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ABSTRACT

This paper establishes a complete analytic reduction of Goldbach’s strong conjecture to a single
unsolved statement: the Covariance Lemma, which controls the joint distribution of primes at
symmetric offsets around E/2. All other components of Goldbach’s problem—including the
existence of primes in short symmetric intervals of width proportional to (log E)>—are already
unconditionally resolved by explicit results on primes in short intervals, notably those of Dusart
[Dusart 2010, Dusart 2018], as well as classical density theorems grounded in the Prime Number
Theorem.

The key contribution of this work is the identification, isolation, and formalization of the single
remaining obstruction. By proving that the covariance of prime indicators P(E/2—t) and P(E/2+t)
cannot suppress all symmetric prime coincidences, one obtains a full proof of Goldbach’s strong
conjecture. This reduction provides a definitive analytic target for future research, transforming the
conjecture from a broad classical problem into a sharply formulated lemma whose resolution is
both quantitatively measurable and theoretically constrained.
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1. INTRODUCTION

Goldbach’s strong conjecture asserts that every even integer E > 4 can be expressed as the sum of
two prime numbers. Despite major progress in analytic number theory and extensive computational
verification beyond 4 x 10, no unconditional proof is known.

Traditional approaches—including those of Hardy and Littlewood [Hardy—Littlewood 1923],
Vinogradov [Vinogradov 1937], and Chen [Chen 1973]—have offered deep insights into additive
prime structures but have not directly yielded a proof of Goldbach’s strong form. Modern

interval results, such as explicit prime estimates by Dusart [Dusart 2010, Dusart 2018], guarantee
primes in intervals of length proportional to (log x)? for sufficiently large x. This resolves the
“existence of primes in short windows” problem, a core component in many Goldbach
formulations.

In earlier work, the problem was reduced to two intermediate lemmas:
(1) the existence of at least one prime in each symmetric interval
around E/2, and

(2) the existence of at least one symmetric pair (p, q) satisfying
p=E/2—-tand q=E/2 + t for some t > 0.

The first lemma is now fully resolved using unconditional short-interval prime bounds. Thus only
one analytic component remains: the covariance between the prime indicators at symmetric offsets.
This paper formalizes the one-lemma reduction and analyses the analytic structure of the
covariance barrier. The result is a complete, self-contained reduction of Goldbach’s conjecture to a
single, clearly defined analytic lemma, which we call the **Covariance Lemma**.



2. FRAMEWORK AND DEFINITIONS

Let E >4 be an even integer and define x = E/2. For an offset t > 0, define the symmetric pair (x—t,
x+t). When both numbers are prime, they constitute a Goldbach pair for E.

We use the prime indicator function P(n) =1 if n is prime, and 0 otherwise.

The total number of symmetric prime pairs for Eis R(E) =X {t > 0} P(x—t) - P(x+t), where the
sum ranges over all t for which x—t > 2.

Define the symmetric windows

L(E, w) =[x —w,x],

L(E, w) =[x, x + W],
with window width w = « (log E)?, for a constant k > 0 to be fixed using explicit short-interval
bounds.

Explicit results by Dusart [Dusart 2010, Dusart 2018] imply that for all large E, both I,(E, w) and
I2(E, w) contain at least one prime. Thus the one-sided non-emptiness problem is solved
unconditionally. The remaining difficulty lies in proving that one of the primes in I aligns
symmetrically with one of the primes in L. This is captured by the covariance expression

Cov( P(x-t), P(x+t) ). The reduction presented in this work shows that controlling this
covariance for all large E is equivalent to proving Goldbach’s strong conjecture.



3. THE COVARIANCE LEMMA

The entire Goldbach problem reduces to the behavior of the symmetric products P(x—t) - P(x+t).
Since primes occur with density = 1 / log x, the expected value of the symmetric pair-count

R(E) =X {t>0} P(x-t) - P(x+t) is approximately

E[R(E)]=Z {t<w} 1/ (log(x-t) - log(x+t))
= w/ (log E)?
= «K, a positive constant. Thus the expected number of symmetric prime pairs in the
window does not shrink; it remains uniformly positive for large E.

The challenge is not the size of the expectation but the size of the variance. For Goldbach to fail for
some E, the random variables P(x—t) and P(x+t) would need to exhibit sufficiently strong
**negative covariance** to force

P(x—t) - P(x+t) =0 for every admissible t.
Define the covariance term

C(E)=Z {t#s} [ P(x-t)P(x+tt) - P(x—s)P(x+s)
— E[P(x-t)P(x+t)] - E[P(x—s)P(x+s)] ].

The Covariance Lemma states that such uniformly negative covariance cannot persist across all t.
Formally:

**Covariance Lemma.**
For every E > 4, there exists t > 0 such that
P(x-t)=1 and P(x+t)=1.

Equivalently,
R(E)> 1.

All other obstacles to Goldbach have been resolved by unconditional analytic results. This lemma
is now the single remaining barrier.

4. DEMONSTRATION OF THE ONE-LEMMA REDUCTION
The reduction proceeds in four explicit analytic steps:

(1) **Prime density near E/2.**

By the Prime Number Theorem, the density of primes near x = E/2is = 1 / log x. Hence
symmetric windows of width k (log E)? contain <« (log E)* / log E primes on each side. This
proves that both one-sided windows have many prime candidates.

(2) **Non-emptiness of symmetric windows (Lemma A solved).** Dusart’s explicit interval
theorems [Dusart 2010, 2018] show that every interval of the form [y — C log? y, y + C log? y]
contains at least one prime for sufficiently large y. Since the symmetric windows have exactly this
form, Lemma A is proven unconditionally. No hypothesis is required.
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(3) **Symmetric alignment reduces to covariance.**

Let Si be the set of primes in [i(E, w) and S the set in [2(E, w). Goldbach’s conjecture now
requires S: and S: to contain a pair symmetric about x.

This is equivalent to showing R(E) = £ P(x—t)P(x+t) > 1. Since S: and S: are known to be non-
empty, non-alignment can only happen if the covariance among symmetric prime indicators is
sufficiently negative to eliminate all matches.

(4) **Elimination of all other analytic obstacles.** Classical methods (circle method, sieve theory,
short-interval analysis) show that all global density problems are resolved. The only remaining
issue is the correlation structure of prime pairs. Therefore the entire Goldbach problem collapses to
the Covariance Lemma.

Thus the strong Goldbach conjecture is **fully equivalent®* to proving that negative covariance
between prime indicators cannot destroy all symmetric matches.

5. MAIN THEOREM (ONE-LEMMA REDUCTION)

Theorem.
For every even integer E > 4, the following statements are equivalent:

(1) E is the sum of two prime numbers (Goldbach’s strong conjecture).
(2) There exists an offset t > 0 such that both

E/2 —t and E/2 +t are prime numbers.
(3) The covariance among symmetric prime indicators satisfies

R(E)=%Z {t>0} P(E2—t) - P(E2+1t)>1.

All analytic components required to establish (1) from (3)—including existence of primes in both
symmetric windows—are fully resolved unconditionally using explicit short-interval estimates.
Thus, Goldbach’s strong conjecture is equivalent to a single remaining analytic statement: the
Covariance Lemma.

In consequence, the long-standing Goldbach problem has been reduced to a single well-posed
question about symmetric alignment of primes in paired windows whose non-emptiness is
guaranteed.

6. DISCUSSION

This section explains the significance of the one—lemma reduction and how it reframes the entire
Goldbach problem in analytic number theory.

(1) **Why the reduction matters.**
Classical approaches to Goldbach involve a wide set of analytic components—major arcs, minor
arcs, singular series, error terms in exponential sums, distribution of primes in progressions,
and short-interval behaviour. Historically the difficulty was that all these elements interacted, and
none could be isolated as the single point of failure.
The present reduction shows that all large-scale analytic obstacles are already solved
unconditionally: primes in each symmetric window are guaranteed; densities align; explicit short-
interval bounds are sufficient; and the analytic infrastructure required for Goldbach is
fully in place.
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What remains is purely local: the covariance of prime indicators at symmetric offsets.

(2) **The covariance barrier is structural, not density-based.**

Density results—PNT, explicit short intervals, sieve bounds—already ensure that the available
“prime mass” on each side of E/2 is abundant. The problem is not lack of primes but lack of
guaranteed alignment. This makes the covariance problem a *pair-correlation* problem rather than
a density problem. Such pair-correlation questions lie at the heart of problems such as twin primes,
small gaps, and Hardy—Littlewood conjectures.

(3) **The role of randomness heuristics.**

Under probabilistic prime models, R(E) has strictly positive expectation and variance too small to
eliminate all symmetric matches. Thus heuristics predict that Goldbach should be true for all E.
However, heuristics cannot establish covariance bounds; only analytic number theory can control
the deterministic structure that primes actually satisfy.

(4) **Why the covariance lemma is the only remaining obstacle.** Every other analytic component
—distribution in residue classes, distribution in short intervals, major/minor arc structure, singular
series, one-sided window non-emptiness—has unconditional estimates strong enough to carry the
Goldbach argument. Therefore the problem is concentrated in a single explicit task:

control of symmetric prime interactions within a fixed short window.

(5) **Implications for analytic number theory.**

The reduction aligns Goldbach with the modern program on prime correlations led by works of
Maynard, Zhang, Polymath, and Baker—-Harman—Pintz on small gaps. The same types of bilinear
estimates, dispersion methods, and correlation bounds that broke the long-standing gaps barrier are
closely tied to the tools needed for the Covariance Lemma.

This reduction is therefore not only a structural clarification but a precise map showing where the
classical challenges end and where a single modern challenge begins.

7. FINAL REMARKS
The reduction achieved in this work establishes that Goldbach’s strong conjecture is analytically
equivalent to one explicit, local statement about symmetric prime covariance. The classical
obstacles—density, short-interval behaviour, distribution in progressions, and explicit
lower bounds—have all been resolved unconditionally by modern explicit theorems.
This shift from a global conjecture to a single remaining lemma represents
a conceptual milestone:
« It isolates the unique analytic source of difficulty.
* It clarifies how far existing theorems already go.
« It identifies precisely which analytic estimates—bilinear bounds,
dispersion control, or pair-correlation estimates—must be sharpened.
* It establishes a clear analytic framework that future work can target.

The Covariance Lemma sits at the intersection of several major themes in analytic number theory:
prime pair correlations, bilinear forms, distributional uniformity, and short-interval analysis. Any
progress on these topics, particularly with respect to log-power savings or uniform variance bounds,
will immediately reflect on the lemma. In conclusion, the centuries-old Goldbach problem no
longer stands as a vast unresolved landscape but as a sharply defined summit: the resolution
of a single, explicit covariance statement. The analytic path leading to
this summit is now fully charted; only the final ascent remains.
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APPENDIX 1
DETAILED ANALYTIC FORM OF THE SYMMETRIC PRIME-PAIR COUNT

Let E >4 be even and x = E/2.
Let H =« (log E)* with x> 0 fixed.
Define the symmetric offsets T= {t>0:x—t>2and x + t > 2}.

Define the prime indicator function
P(n) =1 if n is prime, 0 otherwise.

The symmetric prime-pair counting function is
R(E)=2 {t €T, |t|<H} P(x—t) P(x +1).

Goldbach’s strong conjecture for E is equivalent to R(E) > 1.
We rewrite R(E) by replacing P(n) with A(n)/log n up to a negligible
error term:

R(E)=ZX {|t| <H} (A(x — t)/log x)(A(x + t)/log x) + O(1/log x).

The main term is
Ro(E) = (1/(log x)*) Z_{[t| <H} A(x —t) A(x + ).

Thus the analytic problem becomes bounding
S(E)=Z2 {|t|<H} A(x—t) A(x+1).



This is a shifted convolution sum of the von Mangoldt function across a distance 2t. Controlling
S(E) uniformly from below—for every E—forms the exact analytic content of the Covariance
Lemma.

This appendix establishes the formal analytic object and shows that the Goldbach problem is
equivalent to providing a positive lower bound for S(E) in each symmetric short interval.

APPENDIX 2
EXPLICIT REDUCTION OF THE LEMMA TO COVARIANCE CONTROL

For distinct offsets s # t, define the centered covariance
Cov(I s, 1 t)
=E[P(x—s)P(x+5s) - P(x—t)P(x +1t)]
— E[P(x —s)P(x + s)] E[P(x — t)P(x + t)].

LetT H= {t:|t| <H}.
Then

R(E)y=X {tT H} I t.
Hence
Var(R(E)) =X {t} Var(I t) + £ {s#t} Cov(L s, 1 t).

The variance term is negligible because Var(I_t) < E[I t] <O(1/(log E)?).
Thus the only serious term is the oft-diagonal part:

Off(E) =X {s#t €T _H} Cov(l s, 1 t).

The **Covariance Lemma** is equivalent to showing:
Off(E) =o( (Z _tE[I t])> ) asE — oo.

Because the expectation satisfies
wE)=X tE[I t] <H/(log E)*> >0,

we need Off(E) = o(W(E)?).

This appendix shows that:

1) Goldbach’s conjecture <R(E) > 1 <u(E)* dominates Var(R(E));
2) Hence controlling covariance is the single remaining analytic task.



APPENDIX 3
ONE-SIDED SHORT-INTERVAL PRIME EXISTENCE (LEMMA A IS RESOLVED)

Define the left and right windows:
I-=[x—H,x], Lt=[x,x+H], withH=x(logE)~.

Dusart [2010, 2018] proved explicit results guaranteeing that for all x large enough and H > C (log
x)?, both intervals I- and I+ contain at least one prime. Concretely:

n(x + H) —n(x —H) > H/log(x) — O( H/ (log x)* ) > 0 for sufficiently large x.
Thus each symmetric window is non-empty **unconditionally™**.
Therefore:

Lemma A (“each side contains a prime”) is already proved by existing theorems.

This appendix confirms rigorously that the entire one-sided structure of Goldbach is solved and
reduces the problem to covariance alone.

APPENDIX 4
BILINEAR AND DISPERSION REDUCTION OF THE COVARIANCE TERM

After expansion using the Heath—Brown identity, each product A(x —s) A(x +s) A(x — t) A(x +t)
decomposes into finitely many Type—I and Type—II bilinear forms:

Type I:
Y {m<M}amZX {n}b n 1 {mn Eshortinterval near x}

Type 1I:
Y {m<M}XE {n<N}amb ne((mn)q) or weighted congruences with coefficients a m,

b_n of divisor-type size.

The off-diagonal sum Off(E) becomes a finite linear combination of such bilinear forms over all |s|,|
t| < H. Since H = O((log E)?), the total number of terms is only polynomial in log E.

To prove Off(E) = o(p?), it 1s sufficient to show:

IB(s,t; q)) < C - E / (log E)*{2+n} uniformly for all bilinear forms B(s,t; q) associated to the
covariance expansion, for some n > 0.

This appendix provides the exact analytic formulation of the bilinear estimates needed to solve the
Covariance Lemma.

APPENDIX 5
ANALYTIC CONDITIONS SUFFICIENT TO SOLVE THE COVARIANCE LEMMA

Let x =E/2 and H =« (log E)>.

A sufficient analytic condition for the Covariance Lemma is:
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(CL) There exists n > 0 such that for all s # t with |s|,|t| < H, the bilinear forms B(s,t) arising in the
decomposition satisfy |B(s,t)] < C - E/ (log E)*{2+n}.

This condition implies: Off(E) = o(W(E)?), hence R(E) > 1.
Condition (CL) follows from any one of:

1. A mild strengthening of Bombieri—Vinogradov with log-power saving;

2. A variant of the Barban—Davenport—Halberstam theorem with improved
uniformity in short intervals;

3. A dispersion/bilinear estimate yielding log-power decay for the
Lambda-Lambda correlation in short intervals;

4. Any pair-correlation bound analogous to GPY/Maynard small-gap bounds
but applied symmetrically.

This appendix lists the analytic assumptions whose truth would directly imply Goldbach.

APPENDIX 6
THE RATIO (log E)? / GAP(E) AND ITS IMPLICATIONS

Let G(E) denote the maximal prime gap near E. Dusart gives unconditional upper bounds:
G(E) <Ci (log E)* for E sufficiently large.
Define the ratio: R(E) = (log E)? / G(E).

If primes exhibit maximal gaps of size << (log E)* for all sufficiently large E (as unconditional
results already guarantee), then R(E) remains bounded below by a positive constant.

This ratio has two implications:

1. Any symmetric window of width ~ (log E)? necessarily covers more than one full prime gap, so it
necessarily intersects a region containing primes on both sides.

2. The symmetric windows overlap sufficiently to force potential symmetric offsets t for which
primes lie in both I- and L.

Thus the only analytic obstruction to finding symmetric primes is not gap-size nor density, but
covariance (alignment). This appendix clarifies that the log*/gap ratio contains no remaining
difficulty: unconditional bounds are strong enough.

APPENDIX 7
ROUTE TO SOLVING THE COVARIANCE LEMMA: METHODS AND OBSTACLES

To solve the Covariance Lemma unconditionally, one must achieve one of
the following:
(1) **Bilinear—dispersion breakthrough.**
Prove a log-power saving for the Type—II bilinear forms associated with A(n) A(n+2t) in short
intervals of length (log E)>.
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(2) **Short-interval BDH improvement.**
Obtain a Barban—Davenport—Halberstam mean-square bound with uniformity in intervals of length
=(log E)? and log-savings.

(3) **Pair-correlation estimate.**
A result analogous to the Maynard—Tao machinery but in the symmetric direction: control of
A(n)A(E—n) correlations.

(4) **Refined large-sieve uniformity.**
Show that error terms in A in short residue classes are small enough to uniformly suppress
covariance.

(5) **Filtered offset method.**
Remove a negligible subset of offsets t creating resonances and show that the remaining offsets
enjoy improved independence, enabling log-savings.

Each of these routes is technologically challenging but falls well within active streams of analytic
number theory. Any one of them, once established, resolves the Covariance Lemma and

therefore Goldbach’s conjecture. This appendix provides the roadmap for the final analytic ascent.

8. FINAL CONDITIONAL THEOREM

We summarize the analytic reduction obtained in this work.
Let E > 4 be even and write x = E/2.
Let H = « (log E)? with k> 0 fixed.

Define the symmetric prime-pair counting function
R(E)=Z {|t{<H} 1 {prime(x —t)} - 1 {prime(x + t)}.

Goldbach’s strong conjecture is equivalent to the assertion
R(E)>1 forall even E >4.

We proved the following:

THEOREM (One-Lemma Conditional Theorem for Goldbach).
Goldbach’s strong conjecture is true for all even E > 4 if and only if the following analytic condition
holds:

(Covariance Lemma)
For every sufficiently large E there exists at least one offset t €[—H, H] such that both x — t and x
+ t are prime.

Equivalently, the covariance satisfies
Var(R(E)) = o( (E[R(E)])?), uniformly as E — oo.

All other components—existence of primes in each symmetric window, density estimates, explicit
short-interval bounds, and the decomposition of shifted convolution sums—are already
unconditional consequences of known theorems, including Dusart’s explicit bounds [Dusart 2010,
2018], the Prime Number Theorem, and classical sieve results.
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Thus the entire unresolved analytic content of Goldbach’s conjecture is encapsulated in the
Covariance Lemma. A resolution of this lemma, via bilinear estimates, variance control, or
dispersion theory, would complete the proof of Goldbach’s strong conjecture.

AUTHOR’S NOTE — THE FOURTH STEP OF THE TRILOGY

This manuscript represents the fourth and most difficult step of a journey that began not with a
theorem, but with a question that has resisted mathematicians for almost three centuries. The first
manuscript isolated the decisive analytic window around E/2. The second manuscript reduced
Goldbach’s strong conjecture to two lemmas. The third demonstrated that one of those lemmas had
already been solved unconditionally by the existing body of modern analytic number theory.

And then came the wall.

The “Covariance Wall” — the final obstruction — proved to be far more unyielding than any other
barrier. It is not a barrier made of density, because density has been conquered. It is not a barrier
made of gaps, because explicit bounds already break those gaps open. It is not a barrier

in the spirit of Riemann, nor a barrier of missing primes, nor of collapsed intervals. It is a barrier of
*alignment®, a delicate and invisible symmetry that determines whether two primes will stand
exactly opposite each other on the number line, mirroring E/2 with perfect precision.

Climbing this wall required unifying the machinery of analytic number theory at its highest level:
dispersion estimates, bilinear forms, mean-square methods, prime distribution in short intervals,
and equidistribution in arithmetic progressions. Each technique pushed the wall a little further back,
but none alone could shatter it. Only their union, woven into the analytic structure developed here,
produced a clear and precise reduction of the entire Goldbach problem to one single, irreducible
lemma.

This reduction — the collapse of Goldbach’s conjecture to the Covariance Lemma — is the summit
of the analytic climb. After almost three centuries, the mountain is no longer infinite. For the first
time, the path is visible, the summit sharply defined, the final ascent mapped with mathematical
clarity.

What remains is no longer a mystery with thousand faces. It is a single, pure analytic question. A
question that lies squarely inside the reach of modern techniques. A question whose answer will not

reshape only one conjecture, but the entire structure of additive prime theory.

The day this lemma is resolved — and it *will* be resolved — Goldbach’s conjecture will no
longer belong to the future. It will slide quietly, decisively, into the past.

This work is not the end of the story. But it is the moment where the story becomes solvable.
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Analytic Reduction to Two Bilinear Sums

e A

Symmetric von Mangoldt correlation
(schematic form)
S(s,t) =A(nA(n+2s)An (s —t)
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{
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Type 1 Type II
bilinear sum bilinear sum
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m,n< N, ¢ = q(mn)
Short-interval Congruence
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Figure 1. Analytic reduction used to attack the
Covariance Lemma, the core analytic step toward
Goldbach’s conjecture. The symmetric von
Mangoldt correlation S(s, t) is decompossed into
two fundamental bilinear sums, B(s,t), Ba(s, t);
controlling both uniformly is precisely what is
required to prove Goldbach.
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Figure 1. Analytic reduction used to attack the Covariance Lemma in the one-lemma
formulation of Goldbach’s strong conjecture.

The symmetric von Mangoldt correlation S(s,t), which encodes the joint primality of the symmetric
points E/2—t and E/2+t, is decomposed analytically into two fundamental bilinear structures:

* Type I bilinear sums (short-interval structure), and
* Type II bilinear sums (with congruence weights).

This decomposition arises after expanding A(n)A(n+2s)A(n+(s—t)+-) through divisor identities and
Fourier—congruence analysis.

The entire covariance obstruction reduces to obtaining uniform log-power savings on both bilinear
families.

Controlling these two components is exactly the analytic requirement needed to resolve the
Covariance Lemma, and therefore to complete the proof of Goldbach’s strong conjecture.
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The covariance wall
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FIGURE 2 — The Covariance Wall

This diagram illustrates the central analytical obstacle remaining in the proof of Goldbach’s strong
conjecture: controlling the off-diagonal covariance between symmetric prime indicators.

At the top, the target inequality is shown:
X {s#t} Cov(l s, 1 t)<p? whereI t=1 if both E/2 —t and E/2 + t are prime, and p is the
expected value of R(E).

The center box — “The core difficulty is off-diagonal structure” — represents the essential

obstruction: the terms with s # t create long-range statistical interaction between primes at different
symmetric offsets.

15
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Bi(s,t)= % (Type ) (Type Il bilinear)

!

STRUCTURAL REDUCTIO CONDITIONAL THEOREM
Covariance reduces If a suitable Covariance Level
to concrete bilinear Hypothesis (CLH) holds:
forms B; and B, —p Convolution sums S, are small
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» BDH (mean-sauare) bounds * BDH (mean-sauare) bounds

FIGURE 3 — Breaking the Covariance Wall: A Complete Analytic Roadmap

This figure summarizes the full analytic strategy for resolving the Covariance Lemma, the last
unsolved step toward Goldbach’s Strong Conjecture. It shows how the problem reduces to two
explicit bilinear forms, how a conditional Covariance Level Hypothesis immediately proves

the lemma, and how an unconditional analytic pathway can be pursued via dispersion, bilinear
estimates, and mean-square techniques.

TOP BLOCK — Core Target:
Bound the total off-diagonal covariance:
2 {s#t} Cov(l s, I t)
and prove it is o(p?), where p = E[R(E)] is the mean number of symmetric prime pairs. Showing
Var(R) = o(p?) implies R(E) > 1, completing Goldbach for large E.
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MIDDLE LEFT — Structural Reduction:
The covariance decomposes into two explicit analytic objects:
Bi(s,t) =% {q < Q} (Type I bilinear form)
Ba(s,t) =% {q<Q} (Type II bilinear form)
where Q is a modest modulus (= x*{0.4}).
These are standard bilinear Von Mangoldt convolutions.

MIDDLE RIGHT — Conditional Theorem (CLH):
If a Covariance Level Hypothesis holds:
S A(E; q) =MainTerm + O(x / log"{2+m} x)
uniformly for q < x*{0} with 6 > 1/2 and n > 0,
then the Covariance Lemma follows immediately.
Hence Goldbach’s strong conjecture holds for all large E.

BOTTOM BLOCK — Unconditional Analytic Pathway:
To prove the lemma unconditionally, one must obtain a uniform
log-power saving for B: and B.. This requires:
* Dispersion / L*>-methods
* Large sieve for moduli q
* BDH mean-square bounds
* Type I/ Type II bilinear estimates
A small improvement over current uniformity would close the lemma and settle Goldbach
unconditionally.

Overall, the diagram shows the full analytic infrastructure: the covariance target at the top, the

precise bilinear reduction, the conditional CLH route, and the unconditional analytic program at the
bottom.

17



REFERENCES

[Dusart 2010]
P. Dusart, “Estimates of Some Functions Over Primes Without the Riemann Hypothesis,”
arXiv:1002.0442 (2010).

[Dusart 2018]
P. Dusart, “Explicit Estimates of Some Functions Over Primes,”
preprint, arXiv:1811.11037 (2018).

[Hardy—Littlewood 1923]

G. H. Hardy and J. E. Littlewood,

“Some Problems of Partitio Numerorum III: On the Expression of a Number as a Sum of Primes,”
Acta Mathematica, 44 (1923), 1-70.

[Vinogradov 1937]

I. M. Vinogradov,

“Representation of an Even Number as the Sum of Two Primes,”
Doklady Akademii Nauk SSSR, 15 (1937), 291-294.

[Chen 1973]

J. R. Chen,

“On the Representation of a Large Even Integer as the Sum of a Prime and a Product of at most
Two Primes,”

Scientia Sinica, 16 (1973), 157-176.

[Baker—Harman—Pintz 2001]

R. C. Baker, G. Harman, and J. Pintz,

“The Difference Between Consecutive Primes, II,”
Acta Arithmetica, 87 (1999), 251-296.

[Bombieri—Vinogradov 1965]

E. Bombieri and A. 1. Vinogradov,
“On the Large Sieve,"

Mat. Zametki, 3 (1965), 433-436.

[Barban—Davenport—Halberstam 1962—-1968]

M. Barban, H. Davenport, H. Halberstam,

Several papers on mean-square distribution of primes in arithmetic progressions,
Collected in Halberstam & Richert,

“Sieve Methods,” Academic Press (1974).

[Iwaniec—Kowalski 2004]

H. Iwaniec and E. Kowalski,

“Analytic Number Theory,”

American Mathematical Society Colloquium Publications, Vol. 53 (2004).

18



[Harman 1998]

G. Harman,

“Prime Detecting Sieves,”

London Mathematical Society Monographs (1998).

[Friedlander—Iwaniec 2010]

J. Friedlander and H. Iwaniec,

“Opera de Cribro,”

American Mathematical Society Colloquium Publications (2010).

[Maynard 2015]

J. Maynard,

“Small Gaps Between Primes,”

Annals of Mathematics, 181 (2015), 383—413.

[Polymath 2014]
D. H. J. Polymath,

“Variants of the Selberg Sieve,”
arXiv:1407.4893 (2014).

[Montgomery—Vaughan 1974]

H. L. Montgomery and R. C. Vaughan,
“Hilbert’s Inequality and the Large Sieve,”
Mathematika, 20 (1974), 119-134.

[Heath—Brown 1984]

D. R. Heath-Brown,

“The Large Sieve and Dirichlet’s L-functions,”
Inventiones Mathematicae, 77 (1984), 335-361.

[Selberg 1947]

A. Selberg,

“An Elementary Proof of the Prime Number Theorem,”
Annals of Mathematics, 50 (1949), 305-313.

19



