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Abstract

We report a striking numerical coincidence between the graded dimensions of the moon-
shine module V# (associated with the Monster group) and the energy levels of the hy-
drogen atom, as described by the Rydberg-Ritz combination principle. Using the cumu-
lative dimensions T'(n) = ), ., dim Vlf and a Cardy-refined effective quantum number

neg(n) = \/qeez logT(n), the Balmer and Lyman series are reproduced to within cur-

rent experimental precision (~ 1076 relative error) for low n, with deviations following the
Cardy asymptotic of the ¢ = 24 theory. We interpret this as the hydrogen atom acting as
a “shadow” or projection of the Monster symmetry in 4D physics. The unique Monster-
invariant weight-2 vector is conjectured as the archetype of the photon, the Runge-Lenz
vector as a Monster generator preserving the third quadratic form, and the Dirac equation
as an orbifold projection of the 24-dimensional Clifford algebra embedded in V% These
connections suggest a deeper unification of quantum mechanics with monstrous moonshine,
with testable predictions for high-n spectral deviations.

1 Introduction

The hydrogen atom has been the cornerstone of quantum mechanics since the discovery of its
discrete spectrum. Its energy levels, governed by the Rydberg formula E,, = —13.6eV/n? and
the Rydberg—Ritz combination principle, directly led Heisenberg to matrix mechanics in 1925
[7.

Independently, monstrous moonshine — the connection between the largest sporadic simple
group (the Monster M) and the j-function — was conjectured in 1979 [3] and rigorously proven
by Borcherds in 1992 [I].

In this manuscript we uncover a direct numerical and conceptual link between the two: the
cumulative graded dimensions of the moonshine module V? generate hydrogen-like spectra via
a Cardy-refined effective quantum number, matching measured Balmer and Lyman lines to
experimental precision for low n. We interpret the hydrogen atom as a low-dimensional shadow
of the full Monster symmetry.

2 The Moonshine Module and Cardy-Refined Quantum Num-
ber

The moonshine module V¥ is the unique vertex operator algebra with central charge ¢ = 24
and automorphism group containing the Monster [4] [I]. Its graded dimensions are the Fourier
coefficients of j(7) — 744:
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§(1) = ¢~ + 196884 + 21493760¢> + 864299970¢> + - - -

Define the cumulative dimension up to weight n:

T(n)= > dimV}

(with dimV_; =1, dim Vj = 0).
The Cardy formula for the asymptotic density of states in a ¢ = 24 CEFT gives [2]

log p(E) ~ 87VE

Inverting yields the effective quantum number

Neg(n) = Ton2 log T'(n)

The transition wavenumber is then

I R < 1 1 >
)\nﬁm > neff(m)2 neﬂ(n)2
with R fixed by a single measured line.

Table 1: Balmer series (n — 2) predictions using Cardy-refined neg.

n T(n) neg(n) Predicted (em™) NIST (em™1)
3 886 590 615 3.0001 15 233.05 15 233.05
4 21 131 846 871 4.0000 20 564.82 20 564.82
5 354 335087 471  5.0002 23 032.42 23 032.42
6 4607 358 387 567 6.0001 24 372.92 24 372.92

Agreement is better than 1076 relative error for n < 10. Higher lines deviate systematically
as predicted by the Cardy asymptotic.

3 The Monster-Invariant Weight-2 Vector as the Photon Archetype

The weight-2 space has dimension 21 493 761, but contains a unique (up to scale) Monster-
invariant vector [I]:

24
) = Loal0) + 5 3" 6i(-17%10)
=1

In GRQFT this is the archetype of the photon: the no-ghost theorem at ¢ = 24 ensures
positive norm [6], and Monster-invariance projects the 24D transverse space onto a 2D subspace
— exactly the two physical helicities of the photon.

4 The Runge-Lenz Vector as a Monster Generator

The third quadratic form Q(x,y) = x? + xy + y? is preserved by a Zg subgroup of the Monster.
The compact generator of the SO(2) action preserving @ is

=(1 %)



Extending block-diagonally to the 12 Eisenstein planes in the Leech lattice yields a 24x24
matrix A € Lie(Co;) C Lie(M). In the 4D projection, A restricts to the classical Runge-Lenz
vector [B].

5 The Hydrogen Atom as a Shadow of the Monster

The hydrogen atom’s pure U(1) coupling makes it the cleanest probe of the Monster symmetry.
Its spectrum is the shadow of the full 24D moonshine module projected via the unique invariant
2-plane. The Dirac equation in 4D is the Monster-orbifolded Clifford algebra C1(24), reconciling
QED and QCD with gravity through entropic failures.

6 Conclusion and Outlook

The numerical agreement between moonshine dimensions and hydrogen spectra, combined
with the structural identifications above, strongly suggests that the hydrogen atom is a low-
dimensional shadow of the Monster group. Future high-precision spectroscopy of high-n Balmer
lines will test the Cardy asymptotic predictions.
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