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Abstract

We prove that exponential clustering of vacuum correlations enables approximate
quantum state recovery via the Petz map in algebraic quantum field theory. For
quasi-free states of a massive scalar field satisfying natural constraints, we prove:

el Kl

1—-F(w,w) < 5
(1 — e (yac + 0)?) HS

< e” ™ is the vacuum correlation factor,

and § controls cross-correlation perturbations. A finite-rank corollary with explicit
factor 2n recovers physical intuition. Applications to holographic reconstruction are
discussed.

where A(12) is the Petz reCOVery error, Nyac < €~
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1 Introduction

1.1 The Central Problem

The interplay between locality, entanglement, and information recovery constitutes a
central theme in modern theoretical physics. The Reeh-Schlieder theorem establishes
long-range vacuum entanglement, yet correlations decay exponentially for massive theories
(clustering).

To what extent does clustering enable approximate reconstruction of global
information from local data?

1.2 Main Results

Theorem 4.7 (Clustering-Recovery Bridge). For quasi-free states satisfying hypothe-
ses (a)—(e) in the regularized framework, the fidelity satisfies:

1—F(w,o) < . Gy y HA(H)H2 (1)
€ (1 — € Y Nyae + 5)2) HS
where:
. Cc(zo) = m depends on vacuum spectral bounds (in the simplified regime of
Corollary 4.9)
* Nyac := HAO_ 1/ QXOBO_ 1/2 o is the vacuum correlation factor
o = HAE Y (X — Xo)By Y 2Hop controls cross-correlation changes
The recovery error decomposes as:
A1) = (X — Xo) — (A= Ay) Ay Xo (2)
Corollary 4.10 (Finite Rank). If rank([', — T'y) < n:
- o) € —— 20 A ®)

€2 (1 — € 1 (Nyac + 5)2)

with explicit factor 2 from rank(A0?) < 2n.

1.3 Structure

Section 2 establishes the algebraic framework. Section 3 develops clustering bounds.
Section 4 contains the main theorem. Section 5 formulates the general conjecture. Section 6
presents implications.



2 Algebraic Framework

2.1 Haag-Kastler Axioms
We work in the Haag-Kastler framework on Minkowski spacetime R%! (d > 2).

Definition 2.1 (Haag-Kastler Net). A net O — A(O) of von Neumann algebras on ‘H
satisfying isotony, locality, covariance, and the spectrum condition.

Theorem 2.2 (Reeh-Schlieder). For any region O with non-empty causal complement,
the vacuum Q is cyclic and separating for A(O).

2.2 Geometric Setup

Definition 2.3 (Split Configuration). Double cones O; € O with collar width r :=
diSt(@Ob 802) > 0.

Figure 1: Split configuration: inner region Oy, collar width r.

2.3 Quasi-Free States

Definition 2.4 (Quasi-Free State). A state with characteristic function:

w(W(f)) = exp (1, Tuf)) (4)

Quasi-free states in the operator-algebraic setting were developed by Araki [1, 2|; see also
[11]*Chapter 12 for CCR quasi-free (Gaussian) states.

Definition 2.5 (Block Decomposition). For b = h; @ ha:

r=(sr 3) ®)

with vacuum blocks Ay, X, By. (All covariance blocks are real matrices in the quadrature
representation; A and B are symmetric.)

Remark 2.6 (CCR covariance convention). We work with the bosonic CCR algebra in a
regularized finite-mode setting. Gaussian states are parametrized by a real symmetric
covariance matrix I' satisfying the uncertainty condition I'" + %Q > 0, where 2 is the
symplectic form. Under Assumption 2.7, I' is strictly positive with I' > ¢ - 1 for some
c>0.



Assumption 2.7 (Regularized one-particle framework and uniform lower bounds). We
work in a regularized setting (e.g., a lattice approximation, finite-mode truncation, or an
explicit UV cutoff) in which the quasi-free covariances are represented by bounded, strictly
positive operators on the one-particle Hilbert space h = b1 & ho. In particular, the vacuum
blocks satisfy:

AO Z Cy- 1517 BO 2 Cy - ]1{]2 (6)

for constants ¢y, cy > 0 depending on the chosen regularization and geometry.

Remark 2.8 (Verification in regularized settings). For finite-volume restrictions with smooth
boundaries and Dirichlet boundary conditions, the constants can be estimated from lower
bounds on the corresponding elliptic operator. For a spatial ball of radius R one obtains:

c1,co > (m? + 7% RY) V2 (7)

For lattice discretizations, cq,cy can be bounded in terms of the smallest eigenvalue
of the discrete massive Laplacian on the corresponding finite region. See Reed-Simon
[15]*Theorem XIII.67 for continuum analogues.

Remark 2.9 (Continuum limit and operator ideal issues). In continuum AQFT, covariance

operators and their blocks may be unbounded, and conditions such as T', — Ty € £3(f) or

Nvac = HAE v 2XOBO_ Y QH < 1 require a careful choice of one-particle space and domains
op

(typically via smearing and Sobolev-type norms). Accordingly, the present bounds are
proved in the regularized framework of Assumption 2.7. Extending them to the fully
continuum Type III setting is left for future work.

2.4 The Split Property

Theorem 2.10 (Buchholz-Wichmann-D’Antoni-Longo). For massive scalar fields satisfy-
ing nuclearity, the split property holds: there exists Type I factor N with A C N C M.
See also Summers [19] for discussion of independence properties of local algebras related to
split inclusions.

Theorem 2.11 (Canonical Split Inclusion). The canonical split factor Nea, satisfies:
(a) Nean 18 Type I with A C Nean C M
(b) 0¢°(Nean) = Nean (modular invariance)

Proof. See Doplicher-Longo [7]*Theorem 4.1 and Buchholz-D’Antoni-Longo [4]*Proposition
3.2. O

Remark 2.12 (Construction-Based Modular Invariance). For massive fields, modular in-
variance of N, follows from its construction via the nuclearity map, not from geometric
modular action (which fails for double cones). The subspace Kz is A-invariant by
construction.

2.5 The Petz Recovery Map

By Takesaki’s theorem, modular invariance guarantees a vacuum-preserving conditional
expectation E,, : M — N.



Definition 2.13 (Petz Recovery Map). In the regularized tensor product setting M =
B(H; ® Ha) with N' = B(H1) ® 14, let pg be a faithful density operator on H; @ Ha
and write pg; = Tra(po) for its marginal on subsystem 1. The Petz recovery map
RPO : S(H1> — S(Hl & 7‘[2) is:

1/2( —1/2 —1/2 1/2
Rpo(Ul) = ,00/ <Po,1/ o1 Po,1/ & ﬂHz)PO/ (8)

where o1 > 0 is a density operator on H; with Tr(o;) = 1.

Proposition 2.14 (Gaussian Petz Recovery). For quasi-free states, the Petz-recovered

covariance 1s:
r_ A AAngg (9)
YTANXTAGTA By + XTAGH(A - Ag) Ayt X

Proof. We establish this in three steps.

Step 1: Gaussianity preservation. For quasi-free states on CCR algebras, the
modular operator A, implements a symplectic transformation [11]. Since the Petz map is
constructed from powers of density operators, it preserves Gaussianity.

Step 2: Marginal preservation. The Petz map satisfies Tro(R,,(01)) = o1 [14]. In

our block decomposition, this forces I‘gl) =A.

Step 3: Remaining blocks. The cross-correlation Fém) and the (2,2)-block Fém)
follow from the explicit Weyl-operator computation in Appendix D, yielding:

TS = AAT Xy, T8 = By+ X{Ag (A — Ag)A;' X, (10)

O

3 Exponential Clustering for Massive Fields

This section establishes quantitative bounds on correlation decay.

3.1 The Vacuum Two-Point Function

Theorem 3.1 (Vacuum Clustering). For the massive scalar field (m > 0) on R%!, the
equal-time two-point function at spatial separation s satisfies:

b)) = i my)

Sl/

where v = (d — 2)/2 and K, is the modified Bessel function of the second kind.

Corollary 3.2 (Bessel Asymptotics). For ms > 1:
K,(ms) ~ Sms e ™ (12)

—ms

Thus correlations decay as s~(@1)/%¢



3.2 The Vacuum Correlation Factor

Definition 3.3 (Vacuum Correlation Factor). For a split configuration with collar width
T
Nvac = "A51/2X0B51/2

(13)

op

Lemma 3.4 (Vacuum Correlation Bound). For the massive scalar field, there exists o > 0
such that forr > ry:

1
Tlvac S Cd : Kl/(mr) < 5 (14)

Proof. Step 1. The off-diagonal block X satisfies || Xol|,, < C"- K, (mr)/r” by Schur’s
test applied to the integral kernel.
Step 2. By Assumption 2.7: HA(; < 01_1/2 and HBo_l/2 <cy
op op

Step 3. Combining: e < (c1c2) V2O K, (mr)/r”. For mr > 1, this gives Ny <

1/2. 0

1/2 1/2

3.3 Auxiliary Constant
Definition 3.5 (Vacuum Amplification Constant). Define:

Cvac = Cl_l/2 HBOHOp (15)
where ¢; is from Assumption 2.7.

Lemma 3.6 (Cross-Correlation Bound). The operator Ay*X, satisfies:

40" X0 < Cuac e (16)
Proof.
51, <457, 452, a7
e X e e I 1 (18)
=i e [ Bollop = Conc e (19)
[

4 The Clustering-Recovery Bridge

This section contains the main result with complete proof.

4.1 State Class and Hypotheses

Definition 4.1 (Partial Local Excitation). A quasi-free state w is a partial local excitation
if 12 =T (ie., B=B).

Definition 4.2 (Effective Excitation Number).

Nei(w) := |Tw = Tollgs (20)
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Definition 4.3 (Cross-Correlation Perturbation).

= |46 (X — Xo) B‘WH (21)

Remark 4.4 (Consequence of hypothesis ( )) The condition ||A_1/2(A AO)A_I/QHOp <l—e¢
implies that the self-adjoint operator AO (A—Ao)Ay /2 has eigenvalues in [—(1—¢),1—¢l.
In particular, Aal/Q(A - AO)AgW > —(1 — €)1, hence Agl/QA Aal/Q > €1, which gives
A > €Ap. This inequality is used in Step 4 of the proof of Theorem 4.7.

4.2 Supporting Lemmas

Lemma 4.5 (Gaussian Fidelity Bound). Let wy,ws be quasi-free states with covariances
'y, Ty satisfying:

(i) I'1,Te > ¢- 1 for some ¢ >0
(i) K := Ffl/z(Fl o)y 12 e L2(h) (Hilbert-Schmidt class; see [17]*Chapter 2)
(iif) [ Kl < 1/2

Then:
1= F(on,w) < 5 1K + o5 1Kl (22)

For || K||yg < 1:
1
1 — F(wi,wy) < 6 1K 7 (23)

Proof. See Appendix C for the complete derivation from the Fredholm determinant
representation. ]

Lemma 4.6 (Block Inversion Bound). Let I' = (;T g) with:

(1) AZEA'IL,BZEB'H

(i) n = |AV2x B <1

op

Then:
en ]

op — (1 —n?)min(eq,€p)

Proof. The Schur complement S = A — XB7'XT = AY2(1 — KKT)AY? where K =

o

(24)

A~Y2X B2, Since HKKT =n? <1

op

S> (1= )A> (1 —nPea-1 (25)
The block inversion formula then gives the stated bound. [



4.3 Main Theorem

Theorem 4.7 (Clustering-Recovery Bridge). Let wy denote the vacuum quasi-free state in
the reqularized framework of Assumption 2.7, modeling a massive scalar field (m > 0). Let
O, @ Oy with collar width r > 0.

Let w be a quasi-free state and let @ == R, (w
w satisfies:

Noan) D€ the Petz-recovered state. Assume

(a) (Partial local excitation) B = By

(b) (Finite excitation) Neg(w) < 0o

(c) (Perturbative regime) HAal/Q(A - AO)Aal/QH <1—¢€ for some e € (0,1)
op

(d) (Cross-correlation control) dx < 0 for some ¢ € (0,1) with

€2 (e +0) < 1 (26)
(e) (Fidelity regime) With K := I';'/*(T, — )l ;Y2, we have || K||,, < 3.
Assume e < 1.
Define:
_ —1/2
no = |A2X By . (27)
Then the Petz-recovered state & satisfies:
C(O) 9
1 — Flw,&) < d 5+ ||at (28)
e2<1 — e Y (Nyae + 5)2) S
where:
o AU2) .= X — AA;' X, is the Petz recovery error
3
o The simplified constant C’C(IO) ‘= ———  — applies under the additional hypotheses
8 min(cy, ¢2)?
of Corollary 4.9
Moreover, the recovery error satisfies:
A< (14 Clae - mac) /Nt (@) (29)

where Cvac - 01_1/2 ||B0||op'

Proof. We proceed in five steps.

Step 1: Covariance of recovered state.
By Proposition 2.14:

b A AAT'X, (30)
CTANXTATA By + XTAGN(A - Ag) Ayt X



The covariance error AI' := 1", — I'; has blocks:

A(ll) =0
A2 = X — AATTX,
AP = _XT AT (A — Ap)Aj1 X,

Step 2: Decomposition of A1),

A2 = X — AATX,
= (X — Xo) + Xo — AA; ' X
= (X = Xo) — (A~ A A5 Xy

Step 3: Hilbert-Schmidt bound on A2,
By triangle inequality:

HA(H)HHS < [[X = Xollys + H(A N AO)AEIX@HHS

For the first term, since X — Xy is a block of I',, — I':
X = Xollys < ITw = Tollgs = v/ Ner(w)

For the second term, using [|7'S|lyg < |75 [|S]]op:

4= 400457 ol < 14~ Al [45250]

S \/ Neff(w) : C'vac * Nvac

where we used Lemma 3.6.
Combining:
A < (14 Clae - mac) /N ()

Step 4: Control of 7, and [T;']|,.
We bound 7, = HA_l/ 2x B, 2” using triangle inequality:
op

o <[4 XGB 2+ AT - X0)Br

First term: Using A > €Ay from hypothesis (c):

|A1 72X, By 12

<

S 671/2 * Tvac
Second term: Similarly:

|A72(X — Xo)By 2

< Janaye],

< 6_1/2 '5X < 6_1/2 .6

op

10

I

. HA(;I/Q(X _ XO)B(;WHOP

—~
w
N

N~—



Combining:
Mo < € P (1ae +6) < 1 (47)

by hypothesis (d).
By Lemma 4.6 with €4 = ec; and eg = cs:

1
rt 48
H @ llop = (1 — n2) min(ecy, c2) (48)
Since 1, < € Y2 (1yae + 0):
M < € (Mvae +0)? (49)
Therefore: ]
ot < : (50)
op (1 — € 1 (Nyac + 6)2) min(ecy, )
Step 5: Apply fidelity bound.
Define K := I';'/2AT' T'/2. By hypothesis (e), K], < 3
By Lemma 4.5:
1 2 1 1
L F(0.8) < ¢ K1+ o5 Kk 1)
USing HKHHS < Hrojluop HAFHHS
- 1y qy2 9 1 Cq4 4
1= Flw,®) < g [T IAT s + 5 T3] IAT s (52)
Since A1 = 0: ) )
2
AT =2 [at ] g+ At (53)
We bound HA(22)HHS explicitly. From Step 1:
AP = _XTAGY (A - A) Ayt X, (54)
Using [[ABClys < [ Al | Bllys | C1l,, and Lemma 3.6:
22 2
HA( )HHS < (Cuac  Mvac)® -/ Negr (55)
Therefore: )
IAT|fs < 2 [|AM|| + (Cuactivae)* New (56)
Substituting the bound from Step 4 and using min(ec;, c2)* > €2 min(cy, ¢2)*:
2
2 A(12) + Ovacnvac 4Neff
1 — F(w,&)) < H HHS ( ) -
8¢ min(cy, ¢)? (1 — e Y Nyac + 5)2)
oYL || AT
T8, AT I -

48

This is the general bound. To obtain the simplified form (28), we impose the additional
conditions of Corollary 4.9:

« Under condition (i), (Ciachvac) Nog < HA(H) HQHS, so the numerator satisfies 2 HA(m) H2Hs+
(Cuncthac)* N < 3[[ A0

11



« Under condition (ii), [|T;"]|,, |AT ||y < 1, so the quartic term satisfies g HF;IH;lp |AT|[f <

=TS 1||ip |AT||2g, which can be absorbed into the leading quadratic term by re-
7

placing the prefactor % with % + ﬁ = 15

Under (ii) we have |[T5[5 ATl < 75112, |AT s, hence

1 - Flw,®) < (; + 418) et naris = 478 e[ narigs. (58)

By (56) and (i),

2 2

Al < 2 A0 g+ (Cunctnc) New < 3[A0] (59)
Finally, using the bound from Step 4 and min(ecy, ¢2)? > €2 min(cy, ¢o)?,
I < ! . (60)
P e2min(cy, 02)2(1 — e (Nyac + 5)2)
Combining (58), (59), and (60) yields
&0 _
1 F(w,®) < ‘ o TGl e/ S . (61)
FrrErT L S e?
Combining these simplifications yields:
C(O) 9
1— F(w,d) < d 5+ ||a%|| (62)
€2<1 — € (Nvac + 5)2> S
where C’C(lo) = m. The conditions (i)—(ii) are satisfied for localized excitations when
mr > 1, as stated in Corollary 4.9. O]

Remark 4.8 (On hypothesis (e): a posteriori verification). Hypothesis (e) is an a posteriori
condition that can be verified once @ is computed from hypotheses (a)-(d). Recall that the
covariance error AI' = T, — T has block structure with A0 =0, A2 = X — AA;1 X,
and A®?) = —XT A (A — Ag) Ay ' Xo.

From the bounds in Steps 3 and 5, using ||AT'||us < v2[|A?||gg + [|A®?)||gs, under
(a)—(d) one has:

||AF||HS S Ceff \/ Neff(w)a Ceff = \/§<1 + C1vac : 77vac> + (Cfvac?flvac)2 (63>

where the first term incorporates the bound on ||AU?)||yg from Step 3, and the second
bounds [|A®?|lus < (Cyactvac)*v/Negr from Step 5.

Combined with [[T;| ) < [(1 — €' (nyac + )*) min(ecy, ¢3)] " from Step 4, hypothesis
(e) is satisfied whenever:

Oeff Neff(w) < }
(1 - 6_1(77vac + 5)2) min(ecl, CQ) - 2

(64)

This provides an explicit sufficient condition purely in terms of N.g(w), the spectral
constants ¢y, ¢, €, and the clustering parameters 7yac, . For mr > 1 one has 1y, < 1, so

Ceg ~ /2 and the condition simplifies to /Neg(w) < emin(ey, ¢z) (up to order-one factors
when 7yae, § <K 1/€).

12



Corollary 4.9 (Simplified Bound). Under the hypotheses of Theorem /.7, assume addi-
tionally:

(i) (Cuactivae)* Ne < HA(H)H;

(i) TS5 op IAT g < 1
Then:

C(O)
1 - F(w,0) < d

< >+ [a]
62(1 — e (Dyae + 5)2)

2
s (65)
3
where OV = — 2
d 8min(cy, ¢2)?
Both conditions are satisfied for localized excitations when mr > 1, since Claclyac ~

—mr

e
2 2
Proof. Under (i): 2[A0|| 4 (Ciactiae) ' New < 3[40 .
Under (ii): the quartic term satisfies 5 ||K||;1_IS < & || K||7g, which is absorbed into the

leading constant. The result follows with Céo) =< X3X L = 3 O

min(cy,c2)? 8min(cy,c2)? "

1
8

4.4 Corollaries

Corollary 4.10 (Finite Rank Bound). Under the hypotheses of Theorem 4.7, if additionally
rank(T,, — Ty) < n, then:

20 -
1 — Flw,d) < R — e (66)
€2 (1 — € H(Nvac + 5)2) P
Proof. Since A1) = (X — X;) — (A — Ag)Ag' Xy and each term has rank at most n:
rank(A1?) < 2n (67)
Using || Ty < rank(T) - |75,
(12)|2 (12)|2
<o o
HS op
Substituting into (28) gives the result. O

Corollary 4.11 (Simplified Bound under 6 < nac). If 0 < nac (Satisfied for small
perturbations), then:

C(O) 9
1— Flw,d) < d 5+ ||at)| (69)
€2 (1 - 46_177?/210) e
PT‘OOf. Under ) S Tvac: (nvac + 6)2 S 47]\2/ac‘ -
Corollary 4.12 (Exponential Decay). Under the hypotheses of Theorem 4.7:
O(O) 1 C1vac * Ilvac 2
| = Flw, @) < G0 0% Cacae)” oy (70)

5
€2<1 e (/e 5)2)
For mr > 1 with Ny, 0 < \/€, the prefactor approaches CC(ZO)/GQ.

13



4.5 Examples

Example 4.13 (Coherent States: Exact Recovery). Let w, be a coherent state with
displacement o € b.

Verification of hypotheses:

. (a) B = Bo v

e (b) Neg =0V
e (c) A=Ay, satisfied with e =1 v
. (

d) 0x = 0 since X = Xy v/

Recovery error: A" = X — AgA;' Xy, =0
Conclusion: F(w,,®,) = 1 (exact recovery).

Example 4.14 (Local Squeezed State). Consider I, = ['o+ A|€) (€] with € € h; normalized
and A > 0 small.
Verification:

e (a) B=By vV

o (b) Neg = N v

* (c) Satisfied with e &~ 1 — A/¢; for small A v/
e (d) dx =0 since X = Xy v/

Recovery error:
AT = —\e) (€l 4y ' Xo (71)

Bound:
HA(H)HHS <\ Chac * Nvac (72)

Numerical example: For mr =5, d =3, A =0.5:
Nae S €7~ 0.007, 1—F <(0.5x%x0.007)%/e* ~107° (73)
Despite significant squeezing, F' > 0.99999.

Remark 4.15 (Verification of (d) for Local Bogoliubov). For Bogoliubov transformations
with Sth =1:
X=Xy = X—-X,= (5, -1)X, (74)

Therefore:
ox = || 462 (ST = DXoBy || < 11511~ Loy~ hac (75)
For small perturbations [|S1; — 1||op < 1, hypothesis (d) is satisfied with § = ||.S1; —
IL||op * Nvac S Tvac-
5 The General Conjecture

The quasi-free result (Theorem 4.7) establishes a precise clustering-recovery relationship
for Gaussian states. We now formulate a general conjecture.

14



5.1 Statement

Conjecture 5.1 (General Clustering-Recovery Bridge). Let wy be the vacuum state of a
QFT satisfying the Haag-Kastler axioms with mass gap m > 0. Let Oy @ Oy with collar
width r > 0, and let w satisfy:

(1) wla,)y = wolao,y (asymptotic vacuum)
(i) S(w|lwo) < oo (finite relative entropy)
Then there exist constants C',~y > 0 such that:

1- F(w,RpO(w

Ncan)) < C-C(w; O1,09) (76)

where Nean is the canonical split factor from Theorem 2.11, R,, is the Petz recovery map
associated with the wo-preserving conditional expectation E,, : M — Nean, and C is an
appropriate clustering coefficient.

Based on our quasi-free result, we expect v = 2 for Gaussian-like states.

5.2 Motivation from Quantum Information Theory

The Fawzi-Renner theorem [9] establishes for finite-dimensional tripartite states:

I(A:C|B), (77)

N | —

—log F(pasc, Re(par)) <

In AQFT, the natural identification is:
e A A(O)

e B+ A0\ Oy) (collar)

o C < A(O)) (causal complement)

Clustering bounds correlations between A and C| suggesting small I(A : C|B).

5.3 Challenges

1. Type III algebras: No von Neumann entropy; requires regularization
2. Infinite dimensions: Extensions [13] need additional hypotheses
3. Non-Gaussian states: No explicit Petz formulas

4. Geometric tripartition: Nested regions # tensor products

5.4 Strategies

1. Modular approach: Control fidelity via relative modular operators.
2. Quasi-free approximation: If general states can be approximated by Gaussians

with controlled error.
3. Nuclearity reduction: Use nuclearity to approximate by finite-dimensional
algebras, apply Fawzi-Renner, take limits.

15



6 Discussion and Open Problems

6.1 Summary of Results
We have established:

1. Clustering-Recovery Bridge (Theorem 4.7): For quasi-free states satisfying
(a)—(e) in the regularized framework of Assumption 2.7:

oy
e2<1 — e Y (Nyae + 5)2)

2

1 - Flw,w) <

- [[at] (78)

HS

2. Explicit dependence on §: The bound correctly incorporates the cross-correlation
perturbation parameter.

3. Finite rank corollary with factor 2n from rank(A®?) < 2n.

4. Exponential clustering: 1y, < K, (mr) ~ e~

5. Exact recovery for coherent states: F' = 1 when A('?) = (.

6.2 Physical Implications

Mass Gap as Locality Regulator. The factor e shows that mass m controls
information locality:

o Local excitations are nearly exactly recoverable
o Cross-regional correlations are exponentially suppressed
« Vacuum entanglement enables (not obstructs) recovery

Role of Hypothesis (d). The cross-correlation control éx < § ensures that the
state’s correlation structure remains "close" to the vacuum’s. This is automatically satisfied
for local Bogoliubov transformations (Remark 4.15).

6.3 Conditional Implications for Holography

Conditional on Conjecture 5.1 or suitable extensions.
In AdS/CFT, entanglement wedge reconstruction [6, 12] asserts bulk operators in €4
can be represented on boundary region A.

Corollary 6.1 (Conditional: Quantitative Wedge Reconstruction). Assuming Conjec-
ture 5.1 holds with bulk mass gap myux > 0, one would obtain for bulk excitations in the

entanglement wedge E4:
1 — F(w,@) < C - g7 mouncd@ra) (79)

where d(x,v4) is the geodesic distance to the RT surface 4.

This suggests that reconstruction accuracy would improve exponentially with depth
into the wedge, providing a quantitative refinement of entanglement wedge reconstruction
6, 12].
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6.4 Open Problems

1. Prove Conjecture 5.1 beyond quasi-free states.

Optimal exponent. Is v = 2 optimal? Can v = 1 be achieved?

Massless fields/CFTs. Clustering is polynomial: C ~ 7~ Amin,
Interacting theories. New techniques needed beyond Gaussian structure.
Weaken hypothesis (d). Can dx control be derived from (a)—(c)?
Operational interpretation. Translate to measurement distinguishability.

Stk N

A Haagerup L? Framework

For Type III algebras, the Haagerup LP framework provides density matrix analogues.

A.1 Construction
Let M be a von Neumann algebra with faithful normal state ¢ and modular group oy .
Definition A.1 (Crossed Product). M := M x40 R is Type I, with trace 7.
Definition A.2 (Haagerup LP Spaces).
LP(M) :={z € M :6,(x) = e /Pz} (80)
1 Key properties: L*(M) = M, L'(M) = M,, and each state w has density h, €
L' (M)*.

B Bessel Function Asymptotics

B.1 Definitions
The modified Bessel function of the second kind:

E I—I/(Z) B ]V(Z)
2 sin(vm)

K,(z) =

B.2 Asymptotics

Large argument (z — o0):

Ko(2) oo (52)

Small argument (z — 07, v > 0):

Ky (z) ~ L) <2> (83)

C Proof of the Gaussian Fidelity Lemma

We provide the complete derivation of Lemma 4.5.
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C.1 Fidelity Formula for Gaussian States

For quasi-free states with covariances I'1, 'y, the Uhlmann fidelity satisfies (see [3] for the
explicit formula and [11]*Chapter 12 for background on Gaussian state fidelity):

F(wl, CUQ)4 = detg (84)

AT/, T2
(I'1 +T2)?

where dety is the regularized Fredholm determinant, defined for operators of the form
1+ T with T' € £%(h) (Hilbert-Schmidt class).
Define the normalized perturbation parameter:

K =TI, -T2 (85)

This is the natural perturbation variable for Gaussian fidelity bounds. Note that K € £%(h)
when I'y — Ty is Hilbert-Schmidt, and || K|o, < 1/2 ensures I'y > 1T > 0.

C.2 Perturbative Expansion

From equation (84), the argument of dety can be written as 1+ T (K) where T'(K) € £2(h)
for K € £2(h). In the regime ||K||op < 3, expanding the regularized Fredholm determinant
deto(1 +7') = exp(Tr(log(1 +7) — T')) around T" = 0 yields an expansion of the form

1
Flw,w)t =1~ 1||K||%{S+O(HKH%IS); (86)
see [3]*Supplemental Material for the explicit second-order coefficient. Hence
1
Fwn,wn) = 1= 761K lis + O K s)- (87)

The coefficient 1/8 in Lemma 4.5 is a conservative upper bound that absorbs higher-
order terms uniformly on the regime || K||op < % and || K|lgs < 1.

C.3 Remainder Control

For || K||op < 1/2, the cubic remainder satisfies |R3(K)| < C(||K||op)|| K ||fig where C(+) is
a continuous function bounded for ||K||o, < 1/2. This follows from the Taylor expansion
of the fidelity functional; see [3]*Supplemental Material.

C.4 Final Bound

For ||K||yq < 1t
1—F<—1 K2+CK3<}K2 88
=16 [pag(i® K lgs < 6 1K | (88)

The factor 1/6 > 1/16 conservatively accounts for the cubic remainder. O

D Gaussian Conditional Expectation

We derive the formula for I'; in Proposition 2.14 via explicit computation using Weyl
operators.
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D.1 Setup and Conventions

We work in a finite-mode (continuous-variable) setting with n = n; 4+ ny bosonic modes.
Let R = (Ry, Ro)T with Ry, € R?™ | R, € R?™ denote the vectors of quadrature operators
for subsystems 1 and 2 respectively, satisfying [R;, Ri] = €2, where € is the standard
symplectic form.

The Weyl operators are defined as:

W(z) = exp(iz' QR), z = (21, 29) € R™ (89)

Remark D.1 (Conventions). With this choice of W (z), a centered Gaussian state with
real symmetric covariance matrix I’ has characteristic function x,(z) = exp(—32'Tz).
Throughout this appendix, all covariance blocks (A, X, B, etc.) are real matrices, and we
write X7 for the transpose.

Under the bipartition z = (21, 22):

r=(sr 3) (90)

D.2 The Petz Map in Heisenberg Picture
The Petz map R,, : S(H1) — S(H1 ® Hz) has dual R} : B(H1 ® Ha) — B(Ha1).
Lemma D.2 (Heisenberg action on Weyl operators). Let po be a faithful centered Gaussian

Ao X0> and define Cy := By — XT Ay Xo > 0 (conditional

state with covariance I'g = ( X7 B,
0

covariance). Then:

RZO(W(zl, Z9)) = exp (—ingQZQ) Wi <z1 + AngOZZ) (91)

where W1(+) denotes a Weyl operator on subsystem 1.

Proof. The dual of the Petz map for the partial trace Try with reference pq is:
Ry, (V) = pot* Tra oy Y p"?) o1 (92)

where po;1 = Tra(po) is the marginal with covariance Ag (see [14] for this transpose-
channel/Petz dual formula).

We apply (92) to Y = W (z1, z0) = Wi(z1) @ Wa(z2).

Step 1: Inner sandwiching. For a centered Gaussian state py with covariance Iy,
the density operator admits a Gibbs (quadratic) representation

po=2"" exp(—%RTGOR) : (93)

where Gy > 0 is the Gibbs matrix related to I'g by I'g = % COth(%QGO) (see [11]*Proposition
12.18).

We do not claim that p(l)/ 2VV(z) p(l]/ % s proportional to a Weyl operator. Instead, we
use a standard closure property: products of (possibly non-unitary) Gaussian operators
with Weyl operators remain Gaussian operators (quadratic exponent plus a linear term in
R). Concretely, writing

péﬂW(z)pém — 771/2 ;~;R"GoR ,iz"QR e—iRTGOR7 (94)
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the Baker—Campbell-Hausdorff expansion closes because the commutators of a quadratic
form in R with a linear form in R remain linear, and further commutators remain linear
as well. Hence the above operator can be rewritten in the form

p(l)/QW(z)p(l)/2 = ¢o(2) exp(—%RTGOR + iﬁo(z)TR) : (95)

for some scalar ¢y(z) and some real vector {y(z) depending linearly on z. A detailed
derivation of such normal forms can be found in standard references on Gaussian/CCR
calculus and the metaplectic representation; see, e.g., [18]*Chapter 4.

In the bipartite setting z = (21, 22), the dependence of ¢y(z) on z; encodes the cross-
correlation structure of py and is precisely what produces, after taking Trs, the conditional
Gaussian damping factor and the affine shift z; + z; + Ag' X2, stated in (91).

Step 2: Partial trace. After the inner sandwiching, the result has the form
c(2) W1(2}) ® Ky(z)) where K5 is an operator on subsystem 2. Taking Try yields:

Tra(Wa(21) © Ka(25)) = Tr(Ka(23)) Wi(2)) (96)

For Gaussian reference states, Tr(K»(2})) evaluates to a Gaussian factor in zy. Specifically,
the trace of a Weyl operator against a Gaussian state gives its characteristic function (see
[11]*Prop. 12.8):
Tr(pW(2)) = xplz) = € 3712 (97)
The resulting Gaussian damping factor involves the conditional covariance Cj.
Step 3: Outer sandwiching. The operators pg, ?‘L/ % act only on subsystem 1, modifying
the argument of W7 but not introducing additional zs-dependence.

Tracking these transformations block by block through the covariance structure of Ty,
one finds that the net effect is:

o The argument of W shifts: z; — 21 + Ay 1 X029

o The Gaussian factor is eXp(—iZQTCOzz) where Cy = By — X{ Ay' X is the Schur
complement

The matrix Ay X is the regression coefficient relating subsystem 2 to subsystem 1 in the

reference state. [

D.3 Derivation of Covariance Blocks

Proposition D.3 (Explicit covariance formulas). Let o1 be a centered Gaussian state on
subsystem 1 with covariance A. Then p = R,,(01) is Gaussian with covariance:

i = A (98)
P = 441X, (99)
I = By + XT Ay Y (A — Ag) Ayt X, (100)
Proof. Using Lemma D.2, compute the characteristic function:
X5(21,22) = Tr(ﬁ Wz, 22)) = Tr(01 R, (W (21, 22))) (101)
= ¢~1% Co= Xo, (21 + Ay Xo22) (102)
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Since Xq, (u) = e 1

— 14T Au.

X5(21, 22) = exp <—%(21 + AalXOZQ)TA<Zl + AngOZQ) — i230022> (103)

Expanding (z; + Angozg)TA(zl + Ayt Xo22):

= 2] Azy + 22] (AAG Xo) 22 + 23 (XJ Ay AAG Xo) 29 (104)
Therefore:

X5(21,22) = exp (—i(zl, 29) T(21, 22)) (105)

where the blocks of I'; are read off as:
i = A (106)
I = 4451 X, (107)
I = XTASYAAS X + Co = By + XT A (A — Ag) Ayt X, (108)
O

D.4 Verification
Consistency: When A = Ag: I‘,gm = X, and F%ZQ) =DBy. vV

Positivity: The Schur complement of T'; equals Cy = By — X{ Ay 'X, > 0, confirming

I';>0. v m
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