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Scope note. This appendix is a self-contained heat-kernel computation of the sign of the
induced Einstein�Hilbert term from integrating out matter �elds. It is topically adjacent to the
coherence- maintenance / �resource boundary� program (the induced-gravity sign is a curvature-
sector bookkeeping that the program refers to heuristically), but it is not load-bearing for any
result in that series and depends on none of it; the cross-references [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] are
for context only. It does not attempt a UV completion nor a physical determination of Gphys.
v2: the physics is unchanged the coe�cient/sign results are unchanged and correct; this revision

clari�es the scalar examples (non-minimal ξ = 1
4 vs conformal ξ = 1

6 , for which A
(eff)
1 = 0),

updates companion references to their v2 revisions, and adds a symbolic veri�cation of the full
coe�cient table (Appendix A).

Abstract

We derive the local contribution proportional to the scalar curvature R in the Euclidean
one-loop e�ective action obtained by integrating out matter �elds on a curved background.
Using a Schwinger cuto� ε = Λ−2 and the Seeley�DeWitt coe�cient a1, we extract the
quadratically divergent term multiplying

∫
d4x

√
g R. We �x a single Euclidean convention

for the Einstein�Hilbert action, state an explicit Laplacian convention, and write the Lich-
nerowicz/Weitzenböck identity in a sign-robust form so that the fermionic contribution is

unambiguous. We provide a uni�ed bookkeeping coe�cient A
(eff)
1 such that

W total
R = −A

(eff)
1

32π2
Λ2

∫
d4x

√
g R,

and hence an induced Newton constant Gind via comparison with the Euclidean Einstein�
Hilbert action. We include the minimal gauge+ghost package in background Feynman
gauge, a species table, and a reproducible symbolic check of every entry.

1 Conventions and notation

1.1 Lorentzian geometry and curvature sign

Lorentzian signature (−,+,+,+) and the Wald/MTW convention

Ra
bcd = ∂cΓ

a
bd − ∂dΓ

a
bc + Γa

ceΓ
e
bd − Γa

deΓ
e
bc, Rbd = Ra

bad, R = gbdRbd.

1.2 Euclidean formulation and Einstein�Hilbert action

Heat-kernel calculations are done in D = 4 Euclidean signature. We �x

SEH
E = − 1

16πG

∫
d4x

√
g R, SL =

1

16πG

∫
d4x

√
−g R,
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with SE = −iSL when topological/eta phases are irrelevant for the local divergent coe�cient
extracted here.

1.3 Laplacian, Laplace-type operators, Schwinger cuto�

∇2 ≡ gµν∇µ∇ν , so −∇2 is positive; a Laplace-type operator is P = −∇2 + X(x) with X a
local endomorphism. Schwinger proper-time with ε = Λ−2:

ln detP = −
∫ ∞

ε

ds

s
Tr e−sP .

1.4 Fermionic hinge: Lichnerowicz/Weitzenböck

DE ≡ γµ∇µ with Euclidean (γµ)† = γµ and (DE)
† = −DE ; [∇µ,∇ν ]ψ = 1

4Rµνρσγ
ρσψ,

γρσ = 1
2 [γ

ρ, γσ]. In sign-robust form,

−D2
E = −∇2 + 1

4R.

Here ∇2 is the connection Laplacian on spinors (not the de Rham Laplacian on forms).

2 Heat kernel expansion and a1

With K(s;x, y) = ⟨x|e−sP |y⟩,

Tr e−sP ∼ 1

(4πs)2

∫
d4x

√
g
(
a0 + a1s+ a2s

2 + · · ·
)
, a0 = tr1, a1 = tr

(
1
6R−X

)
.

For a real scalar with X = m2 + ξR: a1,R = ã1R, ã1 =
1
6 − ξ; the −m2 piece renormalizes the

cosmological term, not
∫ √

g R.

3 Scalars: extraction of
∫ √

g R

Wscalar =
1
2 ln detP = −1

2

∫∞
ε

ds
s Tr e

−sP ; using
∫∞
ε ds s−2 = Λ2,

W scalar
R = − ã1

32π2
Λ2

∫
d4x

√
g R.

4 Dirac fermions: reduction to Laplace type

SF =
∫
d4x

√
g ψ̄(DE+m)ψ,Wferm = − ln det(DE+m). With ln det(DE+m) = 1

2 ln det[(DE+
m)†(DE + m)] + iΘ and PD := (DE + m)†(DE + m) = −D2

E + m2 = −∇2 + m2 + 1
4R, so

XD = m2 + 1
4R and

a
(PD)
1 = 1

6R−XD = − 1
12R−m2, tr a

(PD)
1,R = 4 ·

(
− 1

12

)
R = −1

3R.

Because Wferm = −1
2 ln detPD = +1

2

∫∞
ε

ds
s Tr e

−sPD (the fermionic sign �ip),

W ferm
R = − 1

96π2
Λ2

∫
d4x

√
g R.

The phase iΘ and zero modes matter in chiral/topological settings but do not modify this local
coe�cient for a massive Dirac �eld in a smooth background.
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5 Gauge �elds and ghosts (spin-1), Feynman gauge

Per generator, α = 1: (P1)µ
ν = −δνµ∇2 + Rµ

ν , ghost Pgh = −∇2, Wgauge = 1
2 ln detP1 −

ln detPgh. With Eµ
ν = Rµ

ν ,

tr a
(1-form)
1,R = 1

6 tr1− trE = 4
6 − 1 = −1

3R;

the ghost (complex Grassmann scalar) enters with the opposite sign of a complex boson (13R),

giving tr a
(gh)
1,R = −1

3R, hence

A
(eff)
1 (vector+ ghosts) = −2

3 (per generator).

6 Uni�ed convention and induced Newton constant

De�neA
(eff)
1 byW total

R = −A
(eff)
1

32π2
Λ2

∫
d4x

√
g R. Comparing with SEH

E and identifying SEH
E,induced =

W total
R ,

1

16πGind
=
A

(eff)
1

32π2
Λ2 =⇒ Gind =

2π

A
(eff)
1 Λ2

, Gind > 0 ⇐⇒ A
(eff)
1 > 0.

7 Species table (uni�ed convention)

Species A
(eff)
1 Comment

Real scalar (general ξ) 1
6 − ξ X = m2 + ξR

Real scalar (minimal) +1
6 ξ = 0

Complex scalar 2(16 − ξ) two real d.o.f.
Dirac fermion (4 comp.) +1

3 derived above
Weyl fermion (2 comp.) +1

6 half of Dirac
Majorana fermion +1

6 half of Dirac
Gauge vector + ghosts −2

3 per generator, Feynman gauge

Every entry is veri�ed symbolically in Appendix A.

8 Sign examples

� Minimal real scalar: A
(eff)
1 = 1

6 > 0 ⇒ Gind > 0.

� Non-minimally coupled real scalar with ξ = 1
4 : A

(eff)
1 = 1

6 − 1
4 = − 1

12 < 0 ⇒ Gind < 0.

� Conformally coupled real scalar in D = 4 (ξconf =
D−2

4(D−1) = 1
6): A

(eff)
1 = 0; it does not

contribute to the induced Einstein�Hilbert term at this order. This does not remove the
usual conformal-anomaly / a2 curvature-squared terms; it only says that the quadratically
divergent Einstein�Hilbert R-term vanishes for the conformally coupled scalar.

� Gauge vector (per generator): A
(eff)
1 = −2

3 < 0 ⇒ Gind < 0 for that sector alone.

The net sign for a given model is
∑

speciesA
(eff)
1 weighted by multiplicities; realistic spec-

tra require summing all sectors (this appendix provides the per-species bookkeeping, not a
spectrum-speci�c determination).
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A Symbolic veri�cation

Distributed as verification/0091/verify_0091.py (SymPy). It reconstructs eachA
(eff)
1 from

a1 = tr(16R−X) with the Lichnerowicz shift XD = m2 + 1
4R for spinors, the fermionic overall

sign �ip (Wferm = −1
2 ln detPD), and the ghost entering as minus a complex boson, and checks

all seven table entries: 1
6 − ξ,

1
6 ,

1
3 ,

1
3 ,

1
6 ,

1
6 , −

2
3 � all match. The induced-Newton sign column

(Gind > 0 ⇐⇒ A
(eff)
1 > 0) is checked on the minimal scalar (+), the non-minimally coupled

scalar with ξ = 1
4 (−), the conformally coupled scalar in D = 4 (ξ = 1

6 , vanishing contribution),
and the gauge sector (−). Result: all Seeley�DeWitt coefficients match.

B Changes relative to version 1

1. Coe�cient/sign results unchanged and correct. The Seeley�DeWitt table and
induced-Newton signs are veri�ed (Appendix A). This is the sole paper in the program
requiring no substantive recti�cation of results; the only textual �x is in the scalar ex-
amples � the previously loose �conformal ξ = 1

4 � wording is corrected to non-minimal

ξ = 1
4 , and the genuine 4D conformal value ξ = 1

6 (giving A
(eff)
1 = 0) is added as its own

example.

2. Veri�cation added: symbolic check of the full a1 table and the induced-Newton sign,
distributed with the paper.

3. References updated to the v2 revisions of the companion series; the �resource boundary
/ cut� link is restated as heuristic and non-load- bearing (scope note).
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