A Belt-Local Route to a General 2D Area Law

Boundary-Tamed AGSPs, QAC Belt Circuitization, and Belt-Markov Seeding
(Al-Assisted)

F. Jofer

Abstract

We ! present a belt-local route to a general 2D entanglement area law under a uniform
gap and Lieb—Robinson bounds. Boundary-tamed AGSPs from short-time trigonometric fil-
ters, transported by a constant-depth QAC belt circuit, yield S(pa) < c|0A|+C for all finite
A once a belt—-Markov seed is available. This seed is supplied as (Approach A) a black-box
annulus recoverer; (Approach B) path-free annular quasi-idempotents for finite degeneracy;
or (Approach C) an approximate split across belts. The SRE-path case (gapped path to
a frustration-free point) follows as a corollary. Conceptually, the belt circuit is an explicit
disentangler and PEPS bridge, confining OSR costs to a fixed-width belt. Robustness and
a sector-resolved ITO formulation are included.

Introduction

Entanglement area laws capture a fundamental structural property of low-energy quantum
matter: the ground-state entanglement across a cut scales with the size of the cut, not the
volume of the region. In one dimension, an area law for gapped Hamiltonians is known to
hold in full generality. In two dimensions, violations are possible for gapless systems (e.g. free
fermions with a Fermi surface), and establishing sharp criteria for gapped models remains a
central problem.

Main results. We establish two complementary 2D area-law theorems. The statements below
summarize the hypotheses and conclusions; precise constants appear in the referenced sections.

1. General area law from a belt—Markov seed (gap + LR only). Suppose a uni-
formly gapped, finite-range Hamiltonian H (1) on Z? satisfies standard Lieb-Robinson (LR)
bounds and admits a belt-local Markov/recoverability seed along the bipartition (A:A€): a
CPTP map supported on a width-r belt around 0A that approximately recovers correla-
tions across the cut with error < e #" and Kraus rank < x/%4l. Then for every finite region
A7

S(pa(1)) < cloA| + .,

with constants ¢, C' < oo depending only on local data (d, J, R), LR parameters (v, u), the
gap A, and the belt-Markov seed constant sy (which controls x and the decay rate),
but not on |A|. This is our endpoint-only route using a boundary—tamed AGSP and
belt—Markov seeding; see Section 10 and Theorem 3.

2. Area law along a uniformly gapped path to an FF anchor. If H(1) is connected
by a C!, uniformly gapped path to a frustration-free (FF) Hamiltonian H(0), then the
same bound holds with explicit constants depending only on local data and the path gap
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Ay; see Section 8. The SRE-path hypothesis excludes intrinsic topological order for this
statement; we treat finite SRE degeneracy and ITO phases below.

For phases with a finite SRE ground-band degeneracy g, we obtain a sectorwise area law
and an additive logg for incoherent mixtures. For intrinsically topologically ordered (ITO)
phases we formulate a sector-resolved statement consistent with the expected form S(pa) <
c|0A| + v4,a + o(1) with a sector-dependent topological constant 4 ; see Section 12.

Boundary seeding: three approaches. The general (endpoint-only) theorem above is
driven by three work packages that modularize the seeding problem at the boundary.

e Approach A (assumption used as a modular input): annulus recoverability and
belt localization. In Section 10.6 we prove (and use it as a black box elsewhere) an annular
recoverer supported in a belt, with error e #" and Kraus rank < x/?4l. This delivers the
belt—-Markov seed with constant .

e Approach B (path-free): annular quasi-idempotents. In Section 11.3 we give a path-
free construction of belt quasi-idempotents on annuli via local spectral flattening, providing
sector selection and a typical-subspace rank bounded by x/?4l. This yields a seed for the
finite-degeneracy case without any commuting-projector anchor; see Section 11.

e Approach C (backup route to Approach A): approximate split across belts. In
Section 13 we prove an approximate split property across belts under LTQO-type hypotheses,
which in turn implies conditional mutual information (CMI) decay and furnishes the same
belt-local recoverer as Approach A. Thus Approach C provides a self-contained route to the
Approach A seed in a broad class of models.

Explicit disentangler from quasi-adiabatic continuation (QAC). Independently of the
seeding route, quasi-adiabatic continuation produces a quasi-local unitary U(s) whose action
can be organized relative to any cut. For any tolerance ¢ € (0, %) and bipartition (A:A€), we
factorize

U(l) = CpuxCa, 1U(1) = ChukCal| < 2,

where Cy is a constant-depth circuit supported in a fixed-width belt 9,.)A and Cpyy acts away
from the cut; see Sections 3-4. The inverse (Cy)' is an eaplicit belt disentangler: it removes
(up to €) all entanglement across the cut, isolating the entire OSR cost inside the belt with a
universal inflation base independent of system size.

Outline of methods. Our proof architecture is quantitative and belt-local:

e Boundary-localized AGSP. A trigonometric/Chebyshev energy filter (and alternatively
an ADL-type construction for almost-commuting quasi-projectors) yields an AGSP whose
contraction and OSR scale as a constant base to |0A|; see Section 2 and Section 5. We
extend the LR radius ledger (E/SE/PL) and treat rough boundaries without changing the
OSR base; see Section 6.

e QAC localized near the boundary. We realize QAC as a constant-depth circuit inside
the belt (with a separate bulk factor), with controlled OSR inflation under conjugation; see
Section 3 and Section 4.

e From AGSP to entropy bounds in 2D. A boosting lemma for the head mass of the
Schmidt spectrum, seeded by the belt—-Markov structure (Approach A /—C or Approach B),
combined with a Lorenz-curve majorization bound, gives S(pa) < C1(6)|0A|log A+Cp with
explicit constants; see Section 7.



Conceptual perspective. By localizing all entanglement-generating dynamics into a finite-
width neighborhood of the cut, we identify a minimal resource that controls the entropy: a
constant-depth circuit supported in a belt. Conjugation by (C'a)T disentangles A from A° up
to €, so the area-law problem reduces to OSR accounting within the belt. Because constant-
depth local circuits generate PEPS/PEPO with bounded bond dimension, our belt circuit gives
a direct bridge to tensor-network descriptions with boundary bond-dimension bounded by a
constant raised to |0Al; cf. Egs. (21), (144) and (143).

Corollary (constant-depth boundary circuit). Fix ¢ € (0, %) A fixed entire filter for
the QAC generator (Section 3) and a constant-color tiling compile into a circuit Cy of depth
O(1) and gate diameter O(1), supported in 9, A, such that [[U(1) — ChuxCal| < 2& with Chux
supported away from the cut. Applying (C'a)T removes the cut-crossing entanglement up to ¢,
and the OSR inflation under conjugation is bounded by a universal base I' = O(1) per unit

boundary length; see the bounds consolidated in Section 3.7.

Summary of results.

1. A boundary-controlled endpoint AGSP in 2D with DL-type contraction and OSR cost
exponential only in |0A| with a constant base (Section 2).

2. A belt factorization and constant-depth circuitization of QAC across a fixed cut, giving an
explicit belt disentangler with controlled OSR inflation (Sections 3-4).

3. A spectral (Chebyshev) filter implemented as a belt-local linear combination of short evo-
lutions with time support 7' = O(m/A,) and explicit OSR base (Section 5), extended to
general LR envelopes and rough boundaries (Section 6).

4. A 2D AGSP=-entropy conversion with explicit constants via OSR calculus, head-mass
boosting, and Lorenz majorization (Section 7).

5. A Annulus recoverability with belt support (Approach A). A belt-Markov seeding assump-
tion: annulus recoverability with error e " and Kraus rank < x!?4l, used as a black-box
input in the endpoint route (Section 10.6).

6. A Path-free construction (Approach B). A path-free construction of belt quasi-idempotents
enabling sector selection and sectorwise area laws for finite SRE degeneracy (Section 11.3).

7. A Approximate split across belts (Approach C). An approximate split property across belts
(under LTQO) implying CMI decay and the belt-local recoverer in (Section 13).

8. A robustness theorem under small local perturbations via relative QAC, including a stable
slope for the entropy bound (Section 9).

9. A sector-resolved statement for I'TO phases clarifying the appearance and sector depen-
dence of the topological constant v4 o (Section 12), and examples and counter-ezamples
(Section 14).

Scope and assumptions. Our formal hypotheses are collected in Section 1 (finite-range
interactions, uniform gap A, > 0, LR bounds), together with the OSR metric relative to a
boundary, belt neighborhoods and truncation radius, and a global constants summary. The
endpoint-only theorem requires, in addition, a belt-Markov seed as in Approach A; Approach
C provides sufficient conditions (LTQO and an approximate split across belts) that imply this
seed. The SRE-path theorem assumes a C' gapped path to an FF anchor; no translational
invariance is required in either route.



Relation to prior work. We build on Lieb-Robinson bounds, quasi-adiabatic continuation,
detectability-lemma AGSPs, Chebyshev-type filters, and recoverability /split-structure ideas.
The novelty is a belt-local organization that (i) realizes QAC as an explicit constant-depth
disentangler localized near the boundary, confining OSR costs to a finite-width belt; (ii) supplies
path-free seeding via Approach A /—C (and sector selection via Approach B); and (iii) feeds this
into a quantitative 2D AGSP=-entropy conversion with explicit constants.

Organization. Section 1 fixes hypotheses, notation, the OSR calculus, and the constants
ledger. Section 2 constructs a boundary—tamed endpoint AGSP. Section 3 develops QAC and
belt circuitization; Section 4 transports AGSPs and bounds OSR inflation. Section 5 builds
the trigonometric filter and composes it with the transported AGSP; Section 6 extends to gen-
eral LR envelopes and rough boundaries. Section 7 proves the AGSP=-area conversion with
a belt—-Markov seed. Section 8 states both theorems (SRE path and the general belt—-Markov
version) and evaluates constants. Section 9 proves robustness. Section 10 gives the endpoint
theorem (boundary seeding), starting from Approach A. Section 11 treats finite degeneracy via
Approach B. Section 12 provides a sector-resolved ITO statement. Section 13 proves the ap-
proximate belt split (Approach C) and its consequences. Section 14 presents examples, negative
controls, and checks.

1 Setup: formal hypotheses and parameter bookkeeping

Units and conventions. Lattice spacing and A are set to 1. Norms are operator norms.
Distances are graph distances on Z2. Logs are natural. We write A°:= Ay \ A and use Landau
O(+) with constants depending only on the fixed local data. For a finite region X C Z?2, diam(X)
is its graph diameter and dist(X,Y’) the minimal distance between sites in X and Y.

1.1 Lattice, Hilbert spaces, regions and boundary size

Let Ap, := [-L,L)? N Z? with periodic boundary conditions (the 2D torus); open boundaries
can be handled identically up to inessential constants. At each site x € A, the on-site Hilbert
space is H, ~ C? (d < oo). The full Hilbert space is Hp, = ®$€AL H,.. For X C A, Ax
denotes the C*-algebra of operators supported on X.

For a region A C A, and r € N, we use two related boundary neighborhoods:

(i) Thickened belt (Minkowski sum).

OrA = {x e Ap:dist(z,04) <r}.
(i) Outer layer (discrete L'-sphere).

Sp(A) = {ze€ A% disti(2,A) =71 }.

Boundary measure & packing (canonical choice). We measure boundary size by the
edge boundary

laA’edge = #{<xay> HERAS Aa Yy e Acv ”.%' - yHl = 1}

For reference we also use the (outer) Minkowski content

|OA|Mink = sup M
r>1 r

Proposition 1 (Boundary measure & packing). On Z2, for all finite A and all r,w € N,

C1 |8A‘edge < |8A|Mink < 02‘8A|edge; Nw(arA) < Cpack T‘8A|edge-




Here Ny (0,A) is the minimal number of w x w blocks covering the thickened belt 0,A; the
constants ci, 2, cpack = O(1) depend only on the lattice (and on the rounding of w to blocks).

Proof (grid covering and discrete isoperimetry on Z?). Let E(A) be the set of boundary edges
and V1 (A) := S1(A) = {z € A°: disti(z, A) = 1} the outer vertex boundary. Each z € V;(A)
has deg4(2) € {1,2,3,4} neighbors in A, and
0Aleage = Y dega(z) = [Vi(4)] < [0Aleage < 4[Vi(A)]. (1)
zeV1(A)

Minkowski content upper bound. Fix r > 1 and define a map f : S,(A) — V1(A) as follows:
for y € S,.(A) choose a shortest L' path to A (break ties lexicographically) and let f(y) be the
first vertex on that path that lies in V4 (A). If f(y) = 2, then y is at L!-distance r — 1 from z,
hence y € S,_1(2) := {z : ||z — z|l1 = 7 — 1}. Therefore |f~1(2)| < |S,_1(2)| = 4(r — 1) < 4r.
Summing over z and using (1),

1S/ = > 1) < 4rVi(A)] < 4r]0A cage-
zeV1(A)

Taking the supremum in 7 gives [0A|Mink < €2 |[0Acdge With co = 4.
Minkowski content lower bound. For r = 1, (1) yields |S1(A)| = [Vi(A)| > 1 [0A|edge- Hence

Ol — sup 1S S SHA)

r>1 T - 1 -

i |6A|edgea

so one can take ¢ = %.

Packing of the thickened belt. Cover 0, A by concentric L'-annuli of unit thickness; each layer
has size O(|0A|cdge) by the bounds above. A w x w grid covering argument yields N,,(9,A4) <
Cpack T |0 A|edge- O

Convention. Throughout we write |0A| for [0A|eqge- Replacing |0A| by |0A|mink changes only
O(1) constants; all OSR/entropy exponents keep the form base!94le.

1.2 Local Hamiltonians and regularity along a gapped path

We consider finite-range, uniformly bounded local Hamiltonians
H(s)= > hz(s), se[0,1],
ZCAL

with the following standing hypotheses (all bounds independent of L):

¢ (Range/strength) There exists R € N such that hz(s) = 0 whenever diam(Z) > R, and
lhz(s)|| < J for some J < co.

e (Gap at the endpoint) The endpoint model H(1) has a uniform spectral gap A, > 0
above its ground band, independent of L. This suffices for the endpoint-only route.

e (Optional C' gapped path) When we invoke quasi-adiabatic continuation (QAC), we
assume s — H(s) is C! with a uniform gap A, > 0 for all s € [0, 1] and

l0shz(s)|| < Ji, Oshz(s) =0 if diam(Z) > Ry,
for some Ry, J; < oo.

e (Ground space) The ground band has fixed finite dimension g € N independent of L and
s; in the main line we take g = 1 (unique ground state). Degenerate SRE ground spaces
are handled in Section 11.

We write Ps for the ground(-band) projector of H(s) (so Ps = |(s))(2(s)] if g = 1). In sections
that do not assume a path we use only P;.



Weighted interaction norms (for robustness later). For v > 0 define

1Hlly = sup Y @ g, (oH], = sup Y e B [9hg]).
TEAL 7o, T Zoa
Perturbations in Section 9 will be measured in || - ||,.

1.3 Lieb—Robinson bound (LR)

There exist constants CLg, LR, gr.r > 0 (uniform in L, s) such that for all Ax € Ax, By € Ay
with disjoint supports X,Y and Heisenberg evolution Tt(s)(-) = tH(5) () e—itH ()

17 (Ax), By]|| < CirlAx|l|IBy | exp( — prr(dist(X,Y) — vpglt]))-

We write p := upRr, v := vpr for short.

1.4 SRE-path hypothesis and quasi-adiabatic continuation (QAC)

Optional SRE-path hypothesis. When a C! uniformly gapped path H(s) connects a
frustration-free anchor H(0) to the endpoint H(1), quasi-adiabatic continuation yields quasi-
local unitaries U(s) such that

Py = U(s)RU(s),  [92(s)) = U(s)[2(0))  (9=1).

Moreover, U(s) = T exp(i [, K (o) do) with a quasi-local generator K (o) =Y, Kz(0) obeying
exponential tails .
IKz(0)l| < Cqa e tardam®),

The constants Cqa, pga > 0 depend only on the local data (J, Ji, R, R1,As), LR parameters
(CLR, VLR, pLR), and the spectral filter used in the QAC construction. This subsection is not
used in the endpoint theorem (boundary seeding).

1.5 Operator Schmidt rank (OSR) relative to a boundary

Fix a bipartition (A : A¢). For an operator O on Ha, and r > 0, the operator Schmidt rank
across (A : A°) with belt allowance r, denoted OSRp, 4(0), is the minimal x € N such that

X
O =) A;®B,
j=1
with A; supported in AU 0, A and B; supported in A°U 0, A. Intuitively, OSRp, 4(O) is the
smallest number of terms needed to factorize O across the cut if one is allowed to fatten the
cut by width r.

Lemma 1 (OSR calculus). For a bipartition (A:A€) and allowance r > 0, OSRg, a(X) is the
minimal rank of a decomposition X = Z;‘:l A; ® B; with A; supported in AU 0, A and Bj in
A°U O, A. We fix the notation OSRg, A(-) globally. The following hold:

Product (allowances add). If OSRy, A(X) < Rx and OSRy ,4(Y) < Ry, then

OSR@HT,A(XY) < Rx Ry.

Adjoint. OSRy, 4(XT) = OSRg, 4(X).
Sum. If OSRy. 4(X) < Rx and OSR@T,A(Y) < Ry, then

OSRamaX{M,}A(X-i-Y) < Rx + Ry,

and in particular OSRo, a( Y- Xi) < . OSRo, a(Xk) whenever all Xy, admit allowance < r.
One-sided support. If supp(X) C AUO,A orsupp(X) C A°U I, A, then OSRy,4(X) = 1.



Proof. Write X = Zf;xl A; ® B; with A; supported in AU 9,A and B; in A°U 9,4, and
Y = Zf:yl C; ® D; with the analogous supports for allowance r’ (we use the standard commut-
ing—copy/link—algebra convention on the belt so tensor factors multiply termwise). Product.
Then
XY = (4Cj) ® (BiD;),
0.

and supp(A4;Cj) C AU 0,4, A while supp(B;D;) C A°U0r4,v A (since (AU, A)U(AUIA) C
AU OpypA); hence OSRy, ,A(XY) < RxRy. Adjoint. (4A; ® B)t = AZT ® BJ has the
same supports and rank, so OSRy 4(XT) = OSRg, 4(X). Sum. Pad the smaller allowance
to max{r,r’} by inserting identities on the belt; then X+Y =3, A, ® B, + >, C; ® D; gives
OSRy_ ot} A(X+4Y) < Rx+ Ry (hence the stated corollary for sums with common allowance).
One—sided support. If supp(X) C AU 9, A, write X = X ® 1 with 1 supported on AU 0, A,
50 OSRy, 4(X) = 1; the A°sided case is identical. Minimality in the lemma’s first sentence is
exactly the definition of OSRy_4(+) as the least such rank. O

1.6 Belt neighborhoods and truncation radius

Given a target operator-norm accuracy ¢ € (0,1/2), we truncate quasi-local objects to a belt
around 0A. Write uo. for the relevant locality rate and ko > 1 for the associated prefactor:

e For Heisenberg evolutions and LCU /short-time filters, take poc = prr and Ko = kg (from
LR convolution bounds).
e For QAC unitaries U(s), take fiioc = ptqa and Kioc = Ky.

@ = [ ()]

When both LR and QAC bounds are simultaneously used, we implicitly take 1o = min{upr, 1qa }
and Kjo. = max{kg, ky}. With this choice, quasi-local objects (e.g. U(s), short-time evolutions
eH(s) and polynomial filters of H(s)) admit belt truncations to Or(e)A up to operator-norm
error < €.

With this convention we set

1.7 Ground-state reductions and entropies

For any region A C Ay, the reduced state at parameter s is pa(s) := Trae (PS/TrPS). For
a unique ground state (g = 1), pa(s) = Trac(|Q2(s))(2(s)]). The von Neumann entropy is

S(pa(s)) = =Tr(pa(s)log pa(s)).



1.8 Global constants (summary)

Symbol Meaning Where introduced | Used in
d on-site Hilbert dimension Setup 1.1 All OSR /entropy
bounds
J interaction bound Setup 1.2 LR/QAC scales
R, Ry interaction / derivative ranges Setup 1.2 Belt gate diameter w
A, uniform gap (endpoint and, if assumed, | Setup 1.2 Filter step 7, degree
along path) m; robustness
CLR, VLR, tLr | Lieb—Robinson constants Setup 1.3 Truncation for
evolutions/filters;
radius ledger
Cqa, HQa QAC locality constants (optional) Sec. 1.4 Belt circuitization;
transport
KE LR convolution prefactor for trunca- | Sec. 1.6 r(e)  for  evolu-
tions tions/filters
KU QAC truncation prefactor Sec. 1.6 r(e) for U(s)
r(e) Belt truncation radius [ ;) log(koc/€)] | Ea. (2) Belt  widths in
QAC/LCU steps
T time step for short evolutions Sec. 5 (85.1) T = mr, filter spec-
trum
m filter degree (trigonometric/Chebyshev) | Sec. 5 Contraction nm,
LCU support,
T(m) filter OSR base Sec. 5 (§5.3) Final base A
Ao boundary-tamed AGSP OSR base | Sec. 2 Final base A
(endpoint)
r OSR inflation under belt circuits (trans- | Sec. 4 Final base A; trans-
port) port bounds
A consolidated OSR base Secs. 5, 4 A=AeTY(m)
W, Qoelt belt circuit granularity: block diameter | Sec. 3 Bounds for T' (e.g.
/ color count r< dCF“’quelc)
Cpack belt packing constant Prop. 1 Counting  crossing
blocks

Seeding constants (Approach A/B/C and SRE path)

KM

M

KB

KSRE

belt—-Markov seed base (log Kraus rank
per boundary unit)

seed error decay rate (recoverability ~
e_/"M"‘)

typical-subspace rank base for belt
quasi-idempotents (Approach B)
SRE-path seeding base

Sec. 10.6

Sec. 10.6

Sec. 11.3

Sec. 8

Endpoint route; con-
stants in Theorem 3
Choice of belt width
in seeding
Finite-degeneracy
seeding

SRE corollary (path
route)

1.9 Working tolerances and derived scales

Fix bookkeeping tolerances 0 < £q, < 1 for QAC truncations and 0 < ep¢ < 1 for polynomial-

energy filters. The associated belt widths are rq, =

a correlation-length proxy & := vpr/A, (guiding filter choices later).

2 Boundary-tamed AGSP without an FF anchor

Statement.

7(€qa) and rpf := 1(epr). We also introduce

For a general 2D local Hamiltonian H =), hz (finite range R, ||hz|| < J) with

a unique ground state and a spectral gap A > (0 above the ground energy Ep, we construct an
Approximate Ground-State Projector K obeying

KpP=P,  |KPY<s<1,

OSRo, 4(K) < A, (3)




for constants 6 € (0,1), Ag < oo, and belt width ro = O(1 + %polylog%) depending only on
local data and on (A, ¢), but not on |A| or the system size.

We give two complementary constructions:

(A) a direct spectral-filter AGSP K = py,(H—Ey1) (minimal assumptions; sharp and explicit);

(B) an approzimate detectability lemma (ADL) for almost commuting quasi-projectors obtained
by local spectral flow (auxiliary route; useful conceptually and for variants).

2.1 Direct spectral-filter AGSP (construction A)

Trigonometric/Chebyshev design (explicit constants). Let H := H — Ey1 so that

~

Spec(H) C {0} U[A, 00). Fix once and for all

03 w-P-E

Define g := sec(wo/2) > 1 and a = arccosh(zg) = In(zo + /23 — 1), and set

Ei=e=x0+ /22— 1> 1, n(wo) := €1 € (0,1).

Choose the Dolph—Chebyshev trigonometric polynomial

Tm( CCOOSS(%//ZQ))> Ui .
Ph(w) = ————L = E R
) Tm( cos(ulJo/2)> k=—m "

where T, is the Chebyshev polynomial of the first kind. Then

Pn(0) =1, sup | P (w)] < 2n(wo)™, (4)

lw|>wo

and the /1-weight satisfies

m

lally:== > laxl < Cuou p™  pi=¢& Crou:=4. (5)

k=—m

(The constant Cr,cy can be taken any fixed O(1) depending only on wp; Cr,cu = 4 is a convenient
choice.)

AGSP and contraction. Define the operator-valued filter

m
K = pu(H) = ) ape* . (6)
k=—m
Functional calculus gives the exact fixpoint and a tunable contraction:

KP=P, IKPY| < eyn(wo)™ =: 6, (7)

with ¢, < 2. Increasing m by O(1) absorbs ¢, so we write § >~ n(wy)™ below.



LCU time support and boundary LR factorization. Times satisfy |tx| = |k|7 < T :=
m7 = ©(m/A). The Lieb-Robinson (LR) bound of Section 1.3 implies the following.

Lemma 2 (Boundary factorization for short evolutions). There exist constants vrr, uLr > 0
and a universal kps = O(1) (all depending only on local data) such that for any t € R and any
belt width r > 0 one can write

= Ua(t)Uge(t) Vo(t) + Ey, (8)

where U(t) (resp. Uac(t)) is a unitary supported in AUO, A (resp. AU, A), Vy(t) is a unitary
supported in 0, A, and the error E; is supported in 0. A and obeys

B < hipp eVLRI = pemr, pef € (0, prRr)]. (9)

Moreover, both Vy(t) and E: admit circuitizations in 0, A with depth O(|t|) and gate diameter
O(1).

Proof of Lemma 2. Fixacut (A : A°) and a belt width r» > 0. Split H into three parts according

to their distance from the cut:

H =m0y + 1Y) + H,

(r) ._ (r) ._ (r) :
where H " := Zz;dist(z,aA)>r, gcahz, Hyl = ZZ:dist(Z,@A)>r, zcae hz, and Hy’ contains
the remaining terms (those intersecting the belt 9, A or straddling the cut). By construction

supp(HX)) C A and supp(HXc)) C A€, hence [HX), X)] =0.

Step 1: Interaction picture and an exact factorization. Set Ux(t) := ¢t and
Uye(t) := M2 Since H = HX) + HY 4+ H(.gr) and [HX),HXC)] = 0, Duhamel’s formula
gives the exact identity

- t S(HOLHOY 107 —is(HT 1)
™ = Up(t) Uge(t) ’Texp(i/ K}(s)ds), K, (s) = e™Ha+ AC)Ha e HL +H )
0
(10)

Note that Hg) is supported in the belt 9, A.

Step 2: Truncating the time-dependent generator to the belt. Let II5 4 denote the
(Schwarz) conditional expectation onto the operator algebra supported in 0,A (equivalently,
“erase” degrees of freedom outside 0, A). Define the truncated generator

Ko(s) = Mo a(Ke(s)),  Valt) = Texp(i /O tKa(s)ds),

so that Vp(t) is a unitary supported in 9,A. By the Lieb—Robinson bound and the standard

truncation lemma for Heisenberg dynamics (applied to each local summand of H g) and summed
with uniform constants), there exist vpr, pLr > 0 and a universal kpr = O(1) (depending only
on local data) such that

| K, (s) — Ko(s) || < kpt RIS = e g € (0, pg)- (11)

(Here peg is the effective decay rate coming from convolving LR light-cones with the finite
interaction range; see the belt-truncation discussion for quasi-local objects in §1.6.)
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Step 3: Comparing time-ordered exponentials. Let W(t) := Texp(if(f K,(s)ds) and
Wy(t) := T exp(i fot Kpy(s)ds). By the Duhamel/Grénwall estimate for time-dependent genera-
tors,

It] ||
W@ - Wo(t) < [ 15 (5) ~ Kool exo( [ (15wl + Kot du) s
]
<0y et /0 Fopt e VLRS—HefiT o

whence, absorbing the elementary integral and e“*!l into the constant,
IW(t) = Wa(t) | < rpp eenlfl = s, (12)

(Here Cy,¢; = O(1) depend only on local bounds for the interaction; in particular the estimate
is uniform in the system size.)

Step 4: Defining the error and its support. Combining (10) and Vj(t) = Wy(t) we
obtain

M = Us(t)Unc(t) Volt) + By, By = Ua(t) Uae(t)(W(t) — Wa(t)).

By construction U4 (t) is supported in A and Ugc(t) in A° thus E is supported where W (t) —
Wy(t) is, which is inside 0, A (the only region where the two interaction-picture evolutions can
differ after the belt truncation). The norm bound (12) yields (9).

Step 5: Circuitization inside the belt. Since Kj(s) is a finite-range, uniformly bounded
Hamiltonian supported in 9, A, standard block-tiling with a constant coloring of the belt and
first-order Trotterization of the time-ordered exponential compile Vy(t) into a circuit of depth
O(|t|) whose gates act on O(1)-diameter blocks inside 9, A. The same block-tiling applied to the
integral kernel in the Duhamel representation of E; (together with (11)) yields an O(|t|)-depth
belt circuit for E; as well (up to a change of the prefactor in (9)).

This proves (8)—(9) and the stated circuitization properties. O

Applying (8) to each short evolution and summing the LCU representation at accuracy target

ept € (0,1), choose

ro(m) = ’VULRT + fog log(ﬁpf!p‘fanlﬂ = @(%) + O<10g||a|’1+10g%pf>, (13)

to obtain the belt-localized decomposition

. g
= Uglt) Une (i) Volts) + B 1Bl < e (14)

for all |k| < m, with supports inside Oro(m)A-

OSR across the cut via LR factorization and OSR calculus. By Lemma 11, the bulk
unitaries do not contribute across the belt:

OSRaro(m)A(UA (t) Uge(t) Va(t)) = OSR(‘)TO(m>A(V8(t))-

Circuitizing Vj(t) inside the belt with depth O(J¢|) and O(1)-diameter gates yields
|0A]
CCVO t
OSRaro(m)A(Va(t» S (Xevoll‘ |) ) (15)

11



for some constants Xevol > 1 and cevol = O(1). The error Ej is also supported in the belt; a
standard O(|t|)-depth compilation yields the same OSR bound up to constants. Using Lemma 12
and |tg| < T,

t H evoT
OSR@TO(WA(‘?W ) < Cerr (Xecvol1 ) )

with cery = O(1). Summing the LCU expansion with ||a||; from (5) and using Lemma 12,

~ . |0A] |0A|
OSRy, (4 (K) < lalh (conxSp™) " < (00m) ", (16)

where we set "
T(m) = Crou p™ (x&ap™)™ = Crou (px&x7)" (17)
(We absorbed cery = O(1) into Xevol-)

Proposition 2 (Boundary-tamed spectral-filter AGSP, explicit constants). Fiz 7 = 7/(34).
For any degree m € N, let K = py,,(H—Eo1) as in (6) with coefficients from (4)—(5), and choose
ro(m) by (13). Then with

d = cynlwo)™ (< 1) and Y(m) from (17),

we have for all bipartitions (A:A):

RP=p,  [RPH|<6  OSRy, . a(K) < (T(m)™

Moreover ro(m) = ©(m/A) + O(log ||al|l1 +log(1/eps)), and T(m) = Crcu(p xeog™)™.

2.2 Alternative construction: ADL via local spectral flow

This subsection presents an alternative ADL-style construction based on almost-commuting
local quasi-projectors obtained via local spectral flow.

Local quasi-projectors. Tile the lattice by overlapping blocks {B} of diameter w = O(1)
that admit a constant coloring so that blocks of the same color are pairwise disjoint. Using a
standard quasi-adiabatic spectral filter with bandwidth v € (0, A), define quasi-local positive
operators g > 0 such that:

PQs=0,  [Qsl<l Q% Qs < oy Q5. @011 < comme B,
(19)
Here €proj, Ecomm < ce ©™ are exponentially small in w (LR/QAC control), and ¢, ¢, > 0
depend only on local data and A.

cw

Layering and the ADL operator. Let {ﬁg}zzl be a constant coloring of overlapping blocks
{B} of diameter w = O(1) (same—color blocks disjoint). For each block let Qg > 0 be a local
quasi-projector constructed from the dressed local energy Ep by a smooth functional calculus
so that (with constants depending only on local data)

IQsll <1, PQs=0, [Q5—Qsll<epoj Q5 Qmlll < ccomme™# ). (20)

(See Secs. 2.2 and 10.2 for the construction of Ep and @)p and the resulting bounds; cf. (19)
for the canonical statement.) Define the layered ADL operator

Kapr = [] ( [T @-@s) >7 (21)

/=1 BeL,

where factors inside each layer commute exactly (disjoint supports).

12



Lemma 3 (Approximate DL for almost commuting constraints). There exists capr, = O(1)
(depending only on local data and the coloring) such that, setting

Eloc = max{spmj, Ecomm}a

if €10c K A/q, then

1
|Kapr, PH|| < /1 —aapLA + caDLq€loc 5 QADL, < 7 (22)

Moreover KapL,P = P, and Kapy, is supported in a belt Op,)A up to exponentially small tails.
Consequently, Kapy, admits a circuitization inside Op,)A of depth O(1) with O(1)-diameter
gates.

Proof. Fizpoint Kap,P = P. Since PQp = 0, we have (1 — Qp)P = P for all B, hence
KapLP = P.

One-layer norm decrease. For any 0 < Q < 1 and any vector ¢, (1 —Q)? < (1 — Q) and
0< Q%< Q. Thus

11 = Q)¢l? = (o, (1 = Q)%¢) < (¢, (1 = Q)¢) = [loll* — (v, Qw).

Inside a fixed color layer L;, the operators {Qp}per, commute (disjoint supports). Writing
Dy :=[]per,(1 — @p) and applying the previous inequality sequentially (using that each Qp
commutes with all (1 — @p/) in the same layer and 0 < (1 — Qp/) < 1) yields, for any 1,

1D * < N[l = D (v, Qpe). (23)

BeL,

Energy visibility. Let H =), hz and let Eg > 0 be the dressed block energies (Sec. 10.2).
There exist constants c1,co = O(1) such that (operator order)

aH <> Ep < H, (24)
B

because each hy is covered O(1) times and Ep is obtained from ep by a quasi-local convolution
preserving positivity and scale up to O(1) constants. Choose the scalar function used in Qp =
q(Ep/M) so that ¢ : [0,00) — [0,1] is increasing and g(z) > copx on [0, 1] with ¢¢ = O(1)
(saturation to 1 for = > 1). Since |Eg|| < M = O(1), we obtain the wvisibility inequality

C CpC
ZB:QB > ]\ZEB:EB > ?WlH = awe H, (25)

with ayis = O(1) depending only on local data. By partitioning blocks into g colors and bounded
overlap, we may write Y7, > g, @B > (avis/q) H, hence for any normalized ¢ | ran P,

Qyig

SN @W.Qpv) > (@, HY) >

A (26)
(=1 BE€eLy q

Inter—layer perturbation (Grénwall bound). Let PO = ¢ and Y = DU for ¢ =
1,...,q. Summing (23) for £ =1,...,q gives

[M]=

@2 < 13 37 (D, @), (27)
BeLy

~
I

1
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We compare (=D, Qp ™) to (,Qpy). Write Doy := [[;, Dj. Using [|[[@p, Dj]|| <
CEcomm (€ach @p fails to commute with only O(1) terms in D; and [|[@B, @p]|| < €comm), and
| Dj|| <1, a telescopic commutator expansion gives

HDLKQBD<€_QBH < c/(g_l)gcomm < Clq5comm = O(qf‘:loc)-

Hence
q

S @Y Qe = (1-gene) Y Y (1. Qe ), (28)

(=1 BeLy (=1 BeLy
with ¢ = O(1). Combining (27), (28) and (26) yields

Qo
H[(ADLwH2 = W(q)HQ < 1-— (1 - C/,q510c> ;IS A=1- aADLA + O(qgloc)a

with aapr, = awis/q = O(1/q). Taking the supremum over unit ¢ L ran P gives (22) (absorbing
constants into capy,) and the stated condition €),. < A/q ensures the right-hand side is < 1.
Belt support/circuitization. Each Qp is exponentially quasi-local around B; the product
over a constant number ¢ = O(1) of color layers is supported inside a belt Jdo(w)A up to tails
O(e "). A standard layer-by-layer compilation yields a depth-O(1) circuit with O(1)-diameter
gates inside the belt. O

OSR across the cut. As in the FF analysis, per-layer factors split into boundary clusters of
diameter O(w). Counting clusters along the boundary and using that each (1 — @) acts on
O(w?) sites, we obtain

SRy, 4(Kapr) < (dc,w2>c”qlaA\ _. (AADL)\aAI’ (29)

with ¢, ¢, ¢ = O(1). Choosing w = O(1) so that cApLGEIe < %aADLA gives a uniform contrac-
tion |[Kapr,Pt|| < 1/1— SaapLA < 1.

Remark (exact fixpoint). If one insists on ezact KP = P while Qp only satisfy ||PQg]|
exponentially small, a simple post-filtering trick makes the fixpoint exact with negligible cost:
define

~

K = Pmy (H) KADL Py (ﬁ)v

with pm, from (6) chosen so that 7™ < ejoo. Then KP = P and ||[KPL| is the minimum
of the ADL contraction and the filter contraction, while the OSR base multiplies by at most
Y (myq) (still of the form basel4l).

2.3 Constants summary

Construction A (spectral filter) — constants. For any target § € (0,1), pick m >
[log(cy/6)/1og(1/n(wo))]| and set 7 = m/(3A). Then

K =pm(H-E1), KP=P, |KP+|<y,

ro = e( ) +O(log lall1 + log a%f)

m

A
OSRB,,OA(I?) < <T(m)>|aA‘, Y(m) = Crcu (P Xg%‘fﬁ)m

All constants depend only on local data (d,J, R), LR parameters (vrRr, pLRr), and the gap A,
not on |A| or system size.
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Construction B (ADL). With block diameter w = O(1) large enough:

q
Kap =[] JI @ -@s), KabLP=P, |KapLP'l| <+/1-aapLA/2,

{=1BeLy

|0A]
OSR@O(w)A(KADL) < (AADL) , AApL = JOw?a)

If needed, sandwich by a tiny spectral filter to make the fixpoint exact with negligible change
in the base.

3 Quasi-adiabatic continuation (QAC), belt truncation, and
constant-depth circuitization

Overview (gap+LR only). We work along a uniformly gapped path H(s), s € [0,1], as-
suming only a Lieb—Robinson (LR) envelope and no SRE/commuting-projector anchors. We
construct quasi-adiabatic continuation (QAC) unitaries U(s) with explicit quasi-local decay,
derive a belt factorization

|U(s) = UPE(s) URe(s) | < e,

for 7 = r(e) = [ug log(ky /)], and produce constant-depth belt/bulk circuit realizations with
controlled operator Schmidt rank (OSR) across the cut. This realizes the “belt disentangler”
needed later for the AGSP and entropy converter. All constants depend only on local data
(d,R, Ry, J,J1) and LR parameters; no SRE input is used.

Assumption 1 (Locality, gap, and LR data). We fix a 2D graph of bounded degree and local
Hilbert dimension d. The Hamiltonian path admits decompositions

H(s)=> hx(s), 0.H(s)=>» hx(s),
X X

with diam(X) < R for hx, diam(X) < Ry for hx, and uniform bounds ||hx (s)|| < J, |hx(s)|| <
J1. There is a uniform gap A, > 0. We assume an LR bound with constants (CLR, VLR, LLR)
for the (E)-class; see Remark 1 for the (SE)/(PL) ledger. All asymptotic constants below depend
only on this local data and LR parameters.

3.1 QAC generator with exponential tails: filter choice and LR convolution

Let A, > 0 be the uniform gap and pick 0 < v < A, (we will fix v = A,/2). Choose the entire

odd cutoff

— 1 — e~ W/7)?

o) = =20 (30)
so that F;(w) = —1/w for |w| > =, while 1/:';(0) = 0. By Paley-Wiener, the time kernel F,(t)

decays Gaussianly:

IF,(t)] < Cpe@r® < Cpe ¥l (teR), (31)
for some ap, o, = ©(y%) and Cr = O(1). Define the QAC generator (Hastings)
K(s) == i / dt F,(t) ™M) (9H (s))e MH ), (32)

Then K (s) is self-adjoint and block-off-diagonal w.r.t. the ground projector:

d

P,K(s)Ps =0,  —
(s) s

Py =i[K(s),P), U(s) = Texp(i /0 " K(o) da), Py = U(s)PyU(s)".
(33)
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Lemma 4 (Exponential quasi-locality of K (s) with explicit constants). There exist Cqa, pqa >
0 and a decomposition K(s) =), Kz(s) with

suppKz(s) = Z, IKz(s)]| < Coa e taadiam(Z),

One may take

' 1
poa = %mln{O/F,,ULR}v CQA = ¢gCr Jq (2R1+1)2 @7

with co = O(1) depending only on the lattice geometry and the LR constants.
Proof. Write 0sH(s) = Y ®1(X,s) with diam(X) < R; and [|®1(X,s)| < J;. Define the

single-term contribution

Kx(s) = i /R Fy() (@1(X,5)) dt sothat K(s) = 3 Kx(s).
X

Fix an integer £ > 0 and let X (9 be the f-neighborhood of X. Let E y+o) be any completely
positive, unital contraction that projects operators to the algebra supported on X (+0) (e.g.,
conditional expectation by tracing out the complement and tensoring the maximally mixed
state). Set the shell increments

Kx(s) == i /R Ey(t) [Excrn — Exce | (r(@1(X, 5)) dt,

with the convention Ey(4—1) = 0. Then Kx(s) = 3,0 Kx(s) and suppKx ¢(s) € XF9.

Quasi-local truncation via LR. Rescale time so that the LR bound has unit velocity; i.e.,
there exist Cpgr,puLr > 0 with ||[7:(A), B]|| < CLr|/A|||B|| e #rr(dist(suppAsuppB)—[t]) — Stan-
dard quasi-locality (obtained by bounding the Heisenberg equation for E y 0 7(®1(X, s)) and
integrating the commutator with the boundary projection) yields

[|7:(®1(X, 5)) — Exom(®1(X,s)|| < err|X|Jy e rrrle=l)] (34)

with |X| < (2R1+1)? and cg = O(1) depending only on lattice/LR data. Hence, by the
triangle inequality and (34),

[Kxe(s)ll < 2/R|F’y(t)| [7(®1(X, 5)) — Excren e(P1(X, 9))|| dt < 2cLp| X[ 1 I,

where

I, = /R]F,y(t)‘e_“LR(z_l_tl) dt < e_HLR(Z_l)/R;|F,y(t)’6#LRt| dt.

Paley-Wiener convolution. From (31) we have the exponential envelope |F, (t)| < Cr el
with o/, = ©(7?). Choose
pQa = 3min{ap, pLr},

so that puqa < prr and o — pga > pqa. Then
2Cr 2CF

/|F7(t)|€“LR|tI dt < /CF e~ (@p—naa)ltl gy — : < ‘
- ® Op — HQA HQA

Hence I; < (20r/uqa) e M= < (2CF /uga) e #eat and

4er Cr 4er CF

| X | Jp e raat <

(2R141)2J; e Haal,
HQA HQA

1K xe(s)ll <
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From shells to connected supports Z. For each connected Z, let Kz(s) be the sum of all
Kx(s) with X9 = Z. Any such Z arises from at most ¢z = O((2R1+1)?) different X
(the seed X must lie within a fixed O(R;) core of Z). Moreover, diam(Z) < 2R; + 2/, hence
¢ > 1diam(Z) — Ry. Therefore

[Kz(s) < ez~ max  |[Kx(s)]
X0 XEH0=7

< M (2R1_|_1)2 €*“QA(% diam(Z)*Rl)

HQA
< Cqa e har diam(Z)

after absorbing e#@Af1 into Cqa and setting cg := 8cpr. This yields the claimed decomposition
K(s) =3, Kz(s) with
2 1 1o
Cqa = cCrJi(2R1+1) on” pQa = g5 min{af, pLR},

uniform in s. O

3.2 Belt factorization and near-factorization with constants

Fix a bipartition (A:A¢) and r > 0. Let

K(s) = Yo Kzl KM = Y EKz(s),

Z: dist(Z,0A)<r Z: dist(Z,0A)>r

and define
U2(s) := ’Texp(i/ K9(o) da), UPuk(s) = ’Texp(i/ KPuk(g) da).
0 0

Then U?(s) is supported in 8,4 and UP"(s) in (9, A)°.

Proposition 3 (Belt factorization with exponential accuracy). Let pieg = min{uqa, #ir}-
There is a constant

ky = ¢1Cqa CLr (1 + VLR/ est) ,
with ¢; = O(1) (lattice dependent), such that for all s € [0,1] and all v > 0,

|U(s) — UP™(s)U2(s) || < ke tenr. (35)

Consequently, for any € € (0,1/2), taking

r(e) = uﬁ log(if])-‘ , (36)

we have |U(s) — U;D(‘él)k(s)Uza)(s)H <e¢ for all s € [0,1].

Proof (interaction picture + Grénwall with belt truncation). Fix r > 0 and s € [0,1]. Write the
full evolution in the interaction picture w.r.t. the bulk:

U(s) = UMS(s)Ui(s),  0Ui(s) = iK(s)Us(s), Ki(s) = Adppuns)i(E(s)),
where Ady (X) := VXVT and U7(0) = 1. Then

U(s) — UPMN(s) U2(s) = U™ (s) (Ui(s) — U2(s)),
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so it suffices to bound ||U;(s) — U2(s)].
Set W (s) := U;(s) U2(s)"; then W(0) = 1 and

W (s) = i(Kr(s) — W(s)KZ(s)W(s)") W(s).

Applying the same Gronwall step as in Lemma 2 (the “short evolutions” bound applied to
[W(s) — 1]) gives

1U1(s) = U2(s)ll = W (s) —1|| < /OSHKI(U)—K?(U)HdU- (37)

It remains to control the generator mismatch. By Lemma 4 (belt truncation under Heisen-
berg flow) and the QAC locality of K2(c), the bulk evolution—whose generator is supported
at distance > r from 0A—cannot significantly dress a belt operator before its LR light cone
reaches the belt. Quantitatively, for all o € [0, 1],

HAdU})UIk(O)T(K?(O-)) — K?(O')H < CQA CLR(]_ -+ ZL];> @_,U‘effr7 (38)

with pteg = min{pqa, prr} and a lattice constant ¢; = O(1). Inequality (38) follows by differ-
entiating the Heisenberg orbit X, (t) := AdU}ﬁ)ulk(t,U)T(K?(O')), using

O Xo(t) = i Adppuicr oyt [ K1), Xo(t)],
and bounding the commutator by the LR estimate with separation
dist(suppK}?ulk(t), SuppKTa(a)) > 7

together with the QAC tail; integrating the envelope e et ("—ULrlt=01) vields the factor (1 +

'ULR/ Heft ) .
Combining (37) and (38), and using s < 1, we obtain

1UL(s) = UP(s)| < e ", k=1 Coa CLR(l " ZLD

Since left multiplication by the unitary U)?“lk(s) preserves operator norm,
|U(s) — UPuk(s) U,,a(s)H < kye M’

which is (35). The choice of r(¢) in (36) is immediate. For (SE)/(PL) LR envelopes, replace
e Hefi" by the corresponding ledger; the proof is unchanged with the substituted envelope under
the time integral. O

Remark 1 (LR-envelope summary for this section). All occurrences of e in this section use
the (E)-class LR envelope. For (SE)/(PL) envelopes, replace e " by the corresponding LR
ledger envygr(r) (stretched exponential or polynomial), and define peg so that envga xenvir =
envyg under the standard LR-QAC convolution. The constructions, circuit depths, and OSR
bookkeeping remain unchanged; only the radius ledger (error vs. belt width) changes.

3.3 Direct OSR bound for belt-supported operators

We use a coarse but very general OSR bound that will be used repeatedly.

Lemma 5 (OSR of belt-supported operators). Let V' be any operator supported on 0,A. Then
OSRg, 4(V) < denr |04 Chelt = 8,

where cpely depends only on the lattice geometry. In particular, for any r = O(1) the OSR base
grows like exp(O(|0A])).
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Lemma 6 (General OSR inflation under belt circuits). Let X be any operator with OSRg,, a(X) <
BlOAl With Cy and Cpui as in §3.4 and §3.5, one has

OSR C C XCT CT < TRB |0A] r = 2CentQbelt dQCcntqbclthate’w2
87-0+7-(e)+wA( bulk -6 0 bulk) — < ) ’ ‘= Xgate - :

(39)
Moreover, conjugation by Chuk does not increase OSR across (A:A°).

Proof. Conjugation by Cpyuic preserves the cut since all bulk gates are supported in (0,(.)4)°.
For Cy, write it as a product of gy, color layers, each a product of gates supported on O(w?)-site
blocks. In each layer, at most ccnt|0A| blocks cross the cut (boundary packing). Every crossing
gate has OSR < xgate = dcgatch, hence left multiplication by the layer multiplies the base
by ng;“e; across gpert layers and including right multiplication by Cg the inflation is ng;gtqbe“.

Allowances add by at most w, giving the displayed radius. O
3.4 Constant-depth circuitization inside the belt
While Lemma 5 suffices for coarse OSR control, our quantitative bounds benefit from an explicit

constant-depth belt circuit.

Block tiling and coloring. Tile 9, () A by overlapping blocks {B;} of diameter
w = 8R+8Ry +8, (40)

such that each site of the belt belongs to at most mg = O(1) blocks and blocks can be colored
with ghery < 9 (a 3 x 3 checkerboard) so that same-color blocks are pairwise disjoint and at
distance > w/2. Define the block generators

Kp;(s) = Z Kz(s), K?(E)(S) = ZKBj(S) + Api(s), || Api(s)]| < Chnee™ar/4,
ZCB;j J

(The small tail Apy accounts for Ky straddling block boundaries; its norm is exponentially
small in w.)

Lemma 7 (Exact commuting within colors). For each color class By, the generators {Kp(s) :
B € B,} have disjoint supports at all s and hence commute at equal s. Consequently, the
time-ordered exponential over a color factorizes exactly:

1 1
Uy, = Texp(i/ Z Kpg(s) ds) = H ’Texp(z’/ KB(s)ds).
0 BeBa BeBa 0
Proposition 4 (Belt circuit with exponentially small error). Let

Gbelt

Cy = H Up (colors ordered arbitrarily).
a=1

There ezist constants Cy, ng > 0 (depending only on the local data and LR/QAC constants)
such that
|USH(1) = Cal| < Coe#ov. (41)

Moreover, Cy has depth Dy = qnery = O(1) with gates ’7'exp(if01 Kpg) supported on blocks of
diameter w = O(1).
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Proof of Proposition 4. Fix the belt radius r(¢) and tile 0,()A by overlapping blocks {B} of
diameter

w = S8R+ 8RR + 8,

with a constant coloring {B,}%<4 such that blocks of the same color are pairwise disjoint and
at distance > w/2 (a 3 x 3 checkerboard suffices, hence gpe1, = O(1)). Let Ky ,(o)(s) denote the
belt generator (supported in 9,(.)A) of the quasi-adiabatic continuation, and set

ZKz<S>, Ablk(s) = Kar(g ZKB

ZCB

By exponential quasi-locality of Kz(s) (Lemma 4) and finite overlap of the tiling, there exist
constants Chx, ppx > 0 (depending only on local data and LR/QAC constants) such that

|Apik(s)]] < Crhixe =% uniformly in s € [0, 1].

Commutativity within colors. For each color «, the supports of {Kp(s) : B € B,} are
disjoint at every fixed s, hence these generators commute at equal time. Consequently,

H T exp /KB ds

BeBa

is exactly the time-ordered exponential of the (time-dependent) sum »p s Kp(s); moreover
each factor is supported on its block B (diameter w).

Dyson expansion and error control. Write
1 1 9belt
Ug(e)(l) = Texp(i/ Ko re)(s) ds = Texp / Z Z Kp(s) ds) - Eplk-
0
By Duhamel,

1
& —1I| < / HAblk(S)Hefsl 1Ko, re)(wlldu g < O g Homew,
0

Next, compare the time-ordered exponential of the sum with the product across layers:
el dbelt o 1 .1
| 76t Zatie ] Tethi e | < 3 // | (Fa(s), H(s')] || ds '
a=1 a<f 0.0

where Ho(s) := Y pep. KB(s). For a # j3, blocks are separated by > w/2. Exponential quasi-
locality gives || [Ha(s), Hg(s)] || < Che~% uniformly in s,s’. Integrating and summing over
O(1) pairs (a, B) yields the claim with constants Cy, ug > 0. O

OSR of the belt circuit. We package the OSR base for the belt circuit as a lemma.
Lemma 8 (OSR base for belt circuits). Each gate Texp(ifol Kg) acts on O(w?) sites. If a
block B intersects both sides of the cut, its OSR across (A:A°) with allowance r(e)+w is bounded
by

Xgate = ngatew2 (Cgate = O(l))
In every color there are at most cent |0A| crossing blocks, with ceny = O(1) (boundary packing).
Since the depth is Dy = quelr, we have

|0A]
OSRy,.),,4(Co) < (xgm™ )" (42)

Proof. Each layer is a product over disjoint blocks, hence OSR multiplies over crossing gates
within the layer by Lemma 5 and the OSR product rule; the number of crossing blocks per layer
is < cent|OA|. Across gperr layers the base exponent adds. Allowance radii add by at most w
(block diameter), giving r(g)+w. O
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3.5 Constant-depth circuitization of the bulk

Tile (0,(:)A4)¢ by O(1)-diameter blocks with a constant coloring so that same-color blocks are
disjoint. Repeating the color product-formula argument yields:

Proposition 5 (Bulk circuit). There exists a circuit Couk of depth Dyyx = O(1), with O(1)-
diameter gates supported in (0, A)°, such that

HUP(i-l)k(l) — CbulkH < Cbulke_,ll«bulkw’

for constants Chug, tpuk > 0. In particular, OSRaT(E)A(Cbulk) = 1.

Proof. Let S := (0,)A)° be the bulk. By Lemma 4, the QAC generator admits a decomposition
K(s) = 3, Kz(s) with |[Kz(s)|| < Cqae #eadiam(Z) " Let Kg(s) := 3,4 Kz(s) (drop all

terms intersecting the belt), so Uf(‘él)k(l) = T exp (z’fol Kg(s) ds). Fix a block diameter w > 1

and truncate range by setting Kéw)(s) = 2_7c8, diam(2)<w K2(8).

Step 1 (range truncation error). Tile S by O(1)—diameter blocks and color them with a
constant number ¢ = O(1) of colors so that same—color blocks are disjoint. Group the tail
Zdiam( Z)>w Kz(s) by color: within a color, supports are disjoint and the operator norm of the
sum equals the maximum block contribution. Using the exponential bound for Kz(s) and that
each block Y is touched only by O(1) sets Z with diam(Z) > w, we get

1Ks(s) — K (s)]| < Cyetanw,

with C1 = O(Cqa). By the Dyson (Duhamel) estimate,

1
[reids 5o el 167 < el st eiRg / IKs — K§”|lds < Cperanv,
0

Step 2 (color tiling = constant depth). Decompose Kéw)(s) =39, Hc(w)(s), where H(gw)(s)
is a sum of terms supported on the blocks of color ¢; within a fixed color the supports are
disjoint, so the local exponentials commute. Discretize s € [0,1] into n steps of size § = 1/n
and apply a first—order product formula per step:

n q
H Hexp(ﬂS H)(s0)), sp = 18.
=1 c=1

Each exp(id Hc(w)(Sg)) factors into parallel on-block gates of diameter O(w); since w is fixed
(chosen O(1)), these are O(1)-diameter gates. Hence the depth per step is ¢ = O(1) and the
total depth is Dy = gn = O(1) if n = ng is a fixed constant.

By locality, the operator norm of 3~ [Héw)(s), H(E,w)(s’)} is O(1) (each block overlaps only
O(1) neighbors across colors). Therefore the standard product—formula error in operator norm
scales as O(né?) = O(1/n). Choose ng (independent of system size) so that this error is
< Cse™ QA% Let Cpux be the resulting circuit. Combining with Step 1 and setting upuk :=
1qa/2 (absorbing constants into Chyk) gives

HUE(gl)k(l) - CbulkH < Cbulk e MbulkW

OSR across the belt. All gates of Cpuk act inside S = (J,(-)4), so it has no support on
AU 87‘(5)A; hence OSRBT(E)A(Cbulk) =1. O
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3.6 Consolidated belt factorization and circuit form

We collect the outputs of Proposition 3, Proposition 4, Lemma 8, and Proposition 5.

Theorem 1 (QAC = bulk x constant-depth belt circuit; OSR base). Fiz e € (0,1/2) and set
r(e) = [u;q} log(ku /€)|. There exist constant-depth circuits

Chuik (depth Dy = O(1), supp C (9,(0)A4)),
and Cy (depth Dy = query = O(1), supp C 0, )A with block diameter w).

such that
|U1) — Cou Ca|| < 2e, (43)

the belt width is r(¢) + w, and the OSR across (A:A°) obeys

e\ 194
OSRo,(,,,4(C0) < (x@e™)" ", OSRa . a(Cour) =1 (44)

Consequently, for any operator X with OSR@TOA(X) < BloAl

T T |8A| 2Cclxthe1t 2c tdbelt Cgat: w2
OSRBTO+T<E)+wA(Cbulkca X Cacbulk> < (F B) ) I = Xgate = 7 Cenibenn et
(45)

3.7 Constants summary

Constants produced here.

filter: v=A,/2, F,asin (30), (ap,Cp) from (31),

QAC locality: Caa, pqa = 3 min{dfp, prr} (Lemma 4),

belt factorization:  peg = min{uqa, pir}, kv = c1CQACLR(1 + VLR / Lef ),
radius: r(e) = {,u;ffl log(nU/a)—‘,

belt circuit: w=8R+8R1 +8, Gbelt <9, Xgate = ngatewz, Cent = O(1),
OSR inflation base: T' = X;ftcgtqbc“ = (2CentbeltCgatet” (Lemma 10).

4 AGSP transport and OSR inflation control
Objective Let Ky be the frustration-free AGSP from Section 2 with
KoPy=Po,  ||KoPy|=do <%, OSRg, a(Ko) < AP, o= R.

Let U(s) be the QAC unitary along the gapped path (Assumption 1) constructed in Section 3.
Define
K, :=U(s)KoU(s)!,  Py:=U(s)PyU(s)".

We establish:

(i) Projection faithfulness and contraction invariance for the exact conjugate:

K,P, = P,, | KPS| = | Ko Py-|| =: 0o < 2. (46)
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(ii) Area-controlled OSR for a circuitized transported AGSP at the endpoint s = 1. Writ-
ing U := U(1), we build a constant-depth belt/bulk circuit approximation U ~ CpuiCs
(Theorem 1, Remark 1), and set

K¢ := CounCoKoClC) -

Then for a constant belt width r, (defined below) one has

10A]
Y

OSRy,, a(Kf) < (Aol) with T' = O(1). (47)

Moreover, ||K; — K¢|| is exponentially small in the circuit block diameter.

4.1 Projection faithfulness and contraction invariance

Lemma 9. For K, = U(s)KoU(s)! and P, = U(s)PyU(s)" one has (46).

Proof. KoPy = Py by Section 2, and U(s) is unitary. Thus K,P, = U(s)KoPyU(s)" = P,. For
the norm, | K P;t|| = [|U(s)KoU(s)T(I — Py)|| = || KoPs"||. O

4.2 Circuit-level transport: belt/bulk circuitization

Fix an accuracy &, € (0,1072] and let

r(en) = [t log(ku /)]

as in (36). By Theorem 1 (alias of Proposition 1) and the LR radius ledger (Remark 1), there
exist constant—depth circuits Cpgx and Cg such that

17 = U Uk

T s

< & JURES = Couii|| < Coume ™01, HUf’(E*) — Cy|| < Cpe o,

with depth(Cphuik) = O(1), depth(Cs) = qvery < 9, and Cy supported in 9,..,)A on disjoint blocks
of diameter
w=8R+8R; +8 (see Remark 1).

4.3 OSR inflation under belt circuits

Lemma 10 (OSR inflation under belt circuits). Let Ky obey OSR@TOA(KO) < A‘OaA| with rg = R.
Let U be the endpoint QAC unitary of Section 3. For fived e, € (0,1072], let 7(c,) be as above.
There are constant-depth circuits Couk (supported in (Opc,)A)¢) and Cy (supported in Op,)A,
with block diameter w and quey < 9 layers) such that

|U = CounCol| < ex + Chune ™Y + Cope™Hov.

Define the circuit—transported AGSP

K$ = Coux Co Ko C) Cl 1, (48)
and set the final allowance
re = 1o + 7(ek) + w. (49)
Then oA
OSRy,, A(K¢) < (AT). (50)
Here T is the belt OSR inflation base
T o= 2o tbet = @2 cont Dol oo w”, (51)
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where d is the on-site dimension, Xgate = desae” hounds the OSR of any belt gate crossing the
cut, cgate = O(1) is a geometric constant, and ceny = O(1) is the crossing-block packing constant
per color layer. Moreover, for the exact conjugate K, := UKoUT one has

HKl_KfH < 2 + 2Cfbulkei'ubuu(w + 20867#81” = Ecirc- (52)

Proof. Use the belt/bulk factorization and circuitization of Theorem 1 to write U = (Ufél*k) Ura( a*))—i—
E with ||E| < &4, and approximate U b(‘él*k) and U?

r T'(E*)

by Cpu and Cy with the stated errors,
yielding (52) by triangle inequality.

For OSR, apply the OSR calculus: (1) OSRg, . ,a(Chu) = 1 since it acts in the bulk
allowance. (2) In the belt 0,(,)A, each color layer of Cy contributes at most cent|0A| disjoint
crossing blocks, each gate having OSR < Xgate across (A:A°) once the allowance is increased by
w. Hence

Cg) S ( Ccnt‘]belt)laA'.

CI e 8‘4
OSR,..,.,4(Co) < (xgoe)® OSR, X

r(s*>+wA(

(3) Product submultiplicativity and allowance additivity for CpyxCo Ko CgCﬂ;ulk give (49) and

OSRg,, 4(Kf) < OSRg, 4(Ko) OSRg,_,,4(Co) OSRa,_ . a(Ch) < (AoD)”.

Constants (collected).

re=r0+7(Es)tw, ro=R, w=8R+8Ri+8, ¢pet <9,
Xgate = dcgatcw27 Coate = 0(1)’ Cont = O(l), = chcnthelt — d2Ccntqbelthatcw27

gate
Ecire = 264 + 2Chye Pk 4 2CHe™ 1Y,

5 Polynomial (trigonometric) energy filter via short evolutions

Objective Design a degree—m trigonometric filter p,, that is flat on the ground sector and
suppressed on the excited spectrum, realize p,,(H (s) — Ep(s)1) as a linear combination of short
evolutions ¢**# (%) (LCU), belt-factorize each short evolution using Lieb-Robinson (LR) bounds,
and compose with the transported AGSP K from Section 4 to obtain

Ky = pm(H(s) — Eg(s)ﬂ) K,

KSPS = P, HKSPSJ_H < 57 (53)
OSRg,, 4(Ks) < (AgT T (m))Oedee.

with 0 < 1 tunable by m and belt width "’ = r, +r'(m).

Proposition 6 (Filtered AGSP with tunable contraction and controlled belt width). Assume
the spectral gap Ay > 0 and a Lieb—Robinson (LR) envelope in 2D as in Proposition 7. Let P
be the ground projector of H(s) and let Ky be the transported AGSP from Section 4, satisfying

KsPs = P, IK Pl < 6o < 3, OSRy,, a(Ks) < (Ao p)\aAledge7

with r. as in (49) and the belt OSR base I' as in (51).

Fiz 7 = w/(3Ax) and define p,, by (59) using the Dolph—Chebyshev design of Section 5.1.
Then for any target § € (0, 3) there exists a degree m = O(log(80/6)), an LCU tolerance ey,
and a belt allowance r'(m) given by (61) (with regimes (E/SE/PL) from Proposition 7 and
Remark 1) such that

Ks = pm(H(S) - EO(S)]]-) Ks
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obeys

KSPS:—Psv ”KSPSJ_H < 57 (54)

IaA‘edge
Y

OSRaT,,A(IN(S) < (Ao Y (m)) " =r,+1'(m), (55)

where Y(m) is defined in (66). The three-term error budget can be chosen as in (69).

Proof. The stopband leakage (60) with n = n(7/6) and the projection/contraction identities
(46) give (67); choosing the budget as in (69) yields (54). For the belt allowance, apply the LR
factorization uniformly for |¢| < T = m7 to obtain (61) and the LCU error (63). The belt OSR
bound follows from (64) and (65); submultiplicativity (Lemma 1) combined with the hypothesis
on K gives (55) with " = r, +r/(m). O

5.1 Trigonometric/Chebyshev design on the unit circle

Let H(s) := H(s) — Eo(s)1 so that Spec(H (s)) C {0} U[A4, ). Fix a time step 7 € (0,7/A,)
and define the normalized stopband edge

A
wy = 7—2 * € (0,7/2).
Consider even, real cosine polynomials
m
P (w) == ap+ QZak cos(kw), ar €R, ap =a_. (56)

k=1

Classical Dolph—Chebyshev /equiripple design guarantees (for any m > 1) the existence of coef-
ficients {ax} with
Prn(0) =1, sup  |Pp(w)] < n(wo)™, (57)

|w|>wo

for some n(wp) € (0,1) depending only on wy (hence on T7A,). Moreover the /!—weight obeys

lally :== > laxl < Croulwo) plwo)™, (58)

k=—m

with Crcu(wp) = O(1) and p(wo) > 1 depending only on wy. Define the operator-valued filter
by frequency sampling:

m
pm(H) = Y ape®™. (59)
k=—m

Then p,,(0) = 1 and, by functional calculus,
lpm(H)PEN < 0™, 0= n(wo) € (0,1). (60)

From now on we fix the canonical sampling step T = 7/(3As) (so wo = 7/6), and write
n=mn(n/6) € (0,1) for the stopband factor.

5.2 Time support and LR belt factorization for e/

All times satisfy [tg| = |k|7 < T := m7 = O(m/A,). Let R(¢) denote the LR envelope (light-
cone radius at time t), as in Proposition 7. For a target per-LCU error e € (0,1), define the
belt allowance 7/(m) by

r'(m) = [R(T) + Arga(T, epr) ] (61)
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where the tail term Ari,y is chosen according to the LR regime (E/SE/PL) in Proposition 7:

ot log(ng? all1/ept), (E) exponential LR,
Arei(T,epr) = MC_I log(/fgiE) lall1/ept), (SE) stretched—exp. LR,

(’igL) a1 (1+T)0/Epf)1/(o_2), (PL) polynomial LR in 2D.

Then the LR belt factorization yields, uniformly in |t| < T,

i s u C Epf u c
) v VO(s) | < T sV C 00A), swppV? <04 (62)

Hence the total LCU truncation error is bounded by

m
[ptiny = 37 ar v

< Epf- (63)

Remark 2 (LR ledger consistency). The choice (61) uses the LR envelope R(¢) and tail calibra-
tion in the (E/SE/PL) regimes of Proposition 7; see also Remark 1. All constants can be taken
uniform in s under Assumption 1.

5.3 OSR bound for p,,(H) (belt form)

Each belt unitary V;? can be realized by a circuit of block diameter O(1) and depth O(]t|).
Hence there exist constants yevol > 1 and ceyop = O(1) (depending only on the local data in
Assumption 1 and the LR envelope) such that

|aA‘ed e |6A‘ed e
evol |t g evo T &
OSR@T’A(V;?) < (Xecvol1| ‘> < (Xecvol1 ) . (64)

Using (59), (63), and the subadditivity of OSR under sums,

= Ui c ‘aAlcd e
OSRy, alpm()) < 3 OSRy,a(V2) < Cm+1) (xGx™) ™ (65)
k=—m
It is convenient to package this as
~ |0Aledge Cevoll
OSR@T,A(pm(H)) < (T(m)) , T(m) = max{ Xgo™ 2m—|—1}. (66)

(One may equivalently use the outer Minkowski content |0 A|yink; in all cases OSR bases appear
as base!94l+ )

5.4 Composition with K,: boosted contraction and controlled OSR

By (60) and the projection/contraction identities (46),

K.Pi=Ps, KPS| < |lpmEH)PH| IIEPHL < 0™ do. (67)

For the OSR across (A:A€), combine (66) with (47) and submultiplicativity (Lemma 1) to get,
with " = r, 4+ 1r'(m),

|8A‘edge

OSRy,, 4(Ks) < OSRg, a(pm(H)) OSRy, a(Ks) < (AoT Y(m)) (68)
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5.5 Parameter choice (locked constants) and error budget

Locked time step. We henceforth fix the sampling step

T TA, T

T 3A, Wm T T e

so the Dolph—Chebyshev design yields a stopband factor n = n(wp) € (0,1) and LCU weight
llal|1 < Crcup™ (Section 5.1).

T

Three-term error budget. There are three small contributions to control:

m
Ecirc ) Epf ) n
Y - ~ v

transport via QAC circuits LCU belt truncation in (63) filter stopband leakage in (60)

Given a target § € (0, 3) and the transported prefilter contraction 8 = || K P-|| < 1 (Section 4),
choose
Ecire < é& Epf < %57 77m do < %5 (69)

Then, by (67) and absorbing the two norm errors, the filtered operator obeys
HIN{SPSLH < 77m50 + Ecire + Epf < d.

Degree, radius, and OSR base. With 7 fixed, set T'= m7 and

). o

Inn

For the LCU belt factorization radius under the (exponential) LR bound (regime (E)),

_ 1 kpf Crou p™
r'(m) = IVUT + u o (Lpf Ha||1)1 = {—UW m + —lo (713 ﬂ, 71
(m) po dog( = A o log - (71)
which is the (E) line of Proposition 7 and coincides with (61) specialized to R(T") = vT. (For
stretched—exponential or polynomial LR, use the corresponding lines of Proposition 7.) The
OSR base of the filter remains

) |8A|edge

OSR@T,A(pm(fI)) < (T(m) , Y(m) = max{ Xecjgi’lT, 2m—|—1}, (72)

as in (66), so that the composed OSR bound (68) reads

|8A‘edge
)

OSRy, ,a(Ks) < (AT Y(m)) =1+ (m).

Parameter mapping (exponential LR). With 7 locked and the budget split (69), the
following table summarizes the choices and dependencies:

Input (LR /gap data) Locked choice / outcome
s
A, =
T3,
v, enter r’'(m) via (71)
In(36/46

(target) § € (0,3), given 0y < 5 | degree m = [D(l/o)-‘ from (70)

ni
LCU tolerance epf = 6/8 r’'(m) = [va + ! log(fiprLCUpm/€pf)-‘
transport tolerance eciye = 0/8 absorbed in the norm bound; no OSR cost (bulk)
OSR base T (m) = max{x:=9"", 2m+1}
Final belt allowance " =r.+71'(m)
Final contraction | K P <6
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5.6 Remarks

e Filter length and evolution time. The choice m = O(log(1/d)) with the 7-lock implies
T =0(m/A,).

e LR envelope swap. By Proposition 7 one may change the LR envelope without affecting
T(m).
e Size independence. All bases (Ag,I', T(m)) and all radii are independent of | A|.

~

o Fven filter & real coefficients. Taking ar, = a_j, € R makes p,,(H ) Hermitian and time-reversal
symmetric; the LCU then uses only cos(kTH).

e Alternative windows. Gaussian/Jackson kernels also give sup(a, /2.00) [Pm| < e~ M) with
the same T'= ©(m/A,); constants in T (m) change only by O(1) factors.

e Boundary dependence. Wherever OSR bases appear, replace |0A| by |0Alegge (0r by
|OA|Mink); the form base 1941 ig preserved.

5.7 Outcome

With 7 locked, m chosen as in (70), and r/(m) from (61), Proposition 6 yields (53) with belt
width

" = ro+1'(m), Ty as in (49).

The OSR base factors as AgI' T(m), with the belt OSR component I' given in (51). This
completes the filtered-AGSP ingredient for the AGSP=-entropy converter.

6 Filter AGSP beyond spectral gaps: mobility gaps, LR tails,
and rough boundaries

Overview. We extend the filter analysis to settings beyond uniform exponential Lieb—Robinson
bounds:

6.1 General LR envelope: one proposition for all regimes

We use a single Lieb—Robinson envelope and tail:
I7(Ax), BYlll < Cur lAx| 1By || (dist(X, ) = R(t]) ) (73)

with nondecreasing radius R and nonincreasing tail =, covering three cases:

(E) R(t) =wvt, E(u) = e M,
(SE) R(t) =wct* (0< ¢ < 1), E(u)=e Y
_ =) = LD’ -
(PL) R(t) =0, E(u) < Atu)y o >2 in 2D.

Proposition 7 (GeneraAl LR envelope = per-LCU belt radius; OSR base unchanged). Let
pm(f[) =S are*™ be the degree-m trigonometric filter with time support T = mt and
01 weight ||a|l1. Fiz a per-LCU truncation target epe € (0,1). Under (73), for every |t| < T
there exist unitaries VP and Vt8 supported on (0, A)¢ and 0,1 A, respectively, such that

Epf

itH Vbulkva < .
Ie P
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It suffices to choose the belt radius r'(m) from the single ledger

T/(m) Z R(T) + Artaﬂ(Tﬂ?pf) (74)

with tail term (constants figf) = O(1) depend only on local/LR data)

— E
u log (e lalls/epe), (E).
Aren (T, epf) = Ng_l log(,ql(jst) lall1/ept), (SE),

(spr ™ lalls (4T)° )/, (PL) i 2D.
Consequently, for the filter pm(ﬁl ) the packaged OSR base
T(m) = max{ Xecjg‘flT, 2m+1}
is unchanged in all three regimes; only the belt allowance grows to r" = ry + r'(m) when

composing with transport, and

|8A‘edge

OSRo, , a(Ks) < (AT Y(m)) (75)

Here 1y is the transport allowance from (49) and T' is the belt circuit inflation from (51).

Proof. Fix a region A and an 7’ > 0 (to be chosen). Let B := 9, A be the belt and S := (9,4 A)°
the bulk. Split the Hamiltonian into the bulk part Hg (sum of all interaction terms fully
supported in S) and the belt part Hg := H — Hg (all terms intersecting B). For ¢t € R define

Ut) =™ Ug(t) :=e™s — W(t):= Us(t)'U(t).
Then U(t) = Ug(t) W(t) and W (t) solves the interaction—picture equation

%W(t) — iKW, K@) =15 (Hp) = Us(t) Hp Us(t). (76)

We shall approximate W (t) by a unitary /Wv/(t) supported inside the belt and set
vk = Ug(t), VP = W().

The factorization error satisfies (Dyson/Duhamel bound for time—ordered exponentials)
— It - It -
W) -w@)l < eXP( ; I ()]l + [[E ()] dS) ; 1K (s) — K(s)]| ds, (77)

where K is any (belt—supported) generator defining W via W = iK W, W(O) =1.

Belt tiling and color layers. Tile the belt B by a family Y of crossing blocks Y of diameter
O(r') whose c-neighborhoods are disjoint within each of ¢ = O(1) colors (standard 2D coloring).
Let {Jy }yey be a smooth partition of unity subordinate to this tiling (bounded overlap O(1)).
Decompose
HB: ZHy, Hy = JyHB,
Yey

so K(t) =Y y Ky(t) with Ky (t) := /'8 (Hy). For a thickness parameter p > 0 write ¥ (+7)
for the p—neighborhood of Y. Using the LR envelope (73) (with Ax := Hy and By any local
observable outside Y(+p)), the standard quasi—locality estimate gives

H(Ky(t))(y(+p))c < C1 Y Ny (u)Z(u—R(|H])), (78)

u>p
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where Ny (u) counts site pairs at graph distance u with one site in Y and the other in Y (+®°
and C; = O(1) depends only on local/LR data. In 2D, for each block Y there is a geometric
constant cp. = O(1) such that

Ny (u) < cpeu for all u > 1, (79)

since a spherical shell of radius u intersects O(u) sites along the normal to the boundary within
a block of O(1) longitudinal extent.

Choice of the belt generator and colorwise disjointness. Fix 7" > 0 and choose p :=
" — R(T) > 0. Define the truncated (belt—supported) generators

Ky(t) = (Ey(®)yuray, K@) =Y Ky(t)
Ye)y

which are all supported inside B provided r" > R(T'). By construction, within any fixed color
class the supports of { Ky (t) }y are pairwise disjoint for all || < T, hence commute; in particular

| S - Eew)] = mas 1K) - Byl (50)

Y €one color

Summing over the constant number ¢ = O(1) of colors and using (78)—(79) gives

1K) — K@) < C2) uS(u—R(lt),  [t|<T, (81)

u>p

for a constant Co = O(1) (depends only on LR/local data and the fixed tiling). Likewise
K@), |K(t)|| < C3 uniformly in A, t (the colorwise disjointness bounds the norm by the
mazx block contribution).

Tail summations in the three LR regimes. We now bound the spatial tail in (81) and
integrate in time. Write p = ' — R(T'); note that u — R(|¢|) > u—R(T") since R is nondecreasing,.

=vt, =(u) = e M. smmg u — u—"v and summing a geometric serles
(E) R(t) = vt, Z(u) = e7#*. Using u — R(J¢[) > |t| and gag

3 e HRID) < el e < B pmulp=R(D),

u>p u>p ’u

for a universal cg = O(1). Integrating over s € [0, |t|] and using f(ltl etvsds < (uv)~tervltl yields

It] ~

/ |K(s) — K(s)||ds < MSAEw e~ =Rt < ,{g) e—u(p—R(T))’ (82)
0

with néf) = O(1) (absorbing C3 and constants).

(SE) R(t) = vctc (0<(<1), =(u) =e ™" As above,

Zue‘“c("‘R(‘“)) < C%e—ﬂc(ﬂ—R(|t\)).

u>p a 'uC

A crude time integration gives folt‘e“C R(s)ds < el R(tD for a constant cc = O(1) depending
only on (¢, v¢).2 Thus

1t -
/ |K(s) — K(s)||ds < /@SE) e~ He(P=R() < ”éSfE) e~He(p=R(D)) (83)
0

*One may take c¢ := 1+ ——sup,_ o'~ Cemmeveat, ; the supremum is finite for fixed ({,v¢).

”C“C
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with K(SfE) = O(1).
(PL) R(t) =0, E(u) < (14 |t))?/(1+u)?, o > 2 (2D). Using the pair counting and the integral

test,
> arar S /00 v < TP,
u>p ]. + u p 1 1+ 33 (O' — 2)

for ¢, = O(1). Hence, for |t| < T,

(1 + [)°

||K(t)_[?(t)” < CQCOmp < P

(1 + T)G p2—a_
Integrating in time simply multiplies by another O(1) factor (absorbed), giving

[t] -
| )~ Res)lds < P a1 o2, (34)

with KZ(PL) O(1).

From generator tail to unitary error (summary). By the uniform bounds || K], | K| <
C3 = O(1), the exponential prefactor in (77) is a harmless O(1) and can be absorbed into the

/ﬁ;). Combining (77) with (82)—(84), taking |¢t| < T and writing p = ' — R(T), we obtain

5B el —RD))

1U#) = VPRV | = [ W () =W () | < ag™ emrelr RO,
(PL> (1+T)° (' — R(T))%.

i

For the LCU filter p,,(H) = Dy - pe*H with T = mT, choose 1’ so that the per—time error
is < epe/||all1. This is achieved by the smgle summary bound

r’(m) Z R(T) + AT‘taﬂ(T,é‘pf),

with ()
p log (ke llall1/eps), (E),
Arait(T,ept) = § 7 og (5™ [lall1 /ept) (SE),

(xS lalli (14T /e5e) /"7, (PL, 2D),
exactly as stated in (74). Then

Z |CL |H€zkz7'H Vk‘ulkaTH || ||1 || || = Epf.

k=—m

OSR base unchanged. The belt unitary V2 is generated inside B and is obtained by a
color—layered product of commuting block evolutions; its circuitization within B has the same
evolution base Xec\‘jgflT as in the exponential LR case. The LCU superposition contributes the

(2m+1) base. Hence
T(m) = max{x ", 2m+1}

evol

is unchanged across (E)/(SE)/(PL). Composing with transport inflates only the belt allowance
to " = r, +1'(m) and multiplies the base by T, yielding (75). O
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Summary tie-in. The radius choice (61) is the only place where the LR regime enters; all
OSR bases remain Ag (filter algebra), I' (belt circuit inflation; cf. Assumption 1), and Y (m)
(LCU/evolution), as encoded in (96) and summarized in Remark 1.

Corollary 1 (Rough boundaries). With [0A|cqge and Ny(0,A) as in Proposition 1,
Nw(arA) S Cpackr ’8A|edge~

Hence every belt circuit layer uses at most O(r |0A|eage) crossing blocks, and all OSR bases

stated as base!9A

remain valid with |0Aleqge (07 [0A|Mink) up to O(1) constant changes.
Compatibility with the filtered AGSP. Combining Proposition 7 with Proposition 6 keeps
the same OSR base A = AgI' T(m) and only updates the belt width to " = r, + 7'(m), with
. from (49) and 7’(m) from (61). No other constants change across (E/SE/PL).

7 AGSP to area law: conversion with belt—Markov seeding

Scope & status. This section is a conditional conversion: it proves an area law from an
AGSP under the belt approximate—Markov assumption stated in (88). It is not required for
the unconditional main result in Main theorem for gapped SRE phases (gapped path to FF),
which uses SRE seeding. We retain this section for the endpoint-only route and variants where
Markov seeding is available.

Objective. Assume that for a fixed Hamiltonian H (the endpoint model) we have constructed
an AGSP

K with KP=P,  |[KPY|<d<3,  OSRy,a(K) < AP,

where A < oo is independent of |A| and the system size, and 7" = O(1) (the belt allowance
coming from the AGSP construction and the short-time evolutions used in its realization).
Assuming belt approximate-Markov behavior at some width r, = O(§) (see (88) below), we
prove a quantitative area law,

o
(1— 622’

lo
S04 + Co,  Cu(8) =

S(pa) < C1(0)|0A] logA + —5

Co=0(1), (85)

where ky < oo is a Markov seeding constant obtained from approximate recoverability across
a width-O(1) belt. This removes any SRE-circuit hypothesis from the seeding step but relies
on (88).

7.1 OSR calculus: product and sum bounds

Recall that OSRp, 4(X) is the minimal R for which X admits a decomposition across (A:A€)

R
X = Z L; ® R;, supp(L;) C AU 0, A, supp(R;) C A°U 0, A.
j=1

We use only the following two elementary properties.

Lemma 11 (Product bound). If OSRg, A(X) < Rx and OSRg ,4(Y) < Ry, then
OSRBT_H,A(XY) < Rx Ry.

Proof. Write X = Y BX [, @ R; and Y = Zfzyl L’ ® R} with the stated support allowances.

Then XY =3, .(L;iL}) ® (R;R}) has allowance 7 + 1’ and at most Rx Ry terms. O
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Lemma 12 (Sum bound). If OSRy, 4(X) < Rx and OSRg ,a(Y) < Ry, then
OSSRy ,}A(X—I—Y) < Rx + Ry.

max{r,r
More generally, OSRarA( Dok Xk) < > 1 OSRy, A(Xk) whenever each Xy, has allowance < r.

Proof. Concatenate the two decompositions under the common allowance max{r,r'}. d

Rank growth under OSR-limited operators. If X acts across (A:A¢) with OSRy, 4(X) <
R and |¢) has Schmidt rank rank4(|¢)) < s, then

rank4 (X |¢)) < Rs.

Indeed, for X = Zle L; ® R; each summand preserves the Schmidt rank bound s, and the
sum adds ranks.

7.2 Schmidt data and head mass

Let |Q2) be the (normalized) unique ground state and
) = S VAl lia), Mz, Y=l
i>1 -

its Schmidt decomposition across (A:A¢). For R € N define the head mass p(*¥) := ZzR:I A; and
tail e() .= 1 — p(®). Let Qp be the projector onto the span of the R leading Schmidt vectors
on A.

7.3 One-step boosting lemma

Lemma 13 (Boosting by an AGSP). Let Qg be the projector onto the span of the R leading
Schmidt vectors on A for |Q), and set p := (Q| Qg |Q) = pB). Let |¢)') := K Qg |Q). Then

R S

> = p+(1-p)s°
Proof. Rank bound. The state Qg |Q2) has Schmidt rank < R. By the paragraph “Rank growth
under OSR-limited operators” (with X = K and s = R) and OSRg , 4(K) < AIPAL

rank4(|¢')) < RAIPAL

rank4([¢')) < OSRg,,a(K)-R < RAIPAL

Overlap bound. Decompose Qr[2) = PQr|Q) + PLQgr|Q), where P projects onto the
ground space of H. Using KP = P and ||[KP*| < 6,

(Qy') = (Q KPQR|Q) = (2| PQR Q) = (2 Qr Q) = \/p.
Moreover,

[ = 1K (PQR Q) + PTQrIM)I* < [PQrIQ)II*+ 6P QrIQ) |* = p+8*(1 - p).
Therefore the claimed fidelity bound follows. O
7.4 Closed-form recursion for the head mass
Let Reyq := Ry APAl and p; := pF). Lemma 13 implies

Pt
> -
bt = pe+ (1 —pg)o?
Hence (by induction)

1—
bo gg:=1—p < 2P0 gt (87)

> , <
Pr= e (1 —po)o? Do
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7.5 Belt—Markov seeding
Fix A C Z?, abelt B := 9,4 and C := (AUB)°. Assume the belt approzimate—Markov behavior

I(A:C|B), < ey e /e (88)

for universal constants ey, gyt > 0 (independent of A), where £ = O(1) denotes the correlation
length.

Localized Fawzi—Renner and belt channel. By Fawzi-Renner recoverability, there exists
a CPTP map Rp_, ap such that

1
HPAB - RB—>AB(,OB)||1 < 5rec(7") = rec e*g/ﬂ\/m”/f’ Crec = O(1>

To act only within the belt, approximate Rp_ap by a belt-supported channel RgL Ap us-

ing Lieb—Robinson (LR) bounds: the Stinespring unitary of Rp_,ap can be written as a
time-ordered exponential of local generators on B; truncating its light cone to 9,,0(1)A and
compiling it into a constant—depth circuit yields

1
lpas — R 4p(o8) ||, < Erec(r) = Crece 2175 (89)

Let NV, 1(971 4 :=Trgo RgL ap- The circuit form implies a Kraus—rank bound

rec ?

KrausRank (/\fglA) < x/)B Xrec =  Crect dbelt. — O(1), (90)

where w = O(1) is the gate diameter, gpeir = O(1) the circuit depth, and ¢y = O(1) a packing
constant. The belt size satisfies | B| < cpeis 7 |0A| with cper = O(1).

Lemma 14 (Markov seeding). Pick r. = O(&) so that erec(r%) < 1/10. Let Il be any typical
projector on B with Tr[Ilgpp] > 1 — eyp (€.9. €typ = 2/5), and define

Qa = Proj(supp(N, (s s 115))).
Then Tr[Qa pa] > 5 and

rank(Q4) < KrausRank(J\/g*) )rank(HB) < (Xrec d)cbe“r*wA' —. /ﬁ'\/‘?A‘,

—A

i.e.
KM = (Xrec d) Coere T (91)

Proof. From (89) and data processing, ||pa —N ) (pp)|l1 < erec(r). Since Tr[lippg] > 1—ciyp
and egyp + Erec < %, we get Tr(Qapal > 1 — eqyp — Erec > % The rank bound uses (90) and

rank(Ilp) < d'Bl. O

Thus we obtain a seed (Rp,po) with Ry < /ﬁ‘]\‘?{A‘ and pg > 1,

without any SRE circuit.
7.6 A Lorenz-curve majorization bound

Lemma 15 (Entropy from a multi-scale tail). If >, p Ai < & for nondecreasing R; and
nonincreasing ¢ | 0, then

SN < D (i1 —er) log Ry + Ha(zo). (92)
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Proof of Lemma 15. Write Ay > Mo > --- andpute_1:=1, Ry:=0, and §; :=e4_1 —¢&¢ > 0 for
t > 0. Then ) ,-,0; = 1 and, by hypothesis, the cumulative mass inside the top R; positions is
at least 1 — ¢y = Zz':o dj.

A block—uniform magjorant. Consider the explicit nonincreasing distribution p = {1 };>1 that
saturates these prefix constraints with minimal possible prefix sums: place mass dg = 1 — g
uniformly on indices 1,..., Ry, then place mass §; uniformly on indices R; + 1,..., Ra, and so
on. Concretely,

5 t
i = Zml{Rtl<'L<Rt} and Z,lll:Z(sj:l—Et

t>1 i<Ry

By construction p is feasible (it obeys the same tail inequalities) and has the smallest possible
prefix sums among all feasible nonincreasing distributions; therefore it majorizes every other
feasible {\;} in the sense of Lorenz curves. Since entropy is Schur—concave, S({\;}) < S({u:})-

Computing S(p). The distribution p is block—uniform: on block ¢t > 1 of length L; :=
R, — Ry each entry equals 0,;/L;, while the “head block” ¢t = 0 contributes a binary split
between total head mass §p and its complement 3. Hence

S(p) = Ha(eo) + Z d¢ log Ly < Hj(eo) Z ¢ log Ry,

t>1 t>1

using Lt S Rt.
Conclusion. Because S({\;}) < S(u) and §; = £,_1 — &4, we obtain

SN} < Z(é‘t—l—&) log Ry + Ha(eo),

t>1

which is precisely (92). O

7.7 Summation, telescoping, and constants

Apply Lemma 15 with

1 _
0 — DPo
DPo

Ry = ROA“&A‘, g < 067, < 1 (since pg > %)

Using the ratio form (restated here for convenience),

SUAD < Y e log( t“) + (1—eo)log Ry + Halzo), (93)
t>0

we obtain

R
S(pa) < (1-co)logRy + 3 e log(“5) + Haleo)
t>0

Now log(Ry+1/R:) = |0A|log A is constant, while

0 1
25 <2 0% = s <

>0 >0

and

D (t+1e < ) (t+1)00* = {a _052)2 = (1 —152)2'

>0 £>0
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Writing log Ry < |0A|log kp from Lemma 14 and absorbing (1 —ep) < 1 and Ha(ep) < log2
into a universal Cy = O(1) gives

log K 1
< —_— .
S(pa) < 52 |0A| + 1= 2)° |0A] log A + Cy (94)
Equivalently, combining the two slope terms,
1 1752
R —
S(ea) < 75y 104l log<fsM A) + Co. (95)

Remark (sharpening). One can keep the slightly tighter coefficient },5 e < /(1 —6%) in
the seed term and the exact Y ,5q(t 4+ 1)e; = 6/(1 — 6%)? in the AGSP term; we state the clean
uniform bounds shown above.

7.8 DMain conversion lemma

Lemma 16 (AGSP = area law under belt-Markov seeding (summary compatibility)). Let K
be the filtered AGSP from Proposition 6 built with the LR envelope of (73). Then

KP=P,  |KPY <5<}, OSRy,a(K) < APk,

with

A = AT YT (m), = 1.+ 7'(m),

where r is the transport allowance from (49), r'(m) is the per—LCU belt width from (61), and
I is the belt circuit inflation from (51). Assume the belt approximate—Markov behavior (88) at

some 1, = O(§) so that Lemma 14 yields a seed (Rp,po) with Ry < ﬁﬁA‘CdgC and po > % Then

S(pa) < 5 [0A]eage log(/ﬁl\l/[_‘SQ A) + Co,

_
(1-462)
with Co = O(1) independent of A and system size.

Proof. By Lemma 13, with Ry := RtA|8A| the head masses satisfy ps41 > M’ijmw, hence

gt = 1—p; < 06% with @ < 1. Apply Lemma 15 in the ratio form (92) and sum as in Section 7.7,
using log Ry < |0A|log kn. This yields (95). O

7.9 Constants at a glance

Symbol Meaning Where fixed / used

4] AGSP contraction |[KP*|| <6 built via filter (Sec. 5)

Ao OSR base from filter algebra Sec. 5; multiplies into A

r OSR inflation of belt circuit (51) (QAC belt circuitization)

T(m) LCU /evolution OSR base Prop. 7

A Total AGSP OSR base A =AoT'Y(m); used in Lemma 13, §7.7
T Transport allowance (49) (AGSP transport)

r’'(m) Per-LCU belt width (LR ledger) (61) (E/SE/PL via (73))

r Total belt allowance of K " =1, +7'(m); appears in OSRg_, 4
£t Tail after ¢ boosts §7.3 (closed recursion)

R, Head rank after ¢ boosts R; = RyA!19Aledge

KM Markov seeding base (91); from Lemma 14

emt, pmr, € belt-Markov /length scales assumption (88)

Xrec per—site Kraus inflation (90)

Co universal additive constant collects Ha(gp) and O(1) terms
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8 Main theorem for gapped SRE phases (gapped path to FF)

Scope & status. This section now states two parallel area—law theorems that share the same
AGSP summary of constants and belt accounting. (i) General gap+LR route (conditional until
Sec. 10.6): assuming the belt—-Markov seed provided by the Annulus Recoverability Theorem in
Approach A, we obtain an area law with an explicit coefficient cgen (Theorem 3). (i) SRE-path
route (unconditional under a gapped SRE path to an FF anchor): we recover the SRE theorem
(Theorem 2) as a special case where the seed is supplied by a constant—depth belt circuit
preparing the ground state from a product. Both routes use the same filtered, boundary—tamed
AGSP with OSR base A = AgT'Y(m) and belt width 7’ = r, + /(m); in the endpoint—only
path one may set I' = 1 (no transport), while in the SRE—path route I' > 1 accounts for QAC
belt circuitization.

8.1 Theorem and short proof

Theorem 2 (Area law for gapped SRE phases: explicit coefficient). Under Setup: formal
hypotheses and parameter bookkeeping with g = 1, assume H(0) is frustration-free and there is a
C1 uniformly gapped path H(s), s € [0,1], to H(1) with uniform gap A, > 0 and Lieb—Robinson
bounds. Then for every finite region A C 7.2,

S(pa(1)) < cloA|+C,

with

_ log ksrE log Ag + log I + log Y(m)

162 (1 82)2 - O=0).

Here ksry is the SRE seeding base from the belt circuit, Ay is the endpoint AGSP base, I is
the belt-transport OSR inflation base, Y(m) is the filter base for degree m, and § € (0, 3) is the
AGSP contraction after filtering. All are O(1) functions of local/LR data and the fized design
choices.

Proof (belt ledger). (1) Boundary—tamed AGSP at the FF anchor. For H(0) (frustration-free),
build Ko with KoPy = Py, | KoFs-|| < 8o < &, and OSRg, 4(Eo) < A

(2) QAC belt factorization and circuitization. By Theorem 1, U(s) admits bulkxbelt fac-
torization and belt circuitization with allowance 7, (see (49)) and depth O(1).

(3) Transport and circuitization. Conjugate Ky and circuitize to obtain K¢ approximating
U(1)KoU(1)! with [|K§ — U(1) KU (1)T|| < eeire (see (52)), and OSRy, ., a(Kf) < (AeD)/%4
with I' given by (51).

(4) Polynomial (trigonometric) filtering. Apply the degree-m filter p,,(H (1) — Ep(1)1) to
K¢ to get Kf with K{P; = Py, |K{P{"| <6 < L, and OSRg ,4(K{) < (AoL'Y(1m))?4 with
r” :=r, 4+ r'(m) (ledger (61)). This is the display (96).

(5) SRE seeding. By the SRE—path hypothesis and belt circuitization, the ground state has
Schmidt rank at most /@‘Sa;é across (A:A°) with success probability py > % (seeding constant
from the belt circuit).

(6) Conversion. Apply the standard AGSP=-entropy converter (Sec. AGSP to area law:
conversion with belt-Markov seeding) with seed (Ro,po) and AGSP (0, A) to get

log(ApI'Y (m))

log ksrE
S(pA( )) = |8 ‘ (1 52)2

(7) Identify the coefficient ¢ as in (99).
(8) The additive C' = O(1) collects universal constants (Lorenz bound, fixed truncation
tolerances) and is independent of |A|.
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(9) All constants depend only on local/LR data and fixed design choices and are uniform in
system size.
(10) This completes the proof. O

Where the constants live. See the ledgers in Setup: formal hypotheses and parameter book-
keeping (uniformity), Boundary—tamed AGSP without an FF anchor (AGSP Ag, dy), Quasi-adiabatic
continuation (QAC), belt truncation, and constant-depth circuitization (belt radius, circuit
depth), AGSP transport and OSR inflation control ('), and Polynomial (trigonometric) en-
ergy filter via short evolutions (Y (m), T, m).

8.2 Theorem: General 2D area law via belt—Markov seeding

Theorem 3 (Area law from belt—Markov seed; explicit coefficient). Under Setup: formal hy-
potheses and parameter bookkeeping with g = 1, assume H(1) is uniformly gapped with gap
A, > 0 and admits Lieb—Robinson bounds. Let ky and pg > % be the seed comstants supplied
by the belt—-Markov (annulus recoverability) theorem in (Sec. 10.6), i.e., for every finite region

A there exists a projector Qa of rank at most n‘l\?[Al with Tr(Qapa(l)) > po. Then, for every
finite A C 72,

S(pa(1)) < cgnl0A] + C

with explicit

_ log ki log Ag + logI' + log Y(m) B
Cgen = 1— 52 + (1 — 52)2 y C = O(l)

Here 6 € (0, %) is the contraction of the filtered, boundary—tamed AGSP for H(1) (Prop. 6);
the OSR base factorizes as A = Ao’ Y(m) and the belt width is " = ry + r'(m) (ledger (49)
and (61)).

Proof. By Proposition 6 (boundary—tamed filtered AGSP at the endpoint) there exists an op-
erator K that is an (§, A)-AGSP for H(1) across the bipartition (A:A¢) with belt allowance
" = r, 4+ 1'(m) (cf. the ledger displays (49) and (61)), contraction § € (0, 3) on the excited
subspace, and OSR base

A = AT Y(m),

as stated in display (96).

By Approach A (Sec. 10.6) there exists, for every finite region A, a belt—Markov seed projector
Q4 of rank Ry < /@lﬁA' such that Tr(Qa pa(1)) > po with py > %

Apply the AGSP=-entropy conversion (Sec. T7), concretely the Main Conversion Lemma
(Lemma 16), with seed (R, po) and AGSP parameters (J, A). The lemma yields, for a universal
C' = O(1) independent of |A]|,

log Ry log A

- T a-pp "¢

S(pa(l)) <

Substituting Ry < K|1\</9[A| and A = AgI'Y'(m) gives

log km log Ag + logI" + log Y(m)
1—02 (1 —462)2

S(pa(l)) < 0A] + C,

which is exactly the asserted coefficient cgen and completes the proof. In the endpoint-only
route without transport one may set I' = 1, leaving the factorized form to match the ledger. [
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Belt width bookkeeping. Throughout this section we use the unified radius ledger

0A
[0A] 7 !

OSRg , a(K§) < (AgT Y(m)) = 1 + 7'(m), (96)

with 7, from (49) (belt circuitization allowance) and 7/(m) from (61) (filter radius).

8.3 Closed—form coefficient (general seed dictionary)

Let ke € {ksRrE, KM} denote the seed constant (SRE circuit seed or belt—-Markov seed). With
the same AGSP parameters (8, Ag, ', T(m)) and belt width 7"/ = r,+7/(m), the coefficient reads

log ke
1— 62 (1—462)

c(ke) = 5 [long +logI' + log T(m)}, C =0(1). (97)

Choosing ke = ksrE reproduces (99); choosing ke = k) yields Theorem 3.

8.4 SRE seeding and the belt constant kgsrg

By the SRE—path hypothesis and Quasi-adiabatic continuation (QAC), belt truncation, and
constant-depth circuitization, for any fixed accuracy there is a constant—depth circuit supported
in a belt 0, A such that

12(1)) = (Couk Ca) |Pprod) depth(Cy) =: Dgeea = O(1), diam(gates) =w = O(1).

Each crossing gate on a w x w block has OSR across (A:A°) (with allowance ro+w) bounded
by ,
Xgate = dCeate (Cgate = O(l))

Since each layer uses at most ccpi|0A| crossing blocks (boundary packing, cc,e = O(1)), the
Schmidt rank of [Q(1)) satisfies

10A]
rank 4 ( ’Q(l)>) < (xgcglt]gDsccd> =: /<;S|8R/]§3|, log ksRE = O(w2 log d).

Let Q4 be the projector onto the span of the leading Ry := IQ'S%;‘E': Schmidt vectors; then

0A
Te(Qapa(l)) > L, Ro < iy
(With exact circuits one has py = 1; with norm—o(1) truncation we keep py > % for fixed
accuracy. )

Dictionary. In the general (gap+LR) route, the role of kgrg is played by the belt—-Markov
seed ky from Approach A; all subsequent formulas remain unchanged after the substitution

RSRE — KM-

Closed—form coefficient (SRE seed). Applying the AGSP to area law: conversion with
belt-Markov seeding conversion with the SRE seed kgrp (in place of ky) and A = AgT' Y(m)
from Boundary-tamed AGSP without an FF anchor-Polynomial (trigonometric) energy filter
via short evolutions gives

log x 1
S(pa(1)) < %ﬁ;’f L K log(AoTT(m))  [0A] + Co. (98)
——
seeding (SRE belt circuit) AGSP base (FF DL + transport + filter)
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Equivalently,

_ log ksrRE + 1
1— 62 (1—42)2

logAg + logl' + logY(m) |, C=0(). (99)

Here Ag and rg come from the FF-AGSP of Boundary—tamed AGSP without an FF anchor;
I is the constant OSR inflation base from AGSP transport and OSR inflation control (belt
circuitization of QAC),

[ = d2emtdvets e’ g <9 w=8R+8R; +8,

and Y (m) is the filter OSR base of Polynomial (trigonometric) energy filter via short evolutions,

with
logT(m) < aym, Ay = 7T2CXVO1 1OgXevol(d7 J, R7U7:U’) + logp(TA*)7

for 7 € (0,7/Ay), cevol = O(1).

8.5 Canonical parameter set and scaling
Pick
5 pu—

BE Y T
3A,7 In(1/n(tA)) |

Then C1(8) = (1 —6%)72 < (4/3)? and

N T

W=

log ksre = O(w? log d), logT = O(w?logd), logY(m) < a.m,

so ¢ in (99) has an O(1) contribution from seeding/transport and a tunable O(m) contribution
from the filter. All constants depend only on (A, v, i, d, J, R, R1) and fixed circuit/filter choices,
and are independent of |A]|.

Summary of constants (SRE path). The area-law coefficient ¢ in (99) depends on the
FF-AGSP constants (dg, Ag, 70), the transport inflation I' (with belt width w = 8R + 8R; + 8
and gper < 9), the filter parameters (7, m) determining Y(m), and the SRE seeding constant
KSRE-

9 Robustness under local perturbations

Statement (both seeding routes). Let H'(s) := H(s) + V(s) with a local perturbation
V(s) =>_,vz(s) of finite range and bounded strength. If ||V, is sufficiently small (precisely
below a constant multiple of the uniform path gap A,), then H'(s) remains uniformly gapped,
and the AGSP construction of Sections 3-5 transports through a relative quasi-adiabatic circuit
supported in a fixed-width belt. Concretely, the filtered, circuitized AGSP keeps the same
shrinkage ¢ and base A = Ao’ Y(m) from the unperturbed arguments, with only two robust
effects: (i) the belt width increases by rgan, and (i) the OSR bases multiply by [gap, for the
seed and thab for the AGSP. Consequently, along either seeding route (SRE or belt-Markov,
cf. Theorems 2 and 3), the area-law slope is stable in the linear-response window

S(plA(l)) < Cstab ’8A| + Cstab, Cstab = Ce T+ O(%), (100)

where ¢, is the coefficient obtained from the chosen seed (use ksgrg or kyr in the unified formula
(97)). The robustness constants are uniform in A and in the system size.
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9.1 Standing perturbative hypotheses and norm

Assume the same locality data as in Section 1. Quantify smallness in the weighted interaction
norm

Vil = sup > e sup flug(s)| (v >0). (101)
r€Z? Lo s€[0,1]

9.2 Gap stability and perturbed LR/QAC constants

Uniform stability of the spectral gap under small quasi—local perturbations and the continuity of
Lieb-Robinson (LR) and quasi—adiabatic (QAC) locality scales with respect to the interaction
norm are standard. Concretely, for the interpolating family H'(s) = H(s)+V (s), if the weighted
interaction norm [|V|, is sufficiently small (quantified below), then the path remains uniformly
gapped and the locality parameters change at most linearly in ||V]|,,. One convenient formulation
is: there exists cgap = O(1) such that if ||V||, < cgapAs, then the deformed Hamiltonians are
uniformly gapped with A, > A, /2 (spectral-flow /automorphic-equivalence methods Bachmann
et al. (2012); Michalakis and Zwolak (2013)). LR constants depend Lipschitz—continuously on
the interaction strength (velocity linear in the interaction norm, decay rate stable up to an
O(|[Vl,) loss), giving

vLr < LR + [V,

pir = pir — Vi, (102)

Haa = 1Qa = CaallV 1,
for constants ¢y, ¢y, cqa = O(1) determined by the LR/QAC constructions Nachtergaele and
Sims (2010); Hastings and Wen (2005); Bachmann et al. (2012). Set ulg := min{uyg, pga }-
The locality of the QAC generator is obtained by convolving the LR light—cone with a fixed
entire filter; hence its decay rate uga depends only on the LR envelope and the gap. These

references provide the precise spectral-flow construction, gap stability, and the dependence of
LR/QAC locality constants on the interaction norm; our use here is purely as a black box.

9.3 Relative QAC (R-QACQC), belt circuitization, and OSR inflation

Interpolate Hy(s) := H(s) + AV (s), A € [0,1]. Fix v € (0,A) and the odd filter F, from
(30)—(31). Define the relative generator

G\, s) = i / dt Fy(t) et v (s) e A, (103)
R

Then G(A, s) is block-off-diagonal w.r.t. Py(s) and admits an exponentially localized decompo-
sition G =), Gz with
VIl

[GzA ) < Cra == e, (104)

Let .
W(s) = 7j\exp<i /0 G()\,s)d)\), Pl =W (s)P,W (s)'. (105)

Belt form and constants. Exactly as in Proposition 3, for any e, € (0,1/2) there is a

radius
"

e = U log(“ﬂ (106)

such that W (s) admits a belt/bulk factorization and, by the color-tiling argument of Section 3.4,
a constant-depth belt circuit supported in 9, . A. Each crossing gate has OSR < x,e with

stab
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log xvel = O(r?,;, log d); per layer there are < coni|0A| crossing blocks and a constant number
of color layers. Hence

OSRy,  A(W(s)) < T2 logTya, = O(r2, logd) = 0<#1ogd). (107)

Tstab - (“,eﬁ)2

For fixed e,¢1 this gives log Istan, = O(1/p2z) + O(||V ||, /Ay) via (102) and A}, > A, /2.
Remark 3 (Ledger compatibility). In the radius ledger of Remark 1, robustness simply adds the
allowance rgtap, to the belt width and multiplies the OSR bases by I'stap (seed) and thab (AGSP).
In particular, the filtered, circuitized AGSP of Section 5 across 9 A with OSR < (AT (m))1?4!
(cf. (96)) becomes, after robustness, an AGSP across 0,4, A with OSR base AT’ . The
seed base ke (SRE or Markov, cf. (97)) acquires at most a factor I'sqap.

9.4 Transported AGSP and stable slope

Let K, be the filtered transported AGSP from Section 5 with
KP, =P, |KPL|<d<i,  OSRg,a(Ks) < AP A=ATY(m), " =r+r'(m).

Define the robustly transported operator K’ := W (s) Ky W (s)t, where W (s) is the relative QAC
unitary from (105). Then
Tfinal = r’ + Tstab (108)

and

(109)

S

)|5AI.

KiP[ =P}, |K{(P)*ll= KL <6, OSR, (Kl < (A%

In particular, the shrinkage § and the filter/composition parameters (7,m) can be kept un-
changed, while the belt width and base ledger update deterministically via (108)—(109).

9.5 Corollary (stable area law; both seeding routes)

Corollary 2 (Stable area law under small local perturbations). If ||V, < cgapQx, then there
erist Cstap, Cstab < 00, uniform in A and system size, such that

S(pa(1)) < cstan |[0A] + Cutan, cstab:c._FO(%)’

where cq 18 the coefficient of the unperturbed route chosen for seeding: use ce = ¢ from Theorem 2
(SRE path) or ce from Theorem 3 (belt-Markov seed), with the unified base dictionary in (97).

Proof. Apply the converter of Section 7 to I?{ Relative QAC multiplies the seed base by
Kstab := L'stab and the AGSP base by I gtab, cf. (109). The slope contributions scale respectively
like 1°§fggab and (1_%2)2 log Tstap. Using (107) together with A, > A,/2 and the perturbed
LR/QAC constants in (102) yields the stated O(||V||,/A4) correction, added to the baseline

Ce.- O

Constants at a glance. Gap: A > A,/2. Envelope: g = min{uyg, pga}t with (102).
Robust belt addition: 7sean, = [plg 1 log(k” /erel)] and Tinar = r” + rstap by (108). Inflation:
Lstab = exp{O(r?,;, log d)} with the bound (107). Bases: A — AT2 . and ke > ke Istap. Final
slope: cstah, = o + O(||V]|/Ax) as in (100).

Summary pointer. Robustness modifies the belt ledger by 7" ~» rgpa = 7" + Tstap and A ~
Athab; seeds acquire I'g,p. No other entries change.

42



10 Endpoint route (general): boundary—tamed AGSP and belt—
Markov seeding

Objective (general route). Remove any uniform path—gap hypothesis. Assume only that
the endpoint Hamiltonian

H=) hy (finite range R, |[hz| < J)
Z

has a unique ground state and a spectral gap A > 0 above Ej, and that Lieb—Robinson (LR)
bounds hold. From H alone we build a boundary—tamed AGSP and obtain the belt—-Markov
seeding via Theorem 4, used here as a black box and proved in Section 10.6 (Approach A). This
yields a complete endpoint—only construction to an area law, compatible with the filtered-AGSP
ledger (96) and robustness updates.

10.1 Black-box input (Approach A): annulus recoverability and belt local-
ization

Theorem 4 (Annulus recoverability; belt—-Markov). There exist constants ey, iy > 0 and a
correlation length ¢ = O(1) such that the ground state p obeys, for every finite region A C 7.2
and belt width r > 1,

I(A:C|B), < age ™/ B:=9.A, C:=(AUB)". (110)

Consequently there exists a CPTP map Rp_ap (a recoverer) such that

1
HPAB - RB—)AB(pB)Hl < 5rec(7a) = Crec 6*5#1\417"/67 Crec == V2eMI - (111)

Moreover, Rp_ap can be chosen belt—supported: there is a version RgLAB with the same
error bound (111) whose Stinespring dilation acts on AU B C 0,4.0(1)A only. Letting NgLA =

Trg o Rg)—me a constant—depth circuitization inside the belt (gate diameter w = O(1), depth
gbeit = O(1)) yields

KrausRank(/\/](;LA) < Xr‘eBc‘, Xrec := d Crecw?avere — 0(1), (112)

where d is the on—site Hilbert space dimension and crec = O(1) is a lattice—coloring constant.
Finally, for the r=belt B = 0, A we have the packing estimate

‘B| < CbeltT|aA‘ with Cbelt:O(l)- (113)

Proof deferred to Section 10.6 (Approach A).
Remark 4 (Compatibility with the radius ledger (E/SE/PL)). The statement uses only the
decay envelope for (A : C|B) in (110) and locality inside the belt.

e For E (exponential) LR envelopes one has (110) with e~#M1"/¢; converting fidelity to trace

distance (Fawzi-Renner plus Fuchs—van de Graaf) halves the exponent, yielding eyec(r) <
e~ (um1/2)(r/€)

e For SE (stretched-exponential) envelopes, I(A : C|B) < exp{—pn(r/€)?} with 8 € (0,1]
gives Srec(r) S exp{_%NMI(T/g)/B}'
e For PL (polynomial) envelopes, I(A: C|B) < (1 +7/£)~ gives erec(r) < (1 +1/£)~%/2,

In all cases, the circuit parameters w, gpeir and the per—site base Xyec = derec®®vels remain 0(1)
and independent of r and |A|, consistent with the ledger. The packing constant cper depends
only on the chosen lattice norm used to define 9, A.
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Seeding from annulus recoverability (black-box input) Choose ., = O(§) so that
erec(rx) < 1/10. For any typical projector IIp with Tr(Ilgpp) > 1 — e4yp (€.8. €typ = 2/5),
define

Qa = Proj(SUPP(NE:)A(HBPBHB)))'

Then Tr[Qapa] > % and
rank(QA) < (Xrec d)Cbelt s [04] =: Hll\/?m, KM ‘= (Xrec d)CbeltT*- (114)
This defines the seed pair (Rp, pg) with Ry < I{‘l\?[A‘, Py > %

10.2 Route A: endpoint AGSP by a trigonometric filter (self-contained)

Let H := H — Ey1 so Spec(H) C {0} U[A,00). Fix 7 € (0,7/A) and wy = 7A/2 € (0,7/2).
Classical equiripple (Dolph-Chebyshev) design yields real even {ay};"_, such that

Pn(w)= > ape™, Ppn(0)=1, iy |Pr(w)l <™, n€(0,1), > lax| < Creup™
k=—m w|=2wo
(115)
Define .
R = pu(d) = > el (116)
k=—m
Then R R
KP=P |KPL|| <6 :=n™ (117)
LR yields a belt radius (with "= m7 = ©(m/A))
rofm) = [nT + gt og (2121 (18)
Epf
and a belt factorization for each short evolution; circuitizing the belt unitaries gives
~ EXY cooT
OSRo,, . A(K) < (T(m)) . T(m):= max{xeggf , 2m+1}. (119)

Choosing m > [log(1/6)/log(1/n)] and 7 € (0,7/A) yields a boundary-tamed AGSP depending
only on A and LR (rg = O(m/A) + O(log ||al/1)).

10.3 Route B: spectral flattening to almost-commuting quasi-projectors

Dressed local energies. Tile the lattice by overlapping blocks {B} of diameter w = O(1)
with a constant coloring L1, ..., L, (same-color blocks disjoint). For ep := > ,-p(hz —
(Q|hz|Q) 1) > 0 and an even fast-decaying kernel G, with bandwidth v € (0, A), set

Ep = /Gv(t) et ep e gt (120)
R

Then Eg > 0, PEp = 0, and Ep is quasi—local with exponentially decaying commutators for
disjoint blocks.
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Local quasi-projectors and ADL. Let ¢, be a polynomial with ¢, (0) =0, 0 < g, <1,
approximating the step on [0, 1] with error n]"*. Define

QB = ¢m(Es/M), M :=|Ep|+1=0(1). (121)
Then0 < Qp < 1, PQp = 0, Q3-Qp]| < eproy = O(1™), and [[Q, Q]| < ecomme ™ =)
with €comm = O(n]""). Define the layered ADL operator
Kapr, = H I -@s). (122)
(=1 BEeLy

If €1oc 1= max{eproj; Ecomm } K A/q, a DL-style argument gives

KapLP = P, |KaprPH| < /1 —aaprLA + cADLGElocs @ADL < %-

Boundary clustering yields
1 2.\ 104
OSRg,, a(KapL) < (dc v q> : (123)

A tiny sandwich filter py,, (f[ ) (with n™0 < €)o.) makes the fixpoint exact, multiplying the OSR
base by Y(mg)? and enlarging the belt by O(mq/A).
10.4 Boundary-tamed AGSP (endpoint—only summary)

Either route furnishes K with
KP=P,  |KPY| <6<} OSRy a(K) < APV,
where, respectively:

Route A: o=n", =T(m), ro=0(m/A)+ O(log|lal1);
Route B: ¢ = min{n™°, /1 — aaprA/2}, Ao dOW* D) Y(mg)2, o = O(w 4+ mg/A).

10.5 Endpoint—only area law (general seeding)

Combining the AGSP K with the belt-Markov seed (114) and the boosting recursion/Lorenz
bound of Section 7 yields

S(pa) < 5 10A] log (ki7" Ao ) + Co, (124)

;
(1-6%)
with Cyp = O(1) and all constants independent of |A| and the system size.

Theorem 5 (Endpoint area law (instantiation of Theorem 3)). Under gap A > 0 and LR bounds
(no path hypothesis), the unique ground state obeys the area law (124). The slope equals the
unified ledger coefficient ce in (96) with the seed base specialized to kyp from (114). Equivalently,
this is an endpoint instantiation of the Theorem 3.

10.6 Approach A: Annulus Recoverability (belt—-Markov) — Proof

In Section 10.1 we stated Theorem 4 as a black-box input for the endpoint route. We prove it
here.
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Proof of Theorem 4. We proceed in three steps and invoke two self-contained lemmas stated
and proved below.

Step 1: From CMI decay to a recoverer on the belt. Assume the conditional mutual infor-
mation decay (110). By Lemma 17 there exists a CPTP map Rp_,4p supported on AB such

that

1
Flpap, Rp—ap(pp)) > e 2/ACH:.

Using Fuchs—van de Graaf, |0 — 7|1 < 2y/1 — F(0,7),and 1 — e™® < z for > 0, we obtain

|pa — Re—as(ps)|, < 2\/1—6*%“"‘:“3)9 < \/2I(A:C|B),.

Combining with (110) gives (111) with Ciec = v/2cmr and exponent & pnr/€.

Step 2: Belt support. The construction in Lemma 17 uses only the marginals pp and pap;
therefore Rp_.4p acts on AB and attaches fresh ancillas on A, hence is supported within
AUB C 0,AUA C 0,y01)A. We write RgL 4p for this belt-supported choice. The bound
(111) is unchanged.

Step 3: Belt circuitization and Kraus rank. By the belt circuitization principle (con-
stant—depth compilation of quasi—local Stinespring dilations inside the belt; see Lemma 18),
we may implement the Stinespring isometry of Rgl} ap by a depth—gpex = O(1) circuit of

w X w-range gates acting on A U B and ancillas co-located there. Tracing out B yields

N, ](32 4 = Trgo Rg)_) 4p- Lemma 18 then implies the Kraus-rank bound (112) with some
lattice coloring constant ¢yec = O(1) and per—site base Xrec = dCrecw?belt

Geometric packing. Finally, (113) is a standard thick-boundary estimate on Z?: writing
B = J;_; 01 (AFFD) (unit-thick boundaries of successive unit dilations A**)), each layer has
size O(|0A|) with a norm-dependent constant; summing k = 1,...,r yields |B| < cpelrr|0A| for
some cpel = O(1) determined by the lattice metric and our boundary convention.

This completes the proof, modulo the two lemmas below. O

Lemma 17 (Localized Fawzi-Renner on belts). Let (A, B,C) be a tripartition with B = 0, A
and C = (AU B)°. Suppose p satisfies I(A : C|B), < 6. Then there exists a CPTP map
RB_ap with support in AB such that

F(pag, Re—ap(pp)) > ¢ /2,

and hence ||pap — Re—sap(pp)|l1 < V/26.

Proof. We measure entropies in nats. By the Fawzi-Renner recoverability inequality, applied
to the permuted tripartition (C, B, A), there exists a CPTP map Rp_,p4 (a rotated Petz map
depending only on pp4 and pp) such that

1 1
> e_il(C:A‘B)p _ —§I(A:C|B)p.

Flpcpa, (ide ® Rp—pa)(pcs)) e

Fidelity is monotone under CPTP maps; tracing out C' gives

~ 1
F(ppa, R—palpp)) > e 21(AC1B,,

Relabeling BA = AB and defining Rg_,ap := R B_BA proves the fidelity claim. The trace—distance
bound follows from Fuchs-van de Graaf: ||o—7||; < 2/1 — F(0,7) < v/26 since 1—e~9/2 < §/2.
By construction Rp_,ap uses only the marginals pgp and pap and therefore acts on AB; no
degrees outside A U B are involved. O
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Lemma 18 (Belt Stinespring circuitization and Kraus rank). Let ®p_,4 be a CPTP map whose
Stinespring dilation V : Hp @ Ha,,. @ HE, — Hap ® HE ts generated by a unitary U acting on
AU B and ancillas placed within the belt 0,1 A A, with the following geometric circuitization: U
is a depth—q circuit of local gates each supported on a w X w patch, where q,w = O(1). Then

KrausRank(Trg o ®p_,4) < d°@41Bl

for a lattice—coloring constant ¢ = O(1). FEquivalently, there is a base x = dw*® such that
KrausRank(Trp o ®p_,4) < /Bl

Proof. Write N := Trg o ®p_, 4. In a minimal Stinespring representation of N the Kraus rank
equals dim(Heny), the environment dimension of the dilation. For the present realization one
can view the environment of A" as E.g := B ® E, namely the input B that is traced out plus
the final environment E created by the dilation U.

Each local gate in a depth—q circuit can create at most a constant number (bounded by
do(wz)) of fresh environmental degrees per w x w patch. Using a standard O(1)—coloring of the
w x w patch-interaction graph on Z?2, gates within a single layer act on disjoint patches, so
the number of environment qudits produced per layer is O(|B|) with a per—site constant factor
d%w*) . Over q layers this gives

dimE < dav’elBl for some ¢; = O(1).
Multiplying by dim B = d/®l coming from the partial trace over B, we obtain
KrausRank(N) < dim(B) - dim(E) < d(0taw’dlBl — gew?a|B]|

after absorbing the additive 1 into cw?q (recall w,q = O(1)). Setting xy = dew’a proves the
claim. O

11 Finite degeneracy: belt sector selection and sectorwise area
law (general)

Objective. Extend the analysis to a finite, size-independent ground-band degeneracy g > 1
without assuming an SRE path. We give two interchangeable sector-selection routes:

(SRE) Fiedler projectors built from a local belt observable along a gapped path (if available), as
in the original SRE setting.

(Approach B) Path-free annular quasi-idempotents supported on a belt that split the band into g sectors
with exponentially small error, with belt circuitization and OSR, control.

|0A|

Either route supplies a sector seed of rank ksec = capturing probability > %, after which the

filtered-AGSP machinery produces a sectorwise area law; mixtures across sectors incur an ad-
ditional log g.
11.1 Hypotheses and the ground band (general)

Replace the uniqueness assumption by:

e (Finite band degeneracy) There is a spectral band of fixed dimension g < oo, separated
by a uniform gap A, > 0 from excitations. Finite-size splittings inside the band are allowed
but vanish exponentially in system size.

Let P be the spectral projector onto the g-dimensional band at the endpoint Hamiltonian H.
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11.2 Route SRE: belt Fiedler projectors (if a path exists)

Assume a gapped C' path to a frustration-free model preserving the band. Fix a bipartition
(A:A€) and belt width r > rq, (Section 3). Choose a belt-supported self-adjoint Fy in 0, A such
that PyFyPy has a simple spectrum {fo}?_, with size-independent gap ép > 0. Define the
sector projectors at s = 0 by the spectral calculus and transport them along the path:

g
P = U(s) 1y (PoFoPo) Us)', Y P =P (125)
a=1

Belt circuitization (Section 3) yields belt-supported approximants ]33(? with HPS(Q) — ]33(?) | < 2e
and support in Opyy4w, A
11.3 Route Approach B: path-free annular quasi-idempotents (belt)

Proposition 8 (Annular quasi-idempotents via local spectral flattening). Let H =)y hx be
a uniformly gapped, finite-range local Hamiltonian on Z? with gap A, > 0 and Lieb—Robinson
(LR) bounds. Fiz a region A and an annular belt B = 0, A of width r > rany. For r large

enough there exist belt—supported positive contractions {Jg“)}(gl:1 C B(Hp) such that
g
0<Jy) <1, |[I§IY) —Gap || < (), YU < 1, (126)
a=1
and, writing P for the ground-band projector and {P(O‘) 9_1 for the minimal central projections
of the belt algebra on the ground band (cf. the block—energy dressing step in the proof below),
[PISIP — PO < eq(r),  ealr) < Cige#ar, (127)

)

admits a belt-local Stinespring dilation: the instrument

T ) 1= NI o\

has a dilation supported on B with

Moreover each J](Ba

KrausRank(j(a)) < Xi‘f" Yia = d°W. (128)

All constants above depend only on local data and LR/gap parameters, and are independent of
A, r, and the system size.

Proof. Step I (dressed block energy on the belt). Let Hp := ZX:XQB;A(B hx and choose an even
filter f; € L'(R) with [ f-(t) dt = 1 and subgaussian tails. Define

Ep := / fr(t) et Hge 1t gt TXT (129)
R
By LR and the filter, there exist C, u > 0 (independent of A, r) and a truncation Eg) supported
on B such that (Lemma 20)
|Es —EY)|| < ce . |[[EY,P)| < Ce. (130)

On the ground band, the belt algebra is finite dimensional; there exist distinct scalars {eq}Y_;
with uniform separation and the annular sector projectors { P(®} such that

g
HpEg>p ~ Y P < e (131)
a=1
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Let Ap = | B} || = O(|B]).

Step II (polynomial windowing / spectral flattening). Rescale x — y = 2z/Ap — 1. Around
each é, := 2e,/Ap — 1 choose disjoint windows I, with fixed gap v > 0. By Lemma 19, for
any € € (0, %) there exist polynomials p, of degree m = O(7, ' log(1/e)) such that 0 < p, < 1

n [—1,1], |pa(y) — 1| <€ on I,, and SUpPy, Pa < € for 5 # a. Set po(z) := pa(22/Ap — 1) and

T = pa(EY)). (132)

Then 0 < jl(ga) < 1 and Hjéa)jl(f) = 5a5<7](3a)|| < 2e. Damp via J = gz(ga)/(l + ge) to ensure
Yoa Jj(ga) < 1, keeping the same bounds up to constants.

Step III (compression to the ground band). Using Markov’s inequality on [—1, 1] and scaling,
SUP (0,4 5] [P ()] < com?/Ap. Hence

2
com? ,
pra Zpa es) (5)H< 0 HPE P — %egP(ﬁ | < clEe —pr
Since |Pa(eg) — 6ap < € and J& = (14 ge)~pa(EY)),
2
|PIS)P— P < 2+ cn—e . (133)

Ap

Choose € = e so m = O(r); since Ap = O(|B|) and |B| 2 r|0A|, the second term is
O(r?e~#"). Renaming constants yields (127).

—RT

Step IV (belt-local Stinespring and Kraus rank). Because JJ(BQ) is supported on B, one can
realize the instrument J(® by attaching on-belt ancillas and applying a Stinespring isometry
that acts only on B. Tiling B by w x w blocks and using a constant—coloring schedule, the
isometry decomposes into a product of local isometries with ancilla dimension dOw?) per active
block. The number of active blocks is Ny (B) = ©(|B|), hence the total Kraus rank obeys

KrausRank(7(®)) < (do(wQ))Nw(B) = Xi‘dB‘ with xiq = d°V, proving (128). O

Lemma 19 (Polynomial window functional calculus with uniform degree). Let —1 < é; <

- < &g < 1 and fix disjoint intervals I = [€q — 5, €q + Q] with mutual gaps > v > 0 (s0
wo + Yo depends only on the minimum separation). Then for every e € (0, %) there exist real
polynomials p, of degree m = 0(70_1 log(1/€)) such that

0<pa<1 on[-1,1], sup [1—pa(y)| < Suppa( )<e (B#a).
yEly y€lg

Moreover supye(_1 1) [P (y)| < cm? (Markov).

Proof. Map each window I, affinely to a symmetric interval [—d,0] with § < 1 and gap to
the complement at least v =< 7p. On the two-interval set [—1, —] U [, 1] the sign function
admits exponentially good Chebyshev approximation: there is a polynomial s,, of degree m
with supj,|> | sign(y) —sm(y) | < 2e7“"7 and |s;,| < 1 on [—1,1]. Compose with the affine map
and integrate once (Jackson smoothing) to obtain a bounded bump by, o which is e—close to 1
on I, and e—close to 0 on I5 for 3 # a, with the same degree m = O(v; * log(1/¢)). Markov’s
inequality on [—1,1] gives sup[b], ,| < em?. Set po = bmq- O

Lemma 20 (Exponential commutator decay for dressed belt observables). Let H be gapped
with LR velocity vir and decay rate vir, and let Hp be supported on the belt B = 0,A. For
T > 0 define Eg by (129) with an even, normalized fr whose Fourier transform obeys \ﬁ(w)| <
c1e=2TD"™ for some k € (0,1]. Then there are C, > 0 such that, with T =

4ULR

|5~ Q|| < cerr.|ER. P < cer
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Proof. For the truncation: LR bounds give
| €™ Hpe ™, Ox]|| < c|Hg| |Ox]| exp( — vy (dist(X, B) —ULR|t|))

for any local Ox. Smearing in time with f; and choosing 7 = r/(4vrr) yields tails beyond
distance r decaying as e*", which is the first claim.

For the commutator with P, expand in the energy eigenbasis {|¢,)} of H, P = Zaegs |tha XWal.
Then
0 a,b € gs,

(ValEB, Pllt) = {ﬁ(Ea — Ep) (e Hp|thy), otherwise.

Since |E, — Ep| > A, whenever one index is excited, the Fourier tail bound gives |ﬁ(Ea —Ep)| <
cre=2(™2)" Hence ||[Eg, P]|| < ||Hp|| c1e=¢("*-)". Combining with the truncation estimate
and 7 =< r proves the second inequality. ]

Lemma 21 (Belt-local sector anchors). Under the standing hypotheses of Section 1 and either
of the two routes:

(FP) a frustration-free (fixed-point) anchor at s = 0 with non-chiral topological structure on
annuli; or

(PF) the path-free Approach B construction of annular quasi-idempotents at s =1,

there exist belt-supported operators {E,(ka)} (with x = 0 at the fized point or x = 1 at the endpoint)
such that for every finite region A C A, and some width ro = O(1):

1. (Approximate idempotents on the belt) The family {Eia)} 18 an approximately orthogonal
resolution on the ground band, with errors < e #"° for some u > 0 (errors vanish in the
FP case).

2. (Belt OSR) There is a constant = = O(1) such that

OSRy,, 4(E\Y) < 21041,

3. (Sector projectors on the ground band) Writing P, for the ground-band projector of H (%)
and setting

P = P.EYP, (equivalently P") = EX P, = P.EY up to O(e™#7)),
we have Y, P\ = P, + O(e=#*) and P{* PP = 6,5 P/ + O(e7#).

In the FP route one may take E{a) = CaEéa)Cg using the constant-depth belt circuit Cy from
Section 3; the OSR inflation by a constant base T' = O(1) per boundary unit is absorbed into =

via the OSR calculus. In the PF route, the operators E£O‘) are supplied directly by Approach B
on the annulus at s = 1.

Proof. We split the proof into two cases, then unify constants.

Preliminaries (belt OSR toolkit). We use: (i) the OSR calculus (Lemma 1); (ii) the
boundary packing bound N, (0,A) < cpack 7 |0A| (Proposition 1); and (iii) the direct OSR
bound for belt-supported operators (Sec. 3.3): an operator supported on a width-r belt admits

OSRy,4(0) < (5o)™, =g = dovaen, (134)

for lattice-dependent constants cg, gpeir = O(1) and any fixed block diameter w = O(1) (obtained
by expanding O in a local operator basis on a w X w tiling of the belt and counting only blocks
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intersecting 0A). Finally, conjugation by a depth-D = O(1) belt circuit inflates OSR by at
most a constant base T'OAl:

OSRy,4(CyOCJ) < (TOSRy,A(0))?Y T = gerw’aweD, (135)

which follows from the product rule in Lemma 1 and the coloring of disjoint gates across layers.
Case (FP): fixed-point anchor at s = 0. At the fixed point H(0) (commuting-projector/non-
chiral setting), the annular tube algebra T(A) on a width-r, annulus A = 0, A is finite di-
mensional. Its center has a complete set of pairwise orthogonal central idempotents {E(()a)}

supported on A, with
EVEY =605E, ST B =14

o

Since [Eéa), H(0)] = 0, these idempotents exactly resolve the ground band at s = 0: Po(a) =
REY = RE\ Py satisty 3, P\ = By and PV P") = 6,5P\*.

OSR bound at s = 0. Each E(()a) is supported on the belt A, hence by (134), OSR@TOA(E(()Q)) <
Z)1041.
( )Tmnsport to s = 1 with belt localization. Let U(1) be the QAC unitary with P, =
U(1)PU(1)!. By the belt circuitization (Sec. 3), for any target accuracy ¢ € (0,3) there is
a factorization

U1) = Chux Co, 1U(1) = CouxCal < 2e,

where Cjp is a constant-depth circuit supported on d,)A and Cpy is supported away from the
cut (hence disjoint from A). Define the belt-supported anchors at s = 1 by unitary conjugation
inside the belt

EY = cyE Cf.

Then (i) idempotency and orthogonality are exact for {E } (conjugation preserves them), and

(ii) OSRa,, ., A(E{") < (I'Z)P4 by (135).

Restriction to the ground band at s = 1. Let Eéxict =U)E ( ) U(1)". Then [Eéxict, P]=0
and PlEexz)Lctpl = P, with exact orthogonality on P;. We compare E£ ) to Ee(xz)lCt

1B - Bl = [ICoBs™Ch - UMEP U < 2|UQ) - CounColl < 42, (136)

where we used ||[AOAT — BOB'|| < 2||A — BJ|||O|| for unitaries A, B and ]|E(ga)|\ =1, and Chy

commutes with Eéa) (disjoint supports). Therefore

I, P < 2| B - B 8e.

ovact|| <

Setting e := e™#" (via the truncation ledger 7(c) = [ log(kioc/c)]) yields H[Eia),Pl]H <
e HTe after absorbing constants into p. It follows that

ZPI(O‘) :ZP1E§"‘)P1 P1<ZE ) = P+ O(e ™),
le(a)Pl( ) _ 5a5P H < HP1 ) § ) _ (501/3E§ ) P1H + O 67/““0) = O(ef‘“ﬂo),

where the error terms are controlled by || [E§a), Py]|| < e7#"° and idempotency/orthogonality of
{Ega)}. This proves all three items in the FP route with = := I'Ej and belt width ro — ro+r(e).
Case (PF): path-free annular quasi-idempotents at s = 1. By Approach B (Sec. 11.3),

for a width-r, annulus A = 9, A there exist annular quasi-idempotents {Ega)} supported on A
such that
BB — B < e 3DEY = Lt 0T,
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and || [Eia), Py]|| < e #° (local spectral flattening ensures approximate commutation with the
ground-band projector). Since each E%a) is belt-supported, the OSR bound OSR37,OA(E£Q)) <

—_
— e —

(20)!24 follows from (134); absorb any Approach B overhead into Z := Zj. Projecting to the
ground band and repeating the compression estimates used above yields

SR =PivoEerr), PP =6,5P 4 0(e).

Unifying constants. In both routes, we obtain belt-supported anchors with OSRg, _ A(Eia)) <
=194] for some Z = O(1) (in the FP route, & = 'Sy by (135)). The error rate is e #" after
choosing r, via the truncation ledger so that the QAC belt factorization error (FP route) or
Approach B locality error (PF route) is < e #"°.

This proves the lemma. O

11.4 Unified sector seeding

For either route (SRE or Approach B) there exist constants (Ksec, I'sec), independent of |A|, and
for each « a sector state |Q2(®) € ran P(®) such that

o) = (@ @) > 1 _
pot = max (ORI 2 5, e = O). (137)
Ro=rl22

One may take

kkad, (SRE route),
Rsec =

with  logkga = O(r?logd), logkiq = O(r logd),
Kids (Approach B route), ( ) ( )

the latter obtained from (128) and |B| < cpel 1 |0A|.

11.5 Sectorwise AGSP and area law (general)
Let K be the filtered AGSP from Section 5, so that KP = P and ||[KP*|| < § < 1, with
OSRy,, 4(K) < AlPA (see (96)).

Applying the boosting recursion to each |Q2(®) using the seed (137) yields

a log Ksec 1
S() < T 104] + A=y |04l g A + Co, (138)

uniformly in «. For any mixture pgs =), Pa 1Q(@))(Q(®)] supported on the ground band,

S(Tracpan) < D paS(P) + H({pa}) < (csec|04] +C) + logyg,

with cgec the slope from (138).

Theorem 6 (Area law with finite degeneracy (general)). Under the hypotheses above (finite
g, uniform band gap A, > 0), there exist belt sector projectors P (SRE route) or belt

quasi-idempotents Jl(ga) (Approach B route) yielding sector states |Q®) such that for every
region A C Z? and every o,

S(Trae [QONQ@]) < ¢|aA] + C,

with ¢ and C as in Section 8 up to the replacement Kk — Ksee (an O(1) change determined by
belt width and gate parameters). For any mixture in the ground band,

S(Tracpe) < cl|0A| + C + logg.

All constants depend only on (A, Ay, v, u,d,J, R) and fized design choices, not on |A| or the
system size.
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Remarks. (1) The SRE route reduces to the original Fiedler-projector construction. (2) The
Approach B route applies without a commuting-projector anchor; the sector split is implemented
directly on an annulus with exponential accuracy and controlled belt OSR. (3) Robustness
(Section 9) holds sectorwise with the unified slope ¢, via (100).

12 Topologically ordered phases: sector-resolved theorem

Objective (path—agnostic). Upgrade the ITO note to a theorem without committing to a
commuting—projector anchor. Assume the endpoint Hamiltonian H (1) lies in a 2D intrinsically
topologically ordered, mon-chiral phase with finite total quantum dimension D < oo, satisfies
Lieb-Robinson (LR) bounds and has a uniform spectral gap. For each topological sector a and
each sufficiently regular region A we prove

5<P(f)(1)> < cldAl + vaa + C + o(1), (139)

with an explicit boundary coefficient

1 2
-~ _logA, Ao = k12O A. 14
¢ (1 _ 52)2 0g ff> {F Kseed ( 0)

Here A and 7" are the OSR base and final belt width of the boundary—tamed filtered AGSP for
H(1) from Section 5 (see the filtered-AGSP ledger (96)); § < % is its contraction. The seeding
constant Kgeeq < 00 is obtained either from belt-Markov seeding (Approach A; Theorem 4,
(110), (111)) or from sector seeding on the annulus (Approach B), both supported within a
constant-width belt around 0A. The sector constants 4, are those of the underlying MTC
(vacuum disk: v = log D; see §12.8).

12.1 Hypotheses and sector anchors (path—agnostic)

Assume:

(H1) H(1) is gapped and satisfies LR bounds; its ground band on tori carries a finite topological
degeneracy described by a unitary MTC with total quantum dimension D (non-chiral).

(H2) Anchor hypothesis (choose either route):

(FP) (fized-point route, optional) There exists a C! gapped path H(s), s € [0, 1], from H(1)
to a commuting—projector representative H(0) of the same phase, with uniform gap
A, > 0 and LR constants as in Section 1.

(PF) (path—free route) Approach B provides, at s = 1, belt-local sector quasi—idempotents

{E%a)} on an annulus A around J0A such that for some g > 0 and all belt widths
ro = O(1):

(B2 — B, |BYED — 6,5 E| < e, supp(EL™) C AC d,,A.

Moreover, OSR@TOA(E£O‘)) < 21941 for some Z = O(1) independent of A.

Fix a region A with a regular boundary and let A C 0,,A denote an annular belt of width
ro = O(1) around JA.

At the fixed point s = 0, the non-chiral assumption ensures the existence of tube-algebra
idempotents supported on an annulus; see Lemma 21 for belt localization and OSR, control.
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12.2 Sector—constrained AGSP at the fixed point

Let KP be the detectability-lemma AGSP for H(0) (Section 2). Define the sector—constrained
AGSP R
K = P KPLP 4 (1- Py, (141)

so that IA(SO‘)PO(O‘) = Péa) and HIA(SO‘) (Péa))LH < §p with 9 = 0 in the strictly commuting case.
The belt OSR calculus of Section 2 gives

OSRa, a(K§Y) < APY, ro=0(1), Ag=0(1). (142)

12.3 Transport to s =1 and sector projectors along the path

Let U(s) be the quasi-adiabatic continuation unitary (Section 3). Transport the sector projec-
tors and AGSP:

P = U(s)PYU(s), K@ = U)K Us).

S

By the belt factorization/circuitization of Section 3, U(1) is, up to a norm-¢ error, a con-
stant—depth circuit whose gates within a belt 9,, A (with r, = O(1)) may cross the cut; the
bulk part acts away from the cut and has OSR = 1. Hence

K P =P, K™ (P)] =6+ 0(), OSRa, a(K\Y) < (AT, (143)

for a constant inflation factor I' = O(1) independent of |A|. Composing with a degree—m
trigonometric filter as in Section 5 yields the filtered, sector—constrained AGSP (in either route,
FP via transport or PF directly at the endpoint)”

K = pu(H(1) = Ey(1)1) K\,
with contraction 6 < n™dy + O(ep) and base
OSRg,, a(K{™) < AP A = AgTY(m), " =rc+O(m/AL).  (144)

12.4 Path—free sector anchors and endpoint AGSP

Let K be the boundary—tamed filtered AGSP for H (1) from Section 5, with contraction § < %,
OSR base A, and belt width 7" as recorded in the filtered—AGSP ledger (96). Using the belt
sector anchors E{a) from Lemma 21, define the sector—constrained filtered AGSP at the endpoint
by

K .= B9 K EY + (1-P). (145)

Then IA(fa)Pl(a) = Pl(a) and
IREVPEYH < 6 + O(e),  OSRy, a(K{Y) < AP,

where the O(e™#7) term is the quasi-idempotency error from Lemma 21. The OSR base is
unchanged up to an O(1) factor per crossing block, which is absorbed in the global base A by
the ledger (96). This gives the sector—constrained endpoint analogue of (143) and recovers (144)
with the same (A, r").
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12.5 Seeding in a fixed sector
|0A]

To start the boosting recursion (Section 7) we need a seed head on A of rank < k4

mass > % There are two interchangeable routes:

capturing

(i) Belt—Markov seeding (Approach A). Using the approximate Markov property across a
width—r belt and Fawzi-Renner recoverability (Section 7 and Theorem 4), choose r = O(€)
to obtain a belt-local channel with Kraus rank < Xr‘eBc‘. The resulting rank bound is captured

by the Markov seeding constant sy defined in (114).

(ii) ITO fixed—point (sector) seeding. At s = 0, pap on an annulus is supported in a

code subspace of local dimension < XlBI (bounded per boundary link by the MTC input

dimension). Transporting by U(1) across a constant—depth belt circuit preserves this bound

/
B .
up to a constant factor; hence Kgee = X(fl | with |B| < cpeler«|0A|.
. 10A] 1
Rseed ‘= maX{K‘Ma Ksec}a Ry < Reeedr PO > 5-

0

Either route yields a seed (Ro,po) with Ry < /ilseil‘ and po > 3.

12.6 Boundary term from the sector—AGSP

)

Apply the AGSP=sentropy conversion of Section 7 to K §a with the above seed. Asin Lemma 16,

seed

1 2
< s 104] log (ot A) 14
1—62)2 |a | og\ K + COa ( 6)
which is the boundary-law contribution in (139) with ¢ defined by (140).

12.7 Invariance and identification of the TEE

The topological entanglement entropy (TEE), as defined by the Kitaev—Preskill and Levin—Wen
subtraction schemes, is invariant under any finite-depth local circuit. In particular, if U is a
circuit of depth O(1) whose gates have bounded diameter and are supported within a fixed-
width belt 0,,A around A, then U changes each region entropy S(px) only by boundary-local
terms supported in that belt; these contributions cancel in the inclusion—exclusion defining the
TEE Kitaev and Preskill (2006); Levin and Wen (2006). Invariance of long-range entanglement
under local unitary (finite-depth) circuits is standard Chen et al. (2010). In our setting, the
unitary U(1) (and the belt circuits used for seeding) have constant depth at fixed accuracy and
support in a fixed-width belt around A (see Theorem 1), hence the TEE is preserved up to
o(1) finite-size effects. Concretely,

Yaa(l) = 74,(0), (147)

where at the fixed point v4,4(0) is the MTC TEE (for a simply connected disk in the vacuum
sector v = log D).

Lemma 22 (TEE invariance under constant-depth belt circuits). Let Cy be a constant-depth
local circuit supported in a belt Opo A of fixed width © = O(1) around A, and let Cpuyx be a
unitary supported away from OA (so across the cut it factorizes as Uy @ Ugc ). For the Kitaev—
Preskill or Levin—Wen subtraction scheme Kitaev and Preskill (2006); Levin and Wen (2006)
and for any sector «,

Y4,0(Couik Cal¥)) = va,0(|¥)) + o(1),

where o(1) denotes finite-size/corner corrections that vanish when the linear sizes of the regions
used in the subtraction are taken to infinity at fized r° and fixed corner geometry.
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Proof. Bulk factor. Since Cpyik is supported away from 0A, it factorizes as a product of unitaries
confined to A and A€, hence it leaves S(X) invariant for every region X entering the subtraction;
therefore it leaves v invariant.

Belt circuit. Write Cy = Hle [ljc7 Uej with D = O(1) layers and pairwise disjoint
gates Uy ; of diameter O(1) supported inside 0,0 A. For either KP or LW subtraction, v is a
fixed integer linear combination of entropies of a few simply connected regions with smooth
(piecewise-C!) boundaries Kitaev and Preskill (2006); Levin and Wen (2006). A single local
gate U can change S(X) only if U intersects 0.X; the change is bounded by a constant depending
only on the local Hilbert dimension (e.g. by subadditivity and the fact that U acts on O(1) sites,
one has |[AS(X)| < ¢4 = O(1)). Summing over the gates in a given layer, the contributions
from gates intersecting the smooth boundary segments of the KP/LW regions cancel within
the subtraction because the coefficients of the linear combination are chosen so that every
contractible segment of boundary appears with total coefficient zero Kitaev and Preskill (2006);
Levin and Wen (2006). The only possible residual contributions arise from gates whose supports
overlap small neighborhoods of junctions/corners of the regions (and triple overlaps in the
KP construction). The number of such gates is O(1) independent of the overall linear size.
Moreover, for gapped states there is exponential clustering of correlations Hastings and Koma
(2006); Nachtergaele and Sims (2010); Bachmann et al. (2012); hence the corner-local changes
to the subtraction decay exponentially with the distance from the corner to the rest of the
boundaries, which scales with the linear sizes of the regions. Consequently the net change in
the subtraction is O(e~1/¢) = o(1) as the regions are scaled up. Sector labels o are preserved
because finite-depth local circuits cannot move any topological charge across the boundaries
nor change superselection labels defined by distant Wilson loop operators Chen et al. (2010);
Zeng, Chen, Zhou and Wen (2019). This proves the claim. O

12.8 Geometry and sector labels

e Boundary multiplicity. If A has ng boundary components, then

YA = M7 +Aa,bdry7

where A pary = O(1) depends only on the sector (net charges pinned to each boundary)
and the MTC data.

e Sector dependence. If A encloses a net anyon of type a, the constant shifts by a sec-
tor piece determined by d, (e.g. common conventions give y4, = logD + logd, up to
model-dependent O(1) choices).

e Mixtures. For pgp = >, pa |2 (1))(Q) (1)),

S(TTACPGB) < C|8A‘ + Zpa'YA,a + H({pa}) + C + 0(1)7

so classical mixing contributes at most log giop.-

12.9 Theorem (sector—resolved ITO area law)

Theorem 7. Under (H1)-(H2), for each topological sector o and each regular region A there
exist constants C < oo, ¢ € (0, %), and A < oo (independent of A and system size) such that

the reduced state p&?)(l) obeys

1
3 10A] log (kd'A) + yaa + C + o1).

S(p,(f)(l)) < m seed
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FEquivalently, S(p(f)(l)) < ¢|0Al + Y40 + C + o(1) with ¢ given by (140). Here A is the OSR
base of the filtered, sector—constrained AGSP (144) for H(1), and Kseeq is supplied either by
belt—-Markov seeding with rky\p from (114) or by sector seeding on the annulus (fized—point or
path—free). The constant 4o is determined solely by the MTC and the boundary multiplic-
ity/sector assignment, and is invariant along the gapped path.

13 Approximate split property across belts (Approach C; alter-
native derivation to Approach A)

Action and role. We state and prove an approzimate split property across belts. Under an
auxiliary hypothesis (LTQO on annuli), we obtain an exponentially accurate split for the ground
state across the belt 0, A of width r, realized by a constant—depth circuit supported on the belt.
This immediately yields (i) conditional mutual information (CMI) decay across belts and (ii)
a belt-local CPTP recoverer with controlled Kraus rank < |24/, providing a backup route to

Approach A (Annulus Recoverability). The constants are organized in the same ledger style
used for QAC/AGSP/OSR.

13.1 Setup and notation (belt split geometry)

Fix a simply connected region A C Z2. For integer r > 1, let A°" be the r—erosion and A®"
the r—expansion (Minkowski conventions from Sec. 1). Define the belt B := 9, A := A®"\ A®",
the inner far region L := A®" and the outer far region R := ((Ac)e’"). We partition B into
two disjoint, one—lattice—spaced sub—belts By, and Bpr by a standard color tiling (Sec. 3.4); the
number of crossing blocks per color layer is < cent|0A| with cene = O(1).

13.2 Approximate split property (Approach C) under LTQO: full proofs
13.3 Statement under LTQO
We use the following annular local topological order condition.

Assumption 2 (LTQO on annuli). There exist ro € N and constants Ciqo, fttqo > 0 such that
for every annulus Ann of width > 1o and every observable O supported inside the hole (resp.
outside) of Ann, there is an observable O supported on the annulus with

HH OTl — 11 6 HH < tho e—mqodist(supp(O),Ann),
where 11 is the ground-space projector of the uniformly gapped family H(s) (Sec. 1).

Theorem 8 (Approximate split across belts under LTQO). Assume a uniform spectral gap
A, > 0, Lieb—Robinson envelope with parameters (vir, uLr), and Assumption 2. Then there
exist constants cgp, ftsp > 0 and, for each region A and any r > ro, a belt-local, constant-depth
unitary Up supported in Opyco A (with co = O(1)) such that for the ground state p,

HpLBR - UlT;’ (pLBL ® pBRR) UBH1 < 6sp(r)a 6sp(r) ‘= Csp |8A| e et (148)

Moreover, Up admits a color—layered realization with a constant number of layers; each crossing
block in a layer acts on O(r?) sites in B and has operator-Schmidt rank < xo with

logxo = O(r2 log d), hence OSRg,, ., a(Us) < x laﬁ'

split log Xsplit = 0(7“2 logd).

(149)
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Lemma 23 (Radial descent to inner/outer sub-belts). Let B = 0,A with r > 3rog. Write a
disjoint radial partition B = BUByUBR where each sub-belt has width in [r/3—2rg, r/3+2r).
For any observable Or, supported in L there exists an observable Op, supported on By, such that

HH Op1l - H@BL HH < Clgog € Hdes

and similarly for any observable Or supported in R there is 6BR on Br with the same bound.
Here Cges = O(1) and piges = O(pitqo) depend only on Assumption 2.

Proof. Apply LTQO once to push Op, to an observable supported on the full annulus B with
error < Cyqoe #te°”. Next, consider the inner sub—annulus B™ consisting of the innermost r /3
layers of B and its complement inside B. Apply LTQO again, now with Ann = B™ and the
observable supported in its outside, to push support from B to B™™ at an additional error factor
CiqoeMao(r/3=0M)  Tterate a constant (O(1)) number of times to land inside By, accumulating
a geometric series of errors that is still O(e ") with p = Q(utqo). The case of Op is identical
with the outer sub—annulus. O

Lemma 24 (Almost-commuting = block-diagonalization on colored belt). Let A;, C B(HpB,uB,,)
and Ar C B(Hp,,uB,) be unital x—subalgebras generated by sets of local observables supported
on a crossing—block tiling of the belt, where each crossing block'Y has diameter O(r) and con-
tains O(r?) sites; assume the tiling admits a constant—coloring so blocks of the same color are
disjoint. Suppose

I[AL, AR]l| < € forall Ap € AL, Ar € Ag with |AL]],||Ag| < 1.

Then there exists a belt-local unitary Up of constant depth (one layer per color) such that, for
some decomposition Hp ~ HGBHL ® HerfR,

HUBALU]TS— IL®11H < Chqs, HUBARU;—II(X)A;%H < Chas,

with A, € B(H'ﬁ), Ay € B(HeBHR), and Cpq = dO) depending only on the block size. Moreover
each local block unitary has operator—Schmidt rank < dor?) .

Proof. Fix one color class; within it, blocks are disjoint. For one block Y, let Ar(Y) and
ARr(Y') denote the restrictions of generators to Y. The hypothesis implies ||[X,Y]|| < e for all
contractions X € Ar(Y), Y € Ar(Y). By Lin’s theorem for almost—commuting self-adjoints
(quantitative version),? there exist commuting subalgebras A™(Y), A%™(Y') and a block uni-
tary Vi such that

WXV — X' < e, YV — Y| < ce,

with X' € AP™(Y), Y € AP™(Y) and [X',Y’] = 0. By finite-dimensional commutant duality
there is a tensor factorization Hy ~ Hy, ® Hy,r such that A7™(Y) C B(Hy,r) ® 1 and
A$™(Y) C 1 ® B(Hy,g). The block unitary V3 acts on O(r?) sites; thus its operator-Schmidt
rank is < d°0®). Define UV := [Iyccolor 1 Vv (the order is irrelevant since supports are
disjoint). Repeat for each color class; the full circuit Up has depth equal to the number of
colors (a fixed constant). Accumulating the O(e®) errors over a constant number of colors and
using that each algebra is generated by O(1)-norm generators yields the stated bounds with
Chpa = dO) (absorbing « into constants by redefining & — €%). O

Proof of Theorem 8. Step 1 (Push L and R to disjoint sub—belts). By Lemma 23, for any
L-supported observable O, and R-supported observable Or we can find Op, on By, and Op,,
on Bg such that

[TOLIT — MO, I1||, [[TORI — MOR,I|| < Caes e Hae". (150)

3 Any finite set of contractions that e-commutes with another finite set admits commuting approximants within
1

O(£®) in operator norm, with universal « € (0, 1]; for concreteness one may take o = 5
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Since By, and Bpg are disjoint, [5BL, 633] =0.

Step 2 (Almost—commuting belt algebras). Let Ay, be the algebra on By, U Bjs obtained by
pushing all L-supported observables; define Apr analogously. Using (150) and quasi-locality of
the push (from successive annular LTQO steps), any Ay, € Ay, and Ap € Ap satisfy

HH[ALa AR]HH < Cl 6_#lra

with C7 = O(1) and 1 = Q(uges). By standard quasi—adiabatic truncation, we may replace
Ar, Agr by contractions without changing the bound up to constants. Tiling B by crossing
blocks of diameter O(r) and coloring them with a constant number of colors, we obtain the
hypotheses of Lemma 24 with e = Cre "1,

Step 3 (Block—diagonalization on the belt). Apply Lemma 24 to obtain a constant—depth
belt unitary Ug such that, for all contractions Ap, € Ay, and Ag € Ag,

H UBALU; — /L ®1 H < Cphqe 17, H UBARU; —-1® AIR H < Cpge M.

Since Up acts only on B, it preserves the form of p on L and R.

Step 4 (Approximate split of the state). Set T := UB,OU;. For any contractions X on LBy,
and Y on BrR, by Steps 1-3 we can approximate X and Y (on the ground sector) by pushed
belt operators that act on distinct tensor factors up to O(e ") in operator norm. Therefore

| tr[r X @ Y] — tr(rpp, X) tr(tp,rY) | < C2|0A[e 2",

where the boundary factor counts crossing blocks and ps = Q(u1). By the duality between
trace norm and operator norm, this uniform decorrelation bound implies

|TLBR — TLB, @ TBRR||, < csp |OA] 7T,

for suitable cgp, psp > 0 (obtained by a standard e-net on block-local operator balls; the net
size contributes only a constant factor per block, hence the overall [0A| scaling). Undoing the
conjugation by Up gives (148).

Step 5 (Circuit depth and OSR). Each color layer applies disjoint block unitaries on O(r?)
sites per block; hence log xo = O(r?logd). With O(1) color layers and O(|OA|) crossing blocks,
the OSR calculus implies (149). The unitary is supported within 0,4.,A by construction (the
tiling is confined to BU a constant—width buffer). O

Remark 5 (Radius envelopes). If LR/LTQO hold with a stretched—exponential or polynomial
envelope, then the bounds above inherit the corresponding decay (E/SE/PL): replace e #" by
exp{—p(r/€)P} or (1+ /&)~ at each step. The OSR base (149) and depth remain O(1).

13.4 Consequences: CMI decay and belt—local recoverer

Proposition 9 (CMI decay from split). Under the hypotheses of Theorem 8, for r > rq the
conditional mutual information decays as

I(L:R|B), < Cemi|0A|r*logd -e H=". (151)

Proof. Let 7 :=U BpUJTB. Conditional mutual information is invariant under local unitaries on
the conditioning system B, thus I(L : R|B), = I(L : R|B),. By Theorem 8,

HTLBR —TLB, ® TBRRH1 <eg, € 1= cgp [0A] e HoT,

Write B = Br,Bgr. Using Alicki-Fannes continuity (in the improved Winter form) for conditional
entropy,
|S(X]Y); — S(X|Y)

< 4e logdy + 2ha(2¢),
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whenever ||Txy — 74y |1 < 2e. Apply this to each conditional entropy in I(L : R|B) = S(LB)+
S(RB) — S(B) — S(LRB), comparing 7 with 7/ := 71,5, @ 7, r (for which I(L : R|B), = 0).
The relevant conditioning dimensions are dominated by the belt crossing blocks: logdp <
c|0A|r?logd by the color tiling. Thus,

I(L:R|B),=I(L:R|B); < Ce|0A|r*logd < Cemi|0A|r*logde F=",
for some Cep; = O(1), absorbing the (bounded) binary entropy term for ¢ < 1. O

Proposition 10 (Split = belt-local recoverer (backup route to Approach A)). Let r > rg
and Up be from Theorem 8. There exists a CPTP map Rp_,pr with a belt—local Stinespring
supported in OrycyA, such that

|prer — (idL @ ReBRr)(pLB)||; < Crec [0A]e™7, (152)

and the Kraus rank satisfies

0A
KrausRank(Rp_pr) < Xslplit‘7 log Xsplit = O(r*logd). (153)

Proof. Define the map on B by
Rp—Br(-) = UL[((‘)BL) ® TBRR}UBa

where 7 := U, B,oU]TB and 7B, R is prepared on fresh ancillas for B U R by a constant-depth
circuit supported in Oy, A plus O(1) exterior layers. This is CPTP and its Stinespring dilation
is belt—local of constant depth.

By Theorem 8, ||[T.8r — 7B, ® TBRR|1 < € With € = ¢4p|0Ale™#»". Using that partial trace
is contractive and that Up acts only on B,

|pzBr — (dL ® RpBr)(pLs)||, = |72BR — TLB, @ TBRR||, < &

which gives (152) with Crec = cop.

For the Kraus rank, implement Up by a color-layered constant—depth belt circuit as in
Theorem 8 and prepare 7p,r by a constant—depth local circuit. The Stinespring environment
has dimension at most d°"*) per crossing block and there are O(|9A|) such blocks; hence

KrausRank(Rp—pr) < dOr)IoA] — Xlsiﬁ with log Xspiit = O(r?log d). O

Seed constant for the Markov route. Recall the normalized Markov constant xy; from
(114). The recoverer above gives the seed bound
kM < Xsplits IOg Xsplit = 0(72 lOg d)a (154)

with error budget e (r) = csp|0Ale #" from (148). Thus Approach C supplies Approach A’s
“x and p” with the belt—locality and Kraus rank required.

13.5 Ledger summary (Approach C)

e Error envelope. &4, (1) = csp|0Ale " (E/SE/PL variants inherit from LR/LTQO; cf.
Remark 5).

e Circuit form. Belt-local constant-depth Up on 04, A via color tiling (same counting
constant ccp as in Sec. 3.4).

[0A|
split?

e OSR/Kraus base. logxspit = O(r*logd) per (149); recoverer Kraus rank < x cf.

(153).
e Seed dictionary. For the Markov route, set kxy < xspiit (Eq. (154)).

e Compatibility. No change to the filtered-AGSP base A = Ao ' T(m) (Eq. (96)); Approach
C only supplies the seed and CMI/recovery backstop (used in Sec. 7).
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14 Illustrative examples and counterexamples

Overview. We briefly situate the results by listing standard gapped models where an area law
holds and well-known gapless models where it fails, together with concise guidance for numerical
checks. Detailed numerics are optional and may be placed in an appendix or ancillary files.

Model Phase / gap Entanglm. scaling Notes

Cluster-state (graph- | SRE,  gapped; | S(pa) = c|0A|+ O(1) | Seed via constant-depth

state) PEPS FF circuit; FF anchor for Sec-
tion 8.

2D  TFIM (deep | SRE, gapped; | S(pa) =c|0A|+ O(1) | Uses transport (I') and

paramagnet,) non-FF filter (Y(m)); good for
ED/DMRG.

Toric code ITO, gapped S(pa) = ¢|0A| +~v+ | v = logD (vacuum disk);

o(1) sectorwise bounds carry

through.

Free fermions at half | Gapless (Fermi | S(pa) ~ a|0A|log L | Violates strict area law;

filling surface) control negative example.

14.1 Examples (gapped SRE/ITO)

e Frustration-free SRE (cluster-state/graph-state PEPS). A commuting-projector
Hamiltonian with a unique, gapped, short-range entangled ground state.

e Non-FF but SRE (2D TFIM in the deep paramagnet). Gapped, unique ground
state; no frustration freedom required.

e ITO (toric code). Gapped topological order with sector-resolved entropy S(p4) = ¢ |0A|+
v+ o(1) for suitable regions.
14.2 Counterexamples (outside assumptions)

e Free fermions at half filling (Fermi surface). Entropy exhibits the Widom term
S(pa) ~ a|0A|log L, violating a strict area law.

e Near-critical bosonic systems (e.g. 2D TFIM at criticality). Linear scaling coexists
with universal corner log L corrections.

14.3 Numerical checks (outline)

For rectangular subregions with straight boundaries, a convenient diagnostic is the linear fit
S(pA) = Cfit |8A| + Cqy + Acorner(fél), (155)

where Acommer(A) vanishes for straight cuts and captures known corner terms when present. In
gapped SRE/ITO examples one observes stable linear scaling with cgy = O(1) and Cg, = O(1).
14.4 Standard computational tools

On small lattices one may use: (i) stabilizer methods for commuting-projector models (graph
states, toric code); (ii) exact diagonalization or DMRG on cylinders for non-FF gapped models
(e.g. TFIM in the paramagnet); and (iii) the correlation-matrix method for free fermions.
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14.5 Consistency checks

Observed linear scaling in the gapped examples and the expected |0A|log L (or corner-log)
behavior in gapless cases are consistent with the hypotheses and limitations of our theorems.

14.6 Theory correspondence

Qualitative trends in cgq versus gap/correlation length, the one-ebit-per-crossing heuristic for
stabilizer circuits, and the invariance of TEE under constant-depth belt circuits align with the
analytic constants appearing in our AGSP, transport, and seeding bounds.
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