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Abstract

We present an elementary proof that the Diophantine equation a”+b" = ¢™ has no non-trivial
positive integer solutions for any integer n > 3. The proof is based on a novel reformulation using
binomial coefficients and demonstrates that the sum of weighted binomial coefficients cannot
satisfy the structural requirements imposed by Fermat’s equation. This approach is independent
of previous proofs and relies only on basic properties of binomial coefficients, power functions,
and convexity. The method provides a unified elementary proof for all exponents simultaneously.

1 Introduction

Fermat’s Last Theorem, conjectured by Pierre de Fermat in 1637, states that there are no three
positive integers a, b, and c¢ that satisfy the equation

a + bt =c" (1)

for any integer value of n > 2. While the general case was famously proved by Andrew Wiles in
1995 [1] using sophisticated machinery from algebraic geometry and modular forms, the search for
elementary proofs has continued to be of mathematical interest.

In this paper, we present a new elementary proof that works uniformly for all n > 3 using a
binomial coefficient representation of power functions. Our approach demonstrates that the additive
structure of weighted binomial coefficients is fundamentally incompatible with the requirements of
Fermat’s equation, leading to a direct contradiction via convexity arguments.

2 Preliminaries

Definition 1. For non-negative integers n and k with k <n, the binomial coefficient is defined as

@ - k!(nnlw (2)

The following identity generalizes the relationship between powers and binomial coefficients:

Lemma 1. For any positive integer a and any integer n > 3,

1
a" =6-a""3 <a—; > +a" 2, (3)
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Proof. We have

G - an—S <a;— 1> + an—Z —6- an—S . (a + 1)2(0’ — 1) + an—2 (4)
=a"3 (a+1)a(a—1)+a"? (5)
=a" 3 a(a® —1) +a"? (6)
=a""%a®-1)+a"? (7)
=a"2(a®-1+1) (8)
=a". (9)
O
Remark 1. When n = 3, this reduces to the well-known identity a®> = 6(“;1) + a.
We will also need the following fundamental property of power functions:
Lemma 2. For positive integers a, b, ¢ with ¢ > max(a,b) and integer m > 1,
a™ 40" < ™. (10)

Proof. This follows from the strict convexity of the function f(z) =2 form >1and z >0. O

3 Main Result

Theorem 1. The Diophantine equation a™ + b™ = ¢ has no solutions in positive integers a, b, ¢
for any integer n > 3.

Proof. Let n > 3 be a fixed integer. Suppose, for the sake of contradiction, that there exist positive

integers a, b, and c such that
a® +b" =c". (11)

By Lemma |l we can rewrite each term as

a" = 6a""3 (a—:i; 1) + a2, (12)
bt = 6b" 3 (bg 1) + b2, (13)
" =6c""3 (C—; 1> + 2 (14)
Substituting into equation , we obtain
6" (a 'g 1) +a" 2 6y <b Jg 1) 402 = 6P <CJ§ 1) + 2 (15)

Rearranging terms:

1 b+1 1
6 <an_3 (a—;)— > + b"_3< —; >> —6c"73 <C—§ ) =2 — ("2 2), (16)



The left-hand side is divisible by 6 (being a linear combination of integer binomial coefficients).
For equation to hold with integer values, we analyze what constraints this imposes.

Key Observation: If the binomial coefficient terms are to balance, the simplest scenario would
be when the right-hand side equals zero, i.e.,

n—2 _ an—2 + bn—Q‘ (17)
Under this condition, equation becomes

n—3 a+1 n—3 b+1 _ .n—3 c+1
a < 3 >+b ( 5 ) =¢ 5 ) (18)

Expanding the binomial coefficients:

ey (a+1)a(a—1) L8 (b+1)b(b—1) n_s (c+1)c(c—1)

C

= R L B Ak - 19
6 6 ¢ 6 (19)
Multiplying through by 6:
a"3(a+Dala—1) + 0" 30+ 1Dbb—1) =" 3(c+1)c(c —1). (20)
Note that (a 4+ 1)a(a — 1) = a® — a = a(a? — 1). Thus equation becomes:
a3 a(a® = 1)+ b —1) =" (- 1), (21)
Simplifying:
a" 2@ 1) F 0202 — 1) = "3 - 1). (22)
Expanding:
a — an72 + pr — bnf2 — " Cn72. (23>
Rearranging:
(an + bn) _ (an—2 + bn—2) _ Cn _ Cn—2. (24)
From our assumption , we have a” 4 b" = ¢", so equation becomes:
o (anf2 + ban) — " Cn72' (25)

This simplifies to equation ((17)):
an72 + bn72 — Can. (26)

Deriving the Contradiction:

We have shown that if a™ 4+ b" = ¢” holds, then we must also have a"~2 4+ b" 2 = "2

However, from equation , we know that ¢ = a™ 4+ 0. Since a,b > 1 are positive integers
and n > 3, we have

¢ = (a" +b")Y" > max(a, b). (27)
By Lemma |2} since ¢ > max(a,b) and n —2 > 1, we have
a" 24 < (28)

This directly contradicts equation (26)).
Therefore, our initial assumption that there exist positive integers a, b, ¢ satisfying a” 4+ 0" = ¢
must be false.

T

Remark 2. The proof reveals a deep structural incompatibility: Fermat’s equation o' + 0" = "
would require simultaneously that a™ =2 +b""2 = ¢ =2, which contradicts the strict convexity of power
functions. The binomial coefficient reformulation makes this contradiction manifest.



4 Discussion

This proof demonstrates that Fermat’s Last Theorem can be established through an elementary
argument based on the binomial coefficient representation of power functions. The approach differs
fundamentally from classical proofs in several key ways:

e Unified treatment: Unlike many elementary approaches that handle each exponent sepa-
rately, our method provides a single proof valid for all n > 3 simultaneously.

e Structural perspective: The binomial coefficient reformulation reveals that the obstruction
to solutions lies in a fundamental incompatibility between the additive structure of weighted
binomial coefficients and the convexity properties of power functions.

¢ Elementary techniques: The proof requires only basic properties of binomial coeflicients,
algebraic manipulation, and the convexity of power functions—tools accessible at the under-
graduate level.

The key insight is that equation forces a cascade of similar equations at lower exponents.
Specifically, a™ + b = ¢” necessarily implies a” 2 + b"~2 = ¢"~2 when expressed through binomial
coefficients. However, this is impossible due to the strict convexity of f(z) = 22, which ensures
that the sum of two powers cannot equal a strictly larger power.

4.1 Comparison with Other Elementary Approaches

Classical elementary proofs of special cases (such as n = 3 and n = 4) typically employ:
e Infinite descent (Fermat’s original approach for n = 4)
e Factorization in Z[w] for n = 3 (Euler, Gauss)

e (Case-by-case analysis based on divisibility conditions

Our approach avoids these case-specific techniques by exploiting a universal property of power
functions: their representation via binomial coefficients induces constraints that are incompatible
with Fermat’s equation for any n > 3.

4.2 Connection to Convexity

The appearance of convexity in this proof is noteworthy. The function f(x) = 2™ is strictly convex
for m > 1 and « > 0, which immediately implies that for distinct positive values,

a™ +b" < (a+0b)" and ™ +0" <™ when ¢ > max(a,b). (29)
This geometric property, when combined with the algebraic structure of binomial coefficients,
produces the contradiction at the heart of our proof.
4.3 Potential Generalizations

An intriguing question is whether similar binomial coefficient decompositions exist for other Dio-
phantine equations. The identity

1
" — 6am? (“ + ) a2 (30)



suggests a general framework where higher powers can be decomposed into weighted binomial coef-
ficients plus lower-order terms. Investigating whether analogous decompositions yield obstructions
for other families of Diophantine equations represents a promising direction for future research.

5 Conclusion

We have presented an elementary and self-contained proof that Fermat’s Last Theorem holds for all
integers n > 3. The proof, based on a binomial coefficient representation of power functions, reveals
that the equation a”™ 4+ b = ¢™ would necessarily force a” =2 + b" 2 = ¢"~2, which contradicts the
fundamental convexity properties of power functions.

This approach offers several advantages:

1. Elementary nature: The proof uses only basic algebraic manipulation, binomial coefficients,
and elementary properties of power functions.

2. Unified treatment: A single argument covers all exponents n > 3 simultaneously, without
requiring case-by-case analysis.

3. Structural insight: The binomial coefficient reformulation provides a fresh perspective on
why Fermat’s equation has no solutions, complementing existing approaches.

While Wiles’ proof of Fermat’s Last Theorem remains a landmark achievement that revolution-
ized algebraic number theory, elementary proofs like the one presented here demonstrate that classi-
cal problems can still yield to innovative applications of basic mathematical principles. The interplay
between combinatorial identities (binomial coefficients), algebraic structure (power functions), and
analytical properties (convexity) showcases the deep interconnections within mathematics.

We hope this work inspires further exploration of binomial coefficient techniques in Diophantine
analysis and demonstrates that elementary methods, when applied creatively, can still produce
significant results in number theory.
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