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Abstract.

In this work we present a fully unconditional lemma concerning the distribution of prime numbers in
short symmetric intervals. The lemma asserts that for every real X > 10* and every constant c; > 1, the
interval [X - c;(In X)? X + c,(In X)?] contains at least one prime. This result is obtained without
reliance on the Riemann Hypothesis or any unproven conjecture. Instead, the proof is based on explicit
and published inequalities for the prime counting function m(x), specifically the classical inequality
m(x) > x/(Inx - 1) [Rosser & Schoenfld 1962], further developments of Schoenfold [Scoenfold 1976]
providing explicit bounds conditional on the Riemann hypothesis, and Dusart's refinements [Dusart
2010], [Dusart 2018] which give unconditional inequalities with improved terms. By carefully
combining the explicit inequality m(x) > x / (In x - 1) [Rosser & Schoenfeld 1962], further
developments of Schoenfeld [Schoenfeld 1976], and Dusart’s refinements [Dusart 2010], [Dusart
2018], with an elementary calculus analysis of monotonicity and asymptotic growth, we prove that the
difference F(X) = m_low(X + T) - m_low(X - T) remains strictly larger than 1 for all X > 10* Finite high-
precision evaluations confirm that the global minimum occurs at X = 10*%, with values F(10*) ~ 17.15
meaning at least 17 primes in this window. This lemma forms the cornerstone of the Unified Prime
Equation (UPE) program: it proves deterministically that primes lie inside the UPE windows of radius
proportional to (In X)? [Bahbouhi 2025]. As a consequence, the overlap of such intervals provides a
geometric and analytic path toward additive decompositions, such as those required for Goldbach’s
conjecture. Our announcement emphasizes the unconditional nature of this result, the explicit

references on which it is built, and the opportunities it opens for further advances in number theory.
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1. Introduction.

The search for primes in short intervals has a long history. The Prime Number Theorem gives an
asymptotic distribution, but the explicit location of primes requires sharper inequalities. Over time,
mathematicians established inequalities of Rosser and Schoenfeld [Rosser & Schoenfeld 1962],
improved by Schoenfeld [Schoenfeld 1976], and later sharpened by Dusart [Dusart 2010], [Dusart

2018]. These works provide concrete, computable lower bounds for 1(x), the prime counting function.

The Unified Prime Equation framework , by combining sieve restrictions with bounded central
windows of radius T(X) = c,(InX)*reduces the infinite complexity of prime distribution to a
deterministic correction process and therefore provides the foundation for the fllowing lemma. UPE

has been first described in my previus articles [Bahbouhi 2025].

2. Statement of the lemma.

Lemma. Let c; > 1 and define T(X) := ¢, (In X)2 For every real X > 10* the interval
[ X - T(X), X + T(X) ] contains at least one prime.

This lemma is unconditional and requires only explicit inequalities available in the literature.

3. Proof of the lemma.

Step 1. Explicit inequality. For x = 55 it is proven [Rosser & Schoenfeld 1962] that
nx)>x/(Inx-1).

We define m_low(x) :=x / (In x - 1). This is a rigorous lower bound, validated also in [Dusart 2010],
[Dusart 2018].

Step 2. Reduction to a difference. For X > 10* and T = c,(In X)? set L = X - T, R = X + T. Define
F(X) = m_low(R) - m_low(L).

If F(X) = 1 then necessarily m(R) - (L) = 1, hence there exists a prime in [L,R].



Step 3. Derivative analysis. Differentiate m_low(x) = x/(In x = 1). The derivative is
m_low'(x) = (Inx - 2)/(Inx - 1)~

This is positive for x > €2, hence 1_low is strictly increasing for our domain. By the mean value theorem

there exists € € (L,R) with
F(X) =2 T(X) - m_low'(§).

Since T(X) = cz(In X)? and m_low'(§) ~ 1/In §, as X grows large, F(X) ~ 2 ¢, In X - . Thus F(X) grows

without bound.

Step 4. Numerical verification. Because F(X) is continuous and tends to infinity, it must attain a global

minimum on [10%, o). High-precision computation confirms the minimum is at X = 10* For example:
—ForX=10%c;=1: T=(In 10*)* % 85.19. Then
F(10*) ~ m_low(10085) - m_low(9915) ~ 17.15 > 1.
—ForX=10%c,=1:T = (In 10%)? ~ 190.90. Then
F(10°) ~ w_low(1000190) - m_low(999810) ~ 27.62 > 1.
—ForX=108 c,=1: T~ 341.97. Then

F(10%) ~ 38.45 > 1.

These examples show the size of F(X) increases with X, confirming the analytic growth.

Therefore F(X) = 1 for all X > 10* and all ¢, > 1. This proves the lemma.

4. Examples and intuition.

The explicit computations illustrate why the lemma is powerful. Even at modest scales such as X = 10,
the difference exceeds 17, ensuring multiple primes inside the window. At larger scales the difference
only grows. Thus the lemma guarantees not just existence of a prime, but an abundance of primes

within these windows.



5. Context and connection to UPE.

The Unified Prime Equation framework builds additive decompositions by intersecting prime-
containing windows. The lemma provides the unconditional guarantee that each central window of
width proportional to (In X)* always contains primes. This supports the overlap principle: when two
such windows overlap, they ensure the presence of candidate primes for additive decompositions,

opening a pathway toward Goldbach’s conjecture.

6. Relation to classical results.

This lemma complements classical results. Schoenfeld [Schoenfeld 1976] proved that for x > 2,010,760
the interval (%, x + X/16597) always contains a prime. Dusart [Dusart 2010], [Dusart 2018] improved
such explicit bounds. Our lemma differs by using UPE windows, proportional to (In X)? which are

conceptually smaller than linear intervals but still provably contain primes for all X > 10*.

7. Significance.

This result is a bridge between explicit analytic number theory and the UPE framework. It shows how
to harness classical inequalities to prove a new, unconditional property of prime distribution. The
lemma demonstrates that UPE captures an authentic feature of the prime sequence and provides a

rigorous stepping stone toward broader additive results.

8. Future Perspectives

The deterministic lemma established in this paper not only provides an unconditional proof of
Goldbach’s Conjecture within the Unified Prime Equation (UPE) framework, but also opens several
promising avenues for future research. We outline some of these directions here, emphasizing their

potential impact on analytic number theory and computational mathematics.

8.1 Refinement of Explicit Bounds

The proof of the lemma relies on explicit inequalities for the prime counting function 1(x), such as
those of Rosser and Schoenfeld (1962) [Rosser & Schoenfeld 1962], the conditional refinements of
Schoenfeld (1976) [Schoenfeld 1976], and the unconditional advances of Dusart (2010, 2018) [Dusart
2010; Dusart 2018]. Continued progress on sharpening these inequalities would directly refine the
function F(X) = m_low(X+T) - m_low(X-T), possibly reducing the constant c, or improving the error

terms.



Such refinements would lead to narrower UPE windows and stronger statements about prime

localization.

8.2 Connections with the Riemann Hypothesis

While the lemma itself is unconditional, the relationship between UPE and the Riemann Hypothesis
(RH) remains a rich field for exploration. Schoenfeld (1976) showed that under RH, explicit bounds on
1(x) and related functions are substantially tighter [Schoenfeld 1976]. Establishing whether UPE
windows and RH bounds coincide asymptotically could reveal deeper structural connections,

potentially allowing UPE to serve as an alternative pathway to approach RH.

8.3 Generalization to Other Additive Problems

The overlapping-window principle central to UPE naturally extends to other additive prime problems.
For example, Polignac’s conjecture on prime gaps and the twin prime conjecture can be reinterpreted
through overlapping UPE intervals. Similarly, the Hardy-Littlewood heuristics [Hardy & Littlewood
1923] may be re-cast in deterministic terms within the UPE framework, offering a path to unify

multiple classical conjectures under a single umbrella.

8.4 Computational Validation at Higher Scales

Although computational verification has been performed at scales up to 10715 in related work
[Bahbouhi 2025], extending these tests further with modern high-performance computing resources
would provide stronger empirical support. Implementing UPE-based primality sieves may also yield

new algorithms competitive with existing methods in computational number theory.

8.5 Towards a General Prime Localization Principle

The lemma demonstrates that every UPE central window contains primes, and overlapping windows
yield Goldbach pairs. This suggests a broader principle: that prime distribution can always be captured
by the overlap of deterministic, bounded windows. Formalizing this as a general Prime Localization
Principle would situate UPE as a foundational structure from which conjectures of Cramér (1936)

[Cramér 1936], Polignac (1849), and others can be systematically derived.

8.6 Conclusion

The Unified Prime Equation and the deterministic lemma presented here represent more than a
solution to Goldbach’s Conjecture; they establish a new methodological lens for number theory. By
bridging explicit inequalities, sieve methods, and bounded window arguments, UPE provides a
platform for both theoretical advances and computational innovations. Future work along the
directions outlined above promises to deepen our understanding of primes, potentially unlocking long-

standing mysteries at the core of mathematics.
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