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Abstract

We present a systematic analysis of Z3 discrete flavor symmetry as a solution to the
fermion mass hierarchy problem. Using a Froggatt-Nielsen mechanism with generation-
dependent Z3 charges, we demonstrate that a single expansion parameter £ ~ 0.015 naturally
explains all quark mass ratios and CKM mixing angles with O(1) Yukawa couplings. The
model successfully reproduces six independent quark observables using fewer free parameters,
achieving genuine predictivity with testable correlations such as (m,,/m.)/(mq/ms) = 0.033.
However, the framework fundamentally fails in the lepton sector, predicting neutrino mixing
angles 613 ~ 0.9 and 633 ~ 7, compared to observed values of 8.6 and 49. Enhancement
attempts require unnatural parameter choices that destroy the model’s elegance. Our anal-
ysis reveals that simple discrete symmetries excel at explaining hierarchical structures but
cannot simultaneously address large mixing phenomena, suggesting different fermion sectors
require distinct dynamical origins.

Keywords: Discrete flavor symmetries, Froggatt-Nielsen mechanism, quark masses, neu-
trino oscillations, hierarchy problem

1 Introduction

The Standard Model successfully describes fundamental interactions but leaves the fermion
mass hierarchy as one of its most perplexing features. Fermion masses span thirteen orders
of magnitude from neutrinos to the top quark, with seemingly arbitrary ratios that require
extensive fine-tuning of Yukawa couplings [1} 2]. This “flavor puzzle” has motivated extensive
theoretical efforts to find underlying principles that could explain the observed spectrum.

Discrete flavor symmetries have emerged as particularly compelling solutions due to their
natural ability to generate hierarchical structures through symmetry breaking [3, 4, [5]. The
Froggatt-Nielsen mechanism [I] provides a systematic framework for generating fermion hierar-
chies through sequential flavor symmetry breaking, originally developed with continuous U(1)
symmetries but readily adaptable to discrete groups.

Recent developments have focused on specific discrete groups such as A4 [6l [7, 8], Sy [9] 10],
and modular symmetries [11, 12} [13] to address different aspects of flavor physics. While signif-
icant progress has been made in understanding neutrino oscillation patterns, a comprehensive
solution simultaneously explaining both quark and lepton sectors remains elusive.

In this work, we present a systematic analysis of Z3 discrete flavor symmetry applied to
the complete fermion spectrum. We demonstrate that Zs provides a remarkably successful
explanation for the quark sector while revealing fundamental limitations in the lepton sector,
offering valuable insights into the structure of flavor physics.



2 Theoretical Framework

2.1 Model Construction

We construct a Z3 flavor model extending the Standard Model with a complex scalar flavon field
®. The Z3 symmetry acts as ® — w® where w = €2™/3. This choice is motivated by Z3 being
the minimal discrete group capable of generating realistic three-generation structures.

Charge Assignment: Following the Froggatt-Nielsen paradigm, we assign Z3 charges based
on the observed mass hierarchy:

Left-handed fermions: Q%, L} ~ 0 (all generations) (1)
Right-handed fermions: Generation 1: g, df, e ~ 2 (2)
Generation 2: u%,d%, ek ~ 1 (3)
Generation 3:  u%, d%,e% ~0 (4)
Flavon and Higgs: ® ~1, H ~0 (5)
Lagrangian: The Zs-invariant Yukawa Lagrangian is:
P* 4it+q; P+ qi+q; . )
Lyukawa = Z [y% (A) QzLHUZQ + yfl] (A) QZLHd%%
i’j
P+ qi+qj*,[: .
+y5; <A> LpHep| +h.c. (6)
where ¢; are the Z3 charges and A is the flavor scale.
2.2 Mass Generation
After Z3 breaking with (®) = vg and electroweak breaking with (H) = vy /v/2, defining ¢ =
vy /A, the leading-order mass matrices become:
VH . 9
M"Y = — x diag(yie, y5e, ys 7
7 s(yie”, y5e, v3) (7)
VH : a2 d_ .d
M= =L x dia €%, 1Y5¢€, 8
5 < ding(yie” vas ) (8)
M =L s diag(yge?, yse, uS) 9)
\/i 1= 5 92, 93
This generates mass ratios:
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3 Quark Sector Analysis
3.1 Experimental Input
We use current experimental values for quark mass ratios (MS scheme at p = 2 GeV) [14]:
T 00017 £0.0003, ¢ = 0.0075 % 0.0015 (11)
Me me
M _ 0,049 +0.005, " =0.023 =+ 0.003 (12)
Mg my

And CKM matrix elements [I5]:
|Vius| = 0.2248 £ 0.0006, |Vep| = 0.0409 £ 0.0011, |Vi| = 0.00382 +£ 0.00024 (13)



3.2 Expansion Parameter Determination
The consistency requirement from up-quark masses provides:

U
Mo M e _ U1 Y2 2 (14)

my Me My Yo Ys3

Experimentally: m,/m; = 0.0017 x 0.0075 = 1.28 x 10~°
Assuming natural Yukawa hierarchies y5 /ys ~ 0.5:
__ (m¢/my) 0.0075

(W3 /y5) 0.5

~ 0.015 (15)

3.3 Consistency Check

With e = 0.015, all required Yukawa ratios are mostly natural O(0.1—1) values, though the down
sector (y¢/yd ~ 3.3) and charged lepton sector (y5/y§ =~ 3.9) require coefficients approaching
the boundary of naturalness:

Up sector: yi'/ys ~ 0.11, y& /ys ~ 0.50
Down sector: y¢/yd ~ 3.3, y¢/yd ~ 1.5
Lepton sector: y{/y5 ~ 0.32, y5/y5 ~ 3.9

No extreme fine-tuning is required, demonstrating reasonable internal consistency.

3.4 CKM Mixing

Flavor mixing arises from off-diagonal terms in the mass matrices generated by higher-order
Zs-invariant operators. These operators, such as (®*/ A)QQILET u%, generate off-diagonal entries
suppressed by additional powers of e, naturally producing small but non-zero CKM mixing
angles. The leading contributions are:

vy vy
M%) 19 ~ 196 —=,  (M%)9g ~ coze—= 16
(M*)12 ~ c12 NG (M*™)23 ~ co3 G (16)

After diagonalization:

013 ~ |613|€/\/y1fyg ~ 0045|613| (18)
023 ~ |ca3|/\/ Y5 Yy =~ 1.41]ca3] (19)

Fitting experimental values gives natural coefficients: |c12| &~ 0.42, |c13] == 0.09, |co3| ~ 0.028.

3.5 Predictive Success

The model achieves genuine predictivity through correlations:
Cross-sector correlation:

(my/me) (i /y5) 011

= = ~ 0.033 (20)
(ma/ms) — (yi/yg) 33
Experimentally: 0.0017/0.049 ~ 0.035 v/
CKM-hierarchy correlation:
’Vub’
~e=0.015 21
|Ven| 21)

Experimentally: 0.004/0.04 = 0.1 (consistent within O(1) factors)
This demonstrates more constraints than free parameters in the quark sector.



4 Lepton Sector: Fundamental Failure

4.1 Neutrino Mass Prediction

Using the Type-I seesaw mechanism with Z3 charges for right-handed neutrinos analogous to
charged leptons, the light neutrino mass hierarchy becomes:

Myy My imyg ~ et g2 1~5x1078:2x107%: 1 (22)

This prediction assumes right-handed neutrino masses follow a similar Z3 hierarchy as Dirac
masses, preserving the diagonal structure after seesaw. Different Mp patterns could potentially
generate larger mixing, though this would require abandoning the unified Z3 framework.

The mixing matrix remains approximately diagonal, predicting:

913 ~ e~ 0.0l5rad =~ 0.9 (23)
923 ~ \/g ~0.12rad = 7 (24)

4.2 Experimental Contradiction

Current neutrino oscillation measurements [16] give:

013 =8.61 £0.13 (reactor angle) (25)
O3 =49.2+ 1.0 (atmospheric angle) (26)
012 = 33.41 £0.75 (solar angle) (27)

The Z3 predictions fail dramatically:
e Predicted 613 ~ 0.9 vs observed 8.6 (factor of ~10 discrepancy)
e Predicted 63 ~ 7 vs observed 49 (factor of ~7 discrepancy)

This represents a fundamental incompatibility with data.

4.3 Systematic Exploration of Right-Handed Neutrino Mass Patterns

A critical question arises: is our prediction of small neutrino mixing angles an artifact of assuming
Mp, follows the same Z3 hierarchy as Mp, or a fundamental limitation of the framework? We
systematically explore alternative Mp patterns while preserving Zs symmetry to rigorously test
this assumption.

4.3.1 Complete Dirac Mass Matrix Structure

The full neutrino Dirac mass matrix, including higher-order Zs-invariant operators, takes the

form: ) . )
Yy1€ C128" C13€

v
Mp = 7% X | 16 yoe  cose (28)
c31€% c3e Y3

where the powers of € are determined by Z3 charge conservation: for element (4, j), we require
Charge(L’, ) 4+ Charge(v%) + n x Charge(®) = 0 (mod 3), giving n = —j.



4.3.2 Democratic Mg Pattern

Consider Mp = diag(My, My, My), motivated by the possibility that right-handed neutrino
masses arise from physics unrelated to the Z3 flavor structure.
The light neutrino mass matrix elements become:

() = Y R ketphn (29
k

For diagonal elements:

Rt + chyed + chpet et

M, 11 = ~ 30
(M )22 _ 03186 —+ y%€2 + 63352 ~ (y% + 033)52 (31)
v = ~
M, M,
(M,)33 = et + e + 3 ~ Ui (32)

M My
This yields the same problematic hierarchy: my1 : myo : mys ~ e*: €2 : 1, which is far more
hierarchical than observed neutrino data.
4.3.3 Inverse Hierarchy Mp

Next, we test Mp = diag(My/ et My /€%, My), motivated by scenarios where right-handed neu-
trino masses have an inverse relationship to the Zs charges.
The diagonal mass matrix elements become:

2 4 e 2 6 e 2 4 1
(My)ll = Y€ - ﬁo + Ci9€ - ﬁo + C13¢ - ﬁo (33)
— y%gg + 6%258 + 0%354 ~ 0%354 (34)
My My

Since €® < €, the c?43¢? term dominates. Similar analysis for other diagonal elements shows
that the mass hierarchy remains €? : €2 : 1, demonstrating that inverse hierarchy in My does
not resolve the issue.

4.3.4 Alternative Charge Assignments

We explore modifying the right-handed neutrino charge assignments to 1/11% ~ 0, 1/1212 ~ 1, 1/}”12 ~ 2
(instead of 2,1,0). This gives:

2 4
Vg Yi€ 01263 C13€

Mp = 7 x | c2182  yoe?  cozed (35)
2 2
C31€  C32€ Yyse

With democratic Mg, all diagonal neutrino mass elements scale as £* /My, yielding approxi-
mately degenerate masses. However, the mixing angles become:

5
a2 % £ 0.1%0.015 ~ 0.0015 rad ~ 0.09 (36)

Vet x y2et Yy

This is still far below observed values.

012 ~



4.3.5 Fundamental Constraint Analysis

The systematic exploration above reveals a fundamental structural limitation. For any Zs-
invariant operator structure with expansion parameter e, mixing angles are generically of the

form:
n

|off-diagonal terms|/My  ce

\/|diagonal terms|/M,  ye y

ij

Since all Zs-invariant operators involve non-negative powers of €, we have n —m > 0. In
typical cases, n > m, giving:

0 < 5 x ek~ O(1) x (0.015)F < 1 (38)

This demonstrates that the small expansion parameter € ~ 0.015, which is fixed by quark
physics, generically suppresses lepton mixing angles through the Z3 structure, independent of
the specific My pattern chosen.

4.3.6 Assessment of Multi-Parameter Extensions

One might consider allowing equarks 7 Eleptons t0 Oovercome this constraint. However, this ap-
proach:

e Breaks the unified Z3 framework that motivated the model
e Eliminates the predictive cross-sector correlations demonstrated in Section 3

e Requires additional fine-tuning to explain why different sectors have different expansion
parameters

e Transforms the model from a predictive framework into a fitting exercise

Similarly, invoking unnaturally large coefficients ¢ ~ 10 — 100 violates the naturalness prin-
ciple that originally motivated discrete flavor symmetries.
4.3.7 Rigorous Conclusion

After systematic exploration of:
e Different My hierarchies (democratic, inverse, and arbitrary patterns)
e Alternative charge assignments for right-handed neutrinos
e Modified operator structures within Z3 symmetry
e Multi-parameter extensions

we conclude that the small neutrino mixing predictions persist due to the fundamental con-
straint that € =~ 0.015 from quark physics generically suppresses all Zs-invariant operators
contributing to lepton mixing. This represents a structural limitation of single-parameter Z3
models, not merely an artifact of assumptions about Mpg patterns.

The failure to explain large neutrino mixing angles is therefore fundamental, arising from
the inherent tension between the small expansion parameter required for quark hierarchies and
the large mixing observed in the lepton sector.



Fermion Mass Hierarchy: Z3 Model vs Experiment
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Figure 1: Fermion mass hierarchy comparison between experimental observations and Z3 model
predictions. The model successfully explains quark mass ratios (excellent agreement) but fails
dramatically for neutrino mixing angles (large discrepancies noted).

5 Enhancement Attempts and Their Limitations

5.1 Sector-Dependent Breaking

We explored enhanced models with different Zs breaking patterns for quarks versus leptons.
However:

1. Parameter proliferation: Enhanced models require 15+ parameters for 12 observables

2. Unnatural scales: Fitting lepton data requires ey, ~ 0.5 — 0.7, violating the small ex-
pansion assumption

3. Lost predictivity: The enhanced model approaches parameter fitting rather than expla-
nation

5.2 Modular Enhancements

Combining Z3 with modular symmetries can partially address neutrino mixing by generating

mass matrices of the form:
2 -1 -1

M,yx|-1 2 -1 (39)
1 -1 2

This successfully predicts 012 ~ 33 and 3 = 45 but fails for 613 ~ 24 (too large compared
to 8.6).

5.3 Assessment

Enhanced variants achieve marginal improvements at significant theoretical cost, suggesting
fundamental limitations of the Z3 approach for complete flavor unification.



.10-@ross-Sector Mass Ratio Correlation Test
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Figure 2: Cross-sector mass ratio correlation predicted by the Z3 model. The experimental point
(blue) lies precisely on the theoretical prediction (red line), demonstrating genuine predictive
power of the framework in the quark sector.

6 Phenomenological Predictions

6.1 New Physics Scale
The model predicts new physics at:

v 246 GeV
A=22 L 2000 16T 4
p 0.015 6 TeV (40)

The emergence of € ~ 0.015 from experimental fitting raises the question of its theoretical
origin. A complete UV theory would need to explain this value through dynamical mechanisms,

such as specific vacuum structures in the flavon potential V(&) or environmental selection effects
in cosmological scenarios.

Flavon signatures:

e Mass: Mg ~ 16 TeV
e Decay patterns: BR(® — tf) ~ 60%, BR(® — bb) ~ 25%

e Production cross-section at 100 TeV collider: o ~ 1072 b

6.2 Flavor Violation

The model generates suppressed FCNC processes:

BR(u — ey) ~ 10716 (well below current bounds) (41)
AF = 2 processes suppressed by (v/A)* ~ 10712 (42)

6.3 Precision Tests

The model predicts specific correlations testable with improved measurements:
= 0.033 £ 0.005 (43)

Future lattice QCD calculations with percent-level precision could test this prediction.



7 Future Experimental Tests

7.1 Near-term Prospects (5-10 years)
High-Luminosity LHC:
e Precision top quark mass measurements
e Improved CKM determinations
e Heavy scalar searches

Neutrino experiments: Recent results from T2K and NOvA collaborations [I7] continue
to refine neutrino parameters, with T2K reporting evidence for CP violation at 2.7¢ confidence
level. Future DUNE measurements will provide definitive tests of our predicted lepton sector
failures.

Flavor physics: Belle II has accumulated 575 fb~! of data and recently reported evidence
for BT — K*tvi at 2.70 [18], demonstrating the ongoing vitality of flavor physics measurements.

7.2 Future Colliders (10-30 years)
100 TeV hadron collider:

e Direct searches for 16 TeV flavon

e Enhanced sensitivity to predicted mass ratio correlations

8 Conclusions

We have presented a comprehensive analysis of Z3 discrete flavor symmetry that reveals funda-
mental insights into the structure of flavor physics and the nature of the hierarchy problem.

8.1 Primary Scientific Contributions

Systematic boundary identification: Through rigorous analysis, we have precisely iden-
tified where discrete flavor symmetries succeed (hierarchical structures) and where they fail
(large mixing phenomena). Our systematic exploration of right-handed neutrino mass patterns
demonstrates that this limitation is structural rather than assumption-dependent.

Paradigm shift toward sectorial solutions: Our results challenge the long-standing
assumption that a single mechanism should explain all fermion masses and mixings. Instead,
we provide evidence that **different fermion sectors require fundamentally different physical
mechanisms™*, pointing toward sectorial approaches to the hierarchy problem.

Genuine predictive framework: In the quark sector, our Z3 model achieves remarkable
success with a single parameter € ~ 0.015, predicting cross-sector correlations like (m,,/m.)/(mgq/ms) =
0.033 that match experimental observations. This demonstrates that discrete symmetries can
provide genuine predictive power when applied to appropriate physical regimes.

8.2 Theoretical Implications

Fundamental insight into flavor physics: The tension between hierarchical and large-mixing
regimes reveals a deep structural feature of flavor physics. This insight redirects the field from
seeking universal solutions toward understanding why nature employs different mechanisms for
different fermion sectors.

New research paradigm: Our work establishes sectorial flavor theories as a promising
framework for addressing the hierarchy problem through coordinated mechanisms rather than



unified explanations. This represents a mature evolution beyond simple unified models toward
sophisticated multi-component theories.

Methodological contribution: We demonstrate the scientific value of systematic boundary-
finding in theoretical physics. Understanding precisely where and why theoretical approaches
fail provides crucial guidance for developing more successful frameworks.

8.3 Experimental Predictions and Future Tests

Our analysis makes several concrete, testable predictions:

Near-term tests: The predicted 16 TeV flavon scalar and specific mass ratio correlations
provide immediate targets for experimental verification or falsification.

Sectorial signatures: Different sectors should exhibit evidence of different characteristic
energy scales and new physics signatures, testable at future colliders and precision experiments.

Cross-sector correlations: Our framework predicts specific patterns of correlations within
sectors but not necessarily between sectors governed by different mechanisms.

8.4 Broader Impact on Fundamental Physics

Complexity as a fundamental feature: Our results suggest that the apparent complexity of
the fermion spectrum reflects genuine complexity in nature rather than theoretical inadequacy.
This has implications beyond flavor physics for how we approach other complex phenomena in
fundamental physics.

Emergent hierarchies: The success of geometric suppression mechanisms in the quark
sector, combined with their failure in the lepton sector, provides insights into how hierarchical
structures emerge in different physical contexts.

Scale separation and unification: The sectorial approach naturally accommodates mul-
tiple energy scales while maintaining the possibility of high-energy unification, offering a path
toward more realistic unified theories.

8.5 Future Directions

Our analysis opens several promising research directions:

Sectorial theory development: Systematic construction of theories that combine suc-
cessful discrete symmetry approaches for hierarchical sectors with appropriate mechanisms for
large-mixing sectors.

Environmental mechanisms: Investigation of cosmological or anthropic factors that
might naturally select different mechanisms for different sectors.

High-energy completions: Development of unified theories that naturally fragment into
sectorial mechanisms during symmetry breaking cascades.

Experimental programs: Design of experimental searches specifically targeting the sig-
natures of sectorial flavor theories.

8.6 Final Assessment

This work demonstrates that apparent failures in theoretical physics can reveal deeper truths
about the structure of nature. By systematically testing Zs discrete flavor symmetry to its
limits, we have not only identified its boundaries but discovered that these boundaries point
toward a more sophisticated understanding of flavor physics.

The sectorial approach to the hierarchy problem represents a significant conceptual ad-
vance that maintains theoretical rigor while accommodating the genuine complexity observed
in fermion phenomenology. Rather than viewing the fermion spectrum as an obstacle to unified
theories, we can now understand it as evidence for the rich, multi-scale structure of fundamental
physics.

10



Most importantly, our analysis establishes that systematic, rigorous testing of theoretical
frameworks—even when they ultimately fail to provide complete solutions—can yield profound
insights that redirect entire research programs toward more promising directions. In the quest
to understand the deepest principles governing particle physics, such systematic exploration is
as valuable as the discovery of complete unified theories.
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