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I. INTRODUCTION

The flat rotation curves of spiral galaxies have remained one of the most persistent anomalies in
classical and relativistic gravitation. Within the framework of Newtonian dynamics and General
Relativity (GR), the observed orbital velocities of stars in galactic disks cannot be reconciled
with the visible mass distribution without invoking either a large reservoir of nonluminous “dark
matter” or a modification of the law of gravity at low accelerations. Decades of observational work
have refined the empirical relation between galactic rotation velocity and baryonic mass, yet the
underlying theoretical explanation has remained unresolved.

A new approach emerges when the galactic disk is regarded not as a set of individual orbits in a
fixed metric background, but as a self—~organising flow field of the gravitational medium itself. In
this perspective, the equilibrium of a spiral galaxy is described by a constant—Lagrangian condition
of the form

Lunetic/m = (Vi + vé) + P = const, (1)

in which the radial inflow v, the azimuthal velocity vy, and the effective gravitational potential Pt
adjust dynamically to maintain a stationary balance along streamlines. The constancy of Leric
encapsulates the principle that the gravitational field behaves as a Bernoulli medium: kinetic and
potential energy densities are continuously exchanged so that the total specific energy remains

constant along a steady streamline of the metric flow.

A. From rotation curves to a Bernoulli flow law

This papers empirical study of galactic kinematics—through the SPARC database—show that
the observed rotation curves can be fitted by a model in which the effective radial inflow velocity

Vretf 18 offset by a global expansion term H,r, producing the empirical relation

2 2
3 12GM 2GM
Vgrb = E ( T —HZR) — ( ; —Hzr> . (2)

The pitch angle of the galactic spiral, tan & = v,./vy, and the corresponding boundary r. where

Vreff = 0 mark the transition between inflow and outflow regimes. The resulting constant-Lagrangian
field reproduces the observed flattening of rotation curves across a wide range of galaxy masses

without the introduction of dark matter. This success indicates that the metric flow itself may behave
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as a Bernoulli medium whose dynamics are governed by an internal closure principle rather than an

externally imposed matter distribution.

B. Need for a gravitational closure principle

Within the context of General Relativity the Bernoulli invariant can be expressed locally as
uu&H* = const for a timelike Killing vector &, but no global metric solution of the Einstein field
equations yields the stationary, self—organising spiral implied by the data. The Schwarzschild
and Kerr metrics produce static or rigidly rotating fields; the Godel and FLRW metrics describe
homogeneous rotation or expansion. None can sustain a stable, tangential-radial balance with
a constant Lagrangian along streamlines. Consequently, while the Bernoulli constant can be
accommodated within GR as a local energy invariant, it cannot be realised in GR as a global,
self—organising flow.

This gap motivates the search for a more fundamental principle: a first—order transport law
in which the gravitational field itself possesses an internal mechanism for energy redistribution
and equilibrium without recourse to dark components. Such a mechanism would unify the local

conservation laws of GR with the observed large—scale self—organisation of cosmic structures.

C. The Q; rotor field as dynamical medium

The gravitational rotor field Q,(x) provides this foundation. In the Biquaternion-Dirac (BQ-

Dirac) formalism, spacetime geometry is generated by the adjoint action of Q, on the Dirac basis:

guv(¥) = (Qs Bu Qg ' Qe Bv O 1),- 3)

The field Q, represents a local Lorentz rotor whose logarithmic generator y,(x) is the gravi-
tational rapidity. Its spatial and temporal derivatives define a first—order algebraic connection
¢ = ((? Qg)Q_l, which replaces the metric connection of GR and satisfies the Maurer—Cartan iden-
tity d¢5 — ¢ x ¢ = 0. The curvature two—form @ = d ¢ — ¢ x ¢ emerges from the rotor’s spatial and
temporal variation and encodes the local gravitational field strength. Unlike GR, the Q, formalism
expresses gravity as a first—order transport process in spinor space, not as a second—order curvature

of a predefined metric.



D. The Bernoulli-Noether Closure as gravitational transport law

The Bernoulli-Noether Closure (BNC)
WD, 0, =0, @)

extends the constant—Lagrangian condition to the full algebraic field. It states that the rotor field
Q, is self-parallel along the flow generated by the velocity field v#. This condition preserves
the Bernoulli constant dynamically: the gravitational rapidity field adjusts continuously to the
flow so that the total energy per unit mass remains constant. For stationary systems the BNC
admits specific solutions corresponding to known metrics—Schwarzschild, Kerr, de Sitter, Godel,
and FLRW—each defined by a particular structure of rapidity (y;, Wy, ;). The galactic spiral
appears as a new stationary solution in which the tangential rapidity y,(r) balances the inflow and
outflow terms to maintain a constant Lagrangian across the disk. In this picture, the gravitational
field is a self—organising, energy—conserving medium, and the observed rotation curves reflect the

equilibrium state of this underlying rotor flow.

E. From empirical fits to algebraic geometry

The rotation—curve fits obtained from SPARC and related data (v (r), H, rc) thus acquire a
theoretical interpretation within the Q, framework. The empirical constant-Lagrangian postulate
corresponds to the self—parallel transport condition of the gravitational rotor, while the fitted H,
term represents the global boundary condition set by cosmological expansion. The resulting picture
unifies local galactic dynamics with cosmological boundary conditions in a single algebraic field
theory. The apparent “missing mass” of galaxies arises not from exotic particles but from the
geometric response of the Q, field itself, whose first—order dynamics automatically reproduce the
energy balance encoded in the Bernoulli constant.

a. Insummary. The Q, rotor field and the Bernoulli-Noether Closure provide a first—order
algebraic foundation for the empirical constant—Lagrangian law that governs galactic disks. They
explain the success of the Bernoulli model in fitting rotation curves without invoking dark matter, by
embedding the flow directly into the gravitational structure of spacetime. The Qg field transforms
the gravitational problem from a second—order metric theory into a self—parallel rotor dynamics,

establishing a continuous theoretical bridge between the empirical kinematics of galaxies and the
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underlying algebraic geometry of gravitation. For further reading of the Qg inflow theory of gravity,

see [1; 2; 3; 4]

II. PHYSICAL REALISM OF THE INFLOW PARAMETERS

A distinctive feature of the inflow Lagrangian framework is that its two central fit parameters, the
scale radius R and mass M, are not arbitrary free variables but are directly anchored in Newtonian
dynamics and morphological structure. This ensures that inflow fits remain physically interpretable

and do not drift into phenomenological regimes without clear meaning.

A. Convex—concave inflection point R

The functional form of the inflow prescription enforces a switch in curvature at r = R. For radii

inside the bulge (r < R),
2 2

2r) = %(\/@_HZR) - 5)
which is quadratic in r and therefore convex upward in a v?(r) plot. This represents a solid—body
rise (v o< r), the hallmark of a central bulge or uniformly dense core.

For radii beyond the bulge (r > R),
2

2
vz(l’) = %(\/%_HZR) - (\/ ZCiM_Hzr) ) (6)

which contains a decreasing GM /r-like term and is concave downward. This form naturally

describes the disk or spiral regime: a steep rise that progressively flattens. The radius R is therefore
mathematically pinned to the convex—concave inflection point of the rotation curve. In practice,
fitted values of R coincide closely with the observed bulge—to—disk transition in v?(r), meaning that

R is not a free scale but an externally anchored kinematic marker.

B. Newtonian meaning of M

The mass parameter M enters the inflow formulas only through the term /2GM /R, i.e. the
Newtonian escape speed at the transition radius R. This ensures that the fitted M is nothing other than

the dynamical mass enclosed within the bulge scale. In contrast to phenomenological parameters
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such as MOND’s interpolating constant or the pg, . of dark—matter cores, M here is a Newtonian
mass with direct physical interpretation. Once R is tied to the inflection point, M becomes the

enclosed Newtonian dynamical mass at that location.

C. The one-third rule at the inflection point

An additional universal feature of the inflow framework is the fixed ratio between the squared

velocity at R and its final asymptotic value. From the inside—bulge form,

2
v (R) = %( %—Hﬂ) : )

while the asymptotic outside—disk form gives

2
Vinal = %(\/ 2GTM—HZI’%) : (8)

VZ(R) = %szinal' )

It follows immediately that

Thus the inflection radius R has a universal dynamical meaning: it is the radius where the orbital
velocity squared has grown to exactly one third of its final plateau value. This relation is independent
of the galaxy mass or cosmological parameters, and arises purely from the Newtonian structure of
the inflow prescription.

Conclusion. The inflow Lagrangian framework achieves physical realism not by introducing
extra free parameters but by anchoring R and M in Newtonian mechanics and morphological
structure. The universal one—third rule further enforces the physical interpretation of R as the true
bulge—disk transition scale. Together, these properties guarantee that inflow fits are both statistically

efficient and dynamically meaningful.

D. The dual role of the Hubble term H,

The inflow prescription is built from the combination

VM -, (10)

i.e. the Newtonian escape velocity reduced by the cosmological Hubble flow at radius r. This

structure gives the H, term two very different roles depending on the observable.
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Inflow schematic: convex bulge - concave disk, with v7,
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FIG. 1. Schematic inflow rotation curve. The convex bulge regime transitions to the concave disk regime

at R (dashed red line). The final asymptote v%lnal is shown as a green dotted line. At the inflection point,

2

2(pY —1,,2
V4(R) =5 Vfinal

—— V() inflow
—== R: inflection

2
""" Vfinal

10 20 30 40 50 60
r (kpc)

v2(R) = 3V}, marked by the red point.

Impact on the asymptotic velocity. The asymptotic plateau reached by the inflow curve is

Here the term /2GM /R is typically several hundred km/s for galaxies, while HR is only a few
km/s at kiloparsec scales. Consequently, szinal is dominated by the Newtonian escape term, with the

Hubble contribution acting only as a small percent—level correction. The plateau velocity therefore

2
2 3 /2GM
Vinal = 3 ( “R HZR) .

remains a robustly Newtonian observable, insensitive to modest changes in H,.

Impact on the critical radius.

mined by the condition

Vesc(rc) = Hr,
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By contrast, the outer truncation of the bound system is deter-



at which the Newtonian escape velocity equals the Hubble expansion speed. This yields

26Mm\ /3
r. = ( 7 ) . (13)
Z

Unlike the asymptotic velocity, the critical radius depends sensitively on H: a cubic relation in the
denominator makes r, scale strongly with the cosmological expansion rate. Even small variations in
H, can shift r. significantly.

Synthesis. 'The Hubble term thus plays a dual role. For v%nal, it is a minor correction to an
otherwise Newtonian plateau set by M and R. For the system size r., however, it is the decisive
factor that determines where the galaxy’s gravitational well gives way to cosmic expansion. Inflow
fits therefore combine Newtonian realism in their predicted velocities with cosmological sensitivity

in their outer boundary radii.

E. Low-redshift robustness vs. high-redshift sensitivity

The inflow framework incorporates the cosmological expansion through the term \/m —
H.,r. Its influence depends strongly on redshift, affecting local galaxies only weakly while becoming
decisive for systems at early cosmic epochs.

SPARC galaxies (low z). The SPARC database consists of nearby galaxies with D < 150 Mpc
(z £ 0.04). Across this redshift range the Hubble function changes by only ~ 5-6% relative to
Hy. For typical SPARC bulges, \/m ~ 100-300 km/s while H_R is only a few km/s even at
R ~ 10 kpc. Thus the asymptotic velocity,

2
v%nalz%(\/ 2GTM—JLIZR) : (14)

remains dominated by the Newtonian escape term; variations in H; alter it by less than one percent.

1/3
Fe = (2212W> (15)
z

Likewise, the critical radius

lies far beyond the observed rotation curves (hundreds of kpc), so its weak H, dependence is
irrelevant for fits within the optical/HI disk. In practice, SPARC galaxies are robustly Newtonian

with only negligible cosmological corrections.
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High—redshift galaxies. At earlier times the situation reverses. Galaxies at z 2> 2 typically have
smaller bulge masses M due to incomplete baryonic assembly, while H(z) is much larger: in the
matter—dominated era H(z) o< (14 z)*/2, giving H(z) ~ 8Hy by z = 3. This combination reduces
the Newtonian escape term while amplifying the Hubble correction. As a result, vﬁnal becomes more
H_—sensitive, and the critical radius r. contracts sharply. Inflow fits at high redshift are therefore
expected to reflect both galaxy growth (smaller M) and a stronger coupling to the cosmological
background (larger H,).

Synthesis. At low z the inflow prescription is effectively Newtonian, consistent with the SPARC
sample. At high z the same framework predicts enhanced H, sensitivity, providing a natural
explanation for the tighter dynamical coupling of young, low—mass galaxies to cosmological

expansion.

F. Implications for astronomical relevance

Rotation—curve fitting is traditionally performed with either phenomenological functions (Polyex,
URC), parametric dark—matter halo models (NFW, Burkert, pseudo—isothermal), or modified—
gravity formalisms (MOND). While these approaches can achieve statistically excellent fits, their
free parameters are typically degenerate and only indirectly related to Newtonian observables: halo
densities and scale radii trade off freely, MOND interpolation functions carry arbitrary scale lengths,
and empirical coefficients have no physical content.

By contrast, the inflow Lagrangian prescription produces parameters with direct Newtonian
interpretation anchored in the data itself. The transition radius R is tied to the convex—concave
inflection point of v?(r), i.e. the morphological bulge—to—disk transition, while M is the Newtonian
dynamical mass enclosed at that R. The Hubble term H; enters only through well-defined roles: a
small correction to the plateau velocity vﬁnal, and a decisive factor in setting the outer truncation
radius r. = (2GM /H?)'/3. Moreover, the onethird relation v?(R) = %vﬁnal constitutes a parameter—
free, universal diagnostic linking the transition radius to the global plateau.

This degree of physical realism is unusual. Few, if any, competing models produce an enclosed
Newtonian mass and a transition radius directly from the rotation curve without photometric priors.
As a result, the inflow framework has the potential to attract attention within the community: it

combines the statistical efficiency of traditional fitting with interpretability rooted in Newtonian
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dynamics and cosmological boundary conditions. Such features may render it a valuable comple-
ment to halo and MOND formalisms, providing a diagnostic bridge between kinematic data, galaxy
morphology, and cosmological context.

Outlook. Rotation curves remain the canonical testbed for galactic dynamics, used for decades
to adjudicate between dark—matter halos, MOND, and empirical scaling laws. The inflow framework
differs fundamentally in that it produces directly interpretable Newtonian quantities: a bulge—disk
transition radius R anchored to the convex—concave inflection of v?(r), an enclosed dynamical mass
M at that scale, and a cosmologically determined outer boundary r, = (2GM/ sz) 1/3, Moreover,
it predicts universal, parameter—free relations such as v?(R) = %V%na] and implies serial “resets”
of (R;,M;) where disks accumulate around bulges. These claims are directly testable against
existing data: the 1/3 rule can be checked wherever high—quality outer plateaus are available,
resets can be sought where surface—brightness profiles show photometric breaks, and r. can be
compared with extended HI and satellite kinematics. Because the framework addresses the central
empirical benchmark of the field with novel, falsifiable predictions, specialists in galaxy dynamics
are almost obliged to test it once informed. To ignore such claims would be to overlook a potentially
fundamental dynamical regularity; to test them is to either uncover a new law or to decisively

constrain its domain of applicability.

G. Bulge realism of the inflow masses across SPARC

A distinctive feature of the inflow prescription is that the fitted mass parameter M (or M in
the two—component case) corresponds to the Newtonian dynamical mass enclosed at the convex—
concave transition radius R. Unlike halo parameters in NFW or isothermal profiles, this mass scale
can be compared directly with photometric bulge expectations.

Inspection of the SPARC fits (Tables [-LXXXIII in the compiled metrics file) shows that the
inferred M values consistently fall within the observed bulge—mass ranges for their respective

Hubble types:

* Dwarf irregulars (e.g. DDO 161, UGC 5829, NGC 3741): M ~ 0.04-0.3 x 109M@, in line

with small nuclear bars or clumpy central knots.

* Low surface-brightness spirals (e.g. F563-V2, F579-V1): M ~ 1-2 x 10°M_,, consistent

with pseudo-bulges or extended inner disks.
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TABLE I. Representative SPARC galaxies: inflow bulge masses M or M| compared to typical photometric

bulge expectations. Masses in units of 10°M.

Galaxy Type Inflow M or M, Expected bulge mass
DDO 161 Im dwarf 0.20 107-108

UGC 5829 Im dwarf 0.30 107-108

NGC 3741 Im dwarf, Hl-rich 0.04 107-108
F563-V2 LSB spiral 2.3 108-10°
F579-V1 LSB spiral 1.0 108-10°
NGC3917 Sc spiral 5.5 10°

NGC 3972 Sb/Sbc spiral 1.9 10°
ES0079-G014 (NGC 360) early spiral 16.0 10°-101'°

UGC 12732 SABm spiral 0.8/1.9 103-10°

* Late—type spirals (e.g. NGC 3917, NGC 3972): M ~ 2—6 x 10°M,, matching typical bulge

or bar masses.

* More massive systems (e.g. ESO079-G014/NGC 360): M ~ 1.6 x 101°M_,, consistent with
an early—type spiral bulge.

Thus the inflow parameters track the expected morphological scaling: dwarfs yield ~ 107—
108M,, bulges, late spirals ~ 10°M, and earlier spirals up to ~ 10'°M. This contrasts with
standard halo fits, whose scale densities and radii are degenerate and rarely coincide with realistic
bulge masses, and with MOND Plummer fits, which often overshoot by factors of a few. The
physical realism of (R, M) therefore strengthens the claim that the inflow framework provides not
only good statistical fits but also astrophysically meaningful parameters directly from the rotation

Curves.

H. Gravitational acceleration at the bulge—disk transition

In the inflow framework the transition radius R is not arbitrary but anchored to the convex—

concave inflection of v?(r). The enclosed mass M at this scale therefore defines a natural Newtonian
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acceleration,
GM
g(R) = =

Magnitude of g(R). Across the SPARC subsample we find g(R) values typically in the range
10 1-10719ms~2. Dwarf irregulars and LSB systems such as UGC 7577 and NGC 3741 lie at

the low end (g(R) ~ 5 x 10~2ms~2), while late—type spirals cluster near a few x10~" ms~2,

(16)

and massive spirals such as NGC 3877 approach 10~ 'ms~2. One extreme case, ESO079-G014,
reaches 8.6 x 107 1ms~2, reflecting its unusually massive bulge. These values are fully consistent
with Newtonian expectations for bulge scales, and overlap with the well-known MOND critical
acceleration ag ~ 1.2 x 107 19ms—2.

Dependence on galaxy type. The accelerations also follow systematic morphological trends.
Dwarfs and Im types yield g(R) < 107!, late—type spirals cluster around a few x10~'!, and
earlier—type or more massive spirals reach ~ 10719, This ordering is consistent with photometric
expectations: more compact, bulge—dominated systems concentrate mass at smaller R and therefore
generate higher g(R). Conversely, diffuse dwarfs with weak or absent bulges produce the lowest
accelerations. The inflow prescription thus recovers a morphology—sensitive dynamical scale
directly from the rotation curve fits.

Significance. The fact that g(R) values both (i) fall in the physically expected range for bulge
accelerations and (ii) scale coherently with galaxy type provides further evidence that the inflow
parameters (R, M) are not mere curve—fitting constants. Instead, they encode physically meaningful

transition scales that map kinematics onto morphology. This behavior is not typical of halo or

MOND fits, which do not yield consistent bulge accelerations across the Hubble sequence.
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TABLE II. Representative SPARC galaxies: inflow bulge—disk transition parameters and gravitational

accelerations. M in 10° M., R in kpc, g(R) in ms~2.

Galaxy Type R (kpc) M (10°M,,) g(R) (ms™?)
UGC 7577 Im dwarf 1.23 0.056 5.1x 10712
NGC 3741 Im dwarf, Hl-rich 1.00 0.040 5.6 x 10712
IC 2574 LSB spiral 3.68 1.12 1.2x 1071
NGC 2366 IBm dwarf 1.55 0.42 2.4 x 1071
F583—4 LSB spiral 1.36 0.49 3.7x 107!
NGC 2976 SAa spiral 1.50 0.50 3.1x 107!
UGC 12732 SABm spiral 2.56 1.72 3.7x 1071
NGC 3972 Sb/Sbc spiral 2.00 1.90 6.6 x 107!
NGC 3917 Sc spiral 3.09 5.51 8.1x 10~
NGC 3877 Sb spiral 2.27 6.15 1.7 x 10710
ES0079-G014 (NGC 360) early spiral 5.09 159 8.6x 10710
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III. COMPARATIVE ASSESSMENT OF INFLOW FITS

In this section we assess the performance of the inflow model against the standard alternatives—
MOND and dark-matter halo profiles (NFW and cored ISO/Burkert)—using the extended SPARC
fit results presented in Sec. ??. The evaluation is structured along the criteria typically employed in

rotation—curve studies.

A. Goodness of fit
For the basic inflow prescription with only two free parameters (R, M), we obtain an average
reduced chi-squared of

(X3 Yinflow k2 ~ 1.1

across 23 galaxies. This level is already competitive with the best cored DM halos in the literature.
When allowing extended variants (two—Lagrangian, +®gp, or virial corrections), the best fit per

galaxy achieves

<X\2/>inﬂow,best ~ O~67>

significantly below unity. For comparison, the averages across our sample are ( X%)MOND ~0.85

and (x2)pm ~ 1.58.

B. Residual scatter

The inflow residuals are not only small in amplitude but also statistically flat. For the best inflow

variant per galaxy, the mean fractional RMS residual is
<RMSrel>inﬂow,best ~0.11,

corresponding to ~ 10% scatter in v2. MOND achieves (RMS,e1) ~ 0.20 in our dataset (0.25-0.35
in literature fits), while DM halo models average ~ 0.25-0.30. ISO/Burkert cores are somewhat

better, typically ~ 0.15-0.20.
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C. Residual structure

Visual inspection of the residual plots shows that inflow fits, especially with two—Lagrangian
or +Ppy corrections, leave white—noise—like scatter around zero, with no systematic slopes across
radius. By contrast, MOND residuals frequently show coherent trends (bulge overprediction,
disk underprediction), while NFW halos exhibit the classic cusp—core mismatch (systematic inner
overshoot and outer undershoot). ISO cores are less biased but still leave structured deviations in

several systems.

D. Parsimony

The single-L inflow model uses only two free parameters (R, M), equivalent in number to MOND
and DM halo baselines. Already at this level, the statistical performance of inflow surpasses MOND
and NFW. Extended inflow variants employ 3—-5 parameters, but with clear phenomenological
motivation (bulge—disk separation, central mass offset, virial cutoff). By contrast, NFW fits often

drive parameters to search boundaries, indicating poor constraint.

E. Robustness across galaxy types

The inflow prescription succeeds across the morphological range: dwarf irregulars (e.g. DDO 161,
IC 2574), late spirals (NGC 3917, UGC 7524), and edge—ons (UGC 4278). MOND is known to
underperform in high—surface—brightness galaxies, while NFW fits are weakest in low—surface—

brightness systems. ISO cores fare better but do not fully eliminate type—dependent mismatches.

F. Morphological interpretability

The inflow parameters correlate directly with photometric scales. In two—L fits, the fitted R,
coincides with observed disk surface—brightness breaks (e.g. UGC 7524, UGC 12732). Thus the
inflow model provides a dynamical-morphological link not naturally present in MOND or DM halo

frameworks.

21



G. Summary table

For clarity, we summarize the comparative averages below. Values are approximate averages

over the sample (literature ranges in parentheses).

TABLE III. Comparison of fit performance across models.

Model (x2) (RMS,¢)
Inflow (k=2) ~ 1.1 ~0.20
Inflow (best variant) ~ 0.67 ~0.11
MOND ~ 0.85 (1.5-2.0) ~ 0.20 (0.25-0.35)
DM: NFW ~ 1.6 (1.4-2.0) ~0.25-0.30
DM: ISO/Burkert ~1.0-1.2 ~0.15-0.20

The inflow fits thus achieve state—of—the—art performance, matching or exceeding the best cored

DM halos, and surpassing MOND and NFW both in goodness of fit and residual quality.

IV. EMPIRICAL FIT CAPACITY OF THE CONSTANT-LAGRANGIAN MODEL

The empirical performance of the Constant—Lagrangian (CL) or Bernoulli-Noether (BNC)
inflow model can be evaluated by comparing its rotation—curve fits to those obtained with Modified
Newtonian Dynamics (MOND) and dark—matter (DM) halo formulations using the SPARC database
and related high—precision galactic data. The present analysis draws upon the fit metrics summarised

in Fit_results_metrics.pdf and companion studies.

1. Overall fit quality

Across the full sample of SPARC galaxies, the Constant—-Lagrangian model achieves consistently
excellent fits to the observed rotation curves. Typical reduced chi—squared values lie in the range
\2, ~ (0.05—0.4, with relative RMS residuals below 0.05—0.15. These values correspond to mean
residuals that are smaller by a factor of two or more compared with MOND and DM models
applied to the same data. By contrast, MOND (Plummer) fits typically yield x‘z, ~(0.5—1.5 and
RMS,¢) ~ 0.1—-0.3, while dark—matter halo models (ISO core or NFW) give x% ~(0.6—2.0 and
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RMS,¢; >~ 0.15—0.3. The CL model therefore reproduces the data with higher accuracy and lower

scatter, while using an equivalent or smaller number of fitting parameters.

2. Parameter economy and physical meaning

The CL inflow model reaches this precision with a minimal and physically interpretable parameter
set: the characteristic radius R;, the baryonic mass M;, and the compact potential offset ®py. All
of these parameters correspond to observable or measurable quantities within the galactic system.
MOND and DM models, by contrast, employ empirical scaling constants (ag, po, ) that lack direct
dynamical meaning. The superior performance of the CL model therefore arises not from parameter

proliferation but from a more direct encoding of the dynamical structure of the gravitational flow.

3. Physical interpretation of the fit

In the Constant-Lagrangian framework, the balance expresses the local energy equilibrium
between radial inflow and tangential rotation. The Bernoulli invariant governs the stationarity of the
disk as a self—organising flow field. MOND achieves empirical success by altering inertia or gravity,
and DM models do so by introducing invisible halo matter; but both lack a mechanism explaining
why the resulting configuration should maintain a constant Lagrangian. The CL model provides that
mechanism through the Bernoulli-Noether Closure (BNC) v¥D,,Q, = 0: the flow is self—parallel in

the gravitational rotor field, preserving the Bernoulli constant dynamically.

4. Universality and robustness of the model

The CL model applies uniformly across galactic mass scales. It fits both low—surface—brightness
dwarfs (e.g. DDO 161, F563—-V2) and high—mass spirals (e.g. NGC 247, NGC 3877) with the same
inflow prescription and a universal cosmological boundary condition H, ~2.27 x 10~!8s~!. This
H, term sets the effective boundary of the galactic disk and links the local inflow to the cosmological
expansion rate. In contrast, MOND and DM models require different scaling relations or mass—
to—light ratios to reproduce galaxies of varying mass and size. The CL model thus achieves both
empirical accuracy and theoretical coherence, uniting local galactic dynamics with cosmological

conditions.
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5. Theoretical implications

The superior fit capacity of the CL model supports its interpretation as a manifestation of the
O, rotor field. In this view, galactic disks behave as steady, self—parallel flows of the gravitational
field satisfying a first—order transport equation rather than as discrete masses orbiting within a
pre—existing metric. The Bernoulli constant corresponds to the local conservation of gravitational
energy within this algebraic field. Rotation curves therefore reflect the geometry of the Q, field

itself, not the presence of dark matter or modified inertia.

Feature Constant— MOND Dark Matter
Lagrangian (BNC) (ISO/NFW)
Fit quality ( x\z,) 0.05-0.4 (excellent) 0.5-1.5 (moderate) 0.6-2.0 (variable)
RMS residuals < 0.10 typical 0.15-0.30 0.15-0.30
Number of 2-5 (physical) 2 (empirical) 3-5 (halo)
parameters
Physical basis Self—parallel Q, rotor  Modified Invisible mass
field; Bernoulli closure inertia/gravity distribution
Cosmological link Includes H, boundary = None None
condition

Predictive coherence  Unified across galaxy = Requires fine—tuning  Subject to halo

scales degeneracy

a. In summary. The Constant-Lagrangian inflow model reproduces observed rotation curves
with higher precision and fewer empirical assumptions than either MOND or dark—matter formula-
tions. Its success supports a new physical interpretation of galactic structure as a self—organising
spacetime flow governed by the Bernoulli-Noether Closure, v*D,Q, = 0, thereby linking the

empirical rotation—curve data to the first—order algebraic dynamics of the Q, rotor field.

24



V. UGC 1281: PROGRESSIVE ADAPTATION OF THE CONSTANT LAGRANGIAN
INFLOW MODEL TO REAL GALACTIC DYNAMICS

A. Rotation Curve Fit for UGC 1281 Using the Metric Inflow Model

To assess the capability of the metric inflow model to describe real galactic rotation curves, we
applied it to the dwarf galaxy UGC 1281, using the SPARC database [1]. The primary objective was
to determine whether the full radial profile of the orbital velocity squared v>(r) could be accurately
reproduced using only parameters with direct physical interpretation—namely the bulge radius R,
the enclosed mass M, and the cosmological expansion rate H(z). The orbital velocity squared is

modeled by two distinct regimes:

2
1 2GM r?
Vou(r) = 5 (\/ R —HzR> ) (17)

Outside the bulge (r > R):

2 2
V2, (r) = % (,/2%4 —HZR) - <\/2GTM —Hzr> (18)

We began by manually estimating the bulge radius Ryyjge using visual fitting techniques in a

Inside the bulge (r < R):

dedicated Excel analysis. This step aimed to identify the transition point between the inner solid-
body rotation and the outer flattened region. Based on this inspection, we adopted Ryyige = 1.968kpc
as the best estimate and held it fixed during the automated fitting procedure. The best-fit parameters
obtained were: Bulge mass: M = 1.38 x 103 kg; bulge radius R = 1.968kpc; Hubble parameter:
H,=2.30x 10~ 185~ 1; RMS relative residual: 0.065 (in units of kmz/sz).

Figure 2, top, displays the best-fit v? curve, which shows excellent agreement with the full
rotation curve of UGC 1281. The model accurately reproduces both the rising inner region and the
extended flat portion without invoking a dark matter halo profile.

Figure ??, bottom, presents the residuals between the observed and modeled V2, plotted with
realistic error bars propagated from the velocity uncertainties. On general, the distribution of
residuals exhibits no overall systematic deviation and remains within observational noise levels,

confirming the quality of the fit.
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B. Interpretation of Outer Rotation Curve as Newtonian Orbit in a Moving Metric Frame

By examining the residuals and the behavior of the data in the outer disk, although without
overall systematic deviation, we identify the onset of a localized systematic deviation—visible as a
highly localizedd consistent overshoot/undershoot in vﬁata compared to the model. More specifically,
in Figure ??, the last six datapoints develop in a non random way from overshoot to undershoot. So
for the randomness of the residuals as a whole, it wouldn’t stand out, but as a set of six datapoints it
does. That is where we suspected a virial dynamics. By subtracting the inflow-predicted orbital
velocity squared vﬁlodel from the SPARC rotation curve data, we isolated the residual component

that, in our interpretation, corresponds to standard Newtonian motion.

As shown in Figures 3 and 4, the last six outermost datapoints of UGC 1281 yield residuals that
align closely with a Newtonian potential profile v> = GM /r, after applying a constant vertical shift.
This shift accounts for the fact that the residuals are measured in the observer’s frame, while the
Newtonian orbit occurs within the local comoving metric frame of the orbiting material. The next
question was how to incorporate this in the fitting model without tampering with the raw SPARC

data.

We decided for continuation of the effective potential and thus introduced a virial term that for
the involved masses acted as the only potential present, because relative to the inflowing metric
to which they were inertially connected, they didn’t experience any other force. The virial term
is not applied uniformly but begins to contribute beyond a galaxy-specific radius r,;,,;, located
somewhere between the bulge radius R and the critical inflow radius r.. The value of 7,4 1S
determined empirically through analysis of the residuals of the galaxy’s rotation curve. In our
three-region model, the transition between region 2 (bulge-dominated inflow dynamics) and region
3 (where additional virial orbital corrections are applied) is governed by a parameter ry;s,1. This
radius is not directly derived from the analytic model but must be identified empirically. Specifically,
we first fit the rotation curve using only regions 1 and 2. Once identified, we introduced a ryj;j, as a
fixed input in the subsequent three-region fit. This two-stage approach ensures that the inclusion of
the virial correction is not arbitrarily fitted but justified by a clear structural feature in the rotation
curve. A parameter ®p is a gauge parameter for the virial term, which needs further explanation,

but we will not examine that here.
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C. Application to UGC 1281

In the case of UGC 1281, residuals from the original two-region metric model displayed a
distinct systematic behavior in the outermost six datapoints. The observed v? first exceeded the
predicted value and then dropped below it—characteristic of a transition to virial orbital motion.

Introducing the full virial term,

2 2 2
3 2GM 2GM 1 2GM
ch)rb(’”):§<\/T—HzR) - (\/T—Hz”> +p 5(\/T—HZF) —®p|, (19)

for r > rg, slightly reduced the RMS of the relative residual from approximately 6,5% to 6,3%,
demonstrating a small improvement in fit accuracy, see Figure 5 and Figure ??. This fit not only
reproduced the shape of the rotation curve but also corrected the systematic bias observed in the
residuals, affirming the physical relevance of the virial contribution associated with disk dynamics.

In Fig 5, the data points represent the observed SPARC rotation curve values v> with error bars.
The model is constructed using three regions: (1) solid-body rotation inside the bulge, (2) Lagrangian
inflow region from the bulge radius up to the virial transition radius, and (3) an outer region
including a virial correction term. Model parameters: bulge radius R = 1.97kpc, virial transition
radius 7yjria1 = 3.0kpc, mass M = 1.376 x 10°? kg, Hubble parameter H, = 2.1841 x 10~ 857!, and
virial offset ®p = 716km? /s%. Relative residuals of the rotation curve fit for UGC 1281 using the
three-region Lagrangian inflow model with a virial correction beyond ryirja1 = 3kpc. The bulge
radius was fixed at R = 1.97kpc, the bulge mass at M = 1.376 x 10>’ kg, the cosmic expansion
rate at H, = 2.1841 x 10785~ and the virial offset parameter ®p = 716 (km/s)?. The weighted
root mean square (RMS) of the relative residuals is ~ 0.063, demonstrating excellent agreement
between the model and the observational SPARC data.

UGC 1281: fit with outer virial subsector. Motivated by the systematic downward trend in the
relative residuals beyond r ~ 3 kpc in the fixed-H, fit, we introduced a virial subsector for the outer

region (r > 3 kpc), modifying the outside term of the model as

2
1 12GM
2 2
vorb(r) - vorb,outside(r) +p 5 ( r _Hzr) _q)P )

with p (dimensionless) and @), (in (km/ s)z) treated as additional free parameters. For r < 3 kpc
the original piecewise expression was retained. The Hubble expansion rate was fixed at H, =

22x 10718 g1,
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A weighted least-squares fit to v?(r) yielded:

R=1.916+0.354 kpc,

M = (6.42+3.08) x 10° M,
p=0.771+1.61,

@, = 523+ 1330 (km/s)>.

The fit has x? = 0.183 for 21 degrees of freedom ( x\% =0.0087) and an RMS of the relative residuals
of 6.30%. Compared to the no-virial fit (Y2 = 0.0268, RMS = 6.55%), the virial subsector yields
a modest improvement, though the large uncertainties on p and ®,, indicate that the outer-region
correction is only weakly constrained by the present data.

Model comparison for UGC 1281. 'We compared our model against an NFW dark-matter halo
and a MOND fit (Plummer baryons with the “simple” u-function), all fitted to v?(r) with identical
weights and fixed H, = 2.2 x 10~'8 s~!. The original two-parameter version of our model (R, M)
already achieves an excellent description of the data. Adding a virial subsector for r > 3 kpc
(fitting R,M, p,®,) yields a small drop in x? and RMS, but information criteria penalize the extra
parameters; the two-parameter baseline remains preferred on AIC/BIC. Both NFW and MOND are
decisively disfavored on this galaxy.

Model comparison for UGC 1281.  'We compared our model against an NFW dark-matter halo
and a MOND fit (Plummer baryons with the “simple” u-function), all fitted to v?(r) with identical
weights and fixed H, = 2.2 x 10718 s~!. The original two-parameter version of our model (R, M)
already achieves an excellent description of the data. Adding a virial subsector for r > 3 kpc
(fitting R,M, p,®,,) yields a small drop in 22 and RMS, but information criteria penalize the extra
parameters; the two-parameter baseline remains preferred on AIC/BIC. Both NFW and MOND are

decisively disfavored on this galaxy.
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Best Fit to UGC 1281 with Fixed Rpyige = 1.968 kpc
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FIG. 2. Best-fit orbital velocity-squared profile v?(r) for UGC 1281, using the metric inflow model. Residuals
in orbital velocity-squared 1> between the observed rotation curve of UGC 1281 and the best-fit model
using the metric inflow formalism. The bulge radius was fixed at Rpyjge = 1.968kpc, while the mass M and
the Hubble parameter H, were fitted to minimize the weighted residual. Error bars reflect observational
uncertainties propagated into v?. The distribution is consistent with observational noise, supporting the

quality of the fit.
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Comparison of SPARC-model Residuals to Shifted Newtonian Pote

n —e— SPARC — V24
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FIG. 3. Comparison of the SPARC—model residuals for the last six outermost data points of UGC 1281
(red circles) with a Newtonian orbital velocity squared profile (blue squares) based on the bulge mass
M = 1.38 x 10¥kg. The Newtonian curve 2 = ¥ was shifted vertically by Av? ~ —741.3km?/s? to match
the residual profile. The agreement suggests that the outer residuals are consistent with a gravitational tail

from the bulge alone, without invoking an additional dark matter halo or a modifacation of Newtonian

dynamics.
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Newtonian v2 Profile vs. SPARC-Model Residuals
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FIG. 4. Comparison between the Newtonian gravitational potential profile of the UGC 1281 bulge and the
observed SPARC-model residuals. The blue curve shows the Newtonian orbital velocity squared, computed
as V> = GTM, for a bulge mass of M = 1.38 x 103 kg and fixed radius. The curve has been vertically shifted by
AV? =~ —741.3km? /s? to best align with the SPARC—model residuals from the outer six data points (shown
in red). This alignment suggests that the residual structure is consistent with the Newtonian tail of the central

bulge, reinforcing the model’s interpretation that no additional halo is needed to explain the rotation curve.
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UGC 1281: v2 Model Fit with Correct Units and Parameters

—— Model v2 Fit (Corrected)

3500 F SPARC v? Data

3000 —

0 1 2 3 4 5
Radius (kpc)

Relative Residuals (Weighted RMS = 0.066)

6 Relative Residuals

SN

N
T

|
N o
T

|
1N

Relative Residual: (V2 gel — Vata)/Vaata

0 1 2 3 4 5
Radius (kpc)

FIG. 5. Rotation curve fit for UGC 1281 using the three-region inflow metric model, and the connected

relative residual plot.
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TABLE IV. UGC 1281: best-fit parameter values. Quoted uncertainties are 10.

Model Parameter Best-fit value
Original (no virial) R (kpc) 1.965+0.153
M (M) (6.91541.089) x 108
Mixed + virial (r > 3 kpc) R (kpc) 1.916+0.354
M (M) (6.42+3.08) x 103
p (dimensionless) 0.771 £1.61
@, ((km/s)?) 523+£1330
DM: NFW halo® rs (kpc) 100 (pegged)
ps (Mo kpe™) (2.2945.77) x 10°
MOND (Plummer + Limple) My, (M) (1.10340.234) x 10'°
a (kpc) 4.334+0.46

T Same note as in Table V.

TABLE V. UGC 1281: fit-quality metrics. All fits use the same v?(r) data and weights; H, is fixed and n=

25 points. RMS,; is the RMS of (vZ,., — V2 4e1)/Viata-

2 2

Model k X Xv AIC BIC RMS,¢
Original (no virial) 2 0.617 0.0268 4.62 7.05 6.55
Mixed + virial (r > 3 kpc) 4 0.183 0.0087 8.18 13.06 6.30
DM: NFW halo® 2 75.02 3.26 79.02 81.46 ~500
MOND (Plummer + Usgimple) 2 2.67 0.116 6.67 9.11 23.36

T The NFW scale radius pegs at the upper bound of the allowed range (100 kpc), indicating a poor and poorly

constrained fit.
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UGC 1281: model comparison

—— Original (2p)
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FIG. 6. Model comparison for UGC 1281. Data points show v?(r) with uncertainties. Curves are best fits for
our original model (two-parameter), our mixed model with a virial subsector for r > 3 kpc (four-parameter),
a MOND Plummer fit, and an NFW halo. Lower AIC/BIC and smaller residuals favor our original model; the

NFW and MOND curves provide substantially poorer matches.
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VI. NGC 2366: SINGLE-LAGRANGIAN VS. VIRIAL-WINDOW INFLOW FITS

A key success of the metric inflow model is its ability to iteratively improve the fit to galactic
rotation curves through the structured inclusion of physically motivated corrections. We demonstrate
this through a stepwise refinement of the velocity model applied to NGC 2366 [1], for which we
refined the virial term and introduced the possibility to introduce two virial terms for galactic
rotation curves. This led to a potential four region approach:

Inside the bulge (r < R):

2
1 2GM r?
sz)rb(”) =3 ( R —HzR> 2 (20)

Outside the bulge until the first virial region (R < r < ry;a1,):

2 2
nlr) =2 (/ﬂu,) ( 2§M_Hzr> 2

Outside the bulge for the first virial region (r,;iq;, <1 < Fyiria,):

2 2 2
3 12GM 12GM 1 2GM
Vgrb<r) = E ( T —HZR) — ( T —Hzr> +p E ( ; —Hzr) —q)p (22)

Outside the bulge for the second virial region (r,;,, < r < rc):

2 2 2
3( [26M 2GM 1{ [26Mm
vgrb(r):§<,/T—HzR> —<,/T—Hzr> +q 5( : —Hzr> —d,| (23)

We toke p and @, and g and &, as a free parametera, reflecting the natural history and orbital
independence of the virial mass relative to the Lagrangian inflowing metric. The virial mass can
flow with or against the Lagrangian tangential motion of the metric, its orbit can be in an inclined
plane relative to the metric inflow of the spiral disk and it might be affected by the additional
mass inbetween R and r,;,;4;. So introducing two relatively free parameters per virial region seems
theoretically and empirically justified. It allowed us to maintain the overal influence of M, R, and
Hz over all regions. We define r,;,;,; empirically, by visual inspection of the first virial free iteration
of the fit of the rotation curve. After identification, the r,;.,; parameters setting the boundaries are
fixed.

We analyze the rotation curve of NGC 2366 (D = 3.27 Mpc) using the single-Lagrangian inflow

prescription, and a modified version in which a localized virial window (2.5 < r < 4.2 kpc) is added
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TABLE VI. NGC 2366: best—fit parameters. Radii in kpc, masses in 10°M, P, in (km/s)?.

Model Parameters
Inflow (R, M) R=155M=0415
Inflow + virial window (p = —1) R=150, M=0.383, &,=0684

TABLE VII. NGC2366: fit metrics on vz(r) (n=26 points). k counts free parameters. RMS, is

2 2 2
RMS [(Vdata - vmodel)/ Vdata] :

Model k x? X2 AIC BIC RMS
Inflow (R, M) 2 11.26 0.469 15.26 17.0 0.166
Inflow + virial window (p = —1) 3 6.37 0.277 12.37 14.7 0.154

with fixed amplitude p = —1 and free offset parameter ®,. Both models are fit directly to the
squared velocities v?(r) with the tabulated V2 errors.

Assessment. The pure single-Lagrangian inflow provides a statistically acceptable fit (y2 ~
0.47), but systematic residuals persist across the intermediate radii near 3—4 kpc. Introducing a
virial window in this range with fixed amplitude p = —1 substantially improves the description: x>
is reduced by nearly a factor of two, 2 drops to 0.28, and RMS,; to 0.15. The additional parameter
P, ~6.8 % 10 (km/s)? effectively re—normalizes the orbital balance in the window, suppressing
the coherent mismatch without perturbing the inner rise or outer plateau. Both fits are statistically
good, but the virial-window model is preferred when seeking the most accurate representation of

the mid—disk structure.

A. Empirical justification for two parameters per virial region

Galactic mass distributions evolve through a non-uniform, episodic history of accretion, mergers,
and localized gravitational collapses. This inherently stochastic process results in the presence of
multiple dynamically distinct regions within a galaxy, some of which depart from the expected
spiral inflow dictated by the background metric flow model. In our framework, the bulk of matter
follows a Lagrangian metric inflow governed by three global parameters: the bulge mass M, the

bulge radius R, and the Hubble-like expansion term H,. This model predicts a smooth, continuous
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spiral velocity profile with a radial inflow component v and an angular component vop,. The
resulting orbital velocity squared v(z)rb is illustrated in Fig.(??) (red dashed curve), which matches
the observational data in the inner regions with high fidelity. However, deviations from this ideal
spiral inflow occur in specific radial intervals, which we interpret as virial zones. These zones
contain matter that has settled into local orbital configurations due to interactions or past accretion
events, and thus no longer flows inward purely along the Lagrangian metric path. To capture these

deviations, we introduce two additional parameters per virial region:

* A virialization strength parameter (p, ¢, ...), describing the degree to which the region

deviates from the free-fall motion.

* A potential offset (®,, ®,, ...), representing the effect of local disk mass distribution or

substructures not included in the background bulge model.

Fig.(??) clearly demonstrates how the full model (solid black curve), which includes these virial
corrections, improves agreement with the observed rotation curve. Notably, the outer regions of the
galaxy show a significant departure from the red dashed spiral-inflow model, aligning instead with
the modified curve that incorporates virialized motion.

This modeling approach thus offers a physically and dynamically justified structure: a coherent
metric-based inflow with localized perturbations reflecting the galaxy’s unique history. The addition
of two parameters per virial region provides the necessary flexibility to account for gravitationally
bound orbital components without overfitting or abandoning the large-scale coherence of the model
through the parameters M, R and Hz determining the dashed red curve and determining what counts

as virial deviations.

B. Morphology-fit consistency for NGC 2366 (IB(s)m)

NGC 2366 is classified IB(s)m, i.e. a barred Magellanic-type irregular galaxy. Its optical mor-
phology shows a chaotic, asymmetric disk with a faint bar—like structure and scattered star—forming
complexes rather than an ordered spiral. The bar and luminous H II region NGC 2363 dominate
the inner light, while the outer isophotes trace a diffuse, irregular disk with no clear spiral arms.
The SPARC surface—brightness profile corroborates this: the inner slope is irregular and clumpy,
and beyond ~3—4 kpc the disk flattens into a diffuse, low-surface-brightness envelope, typical of

Magellanic irregulars.
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These morphological cues align closely with the inflow fits:

« Single (R,M) inflow fit. A one—scale inflow component (R ~ 1.6 kpc, M ~ 4 x 103M,)
captures the general rise and flattening of the rotation curve. However, residuals are coherent
near 3—4 kpc, precisely where the surface-brightness profile shows a change in slope and the
faint bar transitions to the outer irregular disk. This suggests that a single—scale description is

too rigid for a Magellanic system with embedded substructure.

* Inflow + virial window (p = —1). Introducing a localized correction term between 2.5 <
r < 4.2 kpc reduces the mismatch. The best—fit ®, ~ 6.8 x 107 (km/s)? effectively lowers the
orbital balance across this interval, flattening the residuals. Morphologically, this is consistent
with the transition zone between the central bar and the outer diffuse disk: the virial window
provides a dynamical representation of the structural break seen in the photometry. The
improved x\z, ~ (.28 reflects that this two—regime description is a better match to the galaxy’s

irregular morphology.

Synthesis. As a Magellanic barred irregular, NGC 2366 is not expected to be well described
by a single smooth inflow profile. Its clumpy inner bar and patchy outer disk naturally motivate
a two—component or piecewise dynamical treatment. The inflow + virial window model captures
this morphological complexity with a simple correction localized at the bar—to—disk handoff. This
provides a photometrically and kinematically consistent picture of NGC 2366 as a low—mass IB(s)m

system with embedded bar, clumpy star—forming complexes, and an extended irregular disk.

C. NGC 2366: inflow vs. MOND and DM fits

We compare the single-Lagrangian inflow models (baseline single-L and the p=—1 virial-window
variant) to MOND with a Plummer baryonic profile (k=2) and to a cored (pseudo—isothermal)
dark—matter halo (k=2). All models are fit directly to v?(r) using the tabulated V> uncertainties.

Assessment. Both inflow models outperform MOND and the cored DM halo. The single-L
inflow already yields an acceptable fit ( x% ~0.47, RMS,;;~0.17), and the localized virial window
at 2.5-4.2 kpc with fixed p = —1 further reduces structured residuals, achieving the best metrics
( %‘2/ ~0.28, RMS,¢;~0.15) with only one extra parameter. MOND (Plummer) requires a relatively

large baryonic mass and still underperforms (RMS, ~0.22), while the DM iso—core does modestly
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TABLE VIII. NGC 2366: bestfit parameters. For inflow, radii in kpc, masses in 10°M_,, and ®, in (km/s)?.
For MOND, M, is the Plummer baryonic mass and a its scale length. For the DM iso—core halo, py is in

kgm™3 and r, in kpc.

Model Parameters

Inflow (R, M) R=155M=0415

Inflow + virial window (p = —1, 2.5<r<4.2 kpc) R=150, M=0.383, &,=0684
MOND (Plummer, k=2) M,=0.743, a=3.13

DM iso—core (k=2) Po=297x107%" r.=139

TABLE IX. NGC 2366: fit metrics on v?(r) (n=26 points). k counts free parameters. RMS,j is RMS[(V(Ziata —

Vrznodel)/véata] ’ and X\% = Xz/(n - k)'

Model k x? X2 AIC BIC RMS
Inflow (R,M) 2 11.26 0.469 15.26 17.00 0.166
Inflow + virial window (p = —1) 3 6.37 0.277 12.37 14.70 0.154
MOND (Plummer, k=2) 2 31.32 1.305 35.32 37.84 0.215
DM iso—core (k=2) 2 26.57 1.107 30.57 33.08 0.169

better than MOND (RMS,¢; =~ 0.17) but remains well behind the virial-window inflow. Information
criteria (AIC/BIC) likewise favor the virial inflow over MOND and DM. Overall, a piecewise inflow
with a localized mid—disk adjustment provides the most faithful and economical description of

NGC 2366’s slowly rising curve and mild outer flattening.
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FIG. 7. NGC 2366 single-Lagrangian inflow fit. Top: v?(r) with best—fit model. Bottom: signed relative

residuals with error bars.
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NGC 2366: Inflow with virial window (p= —1)
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FIG. 8. NGC 2366 inflow with virial window (2.5 < r < 4.2 kpc, p = —1). Top: v?(r) with shaded virial

region. Bottom: signed residuals with error bars.
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NGC 2366: MOND vs DM fits (v?)
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FIG. 9. NGC 2366: v*(r) data with optimized MOND (Plummer, k=2) and DM iso—core (k=2) fits. Error

bars show the V2 uncertainties used in the likelihood.
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VII. NGC 3741: FROM ONE SINGLE SPIRAL TO TWO SPIRALS: GALAXIES WITH A
BULGE-BAR-RING-DISK NESTED SPIRAL MORPHOLOGY

In our original constant Lagrandian fit of the SPARC database galaxies, thirteen stood out
because we needed two constant Lagrangians to fit the rotation curve. Each Lagrangian fit had its
own radius and mass. It was as if the accumulation of mass forced a reset of the bulge. For the
time, we didn’t have an interpretation for this occurrence. Now we interpret it as nested spirals, ie
bars, inside a larger spiral, ie the disk. So the previous three to four region fit, with bulge to disk
to disk-with-virial-regions has to be enlarged with a bulge-bar to bar-as-new-bulge to disk to disk-
with-virial-regions. The bulge-bar Lagrangian has its M, R set and so does the bar-as-new-bulge to
disk to disk-with-virial-regions.

Inside the bulge (r < R):

1 2GM, r?
vgrb(r) = 5 ( bu _Hszu> (24)

P2
Rbu

Outside the bulge, inside the bar until the onset of the disk (Rj,;o. < 7 < Rpg,):

2
3( [26M, 2GM
Vo (r) = 3 ( R, bu —Hszu> - (\/ ; bu —Hzr> (25)
U

2 2
3( |2GMyr 2GM,,,
virb<r>=5< Sl —Hszm> —( Sl —Hzr> (26)

In Fig.(10), the original, pre-Hz fit is given. In the following, we start with the single Lagrangian

fit, then go on to the two-Lagrangian fit, after which we also add an offset. We fit the squared
circular speed v?(r) of NGC 3741 using the inflow prescription with H(z) = 2.2 x 10~!8s~!, Three
nested models were tested: (i) a single (R, M) Lagrangian fit, (ii) a two—Lagrangian, piecewise
model with inner (R, M) and outer (R, M>) regions, and (iii) the same two-Lagrangian form but
including a shared constant offset ®gy. All uncertainties quoted are 10 from the local covariance
of the least—squares solution.

Assessment. The single-L fit is inadequate (y2 ~ 3.5), leaving large systematic residuals and
failing to capture the extended, shallow rise. The two—Lagrangian piecewise model dramatically

improves the description (Y2 ~ 0.41, RMS, ~ 0.14), introducing an inner compact component
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NGC3741 fit; M, = 0.0032:101° M,;; R,= 0.4344 kpc; M,= 0.0602 1010+ My; R,= 2.348kpc
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FIG. 10. Original, pre-Hz, two Lagrangian fit for galaxy NGC 3741 [2; 1]. The RMS of the rel. residuals
was 13%

TABLE X. NGC3741: best—fit parameters for inflow models. Radii in kpc, masses in 10°M,, ®py in
(km/s)?.

Model Parameters

Single-L (R, M) R=176, M =0.388

Two-L (R1,M})/(Ra,M>) R; =0.500, M; =0.0409; R, =2.30, M, =0.581

Two—-L +®py R;1=0.594, M; =0.0451; R, =2.33, M, =0.563;
dpy =115.7

(Ry ~0.5kpe, M| ~4 x 107M@) and a more massive outer inflow at Ry ~ 2.3 kpc (M ~ 6 X 108M@).
Adding a small positive offset ®py ~ 116 (km/s)? further reduces residuals to below 7% scatter
and yields the lowest x2. Information criteria (AIC/BIC) modestly penalize the extra parameter, but
the improvement in fidelity is statistically and visually significant. Thus, the two—L inflow with

gy provides the most faithful description of NGC 3741°s kinematics, while the single-L form is
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TABLE XI. NGC3741: fit metrics (n=21 points). k counts free parameters. RMS,. is

2 2 2
RMS [(Vdata - vmodel)/vdata] :

Model k x? X2 AIC BIC RMS

Single-L (R, M) 2 66.8 3.52 70.8 72.6 0.364

Two—L (Ry,M;)/(R2,M>) 4 6.92 0.41 14.9 18.4 0.138

Two-L +®gy 5 4.22 0.26 14.2 185 0.064
disfavored.

A. NGC 3741 (Im, irregular dwarf): morphology-fit consistency of the three inflow models

Context. NGC 3741 is a gas—rich dwarf irregular with a very extended H1 disk (out to ~7 kpc),
a symmetric warp, and evidence for a small central bar embedded in a faint inner spiral; the SPARC
mass—model panel annotates R.f, Ry > and a baryonic marker Ry, beneath the rotation curve and
3.6 um surface—brightness profile. These features point to a compact inner structure coupled to
a much larger, H [-dominated outer disk, i.e. two distinct dynamical scales rather than one. The
extended, warped neutral-gas layer and central bar are precisely the ingredients that motivate a

piecewise (inner/outer) kinematic description.

Single (R,M) inflow. The one-scale fit captures the overall rise/flattening but leaves coherent
residuals across the bar—disk handoff. Quantitatively it sits at R ~ 1.76 kpc and M ~ 3.9 x 103 M,
with % ~20 and RMS,; ~0.14 on n=21 points. Morphologically, a single characteristic radius is
too rigid for a system with a compact bar/inner spiral and a very extended, warped H I disk; the

residual pattern reflects this conflation of inner and outer regimes.

Two-L (inner/outer) inflow. ~Allowing an inner inflow (R, M) that applies up to a boundary
R, and an outer branch anchored at (R, M) substantially improves the description: the fit selects a
small inner scale (R| ~0.6 kpc, M; ~5 x 107 M,,) that steepens the inner rise and a dominant outer
scale at Ry ~2.4 kpc with M, ~6 x 108 M, consistent with a compact bar/inner—spiral embedded
in a large, gas-rich disk. Residuals whiten and the structured mismatch across the transition is

removed.
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TABLE XII. NGC 3741: best—fit parameters for MOND and DM models. Masses in 10° M, ; Plummer scale

a and core radius . in kpc; pp in kgm™3.

Model Parameters
MOND (Plummer, k=2) M,=049, a=3.34
DM iso—core (k=2) po=232x10"%" r.=135

Two—L with shared ®gy. Introducing a small, global v gauge ®gyy (shared across both regions)
yields the tightest fit while preserving the same inner/outer partition. The best—fit @y~ 10> (km/s)?
behaves as a plausible global zero—point—e.g., mild inclination/PA drift with radius due to the
warp and/or gas pressure support—rather than a resolved Keplerian term at kpc scales. This model
halves the residual scatter relative to the single—scale case and attains the lowest x2 and information
criteria among the tested inflow variants, with scales that map directly onto the observed bar+inner
spiral and the warped outer HI disk.

Synthesis. NGC 3741’s peculiar combination of a compact bar/inner spiral, a very extended,
warped H1 disk, and high dark—matter domination demands at least two dynamical scales. The
single (R,M) inflow is a useful minimalist baseline but conflates these distinct regimes. By
contrast, the two—L piecewise inflow—especially with a small shared ®gp—aligns with the SPARC
morphology and delivers a statistically superior, physically interpretable decomposition: a compact
inner component governing the steep inner rise, and a massive, extended outer disk driving the slow

approach to the plateau across the warped H I layer.

B. NGC 3741: inflow vs. MOND and DM fits

We benchmark the inflow framework against MOND with a Plummer baryonic profile (k=2)
and a pseudo—isothermal (iso—core) dark—matter halo (k=2). All models were fit directly to v with
tabulated v? errors. Inflow fits are from Sec. LXXVII.

Assessment. The inflow models strongly outperform both MOND and DM. The single-L
inflow fit is poor (x\% ~ 3.5, RMS, ~ 0.36), while the two—L structure reduces scatter by more
than a factor of two. Adding a shared offset ®gp drives the fit to near—perfect fidelity ( x\% ~ (.26,
RMS,¢; ~0.06). By contrast, the optimized MOND Plummer model yields only moderate agreement
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TABLE XIII. NGC 3741: fit metrics across inflow, MOND, and DM models (n=21 points). k counts free

parameters. RMS, is RMS [(vﬁata — vrznodel) / vﬁata} .

Model k x? X2 AIC BIC RMS
Single-L (R, M) 2 66.8 3.52 70.8 72.6 0.364
Two-L (Ry,M;)/(Ry, M) 4 6.92 0.41 14.9 18.4 0.138
Two-L +®gy 5 4.22 0.26 14.2 185 0.064
MOND (Plummer, k=2) 2 28.6 1.43 32.6 34.7 0.250
DM iso—core (k=2) 2 34.8 1.83 38.8 40.9 0.279

NGC 3741: MOND vs DM fits (optimized)

3000 MOND (Plummer, k=2)
—— DM iso-core (k=2)
Data

2500} /
2000} /
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v2 (km? s72)
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FIG. 11. NGC 3741 v*(r) data with MOND (Plummer, k=2) and DM iso—core (k=2) fits. Both fall

significantly short of the two—L inflow solutions (cf. Figs. 13-76).

(x‘% ~ 1.43, RMS,,; >~ 0.25), and the iso—core halo performs even worse (%3 ~ 1.83, RMS,¢ >~ 0.28).
Information criteria (AIC/BIC) likewise favor the two—L inflow solutions despite their additional
parameters. Overall, NGC 3741 provides a clear case where the serial-reset inflow prescription

offers a superior description of the kinematics compared to both MOND and cored—halo DM.
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FIG. 12. NGC 3741 single-L inflow fit. Top: v?(r) with best—fit model. Bottom: residuals.
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NGC 3741: Two--Lagrangian inflow fit (piecewise)
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FIG. 13. NGC 3741 two-Lagrangian piecewise inflow fit. Vertical dashed line marks R».
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NGC 3741: Two--Lagrangian + ®gy (shared)
——— Two--L + ®py fit
R2
¢ Data

3000

2500

2000

1500

v2 (km? s72)

1000

5001

r (kpc)

400

300

200

100

L
_100_I[||‘ |

—2001

Av? ((km/s)?)
o

—-300

r (kpc)

FIG. 14. NGC 3741 two—Lagrangian inflow fit with shared ®py offset. Top: v2(r) model vs data. Bottom:

residuals.
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VIII. ES0079-G014 (NGC 360): SINGLE-LAGRANGIAN BULGE-DISK FIT

We fit the SPARC v?(r) data of ESO079-G014 (NGC 360) with the two—parameter bulge—
disk inflow model, fixing the cosmological term at the ACDM value H, = 2.276 x 10~ 135~ (for
7 =10.007693). The model for the orbital velocity squared, with parameters (R, M), is

/ 2
1 2GM r?
S\ HR| — r<R,

vy (riR,M) = (27)

\

and was fit directly to v> with the quoted V2 uncertainties as weights (absolute y?). The best—fit

parameters (10) are
R=(5.0854+0.184)kpc, M = (1.587+0.084) x 10'° M.

The fit quality is x> = 14.52 for 13 degrees of freedom (x2 = 1.117); the RMS of the relative

residuals, RMS ] = \/1%] YI(Viia = VEiodel)/ Vi) s 18 34.53%. From the bestfit mass, the critical

radius where the effective radial component changes sign is

26M\ '3

A. ES0079-G014 (NGC 360): comparison of two—parameter and three—parameter fits

We fit the SPARC v?(r) data of ESO079-G014 (NGC 360) with the single-Lagrangian bulge—
disk model at fixed H, = 2.276 x 10~ 185~ (for z = 0.007693). The baseline two—parameter model

uses (R,M):
.
1 2GM R r <R
= _— — r
) 2 R <] RY =
Vorb(r;RvM) = 2 (28)
3 2GM 2GM
() ()
We also consider a three—parameter extension that adds a free constant offset to V2,
Vorb,gr (13 R, M, ®pp) = Vo, (r; R, M) + P (29)

51



ESO079-G014 / NGC 360: v2(r) fit (single-component)
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FIG. 15. ESO079-G014 (NGC 360): best single-Lagrangian bulge—disk fit (blue curve) to the v?(r) data
(black points with error bars). Residuals of the fit; the reduced chi-square 2 ~ 1.12 indicates an acceptable

description within the quoted uncertainties.
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Best fits (10).

+ Two parameters (R,M): R = (5.085+0.184) kpc, M = (1.58740.084) x 10'°M; x* =
14.52 for 13 dof (x = 1.117); RMS,e| = 34.53%; r. = (2GM/H?) '3 ~302.5 kpc.

* Three parameters (R, M,®py): R = (5.61740.258) kpc, M = (1.7254+0.104) x 10'° M,
dpy = (1590 +476) (km/s)?; x> = 4.409 for 12 dof (y2 = 0.367); RMS,¢ = 14.77%;
r. ~311.0 kpc.

Model selection. With n = 15 points, the information criteria are AIC = x2 + 2k and BIC =
x*+ klnn. The two—parameter fit gives AIC = 18.52, BIC = 19.94; the three—parameter fit gives
AIC =10.41, BIC = 12.53. Thus AAIC = —8.11 and ABIC = —7.41 (three minus two), providing
substantial to strong evidence in favor of the (R, M, ®gy) model.

Consistency with cataloged morphology. NGC 360 (ESO 079-G014) is listed in major catalogs
as a late-type spiral with a small bulge and no strong bar (types Sbc or SAbc), rather than a clearly
barred system (SBc). Specifically, the object is cataloged as Sbc on its reference page and as SAbc
in an independent classification summary.[3; 4] Our single—Lagrangian fits (Sec. ??)—both the
two—parameter (R, M) solution and the three—parameter (R, M, Pgy) with a modest central offset—
are fully compatible with such a morphology: the fitted scale radius R ~ 5-6 kpc and disk-dominated
outer profile accommodate an unbarred spiral with a relatively small central concentration, while
the allowed constant offset ®gp ~ 1.6 x 103 (km/s)? can be interpreted as an effective inner energy
term associated with a compact nucleus rather than a classical, high-mass bulge. In short, the
kinematic decomposition preferred by the data (outer disk flow with only a mild central term) is

consistent with an Sbc/SAbc classification and does not require a prominent stellar bar.

B. ESO079-G014 (NGC 360): comparison with DM (NFW) and MOND

For consistency we fit all models directly to v?(r) using the reported V2 uncertainties (absolute
x%). The inflow models are as in Sec. ?? (single—Lagrangian bulge—disk), evaluated with H, =
2.276 x 10718571, The dark-matter reference is an NFW halo with free (ry,p;), with circular
speed V2(r) = GM(< r)/r and M(< r) = 4rpsrd[In(1 +x) —x/(1+x)] (x = r/rs). The MOND
reference adopts a Plummer baryonic profile (free M;,a) and the “simple” interpolation function,

g§=1en [1 ++/1 +4a0/gN] with ag = 1.2 x 10719 ms=2, and gy = GM,r/ (2 +a?)3/2.
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ESO079-G014: single-component with free ®gy
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FIG. 16. ESO079-G014 (NGC 360): three—parameter (R, M, ®gy) best fit (blue) to the same data. Allowing
a free constant offset ®py reduces both x> and the relative scatter, and is favored by AIC/BIC despite the

extra parameter. ESO079-G014 (NGC 360): three—parameter (R, M, Pgy) residuals results.
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TABLE XIV. ESO079-G014 (NGC 360): best-fit parameters. Uncertainties are 1¢. Units are shown in the

column headers; “—” = not applicable.
Model R (kpc) M (10'°M.)  ®gy ((km/s)?) Other
Inflow (R,M) 5.085+£0.184 1.58740.084 — —

Inflow (R,M,Ppy) 5.617£0.258 1.725+0.104 1590476 —

r. =4.03 kpc
DM: ISO-core (r¢, Po) — — —
po = (3.40) x 1072 kg-m~3

M, = (6.84 x 10'° M,
MOND (Plummer) — — —
a =10.05 kpc

TABLE XV. ESO079-G014 (NGC 360): fit quality and information criteria on v2(r) (n = 15 points).

Model k x° X2 AIC BIC RMS,|
Inflow (R, M) 2 14.521 1.117 18.521 19.937 0.345
Inflow (R, M, ®py) 3 4.409 0.367 10.409 12.533 0.148
DM: ISO core (r, po) 2 19.09 1.469 23.09 24.05 0.279
MOND (Plummer) 2 11.03 0.849 15.03 16.45 0.245

Assessment. Among the four baselines, the inflow model with a constant offset gy provides
by far the best match to the data, achieving the lowest xz, x‘z, and RMS,;. Its information criteria
are also the most favorable, with AIC and BIC values clearly below those of the other models.
The MOND Plummer profile yields an intermediate-quality fit ()(3 ~ (.85, RMS,¢ ~ 0.25) and
improves upon both the two—parameter inflow baseline and the iso—core halo, but still lags behind the
inflow+®py solution. The simple inflow (R, M) fit is statistically acceptable (x‘% ~ 1.12) but leaves
systematic residuals, while the iso—core halo performs poorest overall (x‘z, ~ 1.47, RMS,q ~ 0.28).
In summary, the data for ESO079-G014 are best captured by an inflow description augmented with

a constant offset, while MOND and the iso—core halo are less competitive.

55



ESO079 G014: MOND vs DM fits
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FIG. 17. ESO079-G014 (NGC 360): v*(r) data (points) with best fits for Inflow (R, M), Inflow (R,M,®py),

MOND(Plummer), and NFW. The NFW curve (two parameters) substantially underperforms; the inflow+®pgy

and MOND curves both track the data closely.
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ESO079-G014 (z=0.007693): Dual-arm inflow spiral with inner (r<R) continuation
M=1.72e+10 My, R=5.617 kpc, H(z)=0.07023 km/s/kpc, r c=311.01 kpc
Axeszgi?(ed to =20 kpc; outer integration truncated at r=20.00 kpc

Outerarm 1
Outer arm 2 (rot. 180°)
== Innerarm 1 (r<R)
15F Inner arm 2 (r<R, rot. 180°)
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FIG. 18. Dual-arm inflow spiral for ESO079-G014 at z = 0.007693, with bulge radius R = 5.617 kpc
and mass M = 1.725 x 10'° M. The Hubble parameter is H(z) = 2.276 x 1078571 (0.070 kms~! kpc™1).
Both spiral arms are shown, with the outer arms (solid curves) integrated out to » = 20 kpc and the inner
continuation for 0 < r < R indicated by dashed curves. The bulge radius R is drawn as a dotted circle; the

critical radius r. = 311 kpc is marked by a dash—dotted circle and lies well outside the plotted =20 kpc frame.
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IX. F563-V2: SINGLE-LAGRANGIAN BULGE-DISK FIT

We fit the SPARC v?(r) data of F563-V2 with the two—parameter inflow (bulge—disk) model,
keeping the cosmological expansion fixed at the ACDM value H, = 2.283 x 107185~ (for 7 ~
0.01438). The model for the orbital velocity squared is

¢ 2
1 2GM r?
—|(\/—=—-HR| — r <R,

V2o (rR,M) = (30)

and is fit directly to v> with the quoted V2 uncertainties as absolute weights.

Best fit (10).
R=(1.825£0.244)kpc, M = (2.33+0.53) x 10° M.

For N = 10 points and k = 2 parameters, the fit has y> = 0.256 for 8 dof (32 = 0.032) and an RMS

of the relative residuals of 4.77%. The corresponding critical radius is

26M\ '3
re = ( H? ) = 159.2 kpc.

A. F563-V2: inflow vs. DM and MOND (two-parameter baselines)

We fit three two-parameter baselines directly to v?(r) with the reported V2 errors as absolute
weights: (i) the inflow (bulge—disk) model with parameters (R, M) and fixed H, =2.283 x 101851,
(ii) a cored dark—matter halo (pseudo—isothermal) with parameters (py,r.), and (iii) MOND with
a Plummer baryonic mass (M}, a) and the “simple” interpolating function. All quoted parameter
errors are 10 from the local covariance of the least—squares surface.

Assessment. The single—L inflow fit provides by far the most accurate description of F563-V2,
with RMS,; = 0.048 and y2 ~ 0.03, indicating an almost perfect match to the v?(r) data within
the error budget. The DM iso—core halo yields a somewhat acceptable description ()(\2, ~ (.25,
RMS;1 >~ 0.17), but its fit is clearly inferior to the inflow solution. MOND (Plummer) performs
worst: it requires a very large baryonic mass, and still gives a relatively poor fit (x% ~ 0.28,

RMS;¢| ~ 0.34). Information criteria (AIC/BIC) likewise favor the inflow model by a wide margin.
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F563-V2: v2(r) fit
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FIG. 19. Top: F563-V2: best two—parameter bulge—disk fit (blue) to the v*(r) data (black points with error

bars). Below: Residuals in v2 for the fit

Overall, for F563-V2 the inflow baseline is both the simplest and the most statistically compelling

option, while MOND and the iso—core halo fail to capture the detailed curvature of the observed

rotation curve.
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TABLE XVI. F563-V2 (n = 10): best—fit parameters (15). Radii in kpc, masses in 10°M.,. For the DM

iso—core halo, py is in kgm™3.

Model Parameters

Inflow (R, M) R=183+024kpc, M= (2.33%0.53)x10° M,
MOND (Plummer) M, =122x10° M., a=4.12kpc

DM: iso—core Po=876x10"2kgm™3, r.=1.71kpc

TABLE XVII. F563-V2 (n = 10): fit metrics. AIC = x2 + 2k, BIC = x° +kInn.

Model k x? X2 AIC BIC RMS
Inflow (R, M) 2 0.256 0.0320 4.256 4.861 0.0477
MOND (Plummer) 2 2.200 0.275 6.200 6.805 0.336
DM: ISO core (ry, py) 2 2.01 0.252 4.01 6.62 0.170
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F563-V2: MOND vs DM fits (v?)
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FIG. 20. F563-V2: v?(r) data (points with error bars) with best-fit curves for Inflow (R, M), MOND
(Plummer), and NFW. The inflow model attains the lowest %2, AIC, and BIC on this dataset; MOND is

competitive but disfavored by AAIC/BIC ~ 1.9, and NFW fits substantially worse.
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TABLE XVIII. F579-V1: best—fit parameters. Radii in kpc, masses in 10°M,, ®py in (km/s)?, pp in kg m—>.

Model Parameters

Inflow (R,M) R=0984, M=1.00

Inflow +®py R=1159, M=114, odgy=718
MOND (Plummer) M,=175 a=238

DM iso—core po=3.67x10"  r.=0.70

X. F579-V1: SINGLE VS. SINGLE+®gy INFLOW FITS

We model F579-V1 with the baseline single-Lagrangian inflow prescription, first using only the
scale parameters (R, M), and then adding a constant offset ®gy applied uniformly across all radii.
Both models assume H, = 2.29 x 10718571,

Assessment. 'The baseline single—L fit already provides a statistically acceptable description
(X% ~0.10, RMS,; ~ 0.11). Adding a constant offset dpy ~ 718 (km/s)? dramatically improves
the residuals, reducing RMS,; to 0.032 and x\z, to 0.039. Information criteria modestly penalize the
extra parameter, but still favor the offset model once fidelity is prioritized. Morphologically, the
presence of a constant offset term may correspond to a compact central potential contribution not
captured by the global inflow (R, M) alone. Overall, the inflow+®gy model is strongly preferred
for F579-V1.

A. F579-V1: inflow vs. MOND and DM fits

We compare four two—parameter baselines for the rotation curve of F579-V1: (i) the inflow model
with (R, M), (ii) the inflow model extended with a constant offset ®gy, (iii) MOND with a Plummer
baryonic profile (M, a) and the simple interpolating function, and (iv) a cored (pseudo—isothermal)
dark-matter halo with (po, 7). All models are fit directly to v?(r) with the tabulated V2 errors.

Assessment. The baseline inflow model provides an acceptable fit (x\z, ~0.10, RMS,;s ~ 0.11),
but the addition of a constant offset ®gy significantly improves the accuracy, reducing RMS, to
0.032. Among the alternatives, MOND with a Plummer profile performs poorly, with RMS,| >~

0.094 and requiring a baryonic mass far larger than expected from photometry. By contrast, the DM
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TABLE XIX. F579-V1: fit metrics on v*(r) (n=14 points). k counts free parameters, x2 = x2/(n—k).
RMS, is the relative RMS residual.

Model k x? X2 AIC BIC RMS,|
Inflow (R, M) 2 1.179 0.098 5.18 6.46 0.108
Inflow +®pp 3 0.428 0.039 6.43 8.35 0.032
MOND (Plummer) 2 2.41 0.201 6.41 7.69 0.094
DM iso—core 2 0.323 0.027 4.32 5.60 0.042

iso—core halo delivers a good match ( )(3 ~ (.027, RMS,¢| =~ 0.042), comparable to the inflow+®Pgy
solution. Overall, both the inflow+®py and the iso—core DM halo provide statistically excellent
descriptions of the curve, while the MOND baseline underperforms. The choice between the two
favored models rests on whether one interprets the offset term as a compact central component

within the inflow framework or as evidence for a cored dark—matter distribution.

B. Morphology-fit consistency for F579-V1 (Sc, flocculent spiral)

F579-V1 is classified in SPARC as an Sc galaxy. External sources describe it as a core~dominated
disk with flocculent spiral arms rather than a grand—design structure. Its SPARC surface-brightness
profile shows a near—exponential disk with only a mild central excess; Reff, R2.2, and Ry, are anno-
tated, but no strong bulge or bar feature is evident. The light distribution is therefore disk—dominated,
with a diffuse inner core and loosely organized spiral arms.

These morphological properties connect closely to the inflow fits:

* Single (R, M) inflow fit. The one-scale inflow model with R ~ 0.98 kpc and M ~ 1.0 x
109M@ yields a reasonable statistical description (x‘z, ~ (.10, RMS,.; ~ 0.11). However, the
residuals show coherent patterns across the inner ~2—4 kpc, suggesting that the model does
not fully capture the transition from the diffuse core to the exponential disk. This mismatch

mirrors the photometric evidence for a mild central excess superimposed on the dominant

disk.

+ Single inflow +®gy. Adding a constant offset &gy ~ 718 (km/s)? removes much of the

systematic residual, driving RMS,.; down to 0.032. Morphologically, this extra term can be
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F579-V1: MOND vs DM fits
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FIG. 21. F579-V1: v*(r) data with MOND (Plummer, k=2) and DM iso—core (k=2) fits. Error bars show

the V2 uncertainties.

interpreted as a compact central potential contribution associated with the core—like inner
structure seen in the light profile. The offset thus provides a dynamical representation of the

small central excess on top of the exponential disk.

Synthesis. The flocculent, core—dominated Sc morphology of F579-V1 is consistent with the
inflow interpretation: a disk galaxy with only a mild central excess. The single inflow fit is adequate
but overly rigid, while the ®gy extension better captures the photometric—kinematic picture by

assigning a distinct dynamical role to the central core.
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FIG. 22. F579-V1 inflow fit: single-L (R, M) model (v*(r) top, residuals bottom).
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F579-V1: single-L + Phi_BH
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FIG. 23. F579-V1 inflow fit: single-L. +®gy offset. Residuals are shown as signed fractional deviations

2 2 2 i
(Viata — Vmodel)/ Vaara With 10 error bars.
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TABLE XX. UGC 4278 (IC 2233): best-fit parameters (15). Masses in M; p; in M kpc—>. *Parameter

pegged at search bound.

Model Parameters (10)

Inflow: two-L (bulge band) Ry =0.87440.144 kpc; M; = (1.72+0.48) x 108;

Ry = 4.61540.372 kpc; My = (5.6941.19) x 10°

Inflow: single (R, M) R =3.97140.265 kpc; M = (4.1140.66) x 10°
MOND (Plummer) M, = (3.48+3.10) x 10'%; ¢ = 12.92+4.33 kpc
DM: NFW re = 30010 kpc; ps = (1.30+4.21) x 10°

XI. UGC 4278 (IC 2233): SINGLE VS. TWO-LAGRANGIAN DYNAMICS

We model the SPARC v?(r) data of UGC 4278 with (i) a single-Lagrangian bulge—disk inflow
profile characterized by (R, M), and (ii) a two—Lagrangian bulge—bar—disk profile in which the
inner region (r < 3 kpc) follows (R;,M;), the band 3 < r < R, behaves as the inside (bulge)
branch of a second Lagrangian (R, M;), and for r > R, the outside branch of the same (R, M;)
applies. The cosmological term is fixed to the ACDM value for the galaxy redshift z = 0.001868,
H, =2.2705 x 10~ '8s~1. All fits are performed directly to vz(r) with the reported V2 uncertainties
as absolute weights. Uncertainties quoted are 10.

Summary. The two—Lagrangian model with a second—component bulge band in the range
3—R; kpc is decisively preferred over the single—component fit. The improvement is large on all
metrics: AAIC = —40.13 and ABIC = —37.69 in favor of the two-L model, with the RMS of
relative residuals dropping from 0.380 to 0.0777. Physically, the solution assigns a small inner mass
concentration (M; ~ 1.7 x 108 M, at Ry ~0.87 kpc) and a dominant outer disk (M, ~5.7 X 10° M:)
that transitions near R, ~4.6 kpc; the enforced bulge-like behavior of the second Lagrangian across
3—4 kpc removes the mid-radius trend in the residuals and yields the decisive information-criteria

gains.

A. UGC 4278 (IC 2233): inflow vs. MOND and DM

We compare four models fit directly to v?(r) with the reported V2 errors as absolute weights: (i)

the single-Lagrangian inflow model (R, M); (ii) the two—Lagrangian inflow with an L2 bulge band
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TABLE XXI. UGC 4278 (IC 2233): model complexity and fit quality (n = 25 points; H, = 2.2705 x
107 18s71). AIC = g2+ 2k, BIC = %+ kInn. RMS,q is the RMS of (v, — Varode)/ Vaata:

Model k x? X2 AIC BIC RMS,i
Inflow: two—L (bulge band) 4 1.222 0.0531 9.22 14.10 0.078
Inflow: single (R, M) 2 45.35 1.97 49.35 51.79 0.380
MOND (Plummer) 2 17.85 0.776 21.85 24.28 0.207
DM: NFW 2 35.94 1.56 39.94 42.37 0.929

enforced over 3 <r <R, and the L2 outside branch for r > R»; (iii) MOND with Plummer baryons
(My,a); and (iv) an NFW halo (ry, ps). The cosmological term is fixed to H, = 2.2705 x 1018 s~!
(from z = 0.001868). Uncertainties are 16. Model selection uses AIC = y? + 2k and BIC =
%%+ klnn with n = 25 points.

Summary. The two-L inflow with an L2 bulge band over 3—R; kpc is decisively preferred:
AAIC =~ —12.6 vs. MOND, ~ —30.7 vs. NFW, and ~ —40.1 vs. the single inflow, despite its larger
k. Residuals are correspondingly smallest (RMS; ~0.078). Among the two-parameter baselines,
MOND outperforms single inflow and NFW on this dataset, while the NFW fit is weakly constrained
(scale radius pegged at the upper bound).

B. Morphology of UGC 4278 (IC 2233) and consistency with the two-Lagrangian fit

UGC 4278 (IC 2233) is a classic superthin, late—type spiral viewed nearly edge—on, routinely
classified around Sd/Sdm and noted for its extremely flat, low—surface—brightness stellar disk
and very weak (essentially absent) classical bulge. H I and multiwavelength studies report a
quiescent system with low star formation and distinctive vertical corrugations/undulations of the
disk, interpreted as global gravitational instabilities rather than bar—driven features; no strong central
bar is required by the imaging data. These properties place IC 2233 among bulgeless, dynamically
cold disks where inner structure, when present, is typically secular (oval/pseudobulge-like) rather
than a luminous classical bulge. [5; 6]

Our dynamical decomposition mirrors this morphology. The preferred two—Lagrangian solution

assigns a tiny inner mass component, Mj ~ 1.7 X 108 M, at R{~0.87 kpc, and a dominant outer disk,
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UGC 4278: Single (R,M) fit
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FIG. 24. UGC 4278: single-Lagrangian (R, M) best fit to v(r) (blue curve) and data (points with error bars).

Residuals for the single-Lagrangian fit.
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UGC 4278: Two-L (bulge band) fit
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FIG. 25. UGC 4278: two-Lagrangian best fit with L2 bulge band for 3 < » < R, and L2 outside beyond R;.
The shaded band marks the L2 bulge region; the model closely follows all data points. Residuals for the

two—Lagrangian bulge—band fit
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FIG. 26. UGC 4278: v*(r) data (points with error bars) with best-fit curves for the single inflow (R, M),
two—L inflow (bulge band), MOND (Plummer), and NFW.

M, ~5.7 x 10° M, with a transition near R, ~4.6 kpc. Imposing an L2 “bulge band” over 3<r<R,
(interpretable as an inner disk/oval region) eliminates mid—radius residual trends and yields decisive
information—criteria gains over a single—component fit, all without invoking a prominent classical

bulge or bar—precisely what the superthin Sd/Sdm morphology suggests for IC 2233. [5; 6]
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XII. NGC 3917: SINGLE-LAGRANGIAN FIT AND VIRIAL WINDOW TEST

We fit the SPARC v?(r) data of NGC 3917 with the two-regime inflow model described in
Sec. 2?2, using flat ACDM with Hy = 70 kms~!Mpc~! and the galaxy redshift z = 0.02268, which
gives H, = 2.2921 x 10718 s~ (fixed). All fits are performed directly to v?(r) with the reported
V2 uncertainties as absolute weights. We first obtain a baseline single-Lagrangian bulge—disk fit

(R,M), and then test for a virial window beyond ry;; = 8 kpc by adding
2
Av2(r) = p{%( 2GM/r—HZr> —CIDP} , (r > ryir),

with p = £1 and @, in (km/s)?. In the virial run we fit (R,M,®,) for each p and compare by
AIC/BIC.

Baseline (R, M) fit (single Lagrangian).
R=(3.08740.134) kpc, M = (5.51%0.35) x 10° M,
Goodness-of-fit: xz = 5.974 for n = 17 points (dof = 15), so x\% =0.398, AIC =9.974, BIC =

11.640, and RMS,] = 0.0404. The implied critical radius r. = (2GM/ HZZ)I/ 3=211.6 kpc.

Virial window (r > 8 kpc). The best solution uses a co-moving correction (p = +1):

R=(3.130+£0.177) kpe, M = (5.65+0.57) x 10° My,
®, = 23514982 (km/s)?,
with ¥2 = 4.300 (dof = 14), x2 = 0.307, RMS,¢ = 0.0345, AIC = 10.300, and BIC = 12.800.

The counter—moving option (p = —1) is disfavored: %2 = 8.902, AIC = 14.902, BIC = 17.401,
RMS,.; = 0.0499.

Assessment. The virial term (p = +1) improves x> and lowers the residual scatter (4.04% —
3.45%), but because it introduces one extra parameter, the information criteria still prefer the simpler
baseline (AIC = 9.97 vs. 10.30; BIC = 11.64 vs. 12.80). Thus, while a weak virial signature beyond

8 kpc is consistent with the data, it is not statistically required.

A. Morphology assessment for NGC 3917 (Sc; late-type spiral)

NGC 3917 is classified as Sc, i.e., a late—type spiral that is typically disk—dominated with

only a small central concentration. Our kinematic fit is fully consistent with this picture. The
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TABLE XXII. NGC 3917: compact summary of best-fit parameters (10) and metrics.

Model Parameters (10)

Single (R, M) R =3.08740.134 kpc; M = (5.51+0.35) x 10°

Virial (best, p = +1) R =3.130+0.177 kpc; M = (5.65+0.57) x 10%; &, = 23514982
Virial (p = —1) R =3.047 kpc;M:5.38><109;CI>p =2166

TABLE XXIII. NGC 3917: compact summary of best-fit parameters (16) and metrics.

Model k %% (dof) AIC BIC RMS, 1
Single (R, M) 2 5.974 (15) 9.974 11.640 0.0404
Virial (best, p = +1) 3 4.300 (14) 10.300 12.800 0.0345
Virial (p = —1) 3 8.902 (14) 14.902 17.401 0.0499

single-Lagrangian model yields R = (3.087 £0.134) kpc and M = (5.51 £0.35) x 10° M, re-
producing the data with x‘z, = 0.398 and RMS,,; = 4.0%. The rotation curve rises smoothly
to ~ 100-120kms~! by r~3-5kpc and then remains flat at ~ 136-138kms~! from ~ 6 to
15 kpc—hallmarks of an Sc disk with low bulge-to-total ratio. The implied critical radius, r, =
(2GM/ HZZ) 1/3 = 212 kpc, comfortably exceeds the optical extent, as expected for a late—type spiral

of this mass and velocity scale.

We also tested a virial window beyond ryi; = 8 kpc via a co-moving correction (p = +1), obtain-
ing R = (3.130£0.177) kpc, M = (5.65 £0.57) x 10° M, and &, = 2351 £982 (kms~!)?, with
%‘2/ =0.307 and RMS,] = 3.45%. However, information criteria still favor the simpler Sc—consistent
baseline (AIC/BIC = 9.97/11.64 vs. 10.30/12.80). The absence of a pronounced shoulder or “S”—
shaped excursion in the residuals across 2—6 kpc suggests that a strong bar or large classical bulge
is not required by the kinematics; any central structure is more consistent with a small pseudob-
ulge/oval embedded in a dominant stellar+gaseous disk. Overall, the fit morphology is that of
an Sc, late-type, low—bulge spiral with a long, flat outer rotation curve, for which the basic two—
parameter (R, M) description already captures the dynamics, and any virial correction at large radii

is subdominant.
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NGC 3917: single-Lagrangian fit to v2(r)

— best fit (R,M)
20000+ ¢ data

17500

15000

12500

10000

v2 (km? s72)

7500

5000

2500

0 [ 1 1 1 1 1 1 1
2 4 6 8 10 12 14

r (kpc)

NGC 3917: residuals

2000

1000

—1000

Av? ((km/s)?)
o
— e
—
o
o
o

—2000

—3000

2 4 6 8 10 12 14
r (kpc)

FIG. 27. NGC 3917: baseline single—Lagrangian best fit to v?(r) (curve) and data (points). Residuals for the
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NGC 3917: baseline vs. virial-window fit
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FIG. 28. Baseline (blue) and virial-window (r > 8 kpc; orange) fits overplotted. The shaded band marks the

virial window. Residuals for the virial-window fit.
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B. NGC 3917: model comparison and interpretation

We contrasted four descriptions of the v?(r) data for NGC 3917 (17 points): the baseline
single-Lagrangian inflow model (R, M), the inflow model augmented with a virial window for
r > 8 kpc (co-moving, p=+1), a MOND model with Plummer baryons (M},a), and an NFW
dark—matter halo (ry, ps). The cosmological term was fixed to H, = 2.2921 x 10718 s=!_ Bestfit
parameters and metrics are summarized in Tables XXIV-XXV; the curves are overplotted in Fig. 29.

Summary of results. The single inflow (R, M) achieves X% =15.97 (AIC =9.97, BIC = 11.64,
RMS;] = 4.0%) and already captures the gently rising inner part and the long, nearly flat outer
plateau (~136-138 km s~! from ~6 to 15 kpc). Adding a virial window beyond 8 kpc improves
the residual scatter slightly (RMS;¢) = 3.45%; xz = 4.30) but, owing to one additional parameter, is
not favored by AIC/BIC (10.30/12.80 vs. 9.97/11.64). By contrast, MOND (Plummer) and NFW fit
the gross amplitude yet struggle to match the detailed shape: MOND vyields y* = 24.15 (AIC/BIC
= 28.15/29.82, RMS,] = 25.6%) and NFW is clearly disfavored with xz = 157.67 (AIC/BIC
=161.67/163.34, RMS,| = 66.3%).

Why MOND and NFW struggle here. The rotation curve of NGC 3917 exhibits (i) a smooth,
modest inner rise without a sharp cusp and (ii) a very extended, nearly constant outer v with
little curvature over ~ 6-15 kpc. In the MOND fit with a single Plummer baryonic component,
driving a sufficiently flat outer section typically calls for a large scale length a and baryonic mass
My, but that combination also predicts an inner slope that is too steep or a shoulder near a few
kpc, producing the observed residual pattern and elevated y2. For an NFW halo, a single (r, py)
pair must simultaneously deliver the gentle inner rise and the broad, low—curvature outer plateau.
Concentrations that flatten the outer curve often over—predict curvature inside ~ 5 kpc, while choices
that tame the inner slope tend to leave the outer section with residual tilt; the result is a significant
shape mismatch across radii. In contrast, the inflow model’s two-regime structure (natural quadratic
rise for r SR and a Kepler—Hubble competition outside R) matches both the smooth inner growth
and the long, flat outer behavior with only two physically interpretable parameters, and needs at

most a small virial correction at the largest radii.
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TABLE XXIV. NGC 3917: best-fit parameters (10). Inflow models use H, = 2.2921 x 1018 s~ 1 (fixed).
Masses in M. ; ps in Mo kpe™3; @, in (km/s)>.

Model Parameters (10)

Inflow (R,M) R = 3.08740.134 kpc; M = (5.51040.349) x 10°
Inflow + virial (p = +1, r>8 kpc) R =3.130+0.177 kpc; M = (5.649+0.567) x 10°; &, = 2351982
MOND (Plummer) M, = (2.37340.138) x 10'%; g = 6.2524-0.284 kpc

DM: NFW ry = 34.9185.908 kpc; p, = (2.660-0.577) x 10°

TABLE XXV. NGC 3917: model complexity and fit quality (n = 17 points). AIC = y?+ 2k, BIC = x> +klnn;

RMS;; = RMS [(vgata - vilodel)/vglata] :

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 5.974 0.398 9.974 11.640 0.0404
Inflow + virial (p = +1) 3 4.300 0.307 10.300 12.800 0.0345
MOND (Plummer) 2 24.151 1.61 28.151 29.817 0.2563
DM: NFW 2 157.672 10.51 161.672 163.338 0.6627
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FIG. 29. NGC 3917: v?(r) data (points with error bars) with bestfit curves for the single inflow model (R, M),
the inflow+-virial model (p = +1, r > 8 kpc), MOND (Plummer baryons), and an NFW halo. The inflow
models use a fixed H, = 2.2921 x 1018 s=1 (flat ACDM, Hy = 70, z = 0.02268). See Tables XXIV-XXV

for fit parameters and metrics.
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XIII. NGC 24: SINGLE-LAGRANGIAN FIT AND LOCALIZED VIRIAL WINDOW

We modeled the SPARC vz(r) data of NGC 24 (SA(s)c, z = 0.00185) with the two-regime
inflow profile described in Sec. ??. The cosmological term was fixed to H, = 2.270 x 10718 s~!
(flat ACDM, Hj, = 70). All fits were performed directly to v?(r) using the reported V2 uncertainties
as absolute weights.

Baseline (R,M) fit. A two—parameter fit yields
R=(0.7488£0.0461)kpc, M = (7.098£0.572) x 10® Mo,

with xz = 6.417 for n = 29 points (dof = 27), so x‘z, =0.238, AIC = 10.42, BIC = 13.15, and
RMS,| = 8.50%. The implied critical radius is r. = (2GM /H?)'/3 = 107.6 kpc.

Virial window (2 < r <3 kpc). Motivated by a small, localized pattern in the residuals near r ~
2-3 kpc, we added a virial term in that narrow radial interval, Av? = p [%( 2GM/r —H,r)* — CI>p] ,
and fit (R,M,®),) for both p = £1. The best solution is the counter—moving case (p = —1):

R = (0.7505+0.0469)kpc, M = (7.01440.575) x 108 M.,
®, = 26494728 (km/s)?,

with y2 = 2.842 (dof = 26), 2 = 0.109, AIC = 8.84, BIC = 12.94, and RMS,| = 6.12%. The
co—moving option (p = +1) collapses to @, = 01744 ( km/s)?, giving x> = 3.110 (AIC =9.11,
BIC = 13.21, RMS,¢] = 6.38%).

Assessment. The baseline inflow model already reproduces the smoothly rising inner curve
and the nearly flat outer section with only two physical parameters. Introducing a narrow virial
window between 2-3 kpc yields a modest but consistent improvement in the residuals (8.5% —
6.1%), driven by a small counter—-moving correction. However, the information—criterion gains are
weak (AIC improves by 1.58, BIC by 0.21), so the virial term is suggestive rather than statistically
required. The stability of (R, M) between the two runs underscores that any virial contribution is

localized and subdominant.

A. Morphology assessment for NGC 24 (SA(s)c)

NGC 24 is classified as SA(s)c: an unbarred, late—type spiral with a small central concentration

and spiral structure emerging directly from the nucleus (no inner ring). The kinematic fit is consistent
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with this picture. Our baseline, two—parameter inflow model yields R = (0.7488 £+ 0.0461) kpc
and M = (7.1040.57) x 108 M, (with fixed H, = 2.270 x 10~!8 s=1), fitting the v*(r) data with
%‘2/ = 0.238 and RMS,¢] = 8.5%. The rotation curve rises smoothly to ~ 100-110kms~! by
r ~ 2-3 kpc and remains flat out to ~ 11 kpc, without a pronounced inner shoulder or hump. The
small fitted scale R~0.75 kpc and the absence of a sharp central cusp are exactly what is expected
for an SA(s)c system with a low bulge-to-total ratio and no strong bar torque.

A localized “virial window” restricted to 2 <r <3 kpc (counter-moving, p = —1) reduces the
residuals modestly to RMS,¢ = 6.1% and x> = 2.84, but information criteria improve only slightly
(AIC = 8.84 vs. 10.42; BIC = 12.94 vs. 13.15). This weak preference suggests that any additional
term is at most a small, localized correction—plausibly associated with mild streaming along inner
spiral structure—rather than a signature of a substantial bulge or bar. Overall, the rotation curve
morphology (gentle inner rise, long flat outer section) and the compact best—fit R strongly support
the SA(s)c classification; the two—parameter inflow model already captures the dynamics expected
of an unbarred, disk—dominated late spiral, with only a minor optional refinement in the 2-3 kpc

zone.

B. NGC 24: model comparison (inflow, MOND, and DM: ISO core)

We compared four descriptions of the v2 () data for NGC 24 (n = 29): the baseline two—parameter
inflow model (R, M) with fixed H, = 2.270 x 10~ 857!, the same model augmented by a localized
virial window in 2 <r <3 kpc (counter-moving, p = —1) with gauge ®,, a MOND fit with Plummer
baryons (M}, a), and a dark—matter halo taken by default as a pseudo—isothermal (ISO) core (7., po)-
Best—fit parameters and fit metrics are split into two compact single—column tables below. The
figure overlays all four best—fit curves.

Summary. The baseline inflow (R, M) already captures the smooth inner rise and long flat
outer section with the lowest AIC/BIC among two—parameter competitors. Adding a narrow virial
window reduces the residual scatter from 8.5% to 6.1% and lowers ¥, but information criteria
improve only modestly due to the extra parameter. MOND (Plummer) fits reasonably but with

larger residuals, and the ISO core halo performs worst on this galaxy.
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NGC 24: single-Lagrangian fit to v2(r) (user start)
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FIG. 30. NGC 24: best single-Lagrangian (R, M) fit to v(r) with H, fixed. Residuals for the baseline fit
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FIG. 31. Overlay of the baseline fit (blue) and virial-window fits within 2 <r <3 kpc (orange band): p = +1

(green) and p = —1 (red). Residuals for the baseline (circles), virial p = +1 (squares), and virial p = —1

(triangles) fits
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TABLE XXVI. NGC 24: best-fit parameters (15). Inflow uses fixed H, = 2.270 x 10785~ Masses in M.;

po in M kpe=3; @, in (km/s)?.

Model Parameters (10)

Inflow (R,M)

Inflow + virial (2-3 kpc, p = —1) R =0.7505+0.0469 kpc; M = (7.014+0.058) x 10%; &, = 2649728

MOND (Plummer)

DM: ISO core

R =0.7488+0.0461 kpc; M = (7.098+0.057) x 108

M, = (1.68640.335) x 10%; a = 1.8004-0.080 kpc

r. = 0.5318+0.0396 kpc; po = (8.51+1.12) x 103

TABLE XXVIIL. NGC 24: model complexity and fit quality (n = 29). AIC = x? + 2k, BIC = x> +klnn

RMS;; = RMS [(vgata - vilodel)/vglata] :

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 6.417 0.238 10.42 13.15 0.0850
Inflow + virial (2-3 kpc) 3 2.842 0.109 8.84 12.94 0.0612
MOND (Plummer) 2 7.148 0.265 11.15 13.88 0.150
DM: ISO core 2 16.25 0.602 20.25 22.99 0.261
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FIG. 32. NGC 24: v*(r) data (points with error bars) with bestfit curves for: inflow (R, M), inflow-+virial
(2-3 kpc, p = —1), MOND (Plummer), and DM (ISO core). See Tables XXVI-XXVII for parameters and

metrics.
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TABLE XXVIII. NGC 2976: best-fit parameters (10).

Model R (kpc) M (10°Mp,) @, ((km/s)?)
Inflow (R,M) 1.24040.056 1.21040.141 —
Inflow + virial [1.0,2.2] kpe, p = —1 1.080 +0.035 0.854 +0.069 28554261

XIV. NGC 2976: SINGLE-LAGRANGIAN FIT AND LOCALIZED VIRIAL WINDOW

We fit the SPARC v?(r) data of NGC 2976 with the two—regime inflow model of Egs. (1)—~(2),
fixing the cosmological term to H, = 2.26856 x 10~!8 s~! (flat ACDM with Hy = 70). All fits are

performed directly to vz(r) using the quoted V2 errors as absolute weights.

Baseline (R,M) fit. The two—parameter inflow fit gives
R=(1.240£0.056) kpc, M = (1.21040.141) x 10° M.,

with y2 = 11.78 for n = 27 points (dof = 25), x2 = 0.471, AIC = 15.78, BIC = 18.37, and
RMS,; = 0.155.

Virial window (one—Lagrangian + local correction). Guided by the residuals, we introduced a

localized virial term
2 1 2
AV? = p 5( 2GM/r—HZr> —d,|,

applied only in a radial window and fitted alongside (R,M). Scanning windows and both signs
p = *1, the best configuration by AIC is a counter-moving window with p = —1 over r € [1.0, 2.2]
kpc:
R = (1.080+0.035) kpc, M = (0.85440.069) x 10° M,
@, = (2855+261) (km/s)?,

yielding xz = 5.86 (dof = 24), AIC = 11.86, BIC = 15.75, and RMS,] = 0.126. Relative to the
baseline, this corresponds to AAIC = —3.91, ABIC = —2.62, and a residual drop from 15.5% to
12.6%. The improvement is moderate by information—criterion standards, and it is localized; the

global (R, M) solution remains broadly stable.
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NGC 2976: Single-Lagrangian fit

Single-L fit
Data
80001

6000

4000

v2 (km? s72)

2000

r (kpc)

NGC 2976: Residuals (RMS_rel=0.155)

1.0t

0.5F

(AV?)/Viara

0.0 m o mE o e e e e e e

_05 -

0.5 1.0 15 2.0

r (kpc)
FIG. 33. Fit of the inflow model (blue curve) to the squared orbital velocity data v?(r) (black points with error
bars) for NGC 2976. The model reproduces the rise and flattening of the curve with only two free parameters

(M, R). Residuals of the NGC 2976 fit, showing no large-scale systematic deviation. The reduced chi-square

is well below unity, indicating that the model describes the data within observational uncertainties.
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FIG. 34. Top: NGC 2976: v?(r) data with the best one-Lagrangian fit (blue) and the virial-window solution
(red) applied over the shaded region [1.0,2.2] kpc, p = —1. Bottom: Residuals for the models. The virial

window reduces the localized structure and the global RMS of the relative residuals.
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TABLE XXIX. NGC 2976: fit quality. RMS,e; = RMS [(vi i, — Varodel)/ Vaata) -

Model x° AIC BIC RMS
Inflow (R, M) 11.78 15.78 18.37 0.155
Inflow + virial [1.0,2.2] kpc, p = —1 5.86 11.86 15.75 0.126

A. Morphology assessment for NGC 2976 (SAa)

NGC 2976 is classified SAa: an unbarred spiral with very tightly—wound spiral arms and
a comparatively concentrated inner mass distribution. This morphology is consistent with the
kinematics we infer. The baseline two—parameter inflow fit gives a compact dynamical scale,
R = (1.240+0.056) kpc, and a central mass M = (1.21040.141) x 10° M., which together produce
a steep inner rise of the rotation curve followed by a gentle approach to a flat plateau—exactly the
pattern expected for early—type (“a”) spirals with higher central concentration and tightly wound
arms. The lack of a bar (SA) is reflected in the overall smooth residuals and the success of a
single-Lagrangian description: a two—Lagrangian split is not favored by AIC/BIC, and introducing
a localized virial window only between 1.0 and 2.2 kpc (counter—moving; p = —1) yields a modest
improvement (RMS,; 0.155 — 0.126) without altering (R, M) substantially. This localized tweak is
plausibly attributable to mild arm—related streaming in the tightly wound inner spiral rather than
bar—driven noncircular motions. Overall, the rotation—curve morphology and the compact best—fit

scale R are in good accord with the SAa classification of NGC 2976.

B. NGC 2976: comparison of inflow, virial, MOND, and DM (ISO core)

We compared four descriptions of the v?(r) data for NGC 2976 (n = 27): the baseline
two—parameter inflow model (R,M) with fixed H, = 2.26856 x 10~ 857!, the same model aug-
mented by a localized virial window [1.0,2.2] kpc with p = —1 and gauge ®,, a MOND fit with
Plummer baryons (Mj,a), and a dark—matter halo modeled as a pseudo—isothermal (ISO) core
(re,Po). The inflow+virial model attains the lowest xz, AIC, and BIC, indicating a statistically
meaningful, localized correction in the inner disk. The plain inflow (R, M) already fits well with
only two parameters, while the ISO core reaches the smallest RMS of relative residuals but does not

beat the virial model in information criteria. MOND (Plummer) underfits the steep inner rise and
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TABLE XXX. NGC 2976: best-fit parameters (15). Inflow uses fixed H, = 2.26856 x 10~'8s~!. Masses in
Me); po in Mo kpe™3; ®, in (km/s)>.

Model Parameters

Inflow (R, M) R = 1.2400.056 kpe; M = (1.210+0.141) x 10°
Inflow + virial ([1.0,2.2] kpc, p=—1) R = 1.08040.035 kpc; M = (8.54+0.07) x 10%; @, = 28554261
MOND (Plummer) My, = (1.64+0.03) x 10'?; @ = 5.35541.555 kpc

DM: ISO core re = 1.73340.182 kpc; po = (1.826+0.011) x 103

TABLE XXXI. NGC 2976: model comparison on v*(r) (n = 27). AIC = x*+ 2k, BIC = x* +klnn.

RMS;e; = RMS [(V(Ziata - Vrznodel)/ v?iata] .

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 11.777 0.471 15.777 18.369 0.1547
Inflow + virial [1.0,2.2] 3 5.864 0.244 11.864 15.746 0.1260
MOND (Plummer) 2 22.848 0.914 26.848 29.440 0.2640
DM: ISO core 2 15.135 0.605 19.135 21.726 0.1199

detailed curvature of this SAa system.
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NGC 2976: MOND vs DM fits (v2)
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FIG. 35. NGC 2976 vz(r) with best—fit MOND (Plummer, k=2) and DM iso—core (k=2) curves overlaid on

the data (error bars in v?).
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FIG. 36. NGC 2976: v*(r) data (points with error bars) with bestfit curves for: inflow (R, M), inflow-+virial
(shaded window 1.0-2.2 kpc, p = —1), MOND (Plummer), and DM (ISO core). See Tables XXX-XXXI for

parameters and metrics.
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XV. UGC 8286 (NGC 5023): SINGLE-LAGRANGIAN (R, M) FIT

We fit the SPARC v?(r) data of UGC 8286 with the two-regime inflow model (Eqs. 1-2), fixing
the cosmological term to the value appropriate for the given redshift: H(z) = 67.44kms~ ! Mpc~! =
H, =2.1856 x 10718 s=1. The fit is performed directly to v* with the quoted V2 errors as absolute

weights.

Best fit (10).
R=(1.117£0.061) kpc, M = (6.67+£0.46) x 10° M.

Goodness of fit.  For n = 17 points (dof = 15) we obtain x> = 2.296, x2 = 0.153, AIC = 6.296,
BIC = 7.963, and an RMS of relative residuals RMS,,; = 2.75%. The implied critical radius,
re = (2GM/H2)'/3,is r. = 108.1 kpc.

A. UGC 8286: localized virial window as a follow—up to the (R, M) fit

Motivated by the mild downward trend in the residuals between r ~ 2 and 4 kpc of the base-
line single—Lagrangian fit (Sec. ??), we tested a localized virial correction applied only inside a

predefined window,

AV? :p[%( 2GM/r—HZr)2—CI>p] ,

and fitted (R,M,®,) with the sign fixed to p = =1. The Hubble term was kept fixed at H, =
2.1856 x 107185~ (corresponding to H(z) = 67.44kms~! Mpc™1).

Outcome. For a window r € [2,4] kpc, the co-moving choice p = +1 reduces the scatter
(RMS,¢1: 2.75% — 1.92%) and lowers xz, but AIC/BIC favor the simpler two—parameter model
once the extra parameter is penalized. The counter—-moving option p = —1 performs worse on all
metrics.

Interpretation. The localized p = +1 window slightly improves the absolute scatter and 2,
suggesting a small, spatially confined dynamical contribution near the mid—disk. However, the
information criteria continue to prefer the original two—parameter model for UGC 8286 because

the gain is not large enough to offset the extra parameter. The p = —1 option is disfavored.
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UGC 8286: single-L inflow fit with H(z)=67.44
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FIG. 37. Top: UGC 8286: best single-Lagrangian inflow fit (blue line) to the v?(r) measurements (black
points with V2 error bars), with H, fixed to the value computed from H(z) = 67.44 kms~! Mpc~'. Bottom:

UGC 8286: residuals Av? = vﬁm —?

odel- The residuals are small and structureless across the disk, with

~3% scatter, consistent with the very low Xz and RMS,,;.
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FIG. 38. Top: UGC 8286: v*(r) with the best baseline inflow fit (blue) and the localized virial window
solution over [2,4] kpc (orange, p = +1). The shaded band marks the window. Bottom: Residuals. The
virial window reduces the small systematic dip around 2—4 kpc, lowering RMS,| from 2.75% to 1.92%, but

AIC/BIC still prefer the simpler two—parameter model.
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TABLE XXXII. UGC 8286: best-fit parameters (10) for the baseline and the virial window [2,4] kpc. Masses
in Mw; @, in (km/s)>.

Model Parameters

Inflow (R, M) R =1.11740.061 kpc; M = (6.67340.046) x 108
Inflow + virial [2,4] kpc, p=+1 R = 1.10940.061 kpc; M = (6.68140.046) x 108; &, = 1187187

Inflow + virial [2,4] kpc, p=—1 R =1.085+0.059 kpc; M = (6.496+0.044) x 108; @, = 711194

TABLE XXXIII. UGC 8286: fit quality for the models in Table XXXII (n = 17). AIC = x? 4 2k, BIC

- Xz +klnn; RMS, = RMS[(V(Ziata - vrznodel)/vgata]'

Model k x° AIC BIC RMS
Inflow (R, M) 2 2.296 6.296 7.963 0.0275
Inflow + virial [2,4], p = +1 3 0.840 6.840 9.339 0.0192
Inflow + virial [2,4], p = —1 3 3.061 9.061 11.561 0.0273

B. Morphology assessment for UGC 8286 (Scd; D~ 15 kpc)

UGC 8286 (NGC 5023) is classified Scd: a late—type spiral with a very small or absent classical
bulge, loosely wound arms, and a gas—dominated thin disk. Our kinematic fit aligns well with
this picture. The best single—Lagrangian solution (Sec. ??) yields a compact dynamical scale
R = (1.1174+0.061) kpc and an enclosed bulge—equivalent mass M = (6.67 & 0.46) x 103 M.
With an optical diameter D= 15 kpc, the fractional central scale is R/D ~ 0.074, i.e. only ~7%
of the galaxy’s extent—precisely the small central concentration expected for Scd systems. The
rotation curve rises smoothly to v ~ 80-84 kms~! by r~2-3 kpc and remains flat out to the last
measured point at r=8.0 kpc (= the optical edge), a pattern typical of low—mass, late—type spirals

with extended gas disks.

A localized virial window tested over r € [2,4] kpc (co-moving, p=+1) reduced the already
small residuals (RMS] from 2.75% to 1.92%), but information criteria continued to prefer the
simpler two—parameter model. Such a marginal, spatially confined correction is compatible with

mild spiral streaming or subtle disk asymmetries rather than with bar—driven dynamics—again
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TABLE XXXIV. UGC 8286: best-fit parameters (15). Inflow uses fixed H. = 2.1856 x 107185~ Masses in
Me); po in Mo kpe™3; ®, in (km/s)>.

Model Parameters

Inflow (R, M) R = 1.11740.061 kpc; M = (6.67340.046) x 108
Inflow + virial [2,4] kpe (p = +1) R =1.109+0.061 kpc; M = (6.681-0.046) x 10%; &, = 1187187
MOND (Plummer) My, = (9.25+0.11) x 108; a = 2.252+0.100 kpc

DM: ISO core re = 0.82240.052 kpc; po = (2.35+0.25) x 108

consistent with the Scd classification (no strong bar, very small bulge). Finally, the critical radius
inferred from the fit, r. = (2GM/ HZZ) 1/3~108 kpc, lies far beyond the optical disk, indicating that
within the observed 15 kpc diameter the galaxy remains in the gravitationally bound regime, as

expected for a thin, gas—rich late—type disk.

C. UGC 8286 (NGC 5023): summary of inflow, virial, MOND, and DM fits

We analyzed the v?(r) rotation-curve data of UGC 8286 (n = 17) with four models: (i)
the two—parameter inflow model (R,M) with fixed H, = 2.1856 x 10785~ (from H(z) =
67.44 kms~! Mpc ™), (ii) the same inflow model augmented by a localized virial window over 2—4
kpc with p = +1 and gauge ®,, (iii) MOND with a Plummer baryonic profile (M}, a), and (iv) a
dark—matter pseudo—isothermal (ISO) core (r., pg). The plain inflow (R, M) already provides an
excellent description and is preferred by AIC/BIC. Adding the localized virial term further reduces
the residual scatter but does not surpass the baseline in information criteria once the extra parameter
is penalized. MOND (Plummer) and the ISO core both show significantly larger residuals on this

dataset.
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TABLE XXXV. UGC 8286: model comparison on v*(r) (n = 17). AIC = y*+ 2k, BIC = x>+ klnn.
RMSrel =RMS [(Vﬁata - vrznodel)/vcziata] .

Model k x> X2 AIC BIC RMS,|
Inflow (R, M) 2 2.296 0.153 6.296 7.963 0.0275
Inflow + virial [2,4], p = +1 3 0.840 0.600 6.840 9.339 0.0192
MOND (Plummer) 2 11.458 0.764 15.458 17.124 0.1216
DM: ISO core 2 14.238 0.949 18.238 19.904 0.1551
Inflow (R,M) \
Inflow + virial [2,4] kpc I I ! ¢
7000 F — MOND (Plummer)
DM: ISO core i |
® Data
6000
N 5000
9
)]
NE 4000 |
- ?
> 3000}
2000
1000
¢
1 2 3 4 5 6 7 8

r (kpc)

FIG. 39. UGC 8286: v(r) data (points with error bars) overlaid with the best-fit curves for the inflow (R, M)
model (blue), the inflow+-virial model with a localized 2—4 kpc window and p = +1 (orange), MOND with
Plummer baryons (green), and a pseudo—isothermal (ISO) dark—matter core (purple). The two—parameter
inflow model is preferred by AIC/BIC; adding a localized virial term slightly lowers the residual scatter but is

not favored by information criteria.
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TABLE XXXVI. UGC 12632: bestfit parameters (105). Masses in M ; ®’s in (km/s)2.

Model R (kpc) M (10°M_,) Ppy D,
() (R,M) 2.1774+0.151 1.0174+0.102 — —
(i) (R,M,®py) 2.493+0.285 1.088+0.132 502+317 —

(iii) (R,M,Pgy)+virial [3,10] kpc, p=—1 2.231+£0.237 0.953+0.118 388+£340 668 +250

TABLE XXXVII. UGC 12632: fit quality. AIC = y? + 2k, BIC = 2 +klnn, n = 15. RMS,q =

2 2 2
RMS [(Vdata - Vmodel)/ Vdata] :

Model x? AIC BIC RMS,|
Q) (R,M) 3.692 7.692 9.108 0.179
(i) (R,M, Pgy) 1.638 7.638 9.763 0.0478
(iii) (R, M, ®py)+virial [3,10] kpc 0.913 8.913 11.745 0.0244

XVIL. UGC 12632: SUMMARY OF THREE INFLOW FITS ON ?(r)

We analyzed the SPARC v?(r) data of UGC 12632 with the inflow model (Egs. 1-2), fixing the
cosmological term to H(z) = 67.45 kms~!Mpc~! (H, = 2.186 x 10718 s~1). We report: (i) the
baseline two—parameter fit (R, M), (ii) the same model with a constant offset ®py added to v2, and
(iii) a localized virial window applied across most of the disk, r € [3, 10] kpc, with counter-moving

sign p = —1 and gauge P, (fitting R, M, Ppy, D).

Goodness of fit and information criteria. For n = 15 data points the results are given in
Table XXXVII, with Best—fit parameters (10) given in Table XXXVI. The ®dpgy offset yields
a dramatic reduction in relative scatter (~ 18% — 4.8%) and halves y?, with AIC essentially
unchanged relative to the two—parameter model. Extending to a wide virial window further halves
the scatter again (4.8% — 2.4%) and brings %2 below unity, but the extra parameter cost causes
AIC/BIC to prefer the simpler models on this dataset. The preferred sign p = —1 indicates a

counter—moving effective contribution across most of the disk.
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FIG. 40. UGC 12632: v*(r) data (points with errors) overlaid with the baseline inflow (R, M) (blue), the
offset model (R,M,®py) (green), and the best virial-window solution (orange) with p = —1 over [3, 10] kpc
(shaded band). The virial model achieves the smallest residuals but is not preferred by AIC/BIC due to the

extra parameter.
A. UGC 12632: inflow vs. MOND and DM (ISO core)

We compare three inflow variants with fixed H, = 2.186 x 107'8s~! to a MOND (Plummer
baryons) and a pseudo—isothermal (ISO) dark—matter halo on the vz(r) data (n = 15). The inflow
models are: (i) baseline (R, M); (i) (R,M,Pgy) with a constant gauge offset in v?; (iii) (R, M, Ppp)
plus a localized virial window over r € [3,10] kpc with p = —1 and gauge ®,. By absolute residuals
the virial window attains the smallest scatter, but after penalizing extra parameters the two—parameter
ISO core is preferred by AIC/BIC, with MOND a close second; the simple inflow+offset remains
competitive and visibly tight in overlay.

Interpretation. The wide virial window reduces the fractional scatter to 2.4% and gives the low-

est x2, indicating an excellent shape match; however, information criteria favor the two—parameter
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FIG. 41. Residuals Av? for the three fits in Fig. 40. The constant offset @y removes most of the baseline

bias, and the wide virial window further suppresses structure across the disk.

TABLE XXXVIII. UGC 12632: best-fit parameters for MOND and DM (ISO core); 16 uncertainties. Mj, in

10° M po in M kpe 3.

Model Primary mass/scale Secondary scale Core density

MOND (Plummer) M, =1.8794+0.167 a =3.954+0.337 kpc —
DM: ISO core — r. = 1.608+0.176 kpc Po = (4.94:i:0.86) x107

TABLE XXXIX. UGC 12632: model comparison on v(r) (n = 15). RMSye; = RMS (Vi — Vaodel)/ Vaata) -

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 3.692 0.284 7.692 9.108 0.179
Inflow (R, M, ®gy) 3 1.638 0.137 7.638 9.763 0.0478

Inflow + virial [3,10] kpc, p = —1 4 0.913 0.083 8.913 11.745 0.0244
MOND (Plummer) 2 1.273 0.979 5.273 6.689 0.0702
DM: ISO core 2 0.935 0.719 4.935 6.351 0.0866
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FIG. 42. UGC 12632: comparison of v?(r) models. Points with error bars are the SPARC data; curves show
the best-fit inflow (R, M) (blue), inflow with constant offset (R, M, ®py) (green), inflow + virial window over
3-10 kpc with p = —1 (orange; shaded band marks the window), MOND with Plummer baryons (purple),
and a pseudo-isothermal (ISO) DM core (red). The virial model attains the smallest scatter (RMS,.; ~2.4%,

x%>=0.913), while the two—parameter ISO core is preferred by information criteria (AIC ~ 4.94, BIC ~ 6.35).

ISO core (best AIC/BIC), with MOND very close. The three—parameter inflow-+offset strikes a good
balance (RMS 4.8%) and remains competitive once complexity is penalized. Overall, UGC 12632
is a case where a simple cored DM halo (or MOND) captures the flat outer v> with fewer parameters,
while the inflow family can match the profile progressively better as localized kinematic structure is

modeled.
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TABLE XL. F574-1: best—fit parameters only (15). Masses in 10° M.,; ®’s in (km/s)?.

Model R (kpC) M CDBH q)p

Inflow (R,M) 2.314+0.159  1.990=£0.198 — —

Inflow + ®py + virial [4, rypax] (p=—1)  2.132+£0.250 1.590+0.384 94.5+143.7 1802+790

TABLE XLI. F574-1: results only (goodness of fit). n = 14 points; dof = n—k. RMS, =

RMS [ (Vi — Varodel)/ Vaata) - RMSrer: Inflow (R, M) = 10.9%; Inflow +®gy + virial = 3.97%.

Model k x? dof AIC BIC
Inflow (R, M) 2 1.878 12 5.878 7.156
Inflow + ®py + virial [4, rmax] (p = —1) 4 0.587 10 8.587 11.143

XVII. F574-1: BASELINE INFLOW (R, M) VS. INFLOW + &gy + VIRIAL

We fit the v?(r) rotation—curve of F574—1 with (i) the two—parameter inflow model (R, M) and
(i1) an augmented model that adds a constant offset &gy and a localized virial correction acting

from r; = 4 kpc to the outermost datum (7, = rpax), with sign p = —1:
21 =v2 . (R,M) +® 1 Y(\/2GM [r — H,r)* — ®
Vo(r) = Vipgow (R, M) + P + p [r1,72] (r) 2( /r Zr) pls

keeping the cosmology fixed at H(z) = 68.20 kms~! Mpc~!.

Results. The baseline (R,M) already provides a good description ()2 ~ 1.88 for 12 dof).
Allowing a counter—-moving virial sector (p = —1) together with a constant offset further reduces
the residuals to y> ~ 0.59 and RMS; ~4%, at the expense of two extra parameters and a higher
AIC/BIC. Best-fit parameters and metrics are summarized in Table XL and Table XLI. The

corresponding fits and residuals are shown in Figs. 43—44.

Notes.  For the (R, M) fit we infer a characteristic radius r. = (2GM/HZ2)'/3 ~ 154 kpc. In the
augmented fit the offset is statistically small (consistent with zero at 10’), indicating the improvement

is primarily due to the virial term operating beyond ~4 kpc.
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F574-1: single-L inflow fit
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FIG. 43. Top: F574-1: baseline inflow (R, M) fit to v?(r) with 10 uncertainties. Bottom: F574—1: residuals

for the baseline inflow (R, M) model.
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FIG. 44. Top: F574—1: inflow + ®py + virial window (r € [4,rmax], p = —1) best fit. The shaded band

marks the virial sector Bottom: F574—1: residuals for the inflow + ®gy + virial fit.
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A. F574-1 morphology (LSB) and model preference

F574-1 is a classic low—surface-brightness (LSB) disk: diffuse stellar light, a weak or negligible
bulge, slowly rising inner rotation curve, and a nearly flat, low-amplitude outer profile (v ~
100 kms~! by ~ 10-12 kpc). Such systems are structurally simple and centrally under—concentrated;
any viable fit should therefore (i) avoid relying on a massive central component and (ii) reproduce a

gentle rise to an extended, almost constant v?(r).

Our two inflow solutions satisfy these qualitative constraints:

* Baseline inflow (R, M) yields a compact bulge scale and modest enclosed mass, R = 2.314+
0.159 kpc and M = (1.990-+0.198) x 10° M., capturing the slow inner rise and the outer
flattening with xz = 1.878 (dof = 12) and RMS,; = 10.9%; see Fig. 43. The small R and
low M are morphologically consistent with the weak central concentration typical of LSB

disks.

* Inflow + ®py + virial window (r € [4, rmax] kpc, p = —1) further suppresses residual struc-
ture in the outer disk (RMS,¢;~4.0%, x> = 0.587), with parameters R = 2.132+0.250 kpc,
M = (1.59040.384) x 10° M, Ppy = 94.5+143.7 (km/s)?, @, = 18024790 (km/s)?; see
Fig. 44. Importantly, the offset is statistically consistent with zero (Pgy within 10 of null),
preserving the LSB expectation of a negligible central pointlike contribution, while the

counter—-moving virial sector acts as a mild, extended correction across the diffuse outer disk.

Morphology—guided preference. Because LSB galaxies are best described by minimal central
structure, the baseline (R, M) solution provides a parsimonious, morphology—aligned description:
it requires no central offset and already matches the slow inner rise and flat outer envelope with
only two physically interpretable parameters. The augmented virial model offers a visibly tighter
descriptive match in the outer disk (lower residuals), but it introduces an additional field—like degree
of freedom (®,) spanning much of the radial range. Since its offset term is small and statistically
compatible with zero, the morphological message remains unchanged: F574—1’s kinematics are
consistent with a weak central mass concentration and a gently equilibrated, extended LSB disk.
On balance, we favor the baseline fit for morphology—driven inference, and the virial variant as a

high—fidelity descriptor of the subtle outer kinematics.
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TABLE XLII. F574—-1: best—fit parameters for MOND and DM (ISO core); 10 uncertainties. Mj, in 10° Mg;

Po in M kpe 3.

Model Primary mass/scale Secondary scale Core density
MOND (Plummer) My, =6.104+0.57 a=4.610+0.385 kpc —
DM: ISO core — re =2.25540.214 kpc po = (2.77+0.47) x 10’

TABLE XLIII. F574—1: goodness-of-fit metrics on v2(r) (n = 14). k is # free parameters; AIC = y2 4 2k;

BIC = X2 + klnn; RMSYCI =RMS [(vglata - v?nodel)/vfziata] .

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 1.878 0.157 5.878 7.156 0.109
Inflow +®py+ virial 4 0.587 0.0587 8.587 11.143 0.0397
MOND (Plummer) 2 1.543 0.129 5.543 6.821 0.135
DM: ISO core 2 1.220 0.102 5.220 6.498 0.0591

B. F574-1: inflow vs. MOND and DM (ISO core)

We compare the two inflow fits (baseline (R,M) and the augmented inflow + ®gy + virial
with a counter—moving sector from 4 kpc outward) against MOND (Plummer baryons) and
a pseudo—isothermal (ISO) dark-matter halo, using the same v?(r) dataset and fixed H(z) =
68.20 kms~! Mpc!.

Summary. The ISO core is preferred by information criteria among two—parameter models
(AIC/BIC lowest), while the augmented inflow achieves the tightest residuals at the cost of extra
parameters. The MOND fit is competitive but shows slightly larger residuals on this LSB profile.

Interpretation. The ISO core provides the best balance of fidelity and parsimony (lowest
AIC/BIC with k = 2), consistent with a gently rising, cored LSB mass profile. The augmented
inflow captures subtle outer-disk structure with the smallest residuals, but its extra parameters are
penalized in information criteria given the modest sample size. MOND (with a Plummer proxy for

baryons) is close, yet yields slightly larger residuals for this particular LSB curve.

105



v2 (km? s72)

— Inflow (R, M)
—— Inflow +®py + virial [4, Fmaxl, p= — 1
10000 F MOND (Plummer)
= DM: ISO core
¢ Data
8000
6000
4000
2000
oF
r (kpc)

FIG. 45. F574—1: model comparison on vz(r) (inflow, inflow+®gy+virial, MOND, ISO core).

106



TABLE XLIV. UGCA 444: best—fit parameters only (15). Masses are in M ; $py in (km/s)2.

Model R (kpc) M — —
Single (R, M) 0.75940.074  (8.0541.41)x 107 — —
Model Ry (kpc) M, R> (kpc) M,
Two-L piecewise 0.600+£0.086  (4.79+1.36)x107  1.2614+0.212  (1.9240.62) x 10®

Two-L piecewise +®py ~ 0.66040.117  (5.2841.79)x107  1.260+0.220  (1.85+0.62)x 108

Model Dpy ((km/s)?)

Two-L piecewise +Ppy 38+27

XVIII. UGCA 444 (WLM): THREE INFLOW-BASED FITS WITH FIXED Hy =70

We model the squared orbital velocity profile vz(r) of UGCA 444 using the inflow framework
with the cosmological term fixed at H(z) = Hy=70 kms~!Mpc~!. We present three variants,
increasing in flexibility: (i) a single bulge—disk component (R, M); (ii) a two—Lagrangian, piecewise
model in which the inner region (r < Ry) is fit by (R, M;) and the outer region (r > R;) by (Ry,M5);

and (iii) the same two—region model augmented by a small global offset ®gy.!

* A single bulge—disk component (R,M): Results are the baseline fit with two parameters

already captures the gradual rise to ~35 kpc? s~2 with modest residual structure. See Fig.(46).

» Two-Lagrangian, piecewise (R, M)) and (R, M,): Here the inner inflow operates for r <R,
and the model resets at r =R, after which the outer inflow governs for » > R,. This reduces

structured residuals relative to the single-component case. See Fig.(47).

* Two-Lagrangian, piecewise + ®py: Finally we allow a small global offset &gy added to
v2(r). A positive value at the ~1.40 level is preferred and further reduces the residual scatter.

See Fig.(48).

Assessment. The two—Lagrangian piecewise model substantially improves the description of
the curve compared to the single component, reducing y? by a factor ~3 and the RMS,; from

~22% to ~17% with only two extra parameters. Adding a small global offset ®py (consistent

I All uncertainties are 10.

107



UGCA 444 (WLM): Inflow (R,M) fit
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FIG. 46. UGCA 444: single-component inflow (R, M) fit to v*(r). Points show data with 16 errors. Residuals

AV =V3, — Viode Tor the single (R, M) fit.
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FIG. 47. UGCA 444: two—Lagrangian piecewise fit. Solid lines show the inner (left of the dashed boundary)

and outer (right) inflow segments. Residuals for the two—Lagrangian piecewise fit (vertical line marks the

region boundary R;).

109



TABLE XLV. UGCA 444: metrics only. n = 36 points; dof = n— k; RMSye; = RMS[(vi,, — Varodel )/ Vaata) -

Model k x° dof AIC BIC RMS;.;
Single (R, M) 2 8.95 34 12.95 16.12 0.223
Two-L piecewise 4 2974 32 10.974 17.308 0.170
Two-L piecewise +Ppy 5 0.947 31 10.947 18.865 0.063

with zero at ~1.40) further tightens the residuals to ~6%, driving x> below unity for 31 dof. As
expected for a dwarf/LLSB system, the preferred solution features a compact, low-mass inner region
and a broader, more massive outer component. From an information-criteria standpoint, AIC is
essentially flat between the two piecewise variants, while BIC mildly penalizes the offset because
of the additional parameter. For morphology-driven inference and parsimony we prefer the two—L
piecewise model; for the highest-fidelity, shape-matching description, the two—L piecewise+Ppy

variant provides the smallest residuals.

A. UGCA 444 (WLM): morphology and its connection to the inflow fits

UGCA 444—the Wolf—Lundmark—Melotte (WLM) galaxy—is a nearby, isolated dwarf irregular
(dIrr) system in the Local Group, commonly typed IB(s)m (Magellanic barred irregular).” Its
distance is ~ 0.93-0.98 Mpc and the optical extent is highly elongated (~ 11.5" x 4.2), with very
low surface brightness and no classical bulge. Neutral gas dominates the baryonic content and shows
a smoothed but double-peaked central HT core; kinematically, WLM is a rotating, near—edge-on
disk with measurable lopsided / asymmetric rotation, yet it is extremely isolated with no clear tidal
signatures. These properties are well established in the literature and Local Group surveys.[5; 6; 7;
8; 9]

Morphological priors. A dIrr/IB(s)m galaxy is expected to have: (i) a weak or absent central
bulge, (ii) a gradually rising inner rotation curve set largely by gas+stellar disk, (iii) an extended,
low-surface-brightness outer disk with modest shear, and (iv) possible non-axisymmetric features
(bar-like distortions, lopsidedness) that can imprint mild radial transitions or asymmetries in the

kinematics. WLM, specifically, exhibits a bar-like/elongated stellar structure and an H 1 central

2 Other identifiers: DDO 221, PGC 143.
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structure that is not pointlike (double-peaked), arguing against a strong compact bulge or massive
central object.[5; 6; 7]

Consistency with our three inflow fits.  Our baseline single-component inflow (R, M) fit (Fig. 46)
already reproduces the slow inner rise to a low-amplitude, nearly flat v?(r), in line with a diffuse,
bulgeless LSB/dIrr disk. However, the residuals retain low-level structure (RMS;e;~22%). Allowing
a piecewise two—Lagrangian description (Fig. 47) with an inner (R;,M;) up to a data-driven
boundary R, and an outer (R,,M,) beyond that boundary yields a clear improvement (RMS| ~
17%), while remaining morphologically natural for dlrr disks in which the gas-rich outer disk
decouples kinematically from the inner bar/oval. The fitted values for WLM, R; ~ 0.60 kpc,
M ~5x 10" M, and R ~1.26 kpc, M> ~2 x 108 M, map neatly onto a compact, low-mass inner
region plus a more extended, higher-mass outer disk—a decomposition consistent with a Magellanic
irregular morphology and its gas-dominated outskirts. Finally, adding a small global offset gy
(Fig. 48) further tightens the residuals to ~ 6%, yet ®gy = 38 +27 (km/s)? remains statistically
consistent with zero, aligning with the absence of a classical, compact bulge or a dynamically
dominant nuclear point mass in WLM. Thus, the two—region structure appears physically motivated
by WLM'’s bar-like inner morphology and asymmetric H I core, while the negligible offset reinforces
the bulgeless, diffuse nature expected for a dIrr galaxy.

Interpretive note. 'The modest, data-driven boundary at R ~ 1.3 kpc can be interpreted as a
kinematic transition scale where the inner bar/oval and the outer gas-rich disk operate with distinct
inflow equilibria. Such a transition is compatible with the observed lopsidedness and with the
general expectation that dIrr systems are not perfectly axisymmetric. Importantly, our preferred
morphology—aligned model remains low-parameter (four parameters for the two—L reset) and does
not require a large central offset, preserving the dlrr picture of WLM as a bulgeless, gas-dominated,

slowly rising, isolated disk.

B. UGCA 444 (WLM): comparison of inflow, MOND, and DM halo fits

We fit the vz(r) rotation-curve of the Local Group dwarf irregular UGCA 444 (WLM) with (i) a
single inflow component (R, M), (ii) a two—Lagrangian piecewise inflow with an inner (R;, M) for
r < R; and an outer (R, M,) for r > R, and (iii) the same two-region model augmented by a small

global offset ®gy. For context we also fit (iv) a MOND model with Plummer baryons, and (v) a
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TABLE XLVI. UGC 8286: Best-fit MOND and Dark Matter (DM) model parameters (10 uncertainties).

Masses are in M..,; ISO pg in M kpc™3.

Model Parameter Best-fit value
MOND (Plummer) M, (2.5640.28) x 108 M,
a 0.874 +0.089 kpc
DM (ISO halo) e 0.735+£0.115 kpc
Po (6.77+£1.25) x 10" M, kpc 3

TABLE XLVIL. UGCA 444: metrics (n = 36). RMSrel = RMS[ (Vi — Viiode!)/ Vaata) -

Model k x? X3 AIC BIC RMS,
Inflow (R, M) 2 8.95 0.263 12.95 16.12 0.223
Two-L piecewise 4 297 0.0928 10.97 17.31 0.170
Two-L piecewise +Ppy 5 0.95 0.0306 10.95 18.87 0.062
MOND (Plummer) 2 2.32 0.0682 6.32 9.48 0.096
DM: ISO core 2 3.32 0.0976 7.32 10.49 0.148

pseudo—isothermal (ISO) dark—matter halo. The Hubble factor is fixed to Hy = 70 km g1 Mpc™ L

Best-fit parameters (10).

Assessment. Among two-parameter models, MOND (Plummer baryons) gives the lowest
AIC/BIC and RMS,, slightly outperforming the single inflow (R,M) and the ISO core halo.
Allowing a morphology-motivated, two—region inflow markedly reduces the residuals, and adding a
small offset @y (consistent with zero at ~1.40) yields the tightest fit (RMS,e; ~6%) at the cost
of additional parameters and thus a higher BIC penalty. Overall, the two—L piecewise family best
matches the detailed shape, while the MOND and ISO fits remain competitive when strict parameter

parsimony is enforced.
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FIG. 48. UGCA 444: two-Lagrangian piecewise fit including a global offset ®py added to both regions.
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TABLE XLVIIL. NGC 55: best—fit parameters (10). Masses in M ; ®’s in (km/s)2.

Model R (kpc) M Dy P,

Inflow (R, M) 3.138+£0.100 (2.12+0.12) x 10° — —

Inflow + ®py+virial (r, =7 kpe, p=+1) 3.724+0.35 (2.424+0.35) x 10° 631+175 6504476

TABLE XLIX. NGC 55: metrics. n = 21 points; dof = n— k. RMSe; = RMS[ (v, = Vioder)/ Vaata) -

Model k x? dof AIC BIC
Inflow (R, M) 2 19.77 19 23.77 25.86
Inflow + $gy+virial (r, =7 kpc, p = +1) 52 1.67 16 11.67 16.89

RMS,¢i: Inflow (R, M) = 0.135; Inflow+Pgy+virial = 0.0375.

2 Four fitted parameters plus one discrete choice for r,.

XIX. NGCS5S: SINGLE VS. INFLOW+®ph+VIRIAL FITS

We model the v?(r) curve of NGC 55 with (i) a single inflow profile parameterized by the bulge
scale R and enclosed mass M, and (ii) an augmented model that adds a small constant offset gy

and a virial correction applied only beyond a fixed transition radius r, = 7.0 kpc with sign p = +1:

)

2
v2(r> - viznﬂow(RvM) +q)BH+1i’erp [%(\/ ZGrM _Hzr) _Cpp

where H, ~ Hy =70 kms~! Mpc~! for this very low redshift. Fits use the reported v> uncertainties

as weights and return 1o errors from the covariance.

Discussion. The single (R, M) inflow captures the global rise and approximate asymptote, but
leaves systematic residuals in the outer disk. Introducing a small, positive gy and a localized virial
correction beyond r, = 7 kpc substantially reduces both the scatter and the structure in the residuals
(RMS,] improves from ~13.5% to ~3.8% and xz drops by more than an order of magnitude). The
preferred virial sign is p = +1, indicating a co-moving effective contribution in the tail; the offset

®py is detected at ~ 3.60 and may phenomenologically represent a compact central component.
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A. NGC 55 morphology and fit interpretation

NGCS55 is classified SB(s)m, i.e., a Magellanic, weakly barred spiral with loosely wound
structure and pronounced asymmetry. Such systems typically lack a large classical bulge, show
non—axisymmetric streaming motions from a modest bar, and exhibit clumpy, lopsided outer disks.
These traits translate into rotation curves that rise approximately solid—body in the inner few
kiloparsecs and approach a shallow plateau, often with small but coherent outer—disk deviations

from strict axisymmetry.

Our single—component inflow fit (R, M) (§XIX) already captures the global shape: a smooth rise
toward an ~constant v at large radii, consistent with a low—bulge, late—type disk. The inferred scale
R ~ 3.14 kpc and mass M ~ 2.1 x 10° M., are morphologically plausible for an SB(s)m system
with a weak central concentration: R is large enough to reflect bar+inner—disk support, while the

total mass within the modeled region remains modest, as expected for a Magellanic spiral.

The augmented model (inflow+®py+virial; fixed r, = 7 kpc) aligns even more closely with
the SB(s)m picture. First, the small positive offset ®py~ 6.3 x 10% (km/s)? acts as a compact
central contribution without invoking a massive classical bulge, a reasonable proxy for a weak bar
or nuclear concentration embedded in a late—type disk. Second, the localized virial correction that
switches on beyond r, =7 kpc mirrors the expectation that outer Magellanic disks are kinematically
messier—mild warps, lopsidedness (m = 1), and bar—driven noncircular flows can all imprint a
coherent, radius—limited departure from a purely axisymmetric inflow profile. In our data, that
correction reduces both the amplitude and structure of the residuals in the outer tail (RMS,
improves from ~13.5% to ~3.8%), while keeping inner radii—where bar streaming is strongest

and the model’s quadratic rise is most appropriate—essentially unchanged.

In short, the single (R, M) fit is morphologically consistent with an SB(s)m galaxy lacking a
large bulge, and the ®py+virial refinement provides a physically motivated way to accommodate
the modest central concentration and the localized outer—disk irregularities that are characteristic
of Magellanic barred spirals. A natural follow—up is to compare the adopted r,, with the onset of
any H I warp or photometric asymmetry, and to contrast approaching versus receding sides; either

correlation would further support the morphology—kinematics link implied by the improved fit.
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TABLE L. NGC 55: MOND and DM (ISO core) best—fit parameters. Masses in M ; ISO py in M kpc—3.

Model Main scale(s) Mass parameter(s)
MOND (Plummer) a=1.53£+0.12 kpc M, = (5.00£0.42) x 10°
DM: ISO core re =3.16+0.31 kpc Po = (8.12+1.45) x 107

TABLE LI. NGC 55: metrics (n = 21). RMS;e; = RMS[(v3,, — V2 qe1)/Viata)-

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 19.77 1.04 23.77 25.86 0.135
Inflow +®py+-virial (r, = 7 kpc) 4 1.67 0.0982 9.67 13.85 0.0375
MOND (Plummer) 2 9.22 0.485 13.22 15.31 0.0560
DM: ISO core 2 13.20 0.695 17.20 19.29 0.0803

B. NGCSS: comparison with MOND and DM (ISO core)

We fit the v?(r) curve of NGC 55 with (i) the baseline inflow (R, M) model and (ii) the refined
inflow+4®py+virial model (fixed tail onset r, = 7 kpc, p = +1), and compare with (iii) a MOND
fit (Plummer baryons) and (iv) a DM pseudo—isothermal (ISO—core) halo. All models are fit directly
to v2 with reported uncertainties; H, ~ Hy = 70kms~! Mpc~—!.

Discussion. MOND (two parameters) fits the shape of the outer plateau better than the single
(R,M) inflow (lower 2, AIC/BIC, and RMS,|), while the ISO core is intermediate. However,
the morphology—motivated refinement—inflow with a small &gy offset and a localized virial tail
beyond 7 kpc—achieves the best overall likelihood by a wide margin, with RMS,; ~3.8% and
x*>~1.7. Thus, once modest central concentration and a tail correction (consistent with Magellanic

SB(s)m outer—disk kinematic irregularities) are included, the inflow framework outperforms both

MOND and the ISO core, even after penalizing its extra degrees of freedom via AIC/BIC.
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FIG. 49. NGC 55: single-component inflow (R, M) fit (top) and residuals (bottom).
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FIG. 50. NGC55: inflow+®gy+virial fit with fixed r, =7 kpc and p = 41 (top) and residuals (bottom).
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FIG. 51. NGC 55: model overlay for the inflow (R, M), inflow+®pgy+virial (r,=7 kpc, p = +1), MOND

(Plummer), and DM (ISO core).
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TABLE LII. Best-fit parameters for NGC 0055 surface brightness profile. Each row lists the slope (magkpc™!),

intercept Ly (mag arcsec™2), and derived exponential scale length / (kpc) for each segment.

Model Segment Rj,—Ry; (kpc) Slope (mag/kpc) i (kpc)

2-seg 1 0-3.4 0.584 1.86
2 3.4-max 0.199 5.44
3-seg 1 0-0.8 0.322 3.37
2 0.84.1 0.559 1.94
3 4.1-max 0.174 6.23
4-seg 1 0-0.6 0.215 5.05
2 0.6-1.4 0.842 1.29
3 1.44.1 0.498 2.18
4 4.1-max 0.174 6.23

TABLE LIII. Fit quality metrics for 2-, 3-, and 4-segment fits to NGC 0055. N is the number of points, k
the number of model parameters, x> the minimized value, and AIC/BIC are model-selection criteria. Lower

AIC/BIC indicate statistically preferred models.

Model N DoF x> x2 AIC BIC

2-seg 28 23 5.32 0.23 15.3 22.0
3-seg 28 20 2.06 0.10 18.1 28.7
4-seg 28 17 0.78 0.05 22.8 37.4

C. Surface Brightness Profile of NGC 0055

We analyzed the radial surface brightness (SFB) profile of NGC 0055 using SPARC photometry
at D =2.11%0.11 Mpc. The data were fitted with broken exponential profiles corresponding to
two, three, and four linear segments in y—R space. Break radii were varied within reasonable ranges
and optimized via > minimization. Each segment corresponds to a distinct structural region of the
galaxy, and exponential scale lengths & were derived from the fitted slopes.

Assessment. From a purely statistical model-selection standpoint, the two-segment fit is

preferred. It achieves the lowest AIC and BIC despite a slightly higher 2, as additional breakpoints
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FIG. 52. Observed SFB profile of NGC 0055 with data points only (no fit).

NGCO0055 Surface Brightness — 2-Segment y?-optimized fit
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FIG. 53. Two-segment x2-optimized fit to the SFB profile of NGC 0055. A single break at R ~ 3.4 kpc

separates an inner and an outer exponential component.
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NGCO0055 Surface Brightness — 3-segment x?-optimized fit
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FIG. 54. Three-segment x2-optimized fit with breaks near 0.8 and 4.1 kpc, consistent with a bulge—bar—disk

decomposition.
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FIG. 55. Four-segment j2-optimized fit with breaks near 0.6, 1.4, and 4.1 kpc, providing the lowest raw x>

but with higher model complexity.
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in the three- and four-segment fits do not improve the model sufficiently to justify their complexity.
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TABLE LIV. NGC 247: bestfit parameters. Radii in kpc; masses in 10°M.; ® in (km/s)>.

Model Ror (Ry,Ry) [kpc] M or (My,M>) [10°M:]  ®py [(km/s)?]

(1) Inflow (R,M) 1.758+0.034 1.054+0.035 —
(2) Two-L (full first) + $py (1.74440.077, 5.934+0.64) (0.88540.045, 7.144+1.40)  362+126

(3) Two-L (full first), no offset (1.588+0.032, 5.423+0.469) (0.835+0.031, 6.37+0.96) —

TABLE LV. NGC 247: fit metrics (n = 26 points; dof=n— k). RMSe; = RMS[(v3,, — V2 0qe1)/Vaatal-

Model k x? dof AIC BIC RMS,.|
(1) Inflow (R, M) 2 205.71 24 209.71 212.22 0.243
(2) Two—L (full first) + ®py 5 1.77 21 11.77 18.06 0.0264
(3) Two—L (full first), no offset 4 9.56 22 17.56 22.59 0.0381

XX. NGC247: SINGLE INFLOW VS. TWO-LAGRANGIAN FITS

We fit the v?(r) curve of NGC 247 under three increasingly flexible inflow-based models.
Model (1) is a single inflow component parameterized by the bulge radius R and enclosed mass
M. Model (2) is a two—Lagrangian piecewise model with a full bulge+disk first component: for
r < Rj it uses the inside/outside forms of (R;, M), while for r > R; it uses the outside form of
(R2,M;); a small constant offset ®py is added globally. Model (3) is identical to (2) but with
®gy =0. Throughout we adopt H, ~ Hy = 70 kms ™' Mpc~! and fit directly to v? with the reported
uncertainties.

Assessment. Model (1) captures the inner rise but leaves large, structured residuals through
the mid/outer disk, hence the high x> and RMS,.;. Moving to the two—Lagrangian framework,
Model (3) (no offset) already compresses the scatter by a factor ~6 (RMS,¢; 0.243 —0.038) and
cuts 2 by more than an order of magnitude, indicating that a full bulge+disk transition within
the inner region and a distinct outer scale are required by the data. Model (2) then adds a small
global offset, gy ~ (3.641.3) x 10? (km/s)? (equivalent to a ~ 19 kms~! velocity scale), which
removes a subtle vertical bias and further flattens the residuals. The improvement from (3) to (2) is
substantial in all penalized criteria (AIC 17.6 —11.8, BIC 22.6 — 18.1) despite the extra parameter,

and RMS,; drops from 3.8% to 2.6%. By conventional thresholds, this is strong evidence in favor
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of Model (2). Physically, gy plausibly encodes a compact central baryonic component (e.g.,
nuclear concentration/bar cusp), consistent with the small magnitude of the offset and with the

minimal changes in (R;,R;) between Models (2) and (3).

A. Morphology assessment for NGC 247 (SAB(s)d)

NGC 247 is classified SAB(s)d: a late-type spiral with a weak bar (SAB), loosely wound arms
“(s)”, and a small central concentration typical of type d. Such systems generally exhibit (1) a modest
inner mass assembly (nuclear star cluster / weak pseudobulge plus bar), (ii) non-axisymmetric
streaming near the bar end, and (iii) an extended, gas-rich outer disk that reaches a broad velocity
plateau.

The rotation-curve fits are consistent with this picture:

* Single inflow (R, M) (Model 1) captures the global rise but leaves large, structured residuals
through the mid/outer disk. For a weakly barred late-type, a single dynamical scale is
too restrictive: the bar+inner disk and the extended outer disk commonly require distinct

characteristic scales.

* Two-Lagrangian, full first bulge+disk (Model 3, no offset) introduces a physical break
at Ry ~ 5.4 kpc and a complete bulge+disk treatment for the inner component with Ry ~
1.6 kpc and a modest inner mass. This matches the SAB(s)d expectation of a weak central
concentration plus an outer, more extended disk. The sharp improvement in > and RMS,¢;
reflects how a bar/inner-disk zone transitioning to an extended disk is favored kinematically

for late types.

* Two-Lagrangian + ®gy (Model 2, preferred) adds a small, global offset gy~ 3.6 x
102 (km/s)? (equivalent to a ~19 kms~! scale). This is morphologically plausible for
SAB(s)d: it phenomenologically accounts for a compact nuclear component/bar cusp without
invoking a large classical bulge. The offset reduces a residual vertical bias while leaving
(R1,R;) essentially unchanged, consistent with the idea that the bar/nuclear zone perturbs the
inner potential slightly but the rotation-curve shape is governed by the two characteristic disk

scales.
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TABLE LVI. NGC 247: goodness-of-fit metrics (n = 26). RMS;e; = RMS[(vZ,.. — V2 ge1)/Viata)-

Model k x? X2 AIC BIC RMS,
Inflow (single) (R, M) 2 205.71 8.57 209.71 212.22 0.243sd
Two-L, full first + ®py 5 1.77 0.0843 11.77 18.06 0.0264
Two-L, full first (no ®py) 4 9.56 0.435 17.56 22.59 0.0381
MOND (Plummer) 2 106.95 4.46 110.95 113.47 0.1671
DM: ISO core 2 77.04 3.21 81.04 83.56 0.1478

TABLE LVII. MOND and ISO-core best-fit parameters. M;, in M, a and r.. in kpc, py in M kpc 3.

Model Main scale(s) Mass parameter(s)
MOND (Plummer) a=2.03+£0.15 M, = (5.21£0.42) x 10°
DM: ISO core re =3.05+£0.21 po = (7.83£1.02) x 10’

Quantitatively, Model 2 yields the lowest AIC/BIC and the smallest residual scatter (RMS;¢| ~
2.6%), indicating that a weak central concentration plus a two-scale disk best describes an SAB(s)d
system like NGC 247. A natural cross-check is to compare the fitted break radius R, to photo-
metric bar length or the onset of an H1 warp; either correspondence would further cement the

morphology—kinematics link.

B. NGC247: comparison with MOND and DM

We compare three inflow fits with a MOND Plummer mass model and a dark-matter isother-
mal (ISO) core halo. All models are fit to v>(r) with the reported uncertainties; H, = Hy =
70 kms~—! Mpc—!.

Interpretation. The two—Lagrangian inflow framework with a full inner bulge+disk and a
distinct outer scale provides the best description of NGC 247. Adding a small global offset
dpy ~ 3.62 x 10% (km/s)? further removes a low-level vertical bias, improving AIC from 17.6 to
11.8 and BIC from 22.6 to 18.1 despite the extra parameter—a strong preference under standard
criteria. MOND (Plummer) and the ISO core halo both underfit the mid/outer disk, leaving xz
values = 77 and RMS,,; 2 0.15. The inflow model’s two physical scales (Ry ~ 1.7 kpc, Ry ~5.9
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FIG. 56. NGC 247: Model (1) single inflow (R, M) fit and residuals.
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FIG. 57. NGC 247: Model (2) two—Lagrangian (full first) with global ®py; fit and residuals.
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FIG. 58. NGC 247: Model (3) two—Lagrangian (full first) without ®pyy; fit and residuals.
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TABLE LVIIL NGC 247: fit metrics (n=26). RMSe; = RMS[(v}, ., = V20de1)/Viata)-

Model k x? AIC BIC RMS,|
Inflow two-L + ®py 5 1.77 11.77 18.06 0.0264
MOND (2xPlummer + EFE) 5 18.40 28.40 34.69 0.0600
DM: gNFW + 2 baryon masses 5 30.03 40.03 46.32 0.0744

TABLE LIX. NGC 247 — MOND (two Plummers + EFE), k=5: best—fit parameters. Units: lengths in kpc;

masses in My} gext IN (km/s)? kpc_l.

Parameter Value

aq 18.26 +7.34

ap 2.864+0.304

M, (2.7443.28) x 10'°
M, (1.7040.45) x 10°
8ext (7.2 x107") £ 1.5 % 10?

kpc) align with the SAB(s)d morphology: a weak central concentration (bar/nuclear cluster) and an
extended, gas-rich disk. The small &gy (velocity scale ~ 19 km s~ 1) is consistent with a compact

nuclear component rather than a large classical bulge.

C. NGC247: like-for-like (k=5) comparison with MOND and DM

To assess fairness against models with comparable flexibility, we fit two k=5 baselines to the
same v?(r) data: (i) MOND with two Plummer baryonic components and an external—field parameter
My,a4,Mp,ap, gext); (i1) DM with a gNFW halo plus two baryonic masses, fixing the Plummer
scale lengths to the inflow—motivated radii (a,=1.74 kpc, a;=5.93 kpc), i.e. (o, rs, ps, My, Mp). We
compare these to the inflow two-L +®py model (also k=5).

Assessment. Even at equal parameter count, the inflow two—L +®gy model decisively outper-
forms the enhanced baselines: AAIC ~ 16-28 and ABIC ~ 16-28 in its favor, and a factor ~2-3
lower residual RMS. The MOND fit drives the disk scale to ~ 18 kpc and the external field to

~ (0, yet still leaves coherent outer residuals. The DM/gNFW solution pushes toward a cored-like
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TABLE LX. NGC 247 — DM (gNFW halo + two baryon masses), k=5: best—fit parameters. Units: lengths

in kpc; masses in M.,; p; in Mo kpe . Fixed: a5 = 1.74 kpc, ag = 5.93 kpc.

Parameter Value

a 0.20 (pegged)

Fs 13.74+15.5

Ps (2.65+10.93) x 107
My ~ 10° (pegged low)
M, (1.1142.56) x 10°

inner slope (o — 0.2, pegged) while minimizing the disk mass, but does not recover the observed
plateau as cleanly. By contrast, the inflow model’s two dynamical scales (inner bulge+disk; outer
disk boundary) plus a small global offset naturally capture the SAB(s)d structure of NGC 247 with

minimal residuals.
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TABLE LXI. NGC 3877 inflow (R, M) fit. Radius in kpc; mass in 10°M_,.

Parameter Value Uncertainty
R (kpc) 2.268 +0.166
M (10°M.,) 6.15 +0.61

TABLE LXII. Goodness—of-fit metrics for the (R,M) model (n = 13 points; k = 2). RMS, =

RMS [(vleata - vrznodel)/ v?lata] :

xz AIC BIC RMSrel

1.60 5.60 6.73 0.062

XXI. NGC3877: SINGLE-SCALE INFLOW FIT

We fit the rotation—curve—squared data of NGC 3877 with the two—parameter inflow model,
using a bulge—disk transition at radius R and total enclosed mass M. The model (with fixed H;)

reads

V2 (r) = (31)

with G in kpc (kms~1)? MCB]- We fix Hy=70 kms~! Mpc~!, Q,=0.3, Q,=0.7, and the galaxy
redshift z=0.002987, giving

H(z) = Hoy/Qu(142) + Qx = 70.09 kms ™' Mpe ! =2.272x 10718 5.

Parameters are inferred by weighted least squares on v with the provided v? uncertainties.

The single—scale inflow model provides an excellent description of the data with 2 ~ 1.6 and a
small residual scatter (RMS,e] ~6.2%), capturing the steady rise to the high-radius plateau with

only two physically interpretable parameters.
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FIG. 60. NGC 3877 inflow (R, M) fit on v?(r). Top: data with 16 v* errors and bestfit model (Eq. 31).

. . 27 2 2 . . .
Bottom: residuals Av-=vg, . —vi 4 With the same uncertainties.
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A. Morphology assessment for NGC 3877 (Sc)

NGC 3877 is classified Sc, i.e. a late—type spiral with a small central concentration and open,
gas-rich spiral structure. Such systems typically show (1) a modest inner rise in the rotation curve
set by a light bulge and inner disk, and (ii) a broad, nearly flat outer plateau dominated by the
extended stellar H I disk.

Our two—parameter inflow fit (Sec. XXI) returns R = 2.27 £0.17 kpc and M = (6.154+0.61) x

10° M, with small residuals (RMS;¢ =~ 6.2%). This is morphologically consistent with Sc expecta-

tions:

* Small inner scale. The fitted R ~ 2.3 kpc—our bulge/inner—disk transition scale in the
model—is modest, as expected for an Sc galaxy with only a light central component and no

large classical bulge.

« Extended disk plateau. The data reach a nearly constant speed V ~ 170 kms~! beyond
~6-7 kpc (i.e. V2 ~2.9 x 10* km? s72), and the single—scale inflow solution reproduces this
outer behavior without additional components. That matches the canonical “flat tail” seen in

late—type spirals.

* No strong inner cusp required. The absence of systematic inner residuals argues against
the need for a separate compact offset term (e.g. a large nuclear cusp) or a second dynamical

scale, again in line with the low—bulge Sc morphology.

* Photometric cross—checks. A useful validation is to compare R to a photometric exponential
scale length hg (after deprojection). For Sc disks, hg ~1.5—4 kpc is common; our R falls natu-
rally in that range, supporting the interpretation of R as the inner mass—concentration/transition

scale rather than as a massive bulge radius.

In summary, the single (R, M) inflow fit already aligns well with the Sc morphology of NGC 3877:
a light central concentration and a dominant extended disk that produces a clean, flat outer rotation

curve. No extra virial sector or offset is indicated by the present residuals.
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TABLE LXIII. NGC 3877: fit metrics (n=13). RMS;e; = RMS[(v,, — V2 0qe1)/Vaata-

Model k x° X2 AIC BIC RMS,
Inflow (R, M) 2 1.60 0.145 5.60 6.73 0.062
MOND (Plummer) 2 6.57 0.597 10.57 11.70 0.263
DM: ISO core 2 14.60 1.33 18.60 19.73 0.288

TABLE LXIV. NGC 3877:

parameter estimates for the k=2 baselines. Radii in kpc; masses in Mq; pg in

M kpc_3.
Model Scale(s) Mass parameter(s)
MOND (Plummer) a=4.649+0.292 M, = (4.07£0.28) x 10'°
DM: ISO core re =1.79940.167 po = (2.3440.34) x 108

B. NGC3877: like—for-like comparison with MOND and DM (k=2)

We compare the two—parameter inflow fit (R, M) to two standard k=2 baselines on the same v?(r)

data: (i) MOND with a single Plummer mass model (M}, a), and (ii) a dark—matter isothermal (ISO)
core halo (., pg). Hubble expansion is fixed at H(z) = 70.09 kms~! Mpc~! for z = 0.002987.

Discussion.  With equal parameter count, the inflow (R, M) fit is decisively preferred: AAIC ~ 5-13
and ABIC ~ 5-13 versus MOND/ISO, and a factor ~4—5 smaller residual RMS. MOND’s sin-

gle—scale Plummer cannot simultaneously capture the inner rise and the high, extended plateau;

the ISO core underpredicts the outer level unless it steepens the inner profile, which then worsens

the central fit. The two physical scales in the inflow solution (bulge/inner—disk transition at R and

the effective outer disk behavior) reproduce the Sc—type morphology of NGC 3877 with minimal

tuning.
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FIG. 61. NGC 3877: k=2 comparison among inflow (R, M), MOND (Plummer), and DM (ISO core). Top:

v2(r) fits; bottom: residuals Av?.
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TABLE LXV. UGC 5005 — single inflow (R, M): best—fit parameters (15). Radii in kpc; masses in 10°M,.

Parameter Value
R 5.97+0.72
M 5.36+1.19

TABLE LXVI. UGC 5005—two-Lagrangian parameter summary. Radii in kpc; masses in 10°M; ® in

(km/s)?.
Parameter Two-L (no offset) Two-L + $py
Ry 3.54+1.68 3.85+1.65
Ry 7.36£3.30 7.44+£3.26
M, 1.69+£1.46 1.90£1.55
M, 7.14+£3.16 7.14+3.16
dpy — 126 £249

XXII. UGC 5005: SINGLE- VS TWO-LAGRANGIAN INFLOW FITS ON v?(r)
We model the SPARC v?(r) data of UGC 5005 with the inflow prescription using a fixed H(z)

from ACDM (Hy=70 kms~ ! Mpc~!, z=0.003156). For a single dynamical scale (R, M) the model

is

(32)

while the two—Lagrangian variant introduces an outer-disk boundary R, > Ry: for r < R, we use

Eq. (32) with (Ry,M,), and for r > R, we use the outer—disk branch with (Ry,M;). All fits are

2

performed by weighted least squares on v? using the provided v? uncertainties.
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TABLE LXVIL. UGC 5005—goodness—of—fit metrics on Vv*(r) (n=11). RMS, =

RMS [(vcziata - Vrznodel)/ v?jata] :

Model k x° X2 AIC BIC RMS,
Inflow (R, M) 2 1.741 0.193 5.741 6.536 0.278
Two-L (no offset) 4 0.458 0.0654 8.460 10.05 0.170
Two-L + Ppy 5 0.210 0.0350 10.210 12.20 0.0565
MOND (Plummer) 2 0.207 0.0230 4.207 5.003 0.0435
DM: ISO core 2 0.509 0.0566 4.509 5.305 0.149

A. Assessment

The single—scale inflow fit achieves an excellent description of the global rise and the ~
100 kms~! outer plateau with only two physically transparent parameters (x> = 1.74; AIC/BIC
lowest). The two—Lagrangian model, in which an inner bulge—disk component governs the flow
up to a fitted boundary R, and a separate outer disk operates beyond, reduces the residual scatter
by ~ 40% (RMS,¢| from 0.278 to 0.170) and drives xz down to 0.458. However, with two ad-
ditional parameters (k=4) its AIC/BIC are higher, so by standard information criteria the single
fit is preferred for parsimony. In practice, the two—L solution may be favored if independent
morphology/photometry indicates a genuine disk break or outer structural component near R, ~7.4

kpc.

B. Morphology assessment for UGC 5005

UGC 5005 is a dwarf galaxy listed in the Uppsala General Catalogue (UGC). Its kinematic and
structural appearance is characteristic of a late—type, gas—rich, low—surface—brightness (LSB) disk:
a weak central concentration, a gradually rising rotation curve, and an extended outer disk where
the neutral-gas mass (H ) can be dynamically important. Our two inflow fits align well with this
picture.

Single—scale fit (R,M). The single—scale solution with R ~ 6 kpc and M ~ 5.4 x 10° M,

captures the global rise and the nearly flat outer tail (V ~ 100 kms~') using only two physical
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parameters. This is consistent with an LSB/dwarf disk lacking a prominent classical bulge: the

inner rise is modest and no strong central cusp is required by the data.

Two—Lagrangian fit (Ry,My;R,,M>). The two—scale fit finds a small, relatively light inner
component (R ~ 3.5 kpc, M; ~ 1.7 x 10° M) and a well-defined outer—disk boundary (R, ~ 7.4
kpc) with a larger effective mass (M ~ 7.1 x 10° M,). This is consistent with a morphology in which
(1) the central region is set by a light, star—dominated component, while (i1) the intermediate/outer
radii are governed by an extended, gas—rich disk. The pronounced R, can be interpreted as a break
radius or a transition to a low—surface—brightness outer disk, commonly seen in LSB and dwarf

spirals.

Summary. Taken together, the low inner mass (M), modest inner scale (R;), and larger, more
extended outer mass (M;) are consistent with an LSB/dwarf disk hosting a weak bulge and a
dominant outer disk. The two—Lagrangian fit reduces residuals relative to the single—scale fit and
provides morphological refinement (explicit inner vs. outer disk), while the single—scale fit already
reproduces the global shape with minimal complexity. Photometric decomposition (exponential disk
scale lengths) and H 1 mapping would be natural follow—ups to tie R and R, directly to structural

breaks and gas distribution.

C. UGCS5005: like—for-like (k=2) comparison with MOND and DM, with two-L inflow for

context

We compare the two—parameter baselines on v?(r): MOND (single Plummer: M;,a) and DM
(ISO core: r¢, po), against the single—scale inflow (R, M). Following your request, the parameter
table lists only MOND and DM; a second table reports the fit metrics for all models, including the
two—Lagrangian inflow (shown for context at k=4). All fits use the same H(z) (from ACDM with
Hy =70) and the provided V2 errors.

Assessment.  On a strict k=2 footing, the MOND Plummer fit is favored: it attains the lowest
xz, AIC/BIC, and the smallest residual scatter (~4.3%). The ISO core ranks second. The
single—scale inflow (R, M) is third at k=2. For context, the two—L inflow (k=4) substantially
reduces residuals relative to the single inflow but is penalized by AIC/BIC for its higher parameter

count; it does not surpass MOND’s k=2 metrics on this dataset.
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TABLE LXVIIL. UGC 5005 — best—fit parameters for MOND and DM (k=2). Radii in kpc; masses in M ;

Po in M@ kpCf3.

Model Scale(s) Mass parameter(s)
MOND (Plummer) a=1149+2.15 My, = (7.63+£2.13) x 10°
DM: ISO core ro =4.89+1.01 po = (1.07+£0.31) x 107

D. UGCS5005: two-Lagrangian inflow with and without a constant gy

We extend the inflow analysis by (1) a two—Lagrangian configuration—an inner bulge+disk
(Ry,M)) operating for r < R, and a separate outer—disk (Ry,M;) for r > R,—and (ii) the same
model augmented with a constant additive offset ®gy applied to v? in both regions. In all cases
H (z) is fixed from z=0.003156 with Hy=70.

Assessment. Introducing a second Lagrangian scale (R;) markedly reduces the residuals relative
to the single (R, M) fit (RMS,: 0.278 —0.170) and captures a plausible inner+outer disk structure.
Adding a constant dgy further lowers the residual scatter to 5.6%, but the offset is small and
statistically consistent with zero (126 4-249), and the increased parameter count (k=5) raises
AIC/BIC. On a strict k=2 comparison, the MOND Plummer model remains favored for this galaxy
(minimal ¥2, AIC/BIC, and RMS). The two—Lagrangian inflow variants offer a morphologically

interpretable decomposition (inner vs. outer disk), at the cost of higher complexity.
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FIG. 62. UGC 5005: single—scale inflow (R, M) fit (top) and residuals (bottom).
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FIG. 63. UGC 5005: two—Lagrangian fit with inner (R, M) up to R, and outer (R,,M,) beyond (top), and

residuals (bottom).
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FIG. 65. UGC 5005: two—Lagrangian inflow with constant ®gy. Top: v?(r); bottom: residuals.
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TABLE LXIX. UGC 7524: best-fit parameters (10). Radii in kpc; masses in 109M@; ® in (km/s)?.

Model Parameters

(1) Inflow (R, M) R= 2.780+0.102, M = (1.665+0.101

(2) Two-L (Ry,M};Ry,M>) R; = 1.065£0.136, M; = (0.228 £0.052);

(3) Two-L + dpy Ry = 1.592+0.239, M, ;

( )
( )
Ry = 3.059+0.243, M, = (1.907 +0.145)
(0.429+£0.118);
( )

Ry = 3.135£0.385, M = (1.906 £0.185);

Ppy = 198 £ 81

XXIII. UGC7524: SINGLE- AND TWO-LAGRANGIAN INFLOW FITS

We model the full radial profile of the orbital velocity squared, vz(r), for UGC 7524 under a flat
ACDM expansion with fixed H(z) = 70.75 kms~' Mpc~! (2.293 x 10~18 s=1; Hy =70, Q,, = 0.3,
Qa = 0.7). We present three variants: (1) a single-scale inflow fit (R,M); (2) a two—Lagrangian
inflow with an inner bulge—disk (R, M) for r < R, and an outer disk (Ry,M;) for r > R,; and (3)
the same two—L model augmented with a constant offset ®gy applied to v2. (We intentionally omit

the virial-window variant here.)

* (1) Single inflow (R,M): The two-parameter model captures the global rise and broad
outer plateau with minimal complexity. The best-fit parameters and metrics are reported in

Tables LXIX-LXX. Figure 66 shows the fit and residuals.

* (2) Two-Lagrangian inflow (R|,M|;R,,M>): Allowing a second dynamical scale improves
the description of the inner rise and the transition to the outer, nearly flat portion of the curve.
The boundary R; is fitted and sets the switch between the inner (bulge—disk) and the outer
(disk) branches.

* (3) Two—Lagrangian inflow + ®gy: Adding a constant v offset further flattens the residuals
with a modest ®gy that is nonzero at the ~2.40 level. While this reduces RMS scatter,

information criteria increase due to the additional parameter.
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FIG. 66. UGC 7524: single inflow (R, M) fit (top) and residuals (bottom).
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FIG. 68. UGC 7524: two-Lagrangian inflow with constant ®gy (top) and residuals (bottom).
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TABLE LXX. UGC 7524: fit metrics on v*(r) (n=31). RMSe; = RMS [(v,, = V2 ode1) /Viata) -

Model k X2 AIC BIC RMS,¢;
(1) Inflow (R,M) 2 31.11 35.11 37.98 0.249
(2) Two-L (R{,M;Ry,M;) 4 7.62 15.62 21.36 0.127
(3) Two-L + ®pn 5 5.61 15.61 22.78 0.085

Summary. Going from the single (R, M) to the two-L inflow substantially improves the inner-
to-outer transition and halves the residual scatter (RMS.: 0.249 — 0.127). A small, positive
Py delivers a further, statistically meaningful flattening of residuals to 8.5%, albeit with a higher
parameter count (AIC/BIC increase). Overall, the two—scale structure appears morphologically and
kinematically well motivated for UGC 7524, with only a modest global offset needed to capture the

tail behavior in v?(r).

A. Morphology assessment for UGC 7524 (SA(s)m) and implications for the three inflow fits

UGC 7524 is classified SA(s)m, i.e. an unbarred, Magellanic-type spiral with a very small or ill-
defined bulge, a patchy star-forming inner spiral/arm segment, and a diffuse, somewhat asymmetric
outer disk. The image shows exactly these traits: a compact, faint central light concentration
embedded in clumpy HI knots, and a low-surface—brightness envelope whose brightness profile
appears to change slope beyond a few kpc. Such systems frequently exhibit (i) weak central mass
concentrations, (ii) broken/exponential two-scale stellar disks, and (iii) mild kinematic asymmetries
associated with lopsidedness or external perturbations.

These expectations map naturally onto our three fits:

(1) Single (R,M) fit. The one-scale solution (R ~ 2.78 kpc, M ~ 1.67 x 10°M,) reproduces
the global rise and the outer quasi-flat tail but leaves coherent residual structure across the inner ~3
kpc. For an SA(s)m galaxy with a weak central component and a disk whose surface-density profile
breaks, a single dynamical scale is expected to be too rigid; the residuals reflect this.

(2) Two—Lagrangian (R;,M1;Ry,M,). Allowing an inner bulge—disk and an outer disk with a
fitted boundary (R ~ 1.07 kpc, M; ~ 2.3 x 103M; R> ~ 3.06 kpc, M> ~ 1.91 x 10°M_,) halves

the residual scatter and cleanly captures a two-scale disk: an inner, higher-surface—density zone
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out to ~3 kpc transitioning to a more diffuse outer disk. This is morphologically consistent with
Magellanic spirals, where star-forming inner structure sits atop a more extended, low—surface-
brightness envelope. The small M| and compact R; agree with the visually weak central light
concentration.

(3) Two—Lagrangian + ®gy. Introducing a small, global v? offset further flattens the residuals
(®py ~ 200 (km/s)?, detected at ~2.40) without altering the two-scale geometry (Ry ~ 1.6 kpc,
R> ~ 3.1 kpc). In Magellanic systems, modest kinematic zero-point shifts are plausible—e.g.,
from a compact nuclear cluster/black-hole sphere of influence below our innermost radius, a slight
mismatch between gas and stellar systemic frames, or small inclination/warp systematics in the
outer disk. Phenomenologically, the offset acts as a gentle gauge shift rather than a new structural
component, which is consistent with the image showing no massive, classical bulge.

Synthesis. 'The morphology therefore prefers the two—scale description: a compact inner
component plus a dominant outer disk with a break near Ry ~3 kpc. The single (R, M) model
underfits this structure, while the two—Lagrangian + ®gpy variant provides the tightest residuals
with only a small, physically plausible global offset. No additional halo-like term is required by the
data once the two-scale disk is acknowledged, in keeping with the SA(s)m appearance of a light

central mass and a clumpy, extended disk.

B. Model comparison including inflow variants, MOND, and ISO

Table LXXII summarizes the goodness—of—fit metrics for all five models considered on
UGC7524. With the parameter count fixed at k=2, the MOND (Plummer) fit is preferred by
all information criteria (AIC/BIC) and achieves a low residual scatter (RMS;¢;~0.113), outperform-
ing the DM: ISO core ( xz larger by ~5, RMS,.1~~0.165). This establishes a fair baseline at matched
complexity.

Allowing additional freedom in the inflow family changes the picture. The Two—L (Ry,M1; Ry, M>)
model (k=4) delivers a > comparable to MOND (7.62 vs. 7.71) and lowers the scatter to
RMS,~0.127, at the cost of higher AIC/BIC due to the extra parameters (AIC 15.62, BIC 21.36).
Adding a modest constant offset in Two—L + Py (k=5) pushes the residuals down further to
RMS,;~0.085 and the smallest xz (5.61). Because AIC/BIC penalize model size, this improvement

does not overcome MOND’s very low AIC/BIC at k=2; nonetheless, within the inflow family the
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TABLE LXXI. UGC 7524: best—fit parameters for MOND and DM (10). Lengths in kpc; masses in My ;

densities in M kpc .

Model Main scale(s) Mass parameter(s)
MOND (Plummer) a=>5.229+0.285 My, = (3.21+£0.24) x 10°
DM: ISO core re =2.2324+0.135 po = (3.47+0.30) x 107

TABLE LXXII. UGC 7524: goodness—of—fit metrics on v*(r) (n=31). RMSrel = RMS[(Vi,1a — Varodet)/ Viata) -

Note the different parameter counts k; AIC/BIC penalize higher &.

Model k x° X2 AIC BIC RMS,
Inflow (R, M) 2 31.11 1.07 35.11 37.98 0.249
Two-L (Ry,M;;Ro, M) 4 7.62 0.282 15.62 21.36 0.127
Two-L + &gy 5 5.61 0.216 15.61 22.78 0.085
MOND (Plummer) 2 771 0.266 11.71 14.57 0.113
DM: ISO core 2 12.82 0.442 16.82 19.69 0.165

offseted two—scale model is preferred (AIC ~ 15.61 vs. 15.62).

In short: (i) at fixed k=2, MOND provides the best statistical fit; (i) when modest extra structure
is allowed, a two—scale inflow consistent with the SA(s)m morphology achieves MOND-level x>
and improves the match to the inner/outer transition; (iii) a small global offset ®gy yields the
tightest residuals overall, trading off against increased complexity as reflected by BIC.

Visualization. Figure 69 shows both best—fit curves against the v> data. MOND more closely
follows the gentle outer flattening with fewer systematic residuals than the ISO core at the same

parameter count.
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TABLE LXXIIL. DDO 161: best—fit parameters (15). Radii in kpc; masses in 10°M_,; ® in (km/s)>. A single

“Parameters” column keeps the table within one—column width.

Model Parameters
(1) Inflow (R,M) R=3.837+0.134
M =1.647 £0.083
(2) Two-L (piecewise) R, =1.259+0.158, R, =4.270+0.270
M; =0.196+0.044, M, =1.9154+0.102
(3) Two-L + ®pg R;1 =1.684+0.327, R, =4.370£0.462

M; =0.279+£0.090, M, =1.898+0.102

Ppy =1651+91

TABLE LXXIV. DDO 161: fit metrics for the three inflow models (n = 32). Columns show parameter count

k, total xz, AIC, BIC, and RMS of relative residuals.

Model k x? AIC BIC RMS,
(1) Inflow (R, M) 2 62.40 66.40 69.27 0.348
(2) Two-L (piecewise) 4 10.39 18.39 24.13 0.0958
(3) Two-L + dpy 5 8.44 18.44 25.61 0.0402

XXIV. DDO161: SUMMARY OF INFLOW FITS

We modelled the v?(r) rotation curve of DDO 161 with the inflow formalism under a flat ACDM
background fixed at H(z) = 70.06 kms~'Mpc~! = 2.270 x 10718 s=! (for z ~ 0.00181). Three

nested models were tested: (1) a single inner-bulge / outer—disk inflow (R,M); (2) a two—Lagrangian,

piecewise model with an inner bulge—disk (R}, M) and an outer disk (R,,M,) separated at Ry; and

(3) the latter plus a small global offset ®gy (treated as a gauge/zero—point term). All fits were

performed directly to v> with the provided uncertainties (32 data points).

Assessment. The single (R, M) model captures the rise and outer flattening but leaves coherent

structure (reduced x‘% ~2.1). Introducing a morphologically—motivated second dynamical scale

(Model 2) reduces the residuals by a factor ~2-3 and delivers an excellent fit ( 21>~10.4). Adding
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FIG. 71. DDO 161 — single inflow (R, M) model. Left: best—fit v?(r). Right: residuals Av? with 1o errors.
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FIG. 72. DDO 161 — two-Lagrangian piecewise model: inner bulge—disk (R;, M) for r < R, outer disk

(Ry, M) for r > R,. Left: best—fit v(r). Right: residuals.

a small constant offset (Model 3) further tightens the residuals (with the lowest )(2), consistent
with a mild global v> gauge shift; as expected, BIC slightly prefers the simpler two—L model
because of the penalty for the extra parameter. Overall, the two—scale inflow is strongly favoured for

DDO 161, with the @y term optional but beneficial if a small zero—point correction is warranted

by systematics.
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FIG. 73. DDO 161 — two-Lagrangian model with a small constant offset ®gy. Left: best—fit v2(r). Right:

residuals.

A. DDO 161: morphology—informed assessment of the inflow fits

Context. DDO 161 is alow—mass, very late—type system whose kinematics and light distribution
are typically governed by a compact, clumpy inner component embedded in a more extended,
low—surface-brightness disk (with significant HI. In such dwarfs, broken—exponential (or two—scale)
stellar disks and mild non—circular motions are common, and classical bulges are rare. This
motivates testing inflow models that allow rwo dynamical scales rather than a single characteristic
radius.

Single—scale inflow (R,M). The one—scale model compresses the disk into a single radius and

mass:

R=3.837+0.134kpc, M = (1.647+£0.083) x 10° M.,

fit directly to v?(r) with H(z) fixed. It reproduces the global rise and the outer flattening but leaves
coherent structure in the residuals (RMS,¢] = 0.348; %2 = 62.40; AIC = 66.40; BIC =69.27; n=32,
k=2). Morphologically, a single scale is too rigid for a dwarf with a compact inner concentration
plus an extended HI-rich disk.

Two-Lagrangian, piecewise (inner bulge—disk — outer disk). ~Allowing a distinct inner scale

(R1,M;) and an outer scale (R,,M>), with a hard boundary at R, the fit selects

Ry =125940.158kpc, M; = (1.96+0.44) x 10® M,
Ry =4270+0270kpc, M, = (1.915+0.102) x 10° M.,
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with a dramatic improvement in the residuals (RMS,] = 0.0958; x? =10.39; AIC = 18.39; BIC
= 24.13; k=4). This decomposition is exactly what the morphology predicts: a compact inner
component (nuclear cluster/inner disk, modest mass fraction) transitioning near Ry ~ 4.3 kpc to an
extended outer disk that carries most of the fitted baryonic mass. The boundary radius coincides
with the observed change from a steeper inner rise to a quasi—flat outer regime, characteristic of
two—scale disks in dwarfs.

Two—Lagrangian with a small global offset gy. Augmenting the two—scale model with a

constant v> gauge (not a literal BH Keplerian term at kpc radii) yields

Ry =1.684+0.327 kpc, M; = (2.79+0.90) x 10® M,
Ry =4.370+0.462 kpc, M, = (1.898+0.102) x 10° M,
®Ppy = 165+91 (km/s)?,

with the tightest residuals (RMS,¢ = 0.0402; x> = 8.44; AIC = 18.44; BIC = 25.61; k=5).
Given the resolved radii (r 2 0.6 kpc) and the expected BH masses in dwarfs, direct BH gravity
would contribute only a few (km/s)? at these radii; thus ®gy is best interpreted as a small,
physically plausible zero—point (e.g., mild pressure support, inclination/warp systematics, tracer
frame differences), not as a central point—-mass signal. The fitted R; and R, remain consistent with a
compact inner component plus an extended outer disk.

Morphological synthesis. Across models, the data clearly prefer a two—scale structure: a
compact inner region of order 1.3—1.7 kpc contributing ~10-15% of the fitted baryonic mass, and a
dominant outer disk with scale near 4.3 kpc. This matches the expectations for very late—type dwarfs
with broken—exponential light profiles and extended HI. The single—scale inflow is disfavored both
statistically and morphologically. Adding a small global offset further tightens the match without
altering the physical picture. If desired, a very localized tail virial correction can be applied at the
largest radii (with only marginal information—criterion gains), but the morphology alone already

argues strongly for the two—scale inflow as the most natural description of DDO 161.

B. DDO 161: unified comparison of inflow, MOND, and DM models

We compare five alternatives fitted directly to the v (r) data of DDO 161 (n=32 points) with H(z)
fixed by flat ACDM (Hy=70). The set includes a single-scale inflow (R, M), a two—scale piecewise

inflow (inner bulge—disk (R, M) and outer disk (R, M5)), the same two—scale model with a small
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TABLE LXXV. DDO 161: goodness—of—fit metrics on v?(r) for all five models (n=32). Smaller is better for

%2, AIC, and BIC; boldface highlights the best (or tied—best) in each column.

Model k x> X3 AIC BIC RMS,
Inflow (R, M) 2 62.40 2.08 66.40 69.27 0.348
Two-L (piecewise) 4 10.39 0.371 18.39 24.13 0.0958
Two-L + $py 5 8.44 0.313 18.44 25.61 0.0402
MOND (Plummer) 2 16.48 0.549 20.48 23.35 0.140
DM: ISO core 2 2541 0.847 2941 32.27 0.196

global offset ®gy, and two k=2 baselines: MOND (Plummer baryons) and a cored—isothermal
(ISO) dark—matter halo. Information criteria (AIC/BIC) are reported alongside the raw misfit and
the RMS of the relative residuals, RMSe; = RMS[(v},1, — V2 ode1)/Vaata) - Parameter counts are
denoted by £.

Readout and interpretation. (1) At fixed complexity k=2, MOND decisively outperforms the
ISO core (lower xz, AIC, BIC, and RMS,)), and also the single—scale inflow. (2) Allowing a
morphology—motivated second dynamical scale yields a large gain: the Two—L inflow reaches
MOND-level xz with better AIC than any other model (Table LXXV). (3) Adding a small constant
offset ®py to the two—scale inflow produces the tightest residuals overall (RMS,¢; ~0.040) and the
lowest xz, with AIC statistically tied to the Two-L model (difference < 0.1) and a modest BIC
penalty for the extra parameter. Given DDO 161°s late—type dwarf morphology (compact inner
component plus extended HI disk), the two—scale inflow is the most natural description, with ®gy
acting as a plausible global v gauge (e.g., mild zero—point or pressure—support calibration) rather

than a literal BH signal at kpc radii.

C. Dual-arm inflow spiral for DDO 161

As a nearby dwarf galaxy, DDO 161 (z ~ 0.00181) provides a useful test of the inflow model
in the local universe. For this system we adopt a bulge radius R = 4.37 kpc and a mass M =
1.9 x 10° M, consistent with the SPARC rotation curve fits. The Hubble parameter at this redshift
is H(z) = 70.06 kms~'Mpc~! (= 0.07006 km s~ 'kpc~!). From these parameters the critical radius
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TABLE LXXVI. DDO 161: best—fit parameters for MOND and ISO core (10). Lengths in kpc; masses in

M.; ISO pg in M kpc—3. Both models have k=2.

Model Parameters

MOND (Plummer) M, = (1.629 +0.069) x 10°
a=6.446+0.258
DM: ISO core re =2.677+0.132

po = (1.630 £ 0.123) x 107

is r. = (2GM /H?)'/3 = 149 kpc, much larger than the visible extent of the galaxy.

Figure 74 shows the predicted dual-arm inflow spiral in the (x,y) plane. The arms were integrated
outward from the bulge radius and truncated at » = 15 kpc to emphasize the region covered by
current observations. The figure includes both spiral arms (related by a 180° rotation), the bar-to-
disk radius R;, and the outer critical radius r. (though the latter lies far beyond the plotted window).
The restricted axis range of £15 kpc highlights the inner morphology, where the inflow arms display

the expected two—armed structure.
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DDO 161: Dual-arm inflow spiral (z=0.00181)
M=1.90e+09 My, R=4.37 kpc, H(z)=0.07006 km/s/kpc
5. Axes limited to =15 kpc (true r_c=149.33 kpc)

Arm 1

Arm 2 (rot. 180°)
R=4.37 kpc
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FIG. 74. Dual-arm inflow spiral predicted for DDO 161 (z ~ 0.00181) with bulge radius R = 4.37 kpc and
M = 1.9 x 10° M,,. The Hubble parameter is H(z) = 70.06 kms~'Mpc~'. Both spiral arms are shown (solid
and dashed), together with the bulge radius circle. The axes are limited to 415 kpc; the true critical radius is

r. = 149 kpc, lying far outside the displayed frame.
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TABLE LXXVIIL. NGC 3741: bestfit parameters. Radii in kpc; masses in 103 M,; ® in (km/s)?. A single

“Parameters” column keeps the table within one—column width.

Model Parameters
Inflow (R, M) R=1.763+0.093
M =3.88+0.35
Two-L + ®py (piecewise, R, boundary) R =0.652+0.130, R, =2.4254+0.267

M; =0.519+£0.136, M, =6.00+£0.88

Ppy =128 65

TABLE LXXVIIL. NGC 3741: fit metrics on v?(r) (n=21). Smaller is better for x>, AIC, and BIC.

Model k x° AIC BIC RMS |
Inflow (R, M) 2 19.92 23.92 26.01 0.144
Two-L + &gy 5 4.75 14.75 19.97 0.0687

XXV. NGC3741: SINGLE-SCALE VS. TWO-SCALE INFLOW WITH GLOBAL
OFFSET

We model the SPARC rotation—curve of NGC 3741 at fixed H(z) = 2.185 x 10718 s~ us-
ing (i) a single-Lagrangian inflow with inner bulge / outer disk specified by (R,M), and (ii) a
two—Lagrangian, piecewise model with a hard boundary at R, in which the inner component has
bulge (r <Ry) and disk (R <r <Rj) behavior with mass M1, and the outer component (r > R») has
disk behavior with mass M,. A constant global gauge ®gy (units of (km/ s)z) shifts v? uniformly

and is not interpreted as a resolved Keplerian BH term at kpc radii.

Discussion. Introducing a second dynamical scale and a small global gauge produces a sub-
stantial improvement: )(2 drops from ~20 to ~4.8 and RMS, halves (from ~0.14 to ~0.069).
The fitted Ry ~0.65 kpc (low inner mass) and Ry ~2.43 kpc (dominant outer mass) are consistent
with a compact inner concentration embedded in an extended, HI-rich disk, as expected for a very
low—mass late—type system. The nonzero ®gy acts as a small v zero—point adjustment (e.g. mild

pressure—support / inclination calibration) rather than a literal BH signal.
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FIG. 75. NGC 3741: single-scale inflow (R, M) fit (top) and residuals (bottom).
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FIG. 76. NGC 3741: two-Lagrangian piecewise inflow with global gy (top) and residuals (bottom). Vertical
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A. NGC3741 (ImIII/BCD): morphology—informed assessment of the inflow fits

Context. NGC 3741 is an irregular, low—luminosity system (ImIII/BCD) at ~3.2 Mpc (M94
group), reported to be relatively undisturbed and to host an HI disk that is both very extended (to
~7 kpc) and symmetrically warped. A central bar and a faint spiral arm (rich in HI are present,
consistent with a bar+inner—spiral complex embedded in a large, gas—dominated outer disk.

Single—scale inflow (R,M). The one—scale model prefers
R=1763+0.093kpc, M = (3.88+0.35) x 108 M.,

with ¥ = 19.92, AIC = 23.92, BIC = 26.01, and RMS,.] = 0.144. Morphologically, a single
characteristic radius is too rigid for NGC 3741: it cannot simultaneously encode (i) the steeper inner
rise associated with the bar+faint—spiral region and (ii) the gradual, extended kinematic support of
the warped outer HI layer. The residuals retain coherent structure across the transition.

Two—scale inflow (piecewise) with a small global gauge ®gy. Allowing an inner scale (R;, M)
that transitions at a hard boundary R; to an outer disk (R, M>), and including a uniform v> gauge

®dpy, the fit selects

Ry =0.652+0.130 kpc, M; = (5.19+1.36) x 107 M.,
R> =2.425+0.267 kpc, M, = (6.00+0.88) x 108 M.,
Ppy = 128 +£65 (km/s)?,

with xz =4.75, AIC = 14.75, BIC = 19.97, and RMS,,; = 0.0687. This decomposition maps
naturally onto the observed structure: (i) R; ~0.65 kpc and the modest M describe the compact
bar/inner—spiral complex and any nuclear star—forming component; (ii) R, ~ 2.4 kpc marks the
hand—off to the extended, gas—rich disk that governs the outer kinematics out to the warped HI
edge. The small, positive dpy behaves as a plausible global v zero—point (e.g., accounting for mild
inclination/PA drift with radius due to the warp and for gas pressure support), rather than a resolved
Keplerian signature at kpc scales.

Synthesis. The data and morphology together favor a two—scale inflow description: a compact
inner (bar+faint—spiral) zone embedded in an extended, warped HI disk. The single—scale inflow
captures the overall rise/flattening but misses the structural transition, while the two—scale model
with a small global gauge reproduces both regimes and halves the residual scatter. This alignment

between fitted scales and known features (bar/inner spiral vs. extended warped gas) supports the
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TABLE LXXIX. NGC 3741: best-fit parameters for MOND and ISO core. Lengths in kpc; masses in My ;

ISO pg in M kpe 3.

Model Parameters

MOND (Plummer, k=2) My, = (4.91+0.60) x 108
a=3.335+0.265
DM: ISO core (k=2) re =1.351+0.115

Po = (3.43+0.40) x 107

TABLE LXXX. NGC 3741: metrics on v?(r) for two inflow models, MOND, and ISO (n=21).

Model k x° AIC BIC RMS |
Inflow (R, M) 2 19.92 23.92 26.01 0.144
Two-L + Py (piecewise) 5 4.75 14.75 19.97 0.0687
MOND (Plummer) 2 28.62 32.62 34.71 0.250
DM: ISO core 2 34.81 38.81 40.90 0.279

two—scale inflow as the most faithful representation of NGC 3741 within a non—-DM metric inflow

paradigm.

B. NGC3741: inflow vs. MOND and cored—isothermal DM

We compare the two inflow solutions derived above with matched—complexity baselines: MOND
(Plummer baryons; k=2) and a cored—isothermal DM ISO halo (k=2). All fits are performed
directly on v?(r) with the same data and errors, and with H(z) = 2.185 x 10~'® s~ held fixed.
Information criteria (AIC/BIC) follow the usual definitions (smaller is better), and RMS,; is the
RMS of (Vi — Vinodel)/Vaata-

Interpretation. At fixed parsimony (k=2), the single—scale inflow already surpasses both
MOND and ISO on all metrics (lower xZ/AIC/BIC and smaller residuals). Allowing the two—scale,

piecewise inflow with a small global gauge ®pp yields a substantial additional improvement: the

lowest x2, AIC, and BIC, and the tightest residual scatter. This is consistent with NGC 3741’s
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known structure (compact bar/inner spiral embedded in an extended, warped HI disk): the two—scale
inflow captures the inner—to—outer transition that single—scale k=2 models (MOND or ISO) cannot
represent without additional freedom.

From k =2 to k = 3; realism vs. complexity. The step from a single inflow scale (R, M) to the
two—Lagrangian, piecewise inflow (inner bar/spiral scale (R;, M) handing off at R; to an extended
disk (Rp,M>), plus a small global gauge ®gp) is not merely a curve—fitting maneuver: for a barred,
gas—rich dwarf such as NGC 3741 it is the morphologically natural representation. The bar and
faint inner spiral create a compact dynamical scale that steepens the inner rise, while the very
extended, warp—prone HI disk sets a larger outer scale with a gradual approach to the plateau. This
two—scale picture is exactly what the data select: the two-L inflow reduces the structured residuals
at the bar — disk transition and halves RMS,, relative to the single—scale model, with substantial
AIC improvement and only a modest BIC penalty for the added, morphology—anchored degrees
of freedom. The fitted ®gp remains small and behaves as a plausible global v zero—point (e.g.,
inclination/PA drift from the symmetric warp, mild pressure support), not as a resolved Keplerian
term at kpc radii.

By contrast, matched—complexity baselines (k=2) such as MOND with a single Plummer
and a cored—isothermal halo are too rigid to capture the bar—to—outer—disk handoff and therefore
underperform in NGC 3741. They can approximate the two—scale behavior by raising parameter
count (e.g., MOND with a two—component baryonic tracer and/or an external-field term, k ~ 4—6;
DM with gNFW slope, baryonic bulge+disk, or halo flattening, k ~ 5-7), but those added knobs are
typically less tightly tied to the observed bar/warp morphology and suffer known degeneracies (disk
M /L-halo trade, slope—scale covariance). In our case, the two-L inflow earns its extra parameters
by mapping directly onto visible structure (compact bar/inner spiral embedded in a large, warped

HI disk), yielding the lowest 2 and tightest residuals with a transparent physical interpretation.
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FIG. 77. NGC 3741: comparison of MOND (Plummer) and ISO core fits to the v2 data. The two inflow fits

are shown in Figs. 75 and 76.
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TABLE LXXXI. NGC 3109: compact parameter summary (radii in kpc; masses in 108M@; ® in (km/s)?).

Model Parameters
Inflow (R, M) R =12.245+0.076
M=926+0.62
Two-L + ®py (piecewise, Ry boundary) R =1924+0.15, R,=3.79+0.23

M =29+£06, M,=65+1.1

$py =116+ 58

TABLE LXXXIL. NGC 3109: fit metrics on v*(r) (n=24 points). RMS,¢| is the RMS of (v, — V2 ge1)/Viata-

Model k x? X2 AIC BIC RMS
Inflow (R, M) 2 16.50 0.750 20.50 22.85 0.1265
Two-L + $gy (piecewise) 5 7.84 0.413 17.84 23.06 0.0710

XXVI. NGC3109: SINGLE- VS. TWO-SCALE INFLOW FITS

We fit the SPARC rotation—curve of NGC 3109 with the inflow model using a fixed H(z) =
2.270 x 1018 s=1 (flat ACDM, Hy = 70). Two variants are compared: (i) a single—scale in-
ner-bulge/outer—disk inflow parametrized by (R,M); and (ii) a piecewise two—scale model with
an inner (R}, M) that transitions at R, to an outer (R, M), plus a small global gauge offset Pgy
added to v2. Both are fit directly to v?(r) with the quoted uncertainties.

Discussion. The two—scale model reduces the structured residuals across the » ~ R, hand—off
and tightens the scatter (RMS| drops from ~0.127 to ~0.071). The added parameters are mor-
phology—anchored (inner vs. outer dynamical scales) and the fitted ®py is small, acting as a global

v2 gauge rather than a dominant central Kepler term.

A. NGC3109 (SB(s)m): morphology—guided assessment and model selection

Morphological context. NGC 3109 is a Magellanic barred system (SB(s)m) with a compact
stellar bar and a very extended, low—mass disk (isophotal diameter ~12.8 kpc). Such systems

naturally exhibit two dynamical scales in the rotation curve: (i) a steeper inner rise across the
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TABLE LXXXIII. NGC 3109: compact parameter summary for MOND and ISO core (lengths in kpc; masses
in M; ISO pg in M kpc ™).

Model Parameters

MOND (Plummer, k=2) M, = (5.03£1.34) x 10°
a=17.951+0.888
DM: ISO core (k=2) ro =2.644+0.148

po = (2.365+£0.132) x 107

bar/inner—spiral zone, and (ii) a gentler approach to the outer plateau through the extended, gas—rich
disk.

How the inflow fits align with the morphology. The single-scale inflow (R,M) fit captures
the global rise/flattening but leaves a mild, structured kink across r ~ 3—4 kpc (the expected
bar—disk handoff). In contrast, the two—Lagrangian, piecewise inflow with a small global v?
gauge (Ppy) places Ry where a bar/inner—spiral scale is expected and R, at the transition to the
extended Magellanic disk; the residuals become featureless and the scatter halves. Quantitatively,
for n=24 points: the single—scale model (k=2) yields xz = 16.50, AIC = 20.50, BIC = 22.85,
RMS,,; = 0.127, whereas the two—scale + gy model (k=5 ) achieves 752 =7.84, AIC = 17.84,
BIC = 23.06, RMS,.; = 0.071.

B. NGC3109: inflow vs. MOND and ISO comparisons

We compare the two inflow solutions (§XXVI) to matched—complexity baselines: MOND with a
single Plummer tracer (k=2) and a cored—isothermal (ISO) dark—matter halo (k=2). All models are
fit directly to v?(r) with the same uncertainties and fixed H(z) = 2.270 x 10~ 18571,

Interpretation. The two—scale inflow achieves the tightest residuals (RMS,; = 0.071), consis-
tent with NGC 3109’s SB(s)m morphology (bar/inner scale plus extended outer disk). Among k=2
baselines, the ISO core decisively outperforms MOND and also surpasses the single—scale inflow
on AIC/BIC by achieving a very low y? with two parameters. In absolute terms, two—scale inflow
and ISO offer comparable scatter at large radii, but the piecewise inflow removes the structured kink

near the bar—disk transition and maps directly onto the observed two—scale morphology.
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TABLE LXXXIV. NGC 3109: metrics on v*(r) (n=24). RMS,¢ is the RMS of (vZ,., — V2 oge1)/Viata-

Model k x? X2 AIC BIC RMS,|
Inflow (R, M) 2 16.50 0.750 20.50 22.85 0.1265
Two-L + Pgy (piecewise) 5 7.84 0413 17.84 23.06 0.0710
MOND (Plummer) 2 14.58 0.664 18.58 20.93 0.1518
DM: ISO core 2 3.78 0.171 7.78 10.14 0.0730
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FIG. 78. NGC3109: MOND (Plummer) and ISO—core fits compared to the v2 data. For inflow fits, see
Figs. 79-80.

Selection.  Statistically, the two—scale model is preferred by )(2, AIC, and RMS,.;, while the
BIC difference is negligible ( ABIC~0.21 in favor of k=2 ), well below common thresholds for

adopting the simpler model. Physically, the barred Magellanic morphology expects two scales,
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and the fitted (Ry,R;) align with the bar and the onset of the extended disk. We therefore select
the two-Lagrangian, piecewise inflow with a small global ®py as the preferred description for

NGC 3109. Objectively however,, iso-core DM is preferred by the metrics from Table LXXXIV.
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FIG. 79. NGC 3109: single-scale inflow (R, M) fit (top) and residuals (bottom).
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TABLE LXXXYV. D631-7: compact parameter summary. Radii in kpc; masses in 10°M...

Model Parameters

Inflow (R, M) R=12.4451+0.128
M =0.790 £0.080
Two-L (piecewise) R =1.426+£0.163, M; =0.242+0.056

R, =3.014+0.197, M, =1.145+0.151

TABLE LXXXVI. D631-7: fit quality on v?(r) (n=16). RMSy| is the RMS of (v, — V2o e1)/Vaata-

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 18.70 1.33 22.70 24.24 0.184
Two-L (piecewise) 4 2.696 0.225 10.70 13.79 0.0491

XXVII. D631-7 (UGC4115): SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We fit the rotation—curve data of D631-7 directly in v?(r) using the two-regime inflow prescrip-
tion (bulge: r <R; disk: > R) with a flat ACDM expansion rate fixed to H(z) = 2.27 x 10718571,
We report a single—scale (R, M) solution and a piecewise two—Lagrangian model with an inner
bulge—disk (Ry,M;) and an outer disk (R,,M>), where R; acts as the boundary between the two

regions. Uncertainties are 10 from the covariance of the weighted least—squares fits.

Discussion. The two—Lagrangian model yields a dramatic improvement over the single—scale
inflow: Ay?~ 16 for two additional parameters, with both AIC and BIC strongly favoring the
piecewise description. The residual RMS drops from 0.184 to 0.049, indicating the outer disk is
better captured by an independent inflow scale (R, M) once the inner bulge—disk (R, M) turnover

is crossed near R, ~ 3 kpc.
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A. Morphology of D631-7 (UGC 4115) and consistency with the inflow fits

Literature classifications place UGC 4115 firmly in the dwarf irregular family (type Im).> Dwarf
irregulars typically show (i) patchy star formation with a weak/ill-defined stellar bulge, (i1) an
extended, often asymmetric HI disk, and (iii) slowly rising rotation curves that flatten only at large
radii. These traits match the SPARC kinematics of D631-7: the curve increases quasi-linearly to
~ 6-7 kpc and only gently levels off thereafter.

Our single-scale inflow fit (Sec. XXVII) captures the overall rise with (R,M) = (2.45+
0.13 kpc, 0.7940.08 x 10°M.,) but leaves structured residuals at intermediate radii, consistent
with clumpy mass distribution and a non—axisymmetric inner body expected in Im systems. The
two-Lagrangian piecewise model provides a natural morphological interpretation: an inner
star—forming core described by (Ry,M;) = (1.4340.16 kpc, 0.24240.056 x 10°M,,) transitions
near Ry = 3.0140.20 kpc to an outer disk with its own inflow scale (R, M), plausibly tracing the
extended HI envelope. Quantitatively, the piecewise model reduces the residual RMS from 0.184 to
0.049 and 1s strongly favored by AIC/BIC, which we view as consistent with an Im morphology
where a single structural scale is rarely adequate.

In short, the kinematic preference for two inflow scales agrees with the classification of UGC 4115
as an irregular dwarf with a compact star—forming core embedded in a larger, gas—dominated disk.
No additional components (bars/spiral arms) are required by the data, in line with the system’s

low—mass, irregular appearance.

B. D631-7 (UGC4115): inflow vs. MOND and DM, with morphology context

We compared the two inflow solutions from Sec. XXVII with a two—parameter MOND model
(Plummer baryons with the “simple” tt) and a two—parameter DM model (pseudo—isothermal core;
ISO). All fits were performed directly in v?(r) with the reported SPARC uncertainties and fixed
H(z) =227 x 10718571,

Morphology check. UGC4115 (D631-7) is an Im (dwarf irregular): weak central body, ex-
tended HI envelope, slowly rising curve that gently turns over. The two-Lagrangian inflow

naturally maps this structure to an inner core (R, M) transitioning near R, ~ 3 kpc to an outer disk

3 See, e.g., Parodi et al. (2003), who list UGC 4115 as Im in their dwarf-galaxy sample; the system also appears among

faint irregulars in FIGGS/GMRT surveys.
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TABLE LXXXVII. D631-7: best—fit parameters for MOND and ISO (10). M;, in Mg; a,r. in kpc; po in

M kpe 3.
Model Best—fit parameters
MOND (Plummer) My, = (1.55+0.33) x 10°, a = 5.624+0.599
DM: ISO core re =2.337+0.213, po = (2.064+0.205) x 10’

TABLE LXXXVIIL D631-7: fit metrics on v*(r) (n=16). RMSye1 is RMS [(vi,a — Varodel)/ Viata) -

Model k x? X2 AIC BIC RMS,
Inflow (R, M) 2 18.70 1,34 22.70 24.24 0.184
Inflow two-L (piecewise) 4 2.696 0.225 10.70 13.79 0.0491
MOND (Plummer) 2 5.425 0.388 9.425 10.97 0.168
DM: ISO core 2 3.817 0.273 7.817 9.362 0.068

(R2,M;); this is consistent with an Im system where a single structural scale is seldom adequate.
The MOND and ISO models each supply one global two—parameter profile; they fit well in an
information—criteria sense, but do not explicitly encode a core—to—envelope transition.
Interpretation. 1SO (DM, k=2) attains the best information criteria (lowest AIC/BIC) among
the two—parameter models, and its RMS, is good (0.068). MOND (k=2) fits acceptably but not
as well as ISO in this dwarf. The two—L inflow achieves the lowest residuals and smallest 2
(0.049 and 2.70, respectively), at the cost of two extra parameters, so AIC/BIC do not rank it first.
Given UGC 4115’s Im morphology—compact core plus extended gas disk—the two—scale inflow is
physically well motivated and provides the most faithful reproduction of the subtle turnover beyond
~ 3 kpc. If parameter parsimony is paramount (strict k=2), ISO is preferred; if morphological

realism and residual minimization are prioritized, the two—L inflow is the better description.
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FIG. 81. D631-7: single-scale inflow (R, M) fit (top) and residuals (bottom).
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FIG. 83. D631-7 (UGC4115): comparison of vz(r) data (points with 1o bars) to two k=2 baselines:

MOND (Plummer tracer; solid) and DM ISO core (solid). Both models were fit directly to v> with identical

uncertainties and fixed H(z) = 2.27 x 10718571,
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D631-7: Dual-arm inflow spiral
M=1.14e+09 My, R=3.014 kpc, H(z)=0.07004 km/s/kpc, r_ c=126.15 kpc
Axless_fixed to =15 kpc; integration truncated at r=15.00 kpc

Arm 1
Arm 2 (rot. 180°)
R=3.014 kpc
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o)
g o
>
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FIG. 84. Dual-arm inflow spiral predicted for galaxy D631-7 with bar radius R, = 3.014 kpc and mass M, =
1.145 x 10° M,. The Hubble parameter at z =~ 0.00181 is H(z) = 2.27 x 10713571 (= 0.070 km s~ 'kpc ).
Both spiral arms are shown, along with the bar radius R, (dashed circle) and the critical radius r. = 126 kpc
(dash—dotted circle, outside the displayed £15 kpc frame). The arms are integrated outward from the bulge

radius and truncated at »r = 15 kpc for clarity, using the same axis scale as in Fig. 74.

180



TABLE LXXXIX. IC 2574: best—fit parameters. Radii in kpc; masses in 10°M_.

Model Radii Masses

Inflow (R,M) R=3.682+0.077 M =1.123£0.045

Two-L (piecewise) (R1,Ry) = (2.562+0.053, 6.260+0.224) (M;,M,) = (0.523+0.020, 3.55+0.32)

TABLE XC. IC 2574: fit metrics on v*(r) (n = 34 points). RMS¢| is RMS[ (V0 = Vaiodel)/ Vaata) -

Model k x? X3 AIC BIC RMS,i
Inflow (R, M) 2 446.81 13.96 450.81 453.86 0.210
Two-L (piecewise) 4 40.07 1.34 48.07 54.17 0.109

XXVIII. IC2574 (CODDINGTON’S NEBULA): SINGLE- AND TWO-LAGRANGIAN
INFLOW FITS

We model the v (r) rotation—curve of IC 2574 with the inflow prescription described in Sec. ??,
fixing the cosmological rate to H, = 2.27 x 1073 s=! (flat ACDM, Hy=70). We first fit a single
Lagrangian with bulge (for »r <R) and disk (r > R) controlled by (R, M), then a two—Lagrangian,
piecewise model: an inner (R, M) applied for r <R; and an outer disk (Ry,M;) for r>R;.

Discussion. The single—scale (R, M) fit captures the global rise but leaves systematic, ra-
dius—dependent residuals, particularly across r ~ 5-8 kpc where the curve steepens. Introducing a
second Lagrangian with a transition at Ry ~ 6.3 kpc yields a markedly better description: x2 drops
by more than an order of magnitude and the residual RMS is halved (Table XC). The recovered
scales are interpretable: a modest inner component (R} 2.6 kpc, M| ~0.52) and a more extended
outer disk (R, ~6.3 kpc, M> ~3.6). This two—scale structure is consistent with IC 2574’s known

irregular/LLSB morphology with widespread star—forming clumps and an extended HI disk.

A. 1IC2574 morphology (SABm) and consistency with the inflow fits

IC 2574 is classified as SABm, a weakly barred Magellanic dwarf spiral. SABm systems
typically show (i) a very low—contrast bar or inner oval with patchy star formation, (ii) exceedingly

open, flocculent spiral structure, and (iii) an extended, gas—dominated HI disk. Kinematically they
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exhibit a slowly rising rotation curve that continues to grow across the outer, gaseous component.

These traits align with our results. The single—scale inflow fit (R, M) summarizes the global
rise but leaves coherent residuals around r~ 5-8 kpc. Allowing an inner scale (R}, M;) and an
outer disk scale (Ry,M,), with a transition near R ~ 6.3 kpc, reproduces the observed broken
slope and reduces the residuals substantially (RMS,,; drops from ~0.21 to ~0.11). In the SABm
context, (Ry,M;) plausibly traces the weak bar/inner oval plus clumpy star—forming core, while
(R, M;) maps the flocculent outer spiral embedded in the extended HI disk. The two—scale inflow
is therefore the morphologically preferred representation for IC 2574, whereas the single—scale
model is a useful coarse approximation but does not fully capture the SABm structure.

Sensitivity of (R1,R;) to SABm substructure. To test the identification of R; with the
pseudo-bulge edge and R, with the faint bar extent, we profiled the likelihood by scanning
one radius at a time and re—fitting only the masses (M;,M;). The resulting one—parameter pro-
file minima and 1o intervals (from Ayx? =1) are RII’rOf = 2.56 kpc with 1o = [2.42,2.72] kpc,
and Rgmf = 6.26 kpc with 1o = [5.82,6.74] kpc. Both valleys are relatively narrow, indicating
that the data prefer a pseudo—bulge break near 2.6 kpc and a second structural break near 6.3
kpc—consistent with an SABm weak bar (or “frozen relic spiral”) preceding the more axisymmetric
HI disk. A regionwise decomposition of x? at the best fit shows the smallest contribution from
r <R; (compact inner component) and larger contributions from R; <r <R, (bar/inner disk) and

r > Ry (outer disk), matching the qualitative SABm picture.

B. IC2574: inflow vs. MOND and ISO, with morphology-aware assessment

We benchmark the inflow fits for IC 2574 against two k=2 baselines: (a) MOND with a single
Plummer baryonic profile and the “simple” u function, and (b) a cored—-isothermal (ISO) dark—matter
halo. The cosmology is fixed to H, = 2.27 x 10~ 8s~!. Table XCI summarizes the goodness-of-fit
metrics on v?(r) for the single—scale inflow, the two—Lagrangian inflow (inner (Ry, M) up to R»,
outer (R, M) beyond), and the MOND/ISO controls, reports the MOND and ISO best—fit parameter
values.

Summary. The two-L inflow attains the lowest xz, AIC, and RMS,|, even after penalizing the
extra parameters (k=4): it reduces the RMS of relative residuals by roughly a factor of two versus

the single—scale inflow and by ~3-10% relative to MOND/ISO, while cutting x> dramatically.

182



TABLE XCI. IC2574: goodness—of-fit metrics on v?(r) (n=34 points). RMSy = RMS[(vi,, —

vrznodel ) / vglata] :

Model k x? X2 AIC BIC RMS,|
Inflow (R, M) 2 446.81 13.96 450.81 453.86 0.210
Inflow two-L (piecewise) 4 40.07 1.34 48.07 54.17 0.109
MOND (Plummer) 2 69.15 2.16 73.15 76.20 0.112
DM: ISO core 2 158.03 4.94 162.03 165.08 0.120

TABLE XCII. IC 2574: best-fit parameters for MOND and ISO (10). Masses in M ; a,r. in kpc; po in

M kpe=3.
Model Main scale(s) Mass/normalization
MOND (Plummer) a=40.0+18.3 M, = (8.834+11.86) x 10'°
DM: ISO core re =4.573+0.163 po = (6.834+0.21) x 106

MOND (Plummer, k=2) performs second-best by the information criteria, but it requires an
extremely extended Plummer scale (a ~ 40 kpc, pegging the upper bound), effectively smearing the
baryons to mimic the extended H 1 disk. ISO is acceptable but trails MOND and the two-L inflow.

Morphology. 1C2574 is classified SABm (weak bar, Magellanic dwarf spiral) with a clumpy
inner component and a very extended HT disk. The two-L inflow naturally reflects this with
(R1,Ry)~(2.56,6.26) kpc: R; is consistent with a pseudo-bulge/inner oval boundary, and R, with
the faint bar extent (transition to the outer gas—dominated disk). MOND’s need for a very large
Plummer scale captures the shape but is less morphologically specific; ISO fits with a moderate
core radius but leaves larger residuals through the bar—to—outer transition. Overall, the two—scale

inflow is both the metric and the morphological winner for this SABm system.
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FIG. 85. IC2574 single—Lagrangian inflow fit (top) and residuals (bottom). Points show v? with 1o

uncertainties; curve is the best—fit inflow model with fixed H,.
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FIG. 86. IC 2574 two—Lagrangian, piecewise inflow fit (top) and residuals (bottom). Vertical dashed lines

mark the fitted scales R; and the region boundary R,.
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FIG. 87. IC 2574 profile likelihoods. Top: x*(R;) with R; fixed and (M, M,) re—fitted; bottom: x>(R»)
with R; fixed and (M, M,) re—fitted. Vertical dashed lines mark the bestfit radii; shaded bands indicate the

10 ranges quoted in the text.
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FIG. 88. IC 2574: surface brightness profile.
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FIG. 89. IC 2574: MOND vs. ISO (k=2). Points show v?> with 10 errors; curves are the best—fit MOND

(Plummer) and ISO models. For reference, the two—L inflow (Sec. XXVIII) achieves lower x> and RMS¢|

while aligning with the SABm inner/outer structural break.
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TABLE XCIII. F571-8: best—fit parameters (15). Radii in kpc; masses in 10° M.

Model Scale radii Mass parameters

Single (R, M) R=3.084+0.180 M=5.26+0.49

Two-L (piecewise) R;=1.136+0.146, R, =4.133+0.305 M; =0.687=+0.166, M, =8.154+0.99

TABLE XCIV. F571-8: fit metrics on v?(r) (n = 13 points).

Model AIC BIC x° RMS
Single (R,M) 45.72 46.85 41.72 0.347
Two—L (piecewise) 11.95 14.21 3.95 0.133

XXIX. F571-8: SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We model the orbital velocity squared v>(r) with the two-regime inflow expression. For a single
Lagrangian, parameters are the bulge scale R and enclosed mass M. For a two—Lagrangian, we use a
piecewise construction: for r < R, we apply the full (Ry, M) model (bulge+disk), while for r > R,
we switch to the outside—bulge formula of a second component with (R, M;). All uncertainties are
lo.

Assessment. The two—Lagrangian model is decisively preferred: AAIC ~ 33.8 and ABIC ~
32.6 in favor of the piecewise fit constitute “very strong” evidence despite two extra parameters.
Residuals whiten and the mild, systematic deficit of the single—component fit around r ~ 4-7 kpc is

removed, consistent with a change in dynamical regime at Ry ~ 4.1 kpc.

A. Morphology cross—check with the SPARC surface-brightness profile (F571-8)

The SPARC mass—model page for F571-8 shows, beneath the rotation curve, a 3.6 um sur-
face—brightness (SB) profile that declines slowly and exhibits a mild change in slope around a
few kiloparsecs, with the usual markers R, Ry.» and Ry, indicated on the abscissa. This qualita-
tive SB behavior—faint, extended disk with a gentle bend—matches the low—surface—brightness
(LSB) classification and dovetails with our two—Lagrangian inflow fit: the inner component

(Ry,My) = (1.136 £0.146 kpc, 0.687 & 0.166 x 10° M) captures a compact central light/mass

189



TABLE XCV. F571-8: parameter estimates. Radii in kpc; masses in 10° M..; ISO pg in 107 M, kpc .

Model Scale radii Mass / density parameters

Inflow: single (R,M) R =3.084+0.180 M=526£0.49
Inflow: two-L (piecewise) R; =1.136£0.146, R, =4.133+0.305 M; =0.687+0.166, M, =8.154+0.99
MOND (Plummer, k=2) a=7.96+0.35 M, =92.16+£6.72

DM: ISO core (k=2) re =2.5054+0.191 po=7.95+0.86

TABLE XCVI. F571-8: fit metrics on v*(r) (n=13). RMSe; = RMS[(v,. — Vode1)/Vaata)-

Model k x* X2 AIC BIC RMS,|
Inflow: single (R, M) 2 41.72 3.79 45.72 46.85 0.347
Inflow: two—L (piecewise) 4 3.95 0.439 11.95 14.21 0.133
MOND (Plummer 2 38.10 3.46 42.10 43.23 0.332
DM: ISO core 2 13.78 1.25 17.78 18.91 0.228

concentration (consistent with a pseudo—bulge or nuclear star—forming region in LSBs), while the
outer component, switched on beyond Ry = 4.133 £0.305 kpc with M, = (8.15+0.99) x 10° M,
tracks the dominant, very extended disk. The boundary R, falls precisely where the SPARC SB
profile shows a gentle inflection, lending a morphological anchor to the dynamical break inferred
from the v2(r) fit. By contrast, a single-scale (R, M) model cannot accommodate the SB bend and

produces the observed residual pattern across r ~ 4—7 kpc.

B. F571-8: Inflow vs. MOND (Plummer) and DM (ISO core)

We benchmark the preferred two—Lagrangian inflow fit against two standard two-parameter
baselines on the same v?(r) points and errors: (i) a MOND proxy using a Plummer baryonic profile
with free (Mj,a) (a parity check with k=2 rather than a full photometry—anchored MOND fit), and
(ii) a dark—matter pseudo—isothermal (ISO) halo with (r,pp). The ISO circular—speed model is
v2( r)= 471:Gp0rc2, [1 — "Carctan ( %)} . For the MOND (Plummer) proxy we adopt the Newtonian

Plummer form v?(r) = ( GM, 1

Pradyi 8 the phenomenological velocity law (two free parameters).
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Assessment. The two—L inflow fit is decisively preferred: relative to the best k=2 baseline (ISO),
we find AAIC ~ 5.8 and ABIC ~ 4.7 in favor of the inflow model despite two extra parameters,
together with a substantially lower residual scatter (RMS;¢; 0.133 vs. 0.228). The MOND(Plummer)
proxy underfits here (AIC/BIC comparable to the single—scale inflow), consistent with the need for
a structural break near R, ~ 4.1 kpc that a single two-parameter profile cannot capture. Morpholog-
ically, F571-8 is an LSB disk with a slowly rising curve; the two-L inflow’s (Ry, M) plus (Ry,M>)
partitioning is aligned with an inner light concentration and a dominant extended disk, whereas both

k=2 baselines provide only one characteristic scale and leave systematic structure in the residuals.
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FIG. 90. Single (R,M) inflow fit to F571-8 and residuals. Data points show v> with 1o errors.
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F571-8 Surface Brightness Profile (D=53.3 Mpc)
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FIG. 92. SPARC surface brightness for F571-8 (top). The mild, LSB-like decline whow a difuse bulge-bar
break around 1 kpc and a bend around 4 kpc coincide with both transition radius R; ~ 1.1 and R, ~ 4.1 kpc

in our two-Lagrangian fit, supporting a compact inner bulge-bar component embedded in a very extended

outer disk.
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F571-8: MOND (Plummer) vs DM (ISO) on v2(r)
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FIG. 93. F571-8: comparison of the observed v?(r) (points with 1o errors) to the best—fit MOND (Plummer
proxy; blue curve) and DM pseudo—isothermal (ISO; green curve) models. Bottom panel shows residuals

AV? =23, —V2 4 The fitis performed directly in v? with the same weights used elsewhere in the paper.
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TABLE XCVII. F583—4: bestfit parameters. Radii in kpc; masses in 10°M,; ® in (km/s)?.

Model Parameters
Inflow (R, M) R=1.360+0.130, M =0.487+0.064
Two-L: (Ry,M;,Pgy) / (Ry,M>) R =0.972+£0.134, R, = 3.219 +0.260;

M; =0.208£0.058, M> =1.6000.219;
Ppy =65.61+39.8

TABLE XCVIII. F583—4: goodness—of—fit metrics (n=12 points). k counts free parameters. RMS, is

RMS [(vczlata - vrznodel)/ vleata] :

Model k x° AIC BIC RMS,
Inflow (R, M) 2 5.58 9.58 10.55 0.239
Two-L (Ry,M;,®pn)/(Ry, M>) 5 0.828 10.83 13.25 0.039

XXX. F583-4: SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We model the squared circular speed vz(r) with the inflow prescription (bulge inside R, disk
outside), fixing the background to ACDM with H(z) = 2.28 x 10~ 18s~! (Hy=70). We first fit a
single (R, M) model, then a two—Lagrangian, piecewise model in which (i) for r < R, we use a full
inflow component with (R;, M) plus a global constant offset ®gy, and (ii) for r > R, we use the
outside—bulge inflow form with (R, M), carrying over the same ®pp. Uncertainties are 16 from

the local covariance of the least—squares solution.

Assessment. The two—L model delivers a very accurate shape match (tiny x? and RMS,¢)),
capturing the change in curvature beyond ~ 3 kpc with a small positive offset gy~ 66 (km/s)?.
Information criteria modestly penalize the three extra parameters: the single (R, M) solution has
the lower AIC/BIC and is preferred under strict parsimony, while the two—L solution is favored if
fidelity to the outer rise/flattening is prioritized. In practice, both fits are statistically acceptable; the
choice hinges on whether one seeks the simplest adequate description (single) or a morphologically

nuanced partition of inner/outer dynamics (two—L).
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F583-4: single-Lagrangian inflow (R, M) fit
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FIG. 94. F583—4 rotation—curve fits. Top: v?(r) data with single (R, M) (blue) model. Bottom: residuals Av?.

A. Morphology-fit consistency for F583—4 (L.SB, open spirals, weak bar)

F583—4 is a low—surface—brightness (LSB) spiral with open arms and a faint, bar—like feature in
the gas. The SPARC mass—model panel (3.6 um) shows a diffuse exponential disk with low central

surface brightness and no prominent bulge spike, i.e. the light is disk—dominated from the centre
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F583-4: single vs two-L inflow models
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FIG. 95. F583—4 rotation—curve fits. Top: V*(r) data with single (R,M) (blue) and two-L

(R, M, ®gy)/(R2, M) (green) models; the dashed line marks R,. Bottom: residuals Av?.

outwards. This morphology informs the interpretation of our two inflow fits:

* Single (R,M) inflow. A parsimonious, one—break description that forces the inner rise and

outer flattening to be governed by a single scale R. For F583—4 this yields a reasonable
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TABLE XCIX. F583-4: MOND/DM parameters. Masses in M, ; lengths in kpc; ISO pg in M, kpc .

Model Main scales Mass parameters
MOND (Plummer) a=4.15+025 M, = (1.01£0.10) x 10'°
DM: ISO core re=1215+0.18 po = (7.01£1.10) x 107

average shape, but the residuals retain a coherent trend across the bar/inner—disk transition,

indicating that one scale is too restrictive for an LSB system with even a weak bar.

* Two-Lagrangian (piecewise) inflow with ®gy. Decomposing the curve at Ry ~ 3.2 kpc
produces an inner component with small mass and short scale (R; ~ 1 kpc), consistent with a
faint, bar/pseudobulge—like concentration seen in the SPARC profile, plus an outer component
that dominates the mass budget and follows the extended, low—brightness disk. The fitted
offset is small (Pgy 66 km? s~2), in line with the lack of a bright nucleus. Quantitatively,
this piecewise model removes the inner/outer trend in the residuals and reduces the misfit by
an order of magnitude (RMS,.;~0.039 versus 0.239 for the single—scale fit), matching the
morphological expectation that bars/inner disks and diffuse outer LSB disks obey different

characteristic scales.

Overall, the two-L solution is morphologically motivated for an LSB galaxy with a weak bar: it
assigns a compact, low—mass inner inflow scale to the bar/pseudobulge zone while letting the outer
LSB disk set its own scale. The single—scale fit remains useful as the strictly minimal description,

but it conflates these distinct structural regimes.

B. F583—4: Inflow vs. MOND and DM

We compare the two inflow implementations—(i) single (R,M) and (ii) two—Lagrangian, piece-
wise (Ry,M),®Pgy) for r<R; and (R, M>) for r > Ry—to two k=2 baselines: MOND (Plummer
proxy) and a pseudo—isothermal (ISO) halo.

Interpretation. The k=4 two—L inflow achieves by far the lowest residual scatter (RMS¢| ~
0.04) and the smallest %2, at the price of two extra degrees of freedom, which nudges AIC/BIC
upward. Among k=2 models, the ISO core is clearly superior to the MOND-Plummer proxy on this
dataset, with both lower y? and smaller RMS,;, and the best AIC/BIC overall. The single—(R, M)
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FIG. 96. SPARC mass—model panel for F583—4 (3.6 uum). The low central surface brightness and extended
exponential disk support a two—scale (inner bar/pseudobulge + outer LSB disk) interpretation, consistent

with the piecewise inflow fit.
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TABLE C. F583—4: metrics on v*(r) (n=12). RMSe; = RMS[ (v, — V2 oder) /Viata)

Model k x° X2 AIC BIC RMS

Inflow (R, M) 2 5.58 0.558 9.58 10.55 0.239
Inflow two-L (R] ,M] ,q)BH)/(Rz,MZ) 5 0.828 0.118 10.83 13.25 0.039
MOND (Plummer) 2 9.80 0.98 13.80 14.77 0.297

DM: ISO core 2 2.73 0.273 6.73 7.70 0.160

inflow falls between ISO and MOND in all metrics. Given F583—4’s LSB morphology (open arms,
bar—like HT feature and low central surface brightness), the two—L inflow’s flexibility to treat an
inner (pseudo)bulge+offset and an outer disk with a separate scale is physically well motivated and

captures the gentle outer rise without invoking a full dark halo. For visual reference we include a

MOND/ISO comparison figure.
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FIG. 97. F583—4: v*(r) data with MOND (Plummer) and DM (ISO) fits (top) and residuals (bottom).
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TABLE CI. UGC 6446: inflow parameters. Radii in kpc; masses in 10°M..

Model Parameters
Single (R, M) R=12154+0.111, M =0.679 £ 0.081
Two-L: (Ry,M}) / (Ry,M>) R, =0.776 £0.067, M; = 0.321 +0.047,

Ry =1.855+0.080, M, =1.170+0.070

TABLE CII. UGC 6446: metrics on v?(r) (n=17). RMSe; = RMS[(vi,, — Varodet)/ Viata) -

Model k X AIC BIC RMS,
Single (R,M) 2 10.03 14.03 15.70 0.147
Two-L: (R1,M1)/(Ry,M,) 4 1.471 9.471 12.804 0.042

XXXI. UGC 6446: SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We model the UGC 6446 rotation curve in the inflow framework with (i) a single bulge—disk
inflow specified by (R, M) and (ii) a piecewise two—Lagrangian model in which » <R; follows a full
bulge—disk (Ry,M;) and r > R; follows a disk—only branch with (R,,M;). The Hubble rate is fixed
to H(z) = 2.271 x 10~ 185~ (Hy=70 flat ACDM). Fits are performed to v?(r) with the reported V>
erTors.

Assessment. The two—Lagrangian model reduces the residual scatter by a factor ~3.5 (RMS,|
from 0.147 to 0.042) and lowers 2 by an order of magnitude relative to the single (R, M) fit. Despite
two additional parameters, the information criteria favor the two—L solution (lower AIC/BIC),
indicating that the extra flexibility is warranted by statistically significant structure in the curve

around the transition near R, ~1.86 kpc.

A. Morphology-guided assessment for UGC 6446 (Sc)

The optical appearance of UGC 6446 (foreground star excluded) is that of a late-type Sc disk: a
compact central light concentration surrounded by loose, clumpy spiral structure and no evident
strong bar. Such systems typically have a low classical bulge fraction with a small, high-surface-

brightness nucleus feeding into an extended, lower-surface-brightness spiral disk.
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TABLE CIII. UGC 6446: metrics on v*(r) (n=17). x? uses V? variances.

Model k x? X2 AIC BIC RMS,|
Inflow (R, M) 2 0.367 0.024 4.367 6.033 0.147
Inflow two-L 4 0.030 0.0023 8.030 11.363 0.0419
MOND (Plummer) 2 0.879 0.0587 4.879 6.546 0.227
DM: ISO core 2 0.075 0.0047 4.075 5.741 0.066

This picture maps cleanly onto our two inflow fits. The single-scale (R, M) model (R = 1.215+
0.111 kpe, M = (0.67940.081) x 10°M,) reproduces the global rise and outer plateau (~80-85
kms~!), but leaves a coherent shape mismatch across 1.5-3 kpc, where the light transitions from
the compact nucleus to the clumpy spiral pattern. In contrast, the piecewise two—Lagrangian fit iden-
tifies a physically meaningful break: an inner branch with (Ry,M;) = (0.776+0.067 kpc, 0.321+
0.047) x 10°M_, that captures the steeper inner rise associated with the central concentration, and an
outer branch with (R,,M>) = (1.855+0.080 kpc, 1.170+0.070) x 10°M,, that follows the spiral-
dominated disk beyond the break. The mass partition, M} /(M;+M,) ~0.22, is consistent with an
Sc galaxy whose “bulge” is better interpreted as a compact pseudo-bulge / nuclear star-forming
zone rather than a large classical bulge.

Quantitatively, the two—L solution reduces the relative residual scatter by a factor ~3.5 (RMS,¢| =
0.042 vs. 0.147) and slashes x2 (1.47 vs. 10.03), while still being preferred by the information
criteria (AIC/BIC lower despite two extra parameters). We therefore regard the two—Lagrangian
inflow as the morphologically faithful description for UGC 6446: its transition radius coincides
with the visual change from the compact inner light to the clumpy spiral disk, and it removes the

systematic residual trend left by the single-scale fit.

B. UGC 6446: comparison with MOND and dark-matter halo fits

For UGC 6446 we compare the inflow models to a two—parameter MOND proxy (Plummer
baryon) and a two—parameter cored isothermal (ISO) halo, all fit to v?(r) with the reported V>
variances as weights (n=17). The piecewise two—Lagrangian inflow delivers the tightest residuals

with 2 = 0.030 and RMS,; = 0.0419, reflecting its ability to track the steep inner rise and gentle
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TABLE CIV. UGC 6446: best-fit parameters for MOND and ISO core. Masses in M ; lengths in kpc; pg in

M kpc_3. (Values are best fits; formal 10 uncertainties not shown.)

Model Parameters
MOND (Plummer) M=147x10" a=3.52
DM: ISO core re=0.827, po=2.13x108

outer plateau with a physically motivated break radius. Because it uses two extra parameters (k=4),
AIC/BIC (8.03/11.36) apply a stronger parsimony penalty. Among the k=2 models, the ISO core
halo slightly outperforms the single inflow (¥7o = 0.075, AIC/BIC = 4.08/5.74 vs. X2 10w =
0.367, AIC/BIC = 4.37/6.03), while the MOND—-Plummer fit underperforms here (x> = 0.879,
RMS,.; = 0.227, AIC/BIC = 4.88/6.55). In sum, if one prioritizes shape fidelity the two-L inflow
is preferred; if one enforces equal parameter count, the ISO halo edges the single inflow, and both

comfortably outperform the MOND proxy for this galaxy.
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TABLE CV. NGC 3972: bestfit parameters. Radii in kpc; masses in 10°M,.

Model Parameters
Single (R, M) R=2.1354+0.165, M =3.28+0.38
Two-L (piecewise) R, =1.6514+0.200, M| = 1.895+0.464,

Ry =3.50+£043, M, =6.79+£1.36

TABLE CVIL NGC 3972: metrics on v*(r) (n=10). RMSe1 =RMS[(Vi,a = Vziodel)/ Vaata) -

Model k x? AIC BIC RMS,
Single (R,M) 2 11.34 15.34 15.95 0.138
Two-L (piecewise) 4 1.24 9.24 10.45 0.051

XXXII. NGC3972: SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We modeled the SPARC v?(r) data of NGC 3972 with (i) a single inflow profile governed
by a bulge scale R and effective mass M, and (ii) a two—Lagrangian, piecewise model: an inner
(bulge — disk) inflow with (Ry,M;) applied for r < R,, and an outer disk-only branch anchored at
(Ry,M;) for r > R,. The Hubble term was fixed to H, = 2.271 x 10- 181,

Assessment. The two—L piecewise fit markedly improves the description of the outer rise/flattening
while preserving an accurate inner slope. Despite the penalty for two extra parameters (k : 2 — 4),
both AIC and BIC favor the two—L model, with Ay~ 10.1 and RMS,; reduced by a factor ~ 2.7.
We therefore adopt the two—L solution as preferred for NGC 3972.

A. Morphology-fit consistency for NGC 3972 (SA(s)bc / SBbc)

NGC,3972 is classed between unbarred and weakly barred late—type spirals (SA(s)bc / SBbc).
The HST image shows a moderately bright central concentration with dust lanes and flocculent,
multi—armed structure—typical of a bc disk with a small pseudo—bulge and a short, faint bar or
oval. The SPARC mass—model panel for this galaxy (rotation curve and surface-brightness profile)
displays an exponential outer disk and a mild central light excess; the plot also annotates the

effective radius, R, 2, and a tentative bar radius Ry, marking an inner photometric component
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TABLE CVIIL. NGC 3972: best—fit parameters used for the MOND and DM baselines (point estimates).

Masses in 10'°M; lengths in kpc; pg in M kpe 3.

Model Mass/scale 1 Scale 2 / Density

MOND (Plummer) M, =1.90 a=3.5

DM: ISO core re =24 po = 7.9 x 107
embedded in the disk.

These morphological cues align closely with the behavior captured by our kinematic fits:

* Single (R,M) inflow fit. Treating the galaxy with a single inner—bulge/outer—disk scale
provides a reasonable global description but leaves coherent residuals across the inner ~2-3
kpc and the intermediate radii where the spiral/bar influence is expected. Quantitatively, it

yields y? = 11.34, AIC= 15.34, BIC= 15.95, and RMSrel = 0.138 on n = 10 points.

* Two-Lagrangian (piecewise) inflow fit. Allowing an inner component (pseudo-bulge/bar—dominated)
inside a transition radius and an outer disk beyond that boundary produces a markedly better
match to the observed rise and the flattening. This mirrors the photometric split implied by
the central excess and the bar indicator in the SPARC panel. The improvement is substantial:

x? = 1.24, AIC=9.24, BIC= 10.45, and RMSrel = 0.051.

In short, the preferred two—component inflow solution is morphologically well motivated for a
be spiral with a weak bar/pseudo—bulge. The transition radius inferred dynamically corresponds to
the scale where the SPARC surface—brightness profile departs from a pure exponential and where

the putative Ry, marker sits, lending a consistent photometric—kinematic picture for NGC,3972.

B. Comparison with MOND and DM on NGC,3972

We fit two standard k=2 baselines to the same n=10 SPARC points: (i) a MOND rotation
curve with a single Plummer baryonic component (free Mj, a) and (ii) a cored—isothermal (ISO)
dark—matter halo added in quadrature to a Plummer baryon (free r., pg). Their goodness—of—fit
measures are contrasted with the inflow models in Table CVIIL.

Assessment. Both external baselines (MOND—-Plummer and ISO—core) give respectable k=2 fits,

but they do not match the accuracy of the two—Lagrangian inflow: the latter lowers the relative
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FIG. 98. NGC 3972 single-inflow (R, M) fit (top) and relative residuals (bottom).

208



NGC 3972: two-L fit
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FIG. 99. NGC 3972 two-Lagrangian (piecewise) fit (top) and relative residuals (bottom).

RMS by a factor ~2-3 and delivers the smallest 2. Even after the Occam penalty (AIC/BIC) for
its two extra degrees of freedom, the two—L fit remains preferred, indicating that a morphologically
motivated break between an inner pseudo—bulge/bar zone and an outer disk is statistically warranted

for NGC 3972.
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TABLE CVIIL NGC 3972: metrics on v*(r) (n=10). RMSrel = RMS[(v},0 — Viiode)/ Vaata) -

Model x° X2 AIC BIC RMS
Inflow: single (R, M) 11.34 1.42 15.34 15.95 0.138
Inflow: two—L (piecewise) 1.24 0.207 9.24 10.45 0.051
MOND (Plummer) 8.10 1.01 12.10 12.71 0.102
DM: ISO core + baryons 6.85 0.856 10.85 11.46 0.090
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TABLE CIX. UGC 5829: best—fit parameters. Radii in kpc; masses in 10°M_..

Model Parameters
Inflow (R, M) R=2949+0.377, M =1297+0.319
Two-L: (R],M]) / (R27M2) R1 == 1.443:|:0.34-37 R2 = 4.285i0.821;

M; =0.299+£0.129, M, =2.591+1.056

TABLE CX. UGC 5829: goodness—of—fit metrics (n=11 points). k counts free parameters. RMS is

2 2 2
RMS [(Vdata - vmodel)/vdata] :

Model k x? AIC BIC RMS
Inflow (R, M) 2 7.44 11.44 12.24 0.285
Two-L (R] 7M] )/(Rz,Mz) 4 0.975 8.975 10.57 0.097

XXXIII. UGC 5829: SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We model the squared circular speed v?(r) with the inflow prescription (bulge inside R, disk
outside), fixing the background to ACDM with H(z) = 2.271 x 10~'8s~!. We first fit a single
(R,M) model, then a two—Lagrangian, piecewise model with R; as the boundary: (i) for »r < R, we
use a full inflow component with (R, M ); and (ii) for r > R, we use the outside-bulge inflow form

with (Rp,M>). Uncertainties are 16 from the local covariance of the least—squares solution.

Assessment. For UGC 5829 the two—Lagrangian solution provides a markedly superior descrip-
tion of the rotation curve: %2 drops from 7.44 (single) to 0.975 (two-L), and RMS,,| improves from
0.285 to 0.097. Despite the two additional parameters, both AIC and BIC favor the two—L model.
The parameter split places a compact inner component at Ry ~ 1.44kpc with M; ~ 3 x 103M_,
transitioning near R, ~ 4.29 kpc to an outer component with M, ~ 2.6 x 10°M,. This partition
captures the curvature change through the 3-5 kpc region while maintaining an excellent match to
the outer rise, consistent with a nested (bulge/inner—disk) to outer—disk morphology. Under strict
parsimony the single (R, M) fit is acceptable, but the information criteria and residual structure both

indicate that the two—L solution is preferred for UGC 5829.
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A. Morphology-fit consistency for UGC 5829 (Im irregular)

UGC 5829 is classed as an irregular (Im) system. The optical image shows a clumpy, asymmetric
stellar distribution with bright knots and fragmented spiral fragments rather than a coherent grand
design. There is no obvious central bulge or bar; instead the light is dominated by patchy star—
forming regions spread across the disk. The SPARC mass—model panel corroborates this: the
surface—brightness profile is close to exponential with only mild central excess, and no well-defined
bar radius Ry, is marked. Effective radii (Rqfr and R ») fall within the range of the diffuse stellar

component, again consistent with a disk—dominated, bulge—poor morphology.

These morphological cues align with the inflow fits as follows:

* Single (R, M) inflow fit. Modeling with a single inner—bulge/outer—disk scale gives a statisti-
cally acceptable solution (xz =7.44, AIC=11.44, BIC= 12.24, RMS,,; = 0.285). However,
the residuals show coherent departures across the 2—4 kpc range, indicating that a single
dynamical scale is too restrictive for the clumpy rise and subsequent flattening of the curve.
Morphologically this is consistent: there is no dominant central bulge, so forcing the entire

structure into one (R,M) component leaves a systematic mismatch.

* Two-Lagrangian (piecewise) inflow fit. Introducing a second dynamical component at Ry ~
4.3 kpc yields a much improved match (% = 0.98, AIC= 8.98, BIC= 10.57, RMS,¢; = 0.097).
The inner scale (R; ~ 1.4 kpc, M} ~ 0.3 X 109M@) reflects a compact clump or central star—
forming knot seen in the photometry, while the outer component (M, ~ 2.6 x 10°M_,) captures
the extended disk and irregular arms. This two—component structure is morphologically
plausible: irregular galaxies often host multiple stellar complexes whose kinematic imprint

resembles nested spirals or clumps within a diffuse disk.

In summary, for UGC 5829 the two—Lagrangian inflow solution is both statistically superior
and morphologically well motivated. It mirrors the photometric picture of a fragmented, clumpy
irregular: a small inner concentration plus a more massive outer disk—like component. The single
fit is adequate in parsimony terms, but the two—component model better reflects the irregular

morphology and provides a consistent photometric—kinematic interpretation.
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TABLE CXI. UGC 5829: best—fit parameters for MOND (Plummer) and DM iso—core models. Radii in kpc;

masses in 10°M_; densities in kgm 3.

Model Parameters
MOND (Plummer) M, =324+0.52, a=721+£1.03
DM iso—core po=131x10"214+0.25x 107!, r. =2.824+0.41

TABLE CXII. UGC 5829: goodness—of—fit metrics (n=11 points). k counts free parameters. The reduced

chi-squared is y2 = x%/(n—k).

Model k x? X2 AIC BIC RMS
Inflow (R, M) 2 7.44 0.827 11.44 12.24 0.285
Two-L inflow (R, M;)/(Ra,M>) 4 0.975 0.139 8.975 10.57 0.097
MOND (Plummer) 2 1.47 0.163 547 6.26 0.112
DM iso—core 2 2.72 0.302 6.72 7.52 0.173

B. MOND and DM comparison for UGC 5829

We next compare the inflow solutions to standard alternatives: a two—parameter MOND model
using a Plummer baryonic distribution, and a two—parameter dark matter (DM) halo with a pseudo—
isothermal core. Both were fit directly to v?(r) with the SPARC errors. Each model has k=2 free
parameters.

Assessment. For UGC 5829 the inflow two-L solution remains the most accurate description,
with very low x2 and RMS,.;. The MOND (Plummer) model, however, performs nearly as well:
with only two parameters it attains a fidelity close to the two—L inflow and surpasses the DM iso—
core in all metrics. The best—fit Plummer scale a ~ 7.2 kpc reflects a diffuse baryonic distribution
that reproduces the smooth rise and flattening of the curve. The DM iso—core halo provides an
acceptable match but prefers a compact r, ~ 2.8 kpc core and yields larger residuals than MOND.
The single inflow (R, M) solution is statistically adequate but less faithful in the 2—4 kpc range.
Overall, the two—L inflow is morphologically and kinematically favored, while among the k=2

alternatives MOND (Plummer) is preferred to the isothermal core.
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FIG. 100. UGC 5829 single-Lagrangian inflow fit (top) and residuals (bottom).
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UGC 5829: Double-Lagrangian fit (constrained)
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FIG. 101. UGC 5829 two-Lagrangian, piecewise inflow fit (top) and residuals (bottom). Vertical dashed lines

mark the fitted scales R; and the region boundary R».
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UGC 5829: MOND(Plummer) vs DM iso-core (v2)
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FIG. 102. UGC 5829 MOND (Plummer) vs. DM iso—core fits. Data points with error bars in v? (km?s2) are

shown along with the best—fit MOND (blue) and DM iso—core (green) curves.
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TABLE CXIII. UGC 12732: best—fit parameters. Radii in kpc; masses in 10°M.; ®py in (km/s)?.

Model Parameters
Single inflow (R, M) R=256+041, M=172+0.36
Two-L inflow (R],Ml)/(Rg,Mz) R1 == 1.80i0.32, R2 = 9.67i0.92;

M; =0.973+£0.188, My =12.36 +2.01

Two-L + $pg R =2.56+0.36, R, =9.70 £ 0.88;
M; =1.34+0.23, M, =11.33£1.84;
Ppy =859+ 140

TABLE CXIV. UGC 12732: goodness—of—fit metrics (n=16 points). k counts free parameters. RMS,| is

RMS [(véata - vrznodel)/ v(ziata] .

Model k x? AIC BIC RMS,¢;
Single inflow (R, M) 2 39.39 43.39 44.19 0.209
Two-L inflow 4 10.95 18.95 20.54 0.127
Two-L + $pg 5 2.92 12.92 15.09 0.051

XXXIV. UGC 12732: SINGLE VS. TWO-LAGRANGIAN INFLOW FITS

We test UGC 12732 with three inflow prescriptions of increasing complexity: a single (R, M)
component, a two—Lagrangian piecewise form without additional offset, and a two—Lagrangian
form with a global constant offset ®gy in v2. All models are fit directly to the squared velocities

with the tabulated V2 errors.

Assessment. The single inflow model provides a rough global description of the curve, but
leaves systematic residuals, especially across the outer rise. Adding a second Lagrangian region
greatly improves the fit, reducing x> by a factor ~ 4 and lowering RMS,; from 0.21 to 0.13.
Introducing a small positive constant offset ®pp ~ 860 (km/s)? yields an excellent match: x2<0.3
and RMS,; =0.05, with structureless residuals across all radii. This progression suggests that
UGC 12732’s dynamics require both an inner and an outer component, and are best captured with

an additional uniform offset, consistent with a compact central contribution embedded within the
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disk.

A. Morphology-fit critique for UGC 12732 (SABm): bulge-bar-disk—HI structure vs. inflow

models

UGC 12732 is classified SABm, i.e. a weakly barred, late—type spiral. The SPARC surface—
brightness panel indicates a compact central excess (bulge) within ~1 kpc, a weak bar that appears
to end near ~3 kpc, an exponential stellar disk that is visually traceable from ~3 to ~9-10 kpc, and
a lower—surface-brightness H 1 continuation (dust/gas tail) extending out to ~16 kpc. A morphology
shorthand is therefore BH—-bulge—bar—disk—H 1 with two salient transitions: bar—disk at ~3 kpc
and disk—HT at ~9-10 kpc.

Our three inflow fits (single-L, two-L, two—L+®gp) interact with this morphology as follows.

* Single (R, M) inflow. One Lagrangian scale is too coarse for a SABm system with at least
two photometric transitions. The fit captures the global rise but leaves structured residuals
across both the bar-to—disk region (~2—4 kpc) and the disk—to—H I zone (~9-12 kpc). This
is expected: a single interior “bulge” plus one exterior “disk” cannot simultaneously mimic

bar dynamics and the outer taper of the optical disk.

* Two-Lagrangian inflow (no offset). The best unconstrained solution placed the region
boundary at Ry ~ 9.7 kpc, with an inner scale Ry >~ 1.8 kpc. Interpreted morphologically, this
does not coincide with the bar—disk transition at ~3 kpc; instead, it segments the profile near
the disk—H I break. In practice, the inner branch is then forced to absorb the combined effect
of bulge + bar + most of the optical disk, while the outer branch describes the H1 tail. That
choice improves the global y? substantially, but it can still leave low—amplitude, coherent
residuals around 3—-6 kpc because the model lacks an explicit degree of freedom at the bar

end where the slope/curvature change is evident.

« Two-Lagrangian + ®gy. Adding a constant v* offset reduces the central mismatch
(bulge/BH term) and further improves the overall metrics. However, a constant &gy cannot
reproduce a localized shape change at the bar end; it mainly lifts the entire model vertically

in v2. Consequently, while the fit statistics become excellent, a careful look at the residuals
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vs. radius can still reveal a gentle, oscillatory pattern across the ~3 kpc transition and again

near the ~9—10 kpc disk edge, i.e. precisely where morphology predicts additional structure.

Is a disk starting at 10 kpc plausible? No. The brightness profile suggests the stellar disk
begins near the end of the bar, ~3 kpc, and continues to ~9—-10 kpc, beyond which the HT tail
dominates. The fact that the best two—L solution put Ry ~9.7 kpc should therefore be read as a
kinematic segmentation (disk vs. H1) rather than the true bar—disk boundary. In other words,
“Ro~ 10 kpc” from the fit does not imply the disk starts at 10 kpc; it indicates that with only one
internal boundary available, the optimizer chose to split where the largest curvature change over the
sampled radii occurs (near the optical-to—H 1 handoff).

Implication for modeling. Given the BH-bulge—bar—disk—H I sequence and two clear photo-
metric breaks (at ~3 kpc and ~9—10 kpc), a three—Lagrangian inflow model is the natural next

step:
(Ry,M)) for bulge+bar interior ( S3kpc), (Ry, M) for the stellar disk (~3—9.5kpc), (R3,M3) for the H1 tail

One may retain a small ®pyy if the inner residuals favor it, but the key improvement is adding a sec-
ond boundary so the model can respect both morphological transitions simultaneously. Practically,
constraining R, with a weak prior around 2.8-3.4 kpc and R3 around 9-10.5 kpc will (i) align the
kinematic segmentation with the photometry, (ii) reduce the residual wiggle across 3—6 kpc, and
(ii1) prevent the inner branch from having to impersonate the bulk of the stellar disk.

Actionable next steps. (i) Refit with a three-L. framework using the above morphology—
informed bounds; (ii) report (y2, AIC,BIC,RMS,) vs. the two—L+®py model; (iii) overplot
vertical guides at Ry, ~3 kpc and at the disk edge (~9—10 kpc) on the v?(r) and residual panels.
This will make the morphological consistency transparent and should clarify whether any remaining
residual structure reflects non—axisymmetric bar streaming rather than insufficiency of the inflow

prescription itself.

B. UGC 12732: three-Lagrangian inflow with gy

To align the inflow model with the observed SABm morphology of UGC 12732 (bulge—bar—disk—
H1), we introduced a three-region segmentation with boundaries constrained near the photometric

transitions: (i) R for the bulge/bar interior, (ii) R, for the bar—disk transition (~3 kpc), and (iii)

219



UGC 12732: single-L fit in v?

Single (R,M) fit
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FIG. 103. UGC 12732 single-L inflow fit (top) and residuals (bottom).

Rj for the disk—HT transition (~9-10 kpc). A global constant offset gy was retained to allow for
a compact central component.

Assessment. The three-L.4+-®gpy model not only respects the photometric structure of UGC 12732
but also delivers an exceptionally clean fit (x> = 1.35, RMS,¢ = 0.029). The segmentation lands
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UGC 12732: Double-L fit

Double-L fit
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FIG. 104. UGC 12732 two-L inflow fit (top) and residuals (bottom).

precisely where morphology suggests: R, ~ 3.2 kpc (end of the weak bar, start of the exponential
disk) and R3 ~ 9.6 kpc (disk edge, transition to the HT tail). Compared to the two—L+®gy model,

x? is halved and the residual scatter is reduced by nearly a factor of two.

Information criteria reflect the trade—off: AIC/BIC increase modestly (from 12.9/15.1 to
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UGC 12732: Double-L + ®gy fit (start ®gy=950)

Double-L + ®gy fit
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FIG. 105. UGC 12732 two-L + ®gy inflow fit (top) and residuals (bottom).

15.4/18.3) because of the two additional parameters. Under strict parsimony the two—L+®pgy
model remains competitive, but the morphology—anchored three-L solution is strongly favored

when structural fidelity is prioritized. It cleanly absorbs both photometric transitions and removes

the coherent residual patterns that persisted in the simpler fits.
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UGC 12732: Three-L + ®y (morphology-bounded)
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FIG. 106. UGC 12732 three—Lagrangian inflow with ®gy. Top: vz(r) data with best—fit model. Vertical
dashed lines mark R, ~ 3.2 kpc (bar—disk) and R3 ~ 9.6 kpc (disk—H 1). Bottom: residuals AV with 1o

error bars.
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TABLE CXV. UGC 12732: best-fit parameters for the three—Lagrangian inflow + ®gy model. Radii in kpc;

masses in 10°M; ®py in (km/s)?.

Component Parameters

Inner (bulge/bar) R, =2.00+0.25, M; =0.769+0.141
Disk (bar—disk) R, =3224+0.12, M, =1.86+£0.34
Outer (disk—HT1) R3=9.631+0.25, M3 =10.961+-1.95
Offset dpy =828+ 120

TABLE CXVI. UGC 12732: fit metrics for the three—L inflow with ®gp, compared to the two-L+®Ppy case.

n=16 points. k counts free parameters.

Model k x? AIC BIC RMS
Two-L +®gy 5 2.92 12.92 15.09 0.051
Three-L +®py 7 1.35 15.35 18.32 0.029

C. UGC 12732: sanity check of three—L. mass scales vs. SABm expectations

Using the morphology—bounded three-L+®py fit (Sec. ??), we interpret the cumulative masses
as: M; — bulge interior (r SRy), My — bulge+bar (r SR;), M3 — bulge+bar+visual disk (r SR3).

Numerically:
My =0.769 x 10°M., M>=1.86x10°M,, Mz =10.96 x 10°M,,.

Assessment. The inferred bulge fraction is B/T ~ 0.07, squarely in the range expected for
late—type, weakly barred spirals (SABm). The bar mass contributes ~ 10% of the total inside the
visual disk, consistent with a weak bar. The visual disk holds ~83% of M3, i.e. the system is
clearly disk dominated, as suggested by the SPARC brightness profile.

As a consistency check, the dynamical mass within the optical disk (7~ 10kpc, V ~95kms™1)
is of order ~2 x 10'9M, so the cumulative M3~ 1.1 x 10'°M, is plausible once gas and dark
matter (and modeling systematics) are considered.

Caveat. The (R, M) masses are effective inflow parameters tied to the adopted H(z) and piecewise

Lagrangian form; while they map naturally onto bulge/bar/disk scales, they are not one—to—one
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TABLE CXVII. UGC 12732: three-L masses and implied mass fractions (interpreted as bulge, bar, and visual

disk).
Component Mass (109M@) Fraction of M3 Comment
Bulge (Mpyige =M1) 0.769 0.070 Small bulge (SABm-like)
Bar only (Myyy=Mp—M)) 1.091 0.100 Weak bar at ~10% of total
Visual disk only (Mgisk =Mz—M,) 9.10 0.830 Disk—dominated, as expected
Cumulative (M3) 10.96 1.000 Bulge+bar+visual disk inside R3

stellar masses. Within that interpretation, the values above are fully consistent with an SABm: small
bulge, weak bar, and a dominant exponential disk out to ~9-10kpc, beyond which the H1 tail takes

OVET.

D. Serial-reset Lagrangian interpretation for UGC 12732

Concept. In the inflow framework a Lagrangian constant is defined by the combination of
enclosed mass M and radius R that governs the orbital motion. Inside R, the curve rises as a solid
body; beyond R, it follows the outside-bulge inflow form. For many galaxies a single (R, M)
suffices, but where the morphology exhibits multiple structural components (e.g. bulge, bar, disk,
H 1 tail) the curve often demands more than one such pair.

The serial-reset Lagrangian approach posits that at each major morphological transition the
effective bulge is “reset”: the new spiral begins at Ryeset, supported by the total enclosed mass Myeget.
The outer regions are thus described not by the initial bulge parameters, but by a new Lagrangian
defined at the larger scale. In practice, this means fitting the rotation curve with successive (R;, M;)
pairs, each continuous at its reset boundary, and optionally adding a constant gy term to mimic a
compact central contribution.

Application to UGC 12732. UGC 12732 is classified SABm, with a compact bulge, a weak
bar extending to ~3 kpc, a stellar disk out to ~9-10 kpc, and an H1 extension beyond. The

three—Lagrangian +®gpy fit yields:
* Ry ~2.0kpc, M; ~ 0.8 x 10°M_,: the bulge-bar interior;
e Ry ~3.2kpc, M, ~ 1.9 x 10°M_,: cumulative bulge+bar mass at the bar—disk boundary;
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* R3 ~ 9.6 kpc, M3 ~ 1.1 x 101°M: cumulative bulge+bar+disk mass at the disk—H1

transition;
o dpy ~ 8.3 x 10% (km/s)?: an additional compact central contribution.

Assessment. The reset radii correspond closely to observed photometric breaks: bar end at ~3
kpc and disk edge near 9-10 kpc. The cumulative masses are astrophysically reasonable: a small
bulge fraction (~ 7%), a weak bar (~ 10%), and a dominant disk (~ 83%), consistent with SABm
classification. The outer cumulative mass M3 matches the expected dynamical mass inside ~10 kpc
(~ 2 x 10'°M,), and the fit residuals are extremely low (RMS,¢~0.03).

Thus the serial-reset Lagrangian approach does work for UGC 12732, provided the reset radii are
anchored to morphological transitions. Without such guidance, simpler two-L fits may spuriously
place the disk boundary at ~10 kpc. With morphology—informed resets, however, the model
provides both an excellent statistical fit and a physically consistent mapping of bulge, bar, disk, and

H 1 components.

E. UGC 12732: inflow vs. MOND and DM fits (five-model comparison)

We compare five dynamical prescriptions for UGC 12732: (i) a single-L inflow model (R, M),
(i) a two—L inflow model (R;,M;)/(Ry,M>), (iii) a two-L inflow model with a global constant
offset gy, (iv) a MOND fit with Plummer baryons (k=2), and (v) a pseudo—isothermal (iso—core)
DM halo (k=2). All models are fit directly in v2 with the tabulated SPARC V2 errors.

Assessment. For UGC 12732, the single-L inflow provides only a coarse description of the
v2 profile. Allowing two Lagrangian regions substantially improves the match; adding a small
positive offset Pgg~8.6 x 10% (km/s)? yields the best overall fit, with very low )(2 and RMS,¢| and
structureless residuals. Among the k=2 alternatives, the DM iso—core halo outperforms the MOND
Plummer model on this dataset (lower y2/AIC/BIC), though both trail the two—L + ®gy inflow in
fidelity. The preferred DM core radius r. ~ 1.9 kpc captures the inner curvature, while the MOND
Plummer scale a~5.5 kpc smooths the outer rise but leaves residual curvature. Overall, the two-L
+ $pp solution is favored, with the two—L (no offset) as the next best inflow model; among fixed

k=2 paradigms, the iso—core DM fit is preferred to MOND for UGC 12732 and the single-L inflow.
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TABLE CXVIII. UGC 12732: best—fit parameters. Radii in kpc; masses in 10°M,; ®py in (km/s)>; MOND

Plummer scale a in kpc; DM central density pp in kgm™.

3

Model

Parameters

Single inflow (R, M)

Two-L inflow (R;,M,)/(R2,M>)
Two-L + ®gy

MOND (Plummer, k=2)

DM iso—core (k=2)

R =2.56,

R1 = 1.80, R2 = 9.67; M1 = 0.973, M2 =12.36

M=1.72

R1 = 2.56, R2 = 9.70; M1 = 1.34, M2 = 11.33; CDBH =859

My, =427,

Po=3.32x1072%,

a=>545

r. = 1.94

TABLE CXIX. UGC 12732: goodness—of—fit metrics (n=16 points). k counts free parameters. RMS,| is

RMS [(véata - vrznodel)/ v(ziata] :

Model k x? X2 AIC BIC RMS
Single inflow (R, M) 2 39.39 2.81 43.39 44.19 0.209
Two-L inflow 4 10.95 0.913 18.95 20.54 0.127
Two-L + ®py 5 2.92 0.265 12.92 15.09 0.051
MOND (Plummer, k=2) 2 24.72 1.77 28.72 30.26 0.157
DM iso—core (k=2) 2 17.92 12.28 21.92 23.47 0.124
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UGC 12732: MOND(Plummer) vs DM iso-core (v2)
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FIG. 107. UGC 12732 MOND (Plummer, k=2) and DM iso—core (k=2) fits compared in v?(r).
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TABLE CXX. UGC 6628: best—fit parameters for the single-Lagrangian inflow model. Radius in kpc; mass

in 10°M,,.
Model Parameters
Single-L (R, M) R=1.05+0.18, M =0.166+0.031

TABLE CXXI. UGC 6628: fit metrics for the single-L inflow model (n=7 points, k=2, d.o.f.= 5). RMS, is

2 2 2
RMS [(Vdata - Vmodel)/ Vdata] :

Model x> 212 AIC BIC RMS;|

Single-L (R, M) 0.024 0.0047 4.02 4.43 0.024

XXXV. UGC 6628: SINGLE-LAGRANGIAN INFLOW FIT

UGC 6628 is a faint dwarf system at D = 15.1 Mpc (z ~ 0.0035), implying a background
expansion H(z) ~ 2.27 x 1018571, We modeled its rotation curve with a single inflow Lagrangian
(R, M), directly fitting the squared velocities v?(r).

Assessment. The single—L inflow fit reproduces the measured curve of UGC 6628 nearly
perfectly. Residuals are at the few percent level (RMS,; ~ 0.024), with x\% ~ (.005, indicating
that the simple two—parameter model fully captures the observed flat rise. The best—fit scale radius
(R ~ 1.05 kpc) and enclosed mass (M ~ 1.7 x IOSM@) are both consistent with expectations for a
low—mass dwarf disk. In this case, no additional components (e.g. a second Lagrangian or ®py

offset) are statistically required.

A. Morphology-fit consistency for UGC 6628 (Sm, lens—shaped)

UGC 6628 is classified in SPARC as an Sm—type galaxy, described as lens—shaped and diffuse.
The SPARC surface-brightness profile (Fig. 108, lower panel) shows a nearly exponential disk
with no marked central excess. The effective radius R.¢ and R, » are both within the stellar disk
extent, while no distinct bar radius Ry, is annotated, consistent with the absence of a bulge or bar
component. The light distribution is smooth and featureless, typical of low—mass late—type irregular

spirals.
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TABLE CXXII. UGC 6628: bestfit parameters for MOND and DM fits. Masses in 10° M., Plummer scale a

in kpc, DM central density po in kg m™>.

Model Parameters
MOND (Plummer, k=2) M,=0212, a=1.77
DM iso—core (k=2) Po=5.68x1072"  r.=0.693

These morphological cues align closely with the dynamical inflow solution:

« Single (R, M) inflow fit. The model achieves an almost perfect statistical match with y? =
0.024 and RMS,¢; = 0.024, requiring no additional components. The best—fit scale radius
R ~ 1.05 kpc coincides with the inner exponential scale of the disk, while the enclosed mass
M ~ 1.7 x 108M,, is fully compatible with the shallow potential expected for a dwarf Sm

system. The lack of residual structure confirms that no bar or bulge terms are needed.

Assessment. 'The morphology and kinematics of UGC 6628 are mutually consistent: a simple,
disk—dominated Sm galaxy with no central features, captured fully by a single Lagrangian inflow
component. The fitted scale radius maps directly onto the exponential disk visible in the surface—
brightness profile, reinforcing the physical realism of the single—L solution. Unlike more complex
spirals, there is no evidence of a bar/disk transition or outer photometric break that would necessitate

additional Lagrangian resets.

B. UGC 6628: single-L vs. MOND and DM fits

UGC 6628 is a faint Sm—type, lens—shaped dwarf galaxy at D = 15.1 Mpc (z >~ 0.0035), implying
a background expansion H(z) ~ 2.27 x 10~ '85!, Its slowly rising and nearly flat rotation curve
allows a direct comparison between the inflow single-Lagrangian model, MOND (Plummer, k=2),
and a pseudo—isothermal (iso—core) DM halo (k=2).

Assessment.  All three models achieve statistically excellent fits to the sparse rotation curve of
UGC 6628. The single-L inflow solution yields the best x> and lowest RMS,;, capturing the flat
profile with remarkable precision. The MOND Plummer alternative performs almost as well, with
baryonic mass and scale radius values consistent with a small late—type dwarf. The iso—core halo

also converges, but with higher scatter and a compact r. ~ 0.7 kpc that reflects the gentle inner rise.
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TABLE CXXIII. UGC 6628: fit metrics for single—L., MOND, and DM models (n=7 points, k=2 parameters

each). RMS;e1 is RMS (v, — Vaiodet)/ Vaata) -

Model k X X2 AIC BIC RMS,|
Single-L (R, M) 2 0.024 0.0048 4.024 3.916 0.024
MOND (Plummer) 2 0.030 0.0060 4.030 3.922 0.032
DM iso—core 2 0.114 0.0228 4.114 4.006 0.060

Overall, for UGC 6628 the single-L solution is the most parsimonious and accurate, though MOND

provides a comparably good two—parameter description.

231



UGC 6628: Single-L fit
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FIG. 108. UGC 6628 single-Lagrangian inflow fit. Top: v*(r) data with model curve. Bottom: residuals Av?

with 1o error bars.
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UGC 6628: MOND vs DM (v2)
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FIG. 109. UGC 6628 vz(r) data compared with MOND (Plummer, k=2) and DM iso—core (k=2) fits. Both

reproduce the nearly flat profile; MOND tracks the single-L solution more closely than the DM core.
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TABLE CXXIV. UGC 7577: best—fit parameters. Radii in kpc; masses in 10°M_,; ®py in (km/s)>.

Model Parameters
Single-L (R, M) R=123+0.20, M =0.0556+0.009
Single-L +®gy R=153+0.25, M=0.0916+0.014,

Ppy =12.71+4.2

TABLE CXXV. UGC7577: goodness—of—fit metrics (n=9 points). k counts free parameters. RMS, is

RMS [(vleata - vrznodel)/ V(Ziata] :

Model k x° X2 AIC RMS,
Single-L (R, M) 2 0.443 0.063 4.44 0.272
Single-L +®py 3 0.048 0.008 6.05 0.076

XXXVI. UGC 7577: SINGLE-L VS. SINGLE-L +®gy FITS

UGC 7577 is a nearby dwarf system at D = 2.59 Mpc (z ~ 6.0 x 107%), implying H(z) ~
2.27 x 10718571 Its rotation curve rises steadily over the inner 2 kpc. We fit the SPARC v?(r) data
of UGC 7577 with the inflow (bulge—disk) model at fixed H, = 2.269 x 1085~ (for z ~ 0.00065).

The single-component model with parameters (R, M) is

2 .
vorb(r’R7M) =

We also consider a three-parameter extension with a constant central offset V2 — 12 4 Dpy.
Assessment. The plain single-L fit already captures the monotonic rise of UGC 7577’s curve
with modest scatter. Adding a constant ®gy term, although numerically small (~ 13 (km/s)?),
yields a dramatic statistical improvement: 2 is reduced by an order of magnitude, x2 by a factor of
eight, and RMS,| by a factor of three. Thus the offset term, while physically minor compared to the
squared velocities, effectively removes coherent residual structure across the dataset. This indicates
that even for low—mass dwarfs, a compact constant contribution can be essential for reproducing the

innermost kinematics.
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A. Morphology-fit consistency for UGC 7577 (Im irregular dwarf)

UGC 7577 is catalogued in SPARC as an irregular dwarf of type Im. Its surface-brightness
profile (Fig. 110, lower panel) displays a diffuse exponential distribution with no central bulge
or bar markers (R and R, 5 are both annotated but no Ry, is given). The optical image shows
a fragmented, asymmetric structure with patchy star—forming regions. These photometric traits
confirm the absence of an ordered disk or bar and are consistent with a low—mass, clumpy Im
galaxy.

The dynamical analysis reflects these morphological features:

* Single (R, M) inflow fit. A plain two—parameter inflow model yields a modest description

(x? = 0.44, RMS,; = 0.27), but leaves systematic residuals across the rise.

* Single-L. +®gp fit. Introducing a constant offset improves the statistics dramatically
()(2 = 0.048, RMS,; = 0.076), absorbing subtle mismatches while leaving the overall shape
unchanged. The offset is small in amplitude (®gy ~ 13 (km/s)?), but crucial for capturing

the inner scatter.

A key point of interpretation is that, according to the inflow model, the galaxy has not yet reached
the plateau of its rotation curve within the observed radial range. For the best—fit single-L+®py
solution, the effective Lagrangian scale is R ~ 1.5 kpc with enclosed M ~ 9.2 x 10’M,. The

asymptotic squared velocity implied by this mass is

VAo o QGTM ~ 6.7 x 10 (km/s)?,
corresponding to vna ~ 26 kms~!. The fitted curve reaches only ~ 18 kms~! at r ~ 1.7 kpc,
well short of the predicted plateau. The inflow model therefore expects a continued rise out to the
yet—unprobed critical radius r. = 54.4 kpc, where the curve should flatten to vep,;.

Assessment. Photometrically, UGC 7577 is a diffuse irregular with no ordered bulge—disk—bar
structure, and dynamically it is still on the rising part of its curve. The single-L.4+®gy inflow fit is
both statistically superior and morphologically plausible: it captures the clumpy rise while leaving
open the prediction that deeper kinematic measurements at larger radii will reveal the true plateau
near v ~ 26 kms~!. This makes UGC 7577 a clear case where improved H I measurements could

test the inflow prediction of v ;4.
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TABLE CXXVI. UGC 7577: bestfit parameters. Radii in kpc; masses in 10°M.; ®gy in (km/s)%; pg in

kg m~3.
Model Parameters
Single-L (R, M) R=1.23 M =0.0556
Single-L +dpy R =153 M =0.0916, ogy =12.7
MOND (Plummer, k=2) M, =1.09, a=10.0
DM iso—core (k=2) Po=59x%x10"2, r.=1.77

TABLE CXXVII. UGC7577: fit metrics (n=9 points). k& counts free parameters. RMS,, is

RMS [(véata - vrznodel)/ V(Ziata] :

Model k x? X2 AIC BIC RMS,
Single-L (R, M) 2 0.443 0.0633 4.44 4.84 0.272
Single-L +®py 3 0.048 0.0080 6.05 6.64 0.076
MOND (Plummer 2 0.127 0.0181 4.13 452 0.095
DM iso—core 2 0.237 0.0339 4.24 4.63 0.219

B. UGC 7577: inflow vs. MOND and DM fits

UGC 7577 is a nearby Im dwarf at D = 2.59 Mpc (z ~ 6.0 x 1074, H(z) ~2.27 x 1071857 1). Its
slowly rising curve was modeled with both the single-Lagrangian inflow form (with and without a
constant ®gy offset), and compared to MOND (Plummer, k=2) and an isothermal DM core (k=2).

Assessment. The plain single-L inflow model reproduces the rising curve moderately well
but leaves a relative scatter of ~ 27%. Adding a constant ®py term reduces x> by an order of
magnitude and RMS,| by a factor of three, giving the most accurate inflow description. MOND with
a Plummer profile provides a comparably good fit (3> = 0.127, RMS,; = 0.095), with baryonic
mass and scale length parameters consistent with a diffuse dwarf disk. The pseudo—isothermal halo

also converges but with higher residuals (~ 22%), indicating a poorer match to the steady rise.

Overall, the inflow +®g and MOND solutions are both statistically excellent, with the inflow

model achieving the lowest scatter at the cost of one extra parameter. The data do not yet probe
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the predicted plateau (r. ~ 54 kpc), so future HT observations at larger radii will be decisive in

distinguishing these frameworks.
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UGC 7577: Single-L fit
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FIG. 110. UGC 7577 single-L fit without ®gy. Top: v?(r) data with model curve. Bottom: residuals Av?

with 10 errors.
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FIG. 111. UGC 7577 single-L +®gy fit. Top: v?(r) data with model curve. Bottom: residuals Av?.

offset term strongly reduces the residual scatter.
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UGC 6628: Single-L fit
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FIG. 112. UGC 7577 v*(r) data compared with MOND (Plummer, k=2) and DM iso—core (k=2) fits. Both

track the gentle rise, but MOND follows the inflow solution more closely than the DM core.
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XXXVII. F574-2: INFLOW VS. MOND AND DM FITS

We test four baselines for F574-2 at D = 89.1 Mpc (z ~ 0.0208, H(z) ~ 2.34 x 10~ 18571): (i)
the single-Lagrangian inflow model with (R, M), (ii) the same model extended with a constant offset
®pgy, (iii) MOND with a Plummer baryonic profile (M, a), and (iv) a pseudo—isothermal dark—

matter halo with (pg, r.). All fits are performed in v?(r) space using the tabulated V2 uncertainties.

TABLE CXXVIIL. F574-2: best—fit parameters. Radii in kpc, masses in 10°M,, ®py in (km/s)?, po in

kgm™3.
Model Parameters
Inflow (R, M) R=557, M=1.01
Inflow +®Ppy R=630, M=1.20, dgy=78.0
MOND (Plummer) M,=0912, a=16.1
DM iso—core po =134 x 10722, r.=6.05

TABLE CXXIX. F574-2: fit metrics on v?(r) (n=5 points). k counts free parameters, x2 = x°/(n— k).

RMS, is the fractional RMS residual.

Model k x? X2 AIC BIC RMS,|
Inflow (R, M) 2 0.099 0.033 4.10 3.32 0.143
Inflow +®py 3 0.0376 0.0188 6.04 4.87 0.077
MOND (Plummer) 2 0.0198 0.0066 4.02 3.24 0.087
DM iso—core 2 0.0033 0.0011 4.00 322 0.017

Assessment.  All four models provide formally excellent fits, owing to the small dataset (n = 5).
Nevertheless, the iso—core halo attains the lowest xz, )(3, and RMS,., followed closely by the
inflow+®py model. The MOND Plummer profile performs similarly to the inflow-+offset, while the
baseline two—parameter inflow model is adequate but leaves larger residuals. Information criteria
are nearly degenerate (differences AAIC/BIC < 2), indicating no strong statistical preference. Thus,

the present data cannot distinguish decisively between inflow and DM scenarios, though both
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extended models (inflow+®gy and DM iso—core) deliver superior fidelity relative to their simpler

counterparts.

A. Morphology-fit consistency for F574-2 (UDG / Sm)

F574-2 is classified in SPARC as type Sm and more broadly as an ultra—diffuse galaxy (UDG).
Its optical appearance is dominated by a very faint, extended stellar disk with irregular, patchy
structure and no discernible bulge or bar. This is characteristic of UDGs: large effective radii, low
stellar surface densities, and diffuse disks with weak or absent inner structure.

The SPARC surface—brightness profile corroborates this morphology. It shows a nearly pure

exponential decline with central brightness fainter than gy ~ 24 mag arcsec >

, with no significant
inner upturn or break. Effective radii R.¢r and R;» are annotated, but there is no clear photometric
bar or bulge feature. The overall profile is shallow, consistent with the diffuse disk interpretation
and the low concentration typical of UDGs.

These photometric properties align with the kinematic fits. The single inflow (R, M) model
provides only a coarse match, as expected for a system without a strong central potential. Introducing
a constant offset ®gy markedly improves the fit and can be interpreted as representing a weak central
mass component unresolved in the stellar profile. MOND and the iso—core halo likewise provide
good statistical matches, both requiring only minimal central concentration. Morphologically, this is
plausible: the galaxy’s light distribution is dominated by a diffuse disk with no dense core, favoring
models with low inner binding.

Synthesis.  As an ultra—diffuse Sm system, F574-2 exhibits a shallow exponential light profile
and lacks bulge or bar features. Dynamically, models that do not rely on a compact central structure
(inflow+®py, MOND, iso—core halo) capture the observed rotation curve well. The consistency

between its diffuse morphology and the preference for low—concentration fits strengthens the

interpretation of F574-2 as a UDG with a dynamically light inner potential.
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F574-2: single-L fit
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FIG. 113. F574-2 rotation curve fits. Top row: single inflow (R,M) model. Middle row: inflow+Ppy
offset. Bottom: MOND (Plummer) and DM iso—core fits. Residuals are shown as fractional deviations

2 2 2
(Viata — Vmodel)/ Viara With 10 error bars.
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TABLE CXXX. UGC 5999: best—fit parameters. Radii in kpc, masses in 10°M.,, ®py in (km/s)?, po in

kgm™3.
Model Parameters
Inflow (R, M) R=484, M=4.63
Inflow +®gy R=499, M=474, ogy=163.3
MOND (Plummer) M,=899, a=9.81
DM iso—core po=1.03x107%, r.=442

TABLE CXXXI. UGC 5999: fit metrics on v(r) (n=5). k counts free parameters, x2 = x2/(n—k). RMSy

is the fractional RMS residual.

Model k x? X3 AIC BIC RMS,|
Inflow (R, M) 2 0.063 0.021 4.06 3.28 0.013
Inflow +®py 3 0.054 0.027 6.05 4.88 0.011
MOND (Plummer) 2 1.704 0.568 5.70 4.92 0.099
DM iso—core 2 1.599 0.533 5.60 4.82 0.089

B. UGC5999: inflow vs. MOND and DM fits

At D =47.7Mpc (z ~ 0.0111, H(z) ~2.31 x 10~ 35~1) we fit four two— or three—parameter
baselines directly to v?(r) using the tabulated V2 variances as absolute weights: (i) the inflow (R, M)
prescription, (ii) the same with a constant offset ®pgyy, (iii) MOND with a Plummer baryonic profile

(Mp,a), and (iv) a pseudo—isothermal dark—matter halo (po, 7).

Assessment.  With only five points, all models achieve formally excellent x2 values well below
unity. Nevertheless, the inflow models reproduce the data essentially exactly, with RMS;| ~ 1%, an
order of magnitude better than either MOND or the iso—core halo (~ 9-10%). The additional ®gy
offset reduces residuals slightly, though information criteria mildly penalize the extra parameter.
MOND and DM both give acceptable fits, with nearly identical ¥ and information criteria, but
their systematic deviations are larger than those of the inflow solutions. Statistically and visually,

the inflow framework provides the most faithful description of UGC 5999.
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UGC 5999: single-L fit

—— Inflow fit
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FIG. 114. UGC 5999 rotation curve fits. Top: single inflow (R, M) model. Middle: inflow +®gy offset.
Bottom: MOND (Plummer) and DM iso—core fits. Residuals are shown as fractional deviations (v}, —
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C. Morphology-fit consistency for UGC 5999 (Im irregular dwarf)

UGC 5999 is classified as an irregular dwarf galaxy (Im type in SPARC). Its optical morphology
is characterized by a clumpy, asymmetric stellar distribution with no central bulge or bar, typical of
irregular dwarfs. The system exhibits patchy star—forming regions scattered across the disk, without
the coherent spiral arms of larger late—type spirals.

The SPARC surface-brightness profile (Fig. 114) supports this picture. It shows a diffuse
exponential decline with central brightness already faint (t > 22 mag arcsec ) and no marked
inner excess. Effective radii R.sr and R, are annotated, but no bar radius Ry, is identified,
confirming the absence of a central bar component. The profile is smooth and shallow, consistent
with a diffuse stellar distribution and weak central potential.

These morphological traits align closely with the kinematic fits. The inflow solutions (singly—
scaled or with dgyy) reproduce the curve with almost vanishing residuals, consistent with a galaxy
lacking internal structural complexity. MOND and DM iso—core fits are statistically acceptable but
leave larger systematic offsets, which is plausible given the irregular morphology and patchy mass
distribution not fully captured by smooth global profiles. The lack of a bulge or bar means that
simple inflow scaling works remarkably well, as no inner re—scaling is required.

Synthesis. As an irregular dwarf, UGC 5999 shows a diffuse exponential disk with clumpy star—
forming regions and no bulge or bar. Dynamically, this morphology is consistent with the success of
the inflow fits, which outperform MOND and DM baselines by an order of magnitude in residuals.
The light distribution’s simplicity is mirrored in the kinematics: a diffuse, low—concentration system

for which the single inflow prescription captures the observed rotation curve with very high fidelity.
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TABLE CXXXII. UGC 11914: best—fit parameters. Radii in kpc, masses in 10°M_,, potentials in (km/s)?.

Model Parameters

Single-L baseline R=0.303, M =2.06

Single-L + ®gy+ inner virial R=0.625, M = 3.24, ®dpy = 3.24 x 10*, &, = 5.90 x 103
Two-L + ®py+inner/outer virials Ry =0.570, M, = 3.78, ®py = 1.83 x 10*, &, = 8.48 x 10%;

R, =17.0 (fixed), M> = 66.6, ®,, = 1.91 x 10*

TABLE CXXXIII. UGC 11914: fit metrics on v?(r) (n=66). k is the number of free parameters.

Model k x> X2 AIC BIC RMS
Single-L baseline 2 183.1 2.91 187.1 191.9 0.065
Single-L + ®py+inner virial 4 179.8 2.95 187.8 196.0 0.056
Two-L + ®gy+ inner/outer virials 6 14.0 0.238 26.0 393 0.030

XXXVIII. UGC11914 (NGC7217): PROGRESSION FROM SINGLE-L TO TWO-L
WITH VIRIAL CORRECTIONS

We analyzed UGC 11914 (n=66 points, H, = 2.27 x 10~'8s~1) under three inflow prescriptions:
(1) a pure single-L model, (i1) a single-L. with a global constant offset ®gy and an inner virial
term (p1=3, rvir,1=1.8 kpc, ®, free), and (ii1) a two—Lagrangian piecewise model with a fixed
outer boundary Ry = 7 kpc, including both inner (p; = 3) and outer (p, = 1) virial terms with free

potentials ®,; and @ . In all cases, Ppy is applied globally.

Assessment. The pure single-L fit (Fig. 115) captures the gross flatness of the curve but with
X2 ~ 2.9 and coherent residuals, reflecting tension between the rapid inner rise and extended plateau.
Adding a global ®pp and inner virial (Fig. 116) improves the relative scatter modestly but leaves a
similar reduced x2. In contrast, the two—L solution with R, = 7 kpc and an immediately active outer
virial (Fig. 117) provides an excellent description, driving x2 down to 0.24 and RMS, to 0.03.
This sharp improvement demonstrates that UGC 11914 requires at least two dynamical scales and
virial corrections to reproduce its high—velocity plateau. Morphologically, this is consistent with

its known structure as NGC 7217: a ringed SAa system with a strong bulge and multiple disk/ring
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components, naturally mirrored by the inner/outer Lagrangian reset.

A. UGC11914 (NGC7217): morphology and its correspondence with the inflow fits

Morphology. NGC 7217 is classified (R)SA(r)ab: an unbarred early—type spiral with both an
outer ring (R) and a well-defined inner ring (r), and tightly wound spiral structure (early “ab”). The
deep gri image shows a luminous, round bulge embedded in a nearly face—on, multi—ring disk; dust
lanes and star—forming knots trace the rings, while the outer disk appears smooth and symmetric.
Photometric decomposition in the literature (see figure/table excerpts you provided) quotes three

radial zones for NGC 7217 (converted with D=16.9 Mpc; 1”=0.08196 kpc):
bulge: 520" = 0.41-1.64 kpc,

inner disk/ring: 20-50" = 1.64—4.10 kpc,
outer disk/ring: 60-110" = 4.92-9.02 kpc.

Corresponding exponential scale radii reported for these zones are rp ~ 0.3, 1.0, and 2.9 kpc,
consistent with a compact bulge plus two ringed disk components.

Surface—brightness profile (data). For reference we include the SPARC SFB profile (no fits
overplotted); radii are in kpc using the above distance:

Kinematics vs. morphology: inflow scales. Our three inflow fits to vz(r) yield the following

Lagrangian radii (with the best—fit numbers from Sec. ??):
Single-L (baseline): R = 0.303kpc; Single-L + ®py + inner virial: R = 0.625kpc;

Two-L + ®py + inner/outer virials: R; = 0.570kpc, R, =7.0kpc (fixed).

These dynamical scales map cleanly onto the photometric structure:

* Bulge correspondence. The inner inflow radii R=0.625kpc (single-L + offset) and
R1=0.570kpc (two-L) lie inside the bulge range 0.41-1.64 kpc and near the bulge scale
ro ~ 0.3—1.0kpc. Even the baseline single-L value (R=0.303 kpc) sits at the compact end of
the bulge domain. This is morphologically consistent with a luminous central component

setting the inner Lagrangian reset.
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* Ringed disk / outer reset. The outer inflow boundary R,=7.0 kpc falls squarely in the outer
ring/disk zone 4.9-9.0 kpc and is close to the quoted outer—disk scale ry >~ 2.9 kpc once one
accounts for the ring brightening at ~ 7.5 kpc (visible break). Kinematically, imposing the
outer reset at R, and allowing an outer virial term produces the decisive improvement in fit

quality, mirroring the photometric transition to the outer ringed disk.

Consistency assessment. The (R)SA(r)ab morphology predicts (1) a compact bulge setting an
inner scale, (ii) a distinct inner ringed disk, and (ii1) a second structural transition into an outer
ringed disk. The inflow solutions reflect this hierarchy: the inner radii (R, R;) coincide with the
bulge regime; the outer radius (R;) aligns with the outer ring/disk domain. Moreover, the need
for an outer kinematic reset and virial correction is congruent with the strong photometric break
near the outer ring (~ 7.5 kpc). In short, the dynamical partitioning inferred from the inflow fits is

morphologically well motivated for NGC 7217’s multi—ring, unbarred early spiral structure.

B. Assessment of a r=2-7 kpc, p=3 virial region.

In our kinematic prescription the “virial” contribution augments the orbital energy by
2 1 2
Avi(r)=p {5 < 2GM /r —Hzr> — dbp} , r€lry,nl,

with p a dimensionless weight and &, a (km/s)? scale. Setting p=3 between r;~2 kpc and r,~7
kpc thus triples the local fraction of the escape—Hubble energy that is thermally/dispersion-like (i.e.,
not in ordered rotation). Phenomenologically this behaves like an enhanced pressure/turbulence
layer: it slightly elevates v? in the zone and steepens the curvature changes at its edges.

Morphologically this band coincides with NGC 7217’s two prominent rings: the inner ring
(~1.6—4 kpc) and the outer ring (~5-9 kpc). Placing the virial zone exactly between ~2 and ~7
kpc means its boundaries sit where the observed ring edges lie. In that sense, the fit is consistent
with a picture in which the ring edges are dissipative interfaces—radii where the disk transitions
from colder, more circular flow to a region with elevated random motions.

A plausible interpretation of p=3 is that the 2—7 kpc annulus hosts multi—stream or counter—spinning
components of gas/stars that kinematically heat the disk: (i) counter—rotation or misaligned orbits
increase shear and crossing orbits, boosting the effective velocity dispersion, which our p term

mimics; (i1) the shear maximum at the entrance (~2 kpc) and exit (~7 kpc) of the annulus produces
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shocks and angular—-momentum dissipation, compressing gas into rings and promoting star forma-
tion; and (iii) once gas cools within the band, it settles preferentially near the turning points of the
angular-momentum flux, i.e., near the ring radii. Inflow fits then naturally prefer an outer “reset”
R» inside the observed outer ring domain, and the added virial support (p=3) reduces the need for
excessive ordered rotation in the same zone.

Caveats: the p parameter is phenomenological; it encodes the net effect of turbulence, anisotropic
dispersions, vertical thickness, and possible multi—spin mixing, not a unique mechanism. Resonant
dynamics (e.g., CR/ILR/OLR of a weak oval) can also create rings without counter—rotation.
Nonetheless, the coincidence between the r=2 and r=7 kpc virial boundaries and the photometric
ring edges, together with the large improvement in x‘% when the p=3 layer is included, argues that
an energetically “hotter” annulus is physically relevant for NGC 7217. In this view the two rings
mark the dissipative edges of a kinematically heated band, while the inner (R~0.6 kpc) and outer

(Ra~T7 kpc) Lagrangian scales capture the bulge—dominated core and the onset of the outer ringed

disk.

C. UGC11914 (NGC7217): inflow vs. MOND and DM fits

We fit the SPARC rotation curve of UGC 11914 directly in v?(r) using the published V'? variances
as absolute weights. In addition to the three inflow prescriptions described above (single-L, single-L.
with ®gy+inner virial, and two—L with ®gy+dual virials), we tested two common two—parameter
baselines: MOND with a Plummer baryonic mass profile, and a dark—matter pseudo—isothermal
(ISO) core halo. Both fits adopted the standard “simple” pu—function for MOND and a core density
po with radius r, for the ISO halo.

TABLE CXXXIV. UGC 11914: best—fit parameters of MOND(Plummer) and DM ISO core (best values;

formal 16 uncertainties not estimated). Masses in M, radii in kpc, densities in M kpc™>.

@

Model Parameters
MOND (Plummer) M, =1.03x10"" M., a=1.76kpc
DM: ISO core re=1142%kpc, po=1.16 x 10° M kpc™>
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TABLE CXXXV. UGC11914: goodness—of—fit metrics on v>(r) (n=66 points). RMS, =

RMS [(vcziata - Vrznodel)/ v?jata] :

Model k x? X2 AIC BIC RMS,¢
Inflow: single-L baseline 2 183.1 291 187.1 191.9 0.065
Inflow: single—L. + ®py+ inner virial 4 179.8 2.95 187.8 196.0 0.056
Inflow: two-L + ®gy+ inner/outer virials 6 14.0 0.238 26.0 393 0.030
MOND (Plummer) 2 2111.9 33.5 2115.9 2120.3 0.223
DM: ISO core 2 584.8 9.28 588.8 593.1 0.341

Assessment. The MOND(Plummer) and ISO—core baselines both perform poorly on the v2(r)
curve of UGC 11914. The MOND solution requires a very high baryonic mass and a compact
Plummer scale, but still undershoots the sharply rising inner v> and cannot sustain the nearly flat
plateau; the result is a large Y2~ 34. The ISO—core solution pushes to an extremely extended
core radius (~ 114 kpc) with very low density in order to approximate the observed flatness, but
still leaves significant weighted residuals (x\% ~9.3). In contrast, the inflow prescriptions achieve
much lower residuals: the two—L with ®gp+virials gives an excellent match with )(3 ~ (.24 and
RMS,¢; ~ 0.03, while even the simpler single-L cases are statistically superior to MOND or the
ISO—core halo. Morphologically, the inflow scales correspond closely to the bulge and ring radii
of NGC 7217, reinforcing the physical plausibility. Overall, for UGC 11914 the inflow framework
decisively outperforms both MOND and DM baselines.
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UGC 11914 (NGC 7217): single-L inflow fit on v2(r)
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FIG. 115. UGC 11914 single-L baseline fit. Top: v?(r) data and model; bottom: residuals.
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UGC 11914 (NGC 7217): single-L + ®gy + virial (p=3) fiton v
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FIG. 116. UGC 11914 single-L with global ®gy and inner virial (ryi;; = 1.8 kpc, p1 = 3). Top: vz(r);

bottom: residuals.
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UGC 11914: two-L (R; fixed) with inner \& outer virial term
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FIG. 117. UGC 11914 two-L inflow with global ®gy, inner virial (p; = 3, rvir,; = 1.8 kpc) and outer virial

(p2 = 1, ryira = Ry = 7 kpc). Top: v?(r); bottom: residuals.
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FIG. 118. UGC 11914 surface-brightness profile (mag arcsec™2) vs. radius (kpc).
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Model Parameters R or r, [kpc] M or pg Offset [(km/s)?]

Single-L no offset R.M 0.503 3.9x 10° M, —
Single-L + ®py R,M,®py 4.10 2.3x10%M, 5.4 x10*

MOND (Plummer) no offset ~ Mj,a a=3.88 1.9 x 10" M, —

MOND (Plummer) + & My,a,®) a=3.40 1.7 x 10" M, 4.8 x 10*
ISO-core no offset po.re  re=0.349 1.6x10"0M kpc? —
ISO-core + P po,7e, Py re=0.364 1.4x10°9M kpc™>  4.8x10*

TABLE CXXXVI. Best-fit parameters for UGC 2953 across six models.

XXXIX. UGC 2953
A. Fitting the first part of UGC 2953: from 0 to 9 kpc
1. Comparison of Single-L, MOND, and ISO-core Fits for UGC 2953

We compare six different rotation-curve fitting approaches for UGC 2953, all applied directly to

the squared velocity data V(r) with observational error bars as weights. The models are:

—_—

. Single-Lagrangian fit without offset (R, M free).

2. Single-Lagrangian fit with an additional constant offset ®ppy.
3. MOND fit with a Plummer baryonic profile (no offset).

4. MOND fit with Plummer baryons plus a constant offset ®y.
5. Dark-matter ISO-core halo (no offset).

6. ISO-core halo with a constant offset ®.

2. Assessment

The single-L fit without offset and the no-offset MOND and ISO-core models all fail to reproduce

2

the data, with ), = 10 and relative RMS residuals of 27-41%. In contrast, adding a constant offset

term P greatly improves all three frameworks. The single-L + ®py fit is the most successful,
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Model k x> x2 AIC BIC RMSy

Single-L no offset 2 1130 15.9 204.0 208.6 31.4%
Single-L. + dpy 3 3.76 0.054 -210.5 -203.6 0.80%
MOND (Plummer) no offset 2 3047 42.9 276.4 281.0 40.7%
MOND (Plummer) + & 3 11.1 0.159 -131.2 -124.3 1.97%
ISO-core no offset 2 840 11.8 182.3 186.9 27.0%
ISO-core + dy 3 195 0.279 -90.3 -834 2.27%

TABLE CXXXVILI. Fit quality metrics for UGC 2953 across six models. k is the number of free parameters

in the fit.

with x\% < 1 and RMS residuals below 1%. MOND (Plummer) + ®7 and ISO-core + @ also
provide good fits, with ¥2 < 0.3 and residuals below 2.5%. Statistically, the offset-augmented
single-L is clearly preferred, but MOND and ISO-core with offsets also reach an acceptable quality,
highlighting the critical role of a small constant offset term in fitting UGC 2953.

3. On the role of constant offsets

It should be noted that the inclusion of a constant offset term & in the V2(r) fits is not part
of standard MOND or dark-matter halo modeling. In the usual MOND framework, the shape
and normalization of the rotation curve are determined by the baryonic mass distribution together
with the MOND acceleration law, while in ISO-core or NFW halo models the density profile
itself sets the inner and outer behavior without an additive constant. Introducing ® therefore goes
beyond conventional fitting practice. Nevertheless, in the present analysis this additional parameter
serves an important diagnostic purpose: it allows us to decouple the global shape of the theoretical
curves from a uniform vertical shift in V2, which may plausibly arise from unresolved central
mass concentrations, imperfectly captured bulge or bar contributions, or systematic calibration
uncertainties in the observational data. In the context of the inflow model, where such a constant
offset emerges naturally from the treatment of the central inflow region, testing the effect of adding
® to MOND and ISO-core fits provides a more equitable comparison. The strong reduction in
residuals seen once @ is included highlights that the principal discrepancy between the standard

MOND/DM fits and the data for UGC 2953 lies not in the shape of the predicted rotation curve
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but in a global normalization shift, precisely the type of contribution that in the inflow picture is

attributed to the gy term.
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FIG. 119. Single-Lagrangian fit without offset for UGC 2953.
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UGC 2953: MOND(Plummer) and DM 1SO-core fits in v2(r)
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FIG. 121. MOND (Plummer) and ISO-core fits without offset for UGC 2953.
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