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Abstract
We provide a finite-size benchmark testing whether a CMI-based recoverability proxy correlates

with Wilson-loop confinement diagnostics in Z2 lattice gauge theory in 2+1 dimensions. We
compute ground states by sparse exact diagonalization on 2×2 and 2×3 open lattices for a standard
link-qubit Hamiltonian with a Gauss-law penalty term (biasing the gauge-invariant sector,
verified numerically by ⟨Gv⟩ ≃ 1). We evaluate entropic quantities using pure-state Schmidt
decompositions (SVD) without constructing reduced density matrices. For the benchmark we take
dedge = 2, hence ΣB(w) = |∂B(w)| log 2. We also provide fully reproducible code (Appendix A)
to rerun the experiment in Colab.

1 Confinement as an Information Horizon (Phase 4)

1.1 Confinement as an Information Horizon (gauge-first, conditional)

Scope and status. We state a conditional bridge from a spatial area law (with positive spatial
string tension) to an operational “information horizon” quantified by conditional mutual information
(CMI) and recoverability. All entropic quantities are defined for a quantum state on a spatial Hilbert
space. Euclidean expectation values enter only as physical input hypotheses and are related to the
quantum state via a transfer-matrix (OS) construction.

Regulator (finite local dimension). We assume a regulator yielding finite-dimensional local
Hilbert spaces (e.g. a finite gauge group such as Z2, or an SU(N) representation cutoff). Constants
below may depend on this regulator. In the benchmark section we use link qubits and therefore take
dedge = 2 (so boundary prefactors are proportional to log 2).

Set-up: state, loops, collar geometry, and recovery length

Quantum state from Euclidean data. Fix a reflection-positive transfer-matrix construction
producing a Hamiltonian H on a spatial Hilbert space Hslice. For βT > 0 define the thermal state

ρβT
:=

e−βTH

Tr(e−βTH)
,

and let ρ0 denote the ground-state limit (when it exists) ρ0 = limβT→∞ ρβT
. All hypotheses below

are assumed to hold for the chosen state ρ (either ρβT
at fixed βT , or ρ0 if the ground-state limit

exists); we do not address uniformity in βT here.
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Spatial Wilson loops and spatial string tension. Let C be a closed loop in a fixed spatial
time-slice, and W (C) the corresponding spatial Wilson loop observable. We define the spatial string
tension σstr by the large-loop area law

σstr := − lim
Area→∞

1

Area
log⟨W (C)⟩,

where Area is the minimal spanning area (in plaquette units) in the spatial slice. On the very small
lattices used for exact diagonalization, we use finite-size proxies (e.g. Creutz ratios) rather than
the asymptotic definition above; we do not equate these proxies with σstr. We use the spatial area
law as the flux-suppression input relevant for spatial walls; we do not equate σstr with the strict
finite-temperature confinement order parameter.

Tripartition and boundary scale. Let A and C be disjoint spatial regions separated by a
collar B(w) of thickness w ∈ Z≥0 (measured in lattice/graph-distance units). Let ∂B(w) denote
the boundary of B(w) within the spatial slice (degrees of freedom in B(w) adjacent to B(w)c). We
introduce the boundary prefactor

ΣB(w) := |∂B(w)| log 2.

CMI and two operational recovery-length conventions. For the reduced state ρABC induced
by ρ on A ∪B(w) ∪ C, define (in nats)

I(A : C | B(w)) := S(AB(w)) + S(B(w)C)− S(B(w))− S(AB(w)C).

We use two operational conventions at tolerance ε > 0:

ξabsrec (ε) := min{w : I(A : C | B(w)) ≤ ε}, ξnormrec (ε) := min
{
w :

I(A : C | B(w))

ΣB(w)
≤ ε

}
.

Pre-saturation regime. We say that w is pre-saturation if (A ∪B(w) ∪ C) ̸= Λslice. (For mixed
thermal states, pure-state identities need not hold; saturation still limits the range of informative w
on a finite slice.)

Hypotheses (explicit bridge inputs)

(H1) Spatial area law input. Assume there exist constants KW < ∞ and σstr > 0 such that for
the class of spatial loops considered,

⟨W (C)⟩ ≤ KW exp
(
− σstrAreamin(C)

)
.

(H2) Wall geometry forces a minimal crossing area. Assume there exists a geometry constant
c0 > 0 such that for all pre-saturation w,

Areamin(w) ≥ c0w.

In wall geometries, Areamin(w) typically grows linearly in w with a coefficient proportional to the
wall cross-sectional area; we absorb this dependence into c0.
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Gauge-first bridge quantity: loop-restricted connected leakage. Let WA(L0) and WC(L0)
denote fixed families of spatial Wilson-loop observables supported in A and C, respectively, with
perimeter bounded by a regulator-dependent cutoff L0. Define the loop-restricted connected leakage

∆loop(w) := sup
WA∈WA(L0), WC∈WC(L0)

|⟨WAWC⟩ρ − ⟨WA⟩ρ ⟨WC⟩ρ| .

We emphasize that ∆loop(w) depends on w through the geometry (choice of regions separated by
the collar), not through a literal conditioning operation on B(w).

(H3g) Flux-tube dominance and exponential suppression of loop leakage. Assume there
exist constants K∆ < ∞ and κ > 0 such that for all pre-saturation w,

∆loop(w) ≤ K∆ exp
(
− κσstrAreamin(w)

)
≤ K∆ exp

(
− κσstr c0w

)
.

This assumption is motivated by the heuristic that dominant cross-wall communication processes in
a confining regime are flux-tube mediated and inherit an area-law suppression controlled by σstr.

(H4QI) Structural input: from loop leakage to CMI. Assume there exist constants KI < ∞,
Cf < ∞, an exponent p ≥ 1, and a threshold x0 > 0, and a nondecreasing function f : [0, 1] → R+

with f(0) = 0, such that for all pre-saturation w with ∆loop(w) ≤ x0,

I(A : C | B(w)) ≤ KI ΣB(w) f(∆loop(w)), f(x) ≤ Cf x
p (0 ≤ x ≤ x0).

The constants may depend on the regulator and on the considered state family (e.g. temperature
and couplings), but not on w within the pre-saturation regime.

Main conditional proposition

Proposition 1.1 (Loop leakage suppression ⇒ information horizon (conditional)). Assume (H1)–
(H4QI). Then there exist constants K < ∞ and α > 0 such that for all pre-saturation w with
∆loop(w) ≤ x0,

I(A : C | B(w)) ≤ K ΣB(w) e
−αw, α := p κ σstr c0,

where one may take K := KI Cf (K∆)
p. Consequently, for any ε > 0,

ξnormrec (ε) ≤ 1

α
log

K

ε
, ξabsrec (ε) ≤ 1

α
log

K Σmax
B

ε
,

where Σmax
B := sup{ΣB(w) : w ∈ Z≥0 and (A ∪B(w) ∪ C) ̸= Λslice}.

Proof sketch. By (H3g) and (H2), ∆loop(w) ≤ K∆e
−κσstrc0w. By (H4QI) and f(x) ≤ Cfx

p (valid
when ∆loop(w) ≤ x0),

I(A : C | B(w)) ≤ KI ΣB(w)Cf (K∆)
p e−pκσstrc0w,

which is the claimed bound with α = pκσstrc0.
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Operational corollary: recoverability from small CMI

On a finite lattice, small CMI implies approximate recoverability. Let F denote the Uhlmann fidelity
F (ρ, σ) := ∥√ρ

√
σ∥1. There exists a channel RB→BC such that

I(A : C | B(w)) ≥ −2 logF
(
ρAB(w)C , (id⊗RB→BC)(ρAB(w))

)
,

hence
F
(
ρAB(w)C , (id⊗R)(ρAB(w))

)
≥ exp

(
−1

2
I(A : C | B(w))

)
.

In companion numerical benchmarks one may instantiate a concrete recovery map (e.g. a regularized
Petz-type map) and report − logF as an operational recoverability error.

Remark: the roadmap “missing link” (uniformity under refinement)

Remark 1.1 (Uniform area-law input ⇒ uniform information clustering (conditional)). If one could
establish a regulator-uniform lower bound σstr(a) ≥ σ⋆ > 0 as the lattice spacing a ↓ 0, and justify
(H3g) and (H4QI) with constants not deteriorating uncontrollably as a ↓ 0, then Proposition 1.1
would yield a uniform exponential information horizon:

I(A : C | B(w)) ≤ K⋆ΣB(w) e
−α⋆w, α⋆ = p⋆κ⋆c0,⋆σ⋆.

Such a bound is the quantitative “information clustering” input needed for iterative coarse-graining/recovery
steps in a recovery-based renormalization strategy.

2 Exact diagonalization benchmark (wall geometry)

This section documents the specific ED benchmark instance whose plots are included below, using
the wall collar construction on the 2× 3 open lattice at g = 0.5.

2.1 Figures

(a) I(A : C | B(w))/ΣB(w) vs. w (wall). (b) I(A : C | B(w)) vs. w (semilog).

Figure 1: Wall-collar ED benchmark on the 2× 3 open lattice at g = 0.5.
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Figure 2: Boundary prefactors vs. w for the wall geometry on the 2× 3 open lattice at g = 0.5.

2.2 Table (minimal summary of the same run)

In our implementation, w = 0 corresponds to B(w) = ∅, hence ΣB(0) = 0 and the ratio I/ΣB is
undefined at w = 0.

Table 1: Wall geometry ED summary for 2× 3 open lattice at g = 0.5 (from console output).

w |path| |B(w)| |∂compB(w)| I(A : C | B(w)) I/ΣB(w)

0 3 0 0 0.4992999 —
1 3 5 5 0.8974278 0.2589429
2 3 9 7 0.4992999 0.1029054
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A Reproducibility code (Colab/Jupyter)

A.1 Script 1: ED + wall collar geometry (single-cell runnable)

To avoid transcription errors in the paper PDF, we provide the experiment as a single Python file. In
Colab/Jupyter, create a file z2_cmi_wall_geometry.py with the contents below (or download
it from the project repository), then run (the leading ! is Jupyter/Colab shell syntax; in a terminal
run python z2_cmi_wall_geometry.py):

1 !python z2_cmi_wall_geometry.py

For completeness, we include the full contents of z2_cmi_wall_geometry.py below.

1 # z2_cmi_wall_geometry.py
2 # Z2 gauge theory: CMI/entropy validator with WALL collar geometry + two boundary

definitions.
3 #
4 # Key features:
5 # - LinearOperator ED (no sparse matrix build)
6 # - Pure-state entropies via Schmidt/SVD (no density matrices built)
7 # - Collar B(w) defined as thickened shortest-path "wall" between A and C
8 # - Two boundary sizes: B vs (A∪C) and B vs B^c, both with sigma=|boundary| log 2
9 # - Writes CSV + PNGs

10 #
11 # Requires: numpy, scipy, matplotlib (standard in Colab)
12

13 import math, csv, time
14 from collections import deque
15 import numpy as np
16 import scipy.sparse.linalg as spla
17 import matplotlib.pyplot as plt
18

19 # -------------------------
20 # User settings (safe to edit only here)
21 # -------------------------
22 OUT_PREFIX = "z2_cmi_wall"
23 LAMBDA_GAUSS = 50.0
24 ENT_EPS = 1e-15
25

26 G_LIST = [0.5, 1.0, 2.0]
27 W_LIST = [0, 1, 2, 3, 4, 5] # wall thickness (graph steps around the wall path)
28 RUN_2x2 = True
29 RUN_2x3 = True
30

31 EIG_TOL = 1e-10
32 EIG_MAXITER = 30000
33

34 # ----------------------------
35 # Lattice indexing utilities
36 # ----------------------------
37

38 def idx_h(x, y, Nx, Ny):
39 return y * Nx + x
40

41 def idx_v(x, y, Nx, Ny):
42 Nh = Nx * (Ny + 1)
43 return Nh + y * (Nx + 1) + x
44

45 def build_lattice_obc(Nx, Ny):

6



46 """
47 Open boundary conditions on an Nx x Ny plaquette lattice (spatial).
48 Qubits live on links.
49 Returns: Nlinks, plaquettes, stars, adjacency
50 """
51 def vid(x, y):
52 return y * (Nx + 1) + x
53

54 link_endpoints = []
55

56 # horizontals
57 for y in range(Ny + 1):
58 for x in range(Nx):
59 link_endpoints.append((vid(x, y), vid(x + 1, y)))
60

61 # verticals
62 for y in range(Ny):
63 for x in range(Nx + 1):
64 link_endpoints.append((vid(x, y), vid(x, y + 1)))
65

66 Nlinks = len(link_endpoints)
67

68 # plaquettes
69 plaquettes = []
70 for y in range(Ny):
71 for x in range(Nx):
72 pl = [
73 idx_h(x, y, Nx, Ny),
74 idx_v(x + 1, y, Nx, Ny),
75 idx_h(x, y + 1, Nx, Ny),
76 idx_v(x, y, Nx, Ny),
77 ]
78 plaquettes.append(pl)
79

80 Nv = (Nx + 1) * (Ny + 1)
81 stars = [[] for _ in range(Nv)]
82 for ell, (a, b) in enumerate(link_endpoints):
83 stars[a].append(ell)
84 stars[b].append(ell)
85

86 # adjacency: links adjacent if share a vertex
87 v2links = [[] for _ in range(Nv)]
88 for ell, (a, b) in enumerate(link_endpoints):
89 v2links[a].append(ell)
90 v2links[b].append(ell)
91

92 adjacency = [set() for _ in range(Nlinks)]
93 for v in range(Nv):
94 Ls = v2links[v]
95 for i in Ls:
96 for j in Ls:
97 if i != j:
98 adjacency[i].add(j)
99

100 return Nlinks, plaquettes, stars, adjacency
101

102 def mask_from_links(link_list):
103 m = 0
104 for ell in link_list:
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105 m |= (1 << int(ell))
106 return m
107

108 def parity_u64(x: int) -> int:
109 return x.bit_count() & 1
110

111 # ----------------------------
112 # Regions: opposite-corner plaquette patches A,C (links)
113 # ----------------------------
114

115 def plaquette_patch_A_C(Nx, Ny):
116 # SW plaquette boundary
117 A = [idx_h(0,0,Nx,Ny), idx_v(1,0,Nx,Ny), idx_h(0,1,Nx,Ny), idx_v(0,0,Nx,Ny)]
118 # NE plaquette boundary
119 C = [idx_h(Nx-1,Ny-1,Nx,Ny), idx_v(Nx,Ny-1,Nx,Ny), idx_h(Nx-1,Ny,Nx,Ny), idx_v(

Nx-1,Ny-1,Nx,Ny)]
120 return sorted(set(A)), sorted(set(C))
121

122 # ----------------------------
123 # Wall collar geometry: shortest path + thickening
124 # ----------------------------
125

126 def shortest_path_links(adjacency, sources, targets):
127 """Shortest path in the link graph from any source in sources to any target in

targets."""
128 n = len(adjacency)
129 srcset = set(sources)
130 tgtset = set(targets)
131

132 prev = np.full(n, -1, dtype=np.int32)
133 dist = np.full(n, -1, dtype=np.int32)
134 q = deque()
135

136 for s in srcset:
137 dist[s] = 0
138 q.append(s)
139

140 meet = -1
141 while q:
142 u = q.popleft()
143 if u in tgtset:
144 meet = u
145 break
146 for v in adjacency[u]:
147 if dist[v] < 0:
148 dist[v] = dist[u] + 1
149 prev[v] = u
150 q.append(v)
151

152 if meet < 0:
153 return []
154

155 # reconstruct
156 path = []
157 u = meet
158 while u >= 0:
159 path.append(int(u))
160 u = int(prev[u])
161 path.reverse()
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162 return path
163

164 def buffer_around_set(adjacency, core, w, forbid=set()):
165 """
166 All links within graph distance <= w from any link in core, excluding forbid.
167 NOTE: in this convention, w<=0 returns empty, so B(0)=∅.
168 """
169 if w <= 0:
170 return []
171 n = len(adjacency)
172 dist = np.full(n, -1, dtype=np.int32)
173 q = deque()
174

175 core = list(dict.fromkeys(core))
176 for s in core:
177 dist[s] = 0
178 q.append(s)
179

180 out = set()
181 while q:
182 u = q.popleft()
183 if dist[u] > w:
184 continue
185 if u not in forbid:
186 out.add(int(u))
187 if dist[u] == w:
188 continue
189 for v in adjacency[u]:
190 if dist[v] < 0:
191 dist[v] = dist[u] + 1
192 q.append(v)
193 return sorted(out)
194

195 def B_wall_between_A_C(adjacency, A, C, w):
196 """
197 Define B(w) as thickening of a shortest path between A and C.
198 Returns (B, path).
199 """
200 path = shortest_path_links(adjacency, A, C)
201 forbid = set(A) | set(C)
202 B = buffer_around_set(adjacency, path, w, forbid=forbid)
203 return B, path
204

205 # Two boundary definitions to compare:
206 def boundary_links_vs_AC(adjacency, B, A, C):
207 """∂_AC B := {l in B : exists neighbor in A∪C}."""
208 ACset = set(A) | set(C)
209 bd = set()
210 for ell in B:
211 for nbr in adjacency[ell]:
212 if nbr in ACset:
213 bd.add(ell)
214 break
215 return sorted(bd)
216

217 def boundary_links_vs_complement(adjacency, B):
218 """∂_comp B := {l in B : exists neighbor not in B}."""
219 Bset = set(B)
220 bd = set()
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221 for ell in B:
222 for nbr in adjacency[ell]:
223 if nbr not in Bset:
224 bd.add(ell)
225 break
226 return sorted(bd)
227

228 # ----------------------------
229 # LinearOperator Hamiltonian (no sparse matrix build)
230 # H(g) = -(1/g) sum_p prod_{l in ∂p} Z_l - g sum_l X_l + Lambda sum_v (I - G_v)
231 # G_v = prod_{l incident to v} X_l
232 # ----------------------------
233

234 def build_diag_z2(Nlinks, plaquettes, stars, g, Lambda):
235 dim = 1 << Nlinks
236 states = np.arange(dim, dtype=np.uint32 if Nlinks <= 32 else np.uint64)
237

238 invg = 1.0 / float(g)
239 diag = np.zeros(dim, dtype=np.float64)
240

241 plaq_masks = [mask_from_links(pl) for pl in plaquettes]
242 for mp in plaq_masks:
243 par = np.fromiter((parity_u64(int(s) & mp) for s in states), count=dim, dtype

=np.int8)
244 eig = 1.0 - 2.0 * par # +1 even, -1 odd
245 diag += -(invg) * eig
246

247 if Lambda != 0.0:
248 diag += float(Lambda) * len([st for st in stars if len(st) > 0])
249

250 return diag
251

252 def make_H_linear_operator(Nlinks, plaquettes, stars, g, Lambda):
253 dim = 1 << Nlinks
254 diag = build_diag_z2(Nlinks, plaquettes, stars, g, Lambda)
255

256 states = np.arange(dim, dtype=np.uint32 if Nlinks <= 32 else np.uint64)
257 bit_masks = np.array([1 << ell for ell in range(Nlinks)], dtype=states.dtype)
258 star_masks = np.array([mask_from_links(st) for st in stars if len(st) > 0],

dtype=states.dtype)
259

260 gf = float(g)
261 Lf = float(Lambda)
262

263 def matvec(x):
264 y = diag * x
265 for m in bit_masks:
266 y += (-gf) * x[states ^ m]
267 if Lf != 0.0:
268 for mv in star_masks:
269 y += (-Lf) * x[states ^ mv]
270 return y
271

272 return spla.LinearOperator((dim, dim), matvec=matvec, dtype=np.complex128)
273

274 def ground_state_linearop(Hop, tol=1e-10, maxiter=30000):
275 vals, vecs = spla.eigsh(Hop, k=1, which="SA", tol=tol, maxiter=maxiter)
276 psi = vecs[:, 0].astype(np.complex128)
277 psi /= np.linalg.norm(psi)
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278 return float(vals[0]), psi
279

280 def expval_X_string(psi, mask, Nlinks):
281 dim = 1 << Nlinks
282 s = np.arange(dim, dtype=np.uint32 if Nlinks <= 32 else np.uint64)
283 t = s ^ mask
284 return float(np.vdot(psi, psi[t]).real)
285

286 def gauge_diagnostics(psi, stars, Nlinks):
287 vals = []
288 for st in stars:
289 if len(st) == 0:
290 continue
291 mv = mask_from_links(st)
292 vals.append(expval_X_string(psi, mv, Nlinks))
293 return float(np.min(vals)), float(np.mean(vals))
294

295 # ----------------------------
296 # Pure-state entropy via Schmidt/SVD (NO density matrices)
297 # ----------------------------
298

299 def entropy_subset_pure(psi_t, subset, ent_eps=1e-15):
300 """
301 psi_t: tensor view of psi with shape [2]*N.
302 subset: list of indices.
303 Computes S(subset)=S(complement) using the smaller side.
304 """
305 N = psi_t.ndim
306 subset = sorted(set(subset))
307 if len(subset) == 0 or len(subset) == N:
308 return 0.0
309 comp = [i for i in range(N) if i not in subset]
310

311 # Use smaller side for SVD
312 if len(subset) > len(comp):
313 subset, comp = comp, subset
314

315 perm = subset + comp
316 psi_perm = np.transpose(psi_t, axes=perm)
317

318 d_keep = 1 << len(subset)
319 d_tr = 1 << len(comp)
320 M = psi_perm.reshape(d_keep, d_tr)
321

322 s = np.linalg.svd(M, compute_uv=False)
323 p = (s.real**2) # singular values are real nonnegative
324 p = p / np.sum(p)
325 p = p[p > ent_eps]
326 return float(-np.sum(p * np.log(p)))
327

328 # ----------------------------
329 # One lattice experiment: entropies + CMI vs wall thickness w
330 # ----------------------------
331

332 def compute_wall_series_pure(Nx, Ny, g, Lambda, w_list, ent_eps, out_prefix):
333 Nlinks, plaquettes, stars, adjacency = build_lattice_obc(Nx, Ny)
334 A, C = plaquette_patch_A_C(Nx, Ny)
335

336 print(f"\n=== Lattice {Nx}x{Ny} plaquettes: Nlinks={Nlinks}, dim=2^{Nlinks}={1<<
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Nlinks} ===")
337 print(f"g={g}, Lambda={Lambda}, w_list={w_list}")
338

339 t0 = time.time()
340 Hop = make_H_linear_operator(Nlinks, plaquettes, stars, g=g, Lambda=Lambda)
341 E0, psi = ground_state_linearop(Hop, tol=EIG_TOL, maxiter=EIG_MAXITER)
342 print(f"ED done in {time.time()-t0:.2f}s, E0={E0:.6f}")
343

344 minG, meanG = gauge_diagnostics(psi, stars, Nlinks)
345 print(f"Gauge check: min <Gv>={minG:.6f}, mean <Gv>={meanG:.6f} (should be ~1)")
346

347 psi_t = psi.reshape([2]*Nlinks)
348

349 series = []
350 rows = []
351

352 for w in w_list:
353 B, path = B_wall_between_A_C(adjacency, A, C, w)
354

355 AB = A + B
356 BC = B + C
357 ABC = A + B + C
358

359 S_AB = entropy_subset_pure(psi_t, AB, ent_eps=ent_eps)
360 S_BC = entropy_subset_pure(psi_t, BC, ent_eps=ent_eps)
361 S_B = entropy_subset_pure(psi_t, B, ent_eps=ent_eps)
362 S_ABC = entropy_subset_pure(psi_t, ABC, ent_eps=ent_eps)
363

364 I = S_AB + S_BC - S_B - S_ABC
365

366 bd_AC = boundary_links_vs_AC(adjacency, B, A, C)
367 bd_comp = boundary_links_vs_complement(adjacency, B)
368

369 sigma_AC = len(bd_AC) * math.log(2.0)
370 sigma_comp = len(bd_comp) * math.log(2.0)
371

372 Inorm_AC = (I / sigma_AC) if sigma_AC > 0 else float("nan")
373 Inorm_comp = (I / sigma_comp) if sigma_comp > 0 else float("nan")
374

375 series.append((w, len(path), len(B),
376 len(bd_AC), sigma_AC, Inorm_AC,
377 len(bd_comp), sigma_comp, Inorm_comp,
378 S_AB, S_BC, S_B, S_ABC, I))
379

380 rows.append([
381 Nx, Ny, Nlinks, g, Lambda, E0, minG, meanG,
382 w, len(A), len(B), len(C),
383 len(path), # wall core size
384 len(bd_AC), sigma_AC, Inorm_AC,
385 len(bd_comp), sigma_comp, Inorm_comp,
386 S_AB, S_BC, S_B, S_ABC, I
387 ])
388

389 print(
390 f" w={w:2d} |path|={len(path):2d} |B|={len(B):2d} "
391 f"|∂AC|={len(bd_AC):2d} σAC={sigma_AC:.4f} I/σAC={Inorm_AC} "
392 f"|∂comp|={len(bd_comp):2d} σcomp={sigma_comp:.4f} I/σcomp={Inorm_comp} "
393 f"I={I:.6e}"
394 )
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395

396 # plots
397 ws = np.array([t[0] for t in series], dtype=float)
398 S_AB = np.array([t[9] for t in series], dtype=float)
399 S_BC = np.array([t[10] for t in series], dtype=float)
400 S_B = np.array([t[11] for t in series], dtype=float)
401 S_ABC = np.array([t[12] for t in series], dtype=float)
402 Ivals = np.array([t[13] for t in series], dtype=float)
403

404 sigAC = np.array([t[4] for t in series], dtype=float)
405 sigComp = np.array([t[7] for t in series], dtype=float)
406 InAC = np.array([t[5] for t in series], dtype=float)
407 InComp = np.array([t[8] for t in series], dtype=float)
408

409 tag = f"Nx{Nx}_Ny{Ny}_g{g}"
410

411 plt.figure(figsize=(7.2,4.6))
412 plt.plot(ws, S_AB, "o--", label="S(AB)")
413 plt.plot(ws, S_BC, "s--", label="S(BC)")
414 plt.plot(ws, S_B, "d--", label="S(B)")
415 plt.plot(ws, S_ABC, "^--", label="S(ABC)")
416 plt.grid(True, alpha=0.3)
417 plt.xlabel("wall thickness w (graph steps around shortest A-C path)")
418 plt.ylabel("entropy (nats)")
419 plt.title(f"Z2 LGT OBC {Nx}x{Ny}: entropy terms vs w (wall) ({tag})")
420 plt.legend()
421 plt.tight_layout()
422 plt.savefig(f"{out_prefix}_{tag}_entropies_wall.png", dpi=220)
423 plt.close()
424

425 plt.figure(figsize=(7.2,4.6))
426 plt.plot(ws, Ivals, "o-", label="I(A:C|B)")
427 plt.grid(True, alpha=0.3)
428 plt.xlabel("wall thickness w")
429 plt.ylabel("CMI (nats)")
430 plt.title(f"Z2 LGT OBC {Nx}x{Ny}: CMI vs w (wall) ({tag})")
431 plt.legend()
432 plt.tight_layout()
433 plt.savefig(f"{out_prefix}_{tag}_cmi_wall.png", dpi=220)
434 plt.close()
435

436 plt.figure(figsize=(7.2,4.6))
437 plt.semilogy(ws, np.maximum(Ivals, 1e-16), "o-")
438 plt.grid(True, which="both", alpha=0.3)
439 plt.xlabel("wall thickness w")
440 plt.ylabel("CMI (nats), log scale (clamped)")
441 plt.title(f"Z2 LGT OBC {Nx}x{Ny}: semilog CMI vs w (wall) ({tag})")
442 plt.tight_layout()
443 plt.savefig(f"{out_prefix}_{tag}_cmi_wall_semilog.png", dpi=220)
444 plt.close()
445

446 plt.figure(figsize=(7.2,4.6))
447 plt.plot(ws, InAC, "o-", label="I / sigma_AC (B vs A∪C)")
448 plt.plot(ws, InComp, "s-", label="I / sigma_comp (B vs B^c)")
449 plt.grid(True, alpha=0.3)
450 plt.xlabel("wall thickness w")
451 plt.ylabel("normalized CMI (dimensionless)")
452 plt.title(f"Z2 LGT OBC {Nx}x{Ny}: normalized CMI vs w (wall) ({tag})")
453 plt.legend()
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454 plt.tight_layout()
455 plt.savefig(f"{out_prefix}_{tag}_cmi_over_sigma_wall.png", dpi=220)
456 plt.close()
457

458 plt.figure(figsize=(7.2,4.6))
459 plt.plot(ws, sigAC, "o-", label="sigma_AC = |∂AC| log 2")
460 plt.plot(ws, sigComp, "s-", label="sigma_comp = |∂comp| log 2")
461 plt.grid(True, alpha=0.3)
462 plt.xlabel("wall thickness w")
463 plt.ylabel("sigma (nats)")
464 plt.title(f"Z2 LGT OBC {Nx}x{Ny}: boundary prefactors vs w (wall) ({tag})")
465 plt.legend()
466 plt.tight_layout()
467 plt.savefig(f"{out_prefix}_{tag}_sigmas_wall.png", dpi=220)
468 plt.close()
469

470 return rows
471

472 def run_all():
473 header = [
474 "Nx","Ny","Nlinks","g","Lambda","E0","min<Gv>","mean<Gv>",
475 "w","|A|","|B|","|C|","|path|",
476 "|∂AC|","sigma_AC","I_over_sigma_AC",
477 "|∂comp|","sigma_comp","I_over_sigma_comp",
478 "S_AB","S_BC","S_B","S_ABC","I_CMI"
479 ]
480

481 rows_all = []
482 for g in G_LIST:
483 if RUN_2x2:
484 rows_all += compute_wall_series_pure(2,2,g,LAMBDA_GAUSS,W_LIST,ENT_EPS,

OUT_PREFIX)
485 if RUN_2x3:
486 rows_all += compute_wall_series_pure(2,3,g,LAMBDA_GAUSS,W_LIST,ENT_EPS,

OUT_PREFIX)
487

488 csv_path = f"{OUT_PREFIX}_results.csv"
489 with open(csv_path, "w", newline="", encoding="utf-8") as f:
490 wr = csv.writer(f)
491 wr.writerow(header)
492 wr.writerows(rows_all)
493

494 print(f"\nWrote CSV: {csv_path}")
495 print(f"Generated PNGs with prefix: {OUT_PREFIX}")
496 return rows_all
497

498 rows = run_all()
499 rows[:3]

A.2 Script 2: convert CSV to a LaTeX table + zip for Overleaf

This helper script reads z2_cmi_wall_results.csv, writes table_ed_wall.tex, and pro-
duces a root-only zip for Overleaf. It requires pandas (available by default in Colab).

1 # make_table_and_zip.py (Colab/Jupyter)
2 import os, glob, zipfile
3 import pandas as pd
4
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5 CSV_PATH = "z2_cmi_wall_results.csv"
6 TABLE_TEX = "table_ed_wall.tex"
7 MAIN_TEX = "main.tex"
8 OUT_ZIP = "overleaf_root_upload.zip"
9

10 # --- 1) Make a small LaTeX table (filter example: Nx=2, Ny=3, g=0.5, w<=3)
11 df = pd.read_csv(CSV_PATH)
12 sdf = df[(df["Nx"]==2) & (df["Ny"]==3) & (df["g"]==0.5) & (df["w"]<=3)].sort_values

("w")
13

14 cols = ["w","|path|","|B|","|∂comp|","sigma_comp","I_CMI","I_over_sigma_comp"]
15 cols = [c for c in cols if c in sdf.columns]
16

17 def fmt(x):
18 try:
19 return f"{float(x):.7g}"
20 except Exception:
21 return str(x)
22

23 lines = []
24 for _, r in sdf.iterrows():
25 lines.append(" & ".join(fmt(r[c]) for c in cols) + r" \\")
26

27 table = r"""\begin{table}[ht]
28 \centering
29 \caption{Wall geometry summary (filtered from CSV).}
30 \begin{tabular}{%s}
31 \toprule
32 %s \\
33 \midrule
34 %s
35 \bottomrule
36 \end{tabular}
37 \end{table}
38 """ % ("r"*len(cols), " & ".join(cols), "\n".join(lines))
39

40 with open(TABLE_TEX, "w", encoding="utf-8") as f:
41 f.write(table)
42

43 print("Wrote:", TABLE_TEX)
44

45 # --- 2) Zip root-only for Overleaf
46 pngs = sorted(glob.glob("z2_cmi_wall_*.png"))
47 pys = sorted(glob.glob("*.py"))
48 csvs = sorted(glob.glob("*.csv"))
49 texs = [MAIN_TEX, TABLE_TEX]
50

51 files = []
52 for fp in texs + pngs + pys + csvs:
53 if os.path.isfile(fp):
54 files.append(fp)
55

56 with zipfile.ZipFile(OUT_ZIP, "w", compression=zipfile.ZIP_DEFLATED) as z:
57 for fp in sorted(set(files)):
58 z.write(fp, arcname=os.path.basename(fp))
59

60 print("Wrote:", OUT_ZIP)
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