettes) with

TeNPy+DMRG and Gauss penalty.

3 #

4 # Outputs (in current folder):

5 # - paper_e_results.csv

6 # - z2_ladder_recoverability_L{L}.png (one per L)

7 # - z2_ladder_money_lenB1_multiL.png (combined scatter , colored by

L)

8 #

9 # Notes:

10 # - DOFs: qubits on links; link indexing matches Paper D (idx_h/idx_v).

11 # - Hamiltonian: -g sum X_l - (1/g) sum_p prod Z_l + Lambda sum_v (1 -

G_v), with G_v = prod X_l on star(v).

12 # The constant +Lambda per star is accounted for as an energy shift

E_shift.

13 # - Recoverability uses a *contiguous A-B-C segment in MPS site order*

(proxy), not BFS collar on the link graph.

14

15 import csv

16 import numpy as np

17 import scipy.linalg as la

18 import matplotlib

19 matplotlib.use("Agg")

20 import matplotlib.pyplot as plt

21

22 from tenpy.models.model import CouplingMPOModel

23 from tenpy.networks.site import SpinHalfSite

24 from tenpy.networks.mps import MPS

25 from tenpy.algorithms import dmrg

26

27

28 # -------------------------

29 # Lattice indexing (Paper D convention)

30 # -------------------------

31 def idx_h(x, y, Nx , Ny):

32 return y * Nx + x

33

34 def idx_v(x, y, Nx , Ny):

35 Nh = Nx * (Ny + 1)

36 return Nh + y * (Nx + 1) + x

37

38 def build_lattice(Nx , Ny):

39 def vid(x, y): return y * (Nx + 1) + x

40
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41 link_endpoints = []

42 # horizontals

43 for y in range(Ny + 1):

44 for x in range(Nx):

45 link_endpoints.append ((vid(x, y), vid(x + 1, y)))

46 # verticals

47 for y in range(Ny):

48 for x in range(Nx + 1):

49 link_endpoints.append ((vid(x, y), vid(x, y + 1)))

50

51 Nlinks = len(link_endpoints)

52

53 # plaquettes

54 plaquettes = []

55 for y in range(Ny):

56 for x in range(Nx):

57 pl = [

58 idx_h(x, y, Nx , Ny),

59 idx_v(x + 1, y, Nx , Ny),

60 idx_h(x, y + 1, Nx , Ny),

61 idx_v(x, y, Nx , Ny),

62 ]

63 plaquettes.append(pl)

64

65 # stars

66 Nv = (Nx + 1) * (Ny + 1)

67 stars = [[] for _ in range(Nv)]

68 for ell , (a, b) in enumerate(link_endpoints):

69 stars[a]. append(ell)

70 stars[b]. append(ell)

71

72 return Nlinks , plaquettes , stars

73

74

75 # -------------------------

76 # Wilson loops / Creutz proxy

77 # -------------------------

78 def rectangle_loop_links(Nx , Ny , x0 , y0 , R, T):

79 links = set()

80 for x in range(x0 , x0 + R):

81 links.add(idx_h(x, y0 , Nx , Ny))

82 links.add(idx_h(x, y0 + T, Nx , Ny))

83 for y in range(y0 , y0 + T):

84 links.add(idx_v(x0 , y, Nx , Ny))

85 links.add(idx_v(x0 + R, y, Nx , Ny))

86 return sorted(links)

87

88 def creutz_ratio(W_RT , W_Rm1Tm1 , W_Rm1T , W_RTm1):

89 eps = 1e-16

90 return -np.log((W_RT * W_Rm1Tm1 + eps) / (W_Rm1T * W_RTm1 + eps))

91

92

93 # -------------------------

94 # Petz recoverability (dense on ABC)
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95 # -------------------------

96 def sqrtm_psd(M, eps =0.0):

97 w, V = la.eigh(np.asarray(M))

98 w = np.maximum(w, eps)

99 return (V * np.sqrt(w)) @ V.conj().T

100

101 def invsqrtm_pd(M):

102 w, V = la.eigh(np.asarray(M))

103 if np.min(w) <= 0:

104 raise ValueError("Matrix not strictly positive; increase delta.

")

105 return (V * (1.0 / np.sqrt(w))) @ V.conj().T

106

107 def partial_trace_rho(rho , dims , keep):

108 dims = list(dims)

109 N = len(dims)

110 keep = list(keep)

111 trace = [i for i in range(N) if i not in keep]

112

113 d_keep = int(np.prod([dims[i] for i in keep]))

114 d_tr = int(np.prod([dims[i] for i in trace]))

115

116 rho = np.asarray(rho , dtype=np.complex128)

117 rho_t = rho.reshape(dims + dims)

118

119 perm = keep + trace + [i + N for i in keep] + [i + N for i in trace

]

120 rho_p = np.transpose(rho_t , axes=perm).reshape(d_keep , d_tr , d_keep

, d_tr)

121

122 out = np.trace(rho_p , axis1=1, axis2 =3)

123 return 0.5 * (out + out.conj().T)

124

125 def fidelity_squared(rho , sigma):

126 sr = sqrtm_psd(rho)

127 inner = sr @ sigma @ sr

128 return (np.trace(sqrtm_psd(inner)).real) ** 2

129

130 def petz_recoverability_from_rhoABC(rho_ABC , dA , dB , dC , delta=1e-12):

131 dims = [dA , dB , dC]

132 rho_AB = partial_trace_rho(rho_ABC , dims , keep=[0, 1])

133 rho_B = partial_trace_rho(rho_ABC , dims , keep =[1])

134 rho_BC = partial_trace_rho(rho_ABC , dims , keep=[1, 2])

135

136 rho_B_delta = rho_B + delta * np.eye(dB , dtype=np.complex128)

137 O_B = invsqrtm_pd(rho_B_delta)

138 sqrt_rho_BC = sqrtm_psd(rho_BC)

139

140 IA = np.eye(dA , dtype=np.complex128)

141 IC = np.eye(dC , dtype=np.complex128)

142

143 sandwich = np.kron(IA , O_B)

144 middle = sandwich @ rho_AB @ sandwich

145 middle = 0.5 * (middle + middle.conj().T)
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146

147 left = np.kron(IA , sqrt_rho_BC)

148 sigma = left @ np.kron(middle , IC) @ left

149 sigma = 0.5 * (sigma + sigma.conj().T)

150

151 tr_sigma = float(np.trace(sigma).real)

152 sigmaN = sigma / tr_sigma

153

154 F = float(np.clip(fidelity_squared(rho_ABC , sigmaN), 0.0, 1.0))

155 E = -np.log(F + 1e-16)

156 return E, F, tr_sigma

157

158

159 # -------------------------

160 # TeNPy model: link -qubits on a Chain

161 # -------------------------

162 class Z2GaugeLinkChain(CouplingMPOModel):

163 default_lattice = "Chain"

164 force_default_lattice = True

165

166 def init_sites(self , model_params):

167 return SpinHalfSite(conserve=None)

168

169 def init_terms(self , model_params):

170 g = float(model_params["g"])

171 Lambda = float(model_params["Lambda"])

172 plaquettes = model_params["plaquettes"]

173 stars = model_params["stars"]

174

175 # Chain with 1-site unit cell: u=0 replicates onsite term on

all sites

176 self.add_onsite(-g, 0, "Sigmax")

177

178 # plaquettes: -(1/g) prod Z

179 Jp = -1.0 / g

180 for pl in plaquettes:

181 term = [("Sigmaz", [int(ell), 0]) for ell in pl]

182 self.add_local_term(Jp , term)

183

184 # stars: -Lambda * G_v (constant +Lambda handled separately as

energy shift)

185 for st in stars:

186 if len(st) == 0:

187 continue

188 term = [("Sigmax", [int(ell), 0]) for ell in st]

189 self.add_local_term(-Lambda , term)

190

191

192 def run_ladder(L, g_list , Lambda , delta , lenA , lenC , w_list ,

193 chi_max =96, max_sweeps =12, svd_min =1e-10, mixer=True):

194

195 Nx = int(L)

196 Ny = 2

197

11



198 Nlinks , plaquettes , stars = build_lattice(Nx , Ny)

199 Nstars = sum(1 for st in stars if len(st) > 0)

200 E_shift = Lambda * Nstars

201

202 rows = []

203 rec_curves = {} # g -> {lenB: Erec}

204

205 for g in g_list:

206 model_params = {

207 "L": Nlinks ,

208 "bc_MPS": "finite",

209 "g": float(g),

210 "Lambda": float(Lambda),

211 "plaquettes": plaquettes ,

212 "stars": stars ,

213 }

214 model = Z2GaugeLinkChain(model_params)

215

216 sites = model.lat.mps_sites ()

217 psi = MPS.from_product_state(

218 sites ,

219 ["up"] * len(sites),

220 bc="finite",

221 unit_cell_width=len(sites),

222 )

223

224 dmrg_params = {

225 "mixer": mixer ,

226 "max_sweeps": int(max_sweeps),

227 "trunc_params": {"chi_max": int(chi_max), "svd_min": float(

svd_min)},

228 "max_E_err": 1e-10,

229 }

230 info = dmrg.run(psi , model , dmrg_params)

231 E0 = float(info["E"])

232 E0_full = E0 + E_shift

233

234 # Gauss diagnostics

235 gv_vals = []

236 for st in stars:

237 if len(st) == 0:

238 continue

239 term = [("Sigmax", int(ell)) for ell in st]

240 gv_vals.append(float(psi.expectation_value_term(term)))

241 mnG = float(np.min(gv_vals))

242 avG = float(np.mean(gv_vals))

243

244 print(f"L={L} Nx={Nx} Ny={Ny} g={g}: E0(full)={ E0_full :.12f}

min <Gv >={ mnG :.12f} mean <Gv >={ avG :.12f}")

245

246 # Creutz chi(2,2) averaged over x0 where it fits

247 sigma_eff = np.nan

248 inv_sigma = np.nan

249 if Nx >= 2 and Ny >= 2:
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250 chis = []

251 for x0 in range(Nx - 1):

252 y0 = 0

253 W22_links = rectangle_loop_links(Nx , Ny , x0 , y0 , 2, 2)

254 W21_links = rectangle_loop_links(Nx , Ny , x0 , y0 , 2, 1)

255 W12_links = rectangle_loop_links(Nx , Ny , x0 , y0 , 1, 2)

256 W11_links = rectangle_loop_links(Nx , Ny , x0 , y0 , 1, 1)

257

258 W22 = float(psi.expectation_value_term ([("Sigmaz", int(

ell)) for ell in W22_links ]))

259 W21 = float(psi.expectation_value_term ([("Sigmaz", int(

ell)) for ell in W21_links ]))

260 W12 = float(psi.expectation_value_term ([("Sigmaz", int(

ell)) for ell in W12_links ]))

261 W11 = float(psi.expectation_value_term ([("Sigmaz", int(

ell)) for ell in W11_links ]))

262

263 chis.append(creutz_ratio(W22 , W11 , W21 , W12))

264 sigma_eff = float(np.mean(chis))

265 inv_sigma = 1.0 / sigma_eff if sigma_eff != 0 else np.nan

266

267 # Recoverability on contiguous A-B-C segment (proxy)

268 Erec_by_lenB = {}

269 for w in w_list:

270 lenB = int(w)

271 k = int(lenA + lenB + lenC)

272

273 if k <= 0 or k > 14:

274 rows.append ([L, g, E0_full , mnG , avG , lenA , lenB , lenC ,

275 np.nan , np.nan , np.nan , sigma_eff ,

inv_sigma , chi_max ])

276 continue

277

278 start = (Nlinks - k) // 2

279 seg = list(range(start , start + k))

280

281 rho_seg = psi.get_rho_segment(seg).to_ndarray ().astype(np.

complex128)

282 rho_ABC = rho_seg.reshape (2**k, 2**k)

283

284 dA = 2** int(lenA)

285 dB = 2** int(lenB)

286 dC = 2** int(lenC)

287

288 Erec , F, tr_sigma = petz_recoverability_from_rhoABC(rho_ABC

, dA, dB, dC, delta=delta)

289 Erec_by_lenB[lenB] = Erec

290

291 rows.append ([L, g, E0_full , mnG , avG , lenA , lenB , lenC ,

292 Erec , F, tr_sigma , sigma_eff , inv_sigma ,

chi_max ])

293

294 rec_curves[g] = Erec_by_lenB

295
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296 return rows , rec_curves

297

298

299 def plot_recoverability(rec_curves , out_png , title):

300 plt.figure(figsize =(7.6, 5.2))

301 for g, Erec_by_lenB in rec_curves.items():

302 ws = sorted(Erec_by_lenB.keys())

303 Es = [max(float(Erec_by_lenB[w]), 1e-16) for w in ws]

304 plt.plot(ws , Es , "o--", label=f"g={g}")

305 plt.yscale("log")

306 plt.xlabel("contiguous buffer size |B| (number of links in MPS

order)")

307 plt.ylabel("E_rec_Petz = -log F")

308 plt.title(title)

309 plt.grid(True , which="both", ls="--", alpha =0.3)

310 plt.legend ()

311 plt.tight_layout ()

312 plt.savefig(out_png , dpi =200)

313 plt.close()

314

315

316 def plot_money_multiL(csv_path , out_png , fixed_lenB =1):

317 # L -> lists

318 data = {}

319 with open(csv_path , "r", encoding="utf -8") as f:

320 rdr = csv.DictReader(f)

321 for r in rdr:

322 if int(r["lenB"]) != int(fixed_lenB):

323 continue

324 L = int(r["L"])

325 invsig = float(r["inv_sigma_eff"])

326 E = r["E_recP"]

327 if str(E).lower() == "nan":

328 continue

329 E = float(E)

330 if not np.isfinite(invsig):

331 continue

332 if L not in data:

333 data[L] = ([], [])

334 data[L][0]. append(invsig)

335 data[L][1]. append(max(E, 1e-16))

336

337 if not data:

338 return

339

340 plt.figure(figsize =(8.0, 5.6))

341 markers = ["o", "s", "^", "D", "v", "<", ">"]

342 colors = plt.cm.viridis(np.linspace (0.2, 0.85, len(data)))

343

344 for i, (L, (xs , ys)) in enumerate(sorted(data.items())):

345 plt.scatter(xs , ys ,

346 s=85,

347 marker=markers[i % len(markers)],

348 c=[ colors[i]],
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349 edgecolors="black",

350 linewidths =0.5,

351 label=f"L={L}")

352

353 plt.yscale("log")

354 plt.xlabel("1 / sigma_eff")

355 plt.ylabel(f"E_rec_Petz (contiguous buffer |B|={ fixed_lenB })")

356 plt.title("Z2 ladder: recoverability vs confinement proxy (multi -L)

")

357 plt.grid(True , which="both", ls="--", alpha =0.3)

358 plt.legend(title="System size")

359 plt.tight_layout ()

360 plt.savefig(out_png , dpi =200)

361 plt.close()

362

363

364 def main():

365 # ====== Multi -L + moderate g ======

366 L_list = [4, 6, 8]

367 g_list = [0.5, 0.8, 1.0, 1.2, 1.5, 2.0]

368

369 Lambda = 50.0

370 delta = 1e-12

371

372 # contiguous A-B-C sizes (keep k <=14)

373 lenA = 4

374 lenC = 4

375 w_list = [0, 1, 2, 3]

376

377 # DMRG controls

378 chi_max = 96

379 max_sweeps = 12

380 svd_min = 1e-10

381 mixer = True

382

383 rows_all = []

384 rec_by_L = {}

385

386 for L in L_list:

387 print("\\n" + "="*70)

388 print(f"RUN: L={L} (Nx={L}, Ny=2), chi_max ={ chi_max}, sweeps ={

max_sweeps}")

389 print("="*70)

390 rows , rec_curves = run_ladder(

391 L=L, g_list=g_list , Lambda=Lambda , delta=delta ,

392 lenA=lenA , lenC=lenC , w_list=w_list ,

393 chi_max=chi_max , max_sweeps=max_sweeps , svd_min=svd_min ,

mixer=mixer

394 )

395 rows_all += rows

396 rec_by_L[L] = rec_curves

397

398 plot_recoverability(

399 rec_curves ,
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400 out_png=f"z2_ladder_recoverability_L{L}.png",

401 title=f"Z2 ladder Nx={L}, Ny=2: Petz recoverability vs

contiguous |B| (DMRG)",

402 )

403

404 header = ["L","g","E0_full","min_Gv","mean_Gv","lenA","lenB","lenC"

,

405 "E_recP","F","tr_sigma","sigma_eff","inv_sigma_eff","

chi_max"]

406 with open("paper_e_results.csv", "w", newline="", encoding="utf -8")

as f:

407 wr = csv.writer(f)

408 wr.writerow(header)

409 wr.writerows(rows_all)

410

411 plot_money_multiL("paper_e_results.csv", "

z2_ladder_money_lenB1_multiL.png", fixed_lenB =1)

412

413 if __name__ == "__main__":

414 main()

A.3 Tensor-network ladders validation script (validate paper e.py)

1 # validate_paper_e.py

2 # Multi -L validator for Paper E v1.1 artifacts.

3

4 import os

5 import sys

6 import csv

7

8 EXPECTED_FILES = [

9 "paper_e_reproduce.py",

10 "paper_e_results.csv",

11 "z2_ladder_money_lenB1_multiL.png",

12 "validate_paper_e.py",

13 ]

14

15 # Must match paper_e_reproduce.py main()

16 EXPECTED_L_LIST = [4, 6, 8]

17 EXPECTED_G_LIST = [0.5, 0.8, 1.0, 1.2, 1.5, 2.0]

18 EXPECTED_W_LIST = [0, 1, 2, 3]

19

20 def die(msg , code =1):

21 print("VALIDATION FAILED:", msg)

22 sys.exit(code)

23

24 def main():

25 missing = [f for f in EXPECTED_FILES if not os.path.exists(f)]

26 if missing:

27 die(f"Missing files: {missing}")

28

29 for L in EXPECTED_L_LIST:

30 fn = f"z2_ladder_recoverability_L{L}.png"
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31 if not os.path.exists(fn):

32 die(f"Missing recoverability plot: {fn}")

33

34 with open("paper_e_results.csv", "r", encoding="utf -8") as f:

35 rdr = csv.DictReader(f)

36 rows = list(rdr)

37

38 if not rows:

39 die("paper_e_results.csv has no rows.")

40

41 required_cols = {

42 "L","g","E0_full","min_Gv","mean_Gv","lenA","lenB","lenC",

43 "E_recP","F","tr_sigma","sigma_eff","inv_sigma_eff","chi_max"

44 }

45 if not required_cols.issubset(set(rows [0]. keys())):

46 die(f"CSV missing required columns: {sorted(required_cols - set

(rows [0]. keys()))}")

47

48 # Gauge sanity

49 for r in rows:

50 mn = float(r["min_Gv"])

51 av = float(r["mean_Gv"])

52 if mn < 0.999 or av < 0.999:

53 die(f"Gauss check low: min_Gv ={mn}, mean_Gv ={av}")

54

55 # Presence of (L,g,lenB) for all expected combos (within float tol

for g)

56 seen = set()

57 for r in rows:

58 L = int(r["L"])

59 lenB = int(r["lenB"])

60 g = float(r["g"])

61 for gg in EXPECTED_G_LIST:

62 if abs(g - gg) < 1e-12:

63 seen.add((L, gg , lenB))

64

65 missing_triplets = [(L, g, w) for L in EXPECTED_L_LIST for g in

EXPECTED_G_LIST for w in EXPECTED_W_LIST

66 if (L, g, w) not in seen]

67 if missing_triplets:

68 die(f"Missing (L,g,lenB) rows for: {missing_triplets [:10]} ...

(total missing {len(missing_triplets)})")

69

70 print("VALIDATION OK: files exist; CSV non -empty; columns ok; Gauss

ok; expected (L,g,lenB) present.")

71

72 if __name__ == "__main__":

73 main()

A.4 Tensor-network ladders convergence check (warm-start) (paper e convergence check warmstart.py)

1 #!/usr/bin/env python3

2 import numpy as np
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3 import csv

4 import importlib.util

5

6 def load_module(path , name="pe"):

7 spec = importlib.util.spec_from_file_location(name , path)

8 mod = importlib.util.module_from_spec(spec)

9 spec.loader.exec_module(mod)

10 return mod

11

12 def compute_metrics(pe , psi , stars , Nx , Ny , lenA , lenC , lenB_list ,

delta):

13 # Gauss check

14 gv_vals = []

15 for st in stars:

16 if len(st) == 0:

17 continue

18 term = [("Sigmax", int(ell)) for ell in st]

19 gv_vals.append(float(psi.expectation_value_term(term)))

20 mnG = float(np.min(gv_vals))

21 avG = float(np.mean(gv_vals))

22

23 # sigma_eff averaged over x0

24 sigma_eff = np.nan

25 inv_sigma = np.nan

26 if Nx >= 2 and Ny >= 2:

27 chis = []

28 for x0 in range(Nx - 1):

29 y0 = 0

30 W22_links = pe.rectangle_loop_links(Nx , Ny , x0 , y0 , 2, 2)

31 W21_links = pe.rectangle_loop_links(Nx , Ny , x0 , y0 , 2, 1)

32 W12_links = pe.rectangle_loop_links(Nx , Ny , x0 , y0 , 1, 2)

33 W11_links = pe.rectangle_loop_links(Nx , Ny , x0 , y0 , 1, 1)

34 W22 = float(psi.expectation_value_term ([("Sigmaz", int(ell)

) for ell in W22_links ]))

35 W21 = float(psi.expectation_value_term ([("Sigmaz", int(ell)

) for ell in W21_links ]))

36 W12 = float(psi.expectation_value_term ([("Sigmaz", int(ell)

) for ell in W12_links ]))

37 W11 = float(psi.expectation_value_term ([("Sigmaz", int(ell)

) for ell in W11_links ]))

38 chis.append(pe.creutz_ratio(W22 , W11 , W21 , W12))

39 sigma_eff = float(np.mean(chis))

40 inv_sigma = 1.0 / sigma_eff if sigma_eff != 0 else np.nan

41

42 # Petz on central segment

43 Nlinks = len(psi.sites)

44 Erec = {}

45 for lenB in lenB_list:

46 k = int(lenA + lenB + lenC)

47 start = (Nlinks - k) // 2

48 seg = list(range(start , start + k))

49 rho_seg = psi.get_rho_segment(seg).to_ndarray ().astype(np.

complex128)

50 rho_ABC = rho_seg.reshape (2**k, 2**k)
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51 dA , dB , dC = 2**lenA , 2**lenB , 2** lenC

52 E, F, tr_sigma = pe.petz_recoverability_from_rhoABC(rho_ABC , dA

, dB, dC, delta=delta)

53 Erec[lenB] = (float(E), float(F), float(tr_sigma), k)

54

55 return mnG , avG , sigma_eff , inv_sigma , Erec

56

57 def main():

58 pe = load_module("paper_e_reproduce.py", name="pe")

59

60 L = 8

61 g = 1.0

62 Nx = L

63 Ny = 2

64

65 Lambda = 50.0

66 delta = 1e-12

67 lenA = 4

68 lenC = 4

69 lenB_list = [1, 2]

70

71 max_sweeps = 20

72 svd_min = 1e-10

73

74 # Build lattice

75 Nlinks , plaquettes , stars = pe.build_lattice(Nx , Ny)

76 Nstars = sum(1 for st in stars if len(st) > 0)

77 E_shift = Lambda * Nstars

78

79 model_params = {

80 "L": Nlinks ,

81 "bc_MPS": "finite",

82 "g": float(g),

83 "Lambda": float(Lambda),

84 "plaquettes": plaquettes ,

85 "stars": stars ,

86 }

87 model = pe.Z2GaugeLinkChain(model_params)

88

89 sites = model.lat.mps_sites ()

90 psi = pe.MPS.from_product_state(

91 sites , ["up"] * len(sites), bc="finite", unit_cell_width=len(

sites)

92 )

93

94 outs = []

95

96 # Stage 1: chi =96

97 dmrg_params_96 = {

98 "mixer": True ,

99 "max_sweeps": int(max_sweeps),

100 "trunc_params": {"chi_max": 96, "svd_min": float(svd_min)},

101 "max_E_err": 1e-10,

102 }
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103 info96 = pe.dmrg.run(psi , model , dmrg_params_96)

104 E0_full_96 = float(info96["E"]) + E_shift

105 mnG , avG , sig , invsig , Erec = compute_metrics(pe , psi , stars , Nx ,

Ny, lenA , lenC , lenB_list , delta)

106 outs.append ((96, E0_full_96 , mnG , avG , sig , invsig , Erec))

107

108 # Stage 2: continue from SAME psi , increase chi to 192

109 dmrg_params_192 = {

110 "mixer": False , # often helps stabilize once close

111 "max_sweeps": int(max_sweeps),

112 "trunc_params": {"chi_max": 192, "svd_min": float(svd_min)},

113 "max_E_err": 1e-10,

114 }

115 info192 = pe.dmrg.run(psi , model , dmrg_params_192)

116 E0_full_192 = float(info192["E"]) + E_shift

117 mnG , avG , sig , invsig , Erec = compute_metrics(pe , psi , stars , Nx ,

Ny, lenA , lenC , lenB_list , delta)

118 outs.append ((192, E0_full_192 , mnG , avG , sig , invsig , Erec))

119

120 # Print

121 for chi , E0 , mnG , avG , sig , invsig , Erec in outs:

122 print("="*70)

123 print(f"warm -start result: chi_max ={chi}")

124 print(f"E0_full ={E0:.12f} min <Gv >={ mnG :.12f} mean <Gv >={ avG

:.12f}")

125 print(f"sigma_eff ={sig :.6f} inv_sigma_eff ={ invsig :.6f}")

126 for lenB , (E, F, tr , k) in Erec.items():

127 print(f" lenB={lenB} (k={k}): E_recP ={E:.6e} F={F:.6e}

tr_sigma ={tr:.6f}")

128

129 # CSV

130 with open("paper_e_convergence_check_warmstart.csv", "w", newline="

", encoding="utf -8") as f:

131 wr = csv.writer(f)

132 wr.writerow (["L","g","chi_max","E0_full","min_Gv","mean_Gv","

sigma_eff","inv_sigma_eff","lenB","k","E_recP","F","tr_sigma

"])

133 for chi , E0 , mnG , avG , sig , invsig , Erec in outs:

134 for lenB , (E, F, tr , k) in Erec.items():

135 wr.writerow ([L, g, chi , E0 , mnG , avG , sig , invsig , lenB

, k, E, F, tr])

136

137 print("Wrote: paper_e_convergence_check_warmstart.csv")

138

139 if __name__ == "__main__":

140 main()

20


	Overview and claims (scope)
	Model and diagnostics
	Benchmark summary (sizes and parameters)

	Exact diagonalization benchmark on 22 and 23
	Reproducibility summary
	Figures (ED)

	Tensor-network ladders 2L (TeNPy DMRG)
	Geometry note (important)
	Figures (TN)
	DMRG bond-dimension stability check

	Reproducibility
	Reproduction scripts
	Exact diagonalization reproduction script (paper_d_reproduce.py)
	Tensor-network ladders reproduction script (paper_e_reproduce.py)
	Tensor-network ladders validation script (validate_paper_e.py)
	Tensor-network ladders convergence check (warm-start) (paper_e_convergence_check_warmstart.py)


