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Scope note. This appendix is a technical support piece for the induced-sign bookkeeping used in the
broader “resource boundary / cut” program; see, e.g., [1, 8, 10, 3]. It does not attempt a UV

completion nor a physical determination of Gphys.

Abstract

We derive the local contribution proportional to the scalar curvature R in the Euclidean
one-loop effective action obtained by integrating out matter fields on a curved background.
Using a Schwinger cutoff ε = Λ−2 and the Seeley–DeWitt coefficient a1, we extract the
quadratically divergent term multiplying

∫
d4x

√
g R. We fix a single Euclidean convention

for the Einstein–Hilbert action, state an explicit Laplacian convention, and write the Lich-
nerowicz/Weitzenböck identity in a sign-robust form so that the fermionic contribution is
unambiguous. We provide a unified bookkeeping coefficient A(eff)

1 such that

W total
R = −A

(eff)
1

32π2
Λ2

∫
d4x

√
g R,

and hence an induced Newton constant Gind via comparison with the Euclidean Einstein–
Hilbert action. We also include the minimal gauge+ghost package in background Feynman
gauge, a species table, and a short reproducible Python snippet.

Keywords: heat kernel, Seeley–DeWitt coefficients, induced gravity, Euclidean QFT in curved
space, fermions, ghosts, gauge fixing, Newton constant.
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1 Conventions and notation

1.1 Lorentzian geometry and curvature sign

We adopt Lorentzian signature (−,+,+,+) and the Wald/MTW-type curvature convention

Ra
bcd = ∂cΓ

a
bd − ∂dΓ

a
bc + Γa

ceΓ
e
bd − Γa

deΓ
e
bc, Rbd = Ra

bad, R = gbdRbd.

1.2 Euclidean formulation and Einstein–Hilbert action

Heat-kernel calculations are performed in D = 4 Euclidean signature. We fix the Euclidean
Einstein–Hilbert action as

SEH
E = − 1

16πG

∫
d4x

√
g R,

obtained by Wick rotation from the standard Lorentzian action

SL =
1

16πG

∫
d4x

√
−g R,

i.e. SE = −iSL when phases from topological/eta-invariants are irrelevant for the local divergent
coefficient we extract.

1.3 Laplacian convention, Laplace-type operators, and Schwinger cutoff

Define the covariant Laplacian as
∇2 ≡ gµν∇µ∇ν ,

so that in flat Euclidean space ∇2 = ∂2 and ∂2eik·x = −k2eik·x. Hence the principal operator
−∇2 is positive.

A Laplace-type operator is taken as

P = −∇2 +X(x),

where X(x) is a local endomorphism (a scalar function for scalar fields).
We use Schwinger proper-time regularization with cutoff ε = Λ−2:

ln detP = −
∫ ∞

ε

ds

s
Tr e−sP .

1.4 Fermionic hinge: commutator and Lichnerowicz/Weitzenböck identity

For spinors we take DE ≡ γµ∇µ with Euclidean gamma matrices (γµ)† = γµ and Dirac operator
anti-Hermitian (DE)

† = −DE . The covariant derivative on spinors includes the spin connection.
We fix the curvature term via

[∇µ,∇ν ]ψ =
1

4
Rµνρσγ

ρσψ, γρσ ≡ 1

2
[γρ, γσ].

With the conventions above, the Lichnerowicz/Weitzenböck identity can be written in the sign-
robust form

−D 2
E = −∇2 +

1

4
R.

See, e.g., [12, 13].

Remark 1 (Connection Laplacian). In the fermionic sector, ∇2 = gµν∇µ∇ν is the connection
Laplacian acting on spinors, not the de Rham Laplacian on differential forms.
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2 Heat kernel expansion and the coefficient a1

Let K(s;x, y) = ⟨x|e−sP |y⟩ be the heat kernel. The trace has the asymptotic expansion as
s→ 0+:

Tr e−sP ∼ 1

(4πs)2

∫
d4x

√
g
(
a0(x) + a1(x)s+ a2(x)s

2 + · · ·
)
.

For a scalar Laplace-type operator P = −∇2 +X the first coefficients are

a0(x) = tr1, a1(x) = tr
(
1
6R−X

)
.

For a real scalar with X = m2 + ξR:

a1(x) =
(
1
6 − ξ

)
R−m2, a1,R(x) = ã1R, ã1 =

1
6 − ξ.

The term −m2 contributes to
∫ √

g (cosmological constant renormalization) and not to
∫ √

g R.

3 Scalars: effective action and extraction of
∫ √

g R

For a real bosonic scalar,

Wscalar =
1
2 ln detP = −1

2

∫ ∞

ε

ds

s
Tr e−sP .

Keeping only the piece proportional to R:

W scalar
R = −1

2

1

(4π)2

∫
d4x

√
g a1,R(x)

∫ ∞

ε
ds s−2.

Since
∫∞
ε ds s−2 = 1/ε = Λ2, we obtain

W scalar
R = − ã1

32π2
Λ2

∫
d4x

√
g R.

4 Dirac fermions: reduction to Laplace type and contribution to∫ √
g R

For a Euclidean Dirac fermion with action

SF =

∫
d4x

√
g ψ̄(DE +m)ψ,

the functional integral yields
Wferm = − ln det(DE +m).

4.1 Determinant reduction

Using the adjoint product,

ln det(DE +m) = 1
2 ln det

(
(DE +m)†(DE +m)

)
+ iΘ,

where the phase iΘ does not affect the local divergent coefficient multiplying R. Define the
positive operator

PD ≡ (DE +m)†(DE +m).

Since (DE)
† = −DE and m is constant,

PD = (−DE +m)(DE +m) = −D 2
E +m2.

With Lichnerowicz,
PD = −∇2 +m2 + 1

4R.
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4.2 The a1 coefficient and spin trace

Here XD = m2 + 1
4R, so

a
(PD)
1 (x) = 1

6R−XD = − 1
12R−m2.

Tracing over Dirac spin indices in D = 4 gives tr1 = 4, hence

tr a
(PD)
1,R (x) = 4 ·

(
− 1

12R
)
= −1

3R.

4.3 Schwinger insertion

Because Wferm = −1
2 ln detPD and ln detPD = −

∫
ds/s Tr e−sPD ,

Wferm = +1
2

∫ ∞

ε

ds

s
Tr e−sPD .

Thus the R-term is

W ferm
R = 1

2

1

(4π)2

∫
d4x

√
g tr a

(PD)
1,R (x)

∫ ∞

ε
ds s−2 = − 1

96π2
Λ2

∫
d4x

√
g R.

Remark 2 (Phases and zero modes). The phase iΘ and zero modes matter in chiral/topological
settings (eta-invariants, anomalies). For the present purpose (local divergent coefficient multi-
plying R for a massive Dirac field in a smooth background), they do not modify the Λ2

∫ √
g R

term.

5 Gauge fields and ghosts (spin-1): minimal package in Feynman
gauge

For a gauge field (per generator) in background Feynman gauge (α = 1), one may take the
1-form operator

(P1)µ
ν = −δνµ∇2 +Rµ

ν ,

and the Faddeev–Popov ghost operator (complex Grassmann scalar)

Pgh = −∇2.

The gauge-fixed one-loop contribution has the standard structure

Wgauge =
1
2 ln detP1 − ln detPgh.

5.1 Short derivation of A
(eff)
1 (vector + ghosts) = −2

3

For a Laplace-type operator on 1-forms, P1 = −∇2 + E with Eµ
ν = Rµ

ν . Then

tr a
(1−form)
1,R =

(
1
6 tr1− trE

R

)
R =

(
4
6 − 1

)
R = −1

3R.

The ghost is a complex Grassmann scalar, so it contributes with the opposite sign of a complex
bosonic scalar. Since a complex bosonic scalar gives tr a1,R = 2 · (16R) =

1
3R, the ghost gives

tr a
(gh)
1,R = −1

3R.

In the unified convention defined below, this yields (per generator)

A
(eff)
1 (vector + ghosts) = −2

3 .

See [12, 15] for detailed heat-kernel treatments in gauge theories.
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6 Unified convention and induced Newton constant

Define the unified coefficient A(eff)
1 by

W total
R = −A

(eff)
1

32π2
Λ2

∫
d4x

√
g R.

Comparing with the Euclidean Einstein–Hilbert term

SEH
E = − 1

16πG

∫
d4x

√
g R,

and identifying SEH
E,induced =W total

R gives

− 1

16πGind
= −A

(eff)
1

32π2
Λ2,

hence
1

16πGind
=
A

(eff)
1

32π2
Λ2 ⇒ Gind =

2π

A
(eff)
1

1

Λ2
.

With this convention, Gind > 0 if and only if A(eff)
1 > 0.

7 Species table (unified convention)

Species A
(eff)
1 Comment

Real scalar (general ξ) 1
6 − ξ X = m2 + ξR

Real scalar (minimal) +1
6 ξ = 0

Complex scalar 2(16 − ξ) two real d.o.f.
Dirac fermion (4 comp.) +1

3 derived above
Weyl fermion (2 comp.) +1

6 half of Dirac
Majorana fermion +1

6 half of Dirac
Gauge vector + ghosts −2

3 per generator, Feynman gauge

8 Examples and a reproducible Python snippet

8.1 Sign examples

• Minimal real scalar: A(eff)
1 = 1

6 > 0 implies Gind > 0.

• Real scalar with ξ = 1
4 : A

(eff)
1 = 1

6 − 1
4 = − 1

12 < 0 implies Gind < 0.

• Gauge vector (per generator): A(eff)
1 = −2

3 < 0 implies Gind < 0 for that sector alone.

8.2 Python (pedagogical)

# Python: compute G_ind (units 1/Lambda^2) under the appendix convention
import numpy as np

def A1_scalar(xi=0.0):
return 1.0/6.0 - xi
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def A1_dirac():
return 1.0/3.0

def A1_vector_plus_ghosts_per_generator():
return -2.0/3.0

def G_ind_from_A1(A1_total, Lambda):
if abs(A1_total) < 1e-12:

return np.inf
return (2.0*np.pi / A1_total) / (Lambda**2)

Lambda = 1.0e3
cases = [

("scalar_minimal (xi=0)", A1_scalar(0.0)),
("scalar_xi_1/4", A1_scalar(0.25)),
("1 Dirac only", A1_dirac()),
("1 vector+ghosts (per gen.)", A1_vector_plus_ghosts_per_generator()),
("scalar + Dirac", A1_scalar(0.0) + A1_dirac()),
("scalar + vector+ghosts", A1_scalar(0.0) + A1_vector_plus_ghosts_per_generator()),

]

print(f"{’CASE’:<30} | {’A1_total’:>9} | {’G_ind (1/L^2)’:>14} | SIGN")
print("-"*74)
for name, A1t in cases:

G = G_ind_from_A1(A1t, Lambda)
sign = "ATR (G>0)" if G > 0 else ("REP (G<0)" if G != np.inf else "indet")
print(f"{name:<30} | {A1t:9.4f} | {G:14.4e} | {sign}")

9 Regularization note

The term proportional to Λ2 is regulator-dependent: it appears explicitly with a Schwinger
cutoff, while in dimensional regularization power divergences typically do not appear as poles.
What is robust here is the local tensorial structure (controlled by a1) and relative normaliza-
tions between species within a fixed scheme. The physical Newton constant Gphys requires a
counterterm and a renormalization condition.
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