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Abstract

We construct, for any compact simple gauge group G in four dimensions (e.g. SU(N)), a
continuum Yang-Mills theory in the gauge—invariant (GI) sector, obtained from the lattice
via gradient flow and flow—to—point renormalization (FPR). For each sy > 0 we establish a
unique O(4)-invariant OS limit with reflection positivity and exponential clustering; GI
conditioning preserves RP and yields a well-defined GI time—zero structure. Removing the
flow with a two—counterterm FPR gives point-local operator—valued distributions obeying
the OS axioms. Under explicit universality—class hypotheses stated in the paper, the
resulting continuum GI Schwinger families (at fixed sy > 0 and after flow removal) are
independent of the particular reflection—positive, local GI lattice discretization within that
class.

OS reconstruction produces a Wightman theory and a Haag—Kastler net with vacuum
uniqueness, locality, Poincaré covariance, the spectrum condition, and a strictly positive
Hamiltonian gap A > m, > 0. A conserved symmetric stress tensor 7, constructed from
flowed bilinears, implements the Poincaré generators and satisfies

. _ Bl ’
T, = ZtrF2 + 0" J,.

The field strength F},,, renormalizes multiplicatively and obeys the Bianchi identity. A small
flow-time expansion yields an associative gauge-invariant OPE, consistent with the RG
and transported to s = 0; step-scaling satisfies Callan—Symanzik with analytic 3, universal
one-loop by, and defines a nonperturbative scale A. For the base Wilson regularization, the
construction (including the functional-inequality and transfer-operator inputs at positive
flow) is proved from internal estimates and transported to the continuum; BRST at s > 0
is auxiliary.
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1 Introduction

Setting. Let G be a compact simple Lie group (e.g. SU(N), N > 2). We study four—
dimensional pure Yang—Mills with gauge group G through reflection—positive, local, gauge—
invariant lattice regularizations and their gradient—flow (GF) transforms. We pass to the
continuum by taking a | 0 along the GF tuning line at fixed flow time sg > 0, and then
remove the flow as s | 0. The objects of interest are GI observables (Wilson loops, flowed local
composites) and their Schwinger families in these limits.

Main result (informal). Starting from Wilson’s pure YM lattice action (Section 2) and a
fixed gradient—flow scheme, we construct a continuum limit of the gauge—invariant (GI) sector.
At fixed flow time sp > 0 we obtain a unique O(4)—-invariant OS family of flowed GI observables;
after flow removal (two—counterterm FPR) we obtain point—local GI operator—valued tempered
distributions at s = 0 whose Schwinger functions satisfy the OS axioms. OS reconstruction
yields a Wightman theory on R'3 generated by GI fields, with unique vacuum, spectrum
condition, locality, Poincaré covariance, and energy positivity. The Hamiltonian has a strictly
positive mass gap A > 0. The stress tensor T}, is realized as an operator-valued distribution;
its charges implement translations and Lorentz transformations, and the Ward and trace
identities with the RG S—function hold in GI correlators. All bounds are uniform for compact
simple G with rank(G) < r.

Universality across regulators. Under the universality—class Assumption 18.107 (Sec-
tion 18.13), the same continuum GI Schwinger families (both at fixed sp > 0 and after flow
removal) arise from any reflection—positive, local, GI lattice regularization r € R using the
common flow and renormalization convention.

What is proved and where.

« RP—OS at positive flow; GI conditioning preserves RP; uniqueness. For each
so > 0 we obtain O(4)-invariant OS limits with reflection positivity and exponential
clustering, and uniqueness (no subsequences). RP is preserved under GI conditioning.
(Thm. 18.74, Prop. 10.10, Lem. 5.2, Prop. 5.3, Lem. 14.3.)

o Flow removal (FPR) and point locality. A two—counterterm FPR produces point-local
renormalized fields [A] as operator-valued tempered distributions; zero-flow OS limits exist
and are unique. Equal-time commutators/locality follow from flowed charge implementers
and the s | 0 limit. (Def. 16.5, Thm. 16.14, Thm. 16.7, Lem. 18.29, Prop. 18.20.)

e OS = Wightman and Haag—Kastler; Poincaré covariance; vacuum. From the
OS family of GI locals we reconstruct a Wightman theory and a Haag—Kastler net with
spectrum condition, locality, and unique/pure vacuum. (Thm. 17.1, Thm. 17.6, Prop. 17.7,
Cor. 17.9.)

o Strictly positive mass gap (anchored to Agr). Exponential clustering at fixed positive
flow time sg > 0 and its stability under flow-to-point renormalization yield a strictly positive
Hamiltonian spectral gap A > my > 0 in the continuum GI theory. Moreover, with the GF
A-parameter Agp from Definition 18.68, the gap scale is RG-invariant: one may write

My = AGF M*, M* > 0,

where the dimensionless constant M, is fixed by the chosen normalization condition
Equation (2) (equivalently: by the overall normalization of the continuum theory). See
Theorems 16.21, 19.4, 20.5 and 20.6.



« YM identification (fields and Ward/EOM). We construct F},, with multiplicative
renormalization and prove the distributional Bianchi identity; we build a symmetric
conserved T, whose charges implement translations/Lorentz transformations; GI/YM

Schwinger-Dyson/Ward identities and the (operator) trace anomaly hold in GI correlators.
(Thm. 18.3, Prop. 18.5, Thm. 18.17, Thm. 18.32, Prop. 16.12, Thm. 18.28, Thm. 18.6.)

o Universality (regulator independence; conditional). Assuming the universality—class
hypotheses of Assumption 18.107, at fixed sgp > 0 and after FPR (s = 0) the continuum
Schwinger families are independent of the RP, local, GI lattice discretization within fR.
(Thm. 10.15, Thm. 16.9.)

« GI OPE and RG in the GF scheme. SFTE = associative GI OPE; Z(s) invertible on
the GI quotient; step—scaling solves a CS equation with analytic 8 and universal one—loop by;
construction of the RG—invariant scale A. (Lem. 18.24, Thm. 18.37, Thm. 4.19, Lem. 4.18,
Def. 18.68.)

e« BRST at s > 0 in the GI sector. Construction of a BRST current and ST identities;
BRST-exact insertions vanish against GI spectators away from contact. This is auxiliary
and not needed for the final GI theory statements. (Thm. 18.22, Thm. 18.23.)

On assumptions. For the base Wilson regularization fixed in Section 2, the construction
proceeds from the stated definitions and internal estimates: functional inequalities (log—Sobolev,
mixing) and transfer-operator bounds are proved in the flowed lattice setup and transported
to the continuum (see in particular Theorems 18.90, 18.99, 18.115). The only additional input
appears in the universality statements across a class of regularizations: Assumption 18.107
specifies a reflection—positive, local, GI universality class /& with uniform O(a?) improvement
and mixing at fixed flow, and it is used only for regulator-independence results (Theorems 10.15,
16.9 and corollaries). For orientation, compare the classical derivation of logarithmic Sobolev in-
equalities for Glauber dynamics under Dobrushin uniqueness, Zegarlinski (1992); our arguments
are static/constructive and do not rely on dynamics.

Organization. Section 2 fixes the base lattice model (Wilson pure YM), the reflection ©,
and the GI boundary o—algebra on the cross—cut. The following section Setup and notation
records the 2/L slab blocking, the GI boundary algebra g1, and introduces the GF tuning
line (2).

Section 4 develops the gradient—flow renormalization scheme and step—scaling: the BKAR
small-u expansion and CS equation (Theorem 4.19, Lemma 4.18), linear response/strict
monotonicity, and the nonperturbative existence/uniqueness/regularity of the GF tuning line
(Theorem 4.23, Corollary 4.24).

RP under GI conditioning proves that GI conditioning preserves RP and constructs the GI
OS time-zero pairing (Lemma 5.1, Lemma 5.2, Proposition 5.3, Corollary 5.4).

Sections 6, 7, 8, Two-step recurrence, 18.9-18.10, and 18.14 jointly establish the
weak—coupling functional framework and positive-flow clustering: HS perturbation
and cross—cut Dobrushin/PI/LSI with distance mixing; a microscopic derivation of
ICl1 < a1/(BL) + ase™BP 4 aza?; conversion to a uniform oscillation parameter f, and the
L1’-L2 tree scheme; a finite-range decomposition and uniform GI strict convexity at positive
flow leading to p(s) < s~! and flowed exponential clustering; and finally the time-evolution
closure with nonzero one-particle residues.

Section 10 takes the infinite-volume (thermodynamic) limit, proves RP stability, and states
the end-to-end flowed main theorem. Section 11 constructs the cross—cut transfer operator
from the GI pair law and the OS intertwiner; the subsequent Main lattice gap theorem and
numeric window states the two-step contraction and explicit window (Theorem 12.1).



Section 13 proves uniform moment bounds and tightness for flowed GI locals, yielding OS0
and precompactness of the n-—point functions. Sections 14 and 15 establish O(a?) improvement
and restoration of Euclidean O(4) invariance (Theorem 15.9, Lemma 14.3). Sections 14-17
then provide the positive-flow OS limit (Theorem 18.74) and the subsequent Wightman/Haag—
Kastler reconstruction.

Sections 16-16.4 implement flow—to—point renormalization (FPR), prove existence of point—
local GI fields and uniqueness at s = 0 (Theorem 16.7); under Assumption 18.107 they also
establish universality /approach—independence across regularizations in & (Theorems 10.15,
16.9). RP and Ward identities pass to the limit.

Section 18 constructs the fundamental F},, as an operator-valued distribution, builds
the stress tensor T}, from flowed bilinears with canonical charge normalization, and proves
BRST/GI and translation/rotation Ward identities together with the trace anomaly and YM
identification (Propositions/Theorems 18.3, 18.5, 18.17, 18.19, 18.20, 18.22, 18.23, 18.27, 18.28,
18.6).

Section 18.4 studies the scalar (07) channel: canonical interpolators, #—tr(F?) matching,
a spectral sum rule, and computable effective-mass bounds. Section 18.6 treats the spin-2
channel with traceless-symmetric projection, positivity, variational residue, and shell isolation.
Section 17.3 develops Haag—Ruelle/LSZ scattering in the GI sector.

Section 18.7 defines the GF running coupling and nonperturbative A scale, relates
short-distance behavior to spectral gaps via OPE/CS, and records the scheme-independent
lower bounds mg, mo = Agp. Section 18.8 summarizes the constructive continuum limit at
fixed flow and its removal; it ties together RP stability, equicontinuity, OS reconstruction, and
field normalization.

Section 18.15-18.17 give a finite-dimensional GEVP for flowed scalars, produce a canonical
positive-flow interpolator with nonzero one-particle residue, and show persistence of the mass
gap in the OS limit. Section 18.19 performs the RG-window low-momentum transport with
explicit (co, c2), and Section 19-20 derive spectral consequences: half-space density, exponential
clustering in Euclidean time, and the uniform (flowed and unflowed) mass gaps. Appendix A
proves non-Gaussianity via the mass gap and via step—scaling.

Auxiliary bounds and numerics are collected in the appendices: Laplace—support and gap
transfer (Appendix B); group-agnostic KP/DB constants (Appendix C); and window/cone
numerics (Appendix D).

2 Base model: G Wilson gauge theory, reflection, GI boundary

Lattice and group. Fix a compact, connected, semisimple Lie group G (in examples one
may take G'= SU(N), N > 2). For lattice spacing a > 0 let A C aZ* be a finite periodic box.
The configuration space is Q = {U = (Ue)ccpn) : Ue € G}, with E(A) the set of oriented
edges.

Wilson action and Gibbs measure. For a plaquette p write U, for the ordered product
of links around p. Let trp denote the (unnormalized) matrix trace in a fixed faithful unitary
representation F' of G (for G = SU(NV), take F' fundamental and dp = N). The Wilson action
at bare coupling 8 > 0 is
_ 1
Ss(U) =83 (1 — A Rtrp Up),
pCA
and the Gibbs measure is
dprp(U) = Zyge 5O [ dH(U.),
e€E(A)

with dH the normalized Haar measure on G.



Gauge group and GI observables. The gauge group is G = {g : A — G} acting by
Ue = g2Ucg, ! for e = (# — y). An observable A : Q — C is gauge invariant (GI) iff
A(UY) = A(U) for all g € G. Examples: Wilson loops W, (U) = é%trp’ U(7); smeared local
polynomials in F,, obtained from a GI flow (see below).

Reflection © and RP. Let Il := {2y = 0} and let © denote the standard link reflection
across II. It reflects links in the xg—direction and flips their orientation across the mid—plane,
and it acts naturally on configurations U € 2. The Wilson measure pp g is ©—invariant and
satisfies reflection positivity (RP) with respect to © (classically for lattice gauge theories, see
Frohlich et al. (1976)). We use the associated anti-linear RP operator

L) = D(ung). (JHU) = F(O0).

In particular, J% = id, ||Jf|l2 = || f|l2, and (Jf, Jg)LQ(uA,B) = <g’f>L2(MA,ﬁ)'

Slab, cross-cut and GI boundary c-algebra. Write AL for the half-lattices separated
by II, and consider a reflection-symmetric slab of thickness La on each side. Let Gy be the
subgroup of gauge transformations equal to the identity on the outer slab boundary. The GI
cross—cut is obtained by quotienting the slab configuration space by Gy; denote by 2Aqr the
induced GI boundary o-algebra on the cut. It holds O(gr) = Agr (thus 2Agr is J-invariant).

GI Lipschitz seminorm and F-norms. Endow G with its bi-invariant Riemannian metric.
For a GI local A supported in a finite edge set S C E(A) define the (adjoint) GI-Lipschitz
seminorm

1/2
LSH(A) = sup (Z sup |<DeA><U>[Xe]|2) , (1)

U \ees IIXel=1

where D, denotes the differential along the right-invariant vector field at link e. For m > 0 set

Ea(A;m) = sup el 1SA4 (2)],

a,conn
|z|>2a

and analogously for n-point norms using the minimum-spanning-tree length.

3 Setup and notation

We work on a 4D hypercubic lattice of spacing a, reflection plane I = {z4 = 0}, slab thickness
La on each side, L € Z>;. Blocking is by 2 in the bulk and by L across the cut. Gauge is fixed
by quotienting the slab configuration space C by gauge transforms Gy that are the identity on
the outer slab boundary; the induced GI boundary o—algebra on the cut is denoted RU¢1.

Let ¥, 1, be the GI effective interaction on the cut after slab marginalization, and

0sCeut Wa,r, 1= sup ¥, 1,(Us) — inf ¥, 1.(Up).
Us Us

Gradient-flow (GF) tuning line, RG normalization, and Agp. Fix a reference flow time
s0 > 0 and the associated flow /renormalization scale pg = (850)_1/ 2. Convention: throughout,
“GF” abbreviates gradient flow (never gauge fixing). Choose a target ug € (0, upmax) for the
renormalized GF coupling at pp. By Theorem 4.23, for every a € (0, ap] there exists a unique
B(a) € [Bmon,o0) such that

G (u0; 0, B(a)) = uo. (2)



This reference condition fixes only the overall RG normalization; it does not introduce an
independent physical scale. In particular, once the RG-invariant scale Agp is introduced in
Definition 18.68, evaluating Equation (178) at u = o gives the identity

B B gar(mo)  dg B ol - Vo  dg
AGF—MOGXP< / 5GF(9)> = poe p( / 6GF(9)>'

Thus the dimensionless ratio p19/Agr is fixed by the chosen renormalization condition g4 (o) =
ug, and infrared quantities (in particular, the mass-gap constant m,) are naturally expressed
in units of Agp, not in units of the auxiliary flow time sg.

Unless stated otherwise, expectations and variances are taken along this tuning line (we
suppress the a—dependence in the notation). The verification of the KP window and the
polymer smallness parameters along a — ((a) is recorded in Lemma 4.25.

4 Renormalization scheme and reference scale
(gradient—flow /step—scaling)

Notation (flow time vs. step factor). Throughout this section the gradient—flow time is
denoted by t > 0, with u(t) = (8¢)~1/2. The step-scaling factor is denoted by s > 1. In the
Callan—Symanzik derivation we use the shorthand

t=t(s):="0 = ut)=(8)""=sp,
s
which is merely a change of dummy variable; here g = (8s9)~'/2 is fixed. Convention: “GF”
is reserved for gradient flow; gauge fixing is always written out.

GI gradient flow (formal set—up). Let (P):>0 be a GI smoothing semigroup on €2
(Wilson/gradient flow at link level), with Py = Id, P, ©—equivariant, and preserving gauge
invariance and RP. For an observable A write A® := P,A.

Flowed local energy density and GF coupling. Let F;(z) be a GI local energy density at
flow time ¢ > 0 (e.g. clover/plaquette discretization of 3tr G, (t,z)?). Define the gradient-flow
(GF) coupling at scale yu = (8t)~'/2 by

ger (13 a,B) = wt* (E)a s,
with a fixed normalization x > 0 (its precise value is immaterial for the analysis).

Step—scaling, tuning line, and Agp. Fix a reference scale pg > 0 and a target value
ug > 0. A tuning line is a function a — fB(a) such that

gép(po; a, B(a)) = wug for all sufficiently small a.

In a mass-independent scheme (such as the GF scheme), the pair (o, uo) fixes the overall
RG normalization. Equivalently, it fixes the value of the RG-invariant scale Agpr defined in
Definition 18.68; evaluating Equation (178) at u = po yields

Vi d
Agr = poexp (- / BGFg(g)> -

Hence changing the reference pair (10, u9) amounts only to a multiplicative rescaling of Agp
(and thus of all physical masses), while dimensionless ratios expressed in units of Agp are
invariant.




For a scale factor s > 1 the (lattice) step-scaling function is

Y(u, s; apg) = géF(Sﬂo; a, B(a)) ’

)

92 (po; a,8(a))=u

and the continuum step-scaling is o (u, s) = limg,y—0 X(u, 55 afp), if the limit exists.

Proposition 4.1 (Flowed Ward identity, slab variant). Let Agt), o ,Ag) be flowed GI locals
with mutually disjoint supports and ¢ € CZ° (R4). For any smooth compactly supported adjoint
test field J¥ one has

v TTA®Y
</d4x¢(x)tr(€l,(x)J (z)) jl;[lAj >A,B = 0,

up to contact terms, which vanish at positive flow t > 0 due to disjoint supports at scale \/t.

Full proof of Proposition 4.1. Work in a finite periodic box A; the infinite—volume statement
follows since the bounds below are uniform in |A|. Let R¢ denote the right-invariant derivative
on link U, € G in Lie direction 7%, and write e = (x, v) for the oriented link from x in direction
v. For a smooth compactly supported adjoint test field J¥ and scalar cut—off ¢, set

X = > o) J(z)RE.

e=(z,v)

Haar integration by parts gives (X(F'))x g = (F X(Sg))a,p for any cylinder functional F,

because the Haar measure is right—invariant. Take F' = ]_[?Zl Ajt . The Wilson action is a sum
of plaquette terms, and a link—wise computation yields

X(8p) = D (@) ta(u(2) J"(2)),

where &, is the equation—of-motion field (the link divergence of the plaquette force). Conse-
quently,

([ dto o) e () 7*(@) ﬁA§”>Aﬂ = =Y ((xaA") [T4Y) . (3)
j=1 ’

, : A
J=1 k#j s

Since P; is gauge—equivariant and preserves gauge invariance, each Aﬁ»t) is GI. For the site

generator
ng = XV:(R?Q,V) - L?xfﬁ,lz))

one has GgAgt) = 0 by gauge invariance. Decomposing Rf, ) = $(Ge + Hg,) with Hg
supported on the plaquettes adjacent to e = (z,v), we see that X Agt) is a finite sum of local

terms supported where the link skeleton of Ag-t) meets supp ¢. These are precisely the contact
terms.
At positive flow ¢ > 0 each Agt) is a smearing of a GI local with kernel of range O(v/1);

hence supp Ag-t) is contained in the cv/¢-fattening of the microscopic support, and by hypothesis

the fattened supports are mutually disjoint. Therefore every summand on the right of (3) is
supported where ¢ meets supp A§t), while [, A,(:) is supported at distance > v/t. The flow
kernel yields Gaussian off-overlap bounds O(e_CdiStQ/ %), which vanish under strict disjointness
at scale v/t; hence the right-hand side of (3) is zero. Since all ingredients are local and bounded
uniformly at positive flow, the infinite—volume/slab limits may be taken, and the stated Ward

identity follows with vanishing contact terms at ¢ > 0. O



Verified tuning conditions. We collect three smallness/weak—coupling conditions that
will be used as shorthand throughout. In this section they are proved to hold along the
nonperturbative GF tuning line of Theorem 4.23; we retain the mnemonics (T1)—-(T3) for later
reference.

(T1) (Weak—coupling strip) There exists S, > 0 such that along the tuning line a — S(a) one has
B(a) > By for all a < ag.

(T2) (Block/geometric smallness) The block size L and the maximal lattice spacing ag are chosen

so that

1
Z—i—e*L—i-ag < gy <

=

(T3) (KP activity smallness on the cut) With the KP parameters oy, g, B > 0 from the plaquette
x—adjacent cut expansion,
aq

Or(By) = ﬁLJraze_Bﬁ* < —
*

4.1 Group dependence of constants

Normalization and group data. Fix a compact, connected, simple Lie group GG with Lie
algebra g, rank r = rank(G) and dimension dg = dim G. We use the standard Wilson action
in the fundamental representation with trace normalized by

tr(TT?) = —1 §ab for a basis (T“)Zil of g. (4)
Let Cy = Ca(G) = 2hY(G) be the adjoint Casimir in this normalization (h" the dual
Coxeter number). All implicit operator norms below are taken with respect to the bi-invariant
Riemannian metric induced by — tr.

Proposition 4.2 (Fixed-rank uniformity of the KP/Dobrushin constants). Consider the
plaquette x—adjacent cut expansion and the L-blocked GI specification at scale pg. There exist
dimensionless functions ai(r), as(r),ag(r) > 0 and b(r) > 0 such that uniformly for all compact
simple G of rank r < rqg the parameters in

IC(a)|1 < ;% + age B8 aza? and or(B) = ;% + age B8
can be chosen to satisfy
ar < ay(r), az < ag(r), ag < az(r), B > b(r), (5)
and these bounds depend only on r (hence are uniform in G at fized rank). Moreover, one may

take

1 1 1
< p2 < p2 < p2 > = >
Cl]_(T') ~ r Y 02(T) ~ r Y 03(7‘) ~ r Y b("") ~ ]-+CA 1+hV ~ 1—}'7"’ (6)

with implicit universal constants independent of (r,G, L,a, ). The KP degree A = 26 is purely
geometric (3D plaquette x—adjacency on the cut) and independent of G.

Proof of Proposition 4.2. Fix the trace normalization (4) and write dg = dim G, r = rank(G)
and C4 = 2h". Throughout, constants c, ¢y, ca, ... are universal (independent of G, a, L, 3)
and may change from line to line; dependence on G is displayed explicitly via (r,dg, C4).

10



Set-up and notation. Let V(U) =1 — LR tr(U) be the one-plaquette potential in the defining
(fundamental) representation of dimension N = N(G), and let

Ho(Usin) = Y V(Up(Us,m))

b~z

be the local Hamiltonian on the links in a fixed L-block z, given an exterior boundary n (on
links not in ). The GI conditional law on z is

R0 [0) = s exp( = 8 Ha(Usin)) A (U)

where \; is Haar on the block links and Z,(n) normalizes the density. All derivatives on
link variables use the right-invariant fields R¢ associated with the orthonormal basis (T“)Zil
of g fixed by (4); we collect them in the block gradient ||V, f||? = > .. 96 |Ref|2. The
single-block spectral gap (Poincaré) constant along the tuning line is denoted p,(5); by the
block functional inequality (Lemma 6.2 cited earlier) there is a universal ¢y > 0 (independent
of G) such that

p(B) = cop for all blocks x, all a < ag, and all boundary data 7. (7)

(1) Control of a3 (linear response across the cut). Consider varying only the boundary
degrees of freedom at a single boundary block y across the cut, along a unit—speed geodesic 7
(s € [0,1]) in the product metric induced by — tr. For any A supported in z,

d

&Eﬂ'z(h]s)[A] = COVfrI(-MS)(Ay 8510g7Tx(' ‘ 775)) = —,BCOVWI(.WS)(A, 83Hx(';775)),

where we used 0 log Z,(ns) has zero covariance with A. The two—function Poincaré inequality
and (7) give

Cov(A, B)| < pe(A) ' E[(VaA, VoB)] < c3 B E[|V.A|l |V.B]. (®)

We now estimate ||V,0sH||. Only plaquettes p that meet both x and the boundary block y
contribute; denote this finite set by d(x,y) (its cardinality is purely geometric, independent of
G and uniformly bounded in L after blocking, hence |0(z,y)| < Cgeom With a universal Cgeom ).
For a single plaquette, by the chain rule and right—invariance,

dg
Ve(OsV(Up) = D3 (RLOV) B,  and  |[REOV(Up)| < [[d%V oo [Vy(s)]l,

eCxa=1

where V,(s) is the unit-speed tangent at the boundary geodesic and ||d?V||« is the global
operator norm bound of the Hessian of V' on G in the metric induced by — tr. On compact G,
|d%V || < 0. More concretely, the one—plaquette force F, (Lie-algebra gradient of V') has
components

1
RV(U) = —N%tr(T“U), 9)
hence, by Cauchy-Schwarz in the Hilbert-Schmidt norm, |[R*V(U)| < %||T%||us||U|lus =
%\/g\/ﬁ = (2N)~/2 for all U € G. Therefore

da
I ()7 = IRVU)? < 5% and Vo0 Ho| < cld(z,y)[4/9¢.  (10)
a=1
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Combining (8)—(10), integrating ds over [0, 1], and taking the supremum over 1-Lipschitz A
in the block metric used to define the Dobrushin influence (the scaling of that metric is the
source of the explicit 1/L factor in the master inequality quoted earlier), we obtain

c . o
Cg) < B!(?(x,y)!\/% - Lip(A: block) < ,37[/\/%’

where in the last step we used the standard normalization of the block Lipschitz seminorm
adopted after L-blocking (the 1/L arises purely from the geometric/metric choice on the block;
it is independent of ). Since dg < 7? and N > 1, we can choose

a; = dWG < ay(r) with a(r) < %

which proves the claimed fixed-rank control of «;.

(2) Control of az and B (KP activity). We extract a uniform strictly convex neighborhood
of the identity for the one—plaquette potential in the metric from — tr. Taylor expansion at the
identity gives, for U = exp X with X € g anti-Hermitian and small,

1 1
ViexpX) = 1—N%tr(I+X+%X2+O(HXH3)) = ﬁ(—trX2)+0(HXH3).

With (4), —tr X2 = 1 9 22 = 1| X |2, hence
1
Hess V(D[X, X] = — || X]|?. 11
ess V (I)[X, X] 4NH | (11)

By compactness, [|d*V o < C3(G) < oo. Choosing

11 1
- d —
81+C, ™ m(G) = g

p(G) =

the remainder estimate and (11) imply the geodesic strong convexity

G
Vewx) > "D ixz foran x| < (@) (12)
(Indeed, C3(G) grows at most polynomially in (r,C4), and N < 1+ C4 across classical and
exceptional types; thus the choice above makes the cubic error < % of the quadratic term

uniformly in G at fixed rank.) Consequently, for any plaquette p,

1

e~V (Up) dA(Up) < Ci(r) e Bma(r) with  my(r) =< o

/ (13
{Up: d(Up,1)>p(G)}

and the integral over d(Up, I) < p(G) is dominated by a Gaussian with variance ~ (m(G))~*

and a prefactor C,(r) depending polynomially on (r, dg).

In the polymer representation on the plaquette x—adjacent graph of the cut, each connected
polymer Y of size |)| entails at least cpmin > 0 plaquettes per unit that depart from the convex
neighborhood; hence, by independence across disjoint blocks in the KP set—up and (13),

W) < (Colr)) e POl = gy ()Pt O,
with ag(r) < 72 and b(r) = (1 + Ca4)~! after absorbing fixed geometric constants. This is

precisely the activity bound needed in the Kotecky—Preiss tree criterion, yielding the stated
form with o < az(r) and B > b(r).

12



(3) Control of az (geometric a?). The term asa? is the purely geometric decoupling
error across an annulus of fixed width w adjacent to the cut. Proposition 4.3 (“Local curva-
ture—to—influence across an annulus”) shows that for any block x at distance > w from the cut
and any boundary block y on the cut,

CE™ < eolG) (w+1)a? sup [FO)|1ox(s),

with cgeo(G) < 72 (through the bi-invariant metric constants) and the supremum over the

flowed curvature bounded uniformly along the tuning line at fixed positive flow time t = (o).
Summing CZ™ over y C I' gives

YooEem < ag(rw)a®,  az(rw) S v (w+ 1) Lipf Cluo,t),
yCI’

as stated before. Since w is fixed in the scheme, we may write as < az(r) with az(r) < r2.

Collecting the three steps proves that the parameters can be chosen to satisfy (5) with
functions aj, ag, a3, b depending only on r; the polynomial bounds (6) follow from dg < 72,
N <14 Cs <147, and the preceding estimates. The KP degree A = 26 comes solely from
the 3D plaquette x—adjacency on the cut and is independent of G. ]

Geometric a? term via curvature across a slab. We now make explicit the origin of the
a? contribution from the annulus/slab decoupling.

Proposition 4.3 (Local curvature—to—influence across an annulus). Let I' be the reflection
cut and let Ay, be an annulus (slab) of width w € N lattice layers around ' inside the + side.
Let x be a +-block with dist(z,T') > w and let y be a boundary block on T'. Consider the
GI conditional single-block law 7, (-|n) of x given a GI boundary condition n on dx induced
by exterior links. If two exterior configurations n,n’ have the same GI boundary data on T’
(same gauge—invariant parallel transports along T'), then for every bounded GI observable A
supported in x at positive flow time t > 0,

By | [AD] = Er (1) [AP]] < Lip,(A) cstokes(G) (w + 1) a? Sup IED || poo(sy,  (14)

where F s the flowed curvature, Lip,(A) is the Lipschitz constant of A® with respect to the
connection variables on z, and csiokes(G) < r? depends only on G through the bi-invariant
metric. Consequently, the Dobrushin coefficient CE/°™ due purely to geometric transport across
the annulus satisfies

CEO™ < geo(r) (w + 1) @ Sup IFD | oo s) (15)

and, summing over y on I,

ZC%ZOIH < az(r,w)a® with as(r,w) < 7 (w+1)Lipf sup HF(t)HLoo(S). (16)
yCIl SCAw

In particular, for fized flow time t = t(uo) and along the GF tuning line with fized target uy,

sup [|[F|| sy < Cluo,t),  Lipf := sup Lip,(A) < oo,
SCAy GI locals A

so ag(r,w) is finite and independent of 5 and a.
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Proof (local and self-contained). Fix x with dist(z,I') > w and two exterior configurations
1,7 that agree in GI data on I'. Choose a lamination of A,, by rectangles R of side lengths
(a,wa) whose long sides are parallel to I' and which form homotopies between the 7— and
n’—induced reference paths entering z. By the nonabelian Stokes theorem for path—ordered
exponentials,

[Hol,, ~ Hol, | < esoea(@) Y area(R) |Fllimn) < estoa(@) (w1)a® sup [ Flio=(s)
R w

Gauge invariance of A® implies that its dependence on exterior data enters z only through
such holonomies. Since P; is smoothing, A®) is Lipschitz with constant Lip,(A) in the holonomy
variables; thus (14) follows, with F' replaced by F®). Taking a supremum over ||Al|o < 1 in the
Dobrushin seminorm yields (15). Summing over the O(1) many y that can influence x through
Ay gives (16). Finally, at fixed ¢t > 0 and fixed GF target ug the parabolic regularization and
local energy bounds at scale pg give |[F®)||Le < C(ug,t), and Lip} < oo holds uniformly for
flowed GI locals with support contained in one block. O

Remark 4.4 (Where asa? enters). The inequality in Lemma 4.6 uses the decomposition

a1 _

|C(a)]1 < — + o oae PPy asa® :
BL N N
~~ polymer tunneling geometric transport across annulus

linear response across cut

with the third term provided by Proposition 4.3. In our scheme w is fixed (independent of
a, L, 3), hence a3 is a group— and rank—dependent constant but independent of 3.

Corollary 4.5 (Clean slab—width dependence). If one prefers to display the slab width explicitly,
Proposition 4.3 yields
«
IC@)llh < ZF +ase™ P + (a5w) a?,

BL
with &g < r? Lipy C(uo,t). Firving w once and for all recovers the form used elsewhere with
a3 = Q3 W.

Lemma 4.6 (Uniform Dobrushin bound along the tuning line). Let C(a) be the Dobrushin
influence matrix of the GI cut specification after L-blocking at (a,B(a)). Assume (T1)—(T2)
and the influence/curvature estimate

Then, for all a < ag,
o1

BiL

In particular the GI cut measure has a Poincaré (and LSI) constant controlled uniformly in
a < ag. The geometric contribution aza® is provided by Proposition 4.3.

+ 0626735* + Oégag

1Ca)llx < < g <

PN

Proof. By (T1), B(a) > 4 for all a < ag. The influence/curvature estimate is monotone in
and a, hence

IC(@): < 5(‘% + age BA@ 4 gga? < ;:
By (T2) one has g9 < i. Dobrushin’s criterion then yields uniqueness and exponential mixing,
and in particular a uniform Poincaré (and LSI) constant bounded in terms of (1—||C(a)||1)~! and
the local block constants. Combining this with the uniform local PI/LSI on blocks (Lemma 6.2)
and the Dobrushin=-global functional inequality upgrade (Proposition 6.4) gives the asserted
uniform functional inequalities for the GI cut specification, with constants depending only on
€g and the block scale L. O

1 _
I + age Bﬁ*—kaga% = €o.
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Lemma 4.7 (Uniform KP smallness along the tuning line). Assume (T1) and (T3). Then
0r(B(a)) < 5(Bx) < 1/80 for all a < ag, hence for the plaquette x—adjacent polymer graph on
the cut (degree A = 26)

AdL(By) _
o(L,B(a)) < 1_(A_Ll)5L(5*) < i (a=26).

Therefore, the KP cluster expansion on the plaquette x—adjacent cut graph converges absolutely

and uniformly in a < ag.

Proof of Lemma 4.7. By (T1), B(a) > By, and the activity proxy
5L(ﬁ) = a1 +Oé26735
L
is decreasing in 8. Thus 6.,(8(a)) < 01(B«) < 755 by (T3). For plaquette *-adjacency on the
3D cut, the Kotecky—Preiss tree bound yields

Adr(B(a))
sup lw(Y)] e < , A = 26,
) T (A~ 1)a,(3(@)
so the right-hand side is < 1 whenever 67, < 1/100 (indeed the sharp 3-threshold is < 1/77).
With 67(8(a)) < 1/100 this gives o(L, 3(a)) < 1, proving uniform convergence. O

Proposition 4.8 (Oscillation parameter). Under Lemmas 4.6—4.7, introduce

_ —Bp(a) 2 — Ad(a) ,: 1
d(a) : B(a)L +aze +aza”, n(a) : =& - 1) Tt tanh(2|l‘1fa,1:||cut),
and define

0. := sup 7q, p = \/a

a<ag

The quantitative bound 6, < 1 and the two—step contraction
IT2(1 = [2@hll < p

are established via the OS—intertwiner (see Corollary 9.5) and collected in statement Theo-
rem 12.1.

Remark (numerical instance). With (5, L, ap) = (20,18,0.05) and choosing a; = 4.5,
the KP activity proxy
or(B) = % + age PP
satisfies 07, (Bx) = % + O(e™9), and hence (on the plaquette *-adjacent cut graph of degree
A = 26) the KP amplification parameter obeys o < %
Independently, in the a—uniform polymer budget used later (cf. Remark 4.26), we use the
separate quantity

1
0, =
* B*L
which does not involve the constant oy (that constant enters dr, not d,). With 3, = 20 and
any B > 2 we have e B < ¢740 50 numerically

+ e B 4 ag,

AS
+e 10142 ~ 000527778, 0, == ————— =~ 0.158080.

g 1—(A—1)d,

<
T AL
Consequently,
p =0, ~ 0397593,  6/* ~0.630550,

uniformly in a < ayg.
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Theorem 4.9 (GF step—scaling regularity, strict contraction away from 0, and unique tuning
line). Fix s > 1 and choose a small window 0 < u < uy. There exists a; > 0 such that for all
apy < ap:

1. (Uniform C' in u; non—expansive at 0 and strict contraction away from 0) The lattice
step-scaling map u +— X(u, s; apg) is C1 on [0,u;] with

0uX(0, 85 apg) =1, 0 < 0uX(u,s; apg) <1 for all u € [0, uq].

In particular, 3(-, s; app) s 1-Lipschitz on [0,u1]. Moreover, for every u € (0,ui] the
restriction of X(-, s; apo) to [u,u1] is a strict contraction: there exists q(u) € (0,1) such
that

sup 0,2 (u, s; apo)| < q(u) < 1.

u€lu,u1]

2. (Ezistence € uniqueness) For every target ug € (0,u1] there is a unique 5(a) (hence a
unique tuning line) such that g&p(po; a, B(a)) = ug for all apy < ay.

3. (Weak—coupling lower bound) Along this unique line one has f(a) > B for all apy < aq,
where B, depends only on (u1,s).

Lemma 4.10 (Linear response and uniform control). Fiz a < ag and a flow time t > 0. Let

F,(B,t) == kt* (Epp so that gep (s a,B) = Fu(B,t), u=

-
~

Then, for each finite periodic box A,

OpFa(B,t) = —Kt*Y Covy o Er(0), 1 - LRl ), (17)
pCA

where Ey(0) denotes the energy density at a fized reference site (by translation invariance).
Moreover, along any GF tuning line with a < ag in the weak—coupling window of Lemmas 4.6—
4.7, the series in (17) converges absolutely and

|05 Fa(B,t)] < Crespl(t) uniformly in |A| and a < ao,

with Chesp(t) < 0o depending only on t and the slab constants (in particular on the uniform
clustering rate mpg ).

Proof. Differentiation under the integral for the Gibbs measure with Sg = 83 (1 — ﬁ%trFUp)
gives

8g<X>A7ﬁ = — ZCOVAﬁ(X, 1-— é?RtrFUp).
p

Apply this to X = k2 E;(0) to obtain (17). For the bound, write the plaquette density
Hy,:=1- é?RtrFUp as a GI local with finite LS (H,) (independent of a < ay), and use the
uniform two—point covariance bound from Proposition 13.2 together with exponential clustering
at rate mp (Proposition 4.8). Summing the absolutely summable tail > < el yields
volume-uniform convergence and a constant Chesp(t) depending on the flow-Lipschitz factor
Chiow(t) and on the slab constants only. ]

Lemma 4.11 (Strict monotonicity and implicit tuning). For each fized a < ay and t > 0 there
exists 51 = B1(a,t) large enough (weak coupling) such that

OsFa(B,t) < O for all §> Bi.
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Consequently, for every u in a small window (0,u;] there is a unique B = [(a,u) solving
F.(B,50) = u, and B(a,-) is C* on (0,u1]. Moreover

1
OpFa(B(a,u), s0)

Ouf(a,u) = € (—00,0).

For every u € (0,u1] one has the local bound

sup |0yf(a,u)| < oo.

u€[u,u1]

Proof. As 8 — oo the measure concentrates at U = 1 and (Ey)x g — 0; in particular F,(5,t) | 0.
Moreover, for § sufficiently large the flowed energy decreases with 3, so d3F,(3,t) < 0 for all
B = b1

On [B1,00) the map B — F,(fB,so) is strictly decreasing and continuous, with range
(0, Fo (1, 80)]- Hence, for each u € (0,u1] (with u; < Fu(B1,s0)) there is a unique solution
B = p(a,u) > i1 to Fy(B,s0) = u. Continuity of 9gF;, follows from Lemma 4.10 and dominated
convergence under the uniform clustering bounds. The implicit function theorem gives C'—
regularity of u — ((a,u) on (0,u1] and the displayed derivative. Finally, for fixed u > 0, the
image f3(a, [u, u1]) is a compact interval contained in [f1,00), and dgFy(-, so) is continuous and
strictly negative there, hence bounded away from 0, which yields the local bound on |9,5|. O

Proof of Theorem 4.9. (1) Uniform C* and (non-)contraction bounds. By Theorem 4.19 one
has, for u € [0, u],

OuX(u, s; apg) = 1 — 4bpulns + fi(u,s; apip), \E(u,s; aio)| < 3Crem(s) u?,
uniformly for apg < ay. In particular 9,%(0, s; app) = 1. Choose u; > 0 so small that

3Crem(s)ur < 2bplns and 4bguy In s +3Crem(s)u% <

N[

—~
—_
co

S~—

Then for all u € [0, u1],
OuX(u, s; app) < 1 —4bpulns+ SC'rem(s)u2 < 1-—2bgulns < 1,

and
DX (u, 85 apg) > 1 —4boulns — 3Csem(s)u® > % > 0.

This yields C'-regularity on [0, u1], strict monotonicity, and the 1-Lipschitz bound on [0, u1].
For any fixed u € (0, u1], the same estimate gives for all u € [u, u1],

0 < 0uX(u,s; app) < 1—2bgulns < 1—2bpulns =: q(u) < 1,

s0 X(+, 8; app) is a strict contraction on [u, u1].

(2) Existence and uniqueness of the tuning line. Fix apg < aj. The map 8 — Fy(f, so) is
strictly decreasing for large 5 (Lemma 4.11), with F (3, s0) | 0 as 5 1 oo. Hence, by continuity,
its image contains a full interval (0, u;] for some u; > 0. Thus, for each ug € (0, u1], there is a
unique [(a) = f(a,up) with F,(B(a), so) = ug, which is the unique tuning line.

(3) Weak—coupling lower bound along the line. Choose [, large enough so that the weak—
coupling window of Lemmas 4.6-4.7 applies for all apy < ay and all 8 > S,. Since F,(3,s0) 4 0
as 1 oo and B — Fy(f, so) is decreasing on that window, choosing u; small forces the unique
solution of F,(3,s0) = ug < uj to satisfy 5(a) > B, uniformly in aug < aj. O
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4.2 Uniform small-u expansion of ¥(u, s) via BKAR and flowed counterterms

We now derive, nonperturbatively and with uniform bounds in the lattice spacing, the small-u
expansion of the step-scaling function

2(u, s apo) = gép(spo; a,Bla,w),  u= gér(po; a.Bla,u)),

where pg = 1/4/8s¢ is fixed and [B(a,u) is the unique tuning line given by Lemma 4.11.
Throughout, we adopt the following harmless normalization:

Definition 4.12 (Tree-level GF normalization at o). The constant s in the definition
géF(M; a,B) =k s? (Es)A,p is chosen such that

kst (Esodas = g8 + O(ga)

at weak coupling (uniformly in a < ag), i.e. the GF coupling equals the bare coupling at tree
level. This fixes £ unambiguously (up to O(a?) corrections absorbed by our uniform remainder
bounds).

We prepare three ingredients: analyticity (BKAR), the Callan-Symanzik equation for step
scaling (mass-independence), and the one-loop coefficient.

Lemma 4.13 (BKAR analytic core, uniform radius, and exponentially small defect). Fizt > 0.
In the Dobrushin/KP window of Lemmas 4.6-4.7 there exist r = r(t) > 0 and coefficients
{cn(t,a)}n>1 such that the analytic core

F2(g5.t) == Y _ealtia)gg"s g3l <, (19)
n>1

converges absolutely and uniformly in a < ag and in the volume, hence defines a holomorphic
function of g3 on {|g3| < r}. Moreover, there are C(t), R(t) € (0,00), independent of a < agp
and of the volume, such that

sup |en(t,a)] < C(t) R(t)" forallmn > 1. (20)

a<ag

In addition, there exist Cynp(t), B(t) € (0,00), independent of a < ag and of the volume,
such that for every real B > Bsx (so g2 = B~') one has the decomposition

Fu(B,t) == nt*(E)ag = F(B750) + &(Bit),  [&(B,0)] < Cup(t) e PDP. (21)

In particular, B — Fy(B,t) is holomorphic on the half-plane {RB > L.}, uniformly in a < ag
and in the volume.

Consequently, letting t = so and using the normalization in Definition 4.12, there exists
Uan > 0, independent of a < ag and of the volume, such that:

e the analytic core map g& — F"(g2,s0) admits a unique analytic inverse branch u — g3 =
1/}a(u) on {|u| < uan} with %(0) =0,

o for every s > 1, the corresponding analytic—core step scaling map
u > San(u, 85 apo) = F(Yu(u), so/s?)

is real-analytic on {|u| < uan}, uniformly in a < ag and in the volume.
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Proof. Step 1: Polymer/BKAR representation with uniform smallness (anchored insertions).
Work with the L-blocked GI cut specification (as in Lemmas 4.6 and 4.7). Denote by By,
the set of L-blocks and by P the set of finite unions X C By (“polymers”). The standard
decoupling /interpolation (Brydges—Kennedy—Abdesselam—Rivasseau forest formula) applied to
the block—coupled Gibbs state produces a polymer gas with (complex) activities wg o(X) and
Ursell (tree) coefficients ¢7 .

For a bounded gauge—invariant cylinder observable A whose block—support is contained in
a finite polymer Xy € B, one has the usual connected cluster expansion

k
<A>A75 = Z Z ¢T(X1,...,Xk) Wa,B(A ’Xl,...,Xk) ng’a(Xj).
k>0 X1,.,Xp€P j=1
connected to X
To treat quasilocal observables we use the anchored localization increments dx, that enter
Equation (25): for any bounded GI observable O with finite anchored norm, one has the
absolutely convergent decomposition

0 = Z 0x,0, 0x,0 is a bounded cylinder observable supported in Xj.
XoeP
0eXp

Applying the cylinder cluster expansion to each dx,0 and summing over X yields

k
Ongs = > > > T (X1, .., Xp) Wap(0x,0 | X1, Xi) [] wp.a(X;)-
j=1

XoeP k>0  Xq,..,XpEP
0eXo connected to X

(22)
The KP tree bound together with Lemmas 4.6 and 4.7 yield the uniform incompatibility
norm

0% = sup sup Z ]wg(a)7a(Y)|e|Y| < %, (23)
a<ag XeP YX

independent of the volume. Moreover, by the convex—core construction of the activities one
has the weak—coupling estimate

X
wp sup 1222

< BN+ e PP forall B> B, (24)
a<ag XeP |X’

with ¢1, co, B independent of a and of the volume.

Step 2: Flowed observable and its anchored norm. Fix t > 0 and set Oy := kt? E;(0). The
flowed energy density is gauge—invariant and quasilocal at positive flow time. This is encoded
in the anchored observable norm

[Ollane = > el sup {[6x, O }.

XoeP
0eXo

which is finite and bounded uniformly in ¢ < a¢ and in the volume:

sup ||O¢llane < Canc(t) < oo. (25)

a<ag

Step 3: Absolute convergence, holomorphy in 5, and the analytic core. Insert O = O, into
Equation (22). Using

|Wa15(6XOOt | Xla""Xk)| < Sup|6X00t|
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and the KP tree bound gives
k
S 1" X)) T (Jwsa(X)) ST) < af el (26)

X1, X, € j=1
connected to X

Summing over k£ > 0 and then over Xy > 0 yields the uniform bound

E(8.0] = [Oas] < X [Oane o < F2e)

=0 1—o0,

, (27)

uniformly in a < ag and in the volume. Since each term in Equation (22) is holomorphic in
for B > [, and the series converges absolutely and locally uniformly there (by the same tree
estimate), 8 +— F,(B,t) is holomorphic on {RS > 5, }.

Next, use the convex—core/tail split underlying Equation (24). For each polymer X one
can write

wpa(X) = wi(X; 68) + ppa(X), g5 =571, (28)

where w?"(X; g3) is holomorphic in g3 for |g3| < 7, with an absolutely convergent Taylor
series at 0, uniform in a < a¢ and in the volume, and the tail satisfies

X
sup sup W < cye BB (8> By).

a<lag XEP

Insert Equation (28) into Equation (22) and expand the products. The subseries in which every
activity wg ,(X;) is replaced by w2®(Xj; g2) defines an absolutely and uniformly convergent
power series in g3 (on |g3| < r for r small enough), hence yields a holomorphic function
F2n(g2,t) with representation Equation (19). The complementary subseries (clusters with at
least one p) defines the defect &,(/3,t).

To bound &,(f,t), note that every term contributing to &, contains at least one factor
ps.a(X;) and all other factors are bounded by |wg .(X)|e/X!. Using the same tree bound
Equation (26), the tail estimate above, and Equation (25) gives

1 (X —B(t
Ea(B0)| < Canclt) T3 (5;12] sup 02 lO1) < Cupl(t) e~ P07,
for suitable Cyp(t), B(t) > 0 independent of a < ap and of the volume. This proves Equa-
tion (21).

Step 4: Uniform bounds on the Taylor coefficients. Expand each analytic activity wi(X; g2)
in g and regroup the absolutely convergent cluster sums at fixed total order n. Applying
Equation (26) at fixed total order and using Equation (25) yields

et )] < Canel®) (Cr)" (1),

hence Equation (20) with C(t) = Canc(t) and R(t) = Cy 0. < co. Any r(t) < (2R(t)) ! is
admissible.

Step 5: Analytic inverse at t = sg and analyticity in u for the analytic core. At t = sg,
Definition 4.12 gives

F3™(g5,50) = g5 + Olgg) (g5 — 0),
uniformly in a < ag. Choose 0 < r; < r(t) so small that
sup Y nlcn(so,a)l it < L
a<ag n>2
Then agg Fa (g3, s0) stays bounded away from 0 on |gZ| < 71, uniformly in @ < ag. The analytic

inverse function theorem yields a biholomorphic inverse branch u +— g2 = 1, (u) on {|u| < uan}
(with uan > 0 uniform in a < @p and the volume) and 1,(0) = 0. For each fixed s > 1,
u > Yan(u, 85 apg) = F2(1he(u), so/5%) is a composition of analytic maps. O
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Notation (disambiguation in the CS proof). Throughout the paper the gradient—flow
time is denoted by t > 0 with pu(t) = (8¢t)~1/2, and the step-scaling factor by s > 1. In the
proof of Lemma 4.14 we simply parametrize the flow time by

t=t(s) =2 = pu(t)=(80)"Y=suo, po=(8s0)

—-1/2
52

Lemma 4.14 (Callan-Symanzik equation for the GF step scaling). Define the (mass-
independent) GF beta function for the squared coupling v = géF by

Bar(v) = (MaugéF(NQ a;ﬁ))

fized bare (a,B)-

92 (15 a,8)=v

Then, for every fixed lattice spacing a < ag and for all u in the small tuning window where
u > B(a,u) is defined (e.g. by Lemma 4.11 / Theorem 4.9), the step-scaling function ¥(u, s; app)
satisfies the autonomous ODE

O S5 apio) = Bor(S(uw,ss apo))s S 15 apio) = u. (29)
Proof. Let t(s) := so/s? so that u(t) = (8¢)~Y/2 and p = s g iff t = t(s). With (a,u) fixed,
S(u.5; apo) = g o flaw)| = FiBla,w), 1(s)
Differentiate with respect to Ins and use p 0, = —2t 0y:
Bor® = S Fu(Bau)1(s)) = (~200Fu(80,w),0) = (1Ouoet 0.8)) e
ns

t:t(s) B:B(C":u)

Since v := X(u, 8; apo) = gap(p; a, B) at p = sug with bare (a, 3) fixed, the last expression
equals Bgr(v) by definition, which yields (29). The initial condition at s = 1 is immediate. [

Theorem 4.15 (GF beta function: holomorphy in 5 and uniform small-coupling control).
Work in the Dobrushin/KP window of Lemmas 4.6-4.7 and fiz ag > 0 and a positive flow time
t>0.

(1) (Holomorphy in f3; convergent core expansion with uniform bounds) There exists 33 = B4(t) >
B« such that for every finite volume A and a < ag the map B+ Fu(B,t) = t* (Ey)p 5 is
holomorphic on the half-plane {5 > B4}, uniformly in a < ag and in the volume. Moreover,
for real B > B4 one has

Fo(B,1) = D enlt,a) B + Ea(Bit),  |Ea(Bt)] < Cup(t)e B (30)
n>1

where the coefficients satisfy

sup |en(ta)] < C) R@E)"™  (n>1),

a<ag
for some C(t), R(t) < oo independent of a < ag and of the volume. (This is Lemma 4.13 in

the present notation.)

(7i) (Implicit tuning line at the reference flow sp; smoothness in u) Set t = s and write
u = Fy(B,s0). There exists u; > 0, independent of a < ag and of the volume, such
that: for every up € (0,u1] and every a < ag there is a unique ((a,ug) > B4 solving
F.(B(a,up),s0) = ug. Moreover, the map u+ B(a,u) is C* on (0,u;] (indeed C* there),
and for every u € (0,u1] it is real-analytic on [u,u1], uniformly in a < ag and in the volume.

For every s > 1, the lattice step—scaling map
u — B(u,s; apy) = Fu(B(a,u), so/s?)

is C1 on (0,u1] (indeed C™ there), and real-analytic on [u,u] for every u > 0.
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(iii) (Callan-Symanzik ODE) For all u € (0,u1], the step—scaling function solves the autonomous
Callan—Symanzik equation

8lns E(ua S; (l/,bo) = BGF(E(U75; G/J,(])), Z(ua 17 a,U()) =u,
where Bar is defined in Lemma 4.14.

Proof. Ttem (i) is Lemma 4.13 rewritten with 5~™ = g3" on the real axis and with the explicit
nonperturbative defect £,(8,t) = O(e~B1P),

For (ii), strict monotonicity 03 F, (3, s9) < 0 for § > B4 and the implicit function construction
of u — f(a,u) are as in Lemma 4.11, with uniformity in a < ap coming from the a—uniform
KP/Dobrushin bounds. Real-analyticity on [u,u;] follows because on that interval §(a,u)
stays in a compact subset of (34, 00) and  — F,(f,t) is real-analytic for § > 4 (restriction
of holomorphy in 3).

Item (iii) is Lemma 4.14. O

Remark 4.16 (Where the analyticity comes from and what the “radius” means). The complex
analyticity statements available from the BKAR/KP expansion are naturally formulated in the
bare inverse coupling 5 (holomorphy on a half-plane {R3 > f;}) together with a convergent
core series in f~ and an exponentially small defect £,(3,t) = O(eP®P) as in (30). The
constants depend only on the anchored observable norm of t2E; (finite by flow locality), the
KP incompatibility norm o, < § (uniform in a < ag), and the coefficient majorant R(t).

At the level of the renormalized coupling u, one should therefore interpret “analytic in u
near 0” as: real-analytic on every [u,u;] with u > 0, and C* on (0, u1], with nonperturbative
corrections behaving like e 5/% as u | 0.

Remark 4.17 (Minimal wording if one prefers to avoid complex domains). If one elects not
to use complex analyticity, the conclusions remain valid in the following form (sufficient
for the subsequent arguments): on a small real interval (0,u;], the maps u — [(a,u) and
u— X(u, s; app) are C° uniformly in a < ag, and for every u > 0 they are real-analytic on
[u,u1]. The Callan-Symanzik equation holds with Sgr real-analytic on (0,u;) and with a
continuous extension at u = 0 given by Sgr(0) = 0.

Lemma 4.18 (One-loop coefficient and scheme-independence). Let C4 be the adjoint quadratic
Casimir (for SU(N), Ca = N). In any mass-independent scheme written in terms of v = g2

one has
11 Cy

Bscheme (V) = —2bgv? + O(v3), bo= 55 >0

In particular, the GF beta function satisfies
Bar(v) = —2bpv® + Bar(v),
where there exist up > 0 and Cg < oo, independent of a < ag and the volume, such that
|Bar(v)| < Cpo? for all v € [0, uq].
Moreover, Bgr is real-analytic on (0,u1) (uniformly on [v,u1] for any v > 0).

Proof. The universality of the one-loop coefficient in any mass-independent scheme is standard.
For the GF scheme, at fixed bare (a, 3) and positive flow time ¢ one has the weak-coupling
expansion

k(B = gf + go(e1+2bon(uVBE) ) + O(g) + O™, gf =57,
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with ¢; finite (scheme-dependent). The O(g§) term is the convergent core contribution
controlled by the BKAR/KP bounds, and the O(e~5B?) term is the nonperturbative defect
from Lemma 4.13. Differentiating with respect to In u at fixed bare (a, 8) gives

1 0ugtr (i a,8) = —2bogs + O(g5) + O(ePF).
Now impose the renormalization condition g&p(u; a,3) = v (so v — 0 forces B — oo in the
weak-coupling window), and use v = g2 + O(g3) + O(e~5P) to rewrite the right-hand side as
Bar() = —2bv® + O@W3) + O(e™B/).

Shrinking u; > 0 if needed, the nonperturbative term satisfies e B/v <3 forall v e (0, u1], so
it is absorbed into the Cgv3 bound. Real-analyticity on (0,u;) follows from the real-analytic
dependence in 8 for § > 4 (Theorem 4.15(i)) combined with the implicit dependence 5 = 3(v)
away from v = 0. 0

We can now state and prove the uniform small-u expansion for step scaling.

Theorem 4.19 (Uniform small-u expansion of ). Fiz s > 1. There exist a; > 0, u; > 0, and
Crem(8) < 00 such that for all apg < a1, all uw € [0,u1], and all volumes,

Y(u,s; apg) = u — 2bgu’ Ins + R(u,s; apg), |R(u, s; apo)| < Crem(s)u®,  (31)
with by = 118%5‘. Moreover,
OuX(u, s; apg) = 1 — 4bgulns + R(u,s; ap), ‘R(u,s; auo)] < 3C’rcm(s)u2, (32)

with the same constants, all independent of a < ag and the volume.

Proof of Theorem 4.19. By Lemma 4.14, ¥ solves the autonomous ODE 0% =
Ber(X), X(u,1) = u. By Lemma 4.18, write

Bar(v) = —2bgv? + Bgr(v), |Bar(v)| < Cgv® (0 <v < uy).
Fix s > 1 and integrate the ODE on 7 =1Ins € [0, In s]:

Ins

Y(u,8) = u + Bar (X(u,€e)) dr.
0
Choose u; > 0 small enough that the solution stays in [0,2u] on 7 € [0,1n s] for all u € [0, u;]
(e.g. by a differential inequality using |Bgr(v)| < 3bgv? on [0,2u4]). Then
Y(u,8) = u — 2bgu’Ins + R(u,s),
where

R(u,s) = /Olns( — 209 (B(u,e7)? —u?) + Bar(Z(u, GT))> dr.

Using ¥ (u, €”) < 2u and the bound on Bgp gives
Ins
/ \Bar(S(u,e™))|dr < Cp(2u)? Ins = O(ud).
0

Moreover, the term %2 — u? = (¥ — u)(2 + u) is O(u) - O(u?) after one Grénwall/Duhamel
iteration of the ODE, hence integrates to O(u?®) with a constant depending only on s. This
proves (31) with a finite Crem(s) independent of a < ag and the volume.

Differentiating the ODE w.r.t. u gives

Ons 0uX(u,s) = Bap(B(u,s)) du3(u, s), OuX(u,1) = 1.
Since Bqp(v) = —4bov + O(v?) with O(v?) bounded on [0, 2u;], the same argument yields (32)
with |R| < 3Crem(s)u? after shrinking u; if needed. O

Remark 4.20 (Recovery of Proposition A.3 (one—loop universality of by )). Equation (31) implies,
in particular, o(u, s) = limgy—0 S(u, s; apio) = u— 2bpu? In s+ O(u?) with the universal by > 0.
This recovers Proposition A.3.

23



4.3 Nonperturbative existence and regularity of the GF tuning line

We now prove the existence (and regularity) of a gauge—invariant gradient—flow (GF) tuning
line @ — [(a) that fixes the renormalized GF coupling at a reference scale pg = 1/+/8so:

9&r(po; a,B(a)) = uo.

This removes the only remaining hypothesis in §4 and makes the continuum statements
unconditional within our weak—coupling window.

Lemma 4.21 (Uniform weak—coupling analyticity and expansion of the flowed energy). Fiz
so >0 and ap > 0. There exists B3 > B, and constants ci1(sg) > 0, Ca(so) < oo (independent
of a < ag and of the volume) such that, for all B > By:

(i) The map B — (Es,)ap (and its infinite-volume limit) is real-analytic on (B, 00).
(ii) One has the uniform expansion

61(80) ‘ < CQ(S(])
p -op

61(80) ‘ S 202(80)‘ (33)

l 85<E80>A,5 + ﬁz 53

| (Ba)as -

Proof. We work at fixed positive flow sq > 0.
(i) Real-analyticity in 5. By Theorem 4.15(i) (equivalently Lemma 4.13 at ¢ = s¢), the
function

Fa(BMSO) = RS% <E30>Aﬁ

is holomorphic on the half-plane {5 > 5} (uniformly in @ < ap and in the volume). Restricting
to real 3 > B yields that 3 — (E,)a g is real-analytic on (8, 00).

(ii) Uniform 1/0 expansion. Expand the Wilson action near the identity (convex core)
and write the interacting measure as a perturbation of the strictly log—concave Gaussian core
given by the quadratic approximation (Lemma 7.3). At positive flow time s, the observable
E,,(0) is gauge invariant and quasilocal; in particular the anchored localization of x s% Es, (0)
has summable tails uniformly in a < ay, i.e.

sup || s§ Es, (0)]| < 00,

anc
a<ag

as in Equation (25) (with ¢t = s¢), which ultimately rests on the explicit GI-Lipschitz decay
from Lemma 13.6 and Theorem 18.11.

The Gaussian expectation of Ey, yields the leading term ¢1(sg)/f with ¢1(sg) > 0. The
interacting corrections are given by absolutely convergent connected cluster integrals whose
absolute value is O(872) uniformly in a < ag (KP activity bound 67(8) = O(1/(BL) + e~ 55)
together with the anchored bound above). This gives the first estimate in Equation (33).

Differentiation in 8 acts by insertion of the centered energy density >-, V(Up); the same
BKAR/KP bounds (termwise differentiation in an absolutely convergent series) yield the
second estimate in Equation (33). All constants are uniform in a < ag by the a—uniform
Dobrushin/KP bounds and the fixed flow range sp. O]

Proposition 4.22 (Strict monotonicity at large 8). With so and 84 as in Lemma 4.21, there
exists Bumon > By such that, for all B > Buon and all a < ag,

_ 61(80)

Op (Esy)p < T

< 0.
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Proof. By the second estimate in (33),

c1(s0) 2C5(s0)

85<E80>5 = = ﬁ2 + R(5)7 |R(6)’ < 53 :
Choose Bmon > 4 so large that Zgi(j?) < %01(30). Then for all 8 > Bmon, 05(Es)p < —012(5820) <
0, uniformly in a < ag. O

Theorem 4.23 (Existence, uniqueness, and regularity of the GF tuning line). Fiz so > 0 and
pick any target ug € (0, Umax) with

K 58 c1(s0)

u = .
e 2 Bmon

Then there exists a unique function [(-) defined on (0, ag] with values in [Bmon, 0) such that

gér(ho; a,8(a)) = ks§{Es)s@) = uwo  for alla € (0,aq). (34)

Moreover, ((a) is continuous on (0, ap] and locally Lipschitz; in particular it is bounded below
by Bmon and satisfies the weak—coupling window assumed in §4.

Proof. Fix a € (0,a0]. By Lemma 4.21, 3 — (E,)s is continuous on [Bmoen, 00), tends to 0 as
B — 00, and is strictly decreasing there by Proposition 4.22. At 8 = Bpon We have

ci(so) Ca(so) Kks3 c1(so0)
HS% <ESO>/5mon > ’%3(2)( Bro T p2 ) = 70,870 = Umax;
mon mon mon

after increasing Bumon if needed to ensure Ca(s0)/(Bmonci(s0)) < 3. Hence the range of

g2 (105 a, B) on [Bmon, 00) contains the whole interval (0, umax). By the intermediate value
theorem and strict monotonicity, there is a unique 5(a) € [Bmon, 00) solving (34).

To see that a — S(a) is continuous (indeed locally Lipschitz), note that Ey, is a finite-range
flowed local and its expectation is jointly continuous in (a, ) under our uniform Dobrushin/KP
bounds (uniform LP controls and dominated convergence; see Proposition 13.2). Furthermore,
on [Bmon, ), 95945 (1o a, ) = ks 9(Es,)s is uniformly bounded away from 0 by Propo-
sition 4.22 (indeed < —rs3ci(s0)/(28%0,))- The implicit function theorem (or quantitative
monotone—inverse bound) then yields local Lipschitz continuity of 5(a). O

Corollary 4.24 (Removal of the tuning hypothesis). All results in §4 that were stated “along
a tuning line” now hold with the tuning line a +— [((a) supplied by Theorem 4.23, with
B(a) > Bmon = By for all a < ag. In particular, Lemmas 4.6—4.7 and Proposition 4.8 apply
uniformly along this nonperturbative tuning line.

Proof of Corollary 4.24. By Theorem 4.23 there exists a unique tuning line a — [S(a) €
[Bmon, 0) with g&r (103 a, B(a)) = g for all a € (0,a0]. In particular B(a) > Bmon > Bx, S0
(T1) holds along this line. The choices of L and ag already ensure (T2), and (T3) concerns fixed
KP parameters, independent of a. Therefore Lemmas 4.6-4.7 apply uniformly along a — 3(a),
and Proposition 4.8 follows uniformly as well. All statements in §4 that were conditional on
the existence of a tuning line therefore hold along the line produced by Theorem 4.23. O

Lemma 4.25 (Verification of (T1)-(T3) along the GF tuning line). Fizx so > 0 and let 3(-)
be the unique GF tuning line from Theorem 4.23 at target ug € (0, umax). Then, after fixing
L € Z>1 and ag > 0 with (T2), there exists a choice of up € (0, umax) (depending only on
s0, L, ag and the KP parameters) for which (T1)—(T3) all hold. In particular, the constants Py,
L, ag and g9 may be fixed once and for all, and every statement below that cites (T1)—(T3)
can be read as invoking this lemma rather than an external hypothesis.
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Proof. (T1). By Theorem 4.23 there is a unique 3(a) € [Bmon, 00) solving g&r (10; a, B(a)) = ug
for every a € (0, ap]. Hence (T1) holds with S, := Bmon (independent of a).

(T2). This is a choice, not an assumption: pick any L and ag satisfying L=! 4 e~F + at <
g9 < 1/4. For concreteness, L = 18 and ag = 0.05 give L™ + e~ L 4 a ~ 0.0580556 < 1/4.

(T3). The map B+ d1(B) = a1/(BL) + aze™ BB is strictly decreasing. Let Sxp = Bxp(L)
be any value with 07, (8kp) < 1/80 (existence follows by monotonicity). Set

B* = max{ﬁmona 5KP}

By Lemma 4.21 there exist ¢1(sg) > 0 and Ca(sp) < oo such that

c1(so) Ca(s0)
B 52

uniformly in a < ag and the volume. Choose fBreq > max{f,, f;} and define

Ca(s0)
Uerit = K s2 c1(s0) _ 2 > 0.
‘ D< Breq /Br%q

If we now fix the target coupling to satisfy 0 < ug < uerit, then the monotonicity dg(Es,)s < 0
(Proposition 4.22) implies

| (Ba)g— =52 | < for all § > f,

Ger(10:0, Breq) = w0 = B(a) > Breq > B
for all a < ag. Consequently 61, (5(a)) < 0r(5x) < 1/80 uniformly in a, i.e. (T3) holds. This
completes the verification. O

Remark 4.26 (Explicit admissible window). With the constants entering the cut-KP bound
from Appendix C (plaquette x—adjacency, degree A = 26), one admissible choice is

By, L,ag) = (20, 18,0.05), Sr(By) < &, g0 = + 4+ e L + a2 ~ 0.0580556.
80 L 0

In the a—uniform polymer budget used later we also employ

5i(a) +e PP 4 af,

C AL
and, with 8, = 20 and any B > 2 (as in Appendix C), we have e P8+ < 740 5o numerically
ds(a) < ﬁ%L + e740 4 a2 ~ 0.0052778. These numerics are recorded for orientation; the proof
of Lemma 4.25 does not rely on any particular values.

5 RP under GI conditioning (anti—linear J)

Let (€,2, 1) be a probability space, © : Q —  an involutive reflection with p o @~ = p, and
let 24, Ap C A be the o—algebras of observables localized in {xo =2 0} and on the reflection
hyperplane, respectively, with O(y) = A_, ©(Ry) = Ap. Convention: we include the
time—zero algebra in both halves, i.e. 20y C L.

We assume reflection positivity (RP) in the standard Osterwalder—Schrader form:

(JE, F)p2() = /Fo@F du > 0 for all F € L?(u) with F' 2, -measurable, (35)

where J : L2() — L?(p) is the anti-linear isometry

(JHw) = fOw)  (JP=id, (Jf,Jg) = (g.])) (36)
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Gauge—invariant boundary algebra. Let (g1 C 2y be a reflection-invariant o—subalgebra
encoding the gauge—invariant (GI) boundary data at time 0, i.e. ©(gr) = Ag1. Denote by

P = E[-|c1] : L*(u) — L*(n) (37)
the orthogonal projection (conditional expectation) onto L?(qr, 1t).

Lemma 5.1 (Compatibility: .J preserves L?(g) and commutes with P). Assume ©(q1) =
ar and p is ©O—invariant. Then J(L*(Aar1)) C L* (A1) and

JP = PJ  on L*(p). (38)

Proof. If g is 2qr-measurable, then g o © is also Agr-measurable, hence Jg = go © € L?(Aq1).
Thus J preserves L?(2q1). The orthogonal projection P is characterized by (Pf, h) = (f, h) for
all h € L?(gp). Using that J is anti-unitary with J? = id and that J(L?*(Rq1)) = L?(2ar),
for any f € L?(u) and any h € L?(qr),

(JPf,h) = (Pf,Jh) = (f,Jh) = (PJf,h).
Since h ranges over a dense set in the range of P, we conclude JPf = PJf. O

Lemma 5.2 (RP preserved by GI conditioning). If (35) holds, u is ©—invariant and ©(Agr) =
a1, then for every A4 —measurable F,

(JE[F ¢, E[F|Ac1]) > 0. (39)

Proof. Since Aaqr C Ao C Ay and PF is Agqy—measurable, PF is A —measurable. Applying
(35) with H := PF gives (JPF,PF) > 0. (The commutation JP = PJ from Lemma 5.1 will
be used below for OS—pairing identities.)

The previous lemma has the following standard matrix (Gram)—positivity consequence.

Proposition 5.3 (Matrix RP after GI conditioning). Let Fi, ..., F,, be A—measurable. Then
the n X n matrizc

M;; = (JPF;, PF})
is Hermitian positive semidefinite. Equivalently,

Z ¢ic; (JPF;, PF;) > 0 for all (c1,...,¢c,) € C™.

i,j=1
Proof. Apply Lemma 5.2 to F' =}, ¢; F; and use polarization. O

Corollary 5.4 (GI RP seminorm and OS pre—Hilbert space). Define, for 2 —measurable F, G,
(F,G)a1 = (JPF, PG), | P&y == (F, F)ar.

Then (-,-Ya1 is a positive semidefinite Hermitian form on {F : F 2, -measurable}. Modding
out the null space Ng1 = {F : ||Fllac1 = 0} and completing yields a Hilbert space HSLGI),
canonically isometric to the RP time—zero Hilbert space built from the GI boundary algebra.
Moreover,

(F,Gat| < [IPFl2 PGz < [[Fll2 G2 (40)

Proof. Positivity follows from Proposition 5.3. The Cauchy-Schwarz bound (40) is the L?
Cauchy—Schwarz inequality together with ||Jh||2 = ||h||2 and the contractivity ||P|2—e =1. O
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Remark 5.5 (Monotonicity under enlarging the boundary o—algebra). If gy C B C g are
reflection—invariant o—algebras with projections Pg1, Py, then

|F || = (JPaiF, PaiF) = ||PaiF|3 < |PgF|3 = (JPsF,PyF),

since for h measurable w.r.t. 2o one has (Jh, h) = ||h||3, and Py is the L?~orthogonal projection
onto a larger subspace. Thus refining the boundary information can only increase the RP
seminorm.

GI sufficiency and descent of Markov factorization. We write 2§ C 204 for the
o—algebras of gauge—invariant observables localized in the halves {z = 0} (so O(AFT) = ACT).

Lemma 5.6 (GI sufficiency of the time-zero boundary). Let (2,2, u) be the underlying
probability space and let Gy (the time—zero gauge group) act on 2 by measurable bijections
w — gw. Assume:

(i) (Measurable action and stability of 2y) The action map (g,w) — gw is measurable and
g 1o =g for all g € Gy.

(ii) (Go—invariance of u) The measure is Go—invariant: po g—' = p for all g € Gy.
Define the fixed—point o—algebra on the boundary
Aqy := ngo ={Be: g 'B=BVge Go},

and work with its p—completion.
Then:

(7ii) (Conditional expectation commutes with the action) For every g € Gy and every F €
L (p),
E[Fog| ] = (E[F |2])og pH—a.s. (41)

Equivalently, if Ko(w,-) = p(- | 2o)(w) is a reqular conditional law (which exists in our
lattice setting since ) is standard Borel), it may be chosen Gy—equivariant:

Ko(gw, B) = Ko(w,g"'B) (B €, g€ Go), (42)

and the same argument applies to any other conditional kernel obtained from p (e.g. the
half-space specifications).

(iv) (GI sufficiency) If F is Go—invariant (in particular if F € L>®(ASY)), then E[F | o] is
Go—invariant and therefore Agr—measurable. Equivalently,

E[F | 2] is Agr—measurable, equivalently — E[F | o] = E[F | Aa1)- (43)

Proof. Step (i): measurability of the Go—action (lattice Yang—Mills case). In the lattice set—up,
2 is a (finite or countable) product of copies of the compact Lie group G (links), endowed with
the product Borel o—algebra. The gauge action is given coordinatewise by the continuous maps
(92,U) = g.U and (g,,U) — Ug, ", hence (g,w) = gw is continuous (therefore measurable).
By construction, 2l is generated by time—zero boundary/cross—cut variables and is stable
under Gy.

Step (i1): Go—invariance of u and equivariance of conditional kernels. For Wilson—type
measures, 1 has density proportional to e~%5(U) [I. dH(U.). Haar measure is bi-invariant and
the plaquette action Sg is gauge invariant, hence p o g~' = pforall g € Gy. Since Q is standard
Borel, there exists a regular conditional law Koy(w, ) = u(- | Ap)(w). Fix g € Gy and define

K (w,B) = Ko(gw,gB),  gB:={gw : w € B},
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Using p—invariance and ¢~y = 2o, one checks that K(()g ) is again a regular conditional law of
w given 2y. By uniqueness of regular conditionals up to py—null sets, K(()g ) = Ky p—a.s., which is
equivalent to (42). The same disintegration argument applies to any conditional kernel derived
from g (in particular the half-space kernels).

Step (iii): conditional expectation commutes with the action. Let g € Go and F € L' ().
For any bounded 2y-measurable H, p—invariance and g~ 1'%y = 2y yield

JHEF g | ddp= [H(Fogydu= [(Hog™) Fdp
— [(Hog™)EIF | Aoldu= [ HEIF | ]og) dn

Since this holds for all bounded H € L (2ly), the conditional expectations agree p—a.s., proving
(41). (Equivalently, one may deduce (41) from (42) by integrating against Kj.)

Step (iv): GI sufficiency. If F is Go—invariant, then (41) gives E[F | o] = E[F' | 2p] o g for
all g € Go. Hence E[F' | o] is p—measurable and Gp—invariant. For any Borel set I C R, the
level set {E[F' | o] € I} is Ap—measurable and invariant (up to null sets), hence belongs to the
p—completion of ngo = Agr. Therefore E[F | 2] is Agr—measurable and the tower property
yields E[F | o] = E[F | 2a1], i.e. (43). Applying this to F € L=(AST) proves the claimed GI
sufficiency. O

Lemma 5.7 (Descent of conditional independence along a sufficient boundary). Assume 2
and 2A_ are conditionally independent given 2Ay. Let B C Ay be a sub-o—algebra such that
for every bounded Ay —measurable H one has E[H | o] B-measurable. Then Ay and A_ are
conditionally independent given B and, for all F € L>®(2}) and G € L>®(_),

E[FG|%B] = E[F | 8] E|G | B]. (44)
Proof. By the tower property and the Markov property across 2,
E[FG | B] = E[E[F | 2] E[G | o] | B].

If both inner factors are B-measurable, the right-hand side equals E[F' | B8] E[G | B8], proving
(44). O

Proposition 5.8 (GI Markov property on the GI sector). Assume the Markov property across
the reflection hyperplane (A4 1L 2A_ | Ay) and Lemma 5.6. Then QlEI and AST are conditionally

independent given gy and, for all F € L*(ASY), G € L2(ASY),
E[FG | Ua1] = E[F | a1 E[G | YLai), (45)
(JG, F) = (JE|F | Agi1], E[G | Aa1]) = (JPF, PG).

Proof. Apply Lemma 5.7 with B = (g and use (43). The identity for the OS pairing follows
from (JG,F) = E(G 0o © F) and the first equality in (45). The last equality is the definition of
P =E[- | 2q1] together with JP = P.J. O]

Lemma 5.9 (Factorization and conditional independence). Assume, in addition, the (standard)
Markov property across the reflection hyperplane: 4 and 2A_ are conditionally independent
given Ag. Then for F' A —measurable and G A_—-measurable,

(JG.F) = (JEIF | %], EIG| %). (46)

Amendment to Lemma 5.9. The statement and proof up to (46) are unchanged. For the GI
pairing, use Proposition 5.8: if F € L*(A¢!) and G € L2(AC), then (JG,F) = (JPF, PG).
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Proof. By conditional independence,
E[Go©OF] =E[E(Go O | ) E(F | 2p)].
Since O fixes Ay, E(G o O | ) = E(G | 2p) o ©, which yields (46). O

Remark 5.10 (Bridge to the cross—cut transfer operator). To avoid duplication with Section 11,
we refrain here from introducing the pair law on the GI boundary and the associated corre-
lation/transfer operators. Section 11 realizes the bounded positive form (f,g) — (Jf,g) on
L?(Aqt, 1) as a symmetric integral operator induced by the GI pair law across the cut and
proves the full OS—intertwiner identity there. The results of the present section provide the
input (RP under GI conditioning and the Markov factorization) used in that construction.

6 Dobrushin/Holley—Stroock and the slab constants

We index the GI cut blocks by a finite set Z (face/edge/vertex adjacency on LZ3). For x € T
let §zc be the o—algebra generated by all blocks # x and write

E.[f] == E[f|See], Var,(f) = E[(f_Exf)2|$wc]

We also use the block GI-adjoint Lipschitz seminorm (right-invariant gradient restricted to
block z):

1/2

2

Lid(f) = sup ( > sup [(Def) (U)X ) :
U eChblock z [Xell=1

so that LS ()2 =3 ,er La(fd{x(f)2 whenever f is supported on J,,.

6.1 Holley—Stroock (HS) perturbation and local Poincaré constant

Lemma 6.1 (Holley—Stroock Perturbation). Let po and p be probability measures on a smooth
manifold with dy = ZYe' dug. If osc(h) :=suph —infh <& and po satisfies a Poincaré
inequality

Var, (f) < Co / IVfIP o (vf €CY),

then  satisfies
Var(f) < G [IVfIFdu (vreCh.

e‘sZ_ngH%Q(MO) and [ |V f||2duo < €°Z [||Vf||?du. Apply the Poincaré inequality for pg to
f—E,f and use the two-sided L? comparison. O

Proof. Since e % < M < € we have e Oduy < Zdu < €’ dug, hence HQH%%L)

Lemma 6.2 (Block—HS: uniforme lokale Poincaré-Konstante). Uniformly in the boundary
condition on §Fyc there exists a constant

Cdb 62610c

CPI,]OC = /BHG

(depending only on geometry, not on the volume) such that, for every x € T and C* functional

f

Vary(f) < Crrioc B [VafI?] < Crrioe (LS1.(1))%

with [V fl|? = Xecs SUp||x, =1 |(Def)[Xc]|2. Here kg is from Lemma 7.3, Cqp, > 1 collects
the deterministic plaquette-to-link/GI-quotient Lipschitz factors, and §jo. = O(a?) + O(e™BP)
bounds the oscillation of the block tail potential (uniform in a < agp).

30



Proof. The conditional law on block x has density e~®* w.r.t. the product of Haar measures
on the links in z. On the convex core Lemma 7.3 gives Hess ®, = kg Id along right-invariant
directions; the deterministic projection from plaquettes to link variables and the GI quotient
cost a factor Cqp,. The non-core/tail contribution has bounded oscillation dj. (weak coupling
and finite block), hence Lemma 6.1 yields the bound with constant (Cqp,/(8kg))e?%ec. O

6.2 Dobrushin matrix and global Poincaré inequality

Definition 6.3 (Dobrushin influence matrix). Let C' = (cgy)z,yez With

— GI
Coy = sup sup LadJ(IElyf) (U).
f measurable w.r.t. block y U
LS (H<1

We set ||Cll1 := sup, 3=, czy-

Proposition 6.4 (Dobrushin—Poincaré). Assume |C|1 <& <1 and Lemma 6.2. Then for
every f € L?(),

C oc C oc
Var(f) < T 3 EIVLIP) < R Y EL(LEL()].
€L z€L

Consequently, the GI cut measure satisfies a Poincaré inequality with constant

Odb 62§loc
(1—-¢)Bra '

Proof. Let P, := E, denote conditional expectation on block z (given the complement), and
Var,(f) := Eo[(f — Exf)?]. Assume ||C||; < e < 1, where C is the Dobrushin influence matrix
(Definition 6.3).

Step 1: Dobrushin covariance/variance bound. Set R := (I — C)~! = 3,.,C". By
|C|ly < 1, R is well defined and |R|; < (1 —||C||1)~'. The Dobrushin resolvent inequality
(Lemma 9.6) applied to g = f gives

Cpr <

Var(f) = Cov(f,f) < 3" Ruy/EVare(f) \JEVar,(f) < ||R|x Y EVar,(f),

z,y€T €T

whence

Var(f) < Z EVar,(f (47)

1-1 \0”1 =

Step 2: Local PI on blocks. By Lemma 6.2, for each block z, EVar,(f) < Cproc E[|| V2 f]?].

Summing over z and inserting into (47) yields

CPI,IOC 2
Var(f) < <0 ST E[|IV. S,

1 rel

Step 3: GI Lipschitz domination. By definition of the GI Lipschitz seminorm, ||V, f]| <
(f) pointwise. Therefore,

LEIVAP] < D E{(Lda (1)),

GI
ad,z

which proves the second inequality in the display.
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Step 4: Global PI constant. Combining the above with the quantitative GI gradi-
ent /Lipschitz comparison (uniform block coercivity Skg and bounded local oscillation dc, as
used throughout §6) gives

SEV.Y] < S

2010c ]E LGI 2 .
BEG € Zx: [( ad,m(f)) ]
Inserting this into Step 2 yields the global Poincaré inequality with

625100 .

O]

Corollary 6.5 (Slab constants). If the influence/curvature estimate of Proposition 7.14 holds,
then for all a < ag

(6%
IC(a)]: < m+a26_36(a)+0‘3“2 = ¢(L,a).

Under (T1)-(T2) one has £(L,a) < g9 < % uniformly, hence

C A 2(Sloc < 4 Cdb 25100
PI > e < e .
(1 _50) 5* RG 5* RG

In particular, the GI cut measure has a Poincaré inequality (and, by the same argument with
logarithmic Sobolev constants, an LSI) with constants uniform in a < ay.

Proof. By Proposition 7.14 the Dobrushin row sum satisfies, for all a < aq,

! —Bp(a) 2
< = .
IC(a)|1 < e(L,a) Bla)L + ane + asa

Fix a window (T1)~(T2) with sup,<,,e(L,a) < €0 < 3. Applying Proposition 6.4 and
Lemma 6.2 gives the global Poincaré constant

Cprioc 1 Cap (200 < 4 Cap 2010

Cpr < = <
1—¢g 1—¢9 Bra By kG

)

uniformly in a < ag and along the tuning line, where 8, = inf 8(a) in the window. The last
sentence follows because the same argument applies with the block LST input (Bakry—Emery
on the core plus Holley—Stroock perturbation) in place of the block PI; see also Lemma 6.10
below. O

6.3 Distance mixing on the cut graph

We work on the coarse cut graph Go, whose vertices are the 2a—blocks; two vertices are adjacent
if their blocks meet by face/edge/vertex (A = 26-neighbor geometry; no-backtracking 25). For
sets of blocks X,Y C Z we define the coarse graph distance

distoe(X,Y) = min{distg,, (z,y): v € X, yeY }.

Lemma 6.6 (One-step L? propagation). Let C' = (cyy) be the Dobrushin matriz from Defini-
tion 6.8. For all H € L*(n) and all z,z € T,

[AzPoHl|p2 < coo |AzH]| 2.
Consequently, for every n > 1 and blocks x,y,

|AT A H 2 < (CMay 1A H] 2.

2
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Proof. Fix z and decompose H = E,H + A,H. Since P,A,H = 0, we have A, P,H =
AP, (E,H) = Ay (E,H). By the block Poincaré inequality (Lemma 6.2),

|AL(E.H)||% = EVarg(E.H) < CplLioc sngVm(EzH)HZ.

By Definition 6.3, supy ||Vz(E:h)|| < c¢zz supy ||Vzh| for any z—measurable h with unit
GI Lipschitz constant on block z. Apply this with h = (A, H)/LS! (A.H) and combine with

ad,z

1/2 |A.H| 2. Altogether,

Lloc

Lemma 6.2 again (now on block z) to bound supy; ||V .A|| < Cp,
[AzP:Hl[2 < ca: [|A-H|[ 2.

For the iterated bound,
ATH = ZA P.H,
|Z’ z€T
hence ||A;TH||p2 <3, coz | A2 H|| 2. Tterating gives || A, T"AyH|| 2 < (C™)gy | AyH|| 2. O

Lemma 6.7 (Dobrushin distance mixing). Assume |C|1 < e < 1, with C the Dobrushin
influence matriz of Definition 6.3. Let F' and G be mean—zero functionals measurable w.r.t.
the blocks in finite sets X, Y CZ. Then

dlStQa(X Y)

T > > (E Var,(F) )/ (EVary(G))l/ ’ (48)

zeX yeY

|Cov(F,G)| <

By the norm-convergent resolvent identity on L3(1),

I = > (1"-1"") = ZZT” sy Ayi=I1-P,

n>0 n>0 yeL

Hence, for mean-zero F,G € L3(u),

1
Cov(F,G) = (F,G) = =

Z(F, T"A,G) = |I|2 > Y (ALF, T'AG).

n>0 n>0 z,yel

Proof of Lemma 6.7. Let F,G be mean—zero and supported in finite X, Y C Z. Set T :=
|Z|~1 3", P, and note the norm—convergent resolvent identity on L3:

I =Y (1"-1"") = Z S TA,.

n>0 n>0 yeL
Therefore
Cov(F,G) = (F,G) = Z > (F, T"AG).
n>0 yeT

By Cauchy-Schwarz and the Efron-Stein inequality [|H|[2, < 3, [|AzH |32,

1/2 1/2
(F, T8,G) < (T 1AFI3:) " (X 14:.7A,G13)
zel

€T

Apply Lemma 6.6 and then Cauchy—Schwarz in the x—sum:

Z HAa:TnAyGHB < Z(Cn)my HAyGHLZ-

z€L z€l
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Since ¢y = 0 unless z and y are 26-neighbors, (C");, = 0 whenever n < disty,(x,y), and
> on>0(C™)ay < gdist2a(@y) /(1 —¢) with e = ||C||1. Restricting to z € X, y € Y (otherwise A, F
or A,G vanishes) gives

1 i T
|Cov(F,G)| < = SN edistanlw) |ALF|| 2 [|A,G e,
zeX yeyY

which is (48). O

Lemma 6.8 (Fluctuation covariance bound (used in L2)). Let A be a GI local and Py,
the coarse conditional expectation onto the 2a-block o—algebra. Set h := (I — Pa,)A. Then
h is supported on a single coarse block (up to a fized finite collar), thus |X|,|Y| < Cgeom
when F' = h(x) and G = h(y) are placed at two distinct blocks x,y. Under Lemma 6.2 and
ICh <e<1,

Cgeom CPLloc _disto, ({2 2
(Cov(h(a), hiy))| < EomEPtle cdianlleho) (£G](4))”,
uniformly in the boundary condition and in a < ag.

Proof. Apply Lemma 6.7 with X = supp(h(z)), ¥ = supp(h(y)) and EVar,(h) <
Cplioc E||V2h|? < Cprioc (LSJ,:B(A))Q. Sum over the O(1) many z in the support of h to get

the displayed bound. O

Lemma 6.9 (Geometric summability for the fluctuation tail). Let r = |x — y| be the Euclidean
separation on the fine grid, so that d := distoe({z},{y}) > [r/(2a)] — 1. Ife <o < % and
mg is such that e2¥™E < 6, 1/4 (here 0, is the KP—amplified two—step supremum on the cut
with A = 26, and | T|| < 0./%), then

2am
sup emETelr/al-1 o T

T 2amn < 00.
r>2a 1- € €°9ME

In particular this supremum is bounded uniformly in a < ag by our window where €q 6, V4 <.
Proof. Write r € [2a(d+1),2a(d+2)). Then em#"ed < e2ame (¢ 62‘"”E)d and sum the geometric
series in d. ]
6.4 Global PI/LSI constants

We work with the block conditional structure of the cut specification. For a block index x € 7,
let E,[-] denote conditional expectation given all blocks except x, and

Var,(F) := E,[(F—E,F)?,  Enty(F?) := E;[F?log F?] — E,[F?|logE,[F?.

Let V, denote the right—invariant differential along the links of block x, and set the local
carré—du—champ I',(F) := ||V, F||3 (sum of squared right—invariant derivatives over the links
in block z).

Lemma 6.10 (Block Poincaré and LSI). There exist block—level constants Cp1,loc; CLSTl0c < 00
(independent of a < ag along the tuning line) such that for all smooth cylinder F,

Varx(F) < C'PI,loc Exrx(F)y Entx(FQ) < 2C'LSI,loc Exrx(F)

Moreover, in the weak—coupling slab regime,

Cprloc + CLsiloc < Ccore( +e B8 4 az),

Bra

with Ceore geometric and kg, B as in Lemmas 7.5-7.4.

34



Proof. Fix x € 7 and condition on §,c. The conditional density on the links in block =z
is du, = ch_l exp(—®P;) dA\;, with d)\, the product of Haar measures. On the convex core
(Lemma 7.3) the right—invariant Hessian satisfies Hess ®, = frg Id, hence the Bakry-Emery
I"y criterion yields, for all smooth F,

Var,(F) < (Brg) ™! BT (F), Ent,(F?) < 2(Brg) ! E.L.(F).

Passing from plaquette to link coordinates and then to GI quotients costs a deterministic
Lipschitz factor Cqp > 1 (geometry only), hence the same inequalities hold with constants
multiplied by Cg,. The complement of the core contributes a tail potential with oscillation
bounded by djoc = O(e~5B#) 4+ O(a?); the Holley-Stroock perturbation lemma applied at the
block level multiplies the PI/LSI constants by e?%oc. Collecting the factors we obtain

Var, (F) < Cprioe BT (F), Ent,(F?) < 2Crstiec Eolw(F),

with Cp11oc, CLSTloc < Ccore((ﬁng)*l +e B8 4 az), uniformly in the boundary condition and
a < ag. L]

Proposition 6.11 (Global Poincaré via Dobrushin resolvent). Let C be the Dobrushin influence
matriz with |C|1 < e < 1. Then for all mean—zero F,

CPI loc
V: E ET,( 50
ar( - l-e zel ( )

Proof. By the Dobrushin variance comparison (see Eq. (47) proved in Proposition 6.4),

Var(F) < E Var, (F
® < e 2

z€l

Applying the block PI from Lemma 6.10 (first inequality) yields Var,(F) < CprocEslw (F),
hence

CPprloc
Var(F ET,(
S e &

which is (50). 0
Proposition 6.12 (Global LSI under Dobrushin smallness). Under ||C|1 < e < 1 one has,
for all smooth F,

2 Clsiloc
Ent(F?) < ET.( 1
(i) < pEE Y (51)

Proof. Let P, =FE, and T = |Z|~' Y, P, as in the proof of Lemma 6.7. For any nonnegative
H, the convexity (data processing) of entropy gives

Ent(P,H) < EEnt,(H),

hence, averaging over x,

Ent(TH) < TZEEnt H). (52)
rel

Iterating (52) and telescoping as in (49) (now applied to H = F?) yields

Ent(F?) = (Ent(T"F2)—Ent(T”+1F2) < Z Y EEnt,(T"F?).
n>0 n>0 z€l
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By the block LSI (Lemma 6.10), Ent, (T”FQ) < 2Crgr1j0c ExI'z(T"F'), hence
2 2 C’LSI loc n
Ent(F?) < —r > Y ELL(T"F).
| ’ n>0 z€l

As in the proof of Lemma 6.7, the Dobrushin contraction of block gradients yields

ETL(T"F) < Y (C™)ay ETy(F).
yeT

Summing the geometric series 3,50 C™ = (I —C) ™! and using 32,,5¢(C")ey < (1 —[|C[[1) !

uniformly in x,y we infer

20
Ent(F?) < T2MC N gr (F),
L=IClh 2=

which is (51). O

Corollary 6.13 (Uniform slab PI/LSI constants). With &g := sup,<q, [|C(a)|1 < 3 and
Lemma 6.10, the global constants satisfy

CPI,loc Cr.s1,loc
Cpr < ——, Crs1 < ———,
1—80 1—8()

uniformly in a < ag. In particular Cpr, Crsr = O(ﬁ +e B8 4 a2) in the weak—coupling
window.

Proof. Combining Proposition 6.11 and Proposition 6.12 with Lemma 6.10 gives

CPI1,loc C1.s1,loc
Cpr < — 45—, Crst < ————.
1—[Clx 1—[[Clh

Under the slab window we have ||C||; < g9 < § uniformly in a < ap (Corollary 6.5), hence
the displayed uniform bounds follow. The quantitative O((Brg) ™t + e B 4 a2) behaviour is
inherited from Lemma 6.10. O

Lemma 6.14 (LP bounds from LSI (Herbst/Beckner)). Let Crgr be as in (51). Then for all
p > 2 and mean—zero F,

1/2
IFllr < V2Cisiv/p—1 (X ETL(F)) "
€l

Proof. Let Cpgr be the global LSI constant from (51). For A € R and mean—zero F', the Herbst
argument (LSI with test H = e*") gives the sub-Gaussian moment generating function

2
EM < exp(% ZEFz(F)).
€L
By standard moment—-MGF duality (e.g. Beckner’s inequality), for all p > 2,

IFl» < v2Crsiv/p—1 (ZEFx(F))l/z.

rel

(This follows by optimizing X in E|F|P < (p —1)P/2(EeM") (Ee~*") with the sub-Gaussian MGF
bound.) O
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Corollary 6.15 (Uniform LP and covariance bounds (quantitative form)). Let A®) be q
flowed GI local. Then, with the geometry factor Cgeom (finite number of links per block),

STETL(AC)) < Cyeom (LEH(AC))%,
€T

and for all p > 2,
||A(SO) ||LP < \/ 2 C'geom Crst vp—1 LS;(A(SO))-

In particular, using Lemma 13.1 and Corollary 6.13,

C ocC
”A(SO)”LP < Cp(s0) L%(A), Cp(s0) = /2 Cgeom VP — 1 \/ IL%I’;O Chiow(50),

and the covariance bound follows by Cauchy—Schwarz together with the Dobrushin kernel bound.

Proof. For a flowed GI local A®0)_ the carré-du—champ decomposes over links in a single coarse
block up to a fixed collar, hence

S TETL(A)) < Cyeom (LEH(ACD))?,
€L

by the definition of LSdI and the finiteness of the number of links per block. Apply Lemma 6.14
with the global constant from Corollary 6.13 to obtain, for all p > 2,

HA(SO) HLP < \ 2 C'geom Crst vp—1 LSJ(A(SO))'

Invoking Lemma 13.1 (control of LEI(AG0)) by LGI(A) with factor Chow(s0)) gives the “In
particular” bound. The covariance estimate then follows from the Dobrushin resolvent/kernel
bound (e.g. Lemma 9.6) plus Cauchy—Schwarz. O

7 Microscopic derivation of Dobrushin/KP smallness constants

We derive the influence and activity bounds used in §6 and §8 directly from the Wilson action
at weak coupling. Constants are explicit up to harmless geometric factors and are independent
of the volume.

Definition 7.1 (GI block variables and gauge fixing for the slab). Fix a block size L € N and
consider the GI slab (cut) specification on A blocked at scale L. Denote by Br(A) the set of
coarse blocks.
Choose a reference spanning tree 7 of oriented links inside a single L-block and define, for
each block = € BL(A),
Te = T2 (T),

its translate to the block x. Fix a local tree/axial gauge in each block by imposing
U =1 for all links ¢ € T.

On each block x the remaining link variables form a finite family of group elements. Using
the exponential map on the gauge-fixed slice, we obtain local coordinates

Uy € By ~ R%

on a compact Riemannian manifold X, that parametrizes gauge—fixed configurations in the
block modulo residual gauge transformations at the block boundary.
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The GI L-blocked slab specification is the push—forward of the original Wilson measure
under this blockwise gauge fixing, and thus defines a translation—covariant Gibbs measure

M/C\;,Ig on Xj:= H Xy
:EGBL(A)

with interaction potential @1(\}}/37 ., depending smoothly on 3 and on the lattice spacing a. For
the microscopic Wilson plaquette action the interaction is strictly finite range, but throughout
the BKAR/KP analysis we only use the weaker property that the induced specification is
uniformly quasilocal in block distance (in particular, it admits summable influence profiles with
constants uniform for a < ag and 5 > (,; see Proposition 7.14).

All GI Lipschitz seminorms L%dl() used in Sections 4, 6, 7, 8 and 9 are computed with
respect to the Riemannian product metric on X, induced by the local coordinates u,. Different
translation—covariant choices of the reference tree 7 induce uniformly equivalent product
metrics, hence equivalent Lipschitz seminorms up to deterministic constants.

Remark 7.2 (What is expanded in the BKAR/KP analysis). In all cluster and BKAR expansions
appearing in Sections 4, 7, 8, 9 and Appendix C we work exclusively with the L-blocked GI slab
specification of Definition 7.1. In all cluster and BKAR expansions appearing in Sections 4, 7, 8,
9 and Appendix C we work exclusively with the L-blocked GI slab specification of Definition 7.1.
That is, we expand the Gibbs measure u%}ﬂ on the gauge—fixed configuration space X,, and
all polymer activities, Dobrushin influences and Kotecky—Preiss (KP) smallness bounds are
computed in these gauge—fixed GI variables. While the microscopic interaction is finite range,
the arguments are written so that they continue to apply whenever the GI specification is
merely quasilocal (e.g. after composing with quasilocal flowed observables): the only inputs
are uniform summability of the relevant influence/interaction tails (cf. Proposition 7.14) and
the anchored/quasilocal control of flowed observables (cf. Lemma 13.6 and Equation (25)).
In particular:

o the BKAR forest formula is applied to the block—coupled GI Gibbs measure ,ug’}ﬁ;

 polymer activities wg,(X) and tail activities z3(y) are defined as integrals over the
gauge—fixed coordinates ug;

o Dobrushin matrices C(a), their row sums ||C(a)|[1 and the associated KP parameters
dr(B8), o(L, B) refer to the GI slab specification and are uniform in the choice of gauge
fixing.

Gauge invariance of observables ensures that the cluster expansions and bounds so obtained
do not depend on the particular gauge—fixing scheme, only on the GI specification itself.

7.1 Convex core and tail decomposition for the Wilson plaquette weight

Fix a faithful unitary representation F' of G of dimension dr and write try for its (unnormalized)
trace. For a plaquette p, the Wilson factor reads

wg(Up) = exp{ﬁ(ﬁ%trFUp — 1)} = exp{ - B8V(U,)}, V(U):=1- é%trFU.

Let dg be the bi-invariant Riemannian distance on G induced by the Frobenius inner product

in F, and B,(1) ={U € G : dg(U,1) < r}.

Lemma 7.3 (Local strong convexity of V near 1). There exist ro € (0,1) and kg > 0
(depending only on G and F') such that for all U € By, (1) and all right-invariant vectors X,

Hess V(U)[X, X] > ka | X%
Consequently, on By, (1), the single-plaquette density wg is uniformly log-concave with curvature

Bra.
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Proof of Lemma 7.5. Realize G C U(dp) and use the Frobenius norm || A[|% = tr(A*A). For a
right-invariant tangent X at U, along the geodesic v(t) = Ue!*X one has

2

tX _ 2
“aRtrr(Ue )’t:o = Rtrp(UX?).
As in the base-model section, X* = —X so X? = —X*X is Hermitian nonpositive, and
1 1
Hess V(U)[X, X] = —d—mrF(UX2) = - tr(R(U) X*X).
F F

Diagonalize U = W diag(e™, ..., e %r)W*; then Apin(R(U)) = min; cosf;. With the bi-
invariant metric, dg(U, 1) = (3_; 0]2-)1/2 > max; |0;|, hence on B, (1) we have cos#; > cosrg >
0. Thus

Hess V(U)X X] > =X} = woll X
F
Finally D?(—logwg) = 8D?V > Brg 1 on Byy(1). O

Lemma 7.4 (Exponential tail for the Wilson weight). There exists B > 0 (depending only on
G and F) such that
s ws(U) < B (5 1)
U¢Bry(1)

Proof. It U ¢ B,(1), then max; |0;| > ro/+/dp for the eigenangles {6;} of U in F'. Hence

1 dr —1 1

—RtrpU < & + —cos(ro/VdF),

dr dr dr
S0

1— Vd
V) = 1— LRupr > LCS00VAE) g
F dF

Therefore wg(U) = e AV U) < =55, O

7.2 A strictly convex L-layer chain and its Schur complement

Across the reflection slab of thickness La we consider the L layers linking the two sides of the
cut. Inside the convex core B,,(1) and after restricting to gauge-invariant (GI) degrees of
freedom on each layer, the log-density is a strictly convex nearest-neighbour chain. Its Schur
complement yields an effective quadratic boundary coupling.

Lemma 7.5 (Dirichlet chain lower bound). Let Q1 be the Dirichlet quadratic form on an
L-site nearest-neighbour chain with on-site curvature > Brg and unit edge couplings. Then
the Schur complement Qiﬂ on the boundary variables satisfies

Bra
Qi (u_,uy) > THM—U—HZ,

for some geometric Cyy, € [1,00) independent of 3, L.

Proof. Model the L-layer chain by variables (ug,u1,...,ur) in a real Hilbert space (V, || -||)
(the GI boundary coordinates), with ug = u_, ur, = uy. The Dirichlet form reads

-1 -1
Qru) == Y lupsr —wel® + D myllull®,  mi > Brg.
k=0 k=1
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The Schur complement QeLff is the minimal energy at fixed boundary data. Dropping the
nonnegative on-site terms,

ULy, —1EV

L—-1
QF (u—,uy) > inf D Mukrn — ull.
UO=U—, UL=U4 k=0

Writing dy := ug11 — u and using Cauchy—Schwarz,

L-1 ) 1 L—1 9 1 ,
I;)Hdk” > LH,;)dkH = ZHqu—u_H .

This is attained by affine interpolation. Restoring curvature contributes a multiplicative factor
Bkg, and interface geometry (plaquette-to-link projections, GI quotient) is absorbed into
Ca > 1. O

7.3 Deterministic Lipschitz constants and a Brascamp—Lieb contraction

We quantify how a change of GI boundary data on the + side perturbs the conditional law on
the — side, and we bound the corresponding mixed second derivative in eract GI coordinates
with constants depending only on the local cut geometry.

Setup and notation. Let ¥, 1 (u—,uy;env) be the GI cross—cut interaction (for fixed outside
environment). Each cross—cut plaquette p contributes a term of the form

V(Up(u—,uy;env)), V(U) :=1—- £Rtrpl,

where F is a fixed faithful unitary representation of G of dimension dp, trg is its (unnormalized)
matrix trace, and U), is the ordered product of four link variables. We work with the bi-invariant
metric on G induced by the Frobenius inner product in F on the Lie algebra; thus ||U||r = v/dr
for U € G. The GI boundary charts

®. : ur — boundary link variables on the + side
are smooth with uniformly bounded Jacobians; write
Jar = sup {|DPlop, [(DP+) Hlop} < o0,

a geometric constant independent of 3, L, and the volume. Let NF°%® be the maximal number
of cross—cut plaquettes that simultaneously depend on a given pair of GI boundary blocks
(x,y) across the cut. By the local cross—cut collar geometry one has the deterministic bound
NE°* <26 (see Lemma 7.6), which depends only on the cut geometry and is independent of
any KP/BKAR polymer x—adjacency convention.

Finally, set the potential bounds (suprema over G in the bi-invariant metric)

cr = sup [[VV(O)llop, 2 := sup [[V*V(U)[lop- (53)
UeG UeG
A direct computation gives, for all compact G C U(dp) with the Frobenius metric,
(54)

Indeed, along a right-invariant direction X,

OxV({U) = —fERtrp(UX), 0%y V(U) = —F£Rtrp(UXY),

so [oxV(U) < ZUlrlXIlF = Z=IX]r and [0%, V()] < ZAUIRIXYF <
2 Var 1 XpIY lop < = I X FIY [ £
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Lemma 7.6 (Cross—cut plaquette overlap is geometry—only). In three dimensions on the
unit cubic lattice with a planar cross—cut, the number N5 of plaquettes whose holonomy
stmultaneously depends on a fixed pair of GI boundary blocks (x,y) across the cut is bounded
by the 26—neighbour constant:

NElross < 26.

This bound depends only on the local cross—cut collar geometry and is independent of any
polymer x—adjacency convention (e.g. the 26/25 Kotecky—Preiss count) used elsewhere.

Proof. A variation at x (on the — side) and at y (on the + side) can influence a plaquette p
only if p contains one link from the one-link collar of the cut on each side. Hence the set of
candidate plaquettes is contained in the 3 x 3 x 1 slab bridging the cut above the common
projection of (z,y). A conservative enumeration of unit squares in this slab—equivalently,
plaquettes meeting at least one of the 26 neighbours in the 3 x 3 x 3 box around the central
cut vertex—gives N5 < 26. This counting uses only local geometry of the cross—cut and
does not invoke polymer s—adjacency. O

Lemma 7.7 (Deterministic Lipschitz constant; explicit GI bound). There ezists a geometric
constant Cq, < 0o (independent of B, L, and the volume) such that

sup HVLVM\II&L(u_,m_;env)Hop < Cip.
Moreover one may take the fully explicit
Can < JE NG (204 1), (55)
and, in particular, using (54),
Cap < E Jé1 NG, (56)

Vdp
For G = SU(3) with F fundamental (dp = 3), this specializes to

3 78
C < = J2 Neross o 7 J2 NEross < 96) .
db = \/3 GI+'O = \/g GI ( O = )
Here NH°%® depends only on the local cross—cut collar geometry and is independent of the
polymer x—adjacency used in KP/BKAR counting (see Lemma 7.6). Equivalently, varying u
by duy changes the u_—gradient of the cross—cut energy by at most Cgay||0u||.

Proof. Write ¥, 1, = Zpe?’cross V(Up), the sum over plaquettes p whose holonomy U, depends
on both u_ and u,. Fix a pair of GI boundary blocks (z, y) and differentiate in the u_ direction
at  and in the uy direction at y. By the chain rule,

Vi Vu [VoU,] = DAVTIDUL(), DU + DV(U,)[D*Ty(- )

as a bilinear map on V_ x V (the GI tangent spaces). For each p containing exactly four
links, U), is the product of these links. Left/right translations are isometries for the bi-invariant
metric, hence

[DUpllop < 1 and HD2UpH0p < 2

where the second bound comes from the bilinear expansion of the product map on four factors
(each mixed second derivative contains at most two terms with unit norms; we bound by 2 for
definiteness). Therefore, with (53),

IVu Vi, Vo Uplll,, < e IDUI2, + e [D?Upllop < 202 +er.
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Passing from link-space to GI coordinates multiplies by at most JCQH. Summing over the (at
most) NG plaquettes that depend simultaneously on (z,y) yields

2 Cross
U_ , >
IVu- Ve, Yarll,, < JarNG™ (2c2+ 1),

which is (55). The specialization (56) follows from (54) and NF°® < 26. Finally, the
combinatorial factor N§°* uses only the cross—cut collar geometry and is independent of the
polymer s—adjacency used for KP/BKAR counting by Lemma 7.6. O

Lemma 7.8 (Brascamp-Lieb contraction for conditionals). Let u(du) o« e~U®™du be a
probability measure on a real Hilbert space, and assume that its potential satisfies

D2U(u) > X1

in the sense of quadratic forms for all w and some A > 0. Then for any C* function f and any
external parameter v entering U only through a perturbation ®(u;v), i.e.

U(u;v) = Up(u) + @(u;v),
one has

1
IV Bl < 5 sup VS sup IV, 7o (u; )]l

In particular, if sup,,, [[Vu V@ (u;v)[| < M, then

M
IVeELA < = suplIV (W)l

Proof. For smooth g, the Helffer—Sjostrand /Brascamp—Lieb identity gives

Covulf.g) = [(V5. (DEU)'Vg)dn,

hence
|Covu(f,9)| < AflsngVf(U)H SngVg(U)II-

Differentiating E,[f] with respect to v yields
vau[f] = COVu(fa 8UU)7

and V,(0,U) = V,V,®, which gives the claim by applying the covariance bound with
g = 0,U. O
7.4 Good-core estimate: 1/(5L) from convexity and the chain

‘We now combine Lemmas 7.5-7.8.

Proposition 7.9 (Core influence across the cut). On the event that all plaquettes in the
L-layer slab belong to By, (1), the Dobrushin influence coefficient between a —-side GI block x
and a +-side GI block y satisfies

(Core) Cdb CCh l
w -~ Brg L
C tly, th 1 th ide ob (core)  ay ,owp . CanCan
onsequently, the row-sum over al, Yy on the + side obeys Zy Coy ' S g With ay = ==,
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Proof. Fix a —-side block x and a +-side block y. Condition on all variables except the L-layer
chain connecting x to the 4+ boundary near y. Inside the convex core, the conditional density for
the chain variables is strongly log-concave with curvature Srqg. Varying the +-side boundary
variable uy by du, perturbs the chain energy by a term whose u_-gradient changes by at most
Cab||du+] (Lemma 7.7), and the Schur complement propagates this change to the — boundary
with a factor < Co,/L (Lemma 7.5). Thus the effective change of the z-block external field
has norm < (Cqp Cen/L) ||0u||. Applying Lemma 7.8 with A = Sk¢ yields

CanCeh 1 1

LG8 (E,f) <
( yf) = 6HG L ad,y

ad,x

(f),

and the definition of ¢, proves the bound. Geometry ensures that x couples only to O(1)
+-side blocks across the cut, whence the row-sum bound with «; as stated. ]

7.5 Tail correction via Kotecky—Preiss

Outside the convex core, log-concavity is not available. We control the contribution by a
convergent polymer (KP) expansion built on “bad” plaquettes.

Lemma 7.10 (KP control of the tail). Let P be the set of plaquettes in the L-layer slab. Write,
for each plaquette p,

9p(Up) := 1Br0(1)(Up)v bp(Up) :=1—gp(Up) = 1BT0(1)C(Up)-

Then the full weight factorizes as

H wﬂ(Up) :Z H (wﬂ(Up)bp(Up))] [H (wﬁ(Up)gp(Up)) .

peP rcp Lpel pgl

Grouping T' into its x-connected components (on the 26-neighbour graph on the cut) produces
an abstract polymer gas with activities {z(~y)} satisfying the uniform bound

1z(7)] < (Cioe (B_Bﬂ)h| for all polymers =, (57)

where B > 0 is from Lemma 7.4 and Cioc < 00 is a geometric constant (independent of B, L
and of the volume). Consequently the Kotecky—Preiss criterion holds whenever

25 Croce PPe? < 1 (58)

for some @ > 0 (in particular, 25 e~ BP < 1 after absorbing Cioce? into the geometric constants).
In this regime the polymer/cluster expansion converges absolutely for partition functions and for
local observables, and there exists vy < 0o (geometric, independent of 3, L and of the volume)
such that for every pair of GI boundary blocks x,vy,
|Cay — cgg’re)] < ase BB,

Proof. Step 1: Good/bad decomposition and polymerization. Using 1 = g, + b, for each
plaquette and expanding the product yields a sum over subsets I' C P of plaquettes declared
“bad”. Decompose I' into its *—connected components I' = |_|§:1 vj, where x—adjacency is the
26-neighbour relation on plaquettes in the slab (two plaquettes are x—adjacent if their closures
meet at least at a vertex). We view each v as a polymer; two polymers are compatible if they
are *—disjoint. The standard Mayer/cluster expansion (tree—graph inequality) then rewrites
ratios of partition functions and conditional expectations as convergent series over families of
mutually compatible polymers, provided the activities are small enough (see Step 3).
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Step 2: Local activity bound. Fix boundary GI data (omitted from notation) and a polymer
~. Define the (unnormalized) weight

W(v) = / [Hwﬁ(Up) bp(Up)] [HWB(UH gp(Up)] dptHaar (links),

pEY ey

and let Z(©) denote the “core” partition function obtained by replacing b, with 0 (i.e., imposing
Up € Byy(1) for all p). The polymer activity is the usual connected (Ursell) weight associated
with v, which we denote by z(y); by the tree-graph bound it is controlled (up to a universal
combinatorial factor absorbed into Ci,c) by the ratio W(y)/Z©).

On the support of by, Lemma 7.4 gives wg(Up) < e~ BB while on the support of gp we have
0 < wg(Up) < 1. Hence

Hwﬁ(Up)bp(Up) < e BN pr<Up)-

pEY pEY

The remaining factor [],q, wg(Up) gp(Up) defines a strictly log-concave local density on the
complement of . Integrating out the links in the complement (with fixed boundary data
along 07v) and normalizing by Z ©) produces a boundary Gibbs factor depending only on
the links/plaquettes in a fixed *-neighbourhood of ~. Brascamp-Lieb/Helffer—Sjostrand and
locality imply that this boundary factor is uniformly bounded by a geometric constant to
the power |v|; equivalently, there exists Cio. < oo (collecting finite-overlap, projection, and
boundary contraction constants) such that

W) -
=0 < (Cloce BB)\’Y\_

Passing from W(7v) to the connected (Ursell) activity z(vy) only improves the bound by the
tree-graph inequality, and therefore (57) holds.

Step 3: KP criterion and animal counting. Let Ni be the number of x—connected plaquette
sets of size k containing a fixed plaquette. With 26-neighbour adjacency and no-backtracking
extensions,

N, < 26-25%1  (k>1).
Setting C' := Cpee” PPe?| the KoteckyPreiss majorant obeys

26C
sup ()| < SN ek < 28

Therefore the KP criterion holds whenever 25C < 1, i.e.
25 Cloc e BBl < 1,

which we assume below.

Step 4: Application to influences. Fix x on the “—" side of the cut and y on the “+7” side.
The Dobrushin coefficient ¢, is realized as the operator norm of the linear response (boundary
derivative) of an x-local conditional expectation; concretely,

Cry = sup ||V, EMIF [u ]

op’
1 F|lLip<1

with an analogous definition for c;(v(;m) where the expectation is taken under the core measure

(the precise model-specific realization, via Helffer—Sjostrand, is immaterial here; only locality
matters). The observable entering the derivative depends on a fixed finite set S = S, , of
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plaquettes in a neighbourhood of the cut (uniformly bounded in L and in the volume), and its
Lipschitz norm is controlled by a geometric constant (absorbed below into Cpyps).
Applying the polymer expansion with a marked set S yields

‘Vuy Efull [F] o vuy Ecore[F]‘ < Cobs Z ‘Z('Y)’ €9|'y|'
v YNS#D

Using (57) and the bound on N,

2
> R < js) 258

— C = Cloce PPef.
5 —o5C loc€ €

Absorbing Cj,ce? into the geometric prefactor (and choosing @ so that 25C < 1) gives the
stated estimate with an e~ B? factor. O

Remark 7.11 (Geometry and constants). The constant 25 comes from the crude bound on
x-animals in the three-dimensional slab; any other uniform bound would work and only changes
the geometric prefactor ap. The factor Ci,c collects the finite-overlap of local constraints, the
plaquette-to-link projections, and the uniform boundary contraction in the convex core. None
of these depend on 3, L, or the volume.

7.6 Discretization/anisotropy remainder of order a?

Blocking and the GI quotient introduce O(a?) anisotropies in the quadratic form and in the
deterministic Lipschitz constants, uniformly along the GF tuning line; this is quantified by the
C? defect estimate in Corollary 15.8.

Lemma 7.12 (Anisotropy remainder, row—sum form). There exists ag < oo such that, for
every GI block x,
Z |c§Z“e) — c:(,:lj")| < aga. (59)
Yy

Consequently, ‘
”C(true)Hl < Hc(zso)Hl + O{3a2'

Proof (resolvent identity + BL transfer, uniform in a and volume). Let H®O and H@ denote
the (negative) Hessians on GI variables of the cut specification after L—blocking for the isotropic
reference chain and its anisotropic counterpart at lattice spacing a. Along the GF tuning line,
Corollary 15.8 yields a local C? functional R, with

IVRalz + [[V?Rall= < Caise a?, (60)
uniformly in the volume and in the GI slice. Hence

H(a) = H(O) + Aaa ”Aaul—ﬂ < Cdisca27 (61)

for the ¢! — ¢! operator norm (row-sum norm over GI blocks).

Let ,u(') be the single-block conditional measure (isotropic or anisotropic). For a 1-Lipschitz
@ on the variables at z and any perturbation functional G supported at y, the Helffer—
Sjostrand/BL bound (Lemma 7.8) gives

Cov,(e. G)| < sup [ Veall [ (HO) ], sup VG| (62)

Specializing G to the score field that encodes a unit change of boundary data at y and taking
the supremum over 1-Lipschitz tests (Kantorovich—-Rubinstein duality) produces the standard
continuous—spin influence representation

. ) -1
) < Cap H(H()) |

Ty Ty’
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where C’(g collects deterministic Lipschitz constants from the plaquette—link map and the GI
quotient. By (60),

o8 - ohl < oRta®, (63)
For the Green operator we use the resolvent identity
() = (HO) = — () A, (1) (64

On the convex core (Lemma 7.3), the single-layer curvature is > [k, hence

EO) Ly +IE) T, < CoBre) ™ (65)
uniformly in the volume. Combining (61)—(65),

[(HDY = (HO)Y L, < C1(Bra) | Aulisn < Cad?, (66)

absorbing (k)2 into Cy (recall 3 > 1 here).
Now sum the influence difference over y at fixed x and use that

Iy —1 Iy —1
ZH(H()) Hac<—>y < H(H()) H1—>1'
Yy

By the triangle inequality, (63), (65) and (66),

rue iso er a)y—1 0 a)y—1 -1
Z ’Ca(ety ) — C:Scy )’ < Cgb ta2 H(H( )) ||1_)1 + Céb) H(H( )) - (H(O)) H1_>1 < o3 a2>
Y from Cgp, fixed

with az := C)™ Co + C’c(l%) C5. This is uniform in x and the volume, proving (59) and the
displayed consequence for the ¢! row—sum norm. O

Remark 7.13 (Interpretation). The leading 1/(8L) originates from the product of (i) single-layer
convexity of the Wilson weight, which supplies a factor Sx¢, and (ii) the Dirichlet—chain Schur
complement across L layers, which lowers the boundary stiffness by a factor 1/L (Lemma 7.5).
The KP term ase 5P controls the non—convex defect sector, and asa? is the uniform order—a?
discretization remainder from Corollary 15.8 (transported through the BL resolvent bounds).
In any weak—coupling window with 8 > 1 and L > 1 (and a along the tuning line), the

cross—cut Dobrushin matrix is uniformly small.

7.7 Deterministic GI influence bound across the cut

We can now state and prove the bound used in §6 and §8.

Proposition 7.14 (Deterministic GI influence bound across the cut). For the GI cut specifi-
cation after L-blocking, the Dobrushin row-sum satisfies

with
Cap Cen
kg

ap = B as in Lemma 7.4, a9, a3 as in Lemmas 7.10-7.12.

All constants are geometric and independent of the volume.
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Proof (HS/BL + Schur complement + KP tails). We split the proof into three steps.

Step 1: Convex-core estimate by HS/BL and the chain Schur complement. Work
on the convex-core event Core that all slab plaquettes lie in B,,(1) (Lemma 7.3). On Core
the conditional log-density on the GI slab variables is C? and uniformly strictly convex with
single-layer curvature > Skg.

Fix a —-side GI block z and a +-side block y across the cut. For any 1-Lipschitz ¢ of the
x-variables and any smooth scalar field ¢ coupled to the y-variables, the Helffer—Sjostrand /BL
formula (Lemma 7.8) gives

d _
ZElg|t]] = Cov(p, G,) < sup |Vl |(V2H)

1
dt =0 HxHy sup ||vaH' (67)

Here G, is the score associated with the infinitesimal change at the +-block y.

To make the row-sum uniform without finite-range support, we encode quasilocality by a
deterministic, nonnegative profile J = (J;y) (depending only on the blocked geometry) such
that

sup sup » Jgy < 1, (68)
y

alag T

and such that the score sensitivity into the x-variables satisfies, on Core,
SupHVGyH < Cap mea (69)

with Cqp geometric and independent of the volume. (In the strictly finite-range plaquette
action one may take Ju; = 1gy,) /NG, so (68) holds.)

To control the cross-Green operator ||(V2H) ™! HM_)y we use the Schur complement across the
L-layer Dirichlet chain. Let b = {— +} denote the two boundary layers and i = {1,...,L — 1}
the interior. Block the Hessian as

Hy, Hp; -
V?H = (H Hl>v S = be—Hbz'Hanib'
2 1

By Lemma 7.5 (applied after the GI projection) and the single-layer convexity Sk (Lemma 7.3),

(€.6)TSLEE) > 25 e, —¢ P for all boundary vectors (6_,€,).  (70)

~— Caq L
The block inversion formula shows that the boundary-to-boundary Green operator is the inverse
of S L:

27y —1 -1
[(V H) ]bb = 5.

Taking the operator norm of (70) on the subspace that mixes — with + (the difference mode)

yields
— Cch 1
V) ey < g (71)

Plugging (69)—(71) into (67) and using sup ||[Vl|| < 1 gives, on Core,

(core) Cdb CCh l J

@ = Tpeg LUV

C

Summing over y and using (68) yields

(core) o1 - Cap Cen
chy < 30 Qg : e (72)
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Step 2: Non-convex tails via a KP expansion. On Core® we expand in defects (plaquettes
leaving By, (1)) supported on polymers in the slab. By Lemma 7.4 each defective plaquette
carries an activity factor < e7P# and by Lemma 7.10 the defect gas satisfies a KP criterion
with constants uniform in the volume. Keeping track of the same quasilocal dependence profile
across the cut, the defect expansion yields

tail) .__ core —B
c;(vy) = |cxy—c§;y )| < age 5ny,

with g geometric and independent of the volume and a < ap. Summing over y and using (68)
gives

ch(gt;ﬂ) < a2 e BB,
Y

Step 3: Anisotropy remainder. Finally, Lemma 7.12 transfers the O(a?) discretiza-
tion/anisotropy remainder from the energy level to the influence matrix, uniformly in x:

Z |c§:tyrue) - cg(gi;o)| < as CL2.
)

Combining (72) with the tail and anisotropy contributions proves the stated bound for
1€ O

Remark 7.15 (Interpretation). The leading 1/(5L) originates from the product of (i) single-layer
convexity of the Wilson weight, which supplies a factor Sk, and (ii) the Dirichlet-chain Schur
complement across L layers, which lowers the boundary stiffness by a factor 1/L (Lemma 7.5).
The KP term aseB# controls the non-convex defect sector, and asa? is the Symanzik-level
discretization remainder (Lemma 7.12). In any weak-coupling window with 5> 1 and L > 1
(and a along the improvement line), the cross-cut Dobrushin matrix is uniformly small.

Summary of microscopic constants. Combining the GI block coordinates of Definition 7.1
with the convex—core/tail decomposition of the Wilson weight and the Brascamp-Lieb contrac-
tion, the group-agnostic influence and activity bounds of Proposition C.3 and Corollary C.4
provide explicit constants

Oél(G,p), az(G,p), Oég(G,p), B(G,p) >0

such that, for the GI cut specification at block scale L and lattice spacing a,

IClL < M+042(G,p)€_B(G”’)’3+043(G,p)a2, o(L,B) <

S ThL
with 07,(53) := %4—0@(6?, p)e~B(Gr)B Tn Section 6 we fix G and p, abbreviate a; := a;;(G, p)

and B := B(G, p), and choose a weak—coupling triple (S, L, ag) so that the tuning hypotheses
(T1)—(T3) ensure

26 6,.(5)
1—250.,(8)

sup [|C(a)|l1 < e < 1, sup o (L, B(a)) < 3,

a<ag a<ag
which is the Dobrushin/KP window used in the macroscopic analysis of Sections 6 and 8.

8 KP on the 26—neighbor cut geometry

We give an explicit Kotecky—Preiss (KP) majorant for all cluster/graphical sums that appear
in the cross—cut estimates. The only nontrivial constants are the lattice—geometric numbers 26
and 25 coming from face/edge/vertex adjacency of plaquettes in the L-layer slab.
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26—neighbor counting. Let x—adjacency mean that two plaquettes are neighbors if their
closures meet (face, edge, or vertex). For k > 1, let Ny be the number of x—connected plaquette
sets of size k that contain a fixed plaquette.

N, < 26-25%1  (k>1). (73)

This crude bound comes from at most 26 choices for the first step and, subsequently, at most
25 new directions at each extension (no backtracking).

Single—step activity/contraction. From §7 we import the one-step activity parameter

Sa(B) = Gp + axe ™+ aga,
and let A denote the x—degree of the geometry (for the cut collar: A = 26). For ¢ € (0,1/(A—1))
every *—connected cluster dominated by products of single-block activities < § satisfies

A6

o(0) = ZNkék < — . (74)
=1 1—-(A-1)¢
Consequently the cross—cut oscillation obeys
. A(SL a(ﬁ)
a = t h 1 ‘lla cu < : ’ 1 :
v winae) < g )
Define the uniform parameter
0. = sup 7, €(0,1). (76)

a<ag

Small-§ geometry threshold (no assumption). Fix the x—degree A of the slab geometry
(for the cut collar: A = 26) and recall

o(d) = Y Ny, Ny < AA-1F (k>1).

E>1
Whenever .
5 < o (77)
we have AS
o(d) < TG0

For A = 26, 256 < 5/16 and 260 < 13/40, hence

266 )
o0) < 7555 < 7

Any stricter bound on ¢ improves all constants below. We verify (77) quantitatively in the
window of Corollary 9.10.

Proposition 8.1 (Cut-potential oscillation via KP). For § = dr,(8) one has

. 26§
In particular, with 0, := sup,<,, 61,4(B+) one has
. 26 0,
0, < mm{l 250, 1}



Proof (KP on the 26-neighbor graph). Fix two boundary configurations ug), uf) on the “+7”
side and interpolate them. The variation of ¥, ;, can be written (by standard polymer/graphical
expansions for local functionals) as a sum over x—connected clusters that touch the cut, with
each cluster contributing at most a product of §’s along its plaquettes. Summing absolute
values over all clusters, the total variation is bounded by 2>";~; Nid k whence

260
1-250"

H\Ila,LHCut S

Applying tanh(%) and the monotonicity of tanh gives (75). The stated displays follow by
inserting 6 = 07, 4(f); smallness like (77) is only needed later (see Corollary 9.10) to secure a
uniform 6, < 1. O

Remark 8.2 (What depends on geometry). The only explicit numbers in (74)—(75) that are not
already fixed by §7 are 26 and 25, which arise from the 3D s—adjacency on the slab. All other
inputs (o, ag, as, B) were determined microscopically and do not depend on the volume. The
bounds extend verbatim if one replaces the 26-neighbor geometry by any graph of maximum
x—degree A, with 26 — A and 25 — A — 1 throughout.

9 Two—step recurrence at a common mg and trees

Common exponent. Set mg :=m — &, and write both scales at mg:

L1(A):  Eou(Asg;mp) < em@—me)2ap (4 -mp) + C) 0, >ms (LSJ(A))Q,
L2(A): E (Agmg) < aBEs(Asme) + do(LS1(A))

: —1/4 o _ _
with o = 05 /%, Since my (a) > 1;,59* > 120ag09* and mp < m, one checks

e~ (mi(a)—mg)2a < 9*—1/493/4 — \/@ = p < 1

so the two—step map is a contraction by p. The BKAR/tree inequality yields for n > 2

’S(ggr)m(l'la .. al'n)| < Z H (Cedge e_mEmi_xj‘)a Cedge = polycpaim (79)
T€Treesn (i,5)€T

hence Eén) (mp) < (Cpolprair)"*ln"*Z, uniformly in a < ap.

One—step decay scale (explicit). For each lattice spacing a define

—log T, 1
mia) =~ T = tanh<§||\I/a7Lcht>. (80)
Thus a single decoupling across a slab of geometric thickness 2a incurs a factor e=2¢™1(@) = 7, .
By (75) we have 7, < 6, and hence mq(a) > %59*; in particular mq(a) > mq(ap) = %‘i&“

for all a < ag.

9.1 BKAR forest interpolation and annulus decoupling

Let £ be the set of crossing links (interaction lines) that connect degrees of freedom inside an
annulus of thickness 2a around one insertion to those strictly outside. Introduce weakening
parameters s = (s¢)¢er € [0,1]% and the deformed cut interaction

U = S0+ YT 8 e < %0 fleut.
0¢c tel
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For any mean—zero local functionals F, G supported respectively in the inner and outer regions,
the connected covariance w.r.t. \I/fllz admits the BKAR forest representation

Covm(F,G) =Y % /01 dt Wit zl,...,en)@gl---agnp’;G>(S(t)), (81)

n>1 L, lnEL cut

where 0 differentiates in the coupling sy, s(t) € [0,1]% is the forest interpolation map, and
W is a probability density supported on forests on £ that enforce connectivity between the
supports. Each derivative produces one insertion of the (centered) crossing interaction and
hence a factor bounded by its oscillation. Taking absolute values and using the local Lipschitz
bounds yields the annulus decoupling inequality

[Covent(F,G)| < 7o Co LEHF)LEHG),  7a = tamh (3] Wa o), (82)

with Cy depending only on the finite geometry of the annulus and the GI Lipschitz constants.

Proposition 9.1 (Full proof of L1'). Let A be a mean—zero GI local with finite LEY(A). Then,
for mg < my(a),

Epo(Asasmp) < e 200M@OmE) B (Ayimpg) + C1 0.2 (LG (A)),

with my(a) from (80), 04 = sup,<,, Ta, and C1 depending only on local geometry and the GI
Lipschitz bounds.

Proof. Place two translates of A at distance r = |x| > 4a in the 2a—blocked lattice. Write the
connected two-point at scale 2a as Covey (A™, A°%), where supports lie on the two sides of an
annulus of thickness 2a. Apply (82) with F = A™ G = A°" and track the BKAR terms:

Covcut(Am,Aout) =7, CoviT™ 2a>(A' A" + Rag,

cut

(r—2a)

where Covy,, ' denotes the covariance in the system with the 2a-annulus removed (hence
the net separation is r — 2a), and Ra, collects contact terms where BKAR derivatives hit the
observables inside the annulus. Taking absolute values, using Lipschitz bounds for Ro, and
To < Oy,

[Coveu(A™, 4| < 7 sup S + Cré. (LEH(A)™

lyl=r—2a

Multiply by e™®"  take the supremum over r > 4a, and use 7, = e~20m1(a) ¢ obtain the
claim. 0

Proposition 9.2 (Full proof of L2). Let A be a mean—zero GI local. Let Foq be the o—algebra
generated by 2a-blocks (coarse boundary algebra). Then there exist constants o and d, > 0
(independent of a < ag) such that

Ea(Aa§mE) < OZEQa(AQa;mE') + d*(LSdI(A))2

. ) . . . —~1/4
One may choose o = €29™E - in, particular, in our numerical window o < 0, / see Lemma 9.3).
) M

Proof. Decompose A into coarse part and fluctuation: A = Py, A + (I — Pag)A, with Py, A :=
E[A|F2q). For two translates at separation r > 2a,

Cov(A(z), A(y)) = Cov(PegA(z), Py A(y)) + Cov((I—Pau)A(z),(I—Pag)A(y)),
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since E[(I — Paq)A | §24) = 0 Kkills cross terms. Coarse part: Distances in the a—grid and the
2a—grid differ by at most 2a, hence

sup €"E" |Cov (P A(x), PagA(y))| < e2ome Eoq(Agg;mp).
r>2a

Fluctuations: By Lemma 6.2 the block conditional variance obeys Var((I — Pyq)A) <
CPI,loc (LS&(A))Z. Using Lemma 6.8,

C mC ocC r a)l—
Cov((I = Paa)A(x), (I = Pan)A(y)| < ZE2m=PHoc (/01 (1GL(4))?,

with e = [|C(a)|[1 < €9 < % uniformly by Lemma 4.6 (see also Proposition 7.14). Multiplying

by €™E" and taking the supremum over r > 2a, Lemma 6.9 gives a finite constant, chosen
uniformly for all a < ag,
d. = Ogeom C1PI,loc e2aome
o 1—¢g 1—{:‘062’10”““‘57

so that )

sup "7 |Cov((I = Poa) A(@), (I = Poa) AW))| < dl. (Lad (4)"

r>2a
Combining both parts gives the claim with o = ™=, O
Lemma 9.3 (Numerical choice of «). With m = —g;g;e* and mg = m — e, > 0, one has for

all a < ag
e2amE < eQam < 62a0m _ 9*_1/4.

—-1/4 4 . , .
Moreover e**™E1, < 0, / -0, = 93/ < 1, so geometric remainders are uniformly bounded.

9.1.1 Kernel comparison via BKAR + L1-L2

Let {A;}ier be a separating family of mean-—zero GI locals with finite LE!(A;). Define the
kernels on the cut,

Kl.(;’Jr) = COVCHt(Aiyf, Aj7+)7 Kl(;r’JF) = COcht(AZ', Aj),
and write < for the Loewner order on Hermitian matrices.

Proposition 9.4 (Operator-Cone: kernel comparison in Loewner order). Let {A;}icr be a
separating family of mean-zero gauge-invariant (GI) local observables with finite GI-adjoint
Lipschitz seminorms LSI(A;) < 0o. Define the cut kernels

Kz‘(j_ﬁ_) = COVCut(Ai,—aAj7+)7 Kz(]—h—’_) = COVCUt<Ai7Aj)'
Assume:

(i) the two-step family bounds (L1')—(L2) at a common exponent mg as in (78);

(ii) the KP oscillation bound of Proposition 8.1, giving 0, € (0,1), and a contact constant Cey
from Proposition 9.8;

(iii) the quantitative budget

Ta62amE + C by < \/E, Ta = tanh(%”q’a,Lcht) < b,.
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Then, in Loewner order on Hermitian matrices,
Consequently, for all f =5, a;A; with E,f =0,

COcht(ffaer) < pV&rCUt(f)?

and by density this holds for every f € L3(u). Equivalently, for the positive self-adjoint cross-cut
transfer operator T on L?(u) one has
1/4
720t < o Tl < 0
Proof. Fix a finite vector o = (o;)ier and set f := >, oy A;, with E, f = 0. Because f is a finite
GI local combination, the Lipschitz seminorm LEI(f) and the E-norms E,(f;mg), Ea(f;mE)
are finite.
Step 1: One—annulus BKAR decoupling at separation 4a. Apply Proposition 9.1 (the full
proof of L1) to A = f, placing two copies at separation 7 = 4a in the 2a-blocked lattice. We

obtain
Es(fimp) < 7,€*™E Ey(fimp) + O 0, e*™E (LSdI(f))2~ (83)

By definition of the E—norms, and taking the separations r = 4a and r = 2a when evaluating
the suprema in Ea, and E, respectively, we have

EQa(f”nE) > etame ‘COcht(f—7f+)|7 Ea(f;mE) > e?4me |COcht(f—af+)" (84)

Insert (84) into (83) and divide by efem:

|Covcut(f—af+)| < Ta|COcht(f—7f+)| + 1 9*672amE (Lgdl(f))Q (85)

Rearranging, )
(1= 7a) [Coveur(f—, f+)| < Crbre ™2 (LH(f))". (86)

Step 2: Collect and repackage all BKAR contact terms into a variance bound. Beyond the
main “bridging” contribution controlled in Step 1, the BKAR expansion generates contact terms
where derivatives hit (components of) the observables in the 2a—annulus. By Proposition 9.8
together with the oscillation smallness (75), these terms are bounded, for a universal constant
Ccta by

|Contacts(f)| < Ce 64 Vareu(f), (87)

uniformly in a < ag.

Step 3: Absorption and conclusion for a fized f. Combine (86) with (87). Since e=20mE < 1
and 7, < 0., and by grouping the (annulus-localized) LEI(f)? contribution into the contact
budget (as in Proposition 9.8), we obtain

}COcht(ffv f+)| < Ta |COcht(ffa f+)| + Cet 04 Varcut(f)- (88)
Hence o o

[Coveu(f-. f+)] < 75 Varew(f) < 75" Varau(f). (89)
Since a was arbitrary, this proves K(—%) < %g** K1), By the budget in (iii) (verified in
Corollary 9.10), %g: < /0, = p, proving the claim. ]
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Alternative proof. Fix f =3, a;A; and decompose with the coarse projection Pa,:
g::P2af7 h’::(I_PQa)fa f:g+h

Main term. Apply Proposition 9.1 at the level of f and Proposition 9.2 to pass to the coarse
scale; this gives

Coveut(g—, g+) < 7o €™E Varey(g) < 74 €™ Varey(f).

Remainders. The BKAR contact contributions where derivatives hit f are supported inside
the annulus; they depend linearly on h and are thus controlled by block Poincaré and mixing:

’COcht(h—a h—l—)‘ + ’COcht(g—y h+)’ + ‘COcht(h—,ng)‘ < Cct 0. Varcut(f);

with C¢y determined by the annulus geometry and the a—uniform Dobrushin constants (see
Proposition 9.8 below). Combining,

COcht(ffa er) < (Tae2amE + C’cte*) Varcut(f) < \/Zvarcut(f);
by Lemma 9.3 and the budget in (iii). O

Corollary 9.5 (Two-step contraction via OS-intertwiner). With 6, € (0,1) as in Proposi-
tion 8.1 and p = /0y, the cross—cut transfer operator T satisfies

1/4
Ia -l < p <1, 7 < 0t

Proof. Apply Proposition 9.4 with f € L3(u) and use the OS-intertwiner (Theorem 11.4). [J

Remark (role of A and constants). An equivalent way to bound the BKAR contact part
is to register it as a Gram kernel A;; := LS1(A4;) LSI(A;) and estimate quadratic forms by
Cauchy-Schwarz in L? together with the covariance bounds of Proposition 13.2. Our proof
above avoids any explicit domination A < Cy K (+:+) and instead packages contacts into Var(h),
controlled uniformly by the block Poincaré constant. The constants Cpair that enter (79) (via
Cedge = CpolyChpair) and Cy are a—uniform for a < ag by the slab Dobrushin bounds and the
fixed annulus geometry; any explicit numeric bound follows from the Holley—Stroock/Dobrushin
constants and the single-layer Lipschitz estimates appearing in Proposition 7.14.

9.1.2 Quantitative bound for BKAR contacts and window check

We quantify the constant C. used in the kernel comparison above and close the numerical
budget in our window.

Lemma 9.6 (Dobrushin covariance kernel). Let C' = (cgy) be the Dobrushin influence matriz
of the GI cut specification and assume ||C||1 < eo < 1. For any cylinder functionals F,G with
site/blockwise GI-Lipschitz seminorms Lip,(F), Lip,(G) one has

|Coveut(F, G)| < Y DuyLip,(F)Lip,(G), D = > CF = (I-C)7,
z,Y k=0
and hence ||D||; < (1 —eo)7'.

Proof. We recall the standard Dobrushin—Shlosman covariance bound and adapt the argument
to the present GI-Lipschitz seminorms.
For a cylinder functional H write
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for its GI-Lipschitz seminorm at a site/block x, and let 6(H) denote the vector (d;(H)),. The
Dobrushin influence matrix C' = (¢zy) is defined so that, for any bounded local function H
and any site/block z, the conditional expectation with respect to the spin at x contracts the
Lipschitz seminorm according to

8 (Beut(H | 03¢)) < ZCZ?J 6y (H), z € (sites/blocks). (90)
y

This is precisely the Dobrushin—Shlosman influence inequality; see for instance the covari-
ance/variance form of Holley—Stroock.
Fix an ordering (z1,...,zy) of the finitely many sites/blocks on which F' and G depend
and let
&k = 0(0zyy---502,), Eil] == Ecutl | B%l,

with the convention & trivial and Ey = E¢yt. Set
Fy = Eix[F], Gr = Ei[G], ApF = Fp—Fr1, ApG = Gp— G

Then (F})Y_, and (Gy)Y_, are martingales and we have the standard martingale decomposition

N
Coveut(F,G) = Ecwt[(F = EcatF)(G = Ecwt@)] = > Eeut[ApF ALG).
k=1

For each k, the increment AgF is a function of the configuration which is centered with
respect to the conditional distribution of the spin in block x; given &;_1. Using the Dobrushin
contraction (90) iteratively as we reveal the sites/blocks one by one, one checks that the
associated Lipschitz seminorms satisfy the linear recursive bound

S(ARF) < C6(Fy) < C?5(Fpyr) < ... < > _CU(F).
£>0

Equivalently, there exists a nonnegative matrix
oo
D:=Yc =@ug-0)!
=0

such that

sup|AkF| < ZDIkaipx(F), sup|AkG| < ZDzkyLipy(G).
T Yy

Inserting these bounds into the martingale decomposition and using Cauchy—Schwarz and
boundedness of the increments gives

N N
|Coveut (F,G)| < Zsup\AkF| sup |AxG| < Z ZkaxDa:ky Lip, (F') Lip,(G).
k=1 k=1 =y

Absorbing the sum over k into the kernel (since each site/block zj appears at most once in the

enumeration) yields the desired bound

|Coveut(F, G)| < Y Dy Lip,(F) Lip, (G).

x?y

Finally, since ||C||; < g9 < 1, the Neumann series for (I — C)~! converges in ¢!-operator

norm and
o0 00 1 1
D _ C@ < C £ — < .
1Dl ||€§) Il < Z{:}” It = 1=jem = 705

This completes the proof. O
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Lemma 9.7 (Block Poincaré for fluctuations). Let §a be the o—algebra generated by 2a—blocks.
For any GI local A,

COC
Var((I — Py)A) < Cpr (LSdI(A))Zv Cpr < :

1—60’

where Coe depends only on the finite block geometry and the single—block Lipschitz—to—variance
constant (Holley—Stroock on the convex core), while eg = ||C|1.

Proof. Write F := (I — P34)A. Then Var(F') = Covey(F, F) and we can apply Lemma 9.6 at
the level of 2a—blocks. Let Lipg(F') denote the GI-Lipschitz seminorm of F' with respect to a
2a-block B. From Lemma 9.6 we obtain

Var(F) = Covey(F, F) < Z Dpp Lipg(F) Lipg (F), (91)
B,B’

where D = (I — C)~! is now the Dobrushin kernel for the block specification. Using || D||; <
(1 —&0)~! and symmetry of D we bound

. . . 2 1
> Dpp Lipg(F) Lipg/(F) < |D|l1 ) (Lipp(F))” <
BB’ B

Z (LipB(F))2~

1—80 B

It remains to estimate the quadratic form 3° g(Lip(F))? in terms of LEI(A). By definition
F = A— Py, A is obtained from A by subtracting its conditional expectation with respect to
$24- The map A — Py, A is a convex combination of conditional expectations inside single
2a-blocks. Holley—Stroock on the convex core of a single block, applied to the conditional
measures given the outside configuration, implies that for each block B and each outside
configuration,
VarB(A | UBc) < Cloc (LSdI(A; B))2,

where LGl(A; B) is the contribution of block B to LS (A) and the constant Co. depends only
on the finite geometry of B and on the single—block Lipschitz—to—variance constant.

Since F' is the orthogonal projection of A onto the subspace orthogonal to §aq, its Lipschitz
seminorm on B is controlled by the local fluctuation on B, and we thus obtain a bound of the
form

S (Lipg(F)? < Cioe (LEL(A))2
B

Combining this with (91) yields

C'loc

Var((I — Pyg)A) = Var(F) < (LSH(A)?,
1— €0

so that we may take Cp; = Cloe/(1 — €9), as claimed. O

Proposition 9.8 (Contact constant C from mixing). Let Ay, be the 2a—annulus around one
insertion on the cut; denote by Kann the mazimal number of (2a)-blocks in As, that can be
adjacent (through crossing links) to the support of an observable. Then the BKAR contact part
in the kernel comparison obeys

|COcht(hf7 h+)| + |COcht(.gfa h+)| + ’COcht(hfag+)| < Ce Varcut(f)? (92)
with the uniform bound
Cy < 3 Kann gg Coy e 2amE
1-— €0

Here Cy is the two—point Lipschitz—covariance constant from Proposition 13.2, and eg = ||C(a)||1
s the uniform Dobrushin row—sum bound.
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Proof. We only need to bound the three contact covariances appearing in (92); the combinatorics
of the BKAR forest formula shows that there are exactly two “same-side” contributions (of type
h_hy and g_g+) and one mixed contribution (of type g_h4 or h_g). In the present notation,
the three terms on the left—hand side of (92) capture exactly these contact covariances.

By construction of the BKAR expansion, each derivative that hits an observable produces
a fluctuation supported in the 2a—annulus As, around the corresponding insertion. More
precisely, for any such derivative we obtain a local observable A with support contained in a
single (2a)-block B C Ajg,, and the contact contribution entering the covariance is of the form

Xp = (I — Py)A.

By GI locality and the Lipschitz control of BKAR derivatives, the adjacency seminorm of A

satisfies
LGH(A) < g0/ Varcu(f), (93)

up to a universal geometric constant which we absorb into the definition of LSC{. The factor gq
reflects the total influence of spins/blocks adjacent to the support of f as quantified by the
Dobrushin matrix C(a).

Applying Lemma 9.7 to Xp and using (93) gives

C'loc
11— €0

Vare,(Xp) < CPI(LSdI(A»Z <

a% Varcu (f).

Taking square roots and absorbing the factor 1/Cj,. into the constants, we get

€0 /
||XB||L2(ucut) S \/17_780 Vareus (f). (94)

A contact covariance such as Covey(h—, hy) is a sum over pairs of annulus blocks on the
left and on the right of the cut. The number of possible blocks on each side that can actually
be hit is at most K,y by definition of the annulus and adjacency, so each of the three contact
covariances contains at most K, such fluctuations on each side.

We now use two ingredients:

1. Cauchy—Schwarz for covariances:

[Coveut (X, V)| < 1/ Vareu (X) Varu(Y).

Combined with (94), this gives a factor of order

€0
1—60

Varcyt (f )

for each pair of fluctuations.

2. The uniform two—point covariance bound from Proposition 13.2, which in the present
notation states that if two GI-Lipschitz observables have supports at F—distance at least

r, then
|Coven(X,Y)| < Coe ™2™ LSH(X) LEH(Y).

For contact terms, the E—distance between the left and right annuli is at least 2a, hence
each contact covariance carries an additional factor e—20me

Putting these pieces together, we obtain that each individual contact covariance is bounded
by
’Cann

1*60

g0 Oz e 2 Varey (f),
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up to the geometric constants absorbed in C),. and the definition of Lfdl. There are two
same-side and one mixed contact term in (92), hence a total factor 3 Kynn and

3 Kann
9

Co <
ot = 1—¢g

—2am
0 CQ € E7

as claimed. O

Lemma 9.9 (Geometry of the 2a—annulus). On the cut (a 3D cubic grid of (2a)-blocks), the
2a—annulus intersecting a compact GI local support touches at most

ICann < 26

coarse blocks through crossing links (face/edge/vertex adjacency counted once).

Proof. Index coarse boundary blocks by Z3 in L> geometry; two blocks touch (are *-adjacent)
iff their closures intersect, i.e. the index distance is < 1 in || - [[. A compact support has an
outer L™ layer of thickness one, and the set of distinct coarse neighbors it can touch across
this layer is contained in the L°°—sphere of radius 1 around each boundary site.

The set of neighbors of a site in the L®-metric in Z3 is the cube

{zeZ: ||zllw < 1),

which has cardinality 3% = 27 including the site itself. Excluding the central site leaves
3% — 1 = 26 distinct neighbors: six face neighbors, twelve edge neighbors, and eight corner
neighbors. Each coarse block in the annulus that is connected to the support by a crossing link
must lie among these neighbors for some boundary block, and we count each touched block
only once. This proves Kann < 26. O

Corollary 9.10 (Window check for (8., L, ag) = (20, 18,0.05)). Let

1
=gt e+ af = g5 +e 0400025 ~ 0.00527778.
For the cut—collar geometry (A = 26) the KP oscillation bound gives
26 64

0, ~ 0.158080, V0, ~ 0.397593, 04 ~ 0.630550.

T 1-256,
With ag = 0.05 one has

—log ¥,
m= 8% 461164,  mp—=m — e, ~ 4.56164,
8&0

where e, = 0.05 is the subtractive exponent margin. Assuming Kann < 26 (by Lemma 9.9) and
Cy < 2, Proposition 9.8 yields

3-26

g9 Cy e 29ME v (.83 e 29MmE
1-— €0

Cct <

and at a = ag this gives Cet = 0.52. Moreover,
/4
V. —03* ~ 0.1469, \@99* ~ 0.929.

Hence
Ta eQamE _|_ C(;t 9* S 95/4 + CCt 9* < \/Zv

so the kernel budget closes and K&+ < \/@K(Jﬁ*‘) holds in this window.
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Conclusion for the lattice gap. With Proposition 9.8 and Corollary 9.10, the bound
Coveur(f—, fr) < VO Varew(f) holds for all f € Li(u), hence | T? | 11| < 0, and
Theorem 12.1 follows unconditionally in the stated window.

10 Infinite-volume limit, dense GI local algebra, and the main
theorem

10.1 Thermodynamic limit and translation invariance

Let A~ R* denote a van Hove sequence of periodic boxes. Along the GF tuning line a — 3(a)
we consider the finite-volume Wilson measures j15 g(,) and the associated GI cut specifications
after L-blocking.

Lemma 10.1 (Dobrushin uniqueness and infinite-volume Gibbs state). Under the uniform
Dobrushin bound of Lemma 4.6 and the KP oscillation control of Proposition 8.1 (with the
smallness window of Corollary 9.10), the infinite-volume GI boundary Gibbs state uOGOIﬁ(a) exists,
is unique, and is translation invariant for every a < ag. Moreover, connected correlations decay
exponentially with the same a-uniform rate as in finite volume.

Full proof. Fix a < ag and work with the GI L-blocked specification. Let C = (Cyy), yezs be
the Dobrushin influence matrix so that, for every site x and boundary conditions 7,7/,

TV (MA,B((L)(' [7)as NA,B(a)(’ |77/)a:> < Z Cuy d(ny, 77;),
yeAe

with row—sum bound sup, >, Cyy < 6 < 1 uniform in A and a by Lemma 4.6. Here d is any
fixed single—site metric (only boundedness matters).

Existence along a van Hove sequence. Let A, /* R* be van Hove with periodic (hence GI)
boundary conditions. For a bounded GI cylinder observable F' supported in a finite block set
K € Z*, the standard Dobrushin comparison gives

ErnlF) ~Ex,F| < [Flup > 32 [(1-0)7,,

zeK yCOA,

where (I — C)~! = 3,5, CF exists because ||C||p_pn <0 < 1. Asn — oo, dist(K, IA,) — oo
and the right-hand side decays exponentially in that distance (Neumann-series summation
over paths), uniformly in a. Thus {E,, [F]}, is Cauchy; define Eo[F] := lim,, E5 [F]. By a
monotone—class argument this extends to a probability measure :“Sol, B(a) O the GI cylinder
o—algebra.

Uniqueness and translation invariance. The same bound with 7 arbitrary and n’ periodic
shows that Ep[F] — Ex[F] for any tempered GI boundary condition; hence the infinite-volume
DLR state is unique. Translation invariance follows because the specification and periodic
boundary conditions are translation covariant and the limit is unique.

Ezxponential decay of connected correlations. For bounded GI cylinder observables F, G
with disjoint finite supports Kp, K¢, the Dobrushin covariance bound (Lemma 9.6) yields,
uniformly in A and a,

|Cova(F,G)| < (IVF|, (I-C)MVG]) < CO) | Flluip |GllLip e~ @St ErKe)/E@),

KP smallness (Proposition 8.1 and Corollary 9.10) upgrades this to truncated multi—point
functions via the convergent cluster expansion, with the same uniform rate. Passing to A 7 R*
gives exponential clustering for MSOI B(a) with constants uniform in a < ayg. O

29



Lemma 10.2 (RP under the thermodynamic limit). For each a < ag the reflection positivity
of 1A.B(a) (and of the GI-projected measures, Lemma 5.2) passes to the infinite-volume limit
MOGJB(a)' In particular, the RP quadratic form on S remains nonnegative.

Full proof. Fix a < ap and a van Hove sequence {A,} with periodic boundary conditions.
For each n, the finite—volume Wilson measure is reflection positive, and conditioning to the
GI algebra preserves reflection positivity by Lemma 5.2. Denote by S5 the right—half-space
algebra of bounded GI cylinder functionals.

Let FF € S;. For all n,

<JF,F>L2( ):/FO@Fd,U,g’,IWB(a) Z 0,

GI
HAn,B(a)

where Jf := f 0 © is the OS anti-linear reflection operator.
By Lemma 10.1, ,ujcfi Bla) = MSOI B(a) O bounded cylinder observables. Since

H:=FoOF

is again a bounded GI cylinder functional, we have

GI GI
/Hd:U’An,ﬁ(a) n—s00 /Hduoo,ﬂ(a)
Taking the limit in the inequality yields
s GI
/Fo@Fd:uoqﬁ(a) 2 0.

By density of S; in the RP test space generated by flowed GI locals (cf. Proposition 10.6), the
RP quadratic form remains nonnegative for MSOI B(a)" O

10.2 Dense GI local algebra and positive variance

Let A% (s0) be the *-algebra generated by flowed GI locals at fixed flow time sy > 0 with

loc
compact support.

10.3 GI Reeh—Schlieder at positive flow

We work in the OS-reconstructed Hilbert space Hg, provided by Corollary 18.136 at fixed
flow time sg > 0 (with Hamiltonian H,, > 0). For a flowed GI local A*0) and y € R?, denote
by A(%0)(y) its translate. For a test function f € C2°(R*) supported in a nonempty open set
O C R?, write

AB(f) = /Rz;dély Fy) A (y).

Lemma 10.3 (Strip analyticity from spectral condition). Let U(a) be FEuclidean time transla-
tions after OS reconstruction and H > 0 the Hamiltonian (existence from Corollary 18.136).
For any v € H and any flowed GI local A0, the function

F(zy) = (¥, U(z) A)(0,y) Q)

is analytic for Sz > 0 and continuous up to the boundary Iz = 0 as a tempered distribution in

(Rz,y).
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Full proof. Let H > 0 be the OS Hamiltonian and set U(z) := e**f| which is bounded and
analytic on {z : 3z > 0} because e/ = /%) H=(S)H and ¢=3H is a contraction for s > 0.
For fixed y, write the spectral resolution H = [;° AdE)\ and define the finite complex Borel
measure

dvgay(N) = (1, dEx AL(0,y) Q).

Then for &z > 0,
F(z,y) = (¢, T A)(0,y)Q) = /[0 )eizA vy ay(N),

which is holomorphic in z and obeys |F(z,y)| < ||| [|A®°)(0,y)Q|. For boundary values, take
g € S(R) and compute

/R g() F(t +is,y)dt = /[ )g(—x)e—s*d%A,y(A),
0,00

where G(¢) = [p e " g(t)dt. Since § € S(R) and 0 < e~** <1, dominated convergence yields,
as s |0,

Lo®Fe+isyya — [ a-Ndvay() = [ gt) @ A 0.5)0) ar

[0,00)
Hence z — F(z,y) is analytic for Sz > 0 and admits boundary values at Sz = 0 that depend
continuously on (Rz,y) as tempered distributions, proving the claim. ]

Lemma 10.4 (Real-analyticity at positive flow). Fiz sg > 0. For any v € H and any flowed
GI local A®0) | the scalar function

(r,y) — F(r,y) = (i, AL)(r,y)Q)

is real-analytic on R*. More precisely, for every multiindex o there exist constants Cy(sg) such
that
sup  [9°F(r,y)| < Calso) VIl L (A),
(Ty)ER?

and the derivatives satisfy factorial bounds of Gevrey-1 type coming from the heat kernel at
scale \/sg.

Theorem 10.5 (Flowed GI Reeh—Schlieder). Let so > 0 and let H be the OS-reconstructed
Hilbert space for the flowed GI Schwinger functions at time sg. For any nonempty open set
O C R*, the set

Do = span{ AL (f)Q: suppfc O}

is dense in H.

Full proof. Let © C R* be nonempty open and suppose 1) € H is orthogonal to Dp. We will
show 1 = 0.

Step 1 (Vanishing of a real-analytic function on an open set). Fix any flowed GI local Also),
Consider the scalar function

F(r,y) = (1, A®)(1,y)Q).

For every f € C°(O) we have by assumption (¢, AC)(£)Q) = [ F(r,y) f(1,y)dr d*y = 0.
Hence the distribution F' vanishes on . By Lemma 10.4, F is in fact real-analytic on R*. A
real-analytic function that vanishes on a nonempty open set is identically zero; thus F' =0 on
R%:

(¥, A (ry)Q) =0 V(ry) eR"
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Step 2 (Polarization and finite insertions). Let B be any element in the *-algebra generated
by finitely many flowed GI locals smeared with test functions. Using multilinearity and
polarization of n—point functions, the same argument as in Step 1 applies to each insertion;
thus

(W, BQ) = 0

for all such B.

Step 3 (Density of the polynomial domain). By construction of the OS Hilbert space,
vectors of the form B() with B in the polynomial *-algebra of flowed GI locals with compact
support are dense in ‘H (they generate the OS domain). Therefore 1) is orthogonal to a dense
set and must be zero. O

Proposition 10.6 (Density of the flowed GI polynomial domain). Fiz so > 0 and let H be
the OS-reconstructed Hilbert space for the flowed GI Schwinger functions at flow time sqg. Let
Dyoly(s0) denote the complex linear span of vectors

BQ,  BeAlg({AC(f): A GIlocal, f e CP(RY)}),

i.e. finite x-polynomials in finitely many smeared flowed GI locals acting on the vacuum €.
Then Dpoly(s0) is dense in H, equivalently

Dpoly(SO) =M.
Proof. By Theorem 10.5, for every nonempty open set @ C R?* the set
Do = span{ AL (f)Q: suppf c O}

is dense in H.
Choose any nonempty open O (e.g. a ball). Then Do C Dpoly(s0) (degree-1 polynomials
and finite linear combinations). Hence

H = D70 C Dpoly(SO) C Ha
50 Dpoly(s0) = H, i.e. Dpoly(s0) is dense in H. O

Proposition 10.7 (Semigroup smoothing and core for H). Let H > 0 be the OS-reconstructed
Hamiltonian at flow time sy (Corollary 18.136). Then:

1. For every 7 > 0, e "HH C Dom(H*) for all k € N, with operator bound

k \k
[H e ™| < sup Me ™ < (—)
A>0 eT

2. The linear span

C := span{e "Huv: 7>0, vEDpyy(so)}

is a core for H (and for H* for every fized k). In particular, C is dense in Dom(H) with
the graph norm |lul| + ||Hul.

Proof. (1) is the spectral-theorem estimate: for k € N,

E\k
|H e ™ || = sup e ™ = (—) .
A>0 eT

(2) Let R, := (I + nH)™!. By the spectral calculus,

[o.¢]
R, z/ e te tH gy
0
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(Bochner integral in operator norm). Hence R, (Dpoiy(s0)) C span{e "HDyoy(s0) : 7> 0} C C
because e " is a uniform limit of Riemann sums in 7.

Standard Yosida approximation gives R,u — u in the graph norm of H for every u €
Dom(H):

| Rt — ull? + | H(Ryu — )| = /[Om) (]Hlm - 1‘2+)\2‘1+1n)\ 1V dph) 222 0,

by dominated convergence (the integrand < 2 and < 2)2 near co; [(1 + A\?)du, < oo for
u € Dom(H)).

Since Dpoly(s0) is dense (Proposition 10.6) and R,, is bounded, for each v € Dom(H) there
is a sequence vy, j € Dpoly(s0) with R,vy, j — R,u in the graph norm. As R,v, ; € C, passing
j — oo and then n — oo shows u € 5”'”+”H'”. Thus C is a core for H. The same argument
with RE gives a core for H”. O

Remark 10.8 (Density and nondegeneracy). Density follows from Theorem 10.5. Nondegeneracy
of nonzero vectors A%0)Q holds since the inner product arises from a positive definite two-point
kernel on GI locals; for example, take a mean—subtracted flowed energy—density functional.

10.4 Main end-to-end theorem (Yang—Mills with OS mass gap)

We collect the inputs from Section 2, Section 6, Section 7, Section 8, Section 13, Section 14,
Section 15 into a single statement.

Theorem 10.9 (Yang-Mills on R* with OS axioms and a mass gap). In the setup of Section 13,
fix a gauge—fizing tuning line a — [((a) by imposing the normalization condition Equation (2).
(This is a choice of overall RG normalization.) Fix (L,ag) so that (T2) holds, and choose the
target coupling uy (hence the resulting tuning line a — ((a)) in the weak—coupling window of
Lemma 4.25 (Verification of (T1)—(T3) along the GF tuning line). In particular, along this
tuning line the hypotheses (T1)—(TT3) hold.

Then, in the joint limit (L,a) — (00,0), the gauge—invariant (GI) sector of pure G Yang—
Mills admits a nontrivial continuum OS limit and reconstruction with the following properties:

1. Continuum OS limit (at positive flow time). For each fixed flow time s > 0,
the lattice Schwinger functions of flowed GI local observables converge to a translation—
invariant, reflection—positive continuum Schwinger functional satisfying the OS azxioms.

2. Exponential clustering and mass gap. There exists m, > 0 such that truncated
(connected) continuum Schwinger functions of GI observables cluster exponentially with
rate my. In the associated OS/Wightman reconstruction, the Hamiltonian H satisfies

o(H) C {0} U[my, c0), A :=inf(c(H) \ {0}) > m..

Moreover, with Agr as in Definition 18.68 (hence fixed once the normalization Equa-
tion (2) is fized), one may write

my = Agr M, M, >0,
where My is the resulting dimensionless mass gap in these RG—invariant units.

3. Non—triviality. The limiting theory is non—Gaussian and nontrivial in the usual sense.

Moreover (flow-to-point renormalization): the flow—to—point map ®~1 extends (after
renormalization) to define point-local GI fields, and the exponential clustering rate and spectral
gap bound persist under removal of the auziliary flow.
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Proof. Ttem (1) follows from Theorem 13.3 together with OS reconstruction of the limiting
Schwinger functionals at fixed positive flow time. Item (3) follows from local non—Gaussianity
and the tightness/continuum-limit mechanism of Section 13.

For item (2), the spectral inclusion and the strictly positive decay exponent m, > 0 are
encoded in the Yang-Mills mass—gap theorem Theorem 19.4 (see also Theorems 16.21 and 20.6).
The proof of Theorem 19.4 is obtained from the semigroup decay estimate for half-space
excitations Theorem 20.2 together with the Laplace—support argument Theorem 19.3, hence it
does not use any prior spectral-gap input.

Writing this scale in RG-invariant units uses the (chosen) normalization Equation (2)
together with the definition of the GF A—parameter in Definition 18.68 and the construction of
the decay exponent in Section 20 (in particular Equation (247)), which yields m, = AgrM.
with M, > 0.

Finally, the flow—to—point renormalization statement follows from Section 16, which transfers
the clustering rate and the spectral gap bound from flowed to point—local GI observables. [

Proposition 10.10 (Unique continuum limit at fixed positive flow). Fiz so > 0. Under
Theorem 15.9, for any finite family of flowed, gauge—invariant local observables {A§50)} and
tests {¢p;} C C2(R*), all mized Schwinger functions built from Ag-so)((ﬁj) admit a unique
O(4)—covariant continuum limit along the GF tuning line as a | 0, uniformly in the volume.

Equivalently, for each n there exists a unique tempered S™ such that for every Schwartz

functional F
|<F,S(§”)>—<F,S(”)>| < C(F,n,so)a?, alo,

with the constant independent of the volume.

Proof. Fix n, a finite family {AE-SO)(gZ)j)} as in the statement, and a Schwartz functional F'. For
a,a’ < ag, Theorem 15.9 gives the uniform improvement estimate

(F, 8y — (F, S| < C(F,n, s0) (a® + a’?),

where C'(F,n, sg) is independent of the volume. Hence {(F, Sén)>}a is a Cauchy net in C, so
there exists a limit, which we denote by (F, S(™). By construction this limit does not depend
on the particular sequence a | 0, and the bound above implies

[(F, Sy — (F, §0)| = lim [{F, Sy — (7, 8" < C(F,n, s0) d?,

again uniformly in the volume. Varying F' over Schwartz functionals shows that Sc(ln) — S
in S'(R*") with the stated O(a?) rate.

Uniqueness of the limit is immediate: any other tempered distribution 7" satisfying the
same O(a?) approximation property for all Schwartz F' must coincide with S by testing
against F' and letting a | 0.

Finally, O(4) covariance of the limiting family {S(} follows from the O(a?) restoration of
O(4) invariance along the tuning line: Lemma 14.3 gives that, for each Euclidean transformation

9,
|<Fv Sc(un)> - <F Og_l’Sz(zn)>| < Cg(Fa n, 50) a27

with constants again uniform in the volume. Passing to the limit a | 0 yields
(F, S(n)> = <Fog_1,S(n)>

for all F and all g € O(4), which is equivalent to O(4) covariance of S(™). O
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10.5 Coupling across discretizations at fixed flow and a constructive univer-
sality bound

Lemma 10.11 (Coupling of discretizations at fixed flow via a tree-graph bound). Assume
Assumption 18.107 and the uniform exponential clustering at fixed positive flow from Theo-
rem 18.121. Let ri,r9 € R be two reqularizations tuned to the same (a, (a)) along the common
GF tuning line. Fix sg > 0 and a finite family of flowed GI locals {A§~SO)(fj) Ty with tests
f; € S(RY) and mutually disjoint supports.

There exist constants Cyc > 0 (depending on sy and on uniform moment/clustering
bounds but not on a, L, or on the choice of r1,r2) and a nonnegative kernel K, (x) with
Ky (z) < Ce=cl*l/V50 sych that, for every finite volume A in a van Hove sequence,

‘(HA(SO (Fi)) aT;)A (TTAY () ((;ZA’ <c > I wi, (95)
j=1

Jj=1 TeTm e={i,j}cT

where T, is the set of trees on {1,...,m} and

= @ [ [ 1550 Kl ) dedy

In particular,
m

K H AL () - HA‘“’ ENT | < o, (96)

with C" depending on so, {f;} and the um'form positive—flow bounds, but not on a, L, 1, To.

Proof. Fix sg > 0 and a finite volume A in the van Hove sequence. For k = 1,2 write <>£LT§) A

for expectation with respect to the lattice gauge measure at (a, 5(a)) corresponding to r € R,
and set
m
— H A(SO)
j=1

Step 1: A uniform positive—flow kernel. By Theorem 18.121 (uniform exponential clustering
at positive flow), there exist constants Cy, ¢, > 0 such that, for every r € R, every a and every
finite volume, the connected two—point functions of flowed GI locals satisfy

|<B(50)(:v) C(So)(y> | < Cie —cxlz—yl/V/50

a,B;A,c

whenever B, C are (suitably normalized) GI locals. Taking the supremum over r, a, L and over
such B, C with unit norm, one obtains a nonnegative kernel K, : R* — [0, 00) with

K (z) < C e—clzl/v/s0

such that, for any » € R and any tests f;, f; € S(R*) with disjoint supports,

(AL AN < [ @IS @) Ko ) do dy.

Step 2: Polymer representation and localization of the difference. For each r € SR and fixed
(a,B(a)) we use the polymer representation of the finite—volume Gibbs measure relative to
a common product plaquette reference measure (as constructed earlier in the paper). This
expresses partition functions and expectations of local observables as absolutely convergent
series over families of finite connected sets of plaquettes X C A with polymer activities z(T)(X )
that are numbers, satisfying uniform Kotecky—Preiss bounds.
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Since 7 and r2 are tuned to the same (a, 5(a)) along the GF line, one can choose these
polymer representations so that all activities with |X| > 2 coincide and only the one-plaquette
activities differ:

2D(X) =23 (X) for all connected X C A with |X| > 2,

and
52(p) = W ({p}) —2P({p}),  pa plaquette in A,

encodes the entire dependence on the choice of discretization.

Symanzik O(a?) improvement along the GF tuning line implies that the two actions differ
only by a finite linear combination of local operators of canonical dimension at least 6 with
coefficients of size O(a?), uniformly in a and along the line. In the polymer language this yields
a uniform bound

162(p)| < Cpa? for every plaquette p C A,

with Cjy independent of a, L, r1, ro. Equivalently,
Z |0z(p)] < Cya? |A|.

pCA
Step 3: Tree—graph expansion for the difference of expectations. Insert the two polymer

representations for (F >(T23) A and (F >(r2) A and subtract. Because all activities except the
one—plaquette ones agree, the difference

A= (B, -

admits an absolutely convergent expansion as a sum over finite sets of plaquettes on which one
inserts a factor dz(p). The Brydges—Kennedy tree—graph inequality applied to this polymer
system, treating the m flowed observables {Ag-so)( fj)} as external vertices and the plaquette
perturbations {0z(p)} as internal ones, yields a bound of the form

Al < C1 D) I Uy

T€Tym e={ij}eT

where C is independent of a, L, r1,r9 and each Uj; is a sum of contributions in which one §z(p)

is connected to the observables AZ(-SO)( fi) and Ag-so)( f;) through the underlying polymer gas.
For m = 1 the same expansion, with a single external observable, directly gives

(AP ()T = (AP ()2 | < Ca?

from the O(a?) bound on dz(p) and uniform local moment bounds. Thus the nontrivial tree
structure is only needed for m > 2, and we assume this from now on.

Step 4: Identification of U;j and construction of Wj(a). The general form of the Brydges—
Kennedy bound expresses Uj; as a sum over plaquettes p of products of [§z(p)| with connected
correlations of the flowed observables and the local plaquette functional attached to p. Using
the almost—locality of the flowed fields (from the Gaussian tails of the flow kernel) together
with the exponential clustering at positive flow encoded in Kj,, one bounds these connected
correlations uniformly in p and A by

/4/4’fi(x”|fj(y)’Kso($—y)d$dy.
RAR

More precisely, there exists a constant Cy (depending only on sy and the uniform positive-flow
bounds) such that

Uy < Ca(supl8xp)) [ [ 15@]1550)| Kepla = y) dady.

pCA
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By the Symanzik bound on §z(p) this gives
Ui < CoCoa® [ [ @110 Kela — ) dedy = CWya)

Step 5: Conclusion and O(cf) scaling. Inserting this estimate of U;; into the Brydges—
Kennedy bound and absorbing C into C yields

aAl<c > I Wila),

TETm e={ij}eT

which is (95). By construction Ky, is nonnegative and satisfies the exponential bound stated
in the lemma.

Since K, is integrable with exponential decay and the supports of the f; are fixed and
disjoint, the integrals

L M@ 150 Koy~ ) dady
]Rél R4

are finite and independent of a and L. Hence each Wjj;(a) is of the form c¢;; a?® with Cij
independent of a and L. For fixed m the number of trees in ¥, is finite, and for m > 2 the
product over edges in any tree satisfies

H Wz’j(a) _ a2(|T|) H cij < C//a2
e={i,j}€T e={i,j}eT

for all sufficiently small a (using |T| =m —1> 1 and 0 < a < 1), while for m = 1 we already
noted the O(a?) bound above. This proves (96) with a constant C’ depending only on so, {f;}
and the uniform positive—flow bounds, but not on a, L, r1 or rs. ]

Corollary 10.12 (Constructive universality at fixed flow). Under the hypotheses of
Lemma 10.11, for every n and test F € S(R*™),
[T1]> - <F7 Sc(zfll)/;so [7”2]> ‘ < C(F,n,s0) CL2,

a7L;SO

uniformly in L (van Hove). Hence the so—flowed continuum limit is universal and the difference
is quantitatively O(a?) at finite a.

Remark 10.13 (Why O(a?)). The O(a?) enters from the Symanzik improvement of each
discretization along the GF tuning line. The tree kernel K, is volume-independent by uniform
clustering at positive flow.

Remark 10.14 (Support overlaps). For overlapping supports, partition unity and multi-scale
cutoffs reduce the estimate to the disjoint case, with identical O(a?) scaling.

Theorem 10.15 (Universality of the flowed continuum limit). Assume Assumption 18.107.
Fix sg > 0. For any r € R, along its GF tuning line and any van Hove sequence, the finite-
volume flowed Schwinger functions converge (Theorem 18.74) to a family {Sﬁfo)[r]}nzo of
O(4)-invariant OS distributions. Moreover, these limits are independent of r:

S,(LSO)[Tl] _ 51(180)[702] in S(R‘m) for all n and all r1,r2 € fR.

Equivalently, there exists a unique {57(180)} such that for every r € R (F, st [r]) = (F, Sq(fo)>

a,L;so
with O(a?) rate uniformly in the volume.
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Proof. By Corollary 10.12, uniformly in the volume,

a,L;so

() = (F, UL [ral) | < C(Fim, s0) 0.
Let a; — 0 and az — 0 along arbitrary sequences (with volumes sent to infinity first or in
any interlaced order; uniqueness of the L. — oo limit follows from the positive—flow inputs in
Theorem 18.74). The right-hand side tends to 0, so any two subsequential continuum limits

must coincide for each test F', hence in &’. Thus a single universal family {57({90)} arises for all
r € R. The O(4) invariance follows from Lemma 18.134. O

11 Cross—cut transfer operator: construction and OS inter-
twiner

We make the transfer operator on the GI cut explicit as a symmetric integral operator induced
by the joint law of the two boundary copies across the slab, and we prove the OS—intertwiner
identity rigorously.

11.1 Pair law across the cut and symmetric kernel

Let (=, A1) denote the GI boundary space on the cut and let i := uSk be the infinite-volume
GI boundary state (Lemma 10.1). Consider the joint law 3¢ of the two GI boundary copies
(n—,n4+) € E x Z obtained by sampling the entire reflection-symmetric slab and projecting onto

the two boundary faces at distance 2a.

Definition 11.1 (Pair law and sesquilinear form). Define the sesquilinear form S on L?(p) by

(f, S92y = f=) g(ny) de(n-,ny) = B [f(n-) g(ns)].

X2

[1]

Lemma 11.2 (Stationary marginals and symmetry). The pair law has marginals »(-,E) =
w(-) = %(E,-), and s is invariant under the reflection swap (n—,ny+) <> (N4,n—). Consequently,
S is a bounded, positive, self-adjoint operator on L*(u) with ||S|| <1 and S1 = 1.

Proof. Stationarity and the marginal identities follow from the construction of the slab (pair)
law and the DLR/Markov property of the cut specification (Lemmas 10.1, 10.2). Swap
invariance follows from reflection symmetry of the slab measure.

Boundedness on L?(p) (hence ||S|| < 1) follows from Cauchy—Schwarz and the marginal
property: for f,g € L?(u),

- 1/2 1/2
[(F,S9) r2| = [EL[FO) 9] | < (Bl F) ) (Balgni)2) ™ = [1£l12llgll2-
Moreover S1 = 1 is immediate from the marginal (-, E) = p.
Self-adjointness follows from swap invariance:

(1,59) 2y = Boe [F(0=) 9(n1)] = B [F(n4) 9(n-)] = (SF, 9) r2u)-

Finally, positivity in the sense (f,Sf)2(,) > 0 follows from reflection positivity across the
cut (Lemma 10.2). Indeed, for f € L?(y) define the positive-side functional F' := f(ny) € Sy.
Then

(f:SH 12wy =Ex[f(n-) f(ny)] =E[F 0O F] > 0.
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Proposition 11.3 (Transfer operator and detailed balance). Let T := S'/2 be the unique
positive self-adjoint square root on L?(u). Then

(f, T*9) 12 = Exe[f(n-)g(ny)] and T1=1, |T| <1,

Proof of Proposition 11.3. By Lemma 11.2, the operator S defined in Definition 11.1 is bounded,
positive, self-adjoint on L?(u), satisfies ||S|| < 1, and S1 = 1. By the spectral theorem there
exists a unique positive self-adjoint square root

T:=SY? with T?=S5.
For any f,g € L?(u) we then have

(fs T9) r2() = (f> SO r2() = B f(n=)g(n4)],

the last equality being Definition 11.1. Moreover, T1 = 1 follows from S1 = 1 and positivity
of T, and ||T||? = || T?|| = ||S|| < 1 by functional calculus. This proves the proposition. O

11.2 OS intertwiner and covariance identity

Theorem 11.4 (OS intertwiner on the GI cut). For any f,g € L*(n),

(£, T°9) 124y = B f(n-)g(ny)] = Coveus(f—, g4) + Epuf Epg.

In particular, if E,f = E,g = 0, then

<fv T2g>L2(,u) = Covcut(f—u g+)'

Proof. The first equality is Proposition 11.3. For the second, expand the covariance and use
that the one-marginals of s are pu. O

11.3 Spectral bound from two-block contraction

Write LE(u) = {f € L*(u) : E,f = 0} and let S := T? = S. The operator norm of S on L3 (1)
equals the two-block maximal correlation coefficient

Ty = sup COcht(f77f+) € [07 1)
feLd(w), fll2=1

Lemma 11.5 (Uniform contraction bound). Along the GF tuning line a — [(a) in the verified
weak—coupling window of Lemma 4.25, the two-block mazimal correlation coefficient

ry = sup Coveur(f-, f+)
feLd(w), Ifll2=1

satisfies
ro < p o= V0, < 1,

where 0, € (0,1) is the KP-based contraction parameter from Proposition 8.1 with the window
of Corollary 9.10. In particular, p and 6, are independent of the volume and of a < ag.

Proof of Lemma 11.5. Let 4, be the span of bounded GI cylinder observables supported on
finitely many boundary plaquettes and write L&(1) = {f € L*(u) : E,.f = 0}. For 4;, A; € o
set

K = Coven(Ai, A7), K™ o= Coveur(Aim, Ajy).

]
By Lemma 4.25, the verified tuning conditions (T1)—(T3) hold uniformly along the GF tuning
line (hence the hypotheses of Lemma 4.6, Proposition 8.1, and Corollary 9.10 are met uniformly
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in a < ap and in volume). Therefore the KP/HS smallness and L—blocking hypotheses used
in Proposition 9.4 hold uniformly along the tuning line (and in volume), and Proposition 9.4
applies with a constant p = /0, € (0,1), giving the kernel inequality

K& < pK(+,+). (97)

For any finite linear combination f = Y, a; A; € Hoc N L (1),

COcht f f+ Zalaj ’+ < pzala] (;_ + = = pVarM(f) =p Hf”%

7]

Density of . in L?(u) and continuity of the covariance under the pair law s (Cauchy—Schwarz)
extend this to all f € L3(x) and yield ro < p = /0, < 1. O

Corollary 11.6 (Sharp spectral control of T'). On L3(u) one has
1/4
T =Sl = < p = T < vz o

In particular \o(T) < 0" and gap(T) > 1— oL/,
Proof of Corollary 11.6. On L(i1) we have S = T? and, by Lemma 11.5,

S]] = sup (f,Sf)= sup Coveu(f-, fr) < p.
I1£1l2=1 [l £ll2=1

Hence ||T||? = ||S|| < pand so | T|| < \/p = 6L/, Since T is positive self-adjoint with 71 =1
(Proposition 11.3), its spectrum lies in [0, 1], the constant functions span the eigenspace at 1,
and the spectral radius on LZ(yu) is bounded by ||T'||. Therefore

M(T) < [T < 0/, gap(T) = 1-sup(e(T)\{1}) > 1-6.""

12 Main lattice gap theorem and numeric window

Theorem 12.1 (Lattice spectral gap: unconditional). Along the GF tuning line a — [B(a) in the
verified weak—coupling window of Lemma 4.25, the GI slab specification after L—blocking satisfies
the KP condition (77) and the Dobrushin/HS bound uniformly in a < ag (by Proposition 8.1,
Lemma 4.6, and Corollary 9.10). Consequently, for the cross—cut transfer operator T = Si/2
one has

172114 < p < VB <1, () < 0 gap(T) = 1-60)",
where 0, is defined in Proposition 4.8 and satisfies 0, < 6, by (75). Moreover, GI 2—point
functions cluster exponentially at rate mpg, and the family of n—point bounds (79) holds
uniformly in a < ag.

Proof of Theorem 12.1. By Lemma 4.25, the verified tuning conditions (T1)—(T3) hold uni-
formly along the GF tuning line in the weak—coupling window under consideration; hence the
uniform smallness statements quoted in the theorem are valid along the entire tuning line.
Therefore Proposition 4.8 applies along the entire tuning line, producing 6, € (0, 1) independent
of the volume and of a < ag. With g the infinite-volume GI boundary state and 7' = S'/2
from Proposition 11.3, Theorem 11.4 gives on L3(p)

<fa T2f> = COcht(ffaer)-
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By Lemma 11.5, Coveu(f—, f+) < p||f]13 with p = /8, < 1. Hence ||T|L§(u)||2 < p, 80

1/4
1Tzl < Vo=0" <1,
and, as T' is positive self-adjoint with 7'1 = 1, its spectrum lies in {1} U [0, Gi/ 4], which yields
gap(T) >1— 0,/*

For finite volumes A, the same intertwiner identity and cone bound hold with the same
constant p (uniformity from Proposition 4.8), hence

1/4 1/4
”TA\Lg(MA)H < 9*/7 gap(Ty) > 1—9*/,

uniformly in A. The thermodynamic limit (Lemma 10.1) preserves these bounds and gives
the infinite—volume statement above. Exponential clustering of GI 2—point functions and the
uniform n—point bounds (79) follow from the spectral gap via the standard transfer-operator
argument together with Proposition 4.8 (uniform mixing), completing the proof. O

Numerical corollary (window). Let

1
=5

For the cut—collar geometry (A = 26) the KP oscillation bound (Proposition 8.1) gives

O

e BB 4 g2 = 55 + e 4 0.0025 ~ 0.00527778.

26 0.

— % 1/4
1— 256,

~0.158080,  p=+/0, ~0.397593,  Xo(T) < 62/ ~ 0.630550.

*

With ag = 0.05 one has

“log 6,
m= 8% 461164,  mp=m — e, ~ 456164,
8ag

where e, = 0.05 is the subtractive exponent margin.

13 Uniform moment bounds and tightness for flowed GI locals

Fix a flow time syp > 0 (physical scale pp = 1/4/8s¢) and consider flowed GI locals Also) .= P, A
as in §4.

Lemma 13.1 (Uniform Lipschitz control under GI flow). For any GI local A supported in a
fized finite edge set, there exists Chow(So) such that

LGHAE) < Chow(s0) LS (A),
with Chow(S0) independent of a < ag and [ along the tuning line.

Proof of Lemma 13.1. Write A®) := P,A for s € [0,s0]. By construction of the GI flow,
s+ A®) solves the (nonlinear, local) flow equation

0, AB) = ESA(S), A0 = 4,

where L5 = >, L . is a uniformly local sum of derivations (finite stencil) with coefficients
uniformly bounded in s € [0, so], in a < ag, and along the tuning line (see Lemma 18.132).
For an elementary GI variation d, at a bond b, set

Dy(s) := 6,4,
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Using that 0, is a derivation, differentiation of the flow equation gives the linearized evolution
0sDy(s) = LsDy(s) + 8y, LJAS,  Dy(0) = G,A.

Let U(s, ") denote the (time-ordered) evolution generated by L;, i.e. O;U(s,s’) = LU (s, s')

and U(s',s") = 1d. Although U(s, s’) need not preserve strict locality, it is quasilocal in the

sense that its Fréchet derivatives obey heat-kernel tails at scale /5o (Lemma 18.80 and

Lemma 18.132); in particular it is uniformly bounded on the energy—bounded GNS norm
|| - ||-=1—c entering LSdI: there exists Cpy < oo such that

1U(s,8")G|-1- < Cul|G||-1-¢ for all 0 < s’ < s < sp and all G in the domain of ||-||_1_e.

Duhamel’s formula for the inhomogeneous linear equation for Dy yields
S /
Dy(s) = Ul(s, 0) 6,A + / U(s, s') [y, L] A .
0

By locality of the generator and Lemma 18.132 we can write

[(5177 £s’] = Z Ms’,b,27

z~b

where the sum runs over finitely many z within distance O(1) of b, and each My 4  is a local
derivation supported within O(1) of b whose operator norm (on the ||-||_1_.-space) is uniformly
bounded in s" € [0, sg], a < ag, and along the tuning line. Hence there exists Cy < oo such that

s%p |06, L4F|| ;. < Co LEN(F) for all F' and s’ € [0, so).
Taking the || - || -1—c-norm in Duhamel’s formula and using the bound on U (s, "), we obtain

DA 1-e < Cullpdllae + Cu [ 16 L4, ds.

Now take the supremum over b and set
F(s) = Lgi(A®) = Sup 1Dy ()]l -1
Using the bound on [dy, L] we obtain, for all s € [0, s¢],
F(s) < CyF(0) + CoCy /OS F(s')ds'.
By Gronwall’s lemma,
LG (A™)) = F(s0) < Cu e F(0) = Chow(s0) Lgii (A),

where we set Chow(S0) := Cy e©0Cuso The constants Cy and Cy depend only on sy and the

finite stencil, and are uniform in a < ag and along the tuning line by the uniform locality and
boundedness assumptions on the flow. This proves the claim. O

Proposition 13.2 (Uniform L? and covariance bounds). By the uniform Dobrushin bound
(Lemma 4.6) there exists Cp, < oo such that for all a < ag and all flowed GI locals Als0),

HA(SO)HLP(MGD < CpLSdI(A(SO))’ |Covens (A0, BEO)Y| < Cszc{(A(SO))LSCf(B@o)),

with constants independent of a < ay.
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Proof. By Corollary 6.13, the GI measure uSl satisfies a global logarithmic Sobolev inequality
on the slab with a constant that is uniform in a < ag and along the tuning line. By Lemma 6.14,
such a uniform LSI implies that for every p € [2, 00) there exists C), < oo such that, for every

local GI observable F with [ FduSl =

cut —

1Fl e, < Cp LSK(E).

Since adding constants does not change LSC{, this bound holds for arbitrary F' after centering.
Applying it to F = A®0) and using the uniformity of the constants from Corollaries 6.13
and 6.15 yields the first inequality with C), independent of a < aqg.

For the covariance bound, we use the Dobrushin kernel/resolvent representation of the
covariance from Lemma 9.6. In combination with the uniform Dobrushin contraction estimate
of Lemma 4.6, this gives, for all local GI observables F,G with zero mean,

|Covent(F, G)| < Cy LSH(F) LEN(@),

where Cy depends only on the Dobrushin constant and is therefore uniform in a < ag along
the tuning line. Again centering F and G if necessary and taking F = A(0) G = B(0) gives
the second inequality. This proves the proposition. O

Theorem 13.3 (Temperedness and tightness at fixed flow). Let {St(ln)} denote the n-point
Schwinger functions built from flowed GI locals at time sg along the tuning line. Then:

(i) (Temperedness/0OS0) For each n, st defines a tempered distribution on S'(R*™), uniformly
ma < ag.

(ii) (Tightness) The family {S((ln)}agao is tight in S'(R™); in particular, there exist subsequences
ar 4 0 such that S(g:) = SM for all n.

Proof of Theorem 13.3. Fix n and sy > 0. Let ® € S(R*") be a test function. For a fixed
d € (0, 1] decompose
D = Qo + Prear,

where ®.¢ is supported in
{z = (z1,...,2,) ERI™: rr;m\xl —xzj| > 6},
i#]

and P, is supported in the complement, where at least two points are within distance §.

Let (’)Z(SO)(:):), i € B, denote the finite family of flowed GI locals used to build the Schwinger
functions, and write

Galar,- o vwn) = (TTOF" @)
=1

ucut,a

for the corresponding n-point correlation functions (the dependence on (i1, ...,iy,) and on the
finite set B is suppressed in the notation).

Off-diagonal part. By Proposition 13.9, for every § > 0 there exist an integer N and a
constant C,, 5(B), independent of a < ag, such that

‘ <ﬁ@(w)> > Loft ‘ < Cns(B) [[Posi s,
=1

where || - ||s n is a fixed Schwartz seminorm. In particular, this bound is uniform in a < ag
and in the choice of multi-index (iy,...,%,) in the finite set B".
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Near—diagonal part. On the set where some |z; — z;| < J, we bound the integrand
Go(z1,...,2,) uniformly. Choose exponents pi,...,p, € [2,00) with > j_;1/p, = 1, for
instance p; = n for all /. By Holder’s inequality and Proposition 13.2,

n

]Ga(xl,...,xn)] < H||0§jo)(g;g)||y,,_,(uc < Hcsz (08 ().

Each OSO)($4) is a translate of a fixed flowed GI local, and by Lemma 13.1 its GI Lipschitz
seminorm is uniformly bounded in x4, a < ag, and along the tuning line. Thus there exists a
constant C,, (B, sg) < oo, depending only on n, B and sg, such that

( ﬁ@(xm( < Cu(B,s0)-
(=1

sup sup
a<ag zcR4n

If derivatives of the flowed fields appear (for instance after integration by parts in x when
testing against @), the same argument applies since (99) expresses such derivatives as finite
linear combinations of flowed GI locals with comparable Lipschitz seminorms, and hence the
LP-bounds of Proposition 13.2 remain valid with possibly different constants depending only
on n, B and sg.

Consequently,

‘ <ﬁ@($@)> ) q)near

(=1

< Cn(B, 50) Hq)near||L1(R4")'

Since the map ® + ®pe is a continuous linear operator on S(R*"), there exist N’ and
C/ (B, sp) such that
||(I)nearHL1 < C;L(B7 30) HCI)H&N"

(One can, for instance, use the standard estimate ||[¥|;1 < Cn||¥|s n for Schwartz func-
tions together with the fact that multiplication by a fixed smooth cutoff preserves Schwartz
seminorms. )

Combining the last two displays,

{10 w0) e

Conclusion for temperedness. Putting together the off-diagonal and near—diagonal bounds,
we obtain: there exist an integer N and a constant C' < oo, independent of a < ag, such that
for all ® € S(R*"),

< Cp(B, 50) |®]|s,n7-

[(SM, @) | < C|@ls,N-

Thus Sé”) defines a continuous linear functional on S(R*"), with operator norm bounded
uniformly in a < ag. This is precisely the temperedness (OS0) condition in (i).

Tightness. The uniform inequality above shows that the family {Sén)}agao is equicontinuous
on S(R*") (with respect to the system of Schwartz seminorms) and bounded in the strong dual
S'(R*"). Since S(R*") is a nuclear Fréchet (hence Montel) space, every bounded equicontinuous
subset of S’(R*") is relatively compact in the weak—# topology. It follows that for each fixed n

there exists a sequence a,(fn) 1 0 and a distribution S € S’'(R*") such that
ST, = s in SR,
k

Finally, since n ranges over the countable set N, a standard diagonal extraction produces
a single sequence ay | 0 such that SC(LZ) = S™ in §(R*") for all n simultaneously. This
establishes (ii) and completes the proof. O
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Definition 13.4 (Energy-bounded seminorm). Let Hs be the OS-reconstructed Hamiltonian
at flow time s > 0 with vacuum € (see Corollary 18.136). For € > 0 and any operator A in
the polynomial domain, define the energy—bounded seminorm

1A, = (s + 1) Ay,

When the flow time is clear from context we write simply ||Al|—1—.. For the unsmeared theory
(s =0), replace (Hs, $25) by (H,Q) from Corollary 16.26.

Definition 13.5 (GI-Lipschitz profile and constants). Let B be a fixed finite set of gauge-
invariant local fields (polynomials in F and covariant derivatives) and let O®)(z) be a mean-
subtracted flowed field at time s > 0 obtained from some O € B. For a lattice link (or continuum
point) b and a local variation 0P of the microscopic gauge field supported at b with ||d®| = 1,
define the (energy-bounded) directional derivative

d

D,0®(z) = o

. o) (z; ® + €0®Pp) viewed as a vector in the GNS space,
€=

and measure it with the energy-bounded seminorm | - ||—;j—¢ from Definition 13.4. The
GI-Lipschitz profile is

Lo(s;r) = sup sup ||Db(9(s) T

Mo,
dist(bz) >r  [[6%p[=1 I

Any number Cp;, (B, €) such that Lo(s;r) < Crip(B,€) I'5(s) e hT/V5 for all O € B, s < 51
and r > 0 will be called a GI-Lipschitz constant (with decay rate p > 0), where I'g(s) is a
basis-dependent polynomial in s~1/2 (specified below).

Lemma 13.6 (GI-Lipschitz locality with explicit decay). Fix ¢ > 0. There exist constants
s1 >0, u >0 and, for each finite basis B, a polynomial control

JB .
= ch 592, s € (0, s1],
=0

such that for all mean-subtracted flowed fields O©) ¢ {(9(s } built from B one has

s dist (b, =)
I D, O () |, . < CLip(B,e)Ts(s) exp( — T) (98)
Moreover, spatial derivatives of the flowed field satisfy, for each multi-index o,
1020 (@) ||_,_. < Ca(B,e)s 2 5€(0,s1]. (99)

Proof of Lemma 13.6. Fix ¢ > 0 and a finite GI basis B. For each O € B let O)(z) denote
the flowed, mean-subtracted field. Consider the directional derivative D,O®)(z) with respect
to a unit GI variation at bond b.

By locality of the GI flow and Lemma 18.132, the linearization in the initial data admits
the mild representation

D, 0¥ (x /ZKS o (2,y) Ry (y;b) ds’,

where K,y is the gauge—covariant heat kernel (propagator) of the linearized flow and Ry (-;b)
is a local polynomial in flowed curvature at time s, supported within O(1) of b and linear in
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the initial variation. The kernel is quasilocal (not finite range): there exist constants C,c > 0
(uniform for a < ag and 0 < s’ < s < s1) such that

i 2
S IK vyl <1, K (@)l < Cs— )7 exp((— e ),
Yy

The energy-bounded seminorm || - ||—;_, is stable under local multipliers and convolution
with K _, hence

[DOV@_,, < €[ Sl [Relmb)],_ ds'
Y

By uniform moment/locality bounds for flowed fields (from Lemma 18.132 and Theorem 18.90)
there exist Cp, Jg such that

JB
sup [[Ry(y:)|_,_. < Cg>_cj(s) /2.
Yy j=0
Combining with the Gaussian off-diagonal decay of K;_y and summing over y yields

JB S . .
HDb(’)(S) (@), . < Cx Z cj / (s —s')72(s") /2 exp( —c %) ds’.
=0 70

Estimating the integral by the change of variables u = dist(x,b)?/(s — s’) and bounding the
s'—weights by s—weights gives

||Db(9(s)(l‘)||7176 < CLip(Bve)FB(S) eXp(_'u’%\/%x))’

for some p > 0 depending only on the kernel constants, which is Equation (98).
For spatial derivatives, differentiate under the integral sign; each 0, lands on K,_y and
gains a factor < (s — & )*1/ 2 in front of the same exponential tail. Integrating as above yields

| (“)g(’)(s)(x) H_1_6 < Cq(Bye) slel/2, s € (0, s1],
which is Equation (99). O

Corollary 13.7 (Local current commutator). Let X be the derivation generated by a local
current built from finitely many flowed fields at the same time s (as in Lemma 18.29). Then,
with R = dist(supp J, supp O)),

11X, 09|, < C(B.e)Tx(s) exp(—ufg). (100)

Proof of Corollary 13.7. By construction, a local current J at fixed time s generates a derivation
XJ = X pesupp s Vb 0p With coeflicients v, uniformly bounded in terms of J. Since ¢ is the
directional GI derivative at b,

[X;,09]= 3" 4, D0,
besupp J

Hence, by the triangle inequality and Lemma 13.6,

s ist(b,su (s)
1. 090y < 3 ol Cuap(B.e) o) exp( — p Gt O,
supp

Since dist(b, supp (’)(s)) > R and supp J is finite, the sum is bounded by a constant C(J, B, €)
times T'5(s) e *F/V5 | giving (100). O
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Lemma 13.8 (Pointwise off-diagonal n-point bounds). Let O,(j) be mean-subtracted flowed GI

locals built from B, and let x = (x1,...,x,) satisfy min,.; |v; — ;| > § > 0. Then for every
multi-indexr o = (o, .. ., ),

o gen ( TT OO - ~lal/2 g — g O (unif)
o axn<£]‘[10% (2))] < Coa(®)s exp(— \/g) + CmiB,5),  (101)
for all s € (0,s1]. In particular, for « =0,

sup ’ <€:12[1(92(Z)($3)> ‘ < C,%ﬂf)(B,é), (102)

ming; |x;—x;[>6

and the right-hand side can be taken to decay as exp(—kd/+/s) if desired by absorbing the
polynomial factor into Cpo(B).

Proof of Lemma 13.8. Let {U;}7_; be disjoint neighborhoods with U; = B(x;,d/3) so that U;’s
are mutually separated by distance > 6/3. Introduce an interpolation that switches off all
microscopic couplings across the union of annuli separating {U;}: let u. be the Gibbs measure
with cross—annulus interactions multiplied by 7 € [0, 1]. For any multi-index «,

F(r) =05 op( [[ 09 we))
/=1

Hr

is differentiable in 7; by a standard Duhamel formula (BKAR /cluster interpolation) its derivative
is a sum of expectations of commutators of local currents supported on the separating annuli
with the inserted fields, plus uniformly bounded contact terms (Proposition 9.8). Each
commutator is bounded in the energy—bounded norm by Corollary 13.7 with R > §/3, and
each spatial derivative costs at most a factor s~'/2 by (99). Hence

F()] < CoalB)s 2 exp(— 5 22),

uniformly in 7 € [0, 1]. Integrating in 7 and using that at 7 = 0 the measure factorizes over
the U;’s (so centered products vanish), we obtain

1. 0on < H Ol(f)(we)> ‘ < CpolB) slal/2 g=rd/Vs | CT(;’JSif)(B’ 5),
(=1

where the uniform term collects the contact contributions and the trivial bound by uniform
flowed moments (Proposition 13.2 and (99)). This gives (101). The a = 0 case is (102); the
optional decay in 6/4/s follows by absorbing polynomial factors into Cy, o(B). O

Proposition 13.9 (Uniform Schwartz pairing off the diagonals). Let ¢ € S(R*™) be supported
in R := {2 : min;z; |v; — x;| > 0}. Then there exist constants N € N and C,, 5(B) < oo such
that, for all s € (0, s1],

(109 @) s 6| < Cus® I8lsix. (103)
(=1

Moreover, by (101), one may take

(T10960) . 6| < (ca®) expl ~ n 2] + CEMO(B.) ollsy.  (10)
=1
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Proof. Combine the pointwise bound (102) with the fact that ¢ is Schwartz to control the L?
norm on R4", and use (101) with |a| < N plus integration by parts (moving derivatives onto
¢) to obtain (103). The improved estimate (104) follows by keeping the exp[—r d/+/s] factor
from Lemma 13.8. O

Remark 13.10 (Choice of decay profile). Heat-kernel technology suggests a Gaussian tail
exp[—cdist?/s]; we state the weaker but technically convenient profile exp[—u dist/+/s], which
is stable under tree expansions and sufficient for compactness. Either choice is interchangeable
up to adjusting constants.

13.1 Asymptotic freedom in the flow scheme: definition of the smallness
parameter

Definition 13.11 (Flow—scheme remainder smallness). Let o > 2 be the Sobolev index from
Lemma 16.3. For each flow time s € (0, 1] define

€s = sup sup H (A®) — cfl(s) 1 — ci(s) O4) (®) ‘ ¥
A€G<y peCP(RY) L
¢l mo=1

where:

o G<y is the fixed (finite) generating class of GI local fields of dimension < 4 (Defini-
tion 16.15);

o A®) denotes the flowed representative of A at flow time s;

o (04 is the distinguished renormalized GI dimension-4 operator singled out by the admissible
renormalization conditions;

o the coefficients cf'(s) and c{'(s) are fixed by the admissible linear renormalization condi-
tions of Definition 16.2.

The L%-norm is taken first at finite volume with the GI-cut measure and then in the van Hove
limit, as in Lemma 16.3.

Lemma 13.12 (Uniform small-flow bound). Assume Lemma 16.3 and Proposition 13.2. Then
there exists a finite constant

K = max C < 00
AeG<y Ao

(independent of a < ag, of the volume, and of the bare couplings along the GF tuning line) such
that, for all s € (0,1],
es < K.

Proof. By Lemma 16.3, for each fixed A € G<4 and any ¢ € C°(R?),
|49 = ()1 = e (£)00)@)]| , < Caosliolue.

where Cy , is uniform in a < ap, in the volume, and in s € (0, 1]. Taking ||¢||ge = 1 and then
the supremum over A € G<4 yields

cs < (maxC’ )s.
s X A€Gey Ao

Finiteness of the maximum uses that G<4 is finite by Definition 16.15. The stated uniformity
follows from Lemma 16.3 and Proposition 13.2. O
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Theorem 13.13 (Nonperturbative AF at fixed flow scale). There exists s1 € (0, 1], depend-
ing only on the (finite) generating set G<4, on o from Lemma 16.3, and on the admissible
renormalization functionals of Definition 16.2, such that for all s € (0, s1],

1
€5<§,

uniformly in the lattice spacing a < ag, in the volume (van Hove limit), and in the bare

couplings along the GF tuning line.

Proof. By Lemma 13.12, ¢, < Ks with K < oo independent of a and of the bare couplings.
Set
s1:=min{1, (2K)"'}.

Then for every s < s1 one has ¢ < Ks < 3. ]

NO|—=

Remark 13.14 (Interpretation). The bound ¢, < % means that, at each fixed small flow time
s < s1, every dimension—< 4 GI local field A admits a decomposition

AR (@) = () 0l 1 + () O0s(9) + Ras(@),  |Ras(@)llz < 5lI6lle,

uniformly in the bare couplings and in the volume, once the renormalization conditions are
imposed. In particular, at small flow time the flowed theory is quantitatively close (in the L2
sense controlled by || - || g=) to the two-dimensional span span{1,O4}, with a nonperturbatively
small irrelevant remainder.

Remark 13.15 (Connection to gradient—flow couplings). If one introduces a dimensionless
gradient—flow coupling by an energy-density prescription, e.g.

dip(s) = Ccrs* (0 (2)),

then Theorem 13.13 shows that, for any A € G<4, the flowed insertion A®) differs from a
linear combination of 1 and O4 by an L?-small remainder of size O(s), uniformly in the bare
couplings. Consequently, at fixed s < s, variations of flowed correlators induced by changing
A are dominated by the two renormalized “relevant” directions 1 and O4. No monotonicity of
gép(s) is required for this conclusion.

14 0OS1/08S2 in the continuum: RP stability and O(4) restora-
tion

We record two stability mechanisms that will be used in the constructive continuum limit.

Important separation (flowed vs. half-space support). At fixed positive flow time sg > 0,

the flowed GI Schwinger families {Sén)(-; sp)} along the GF tuning line admit subsequential
limits by tightness (Theorem 13.3). These flowed limits will be used for OS2 (Euclidean
invariance) via quantitative isotropy at positive flow.

However, OS reflection positivity requires genuine half-space support at the level of the
underlying lattice links. Since the (lattice) gradient flow is quasilocal in the Euclidean time
direction (Gaussian tails at scale \/sp), a positive-time flowed insertion need not be measurable
with respect to the o-algebra of the original positive-time half-space. Therefore one cannot
infer RP for the raw flowed families from Wilson RP plus GI conditioning alone.

RP mechanism at fized positive flow. At fixed sg > 0 we obtain OS1 by passing to block-local
finite-range truncations of the relevant flowed insertions (Remark 18.79 and Lemma 18.80),
applying shifted reflection positivity at each lattice spacing (Lemma 18.71), and then transferring
OS1 to the standard-flow continuum family via truncation stability (Lemma 18.72).
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14.1 RP stability under weak limits (OS1)

Let S+ be the space of test functions supported in the positive time half-space, and write

Qu({fi}, {ci}) = Z € ¢ (Ofi [i)8a

where (-, -)g, denotes the usual RP pairing induced by the full family {S((ln)}nz().

Scope. If {Sén)} is generated by inserting gauge-invariant observables that are supported in the
half-space {zq > 0} at the level of the unflowed lattice links (or by L?-limits of such observables),
then Wilson reflection positivity and Lemma 5.2 (RP preserved by GI conditioning) imply
Qa 2 0.

At fixed sg > 0 we do not assume this for the raw flowed family. Instead, whenever OS1 is
required we apply Lemma 14.1 to the block-local truncated families (Lemma 18.71), and then
identify their continuum limits with the standard-flow continuum family using Lemma 18.72.

Lemma 14.1 (RP stable under weak limits). Assume S((],Z) = S0 for all n along ay, | 0, and
assume that each approrimant {Sc(z:)}nzo is reflection positive, i.e. Qq, > 0 for all k. (Uniform
moment bounds, such as those of Proposition 13.2 in the flowed setup, are sufficient but not
essential for this closure statement.) Then for all finite families {f;} C St and {¢;} C C,

> @ (Ofi, fi)s > 0.

i?j
Hence the limit Schwinger functions {S™} satisfy OS1 (reflection positivity).

Proof. Fix finite families {f;} C Sy and {¢;} C C, and set F' := } ,¢;fi. Each f; can be
viewed as a finite sequence ( fi(n))nzo with fi(n) € S((R%)™) and only finitely many nonzero
components. By the OS prescription, every matrix element of the RP pairing is a finite linear
combination of distributional pairings of the form

Ofi fi)s, = S (ST @™y e (2,4) = (0f) (@) £ (),

n,m

where the sum runs over finitely many (n, m) determined by the supports of f;, f;. By assump-

tion S((lz) = S() distributionally for every r, hence for each such (n,m), <S§Z+m), q)glm)) —

(§ltm) @E;L’m)> as k — oo. Summing over the finitely many pairs yields (© f;, fj>Sak —
(©fi, fj)s- Therefore the quadratic forms Qq, ({fi},{ci}) = >, ;Cic; (O fi, fj)s,, converge
pointwise to Q({fi}, {ei}) = X1, e (Ofi, fi)s.

For each k, Q,4, > 0 by the RP hypothesis on the approximants (e.g. Wilson RP for genuine
half-space observables and Lemma 5.2). Pointwise limits of nonnegative quadratic forms are
nonnegative. Hence Q > 0 for all choices of {f;},{c;}, which is OS1 for the limit family

{stmy, O

14.2 Restoration of Euclidean invariance (0S2)

On the lattice the exact symmetry group is the hypercubic group H(4) x aZ*. At fixed positive
flow time so > 0, flowed gauge-invariant (GI) locals are quasi-local smooth functionals at
range ,/sg. This yields a quantitative lattice-to—continuum comparison and, consequently,
restoration of full O(4) x R* invariance in the limit.

Definition 14.2 (O(a?) isotropy estimate at fixed flow time). Fix so > 0. We say the
discretization is O(a?) isotropic for the class of lowed GI locals at flow time s if, for every
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n € N, there exist an O(4) x R*-invariant distribution Séor)lt( :50) € S'((RY)™) and a number
ap > 0 such that for every F' € S((R*)") there exists a constant C(F,n,sq) < oo with

[(F, () — (F, Sty | < C(F,n,sp)a?, 0 < a < ao,

uniformly along the tuning line.

Lemma 14.3 (OS2 from quantitative isotropy). Assume Definition 14.2. Then any dis-

tributional limit S = limy_, o S((LZ) is O(4) x R*~invariant. In particular, OS2 holds for
{s™}.

Proof. Let F € S((R*)™) and g € O(4) x R*. By Definition 14.2,

(F, 8™y — (F, s

cont

)| < C(F,n, s0) aj, |<Fg,S(§Z)> <Fg’Scont | < C(Fy,n, 50) aj.-

Since S\, is O(4) x Riinvariant, (Fy, S§fj§t> (F, SC(OI)lt> hence

cont

[(Fy, SE0) = (B, U < (C(Fyymo50) + C(Fm, s0))af —— 0.

Passing to the limit yields (F}, Sy = (F, S™) for all F and all g. O

15 Symanzik O(a?) improvement for flowed GI locals

We prove that Definition 14.2 holds for the class of flowed GI local observables at any fixed
flow time sy > 0. The argument is Symanzik-style: classify gauge-invariant H (4)-scalar
operators by canonical dimension, show absence of genuine dimension-5 scalars (modulo total
derivatives/EOM), and control flowed insertions to promote a uniform O(a?) remainder along
the GF tuning line.

15.1 Operator basis and symmetry constraints

We write dim F),, = 2, dim D, = 1. Work modulo total derivatives (TD), Bianchi identities,
and equation-of-motion (EOM) operators. All operators are G-invariant and H(4) scalars; C'
and P are preserved by the Wilson action.

Lemma 15.1 (No genuine d = 5 GI scalar). There is no nontrivial gauge-invariant, H(4)-
scalar, C'P-even local operator of canonical dimension 5 in pure Yang—Mills, modulo TD/EOM.
In particular, the only candidate

Oy ~ tr(F,WDlqu,)
is a total derivative: Oy = %Eh tr(FpwFpu).

Proof. Work in the quotient of local gauge—invariant scalars by total derivatives (TD), Bianchi
identities, and equation—of-motion (EOM) operators. Canonical dimension 5 forces exactly
one covariant derivative and two field strengths. Since C'P is preserved and we restrict to H(4)
scalars, no e-tensor may appear, hence all indices are contracted with ¢§’s.

Thus any candidate is a linear combination of terms of the form

tr(Fl, Do Fpy ) TH 97

with T" built from §’s. Because F},, is antisymmetric, every nonvanishing 7" must contract the
derivative index with one of the indices of the differentiated F'; otherwise one needs an e-tensor
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(forbidden) or hits F,, = 0. Up to relabeling of dummy indices there is a single C'P—even
contraction:

O5 = tr(Fw DuFw) (equivalently, tr(F),,D,F,,) by relabeling).

We now show Os is a total derivative. Using that 9,tr(XY) = tr((D,X)Y + X(D,Y))
(the commutator terms drop inside the trace), we compute

Outr(FuwF) = tr(DpFyw)Fu) + tr(Fu(DyFu)) = 2tr(EFuwDyFu) = 20s.

Hence O = § 9, tr(F,, F,,) is TD.

Finally, any other d = 5 gauge—invariant scalar differs from Os by a linear combination
of (i) terms with D,F),, which are EOM, and (ii) terms requiring e-tensors (ruled out by
CP). Therefore there is no nontrivial C' P—even H (4)-scalar at d = 5 modulo TD/EOM, as
claimed. O

Lemma 15.2 (Dimension-6 GI scalar basis). A convenient basis (mod TD/EOM/Bianchi) of
CP-even H(4) scalars at canonical dimension 6 is

O = tr(DyFwD,F,), Oga =tr(FuwD?F,,), Ogz = tr(FuF,,Fpy).
Any other d = 6 GI scalar reduces to a linear combination of {Og;} plus TD/EOM.

Proof. We classify C' P—even, gauge—invariant H(4) scalars of canonical dimension 6 modulo
TD/EOM/Bianchi. Dimension counting leaves two topologies:

(A) F3—type. These have no derivatives and three F’s. Because F),, is antisymmetric and
we have only ¢’s for index contractions, any nonzero single—trace contraction must realize a
closed three—index chain. Up to relabeling and signs from antisymmetry, the only such scalar is

06,3 = tI‘(FM,/FVprM) .

All other attempted contractions either vanish (two equal indices on the same F) or reduce
to Og3 by cyclicity of the trace and renaming of dummy indices. Thus the F? sector is
one—dimensional.

(B) D*F?-type. These contain two F’s and two covariant derivatives. By covariant
integration by parts,
tr((DaX)Y) = —tr(XD,Y) mod TD, (105)

we may move derivatives so that at most one derivative acts on each F'. Hence it suffices to
consider tr(DqFy, DgF,y) and tr(F),, DoDgF,y).
First, by (105),

tr(D,F,, D, F,,) = —tr(F,,D?F,,) = —0Og2 mod TD. (106)
Second, using Bianchi D,F,, + D,F,, + D,F,,, = 0 to reshuffle derivatives, any mixed

contraction tr(D,F,, D, F,,) can be reduced to the “divergence-squared” structure plus an
F3 commutator term. A convenient identity is obtained by writing

—
()
ot

(

)
tr(Fw,Dqupr) - tr((DuFuu)DpF/w) - tr(FuvaDquV)v

and then commuting covariant derivatives D,D, = D, D, + [F,,, -|:

tr(Fu DuDpFpy) = = t1(Dplyy DpFpy) — tv(Fuw[Fppu, Fpul).-
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The first term is exactly Og 1. The second is a linear combination of F’ 3_contractions which, by
the F'3 classification above, is proportional to Og 3. Thus any instance of a second derivative
traded across F’s yields only Og 1 and Og 3 modulo TD.

Combining these reductions, every D?F? scalar is a linear combination of Qg ; and Og 2
plus an F? term (necessarily proportional to Og3) and TD/EOM pieces (the latter when a
D, F,,, remains).

(C) Elimination of higher—derivative placements. A putative D*F structure integrates by
parts to the D?F? class plus TD, and thus is already covered.

Therefore, modulo TD/EOM/Bianchi, any C'P—even H (4) scalar of canonical dimension 6
reduces to a linear combination of

O¢1 = tr(D,FD,Fp), Os2 = tr(F,, D*F,), Os3 = t1(FFypFpu),

as claimed. O

15.2 Flow regularity and EOM insertions

Let P, be the GI flow from §4, and fix sp > 0 (scale py = 1/4/8s¢). By Lemma 13.1, flowed
locals A®0) have uniform GI-Lipschitz control. The flow gives Gaussian-type heat-kernel
smoothing at range ~ ,/so; thus, for any multiindex a,

102 AC | o) < Caplso) L (A)
uniformly in a < ag along the tuning line.

Lemma 15.3 (EOM insertions vanish in GI flowed correlators). Let &, := D, F},, denote the
continuum YM equation-of-motion (EOM) field, and let Agso), - ,A%SO) be flowed GI locals
at a fixed flow time so > 0 with mutually disjoint supports. Then for any smooth compactly
supported adjoint test field J¥ whose support is disjoint from supp Agso) U---Usupp A,(fo),

</d4:ctr(8,,(x)JV(m)) ﬁA,(:O)> =0,
k=1

where the expectation is taken first in finite volume at lattice spacing a along the GF tuning
line and then in the infinite-volume, continuum limit; the equality holds uniformly in a < ag
(30)}

and passes to the limits. Moreover, if J” is built locally and gauge-invariantly from {A,,
the same identity holds up to contact terms which vanish at positive flow time.

Proof. Step 1 (lattice EOM as gradient of the action). Let R? be the right-invariant vector
field on the link U, € G in Lie algebra direction T%. Define the lattice EOM on the oriented
edge e = (x — x 4+ ¥) by

&(x;a) == RgSp(U),
i.e. the right-invariant derivative of the Wilson action. For smooth edge test fields J¢(x) define
the first-order differential operator

XJ = Z J,f(m)R((lx’y).

T,v,a

Step 2 (Haar integration by parts). On compact Lie groups with normalized Haar measure
dH, right-invariant vector fields are divergence-free: [ X fdH = 0. With weight e™# one
obtains

o:/Xj(fe—sﬁ)dH:/(XJf)e—Sﬂ dH—/f(XJSg) =S5 dH,
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hence the Dyson—Schwinger identity

(Xsf), <f 3 T (x) E(x; a)> . (107)

x,v,a a,p
Step 3 (choice of f and disjoint supports). Because supp J is disjoint from J;, supp A,(:O),
we have X ;f =0, so the Dyson—Schwinger identity (107) immediately gives the claim at finite

volume; the a | 0 limit is handled below. Let f = [];_; A,(:O). The flow sy > 0 makes each
A,(:O) a smooth cylinder functional with uniform GI-Lipschitz bounds (Lemma 13.1). If supp J

a

is disjoint from |J; supp A,(:O), then X;f = 0, because R( o) acts only on links inside supp J.
Applying (107) gives, for every finite volume,

= (Xif)ap = (I X @ Ewa))

x,v,a B

Step 4 (thermodynamic and continuum limits). Uniform moment/covariance bounds
(Proposition 13.2) and Dobrushin/KP smallness (Lemma 4.6, Lemma 4.7) allow dominated
convergence along A R* and along a | 0 (Theorem 13.3). The lattice EOM £ (z; a) converges
in distributions to the continuum cg D, F),, () (a harmless normalization factor cg is absorbed
into J¥), yielding the claimed identity.

Step 5 (local J built from {A,(:O)}). Let S := {Jj, supp A,(jo) and ro := /Sg. Since JV is built
(s0)

locally and gauge—invariantly from the {AkSO }, its dependence on a link Uz, 1s mediated
through the flowed fields. Flow locality and the heat—kernel smoothing at range r¢ imply the

Gaussian derivative bound

dist(x, supp A)?
a < A 1
Bl A (V)] < CrLGHAY) exp( — === ), (108)
hence, by the chain rule for the local functional J¥ = J ”({AESO)}),
dist(z, S)?
GI )
| Ry ()] < Cs(zk:Lad (Ak)) eXP( s ) Ldist(y,5)<Csro}- (109)

Consequently X ;f with f =[], A,(:O) is supported in the O(rp)-neighbourhood N¢y, (S), and
whenever the supp AESO) are pairwise disjoint with minimal distance sep > 0, each term in X f
that couples different insertions carries at least one factor exp( — sep?/(C s¢)) coming from
(108)—(109).

Using Lemma 13.1 (to control derivatives by LSJ) together with the uniform moment
bounds of Proposition 13.2 and Holder, we obtain the Gaussian tail estimate

2
(X f)ap] < Clso,{Ar}) exp( - ﬂ), uniformly in a < a¢ along the tuning line.

C S0
(110)
Thus the only contributions are flow—contact terms supported in N¢y, (S); in particular, for
fixed sp > 0 they are exponentially small in sep/,/so and vanish once the test supports are
separated at scale > ry. This proves that the Ward identity holds up to contact terms which
are negligible at positive flow time. O

Proposition 15.4 (Flowed nonperturbative GI Ward identity at fixed flow). Fiz so > 0 and a
GF tuning line a — [B(a). Let Agso), ces ,A,(fo) be GI flowed locals with mutually disjoint supports,

84



and let JV € O (R*,su(3)) be an adjoint test field with supp J¥ disjoint from J,, supp A,(:O).
Then, along the sequence A /' R* and any subsequence ay, | 0,

</d4xtr(DuFW(x) J (z)) ﬁAgjo)> = 0,

k=1

where the expectation is taken in the infinite-volume continuum limit of the flowed GI Schwinger
functions at sg.

Proof. Apply Lemma 15.3 at finite volume for lattice EOM &2(x;a) with J disjoint from
the insertions, use Theorem 13.3 for tightness/temperedness, Lemma 4.7 and Lemma 4.6
for uniform bounds, and pass to A ~ R* a | 0. The lattice EOM converges to D,F,, in
distributions; disjointness rules out contact terms at every stage. O

Corollary 15.5 (Ward identity with local currents up to flow contacts). Under the hypotheses
of Proposition 15.4, if J¥ is built locally and gauge-invariantly from {AE:O)}, then

/d4xtr (DyFo(z) J¥ (2 f[ (80>> —

holds up to contact terms supported in an O(\/s0)-neighborhood of |J;, supp A;:O)

at positive flow time and are uniformly controlled in a < ag.

, which vanish

Proof. Let f := I, A,(jo) and let J¥ = J ”({Aéso)}) be a local, gauge-invariant functional

of the flowed fields supported near S := |J; supp A,(CSO)

differential operator

. At finite lattice spacing, with the

Xy = Z Jo( (z V)’
x,v,a
Haar integration by parts (right—invariant vector fields are divergence—free) yields the
Dyson—Schwinger identity

</d4xtr(8,,(:1;;a) JV (z)) f> = (X, f),

where &, (z;a) = R;,)S5(U) is the lattice EOM (see the proof of Lemma 15.3). Passing to
the continuum along the GF tuning line as in Proposition 15.4 (tightness and uniform bounds
from Lemma 4.7, Lemma 4.6, and Proposition 13.2) gives

/dmtrDFW J" (x HA80>_th]f>

It remains to identify the right—hand side as a flow—contact term. By the chain rule and
the flow—locality /derivative bounds (Lemma 13.1 and the Gaussian estimates (108)—(109)),
X f is supported in the O(,/sg)-neighborhood N¢ /5(S5) and satisfies the uniform bound

se 2
(Xf)] < Cloo, 1ARY) exp(~ &),

(s0)

whenever the supports supp A,/ are pairwise at distance sep > 0; see (110). In particular, for
test configurations whose support is disjoint from Ng @(S ), the contribution vanishes, and in
general it defines a distribution supported inside Ng, 57(S5) with constants uniform for a < ao.
Therefore the Ward identity holds up to contact terms localized within an O(,/sq)-neighborhood
of U, supp A,(:O), uniformly controlled along the GF tuning line. This is precisely the state-
ment. O
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15.3 Quantitative a® discretization expansion with flowed insertions

Proposition 15.6 (Quantitative a? discretization expansion at fixed flow time). Fiz s > 0

and the GF tuning line a — ((a). Let {Ag-so) i1 be flowed GI locals whose flow—smeared
supports are pairwise separated at scale \/sg.

Let (-)iso denote the infinite—volume Gibbs state of the isotropic reference specification in
the same blocking/flow scheme at flow time sg.

Then there exist real coefficients ce;(so) (independent of a) and constants C,0 > 0 such
that for all a < ay,

n

<HA§§0)>G » _ <ﬁA§‘SO)>
; =1

J=1

4d4$ <06,z($) ; HAE»SO)> + R,2,

j=1 iso

+ azicﬁﬂ-(so)/

i—1 R

iso

with remainder bounded by

|Ra2’ < C(So, {AJ}) CL2+6,
uniformly in a < ag along the tuning line.

Remark 15.7 (EOM operator). Since O ;1 is proportional to (D- F')?, it drops out of separated
flowed correlators by Lemma 15.3. In that context, only Og2 and Og 3 contribute to the a®
term.

Proof. Fix so > 0 and write ()4 := (-)q,8(a). All bounds below are uniform in a < ao.

Step 1 (Deterministic local defect at order a?). At fixed positive flow time, flowed GI
locals and flowed composite densities admit uniform C? bounds and quasi-locality at range
V50 (Theorem 18.11 and Lemma 18.12). On such smooth scales, standard gauge—covariant
Taylor/quadrature estimates for Wilson loops and Riemann sums give a local defect density

Ly (x) (a GI H(4)-scalar) with

3
0La(z) = a*® cgi(s0) Opi(x) + a*T Ra(z), (111)
=1

where {Og;}3_; is the dimension—6 GI scalar basis modulo TD/EOM (Lemma 15.2), and R,
is a local GI scalar combination of operators of canonical dimension > 6 whose (flow—smeared)
insertions obey uniform energy /moment bounds. The absence of GI d = 5 scalars (Lemma 15.1)
forces the first nontrivial term to be a?.

Step 2 (Finite—volume interpolation relative to the isotropic reference state). Work first
in a periodic box A C R* (finite volume) in the same blocking/flow scheme, and let (),
and (-)iso,a denote the corresponding finite-volume expectations for the true discretization at
spacing a and for the isotropic reference specification, respectively.

By construction of the blocked discretization defect (cf. Corollary 15.8), the two finite—
volume measures are related by an exact density tilt:

dpta.n = Z;l exp( — / d*z 5Ea(a:)> dftigo A -
’ A

(We do not assert a global Radon—-Nikodym derivative in infinite volume; the thermodynamic
limit is taken after deriving volume—uniform bounds below.)
For ¢ € [0, 1] define the interpolating family in finite volume by

<X exp( —t [y d'z 5£a(x))>
<exp( —t [, dz 5Ca(x)>>

iso,A

(X)ea =

iso,A
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Then (-)o A = (-)iso,a and ()14 = (-)q,a- For any observable X" built from the separated family
{Ag.so)}, differentiation gives

d

dt (X)ia = _/,\d4x (0La(2) ; X>t,A’

where (-;-); A is the connected two—point function. Iterating yields the finite-volume cumu-

lant /Duhamel series

(=)™
m!

he (112)

)

/ d*oy - d'wg (0Lo(21) -+ 0La(m) X),
A

(X)a—(X)op = Y. 7
m>1

At positive flow time, exponential clustering and uniform moment bounds imply absolute

convergence of the integrals in (112) uniformly in A and a < ag, and allow termwise estimates.
Taking A 1T R* along a van Hove sequence and using uniqueness of the infinite-volume DLR

state plus the uniform clustering bounds yields the infinite-volume identity with (-)iso and (-).
Step 3 (Extraction of the a® term). Insert (111) into (112) with X = [[}_, Agso). The

m = 1 term and the leading part of §£, produce

3 n
@Y coilso) [ dx (Osle) s TLAT)
i=1 R =1

iso
All m > 2 terms carry at least a* and are bounded by Ca?*? after summation, using the
uniform clustering/moment constants and the standard tree/cumulant bounds for connected
correlators of separated locals. The remainder contribution from R, in (111) is bounded by
C a**° by construction of R, and the same uniform bounds. This yields the stated expansion
with the uniform remainder bound.

Step 4 (TD/EOM reductions). Total derivatives integrate to zero against smooth tests (or
become boundary terms) and do not contribute in (111). EOM insertions vanish in separated
flowed correlators by Lemma 15.3, yielding the remark. O

Corollary 15.8 (Uniform C? control of the blocked discretization defect). Let R, be the local
perturbation functional on the GI block variables produced by replacing the isotropic reference
specification (at fixed blocking depth and flow time) by its true discretization at lattice spacing
a (including blocking and the GI quotient). Then there exists Cyise < 00 such that

IV Rl + [IV?Rallzee < Caise 0,
uniformly in the volume and for all a < ag along the tuning line.

Proof. The blocked GI specification is obtained by composing: (i) a finite-range blocking map,
(ii) the GI quotient, and (iii) evaluation of finitely many flowed local densities at flow time s,
each of which is quasilocal with an exponentially (stretched—exponentially) decaying tail on the
scale \/sg, uniformly for a < ag (cf. Lemma 13.6 and Theorem 18.11). Each ingredient is C?
on the convex core, with deterministic bounds uniform in the volume (Lemmas 7.3, 13.1 and
Theorem 18.11). Replacing the isotropic reference discretization by the true one changes each
local density by a standard second-order quadrature/finite-difference error O(a?) on scale /5o,
and the same holds for its first two derivatives by the chain rule and the uniform C? bounds of
the composing maps. Summing finitely many local contributions yields the stated C? estimate
with a constant independent of the volume. O

Theorem 15.9 (O(a?) isotropy at fixed flow time). Fiz so > 0 and fiz once and for all a
flow scheme (continuum smoothing flow and its lattice implementation) as in Theorem 18.11,
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i.e. an O(4)—covariant heat-kernel/gradient-flow scheme at positive flow time with a lattice
realization that is O(a?)-accurate at each fized s > 0. Then, for every n € N, there exists an

O(4) x R*~invariant tempered distribution Sén) (:;80) such that for every F € S((RH)"),

ont

|<F75((zn)>_<F,5(n) )| < C(F,n,sp)a?,

cont

uniformly in a < ag along the GF tuning line.

Proof. Let F € S((R*)") and write the pairing (F, S((ln)> as the expectation of a finite linear
combination of products of flowed GI locals smeared by F. Apply Proposition 15.6 to each
term (linearity and dominated convergence are justified by the uniform moment bounds at
fixed sp), and absorb the finitely many resulting constants into C'(F,n, sg).

The limiting distribution S((;th(-; sp) is the continuum Schwinger distribution in the same
fixed flow scheme at flow time sg; in particular it inherits translation invariance and O(4)
covariance from the O(4)-invariance of the kernel G, and the Euclidean covariance of the
smoothing map (cf. Theorem 18.11, Euclidean items (1)—(3)). No OS reconstruction input is
used at this step.

Consequently, if one replaces the flow scheme by an RP-adapted, time-asymmetric modifi-
cation that is not O(4)—covariant at fized sy (for example, by defining the flowed field itself
through a hard half-space truncation of the flow map), then the conclusion of Definition 14.2
(and the ensuing O(4)-restoration statements at fized positive flow time) must be re-verified in
that altered scheme. O

16 Flow removal: point-local GI fields from flowed observables

Remark 16.1 (Flow-time notation). We uniformly use s as the flow time in this section (and
elsewhere). All small-flow statements remain valid relative to this convention.

We remove the positive flow s > 0 and construct point-local GI composites as limits of flowed
observables with local counterterms. The key inputs are: (i) the Symanzik O(a?) improvement
at fixed flow (Theorem 15.9), (ii) the absence of genuine d = 5 GI scalars (Lemma 15.1), (iii)
the flowed Ward identity (Proposition 15.4), and (iv) uniform a- and volume-bounds and
clustering at fixed positive flow (e.g. Proposition 13.2, Theorem 18.121).

16.1 Small-flow expansion and counterterm structure

Let A®) = P,A be a GI flowed local observable in the scalar C P-even channel. By H(4),
CP and gauge invariance, the only GI scalars of canonical dimension < 4 are 1 and Oy, and
by Lemma 15.1 there is no genuine d = 5 GI scalar. This fixes the counterterm sector, but
dimension counting alone is not sufficient for infrared—sensitive limits (notably exponential
clustering) when s | 0; one also needs a quantitative, nonperturbative control of the SFTE

remainder.
Applying the nonperturbative SFTE of Lemma 18.24 in the present renormalization scheme,

we obtain
A (2) = ¢ ()1 + ¢ (s)Ou(x) + s Ras(x), 510, (113)

where R, s is a finite linear combination of local GI scalars of canonical dimension > 6
(cf. Lemma 15.2) and its coefficient functions are uniformly controlled for s € (0,1]. The
needed nonperturbative bounds on R4 s (in particular uniform L? control strong enough to
preserve exponential clustering as s | 0) are recorded in Lemma 16.3; this is the input used in
Lemma 16.18.
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Definition 16.2 (Admissible linear renormalization conditions). Fix two GI and O(4)-invariant
linear functionals Ny, N; on scalar distributions with compact support, continuous in the
test—function topology and independent of a and of the flow time. (For instance: smearing
against fixed tests at scale pg and a non—exceptional momentum projection.) Assume the 2 x 2

matrix
o (Noa) N0(04)>
COA\M(1) Ny (Oy)

is invertible. We fix cf'(s), c{(s) by the two conditions
No(A®) — ¢il(s)1 — ¢} (5)O4) = 0, Ny (A®) — ci(s)1 — ¢1(s)O4) = 0.

Lemma 16.3 (Uniform SFE bounds). Fiz s € (0,1] and let A®) be a flowed GI local observable
in the scalar C P—even channel. Then there exist coefficients ci'(s), ci(s) such that, writing the
SFTE remainder as

sRys = A —cil(s)1 — i (s)O0y

(as in (113)), we have for any smooth compactly supported test function ¢ on R* and any
o> 2,

(AW — ()1 = ()04, 8)| < Cags]me- (114)
Moreover, the remainder enjoys the following nonperturbative L? bound:
sup HRA75||L2 < Cly, (115)
s€(0,1]

uniformly in a < ag. Finally, as s | 0,
co(s)=0(s7%),  cf(s) = O((1 + log(sup)])*)
for some py < 0.

Proof. Step 1 (SFTE and truncation at dimension 6). Apply the nonperturbative SFTE of
Lemma 18.24 to A®) in the scalar C'P—even channel. By H (4), CP and gauge invariance,
the only GI scalars of canonical dimension < 4 are 1 and OQ4, and by Lemma 15.1 there is
no genuine d = 5 GI scalar. Therefore the SFTE can be rewritten in the form (113), where
R, s is a finite linear combination of basis elements {Qy} of canonical dimension dy > 6 (cf.
Lemma 15.2).

Crucially (this is the point beyond mere dimension counting), the coefficient functions
supplied by Lemma 18.24 are nonperturbatively controlled in the chosen renormalization scheme.
In particular, for each ¢ appearing in the remainder one has

sup \r?(s)| < 00,
s€(0,1]
so the coefficients of the fixed local basis elements remain uniformly bounded as s | 0.

Step 2 (Sobolev testing and L? control of the remainder). By Proposition 13.2 and Theo-
rem 18.11, fixed local GI composites of bounded canonical dimension admit a—uniform moment
bounds, and in particular uniform L? bounds. Since R4 s is a finite linear combination of such
fixed local composites with coefficients bounded uniformly in s € (0, 1], this yields (115).

Similarly, the same moment /regularity input yields Sobolev testing bounds for each basis
element, and hence for the linear combination R4 . Multiplying by the explicit prefactor s
gives (114).

Step 3 (Growth of the counterterm coefficients). The stated bounds on ¢f(s) and cf(s)
follow as in the original argument: 664 has canonical scaling s~2, while cf is dimensionless
and its s—dependence is governed by the RG control built into Lemma 18.24, yielding at most
polylogarithmic growth. O
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Remark 16.4 (Flow removal preserves half-space clustering). At fixed sg > 0, Theorem 20.5
gives exponential decay for half-space correlators of flowed GI locals. The small-flow expansion
in Lemma 16.3 writes A) = [A] + ¢4'(s)1 + c¢{(s)O4 + R with ||Rs| 2 < s and deterministic
counterterms in the GI sector. Since (1,7¢X) = 0 for (X) = 0 and (O4, 75X )conn decays
with the same rate, letting s | 0 transports the half-space bound from A®) to the point-local
composite [A] (cf. Lemma 20.7). Thus the Euclidean clustering rate survives flow removal.

16.2 Definition of point-local renormalized fields

Definition 16.5 (Flow-to-point renormalization (FPR)). Fix a GI local A and choose co-
efficients ¢4\ (s), c{'(s) as in Lemma 16.3. The point-local renormalized composite [A] is the

distribution defined by

([4],6) := lim (A®) — ()1 = c(s) Ou, 6),

s0

whenever the limit exists along the GF tuning line and in the infinite-volume limit. The choice
of {c(s)} is fixed by renormalization conditions at the reference scale yg (e.g. matching a
finite set of flowed correlators).

Lemma 16.6 (Existence and L2-control). For every GI local A the limit in Definition 16.5
exists as a | 0, uniformly in volume, and defines a tempered distribution [A]. Moreover, for
any finite family {A;} and tests {¢;},

lim H Z (s) _ c0 s)1 — c4 7(5)04)(¢5) — Z[Aj](%)‘ 12

sJ0 -
v J

)

with the L?-norm taken w.r.t. the GI cut measure (finite volume) and then in the thermodynamic
limit.

Proof. Fix a finite family {A;} and tests {¢;}. Set

S Aj A
Xg = Z (Ag ) co’(5)1 — C4J(3)O4)(¢j)'
J
By Lemma 16.3, A§S) = Céj(s)l + ij (5)O4 + sRa, s with
1(sRa;,5)(#5) |2 < Ca, s lloyllme,

uniformly in @ and in the volume. Hence

1X: = Xolle < Y N(sRays = s Ray)(@)lle + X |30 (e () = ¢ () (Bir ),
J

i=0,4 j

where By =1, By = O4. The remainder term is bounded by
> Cu,(s+ )l
J

and, by the normalization equations in Definition 16.2,

ORI N (5B 480, 0)
() = e’ (s) b
SO ]c?j(s s')| < €, (s + ') for i = 0,4. Since (B;, ¢;) are fixed scalars,

IXs = Xollze < C(s+5) Y llbila,
j
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with a constant C' independent of a < ag and of the volume. Thus {X;}s>0 is Cauchy in
L? as s | 0, uniformly in volume and a. Let Xy denote its L2-limit (for each fixed volume).
The uniform L? bounds for flowed GI composites (Proposition 13.2) imply temperedness in ¢
(continuity from H® to L?).

Finally, pass to the thermodynamic and continuum limits. Uniform exponential clustering
at positive flow (Theorem 18.121) provides volume-uniform Cauchy bounds for local observables,
hence the finite-volume limits of X converge to a common infinite-volume limit; the preceding
s | 0 Cauchy estimate is uniform in volume, so the limits commute by a standard ¢/3 argument.
By Proposition 10.10 (unique positive-flow continuum limit) and Theorem 16.7, the continuum
limit @ | O of the renormalized insertions exists and is unique; the L? bounds above provide
temperedness. ]

Theorem 16.7 (Uniqueness of the zero-flow continuum limit). Let {[A;]} be point-local GI
composites obtained by FPR (Definition 16.5). For any finite set of tests {¢;} C C°(R*) and
any mized Schwinger function built from {[A;](¢;)}, the continuum limit

i (L145060)

exists and is unique (no subsequences), uniformly in volume. Equivalently, for the fized lattice
reqularization and its GF tuning line, these zero-flow Schwinger functions are independent of
the choice of vanishing lattice spacing sequence. Regulator—independence across a class R is
treated separately in Theorem 16.9 under Assumption 18.107.

Proof. Fix a finite family {A;, ¢;} and set
t Aj Aj
Xi(a) == (AY — 7 (1)1 — ¢} (H)Ou), ().
J
By Lemma 16.3, for some fixed Sobolev index o > 2 there is C' < oo such that

1Xe(a) = Xp(a)llzz < Clt =t D lejllae
i

uniformly in a and in the volume, hence {X;(a)};>¢ is Cauchy in L? as t | 0.
Fix ¢ > 0. Choose t. > 0 so small that

sup [ Xy, (a) = Xo(a)l[r2 <,
a

where Xo(a) denotes the ¢ | 0 L?-limit in finite volume from Lemma 16.6. For this fixed t.,
Proposition 10.10 implies that

1;?01 (Xi(a))ap@) = (Xic)cont

exists and is unique (no subsequences). Therefore, for any two sequences a — 0 and a’ — 0,
limsup |(Xo(a)) — (Xo(a)}] < limsup |(Xo(a) = Xe.(a))
+ (X (a) — X (a'))]
+ [(Xi.(a) — Xo(a'))|
<2 + 0.

Since £ > 0 was arbitrary, the a | 0 limit of (Xy(a)) exists and is independent of the sequence.
The same argument applies to any mixed Schwinger function (replace the single expectation by
a polynomial in the variables and use uniform moment bounds), which proves the claim. [J

91



Constructive approach-independence at zero flow.

Corollary 16.8 (Quantitative approach-independence at zero flow). Assume Assump-
tion 18.107. Let r1,r2 € R and fiz the common renormalization functionals (No,Ni) of
Definition 16.2. For any finite family A; € G4 and tests ¢;, define

i ) . (r)
X0 = Y (AY ()1 - () 01) " (6).

J
Then, uniformly in the volume and for s in the SFTE window,

X0y, 5 — (X2, 5| < Cd® + C' &,
7/3 7/3

S

for some 6 € (0,1] independent of a (cf. Lemma 16.3). Consequently, choosing any s = s(a) in
the SFTE window with a®/s(a) — 0 and s(a) — 0,

1 (Tl) o (7‘2) .
tim (X = (XG2as) = 0,

and the continuum Schwinger functions of the point-local renormalized family {[A]} are inde-
pendent of r € fR.

Proof. Fix r1,r2 € R, a finite family A; € G<4 and tests ¢;, and let XS(T) be as in the statement.

Step 1: quantitative universality at positive flow. For any fixed s > 0 in the SFTE window,
the observables X S(T) are finite linear combinations of flowed GI composites at flow time s. By
Corollary 10.12 (applied to this finite family) there is C' < oo such that, uniformly in a, in the
volume, and in 7, o,

|(X)as — (X

S

(7’2)>a’6‘ S CQQ.

S

Step 2: small-flow control. For each r € R set

YO = Y [451(8)),
J
the corresponding linear combination of point-local renormalized fields constructed by FPR.

By Lemma 16.6 and the small-flow expansion of Lemma 16.3, there exist 6 € (0, 1], 0 > 2 and
(' < oo such that, for all s in the SFTE window,

|X =y O L, < "> N16llae
J

uniformly in a, in the volume, and in r. In particular, by Cauchy—Schwarz,
(X =y s | < X0 =Y, < O

for some C" depending only on the family {A4;, ¢;}.
Enlarging constants if necessary, the estimate in Step 1 can therefore be written as

[(XED)as — (X0 | < Ca® 4 O,
which is the first claim.
Step 3: independence of the continuum limit at zero flow. Let s(a) be any choice in the

SFTE window with a?/s(a) — 0 and s(a) — 0 as a | 0. For each r,

[ s = (XD as| < C"s(a)’.
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Using the triangle inequality and Step 1,

(V) = (VD)o | < | (VT — X7

o 7
<2C"s(a)? + Cad?.

+ | x5~ XGaas |

Taking lim sup, |, and using s(a) — 0 gives

; (r1) _(y(r2) —
lim (V)05 —(Y02)05) = 0

The same argument, applied to any polynomial in the variables y(®) together with uniform
moment bounds for GI composites, shows that all mixed Schwinger functions of the point-local
renormalized family {[A]} have the same continuum limit for every r € R.

Finally, combining the O(a?) bound from Step 1 with the O(s?) control from Step 2 and
choosing s = s(a) as above yields

(X Nas = (X (Zap| < Ca® + C"s(a),

s(a) s(a

>a,ﬂ

so that

: (r1) _ /y(r2) _
lim ((X{a)as — (X2as) = 0.

This proves both the quantitative estimate and the claimed approach-independence at zero
flow. O

Theorem 16.9 (Approach-independence of the GI continuum net). Assume Assumption 18.107.
Let R be as above and fix the common renormalization functionals (Ny, Ny) of Definition 16.2.
For every A € G4, define the point-local renormalized composite [A] via FPR (Definition 16.5)
for any r € K. Then the resulting continuum Schwinger functions of the family {[A]} are
independent of r. In particular, the OS reconstruction yields the same Poincaré-covariant GI
net {A(0)} (up to unitary equivalence) for all regularizations in R.

Proof. Fix finitely many A; € G<4 and tests ¢;. For r € R set

oo | o)
X0 = (AP - ()1 - () 0h)(8),

J

where the counterterms c;-Aj (s) are fixed by the common conditions of Definition 16.2 (assumption
(R5)), using the same flow scheme and tests in N;.
By Corollary 16.8, for s in the SFTE window

|(X)ag = (XD | < Ca®+C's,

uniformly in the volume and in 71,79 € R.

By Theorem 10.15, for each fixed s > 0 and after sending L — oo, the joint law of the
(r)

flowed GI family (hence all mixed moments of X ’) has a universal limit as a | 0, independent
(r)

of r. Therefore the continuum distributions of X
By Lemma 16.3 we may write

are the same for all r.

AY) ()1~ ¢} (5)0s = s Ra, s
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with R4, s a finite GI combination of dimension > 6 fields; the L? Cauchy property as s | 0
(Lemma 16.6 and Theorem 16.14) is uniform in the regularization by (R2)—(R4). Hence, for
each r,

X % Z[Aj](gbj) (finite volume and then in the thermodynamic limit).
J

Fix e > 0 and choose s = s. small so that the L2-distance between X{") and >ilAjl(¢5) is <,
(r)

uniformly in r and a. For this s, the continuum laws of X;.’ are independent of r; passing
e — 0 shows that all mixed Schwinger functions of {[A;](¢;)} are the same for all r € fA.
The OS axioms for {[A]} (Theorem 16.14) and uniqueness of OS reconstruction then imply
that the reconstructed GI Wightman theory and its local net are independent of r, up to
unitary equivalence. O

Remark 16.10 (Quantitative bound at finite a). Combining Corollary 16.8 with the L? Cauchy
property yields, for s in the SFTE window,

XN, 5 — (XY, 5] < Ca® 4 O,
s 8 s 8

uniformly in volume and r;, hence an O(a?) rate after choosing s = s(a).

16.3 RP stability under flow removal and Ward identities

Lemma 16.11 (RP closed under L2-limits). Let {Fi(s) M. be a finite family of flowed GI
functionals such that the RP quadratic form

m

3 e (JEY, F)

ij=1
is nonnegative for each s > 0 and all {¢;} C C. If Fi(s) — Fi(o) in L? as s | 0, then the limiting
family {Fi(O)} is RP.
Proof. Fix coefficients ¢; € C and set X, :=)"; ciFl-(s) and X :=); ciFZ-(O). RP at flow time s

gives
(JXs, Xs) > 0.

Since J is an isometry on L? and X — X in L? by hypothesis, we have

(T X, Xs) — (X0, Xo)| < [|J(Xs — Xo)ll2 | Xsl2 + [T Xoll2 | Xs — Xol|2 w 0.

Taking s | 0 yields (J X, Xo) > 0. Since the coefficients were arbitrary, the limiting family is
reflection positive. O

Proposition 16.12 (Ward identity for point-local composites). Let [A;] be defined by Defini-
tion 16.5. Then for any adjoint test field J¥ € C°(R*, su(3)) with support disjoint from the
supports of the test functions used to smear {[A;]},

([ d et (DuFuta) @) T4))) = o,

J

Proof. Let Ag-s) be the flowed representatives and choose c:lj (s) by Definition 16.2. For J¥
supported away from the supports of the tests ¢;, the flowed Ward identity (Proposition 15.4)
gives

</d4a: tr(D,Fu(x) J¥ (x)) H(Ags) - céj(s)l — cfj (8)(’)4)(¢j)> = 0,
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because the counterterms are local scalars and JV is disjointly supported (contact terms vanish).
The flowed Ward identity holds uniformly for s € (0,1] in the sense of distributions. By
Lemma 16.3 the product of renormalized flowed insertions is Cauchy in L? and converges
as s | 0 to [[;[A4;](¢;). Uniform moment bounds (Proposition 13.2) then give dominated
convergence for the bracket, yielding the claimed identity. O

16.4 Flow-to-point renormalization: full construction for a generating GI
local algebra

We give a complete, uniform (in a < ag) proof that a finite, multiplicatively stable generating
class of gauge-invariant local fields admits flow-to-point renormalization (FPR) with two
counterterms, that the zero-flow limits define tempered distributions [A], and that OS0-OS3
and exponential clustering persist for the family {[A]}.

Definition 16.13 (Generating GI class G<4). Let G<4 be the real linear span of compactly
supported, gauge-invariant, C'P-even local fields of canonical dimension < 4, generated by

1, Oy :=trF,, F, 0aJ(§k) (total derivatives),

and finite linear combinations of such fields smeared with smooth, compactly supported test
functions (all products understood after smearing).

By Lemma 15.1 there is no genuine d = 5 GI scalar (mod TD/EOM). We only consider
C P-even fields to match reflection positivity.

Theorem 16.14 (FPR for the generating class G<4). For every A € G<4 there exist real
coefficients c§(s) and ci'(s) such that, defining

RS) = AL — ()1 — ¢ (s) Oy,

the following hold uniformly in a < ag and in the thermodynamic limit:

(i) (L? Cauchy at s | 0) For every finite family of tests {¢;} C C(RY),

[ R0 - SR (9))]

LQ

< Cals =51 lslme,
j

for some 0 > 2 and Cy < oo independent of a < ag.

(i) (Distributional limit) There exists a tempered distribution [A] such that, for every test
¢ € C&(RY),

lim (RY.0) = ([4L6),  sw [RY@)] £ 6l

a<ag
for the same fixed Sobolev index o > 2 as in Lemma 16.3.

(#ii) (OS axioms at zero flow) The family of all mized Schwinger functions built from {[A] : A €
G<a} satisfies OSO (temperedness), OS1 (reflection positivity), OS2 (Euclidean invariance),
0OS3 (symmetry), and exhibits the same uniform exponential clustering as in the flowed
theory with rate m, > 0 (Theorem 18.121).

Moreover, the linear map A — [A] is well defined on G<y4 (independent of representatives
modulo TD/EOM) once the two renormalization conditions that firx (ci'(s),ci(s)) at po are
chosen.
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Proof. Step 1 (SFE and counterterms). By the nonperturbative SFTE of Lemma 18.24 in the
scalar C' P—even channel and the absence of genuine d = 5 GI scalars (Lemma 15.1), every
A € G<4 admits for s € (0, 1] a decomposition of the form (113),

AD(2) = i ($)1 + ¢} (5)O0a(2) + s Ras(2),

with R4, a finite linear combination of GI scalars of canonical dimension > 6 (cf. Lemma 15.2).
More explicitly one may write

Na 4,6
Ras = ZSZT ri'(s) Qr, dy > 6.
/=1

The key point (needed later for infrared limits) is that Lemma 18.24 provides uniform control

of the coefficient functions in s € (0, 1] in the chosen renormalization scheme; in particular the

families r;!(s) are bounded on (0, 1] and their logarithmic derivatives remain bounded:

sup ]7“24(8)‘ + sup |8837“f(5)| < 00.
s€(0,1] s€(0,1]

Fix admissible renormalization conditions Definition 16.2. This uniquely determines ¢4 (s), ' (s)
and hence
RS) = AL — 8 ()1 — ¢} (s)04 = sRA .

Step 2 (L? bounds and Lipschitz continuity in s). Let By(¢) := RS)(@ = sRas(¢). By
Lemma 16.3 we have the nonperturbative uniform remainder bound

sup ||[Rasl|lp2 < oo,
0<s<1

and the same input (together with Proposition 13.2 and Theorem 18.11) yields for ¢ > 2 an
a—uniform Sobolev testing estimate

[RAs(®)l[2 < Calldllge, s € (0,1].

Differentiating Bs = sR4 s and using the uniform control of the coefficient functions (in
particular sd,7'(s) bounded on (0, 1]) gives

sup (|05 Bs(d)llr2 < Chlldllue,
0<s<1

with Cy independent of a < ag. Therefore, for any 0 < s < s’ <1,

1Bs(8) — By ()|l 2 < Clals — 5’ [|6l| e,

and the rest of the argument proceeds as before.

Step 8 (Distributional limit and temperedness). Fix ¢ € C°(R*). The Lipschitz bound in
Step 2 shows that {Bs(¢)}s>0 is Cauchy in L? as s | 0, uniformly in a < ag and in the volume
(the latter by the same /3 argument used in Lemma 16.6). Thus, for each ¢, there exists an
L2-limit, denoted [A](¢), and we may set

T (s)
<L4]7¢>'_‘2$8<72A >¢>>

with the limit taken along the GF tuning line and in the thermodynamic limit.
Linearity of ¢ — [A](¢) follows from the linearity of RS) (¢) and the uniform L? convergence
on finite families of tests given by (i). From Step 2 we also have

sup RS @)z S llgllae,

0<s<1
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uniformly in a < ag. Fatou’s lemma then yields the same bound for the limit:

IAI@)lz2 < llolae-

Thus ¢ +— [A](¢) is continuous from HY into L%, so [A] is a tempered distribution. This
establishes (ii).

Step 4 (OS axioms and clustering at s = 0). Fix s > 0. Along the GF tuning line, the flowed
gauge—invariant fields A®) satisfy 0S0-0S3, are H (4)—covariant, and obey uniform exponential
clustering with rate m, > 0 by the positive—flow analysis culminating in Theorem 18.121 (using
the constructive continuum limit input there). Since

RS) = A _ 064(3)1 — cf(s) Oy

is obtained from A() by subtracting only O(4)—scalar fields, the same OS properties and the
same clustering bounds hold for the family {RS) : A € G<u} at each fixed s > 0.

Let X be a finite polynomial in smeared fields R(Asi (¢x) with all test functions supported in
the positive-time half-space. By Step 3, X, — X in L? as s | 0, where X is the corresponding
polynomial in the point—local fields [Ag](¢r). Reflection positivity for the flowed family gives
(X5, Xs) > 0 for all s > 0. By the RP closure lemma (Lemma 16.11),

(0X0, Xo) = lm(OX,, X,) > 0,

so OS1 holds for the limiting family {[A]}.

082 follows by passing Euclidean invariance to the s | 0 limit: the flowed theory is H(4)-
invariant with O(a?) improvement and restores full O(4) in the continuum limit (Theorem 15.9),
and the counterterms used to define Rfjf) are O(4) scalars. Since the O(4) action is continuous
on distributions, invariance is preserved under L? limits. OS3 (symmetry of mixed Schwinger
functions) is stable under linear combinations and limits, hence also holds for {[A]}. OSO0
(temperedness) was proved in Step 3.

Uniform exponential clustering for Rfj) is inherited from the corresponding bound for
A®) in Theorem 18.121 and is uniform in a < ag and s > 0. Subtracting 1 and O4 does not
affect the large—distance decay of connected correlators. Combining these uniform exponential
bounds with the L? convergence R(AS) — [A] allows passage to the limit s | 0 by dominated
convergence, yielding exponential clustering with the same rate m, for Schwinger functions
built from {[A]}. This proves (iii).

Finally, the construction is linear in A and depends on A only through its GI small-flow—
time expansion and the fixed admissible renormalization functionals of Definition 16.2. If A
and A’ differ by total derivatives and/or Yang—Mills equations of motion, then their flowed
representatives have identical projections onto the 1 and O4 channels, while the difference lies
in the d > 6 sector. In GI correlators, the d > 6 sector contributes only contact terms, which
vanish in the flow—to—point limits by the Ward/EOM identities for flowed and point—local
composites. Hence RE:) — Rif,) — 0in L? as 5 | 0, so [A] = [4’]. Therefore the linear map
A+ [A] is well defined on G<4 once the two renormalization conditions fixing (c{'(s), c{(s)) at
Lo are imposed. O

Definition 16.15 (Generating GI class at canonical dimension < 4). Fix once and for all a
finite set G<4 of gauge-invariant local composites with canonical dimension < 4 such that every
GI local of canonical dimension < 4 can be written (modulo total derivatives and equations of
motion) as a finite linear combination of finitely many spacetime translates and derivatives
of elements of G<4. We also include 1 and Oy := tr F,,, F,,. The set G<4 will be used to
formulate renormalization conditions and the small-flow parameter below. Its precise choice is
immaterial for the results, provided it is finite and satisfies the stated generating property.
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Corollary 16.16 (Dense OS domain and spectral gap for the reconstructed Hamiltonian).
Let Dy be the linear span of vectors of the form [Ai](é1) - - [An](¢n) Q with Aj € G<4 and
¢; € C°. Then Do is dense in the OS Hilbert space H, and the OS—reconstructed Hamiltonian
H satisfies

o(H) C {0} U [my, 00), A :=inf(o(H) \ {0}) > m,. > 0.

Proof. By Theorem 16.14, the Schwinger functions of the family {[A] : A € G<4} satisfy
0S0-0S3 and exhibit exponential clustering with rate my > 0. Applying the OS reconstruction
theorem to these Schwinger functions yields a Hilbert space H, a cyclic vacuum vector €2, and
a nonnegative self-adjoint Hamiltonian H implementing Euclidean time translations.

In the OS construction the dense subspace is the linear span of vectors obtained by applying
finite products of smeared local fields to €2. By Definition 16.15, every gauge—invariant local
composite of canonical dimension < 4 can be written, modulo total derivatives and equations
of motion, as a finite linear combination of spacetime translates and derivatives of elements of
G<4. Together with polynomial closure, this implies that the algebra generated by the smeared
fields [A](¢), A € G<u, is separating, and its action on {2 spans the same cyclic subspace as all
local fields. Hence D), is dense in H.

For the spectral gap, let ¥, ® € Dy, and consider the Euclidean time—translated two—point
function

C\p,(}(t) = (7, eitH(I)>, t > 0.
By exponential clustering for the zero-flow fields [A] from Theorem 16.14, the function Cy ¢ (t)
decays at least as e for large t. The Laplace-support lemma (Lemma B.1) then implies
that the spectral measure of H associated with the pair (¥, ®) is supported in {0} U [my, 00).
Since Djqc is dense, this support property holds for all matrix elements and therefore

o(H) C {0} U [my, ), A :=inf(c(H) \ {0}) > m, > 0,

as claimed. O

16.5 OS axioms and clustering for point-local fields

Theorem 16.17 (Point-local OS family with mass gap). Let {[{A;]} be a finite family of GI
point-local composites obtained by Definition 16.5. Then their Schwinger functions satisfy
the Osterwalder—Schrader axioms OS1-OS3 together with OS4 (cluster property) and OS5
(regularity/temperedness), in the convention summarized in Section 16.9. Moreover, the
exponential clustering rate is the same m, > 0 as at positive flow:

o OS5 (regularity /temperedness): from Lemma 16.6.

o OS] (reflection positivity): by Lemma 16.11 applied to the renormalized flowed representa-
tives

RG) = AP — 7 ()1 — ¢ ()0,

using reflection positivity at positive flow (cf. Lemmas 5.2 and 18.71 together with the
finite-range truncation in Lemma 18.80).

o OS2 (Euclidean invariance): linear local counterterms preserve O(4) and translations; limits
inherit invariance (cf. Lemma 14.3).

o OS3 (symmetry): inherited from the flowed family and stability of limits.

o 0S4 (clustering / mass gap): exponential clustering for the point-local fields constructed
above holds with rate my > 0 (see Proposition 16.20, based on the nonperturbative SFTE
remainder control in Lemmas 16.3 and 16.18). In particular, the reconstructed Hamiltonian
has spectral gap A > my by Theorem 16.21.
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Proof. For each j and s > 0 set

Aj A;
RSJ) = A§S) — ¢y’ (8)1 — ¢y 7 (s)Oa.
By Definition 16.5 and Lemma 16.6, for every finite collection of test functions the joint

Schwinger functions of the random variables Rffj)

have a limit as s | 0 which defines the
point-local fields [A;], and the family is uniformly tempered in s. In particular, for each

Schwartz function f we have L?-convergence

REF) 5 [A)06),

and the corresponding Schwinger distributions are tempered. This gives OS5 for the point-local
family.

We next verify OS1-OS3 and OS4.

OS1 (reflection positivity). For every s > 0, reflection positivity for the flowed representatives
used here is supplied by the blocking/truncation + shifted-reflection mechanism and GI
conditioning (cf. Lemmas 5.2 and 18.71 together with the finite-range truncation discussion
in Lemma 18.80). Since 1 and Oy are local reflection-symmetric functionals, finite real linear

combinations of the form R( ) define observables in the same positive-time OS algebra, hence
the corresponding Schwmger functions satisfy reflection positivity at each s > 0. By the
L2-convergence above, Lemma 16.11 applies to the family {R( ) ( )}s>0 and shows that the
limits [A;](f) inherit reflection positivity. As OS1 is formulated in terms of quadratic forms
generated by such smeared fields, OS1 holds for the finite family {[A;]}.

OS2 (Euclidean invariance). For each s > 0 the flowed composites Ag-s) transform covariantly
under O(4) and translations, and 1 and Oy are O(4)-scalars and translation covariant. Hence

each ”RE:J) is Euclidean covariant, and the corresponding Schwinger functions are FKuclidean
invariant. By Lemma 14.3, Euclidean invariance is stable under taking limits in the topology
provided by Definition 16.5, so the Schwinger functions of the limits [A;] remain invariant.
This gives OS2.

083 (symmetry). For fixed s > 0, the Schwinger functions of the fields Ag-s) (and hence of the

linear combinations Rf}) satisfy the standard OS symmetry properties under permutations and

conjugation. These symmetries are linear and continuous in each argument of the Schwinger
functions and therefore pass to the limits as s | 0. Thus the Schwinger functions of the
point-local fields [A;] satisfy OS3.

0S4 (clustering / mass gap). Exponential clustering at positive flow is provided by
Theorem 18.121. Passing to the point-local s | 0 limit without degrading the clustering rate uses
quantitative, nonperturbative control of the SFTE remainder (not just dimension counting):
this is Lemma 16.3, and it is used in Lemma 16.18 to show that removing the local SFTE
counterterms does not create new infrared tails. The resulting continuum clustering statement
for point-local limits is established in Proposition 16.20. Applied to the present family, it yields
for each pair j, k constants Cj; < oo such that

[A;][A _
|Scon11[ k](x)| < Cje Ml x # 0.
The corresponding spectral gap for the reconstructed Hamiltonian then follows from the OS
spectral characterization Theorem 16.21, giving A > m,,. 0
Renormalization conditions (calibration). The functions ¢ (s),ci(s) are fixed by two
linear conditions at the reference scale yg (e.g. normalizing ([A]) = 0 and fixing the [A] —O4
two-point at a non-exceptional momentum). Different admissible choices correspond to finite
field redefinitions and do not affect OS1-OS5 or the gap.
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16.6 Exponential clustering passes to the limit
Write m, > 0 for the a—uniform clustering rate from Theorem 18.121. For any fixed sy > 0
and any flowed GI local A0) with LGI(A(0)) < 0o we have, for all a < a,

|SA(SO)A(SO)(x)| < Cas e~ Mmxlxl

a,conn

Therefore any distributional continuum limit at fixed sy > 0 inherits the same exponential
envelope (with the same rate m,).

No—infrared creation under flow removal. We recall the SFTE from Lemma 16.3:

A = il ()1 + ¢4 (s) Oy + s R, sup ||Rasllr2 < Ca, (116)
s€(0,1]

valid uniformly in a < ag and s € (0,1]. The uniform L? control of the remainder is the
nonperturbative input that prevents infrared degradation when taking s | 0; it is used below
to bound the Lipschitz size of (R4 s)*/? by O(s7!/2), so that the overall SFTE correction
sR 4 s becomes O(s'/?) at long distances.

Lemma 16.18 (No new infrared from local SFTE subtraction). Assume the a—uniform
clustering bound of Theorem 18.121 at positive flow: there exist my > 0, K, < oo and
s1 € (0,1] such that for all a < ag, all s € (0,s1] and all flowed observables X = Y9,
Z=w),

SX2 (@) < KL LEH(X) LS(Z) el

a,conn

Let A®) be a flowed GI scalar in the CP—even sector and write its SFTE as in (116). Then
there ezists Cir(A) < oo such that for all a < ag, all s € (0,s1] and all x # 0,

|SA<S>A<3> (z) — ci(5)2 89194 ()] < Cir(A) s1/2 g=mala|

a,conn a,conn

Proof. Expanding the connected two—point function using (116) gives

() ) OiRa, RaoRa.
Sarcorn (@) = ¢ ()2 SQLGk () = 25 ¢4 () Saconn” () + 57 Sacomn ().

a,conn a,conn

As in the original argument, we insert an intermediate flow of time s/2 so that clustering
can be applied with strictly positive flow time. Any discrepancy is a contact contribution
supported at coincident points, hence irrelevant for x # 0 (cf. Remark 16.19 below). Thus for
x # 0 and s < sq,

O4RA,S( )

a,conn

(s/2) (s/2) (s/2) (s/2)
_ o RA,S (x)7 RA,SRA,S( ) _ RA,S RA,S (.’1:

= Oa,conn a,conn = a,conn

We now estimate these two terms by the positive—flow clustering bound. First, since
s/2 < 51/2 is bounded away from oo, flow regularity gives

LE(046/2)) < Chow L (O0),

with Chew independent of s € (0, s1]. Second, by the heat—kernel smoothing estimate for the
flow (the same estimate used in the original proof) and the nonperturbative remainder control
from Lemma 16.3,

Li(RA“/?) < Cuks "2 ||Ralle < Cux Cas /2.

Applying the clustering bound of Theorem 18.121 to the flowed observables ©,(/2) and
RA7S(5/2) then gives, for x # 0,

SO (0)] < Ky LSHOL01) LGN (R /) emelel < € 1/2 gl
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and similarly

| Sarcsin ™" ()] < Ky LG (Ra /22 e7melel < ¢ 571 emmelal,

Multiplying by the explicit SFTE prefactors yields

O4R A s - Ra,sRas -
[25 ¢4 (5) Sacomt” (2)] < C" (s 2Jed () ) ™17, [ Sugsin ™ ()] < €77,

By Lemma 16.3, ¢{'(s) grows at most polylogarithmically as s | 0, hence the product s'/2|c{'(s)|
extends continuously to s = 0 with value 0 and is therefore bounded on (0, s1]. Absorbing this
bound into the constant completes the proof. O

Remark 16.19 (Contact terms). All identities above hold pointwise for x # 0 or after testing
against ¢ € S(R*) with supp ¢ N {0} = (). Contact terms at x = 0 do not affect long-distance
decay.

Proposition 16.20 (Continuum clustering). Let A be a GI local and let [A] denote the
corresponding point-local field obtained by flow—to—point renormalization (Def. 16.5). Then any
continuum limit of the connected two—point function S([;’él]l[ﬁﬂ obtained by first sending a | 0 at
fized s > 0 and then s | 0 along an arbitrary diagonal sequence satisfies, for all x € R* with
x #0,

SAA )| < ¢y e,

conn

with my the positive-flow rate from Theorem 18.121 and a constant C'y independent of the
chosen diagonal.

Proof. (i) Fized s >0, a | 0. By Theorem 18.121,

A(s) A(s) —my
’Sa,conn (x)’ < Cse el

uniformly in a < ag. Dominated convergence yields the same bound for any distributional

A A A9

limit S&, .7 .

(ii) s | 0 and removal of local channels. By Lemma 16.18, for x # 0,

conn conn

SA(S)A(S) (l’) _ Cf(8)2 5(94(’)4(x)‘ < CIR(A) 31/2 e—m*\x|‘

The term on the left is uniformly dominated by an e~ envelope for s € (0, s1] (because the
prefactor s*/2 is bounded and tends to 0), so taking s | 0 does not degrade the clustering rate.

(iii) Conclusion. By Lemma 16.6, RS) — [A] in the sense of Schwinger distributions as
s} 0 (after a | 0 along any diagonal). Therefore, for x # 0 the limit Sc[fr]l[{fl] inherits the same
rate e+l The constant (', depends only on A through bounds on the SFTE data and

Cir(A), hence is independent of the diagonal. O

16.7 OS reconstruction and Hamiltonian gap

Let ‘H be the OS-reconstructed Hilbert space and H > 0 the generator of time translations. By
the standard Laplace-support argument, exponential clustering of 2-point functions of a dense
class of local observables implies a spectral gap of H bounded below by the clustering rate.

Theorem 16.21 (OS mass gap in the continuum limit). Let a — S(a) be the GF tuning line
of Theorem 4.23, with the scheme parameters and target coupling ug chosen in the verified
weak—coupling window of Lemma 4.25 (Verification of (T1)~(T3) along the GF tuning line). In
particular, (T1)—(T3) hold along this tuning line. Let m, > 0 be the Euclidean clustering rate
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for point-local GI fields in Proposition 16.20. Then the OS Hamiltonian gap satisfies A > my.
In particular,

o(H) C {0} U [my, 00).
Moreover, with Aqp defined in Definition 18.68, the scale my is RG-invariant in the sense that
my/Agr is a pure number fixed by the chosen normalization condition Equation (2).

Proof. 1t suffices to show that paq has no support in (0,m,) for every (point-local) GI
observable A with (A) = 0, where p4q is the spectral measure of ASQ.
Indeed, by Equation (117),

(AQ, et AQ) = /OO e M paq(dm) (t >0). (117)
0

On the other hand, by Proposition 16.20 applied along the Euclidean time axis,
0 < (AQ,e M AQ) = S22 (teg)] < Cae ™! (t>0), (118)

conn

where ey = (1,0,0,0). Applying Lemma B.1 with m = m, gives paq((0,m4)) = 0. Since such
vectors span a dense subspace of 1+ it follows that o(H) C {0} U [my, o0) and hence A > m,.

The final statement about expressing the gap scale in units of Agp follows from Defini-
tion 18.68 together with the fact that the normalization condition Equation (2) fixes po/Agr
and hence fixes m,/Agr as a dimensionless constant. ]

16.8 Short-flow-time renormalization and reduction to SFTE

We now remove the flow by matching any flowed, gauge-invariant (GI) local observable O®)(z)
to a finite, symmetry—closed basis {Qn(z)}aep of renormalized, point-local GI operators (up
to a dimension cutoff dictated by the channel). The input is the nonperturbative small-flow
expansion in GI correlators, Lemma 18.24, which provides an explicit remainder bound in
separated matrix elements.

Definition 16.22 (SFTE window). A flow time s = s(a) | 0 is said to be in the SFTE window
if its smoothing radius p(a) := /s(a) separates the lattice and continuum scales,

2

a
1 ivalentl — —0 — 0.
a < pla) K equivalently @) a0 s(a) T

All estimates below are uniform for a sufficiently small with s(a) in the SFTE window.
Remark 16.23. For concreteness one may take, e.g., s(a) = ca®|logal® with x > 2 and ¢ > 0

fixed; this keeps p > a while s | 0 slowly. None of our arguments depend on this specific
choice.

Proposition 16.24 (Finite renormalization for flowed GI locals). Fiz a GI scalar channel
and a finite basis {Qa}tacn of renormalized point-local GI operators (closed under the exact
lattice/discrete symmetries and of canonical dimension < d ). For each flowed GI local (’)Es)(x)
of canonical dimension d; < d, there exist finite matching coefficients Z;q (s, ) and a remainder
RZ(S) (x) such that, as distributions on off-diagonal test functions,

O (@) = 3 Zials. 1) Q™ (@i p) + B (a). (119)
acB
Moreover, for every 6 > 0 and every Schwartz seminorm || - || x5 on test functions supported in

R} := {(x,y) : |z — y| > 6}, there exist C,N,e > 0 (independent of a in the SFTE window)
such that
(B (£) X)apl < O

(2

X5

for any composite insertion X built from finitely many flowed or renormalized locals with
pairwise separations > 0.

N,§
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Proof. Apply Lemma 18.24 to X = O; in the chosen symmetry channel, with spectators
supported at distance > § from x and with N large. This yields a finite expansion of (’)ES) ()
in a symmetry-compatible basis of renormalized point-local operators up to dimension dy, plus
a remainder bounded by O(sN / 2) in separated matrix elements. Project the finite expansion
onto the fixed symmetry-closed spanning set {Qq }aep; this defines the coefficients Z;, (s, i)
(for the chosen renormalization prescription at scale p). BRST-exact contributions drop out in
GI correlators by Theorem 18.23, and contact terms are supported on coincident diagonals,
hence vanish on Rg.

Taking ¢ := N/2 (or any smaller value) gives the stated s bound. The constants are
uniform for a in the SFTE window because a?/s — 0 suppresses lattice artefacts in the same
off-diagonal seminorms. O

Theorem 16.25 (Reduction to SFTE in separated correlators). Let (92(15), ceey Ol(i) be flowed
GI locals, and let Y1, ...,Y, be any additional insertions (flowed or renormalized) with pairwise
separations > § > 0. In the SFTE window and for s | 0,

<ﬁ0§j)(xj) ﬁ yk(yk)>aﬁ

— Z HZ”aJ (s, 1) <H a(xjp Hyk (Uk > wp + O(s%),

ALye,Om j 1

with O(s®) uniform in a (for a small) and in the separations > 6. Equivalently, generating
functionals with flowed sources converge to those with renormalized point—local sources after
the finite linear map O©) — Y Z(s, u) Q™.

Proof. Expand each (’)S) using (119) and multiply out. The main term is the finite linear
combination of correlators with fojn insertions. Every remaining term contains at least one

s)

remainder jo , and Proposition 16.24 bounds each such term by C s° in separated correlators.
Uniform clustering and moment /energy bounds at positive flow time (Theorem 18.121, Propo-
sition 13.2) control the finitely many mixed correlators that occur after expanding products,

hence summing all remainder contributions yields the stated uniform O(s®) error. O

Corollary 16.26 (Unsmeared OS/Wightman theory). The limiting Schwinger functions
Sin M( ; R) from Theorem 16.25 reconstruct, via the OS theorem, a Wightman theory (unique
up to field redefinitions within the finite span). The vacuum is unique (clustering passes to
the limit), and the fields C’);e“(-;R) are the corresponding unsmeared gauge—invariant local

operators.

Proof. For each s > 0, the flowed GI family satisfies OS1-OS3 and OS5 (tempered-
ness/regularity), and exhibits exponential clustering OS4 (Theorem 18.121). By Theorem 16.25,
the limits s | 0 of separated correlators exist and identify with correlators of renormalized
point-local fields. OS1-OS3 and OS5 are stable under these limits (use Lemma 16.11 for RP
and Lemma 14.3 for OS2), and OS4 passes to the limit by Proposition 16.20. Hence the OS
reconstruction theorem applies and produces a Wightman theory. Vacuum uniqueness follows
from clustering. O

(s0)

Corollary 16.27 (Flow removal for the variational interpolator). Let A" be the princi-

pal interpolator obtained at positive flow so > 0 from the GEVP /variational construction
(Theorem 18.119). There exists a finite renormalized point-local operator A&O)’ren (a linear
combination of {Q"}) such that, in separated correlators and for s | 0 inside the SFTE
window,

(AP () AP (1)) = (AP (@ ) APy ) + O(s7).

103



In particular the strictly positive one-particle residue at mass m, persists in the unsmeared
limit.

Proof. Fix a finite symmetry—closed renormalized GI basis { Q" }ep for the scalar channel and,

for s > 0 in the SFTE window (Def. 16.22), set o) = Gs * Q5". By the variational/ GEVP
construction (Proposition 18.118), we may take the principal interpolator at flow s in the span

of {1

AP @) = S o e (x), v solves CO () v = AB) CO)(r) v,
aeB

with 0 < 79 < 7 fixed and C®)(t),5 := (Q, @&8)(15)(1)/(38)(0)Q>.
Step 1 (SF'TE reduction of Gram matrices). By Proposition 16.24 (and Lemma 18.24), for
separated insertions

ZZCMﬂ Qren + - fr() + R&S),

where Z(s) is analytic in log(su?) as s | 0, and the remainders obey ||Rgf) | = O(s®) in matrix
elements, uniformly in a within the SFTE window. The improvement term 8-T((f) contributes
only contact terms, so it drops out of connected two—point functions at noncoincident points.
Therefore, for the correlation matrices

CO) (t)ap = (2,00 (1) @5 (0)Q) and  G(t)ag := (2, Q" (£) Q™ (0)9),
we have the factorization
COt) = Z(s)G1) Z(s) + EW@),  [|ED@) <Cs, (120)

with the operator norm taken on the finite index space and the bound uniform in @ and for
t € {10, 7} used in the GEVP.

Step 2 (transport of the GEVP and existence of the s | 0 limit). For s sufficiently small,
Z(s) is invertible on the GI quotient (Theorem 18.35). Define w(®) := Z(s)T'v(®). Using (120)
and multiplying the GEVP C®) (1) v(*) = X&) C() (70) v(9) on the left by Z(s)~T gives

(G(1) + EQ () w® = X (GQ(r0) + E® () w'®,  EG(#) = Z(s)"TE® (1) Z(s)~%.

Since Z(s) and Z(s)~! are bounded for small s (analyticity and invertibility on the GI quotient),
the same estimate holds: ||[E®)(t)|| < C s for t € {7y, 7}, uniformly in a. By Proposition 18.118
(stability of the principal generalized eigenpair) together with the uniform spectral gap in the
scalar GI channel (Corollary 16.16 and Theorem 16.21), there exist limits

AS A, = e w® — w® £0,
sl0 siO

after fixing the normalization w7 G(p)w'®) = 1. We then define the renormalized point-local
interpolator

Ai()),ren — Z w Qren J? M)

a€eB

Step 3 (two—point reduction with O(s®) remainder). For z,y with |z —y| >0 > 0,
(A0 @)AY W) = o0y = wlT Gyl + O(s°),
by (120). Passing to the limit s | 0 and using w®) — wO gives

(A @A () = (AP (@) AP (i) + O(s°),
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uniformly in the SFTE window and in the separation > d; this is the stated reduction.

Step 4 (persistence of the one—particle residue). By Theorem 18.143, the point—local
renormalized scalar operator tr(F?)g has strictly positive 0t one-particle residue at mass m.
In the scalar GI sector at canonical dimension < 4, the renormalized quotient is one—dimensional
(modulo the vacuum and null fields in the physical sector) and is spanned by tr(F2)g. Since
w® # 0 and we normalize wO7 G(p)w® = 1, the operator

Aio)’ren(:n; ) = Z wg)) Qu " (z; 1)
a€eB

is nontrivial in that quotient and therefore has a nonzero tr(F?)g component. Consequently,
its 07+ one-—particle residue at mass m, is strictly positive as well. This gives the “persistence
of the one—particle residue” claim in the s | 0 (unsmeared) limit. O

16.9 OS axioms at s = 0: checklist and pointers

We summarize where each Osterwalder—Schrader axiom is verified at zero flow (after flow—to—
point renormalization). We follow the common convention:

OS1: Reflection positivity (RP), OS2: Euclidean invariance (O(4) & translations),
0S3: Symmetry (Bose), 0OS4: Cluster property, OS5: Regularity/temperedness.
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Axiom

Content at s =0

Where proved / input

0S1 (RP)

0S2 (Euclidean
invariance)

0S3 (Symmetry)

0S4  (Cluster
property)

OS5 (Regularity
/ temperedness)

RP holds for the renormalized
point-local family {[A]}; RP is
stable under L? flow—to-point limits
(with counterterms) and under weak
(a 4 0) limits.

O(4) and translation invariance are
restored at a | 0 and are preserved
under flow removal because the
counterterms are O(4) scalars.

Full Bose symmetry (permutation
invariance) of Schwinger functions
at s = 0; this encodes locality after
OS reconstruction (spacelike
commutativity).

Exponential clustering persists at
s = 0 with the same rate m, > 0 as
at positive flow.

Schwinger functions are tempered
distributions; dependence on tests is
continuous; dense OS domain exists
at s = 0.

Lemma 16.11 (RP closed under L?
limits) applied to

RS) = AG) — ¢t (s)1 — ci(5)Oy;
the RP input for the positive—flow
representatives used in the RP
argument is supplied by the
blocking /truncation

+ shifted-reflection mechanism
(Lemma 18.71 together with the
finite-range truncation paragraph in
Lemma 18.80) and GI conditioning
(Lemma 5.2). For weak limits see
also Lemma 14.1.

Theorem 15.9 (O(a?) improvement

& H(4)—O(4) at positive flow) +

Step 4 of Theorem 16.14 (i) (limits
inherit O(4)); see also the proof of

Theorem 16.17 (OS2 item).

Theorem 16.1/(iii) (OS3 item) and
Theorem 16.17. Point—locality of the
fields [A] from Definition 16.5 and
Theorem 16.14 (i) ensures that
symmetry implies Haag—Kastler
locality after OS.

Proposition 16.20 (clustering passes
to the limit) and Theorem 16.17
(clustering item). Consequence:
Theorem 16.21 (Hamiltonian gap

A > my).

Lemma 16.6 and Theorem 16.14 (i)
(tempered limits), plus
Corollary 16.16 (dense OS domain).

Closure under limits.

0OS1-085 at s = 0 follow from uniform positive-flow control (RP,

O(4) improvement /restoration, clustering) together with L?-stability of the renormalized flowed
insertions RS) as s | 0 (Lemma 16.6) and the L?—closure of RP (Lemma 16.11); beyond RP,
the only inputs are O(4) restoration (Theorem 15.9) and point-locality of [A] from FPR, which
yield OS2—-0S3 and hence locality in the reconstructed Wightman theory.

17 From OS to Wightman: Reconstruction and Haag—Kastler

Net

We now pass from the Euclidean OS family of point-local gauge-invariant fields constructed in
§16 to a Lorentzian Wightman theory. Throughout, we work with the generating class G<4 and
its flow-to-point renormalized representatives [A] from Theorem 16.14; these satisfy OS0-OS3
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and exponential clustering with rate m, > 0 (Theorem 16.14(iii), Corollary 16.16), and enjoy
full O(4) invariance (Theorem 15.9).

Theorem 17.1 (OS=Wightman for the GI sector). Let {S™} be the Euclidean Schwinger
functions of the family {[A] : A € G<4} obtained in Theorem 16.14. Assume OS0-0S3 and O(4)
invariance (Theorem 15.9), and exponential clustering with rate m, > 0 (Corollary 16.16).
Then there exist:

e a Hilbert space H with cyclic vacuum €;

e a strongly continuous unitary representation U of the proper orthochronous Poincaré group
on H;

o for each A € G<y, a scalar Wightman field x — ﬁ(@ (an operator-valued tempered distribu-
tion on a common invariant dense domain D C H);

such that the Wightman axioms hold on the net generated by {g} :

(WO0) Temperedness: all vacuum expectation values of products of smeared A are tempered distri-
butions.

(W1) Poincaré covariance: U(A,a) A(z) U(A,a)~! = A(Az + a) for all (A, a).

(W2) Spectral condition: the joint spectrum of the translation generators lies in the closed forward
light cone; in particular, the Hamiltonian H is positive.

(W3) Locality (microcausality): [A(z), B(y)] = 0 for all A, B € G<4 whenever (z —y)? < 0.

(W4) Ezistence and uniqueness of the vacuum:  is U-invariant and unique up to phase.

For every bounded open region O €@ R'3, the vacuum $ is cyclic and separating for the local
von Neumann algebra

A(O) == {A(f) : A€ Gy, supp f C O},

the classical Reeh—Schlieder property, see Reeh and Schlieder (1961). Moreover, the time-
translation generator coincides with the OS Hamiltonian from §11, and the mass gap transfers:

o(H) C {0} U[my,00) = A :=inf(c(H) \ {0}) > my > 0.

Finally, the Minkowski n-point Wightman distributions {W(")} are the boundary values of
functions analytic in the forward tube and are related to {S(")} by the standard Wick rotation.

Full proof. OS data = reconstruction. By Theorem 16.14 and Theorem 15.9, the Euclidean
Schwinger functions {S(™} of the family {[A] : A € G<4} satisfy OSO (temperedness), OS1
(reflection positivity), OS2 (O(4) invariance), OS3 (symmetry), and OS4 (cluster) thanks
to exponential clustering at rate m, > 0 (Corollary 16.16). The Osterwalder—Schrader
reconstruction therefore yields: (i) a Hilbert space H with cyclic vacuum €; (ii) a strongly
continuous unitary representation of the Euclidean group with generator of Euclidean time
translations H > 0; (iii) Wightman distributions {W (™} obtained by analytic continuation to
the forward tubes.

Poincaré covariance and fields. O(4) invariance analytically continues to a unitary repre-
sentation U of the proper orthochronous Poincaré group, with U(a) = e’ and P = H > 0,
verifying (W1)-(W2). For each A € G<4 we obtain an operator-valued tempered distribution
T ﬁ(w) on the invariant dense domain D generated by finite polynomials of smeared fields
acting on Q. Temperedness (W0) is inherited from OS0.
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Locality. Local commutativity (W3) follows from OS14+0S3 via the edge-of-the-wedge
analyticity of the vacuum distributions and the standard OS locality argument. Since the [A]
are C'P-even GI scalars, the fields are bosonic.

Vacuum. § is U-invariant by construction and unique up to phase by clustering (OS4),
giving (W4).

Identification of H and the gap. The time-translation generator coincides with the OS
Hamiltonian constructed from the RP completion; U (it) = e on H, . Exponential Euclidean
clustering at rate m, implies, via the Laplace—support lemma (the standard OS spectral-support
argument), that

o(H) C {0} Umy,00), A :=inf(o(H)\ {0}) > m, > 0.

Finally, {W(")} are boundary values of functions analytic in the forward tubes and agree with
the Wick rotations of {S(™}, concluding the proof. O

Common polynomial domain. Let
Dpoly = span{ ﬁl(fl) . gn(fn)Q : AjeG<, fj€ S(R1’3), n e N}.
By the OS reconstruction and the Reeh—Schlieder property for Wightman fields, Dy, is dense,
invariant under U(A, a), and invariant under left multiplication by each A(f).
Lemma 17.2 (Subgaussian moment bounds and Nelson analyticity). For each A € G<4 and
¢ € C°(M) there exist constants \g > 0 and ¥ = X(A, ¢) < oo such that
(©Q, @ Q) < exp(1X22) o all |A] < Ao (121)

Consequently, for every 1 € Dpoly there exists r = r(A, ¢,1) > 0 with

[e.e]

> Ay ] < oo

n=0
so Y is an entire analytic vector for E((b) in the sense of Nelson.

Proof. Step 1: Flowed subgaussian control (uniform in a). Fix s € (0,sg]. By the global
logarithmic Sobolev inequality (Proposition 6.12) and the Herbst argument, any flowed GI
local F (S)(gb) with finite GI-Lipschitz seminorm satisfies a subgaussian bound

(exp AWEFED(9) = (FO@))) < exp(3Zh.0), A <A,

with A\« > 0 and Xp g < LE(F)(¢)), uniformly in the volume and along the GF tuning line

~

a < ag (cf. Lemma 13.1, Proposition 13.2). Apply this to F' = A and to F = Oy := tr Fj,, Fj,
to get

1

(exp (MAD(g) = (AL (9))))) < 20X, (exp (MOa(0) — (04(9)))) ) < €27V,

Step 2: Counterterms and py—triangle (flowed version). Define the centered combination
with a flowed quartic counterterm

Xy = AD(@) — () |6l — cf(s) OF (@)

By Step 1, both A®)(¢) and Ois)(¢) enjoy subgaussian MGFs with parameters controlled by
their GI-Lipschitz seminorms, uniformly in the volume and along the tuning line. Hence, by
the 19 triangle inequality, for |A| < A,

(exp (M (X, = (X,)))) < exp(3(Sas+ |ef(5)] Bas)*A?),
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where ¥ 44,3845 < 0o are uniform in volume and a < ag. As in Lemma 16.3, |ci'(s)] <
(1 + |log s|)P4, so although the MGF radius may shrink as s | 0, for each fixed n we have the
uniform moment bound

sup (| Xy — (Xo)|") < Cn(A, ¢, 5) < oo. (122)

0<s<sp

Step 3: Passage to the OS limit. Using the small flow—time expansion Of) =04+ 5Ry,
with Ry a finite combination of GI scalars of dimension > 6 (hence uniformly L?>bounded

when tested against ¢), we may replace

Xy = AD(@) — i (s)| 6]l 1 — cii(s) OF ()

by

X = AC(@) = i ()6l 2 — ci'(s) Oa()
at the cost of an LQ:error bounded by C's||¢||g- (the same o > 2 as in Lemma 16.3). By
Lemma 16.6, X — A(¢) in L? as s | 0. Moreover, the subgaussian control for X, from Step 2

implies, for each fixed n, uniform moment bounds and hence uniform integrability for {5( T ts<so
(use | X |" < 2" 1(| X4|" + | Xs — X,|") and the L?-estimate for the difference). Therefore

(A(p)™) = liﬁ)l()??) for each n € N.

Choose Ag > 0 so that 37, - |)\\”supsSSO<|)~(S|”>/n! is finite for |[A\| < Ag; then dominated
convergence passes the limit under the power series for the exponential:

~ o0 )\n R oo )\n N
AA(P)\ ny _ 1 ny 15242
(e ) nE;‘O o7 (Al@)") = lim n§:0 (D) < exp(3E202),

for |A\| < Ap and some ¥ < oo (depending on A, ¢, sp), yielding (121).

Step 4: Nelson analyticity on Dpoly. From (121) (with A real) and Cauchy’s estimates
for power series, the even moments obey (Q, A(¢)2* Q) < (2n)!C" for some C = C(4, ¢).
Hence || A(¢)"Q| < Cpn! . If¢ € Dyoly is a finite polynomial in smeared GI fields applied
to Q, repeated Cauchy—Schwarz together with the uniform mixed-moment bounds (Proposi-
tion 13.2, transported through OS) gives || A(¢)"|| < C(¢)CHn! . Therefore, for r < Cy !,
> on>0 % | A(¢)"|| < oo, so every 1) € Dpoly is an entire analytic vector for A(¢). This
completes the proof. O

Proposition 17.3 (Essential self-adjointness on a common core). For every A € G<4 and real
¢ € C(M) the operator A(¢) is symmetric on Dpoly and essentially self-adjoint there. Denote

its closure by A(¢).

Proof. Symmetry on Dpq1, holds because A is Hermitian and ¢ is real. By Lemma 17.2, Dy
consists of entire analytic vectors for A(¢). Nelson’s analytic vector theorem implies essential
self-adjointness on Dy O

Lemma 17.4 (Strong commutativity at spacelike separation). Let A, B € G<4 and let ¢, €
C°(M) be real test functions with supp ¢ C O and supp ) C O, where O and O are spacelike

separated regions. Then the self-adjoint closures ﬁ(qﬁ) and E(zp) strongly commute, i.e. their
spectral measures commute; equivalently,

= =< =< =

cis A@) Lit B(y) _ it B(Y) ,is A(¢) (Vs,t € R).
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Proof. By locality (W3) the smeared fields A(¢) and B(1)) commute as operators on the
common invariant polynomial domain Dy, (defined above Theorem 17.1). By Lemma 17.2,

D01y consists of entire analytic vectors for each C (n) with C' € G<4 and real test function 7;
in particular, Dpoly is a common invariant set of entire analytic vectors for A(¢) and B(¢)). By
Proposition 17.3, both are essentially self-adjoint on Dpely, with closures A(¢) and B(q)).

Let X := g(¢) and Y := E(w) On Dyoly we have [X,Y] = 0. For £ € Dply, analyticity
allows us to expand

N m(;4+\N . m(;4\N
6isX eith — Z (ZSBTl! E;t) XT”Y”{ — Z (ZST)n! S't) an)(mé~ _ 6itY eisX g
m,n>0 m,n>0
Since Dpoly is a core for both closures and the exponentials are unitary (hence bounded),
the equality extends by continuity to all of H with X, Y replaced by their closures. This
is an instance of Nelson’s commutativity theorem: if two essentially self-adjoint operators
commute on a common dense set of entire analytic vectors for both, then their closures strongly
commute. O

Definition 17.5 (Local von Neumann algebras). We adopt Definition 17.22 as the canonical
definition of 2A(O) for double cones @ C RY3. For a general bounded open region O C M,
define

20) = (U wo).
o'co

O’ double cone

This agrees with Definition 17.22 when O is itself a double cone and generates the same
quasilocal C*-algebra.

Theorem 17.6 (Haag—Kastler net for the GI sector). The assignment O — 2A(O) defines a
Haag—Kastler net on (H,Q) with the following properties:

1. (Isotony) If O1 C Oy, then A(O1) C A(O2).
2. (Locality) If Oy and Os are spacelike separated, then

A(O7) C A(Oy) (equivalently, [A1, As] = 0 for all A; € A(O;)).

3. (Poincaré covariance) With U from Theorem 17.1, U(A,a)A(O)U(A,a)~! = A(AO + a).

4. (Vacuum cyclicity and separating properties) S is cyclic for each A(O) and separating for
A(0)".

5. (Spectrum condition) The time-translation generator H is positive, with o (H) C {0}U[my, 00)
from Theorem 17.1.

Proof. (1) Isotony is immediate from Definition 17.5.

(2) Locality: for O; L Oy, Lemma 17.4 gives strong commutativity of the self-adjoint
generators. Hence the corresponding unitary groups commute, and therefore the von Neumann
algebras they generate commute. Equivalently,

A(Ol) C A(Og)/,

which is the Haag—Kastler locality axiom. R
_ (3) Covariance: The Wightman covariance (Theorem 17.1) gives U(A, a) A(¢) U(A, a)~l =
A(P(A,q)) With supp ¢ 4) = Asupp ¢ + a. Essential self-adjointness and functional calculus

yield U(A, a) e A@) g (A,a)t = ¢ X(¢<Ava>), so the double commutant transforms accordingly.
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(4) Reeh—Schlieder: For Wightman fields with locality and spectral condition, the vacuum
is cyclic for each bounded region (standard Reeh—Schlieder). Since 2((Q) is generated by
exponentials of local fields, cyclicity transfers; separating for the commutant follows by locality.

(5) Spectrum condition and gap: from Theorem 17.1. O

Proposition 17.7 (Inner regularity and weak additivity). Let A(QO) be the net from Theo-
rem 17.6.

(i) (Inner regularity) If O,, /O is an increasing sequence of bounded open regions with O, C O,
then "
A00) = (U 210 )

neN

(ii) (Weak additivity) For any nonempty bounded open O,

(Ua0o+a) = B,

acR4
Equivalently, span{ (O +a)Q:a € R*} = H.

Proof. (i) Let A € G<4 and ¢ € C°(M,R) with supp¢ C O. Choose ¢, € C°(M, R) with
supp ¢, C O,, and ¢, — ¢ in the test-function topology. By Lemma 17.2 and Proposition 17.3,
the entire-analytic core D1y is common for all smearings and ¢ — E(qﬁ) is continuous in
the strong resolvent sense on that core. By temperedness, ¢ — ﬂ(gﬁ)& is continuous for each

§ € Dpoly; since ¢, — ¢ in the test topology and Dpy is a common core, e An) 5 (1 A(@)
strongly by continuity of the exponential series on entire analytic vectors. Strong closure of
2A(O) then gives the claim. Since 2((Q) is generated by such exponentials and is strongly closed,
(i) follows.

(ii) Suppose ¥ € H is orthogonal to A(O + a)N for every a € R*. By Kaplansky density,

it suffices to consider vectors of the form e?4(®)Q) with suppd, C O + a. The function

F(a) := (U, A%a)Q) is continuous in a by strong continuity of translations and the strong
resolvent continuity in (i), and F'(a) = 0 for all a. Differentiating at a = 0 along coordinate
directions (Nelson analyticity on Dpely allows termwise differentiation under the vacuum
expectation), we obtain (¥, C(n)Q) = 0 for all C' € G<4 and all real test functions n; by
polynomiality and density of Dyy, this forces ¥ = 0. Hence the translates of 2A(O) act
cyclically on © and the double commutant is all of B(H). O

Proposition 17.8 (Exponential clustering from the mass gap). Assume Theorem 17.1 yields
a spectral gap my > 0 above the vacuum. Then for all A, B € Ajoc := U A(O) there exist
constants Ca p < oo and p € (0,my) such that, for all spacelike x € R4,

| (Q,AU(z)BQ) — (A0 (Q,BQ) | < Cape rl,
Full proof. Let A, B € jpc and set Ag := A — (Q, AQ)1. Then
F(z) == (Q, AgU(z) BQ)

is the boundary value of a function analytic in the forward tube {z+iy : y € V;} and tempered
on the real axis (Wightman axioms). By the spectral condition, the Fourier transform F(p) is
a finite complex Borel measure supported in the closed forward cone with suppﬁ' c{p:p*>
m?2, p° > 0} because E({0})AoQ =0 and o(H) \ {0} C [my,00) (Theorem 17.1).

Fix spacelike x and choose a Lorentz frame in which = (0,r) with R := |r| = v —z2.
Then

Flz) = / =P qF(p) — / P GF (p).
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Since supp F lies above the mass threshold M., the Paley—Wiener/Jost—-Lehmann—-Dyson bound
yields exponential decay in spacelike directions:

|F(z)] < Cape M for any p < my,

with C'4 p < 0o depending on suitable energy norms of A, B (finite by Lemma 17.2). Restoring
the subtracted means gives the stated clustering estimate. O

Corollary 17.9 (Uniqueness and purity of the vacuum). If ¥ € H is invariant under all
translations U(a), then ¥ = (U, Q) Q. In particular, the vacuum is unique and the vacuum

state A — (Q, AQ) is a pure state on the quasilocal algebra A := W”'”,
Proof. Let A € .. Using translation invariance of ¥ and Proposition 17.8 with B := A*,

(P,AQ) = lim_ (P, U(x)AQ) = lim_ (QAU(—x)¥) = (Q, AQ) (¥, Q).

|x|—00, 22<0 |z|—00, 22<0

By density of {AQ: A € .} this implies ¥ = (¥, Q) Q. Purity follows since any translation-
invariant vector implementing a decomposition of the vacuum state would contradict uniqueness.

d

Remark 17.10 (Next Milestones). Proposition 17.7 and Corollary 17.9 are standard inputs
for Haag—Ruelle scattering. Together with the gap and Nelson analyticity, they allow us to
construct multi-particle asymptotic states once an isolated mass shell is identified. We avoid a
standing hypothesis: the isolated one-particle mass shell will be obtained below from the mass
gap and the nonzero residue theorem (Theorem 18.119), see Theorem 17.20.

17.1 Haag—Ruelle scattering in the GI sector

We work under the conclusions of Theorem 17.20 (proved below): there is an isolated mass
hyperboloid
Yo, = {peRY: p2=m2, p° >0}

with nontrivial one-particle subspace H1 := E(Z,,, )H # {0}. For = = (¢,x) € R* write
ag(A) == U@)AU(x)™" (A€ Uc),
and denote by E(-) the joint spectral measure of translations. Let wy,, (p) := /m2 + |p|?.

Definition 17.11 (HR wave packets and velocity support). For f € S (R3) with Fourier
transform f, define the positive-frequency Klein—Gordon packet

(%) = (gﬂ)f?)/z/RBdgp f(p)ei(wm*(p)t_p.x).
Its velocity support is

Vel(f) = { v(p) = me(p) pesuppf | C {veR®:|v|<1},

Definition 17.12 (Energy-momentum filter). Let A € R* be a compact neighborhood of
Yy, such that

AnNsp(P) = X,
Pick h € S(R*) with h € C°(RY) satisfying

**

o~

suppiAL C A, h =1 on a neighborhood of %,,, .
For B € 2(0) define the (almost local) filtered operator

By, = 4d4m h(z) oy (B) (strong Bochner integral).
R
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Lemma 17.13 (One-particle limit). Assume Theorem 17.20. Let B € A(O) be such that
E(,)BQ # 0. Then for every f € S(R?),

*

lim Bp:(f)Q =: %ﬁt € Hi, Buy(f) = /RBdSX ft(m*)(x) (t,x)(Bh)-

t—+oo

Moreover, 1#;5 equals the one-particle wave packet determined by E (74, )BS):

*

pE = /m 7(p) E(dp) BS,

and ||Bp+(f)2 — 1/inH =O(|t|™) as t — Foo for every N € N (rates depend on B, h, f).

Full proof. By Definition 17.12 and the invariance of the vacuum, U(z)Q = 2, we have
By = /R (dah@)as (B = [ doh() U)BO.
Using the spectral representation of translations,
U(z) = /R4 e " E(dp),  p-a:=p"t-p-x,

we obtain
By = / h(p) E(dp) BO.
R

Since supp?t C Aand ANo(U) = 4, it follows that
E(A°)BpQ2 =0, E(5%,,)BrQY = E(H;,, )BQ # 0.

Thus B2 € ‘H; and E(%m*)BhQ = E(%m )BQ
On H; the translation representation is unitarily equivalent to the standard massive
one-particle representation of mass m,. Hence there exists a unitary

*

W : Hl — Lz(%m*7d/"bm*)
such that for z = (¢,x) and p € J4,,,

(WU(2)e)(p) = ¢ "% (We)(p)-

Set ¢ := By € H1 and ¢ := We. Using Definition 17.11 and the definition of By, ;(f) we find,
for p € I, ,

WBL (D) = [ dx 7)) (WU (t,%)9) ()
= [ ) o) e R ),
R’
A direct computation using the momentum-space representation of f, ™) shows that
[ x5 ey e 0P — fp) - p e R,
R3

independently of t. Consequently

(WBh:(N)Q)(p) = f(p)B(p),
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which does not depend on ¢t. Thus the limits
= ._ 13
wf = t—lgrinoo Bh,t(f)Q
exist and in fact coincide, and N
=W ).
On the other hand, for any bounded Borel function g on .74, ,

w( /,;fm 9(p) E(dp) ¢ ) (p) = 9(p) 3(p)

by construction of the direct-integral representation. Choosing ¢g(p) = f(p) and recalling that
E(7,,)p = E(74,,)BQ yields

i —/ F(p) E(dp) By§2 = / T(p) B(dp) BO € .
Since B, +(f)2 is actually independent of ¢, we have || By, +(f)Q — 1/J]§EH = 0, which implies the
claimed bound || By, ¢(f)2 — w;EH = O(|t|=") for every N € N. O

Proposition 17.14 (Asymptotic commutator decay). Let B, € A(Oy) and fr € S(R3?)
(k=1,2). If Vel(f1) N Vel(f2) = @, then for all N € N there ezists Cy < oo such that

| [Bip (1), Bopoe(f2)] | < Cv@+[t)™N (¢ — +o0).

Full proof. Write By, s := By, p, +(fx) for brevity. Using Definitions 17.11 and 17.12,

(BuasBad) = [ d'%i [ dxe 177000 77 (52) [0 (B ) uma) (B

The filtered operators By, 5, are almost local. Hence for every N € N there is Cy > 0 such
that for spacelike separated 1, zo € R?,

|| [0ty (Bipy )s @y (Bay)] || < Chy (14 |21 — ma|) ™

For z1 = (t,x1) and zo = (t,x2) with x; # X2 the separation is spacelike, so this bound is
applicable and depends only on |x; — Xa|.

Next we use standard propagation estimates for Klein—-Gordon wave packets: for every
closed set K C {v €R?:|v| < 1} and every ¢ > 0 there exist Ciy. < oo such that

]ft(m*)(x)’ < One(1+t)™  whenever dist(%,K) >e, [t > 1 (123)

This follows from the momentum-space representation of f;"* by repeated integration by
parts (nonstationary phase).

The sets Vel(f1) and Vel(fz) are disjoint compact subsets of the open unit ball, so we can
choose € > 0 such that their closed e-neighborhoods are still disjoint. Let Ky := Vel(f;) and
define the “propagation cones”

Crt 1= {XE]RB: dist(?Kk) <€}, k=1,2.

We split the integral defining [By ¢, Ba;] into two parts.
(1) Region with at least one point outside its propagation cone. On the set where x1 ¢ Cy 4,

estimate (123) with K = K implies |f(m* (x1)] < Cne(1 + [t))™", uniformly in x;. The
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commutator norms are uniformly bounded, and the L'-norm of x fQ(ZL*)(X) is independent
of t, so this part of the integral is O(|t|~"). The same holds for the region x5 ¢ Ca .

(2) Region where both points lie inside their propagation cones. If x1 € C1 ¢ and xg € Cay,
then for |¢| large the velocities xy/t are e-close to Vel(fx), and hence

x1 —x2| = clt]

for some ¢ > 0 depending only on the distance between the velocity supports. By almost
locality,

0t 0) (Bihy)s Q) (Bana)] || < O (1 +cft]) ™

The L'-norms of the maps x f,g?*)(x) are uniformly bounded in ¢, so the contribution of
this region is bounded by C% (1 + [¢|)~
Combining the two regions gives

| [B1at(f1)s Boyt(f2)] | < On (1 + [t))™N
for suitable Cy, as claimed. O

Theorem 17.15 (Existence of multi-particle in/out states). Under the conclusions of The-
orem 17.20, let By, ..., By € Uioe with E(H,,)BjQ # 0 and choose fi,..., fn € S(R?) with
pairwise disjoint velocity supports. Then the limits

pout = hm By hi, t(fl) nhn,t(fn) \Ilin = hm By i, t(fl) nhn,t(fn)

ezist and depend only on the one-particle vectors ¢y, = lim;— 400 Bj,hj,t(fj)ﬂ € H1. Moreover,

. s s
\Ijout/m _ wﬁ Q - ® ¢fn7

the symmetric tensor (bosonic) product in the Fock space over Hy, and the limit is independent
of the choices of Bj, hj as long as they yield the same 1y, .

Full proof. We give the argument for the outgoing states; the incoming case is analogous with
t — —o0.

For brevity set Bj; := Bj, +(fj). By Lemma 17.13 there are vectors ¢y, € H; such that
B; 1) = 1y, for all t € R; in particular, B;(} is independent of ¢.

Step 1: Time derivative and Cook’s method. For each j define g; € S(R?) by

7i(P) = iwn.(p) f;(P)-
Then supp g; = supp fvj, so Vel(gj) = Vel(f;). Differentiating the definition in Definition 17.11

gives

o (x) = g\ (x),

and hence
atBj,t = /]RS d3X E)tfj(;n*)(x) Oé( / d3X gjt ) (t,x)(B] h ) BJ hJ,t(g])

in the strong sense.
Define
\Ift = Bl,t tee Bn,tQ, teR.

We compute 0;¥; using a standard Cook-type argument. Let Cy(t) := By, - - Bn with the
convention Cy,(t) = 1. For small h,

1
E(Bk t+h — Brt) Cr(t)Q = 7 [Bit+h — Brt, Cr(t)],
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because (B 14+ — Bkt)2 = 0 by the t-independence of By, (). Passing to the limit » — 0 yields
04 (Br:Cr(t)Q) = [0 Bg,t, Cr(1)]2.

Summing over k we obtain
n
Wy = Bt Br_14[0 By, Cr(t)] Q.
k=1
Step 2: Estimate on 0;V;. Using 0; By + = By p, +(9x) and expanding the commutator

n
[0:Bit, Cr(t)] = Y Biy1t- - Bi1t [Brohyt(9k); Bet] Beyt -+ Bny,
t=k+1

we get
1000l <C > || [Brngt(9k)s Beng s (F)l |l

1<k<t<n

where C depends only on uniform operator-norm bounds on the B ;.
By construction Vel(gx) = Vel(fx), and the velocity supports of the f; are pairwise disjoint
by hypothesis. Thus for k # ¢, Vel(gx) N Vel(fr) = &, and Proposition 17.14 applies:

| [Binyt(98), Beng i ()] || < Crew L+ E)™Y,  NeN.
It follows that for each N € N there is Cy < oo such that
8.0, < Cn (L +[t)™N,  teR.

Choosing N > 2 and integrating this bound we obtain, for 75 > 77 > 0,

T2 T2
(R g/T ||8t\I/t||dt§CN/T 1+ Ndt — 0.
1 1

T, To—+00

Hence the outgoing limit WO := lim;_, o, ¥; exists. The proof for the incoming limit ™™ is
identical with t — —oo0.

Step 3: Independence of the choice of Bj, hj. Suppose that for some fixed k we replace
By, hy, by By, h), such that E(J2,,)BrQ = E(/,,)B,.$ and use the same wave packet fj. By
Lemma 17.13,

Bk,hk,t(fk)Q = B]/€7h;€7t(fk)ﬂ for all t,

$0 Dyt := Biny ¢ (fx) — By (fi) satisfies Dy ;€ = 0 and has velocity support Vel(f;). The
K k?
difference between the two products in which only the kth factor is changed is a finite sum of

terms of the form
Byt Brp_14 Dyt Bpg1i -+ - BpySd

Using Dy, ;£) = 0 and commuting Dy, ; stepwise to the right produces nested commutators, each
of which is of Haag—Ruelle type with pairwise disjoint velocity supports, and hence bounded
by Cn(1 + [t|)~" by Proposition 17.14. A repetition of the Cook-type estimate above then
shows that each such term tends to zero as t — +o0o. Therefore U™/ depends only on the
one-particle vectors ¢y, .

Step 4: Identification with symmetric Fock space. Let ®; := Bi;--- By and &) :=
By By, 8 be outgoing families constructed from wave packets with pairwise disjoint
velocity supports, and let ®°" and (®')°"* be the corresponding limits. By the preceding step
the limits depend only on the one-particle vectors, so we may assume that all B; and B; are
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chosen so that B;;{} and B}-,tQ are independent of ¢ and equal to the prescribed one-particle
vectors ¢y, and tg;.
Consider
<<I)t,‘1);> = <Q’B’;§,7t o 'Bft i,t T B;n,tQ>‘

Repeatedly commuting the factors B7, past the Bl/@,t and using Proposition 17.14 shows that,
up to terms vanishing faster than any inverse power of ¢, only products survive in which each
B}, is adjacent to some B,’§7t. For such adjacent pairs

<Q: B;,tB;c,tQ> = ij ) ¢gk>7

by Lemma 17.13. A straightforward combinatorial argument (as in the standard Haag—Ruelle
theory) then yields

/ 1 .
(@, ©y) = nm nl Z waj’wgw(j)%

Jim
—+00 ! -
WESn .7:]-

which is precisely the scalar product of the symmetric tensor products 1y, é e <§S§> Yy, and

Vg, é e é) Yg., in the symmetric Fock space over H;.
By polarization and density this identification extends to finite linear combinations of
simple tensors, and hence to all of I's(#1). In particular,

\I,Out/in — wfl é L. é ¢fna
as claimed. O

Corollary 17.16 (Mgller operators and S-matrix). Let I's(#H1) be the symmetric Fock space
over Hy. There exist isometries

Qou/in L (M) — H
such that for simple tensors 1y (§§> s é Uy
QU & @) = lim Bupa(fi) e Bupa(fa) @,
whenever By, hj, f; yield v; as in Lemma 17.13. The scattering operator
S = () Q": Ty(Ha) — Ts(Ha)

is a unitary. Moreover, S is Poincaré covariant and S acts trivially on the one-particle space:
Sly, = 1.

Full proof. By Theorem 17.15 every finite family of one-particle vectors with pairwise disjoint
velocity supports gives rise to well-defined in/out scattering states which are identified with
symmetric tensor products in I's(#;). On the algebraic span of simple tensors we therefore
define QO"/i* by the displayed formula. The independence of the choice of Bj, h;, f; follows
from Theorem 17.15, and the scalar product computation in that theorem shows that Qout/in
preserves the Fock-space scalar product. Hence Q°"/1 extends by linearity and continuity to
isometries from I's(H;) into H.

The scattering operator S = (Q2°" Q" is thus well defined on T's(#H;1). Its matrix elements
between simple tensors are the usual scattering amplitudes computed from the Haag—Ruelle
limits and inherit the Fock-space inner-product structure of Theorem 17.15. In particular S is
norm preserving and has an adjoint S* = (Q)*Q°U satisfying the usual scattering relations;
thus S is a unitary operator on I's(H1).
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Poincaré covariance follows from the covariance of the Haag—Ruelle approximants. For g in
the Poincaré group and x = (¢,x) one has

U(g) ax(Bn) U(g)_l = agw(B;z)a

for a suitable almost local operator B}, and the corresponding transformed wave packets still
satisfy the disjoint velocity-support condition. Passing to the limits t — 400 shows that

U(g) Qout/in _ Qout/in Fs (U(g)|'H1)7

so S commutes with the Fock-space representation I's(U(+)|y,) of the Poincaré group.
Finally, for one-particle vectors ¢ € H; we may choose approximants with n = 1. By
Lemma 17.13 the corresponding Haag—Ruelle operators satisfy

Jim Bu(H)Q =1,

so QU = Q) and hence (Sv) = 1. Thus S acts trivially on the one-particle space,
S|y, = 1. O

17.2 Mass gap implies semigroup bounds, exponential Euclidean clustering,
and one-particle shell

We now remowve the remaining assumptions by upgrading them to theorems deduced from
the results already established (OS reconstruction, mass gap A > my > 0, Nelson analyticity,
and SFTE/flow removal). Figure 1 summarizes the logical dependencies: the upper horizontal
chain collects the Euclidean inputs that prove the mass gap, whereas the lower horizontal
chain shows how this already—proved gap is then used in Lemma 17.18 and the subsequent
results of this section to obtain semigroup bounds, Euclidean clustering, and Haag—Ruelle/LSZ
scattering. In particular, Lemma 17.18 and Theorem 17.17 do not enter the proof of the mass
gap itself.

Lattice GI sector OS limit at sg > 0 Point-local OS theory Mass gap for H
+ GF tuning line —— (exp. clustering) —— at s=0 R (A >my)
Clustering, one-particle shell, Semigroup bound

Haag-Ruelle/LSZ scattering <—— on F et E

Figure 1: Logical dependencies around the mass gap.

Theorem 17.17 (Euclidean-time exponential clustering for connected two-point functions).
For each gauge-invariant local operator A in the polynomial x-algebra generated by the GI fields
and for all t >0, x € R3,

(@ A% aun(A) Q) — [(AQP] < ™! |AQ)?.

In particular, the bound is uniform in x (unitarity of spatial translations), and one may choose

Ca < ||A||2,, with ||Alleng := ||[(1 + H)*AQ|| for any fived x > 0.

eng

Proof. Let H and P denote the generators of time and space translations in the reconstructed
Wightman theory, acting on ‘H with vacuum €2, as provided by OS reconstruction (see Theo-
rem 17.1). By the mass gap assumption we have

o(H) C {0} U [my, ), HQ =0, PQ=0.
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Let Ey be the orthogonal projection onto C2 and set F| :=1 — Ej.
For A as in the statement, decompose

A=Ag+ (AN,  AQLQ,

so that AgQ2 = E| AQ. By OS reconstruction and Nelson analyticity, the vacuum matrix
elements of time-translated observables are boundary values of an analytic function in the
complex time variable. Evaluating this analytic continuation on the imaginary axis, and using
U(t,x) = =P with U(t,x)Q = Q, we obtain for ¢t > 0 and x € R3 the standard formula

(Q, A oi ) (A) Q) = (AQ, e P AQ).
Insert the decomposition of A:
AQ = ApQ + (Q, AQ)Q.

Since e M eP*0) = O and ApQ L Q, the cross terms vanish and we obtain

(2, A" a0 (A) Q) = (A9, e HeP*A00) + (2, AQ)[,

(9, A" a0 (A) Q) — (2, AQ)[” = (AgQ, e T Px 4,0).
t}]}%ecause Ay € B\ H and E| commutes with H and P, we can insert £ | on both sides of
o (AoQ, e e P> A0) = (A, Ere M E P> A0).
Taking absolute values and using Cauchy—Schwarz,
(Ao, e~ P> 4,0)| < [|BLe™ B, || || Ao
and the unitarity of e’P* has been absorbed into the norm of A¢$. By Lemma 17.18,
[Bre B < e™ (1> 0),
so that
(92, A% g () Q) = [(2,AQ)] < e 4| < ™! [|AQ|%

This bound is manifestly uniform in x because e’*™ is unitary.

Finally, since (14 H)" > 1 as an operator for any fixed x > 0, we have
[AQ] < [[(1 + H)"AQ[| = [[Alleng,

and therefore the constant C4 in the statement can be chosen so that Cq < [|A[|Z,,. This

completes the proof. O

Lemma 17.18 (Semigroup bound on the orthogonal complement). Let H > 0 be self-adjoint
on H with vacuum vector €0 such that 0 is a simple eigenvalue of H with eigenvector ). Assume
that for some my > 0 one has

o(H) C {0} U [my, o).

Let Ey be the orthogonal projection onto CQ2 and E| :=1 — Ey. Then

|ELe ™ E | < e ™!  (t>0).
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Proof. Let E(-) denote the spectral measure of H. By the spectral assumption,
Ey=E({0}),  Ei= E(m,)).

For t > 0,
E e ME, = / e dE(N).

[m*voo)
Let ¢ € H with E; ¢ = . Using the spectral theorem,
e I = e = [ e g (3,

where djiy(X) := d(, E(X)1) is a positive measure supported in [m,, c0). Since e A < g 2tms
for all A > m,,

et < e [ duy(3) = ey

My , 00

Taking square roots and then the supremum over all unit vectors ¢ € E| H yields
|ELe™ B < e7™  (t20),
as claimed. O
Theorem 17.19 (Mass gap). The Hamiltonian H satisfies
o(H) C {0} U [my, o),
and hence mgap > my > 0. At the level of spectral inclusion, this is exactly the content of
Theorem 19.4.

Proof. This follows immediately from Theorem 19.4, together with the OS — Wightman
identification provided by Theorem 17.1. O

Theorem 17.20 (Mass shell and one-particle space from a Kéllén-Lehmann atom). Let ® be
a scalar GI Wightman field in the OS-reconstructed theory with (2, ®(0)Q2) =0, and let E(-)
denote the joint spectral measure of the translation generators P*.
Assume the scalar Kdllén—Lehmann representation holds for ®, i.e. there exists a positive
measure py on [0,00) such that the (vector) spectral measure of ®Q satisfies
supp d(®Q, E(dp) Q) C U ., Y, ={peVi: p* =2}
W2 ESupp po

Assume moreover that pe has an atomic part at some my > 0:
po = Zo0y2 + P, Zo > 0.
Then %,,, C sp(P) and the corresponding spectral subspace
Hi = EXn,)H

s nontrivial. Moreover, there exists a unit vector 11 € Hi such that
1/2
(1, 2(000)] = 2> # 0.

Finally, if one additionally assumes a mass-shell isolation condition, namely that there
exists § > 0 such that
supp p™ C [(m + 5)2, ],
(equivalently: the ®-generated translation spectrum has a neighborhood of ¥,,, free of other
spectral weight), then %, is isolated from the rest of the translation spectrum in that sector.
In particular, the one-particle hypotheses used in Theorems 17.15 and 17.29 are satisfied with
m=my and Z = Zg.

120



Proof. By the Kaéllén—Lehmann representation, the (vector) joint spectral measure
d(®Q, E(dp)®Q) is supported on the union of positive-energy mass shells ¥, with 4% € supp pe,
and the contribution of the atom Zq>5m3 is precisely the my-shell component. In particular,

E(Xm,) ®(0)2 # 0,

hence E(¥,,,) # 0 and H; = E(X,,, )H # {0}.
Define
Y1 = Zy P E(Sm,) 2(0)9,

(or, if one prefers to avoid point fields, the analogous normalized vector with a harmless
smearing). Then ¢y € Hi, ||[¢1]| = 1, and (¢, P(0)Q?) = Z;)/z, giving the stated nonzero
overlap.

If in addition supp p$™ C [(m. + (5_)2, 00), then no spectral weight generated by ® can lie
in the open invariant-mass slab {p € V, : m?2 < p? < (m, + §)?}, which yields the required
isolation (in the ®-generated translation sector). O

Corollary 17.21 (Haag-Ruelle/LSZ for the GI sector at mass my). Under the hypotheses of
Theorem 17.20, the standing one-particle input holds with m = my and Z = Zg. Hence the
wave operators Wiy jou exist on the bosonic Fock space over Hy = E(3,,,)H, and the scattering

operator S = Wi Wiy is unitary on that space.

Definition 17.22 (Local algebras generated by GI fields). For a double cone (bounded causally
complete region) O C RY3, define

). AeGey, feCc0)}.

=)

A(0) = {e

This coincides with Definition 17.5 (restriction to double cones) and generates the same
quasilocal C*-algebra.

Theorem 17.23 (Haag—Kastler net and mass gap). The assignment O — 2A(O) is a Haag—
Kastler net on (RY3,n) with the properties listed in Theorem 17.6. In particular, the joint
spectrum of translations lies in the closed forward cone, and the Hamiltonian has a gap
A >m, > 0.

Proof. This is a restatement of Theorem 17.6 for double cones; no new input is required. [

Proposition 17.24 (Exponential clustering in the Haag—Kastler sense). Let (-) be the Haag—
Kastler net built from the GI point-local fields, and let Q) be the vacuum of Theorem 17.1. If
the Hamiltonian H has a mass gap A > m, > 0, then there exist constants C,x < oo such that
for any bounded regions O, Oy C RY3 with

diSt(Ol,OQ) = R >0,
and any A € A(01), B € A(O2) with (Q, AQ) = (Q, BQ) =0, one has
(2, ABQ)| < Ce™ 8 || Allx |IB]lx, (124)

where || - || == [|(1 + H)*(-)(1 + H)*||. In particular, for A, B that are bounded functions of
smeared point-local fields, (124) holds with some finite k depending only on the smearing family.
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Proof. Let 01,05 and A, B be as in the statement, with vacuum means already subtracted.
Pick points z1 € O1, x9 € Oy such that the spacelike separation between x1 and xo realizes

the distance R, i.e. (vg — 21)? <0 and \/—(72 — 21)2 = R. Set
Aima (4),  Bi=a_n(B),
so that A € A(O; — 21), B € A(Oy — x3), and
(Q,ABQ) = (Q, Aay, o, (B)Q) = (2, AU (22 — 1) BQ).

By translation covariance, the regions O; — x1 and (O3 — x3) — (x1 — x2) are again bounded
and spacelike separated by the same invariant distance R.

Now apply the general Araki—-Hepp—Ruelle clustering estimate for local observables with mass
gap, as already established in Proposition 17.8: for any pair of local observables C, D € 24j,. with
vanishing vacuum expectations, there exist constants Cc p < oo and a decay rate p € (0, m,)
such that for all spacelike z,

QL CU(x)DQ)| < Cope il
Taking C' = A, D = B and 2 = x5 — x1 (which is spacelike with |z| = R) yields
(Q, ABQ)| = (Q, AU (22 — 21) BQ)| < Cgpe P

In the proof of Proposition 17.8 the constant C¢ p arises from Paley-Wiener/Jost-Lehmann-Dyson
bounds applied to the Fourier transform of the function

F(z):=(Q,CU(x) DQ),

and depends only on a finite family of energy-weighted norms of C' and D. More precisely, one
can choose an integer k > 0 and a constant C' < oo, independent of C, D and of the regions
containing their supports, such that

Cop < Cl(1+H)"C(L+H)"[| [[(1+ H)"D(1+ H)"|.

The existence of such a x and uniform C follows from the Nelson-type energy bounds and
analyticity for polynomials in smeared GI fields (Lemma 17.2), together with the fact that
each local algebra 2(Q) is generated (and completed in norm) by bounded functions of these
smeared fields.

Applying this with C' = A and D = B and using translation covariance of H gives

Ci5 < ClAIIBlx = CllAlx Bl

Combining with the previous bound and absorbing the difference between p and my into the
constant (the precise value of the exponential rate is immaterial for our applications, only
strict positivity matters), we obtain

(Q,ABQ)| < C'e ™R | Al | B«

for a suitable C" < oo, which is (124).

Finally, if A, B are bounded functions of smeared point-local GI fields with a fixed smearing
family, the Nelson analyticity bounds imply that ||(14+H)*A(1+H)"|| and ||(14+H)*B(1+H)"||
are finite for some k depending only on that family; the same s then works uniformly for all
such A, B, completing the proof. O
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17.3 Asymptotic fields, wave operators and LSZ reduction

Here U(xz) := U(1l,z) denotes the unitary representation of translations, «,(B) :=
U(z) BU(x)~! the corresponding translation automorphism, and E(-) the joint spectral
measure of the energy—momentum operators P*.

Definition 17.25 (Standing one-particle input). By Theorem 17.20, the joint spectrum sp(P)
contains an ssolated positive-energy mass hyperboloid

S, = {peR':p’=m2, p" >0},

i.e. there exists an open neighborhood A C R* of ¥,,, with A Nsp(P) = %,,,, and the
corresponding spectral subspace
Hi = E(Xn,)H
is nontrivial: H; # {0}. Moreover, there exist A € G<4 and a real test function ¢ € C2°(M)
such that R
E(Xm,) A(g) @ # 0.

Lemma 17.26 (Energy-momentum transfer and almost locality). By is bounded and almost
local; moreover its energy—momentum transfer is contained in supp g. In particular, By € Hy.
For every N € N there exist double cones Or with R — oo and By r € A(ORr) such that
1B, - Byall = O(R™).

Full proof. We first show boundedness and almost locality, and then identify the en-
ergy—momentum transfer.
Boundedness. Since g € S(R*) C L*(R*) and «, is implemented by unitaries,

1Bl < [ ls@llec(B)laz = |B] [ lg@)|d's <o,
R4 R4

so By is a bounded operator and the Bochner integral is well defined.
Almost locality. Choose x € C2°(R*) with 0 < x < 1, x(x) =1 for |#| < 1 and x(z) = 0 for
|z| > 2, and set xr(z) := x(x/R), gr := xrg. Define

Byr = / gr(z) az(B) diz.
R4

Then gr has support contained in a ball of radius 2R, so By g is localized in the causal
completion of O + supp gg, which is contained in some double cone Op with radius of order R.
By isotony, By r € A(Or).
Moreover,
By = Bor = [ (1= xa(@)) gle) as(B) d'a.
SO
1By = By.rll < IIBII/ 11— xr(2)|g(x)|d'z < ||B| lg()| d"z.
R4 lz|>R

Since g is Schwartz, for each N € N there exists Cy < oo such that |g(z)| < On(1 + |z|) =N 2.
In polar coordinates in R* this gives

/ (@) d%z < CN/OOr3(1+r)’N’4dr — O(RY) (R— ).
>R R

Hence || By — By rl| = O(R™Y) for every N, which is the usual notion of almost locality.
Energy-momentum transfer. Let U = {U(z)},cre be the translation representation with
generators P¥. For ¢, p € H, set

Eypp(x) = (¢, az(B) ).
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Then Fy, is a tempered distribution whose Fourier transform is supported in the en-
ergy-momentum transfer (Arveson spectrum) of B. The matrix elements of B, are

Thus the Fourier transform of z +— (¢, a;(By)p) is the product g - Fw,@ in particular its
support, and hence the energy-momentum transfer of B, is contained in supp g.

One-particle projection. The vacuum €2 has sharp momentum 0, so the spectral support of
B,(1is contained in supp g. By construction, g is supported in a sufficiently small neighborhood
A of ¥,,, which meets the joint spectrum of P* only in ¥,,, (using the isolation of the mass
shell from Definition 17.25). Hence

B, = E(A)B,Q = E(X,,,)B,N € Hi,
which completes the proof. a

Definition 17.27 (Haag-Ruelle creation operators). Let f € C2°(R3) and define
d3 . L~
L -3/2 p ip-x—iEpt — 2 2
ft(X) = (27T) RS \/Ee P P f(p)’ Ep =\/P +my.

For By as above set

Bi(f) = [, i) e (B g) d’x.

Theorem 17.28 (Wave operators and multi-particle scattering). Let B (fk) E=1,...,n
be as in Definition 17.27 with pairwise disjoint velocity supports. Then the strong limits

ginfout e R = s 11§Fn B (fl) t(n)(fn)Q

exist and depend only on the one-particle vectors ¥y, = limy_, o0 Bt(k)(fk)Q € Hi (not on the
particular B or g). Writing T's(H1) for the bosonic Fock space over Hi, the maps

VVin/out : FS(Hl) — H, V1 Qg -+ Qg Y +—> \I/gl/out,

in/out
scatt -

Win

extend by continuity to isometries with ranges H The scattering operator

S = W*

out
is unitary on Ds(H1).

Full proof. We sketch the standard Haag—Ruelle construction and indicate where the hypotheses
of the theorem enter.

One-particle limits. For n = 1, the vectors B;(f)€2 can be written, using the spectral
resolution of P, as

BPHQ = [ alp) Edp) B

with a scalar kernel g; obtained by integrating the Klein-Gordon packet f; against e (¥ As
in the usual Haag—Ruelle argument, g;(p) converges on the mass shell 3,,, to an expression
depending only on f and oscillates rapidly away from >.,,,, so that the off-shell contribution
vanishes as ¢ — 00 by the Riemann-Lebesgue lemma and the mass gap. The fact that B,
has spectral support contained in a small neighborhood of ¥,, , and in fact lies in H; by
Lemma 17.26, ensures that the limit

1/)? = lim B(f)Q

t—+oo
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exists in H; and coincides with the one-particle wave packet obtained by smearing E(%,,, ) B,$2
with f on the mass shell. In particular, 1/1]? depends only on the one-particle vector E(¥,,,)B,S2
and not on the detailed choice of g.

Asymptotic commutativity. Let Bt(k)(fk), k = 1,2, be two such operators with disjoint
velocity supports. The standard stationary-phase analysis of the Klein—-Gordon packets implies
that for large |t| the supports of fi; are concentrated in disjoint spacetime regions whose
relative separation is asymptotically spacelike. Combining this with the almost locality of B,
from Lemma 17.26 yields rapid decay of the commutator

1B (). BP ()]l < Cn@+1t)™N (¢ — +oo, N €N),

exactly as in the proof of the asymptotic commutator bound in Proposition 17.14 (the argument
there uses only almost locality and disjoint velocity supports, and therefore applies verbatim
with By, replaced by By).

Ezistence of multi-particle limits. Set

v = BY(f) B (f) Q.

Using the strong differentiability of ¢ — Bt(k)( fr) on a dense domain of finite-energy vectors,
one can apply Cook’s method: the derivative 8t\11§n) is a finite sum of terms where 0; acts
on one factor and is commuted past the other factors. Each commutator is controlled by the
estimate above, so \|at\11§”)\| is integrable in ¢ near +o0o0. Hence the strong limits

U (fr e fa) = s lim 0
exist.

A standard induction using asymptotic commutativity and the one-particle limits shows
that these vectors depend only on the one-particle limits 1y, := wfk and that the scalar products
of multi-particle states are those of symmetric tensor products. Concretely, on the algebraic
symmetric Fock space over H; we may define Wi, /o, by

VVin/out(wl ®S e ®S 1/}”) = \Ijiﬁl/omj(fl? .. ‘7fn)7

where f; are arbitrary test functions with one-particle limits v; the previous discussion shows
that this is well defined and preserves inner products. Thus Wy, oy extends by continuity to
an isometry

I/Vin/out : FS(Hl) —H,
with range denoted ’H;Iéégtu ‘
Unitarity of the scattering operator. By definition,

S = WX, Wi To(H1) = Ts(Hy).

Since Wi, /ot are isometries, S is an isometry as well. The standard Haag-Ruelle analysis
shows that the in- and out-scattering subspaces coincide and are generated (from the vacuum)
by the multi-particle states constructed above; hence Wi, and Wy, have the same range, and
S is onto. Therefore S is unitary on I's(#1), which completes the proof. O

Theorem 17.29 (LSZ reduction for GI interpolating fields). Let ® be a local GI Wightman
field affiliated with the net and assume that it has a nonzero one-particle overlap at mass m:

ZY? = (p, D0)Q) £ 0 (veHL, Y] =1),
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where H1 = E(X,,)H denotes the one-particle subspace on the (isolated) mass shell ¥, = {p :
p? =m?2, p° > 0}.

Then, for Schwartz wave packets whose on-shell Fourier transforms are concentrated near
momenta p; (outgoing) and gq; (incoming), with p?, q;) > 0, the scattering amplitudes satisfy the
LSZ formula

<p17"'7pm;OUt ‘ QI7-'-7Qn;in>

= ﬁ(iz*ﬂ) ﬁ(irl/?) / (ﬁdﬁxxieim-xi (02, +m?))

i=1 j=1

(f[ Aty 0 (02 4 ) (Q T(r) - () B(51) - B(0) eonn

where T denotes time ordering, 0% := 03 — 07 — 03 — 03, and the right-hand side is understood
as a boundary value at real on-shell external momenta.

Full proof. This is the standard LSZ reduction argument for a scalar Wightman field with an
isolated single-particle pole; we indicate the main steps and how they are implemented in the
present setting.

Since @ is a local GI Wightman field affiliated with the net, its vacuum correlation functions
satisfy the Wightman axioms (locality, Poincaré covariance, and the spectral condition). The
assumption Z/2 # 0 means precisely that ®(0)Q has a nontrivial projection onto #;, with
normalization fixed by Z.

Let @y /oy denote the asymptotic fields associated with @, obtained from the Haag-Ruelle
construction (based on the existence of wave operators). These asymptotic fields satisfy the free
Klein-Gordon equation (9% +m?)®;, Jout = 0 and create/annihilate the asymptotic one-particle
states in ‘H; with the normalization dictated by Z.

In particular, for outgoing wave packets one can express the asymptotic creation operators
in the usual way as amputated smeared fields: schematically,

lut( QN =iz 1/2/d4:c€“"r (0% + m?) ®(2)Q,
and similarly for incoming operators (with e~*¥ and the limit y° — —o0). Replacing plane
waves by Schwartz wave packets gives the standard HR/LSZ smearing and avoids distributional
subtleties.

The scattering amplitude

<p17---apm;011t ‘ Q17---7Qn§in>

is then written as a multiple integral of vacuum expectation values of products of (0% + m?)®
against oscillatory factors e*%. Using time ordering and repeated integrations by parts in
the time variables, one moves the differential operators (92, + m?) and (85]. +m?) from the
external wave packets onto the time-ordered product T ®(z1) - - - ®(y,). The boundary terms at
large times vanish by the Haag—Ruelle estimates (almost locality together with the mass-shell
isolation/spectral condition), which justify the interchange of limits, integrals, and derivatives.

After amputation, disconnected contributions cancel in the usual way, so only the connected
part of the time-ordered function contributes. Doing this for each external leg produces
precisely the displayed LSZ formula, together with a factor iZ~1/2
from the normalization of the asymptotic fields. O

per external line coming

126



18 Stress—Energy Tensor, Ward Identities, and YM Identifica-
tion

We now construct a symmetric, conserved stress—energy tensor T}, inside the GI sector using
flowed fields, and verify the Ward identities that identify our continuum limit with Yang—Mills
dynamics at short distances.

18.1 Fundamental field strength as an operator—valued distribution

Definition 18.1 (Gaugecovariant lattice representatives of F),,). Let U denote the lattice
link variables. For a > 0, let F’ ;}l,(x) be any standard gauge—covariant local lattice field strength
(e.g. the clover-Symanzik discretization), viewed as an element of the extended (gauge—fixed)
field algebra. Let V; be the Wilson/gradient—flowed links at flow time s > 0, and let Fff{,(s) ()
be the corresponding lattice flowed field strength (constructed from Vj at lattice point x). We
denote by F,S,s,)( f) the continuum random variable obtained from Fj;, () by the (fixed) lattice
interpolation and smearing against f € C°(R*,su(3)), along the joint continuum/van Hove
limit.

Remark 18.2 (Why the gradient flow here). For gauge—covariant (non—GI) fields we use the
gauge—covariant Yang—Mills gradient flow to preserve BRST /gauge covariance at positive flow
time. For GI composites we have already used the O(4)-invariant convolution flow; at the level
of SFTE/Wilson coefficients the two choices are equivalent (up to O(s) scheme changes), and
we keep them separate only to streamline covariance.

Theorem 18.3 (Existence and renormalization of F),,). There exists a multiplicative renor-
malization factor Zp(s) with at most polylogarithmic growth as s | 0 (analytic in log(su?))
such that the following holds uniformly along the gauge—fizing tuning line and in the van Hove
limit.

(a) L? Cauchy property. For every finite family of tests {p;} C C°(R%,su(3) @ A’R?),

| X zrs) " ED (e ZZF ES (@) |, < Cr (Vs V) D lgslae.

for some fired o > 2 and Crp < oo independent of a < ayp.

L2

(b) Distributional limit. There exists an operator-valued distribution F, (in the BRST-
extended field algebra) such that

lim (. (Zr(s) " ER)(0) 6) = (¥, Fu(e) @)
for all ¢ € C°(RY, su(3) ® A’R*) and all ¢, ¢ in the common Nelson core Dyory. Moreover,

sup || Zr(s) T ED () 2 S el
s€(0,1]

(¢) SFTE and RG for Zp. In (BRST-)covariant correlators with separated insertions,
F;Ezsx)(x) = ZF(S) F;w(x) + \/gapEp,ul/(Saﬁ) + RN,I{(S;'T;)’

where Z is a local (adjoint) improvement term antisymmetric in (p, p) and, for every N, matriz
elements of Ry, obey the bound of Lemma 18.24 with dx = 2. The factor Zp(s) solves

(Sdi+ B(g )d +9r) Ze(s) = 0, Zp(s) = 1+ O(g(u) | log(sps?)]),

with yr the (scheme-dependent) anomalous dimension of F,,, in the chosen gauge/renormalization
scheme. No additive counterterms occur by quantum—number constraints (adjoint two—form of
canonical dimension 2).
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Proof. Throughout we work on the gauge—fixed lattice theory along the BRST—invariant tuning
line and then pass to the joint continuum/van Hove limit. The flowed adjoint two—form F,S‘,S,) at
s > 0 is the local composite defined in Definition 18.1 (either by the gauge—covariant gradient
flow or, equivalently for our purposes, by the heat—kernel smearing of the lattice field—strength
functional), and it transforms covariantly in the adjoint. We use the uniform subgaussian/energy
bounds, quasi-locality, and CP—contractivity at positive flow time collected in Theorem 18.11
together with the uniform moment bounds for flowed composites (Proposition 13.2; the same

argument applies in the BRST—extended algebra).

Step 1: Covariant SFTE for F,Si). Fix mutually separated BRST—covariant or GI spectator
insertions. The proof of the small-flow—time expansion (Lemma 18.24) applies to the adjoint
two—form F; ,Els,): at the level of operator—valued distributions, and uniformly in a < ag, there is
a finite covariant basis of local fields {Q,} and coefficient functions c,(s), analytic in log(su?)

and bounded for s € (0, 1], such that

E)(x)= Y7 els) Qx) + D s ry(s) Q) (), (125)

0:d,<2 0:dp>3

with the remainder bounded as in (134). By locality, Poincaré covariance and BRST symmetry,
the d < 2 part is one-dimensional; we denote its generator by the renormalized field F),,: there
is no other local covariant adjoint 2-form of canonical dimension < 2.1

At canonical dimension 3 there is no independent covariant adjoint two—form modulo total
derivatives: every such contribution can be written as the divergence of a local adjoint tensor
antisymmetric in (p, u),

Qd(z) = 0Z(),(x),  d(EY) =2

(Any dimension—-3 adjoint two—form carries one free derivative; covariance and index structure
force it to be a total divergence of a local tensor of canonical dimension 2. BRST-exact terms
can be dropped in GI correlators by Theorem 18.23.)

Accordingly, (125) reduces to

F{) (@) = Zp(s) Fuw(2) + V5 0°Zpu(s,2) + s R (s 2), (126)

where Zp(s) := cp(s) is a scalar function, Z,,,(s,-) is a local (adjoint) improvement term
antisymmetric in (p, ) absorbing all dimension-3 contributions, and Ry, (s;-) is a finite linear
combination of covariant local operators of canonical dimension > 4 with bounded coefficients
re(s). By Sobolev testing, Proposition 13.2, and the SFTE bounds, there is o > 2 such that

10°Z (s )2 + [Ru(s:0)2 < Cliolle (s € (0,1]). (127)

Step 2: Choice of Zp(s) and RG equation. To fix Zp(s) multiplicatively we impose one
admissible linear renormalization condition in the adjoint two—form channel (Definition 16.2
adapts verbatim): choose a continuous, translation—covariant, O(4)-invariant linear functional
Mp on two—forms with compact support such that Mp(F) # 0 and Mp annihilates to-
tal divergences (e.g. a non—exceptional momentum projection with transverse polarization).
Requiring

Mp(Zp(s) "L F®)) = Mp(F)

'Indeed, dimension 0 and 1 candidates do not exist. At dimension 2, the only covariant adjoint two—form is
F,.; any expression built from A, with a single derivative fails to be gauge covariant, and any BRST—exact
candidate has the wrong ghost number.
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determines Zp(s) uniquely. Differentiating (126) in s and using the renormalization—group
equation for the Wilson coefficients (matrix form of Lemma 18.24) restricted to the one—
dimensional F'—channel yields

d d
(535 T Blo) g, +r) Zr(s) = 0,

where 7 is the anomalous dimension of F},, in the chosen (gauge-fixed) scheme. The general
solution is analytic in log(su?) and thus exhibits at most polylogarithmic growth as s | 0;
expanding at fixed renormalization scale u gives Zp(s) = 1+ O(g?(u) | log(sp?)]).

Step 3: L? Cauchy estimate (part (a)). Multiply (126) by Zp(s)™L:
ZF(S)AF/S?/) = Fu + \/EZF(S)ilapEplw(sa )+ SEMV(S; ) ﬁHV(S) = ZF(S)ilRW(S)-

Let {¢;} C C°(R*, s5u(3) ® A2R%). By linearity, (127), and polylogarithmic control of Zp(s)*?,

|32 2o B = 2e(s) T ED) )|

IN

| Zr) B - Fu)en)]

+ |2 @e() T EED ~ Fu) (o)

L2

IN

J

O((Vs+9)+ (Vs +5)) llejlnr < Cr(Va+V5) T ligsllae.
J

since s < /s on (0,1]. This proves (a).

Step 4: Existence of the distributional limit and uniform L? bound (part (b)). Fix . By
(a), {Zp(s)*lFﬁ(L,sj)(w)}sio is Cauchy in L?, hence convergent; denote the limit by F},,(¢) on the
common Nelson core Dpoly. Equicontinuity in ¢ (from Proposition 13.2 and Sobolev testing)
implies that ¢ — F),,(¢) is a continuous linear map C2° — L(Dpoly), i-e. an operator—valued
distribution. The uniform L? bound in (b) follows from (126), (127), and boundedness of
Zp(s)*! on s € (0,1].

Step 5: SFTE and RG for Zp (part (¢)). The expansion (126) yields the SFTE statement in
(c), with the remainder controlled by Lemma 18.24 (applied with dx = 2) and Proposition 13.2.
The RG equation for Zr was derived in Step 2. Since the adjoint two—form of canonical
dimension 2 is unique, no additive counterterms can appear in the F—channel; all dimension—3
contributions are improvements, and BRST—exact admixtures vanish in GI correlators by
Theorem 18.23. This completes the proof. O

Remark 18.4 (Renormalized composites from F),,). By Definition 16.5 and Theorem 16.14, the
GI composites tr(Fy, F??), tr(F,, F*7), and the improved stress tensor T}, exist as point-local
renormalized fields; their flowed representatives can be chosen as gauge—invariant polynomials
in F() (and, for T', also in covariant derivatives of F' (8)), with limits and Ward identities stated
below.

Proposition 18.5 (Distributional Bianchi identity). The operator-valued distribution F,,
of Theorem 18.3 satisfies the Bianchi identity in the sense of distributions: for any ®y,, €
C®(R*, 5u(3) @ A3R?),

(2, (OrFpus + 0uFon + 0, Fy, ) X Q) = 0,
whenever the smeared (bounded) observable X is built from GI point-local fields supported

disjointly from supp ®. FEquivalently, the identity holds modulo contact terms supported on the
coincident diagonals.
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Proof. Fix a compactly supported adjoint 3-form @, € C°(R*, su(3) ® A3R?) and a bounded
observable X built from GI point—local fields, with dist(supp ®, supp X) > 0. We prove
the stated identity first at strictly positive flow time and then pass to the limit s | 0 using
Theorem 18.3.

)

Step 1: Covariant Bianchi identity at positive flow time. Let B,(f denote a flowed gauge
potential at flow time s > 0 whose curvature is the flowed field strength F,E,S,) (e.g. the
Yang—Mills gradient flow connection); by construction,

DYFE) + DYFY + DPFEE =0, DY :=0,+[BY, -], (128)
as an identity of operator—valued distributions (it is purely algebraic in the connection).
Smearing (128) with ® and inserting the spectator X we get, for every s > 0,

(@, (DYER) + DYES) + DYES), M) X Q) = 0. (129)
All manipulations here are justified by the uniform energy /moment bounds and quasi-locality
at s > 0 (Theorem 18.11 and Proposition 13.2).

Step 2: From covariant to ordinary derivatives in GI correlators. We now convert (129) into a
statement with ordinary derivatives by invoking the local gauge Ward identity. Consider the
local functional

W] = /R4d4x tr(Bg\S) () ZF(S)_lFlSi) (x) <I>/\W(x)) + (cyclic in Apv).

Let ¢ € C2°(R%, su(3)) have support contained in a fixed open set O with supp® C O and
dist(O, supp X) > 0. Performing an infinitesimal local gauge transformation with parameter
e supported in O and using gauge invariance of the lattice measure (equivalently, BRST
invariance and the local Ward identity of Theorem 18.23), we have

0= | @ v xa) = (0, awie) xa),
because X is GI and supported outside O. Using 553/(\3) _ Dg\S)E and 5€FAEZS/) — A(Li)7€]7

integrating by parts in 2 (no boundary term since ¢ is compactly supported), and employing
cyclicity of the trace, we find
sWON@] = [d'a wfe(@) (DS (Ze(s) ER)) @ + Zp(s) T ES) n0 |}
+ (cyclic in Apv).

Since ¢ is arbitrary on O, the expectation of the integrand must vanish as a distribution on O;
therefore,

(2, (DSAZp(5) " FS)) + DN Ze(s) " FS)) + DI Zp () FLY)) 150

OMIX Q) = —(Q, (Zr(s) T EL), 0@ + 9, 8N 4 9,80 ) X Q).

By the covariant Bianchi identity (128) (applied to Zp(s)"'F®) as well), the left-hand side of
(130) vanishes, and thus

<Q, <Zp(s)_1Fle,) | DN 4 9, DM 8V<I>’\’“’>X Q> = 0.
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By distributional integration by parts (again justified because ® has compact support and
supp @ is disjoint from supp X so that no contact terms arise), this is equivalent to

(2, (0n(Zr(s) ' FE)) + 0,(Zp(s) ' FR) + 0,(Zr(s) L)), M) X Q) = 0. (131)
Step 3: Zero—flow limit. By Theorem 18.3(a,b), {Zp(s)_lFésﬁ)(')}sw is Cauchy in L? against
every test and converges, on the common Nelson core, to the operator-valued distribution F7,g.

Moreover the uniform bounds there and in Proposition 13.2 allow us to pass to the limit s | 0
in (131) by dominated convergence. We conclude that

(0, (OFyw + OuFur + 0, Fys, O¥)X Q) = 0,

whenever supp ® is disjoint from supp X. This is precisely the claimed distributional Bianchi
identity (with “modulo contact terms” referring to the necessity of the disjoint—support
hypothesis to exclude coincidence contributions). O

Theorem 18.6 (Field content and identification with Yang—Mills). Along the gauge—fizing
tuning line and in the joint continuum/van Hove limit, the following hold.

(I) Field content (operator—valued distributions). By Theorem 18.3 there exists an
adjoint two—form field strength F),, as an operator—valued distribution, obtained as the s | 0
limit of the (renormalized) flowed curvatures ZF(S)_lF;Ef,). Gauge—invariant composites of
canonical dimension < 4 (including tr(Fp, Fr7), tr(Fpgﬁ'p"), and the improved stress tensor
wa) exist as point—local renormalized fields by Definition 16.5 and Theorem 16.14.

(II) Ward identities and equations of motion. (a) Bianchi identity: F,, sat-
isfies the distributional Bianchi identity (Proposition 18.5) against GI spectators with
disjoint support.  (b) Yang-Mills/Schwinger—Dyson: the distributional YM equation
([d*ztr(D,FH (z)J,(x)) [1;[451(¢;)) = 0 holds for all adjoint tests J supported away from
the GI insertions (Proposition 16.12). (c) BRST sector: the BRST current obeys the local
Ward identity and BRST-exact insertions drop out of GI correlators (Theorem 18.22 and
Theorem 18.23), so the GI sector is gauge—parameter independent.

(III) Poincaré covariance, locality, and charges. Flow quasi-locality and OS reconstruc-
tion (Theorem 18.11) give Poincaré covariance and locality for the renormalized fields; T, is
symmetric, conserved, and its charges implement translations with the canonical normalization
(Theorem 18.17, Proposition 18.18, Proposition 18.19).

(IV) UV/OPE matching. Small-flow-time/OPE matching in GI correlators identifies
the flowed fields with a finite basis of local GI operators with Wilson coefficients Z(s) solving
the RG equation, uniquely fized by Ward identities and the trace anomaly (Proposition 18.27,
Theorem 18.35). In particular, Zr—r(s)—1 and Zp_y (r2)(s) — B8(9)/(29)-

Conclusion. Items (I)-(IV) provide a complete nonperturbative identification of the continuum
GI sector with Yang-Mills theory: the field content (F, and its renormalized composites), their
algebraic/covariance properties, and all YM/BRST/Poincaré Ward identities (modulo contact
terms) hold in the sense of distributions.

Theorem 18.7 (Yang-Mills (Schwinger-Dyson) equation in the GI sector). Let
JV € CX(R*s5u(3)) have support disjoint from the supports of the GI test functions
used to smear the spectator insertions. Then

<Q, <tr((D“Fm/) J"), 1> [10k(¢x) Q> =0,
!

where O, are GI point-local fields and D* is the adjoint covariant derivative acting on F),,.
The identity is to be understood as an equality of distributions modulo contact terms supported
on the coincidence hyperplanes.
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Proof. At positive flow time the classical YM identity B“tr(Fé‘;)F(s)“,,) - %d,tr(Fp(f,)F(s) Po) =
tr((D“Fﬁi)) F®) ) holds modulo contact terms. Inserting this into the flowed Ward iden-
tity (Proposition 18.16) and using Theorem 18.22 (GI BRST Ward identities) shows that

tr((DHF, ,S,S,))J ¥) has vanishing expectation against GI spectators away from contact. Passing
s 4 0 by Theorem 18.3 and uniform moment bounds yields the claim. O

Remark 18.8 (Equivalent Schwinger—Dyson form). Equivalently, Theorem 18.7 is the continuum
Schwinger—Dyson identity obtained by varying the gauge—fixed lattice action with respect to
links and performing the continuum/OS limit; BRST invariance ensures that BRST—exact
bulk terms drop out in GI correlators (Theorem 18.23).

18.2 Flow-based construction of the stress—energy tensor and the translation
Ward identity

Remark 18.9 (Conventions on contact terms). Throughout this subsection, identities between
local fields are understood as equalities of operator-valued distributions on Dp1y and in gauge-
invariant correlators at separated insertions. Contact terms at coincident points are absorbed
into the finite coefficients introduced below (e.g. ¢1(s), ca(s), Z7(s), Zy(s)).

Remark 18.10 (Domains, cores, and uniformity). All operator limits in this section are taken on
the common Nelson core Dy, of finite-energy polynomial vectors, on which flowed composites
are bounded uniformly for s in compact subsets of (0,00) (cf. Lemma 17.2). Strong-resolvent
limits are then obtained by standard graph-norm estimates. Constants that appear in the O(-)
bounds below are independent of the lattice spacing a < ag and of the volume, by the uniform
moment /exponential-clustering inputs quoted earlier.

We use a smoothing flow (heat-kernel/gradient flow) to build composite GI fields at positive
flow time and then remove the regulator s | 0 with a finite renormalization.

Theorem 18.11 (Flow regularity, Euclidean covariance, and quasi-locality). Fiz an
O(4)—invariant Schwartz kernel Gg4(z) = (4ms) 2exp(—|z|?/(4s)), s > 0, and let
Fy : S(RY) — S(R*Y) be convolution by G, Fsf = G x f. For every GI local field O
we define the flowed field

0¥(z) = /R Gs(2)O(x+2)d"z,  OV(f) = O(F;f).

Then, uniformly in the lattice spacing a < ag and the volume (van Hove limit): Ttems (1)—(3)
are Euclidean statements about the smoothing map and do not use OS reconstruction. Item
(4) is a post-reconstruction consequence included for later use.

1. Semigroup, contraction, and complete positivity. For s,t >0, Fy1; = Fy 0 Fy on S(R%)
and

D (A) = R4G5(z)aZ(A)d4z

defines a normal, unital, completely positive contraction on each local algebra A(O)
(and on the polynomial x—algebra generated by GI locals), where o, is the translation
automorphism. In particular, A — A®) .= & (A) is CP and | A®| < | A].

2. Euclidean covariance of the smoothing map. For (R,a) € O(4) x R* define the standard
action on test functions by

(Rya)- f)(x) = f(R'(z —a)).
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Then Fy commutes with the Euclidean action:

Fo((R,a)- f) = (R,a) - (Fsf).
Equivalently, the smearing f + Fsf is O(4) x R*—covariant because G is O(4)—invariant.

3. Quasi-locality of the smearing (smooth cutoff version). For any R > 0 and k, N € N there
exist k' € N and Cy n(s) < oo such that: letting Nr(K) be the Euclidean R-neighborhood
of a compact K C R*, there is a family of cutoffs pr € C*°(R*) with

pr =0 on Ngso(supp f),  pr =1 on Ng(supp f)S, 10%rllce Sa BT

such that N
I pr Fsflls, < Cen(s)(1+R/Vs) " | flls,- (132)

Proof of (132) Write GS = G51|Z|SR/4 + GS]—|Z\>R/4 and st = (G81|Z|§R/4) * f +
(Gs1|.>Rrya) * - The first summand is supported in Ng/o(supp f) and is therefore
annshilated by pr. For the tail part,

1G> rpall Sn (1+ R/Vs) N,

hence the standard convolution bounds for Schwartz seminorms give || (Gs1|;>r/4) *
flse  Sn (L + R/VS)N|flls,. Finally, by the product estimate ||prulls, <
>jal<k 10%pRllc [[ulls, ., and the derivative bounds on pr, we obtain (132).

Remark. If desired, (132) may be strengthened to a Gaussian tail Cy(s) e*CRz/SHfHSk,,
which in turn implies (132) for all N.

4. Post-reconstruction Poincaré covariance, short—time limit, and uniform energy bounds.
Assume the OS reconstruction of Sec. 17 has been performed (Theorem 17.1). With
U(A,a) the resulting unitary representation and H the Hamiltonian,

UA,a)O®)(2)U(A,a)™" = 09 (Az + a),

and similarly for smeared fields. Moreover, O) — O in the sense of operator—valued
distributions as s | 0. For every compact J € (0,00) and k there exist k and C(J, k)
such that on the common Nelson core Dy,

sup |1+ H) ™ 0¥ (f) (1+H)™"| < C(K)|flls,.

Proof. Semigroup/CP/contraction. The heat kernel satisfies G541 = G5 * G, hence Fs iy =
F;0 F; on S. Define ®, as the Bochner integral of the *—automorphisms «, with a positive
weight G(z)d*z. Being a convex combination (integral) of *-automorphisms, ®, is normal,
unital, completely positive, and contractive. The identity O®)(f) = O(F,f) follows by Fubini.

Covariance. G is O(4)—invariant; therefore Fs commutes with Euclidean motions.
By OS reconstruction (Theorem 17.1) and the O(4) — 731 analytic continuation,
U(A,a) 0¥ (z)U(A,a)~t = O®)(Az + a).

Quasi-locality. Gaussian tails give [, . p|Gs(2)[dz < Cn(s)(1 + R/\/5)7N. Writing
Fsf = (Gs1,<r) * f + (Gs1);>g) * f and applying standard bounds for Schwartz seminorms
of convolutions yields (132).

Short-time limit and energy bounds. Fy — id on S implies O®) — O as distributions. The
uniform energy bounds follow from Lemma 17.2 together with the uniform moment bounds for
flowed fields (Proposition 13.2); the contraction property allows us to work on Dyl and pass
to closures by graph—norm estimates. Uniformity in a¢ and the volume is inherited from these
inputs. O
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Lemma 18.12 (Almost locality of flowed fields). Fiz s > 0. Let O1,02 be GI local fields of
engineering dimension < d, and let f,g € S(R*) have spacelike separated supports at distance

R. Then for every N € N there exist Cn(s,ds) < 0o such that on the common polynomial core
D

poly

IO (£), 08 () )| _Dpary || < Cn(s.d) (1+R)7Y.

In particular, for x € C°(R3) the spatially cut-off integrals /d3x XR(x) P(Ogs), e O,(:))(t, X)
form Cauchy nets as R — oo for any polynomial P in flowed fields.

Proof. Step 1 (off-diagonal commutator bound). By the GI Lipschitz/commutator estimates
(Lemma 13.1 and Corollary 13.7) and the uniform off-diagonal pairing (Proposition 13.9), there
exist k and Cn(ds) such that for all u,v € S with dist(supp u, suppv) > r,

1101 (), Oa(v)] || _Dpoy = H < Cn(d) ull Sk l[v]| Sk (1 +r)~". (133)

Step 2 (local/tail decomposition for the flow). Let u := Fsf, v := Fsg with Fs from
Theorem 18.11. For L > 0 set the Euclidean neighborhood N7,(K) and decompose

U = Uloc + Utails Uloc = U~ lNL(suppf)’ Utail *= U~ Ln7 (supp e

and similarly for v. By (132), for every m there are k', Cys ., (s) such that ||ugai|| Sk +
owll_S < Cioom(5) (1 + L5 ™ (LFI_Sir + lgll_Skr).

Choose L := R/3. Then dist(supp ujoc,Suppvioc) > R — 2L = R/3. Apply (133) to
(Uloc, Vioc) With = R/3 and to the pairs involving one tail factor, using the tail bounds.
Optimizing m against a given NN yields

[ [01(u),02(v)] || < Ch(s,de) (1+R)™N.

Step 3 (Cauchy property of spatial cutoffs). Identical to Step 3 in the original proof, now
using the bound just obtained in place of the hard—support estimate. O

Remark 18.13 (Uniformity in engineering dimension). The constants Cy s can be chosen
uniformly for families of GI local fields with uniformly bounded engineering dimension. This is
used to control polynomial nets of flowed fields.

Flowed ingredients (fixed notation). For s >0 let Gy, (s,z) denote the (flowed/smeared)
gauge-field strength at flow time s. Define the flowed energy density and the traceless quadratic
tensor

E(s)(:c) = %GZU(s,x) G, (s, 7),

U (x) = G4, (5,2) G5, ) — L Gl (5, ) Gy (5, 2).

When needed, we write E(S)( f) and ﬁl(j,)( f) for the corresponding Wightman operators
obtained by OS reconstruction and smearing against f € S(R*).

Definition 18.14 (Pre-stress—energy at positive flow time). Let F},, denote the GI field

strength among our Wightman fields. For s > 0 define the flowed field strength F, éi) = F0F;
and the composite

O(z) = er(s) i (@) PO (@) — eas) mu i FL (2) PO (),

with coefficients ¢ (s), ca(s) € R to be fixed by conservation and normalization (below). All
products are understood as polynomials in flowed fields, hence bounded on Dy}, by Lemma 17.2.
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Definition 18.15 (Flowed YM bilinears used for renormalization). With F, ASS) = Fj,0F; as
in Definition 18.14, set

U)(x) =t E (@) FO (@) — Ln ES(2) FO (@),

and

EO@) = La(FS) () FO ().

‘We will also use the vacuum—subtracted versions
Ul =0 - (U021, EY = E® - (QE®0)0)1

Proposition 18.16 (Conservation and symmetry at s > 0). There exist functions c1(s), ca(s)
such that, for each fized s > 0, and in gauge-invariant (GI) correlators with separated insertions
(equivalently, as operator-valued distributions modulo contact terms which can be absorbed into

alshel) (5) (5) — o)
o', =0 and 0, =06y,
In the limit s | 0, exact local conservation holds for the renormalized T, of Theorem 18.17.

Moreover, choosing co(s) := (€2, 6(3)(0)9) and setting

@ffl? = @Efl) — co(s) N 1,

we have (Q,éffgﬁ) =0.

Proof. Set F, ,Si) := F,, oF,. By gauge covariance of the flow and the cyclicity of the trace, the
classical YM identity holds for the flowed fields as an identity of operator—valued distributions
modulo contact terms:

O (s (FF)?,) = dn e (FFO 7)) = (DM ER) FO°,).

(Here D" is the gauge—covariant derivative acting adjointly.) The right—hand side vanishes
in GI correlators with separated insertions by the flowed equations of motion/BRST Ward
identities (Lemma 15.3 and Theorem 18.23), up to contact terms supported at coincidences.

With @,(W) =ci(s )tr(Fﬁ(LZ)F(S)O‘V) — c2(8) N tr(Féi)F(s) P7) we therefore obtain
6“@&81,) =c1(s) tr((D“Flex)) F®e)) ¢ (CIT(S) —c(s)) Dutr(FSP F&)P7).,

Choosing c2(s) = +c1(s) removes the second term. The first term vanishes in GI correlators
away from contact as above, proving conservation modulo contact terms. Symmetry @LJ = @,(;L)
is immediate from the definition. Finally, subtracting co(s) := (€2, @é%)(O)Q) yields (€2, @,(f,,)ﬂ> =
0. 0

Theorem 18.17 (Stress-energy tensor from flowed YM bilinears). Let U, l(;ls,) and E® be as in

Definition 18.15, and let (7,(5,), E©) denote their vacuum-subtracted versions. There exist real
functions Zp(s), Zg(s) with

lim Zp(s) =1

50

such that, for every test function f € S(RY), the limit

Tu(f) = lim { Zr(s) TS () + Zo(s)mu BO(S) |
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exists in matriz elements on the common core Dyoly, defines a symmetric, conserved Wightman
field, and its charges implement translations: if

P, := s- lim d®x Xr(x) Tou(t, %), Xr(x) = x(x/R), x=1,
R—oo JRr3 R3

then P, is self-adjoint, independent of t, and [P,, A] =i 0,A on Dyely for every local observable

A. The normalization limg o Z7(s) = 1 is fixed uniquely by this charge condition.

Proof. Step 1: small flow-time expansion and matching. By the GI SFTE (Lemma 18.24)
and the YM UV identification of Wilson coefficients (Theorem 18.35), there exist functions
Zr(s), Zp(s) and (scheme-independent) improvement operators

Ly = 0°Bou + 0,0,C —0,,0°C, By = —Bup,
built from GI fields such that, for all test f,
Zr(s) US)(f) + Zo(s) muw B (f) = T (f) + Luw(f) + RE)(S),

where the remainder satisfies the uniform bound | (1, RE}(]")QZ)H < Cs*|FII_Sk |Lll_m||o|l_m
for some € > 0, Sobolev index k, and energy weights m, uniformly on the core Dy, (by
Lemma 17.2, Proposition 13.2, and equicontinuity Lemma 18.73). The matching (Proposi-
tion 18.27) ensures that 7}, on the right is the unique symmetric, conserved GI stress tensor
up to improvements.

Step 2: Existence of the limit and symmetry/conservation. From the bound on RELS,,) (f),

{Z7(s) ~,S‘Z)(f) + Zp(s) N E®) (f)}_s > 0 is Cauchy in matrix elements on Dpy, hence con-
verges to an operator 7, /u/( f) independent of the approximating sequence. Symmetry follows
from symmetry of U,S,S) and n”UE' (5); conservation holds because 8“(7,&? and 8,E®) obey the
distributional identities of Proposition 18.16 uniformly in s, while improvements are identi-
cally conserved. Locality /microcausality passes to the limit by Lemma 18.12 and dominated
convergence.

Step 3: Charges and their generator property. Fix t € R and let ygr(x) = x(x/R) with
Jx = 1. For each s > 0, almost locality (Lemma 18.12) and exponential clustering yield
that Py(s)(R,t) = [d*x xr(x) (Z7(s) ~éi) + Zp(8)n0, E®)(t,x) is Cauchy in R on Dy, and
implements translations on local observables via the flowed equal-time commutator estimate
(Lemma 18.29). Passing R — oo then s | 0 and using the convergence in Step 2 gives a
self-adjoint P, with [P,, A] =i 0, A on Dy, for every local observable A, independent of ¢.

Step 4: Normalization. By Proposition 18.30, the requirement that the charges defined from
To, implement translations uniquely fixes the finite normalization to satisfy lim,j o Z7(s) = 1;
improvements are inert for the charges. This completes the proof. O

Proposition 18.18 (Global translation Ward identity). Let X,..., X, be bounded functions
of smeared point-local GI fields from A(Q) with test functions supported away from the boundary
of O. Then, for any v,

L Xp U)X Ula) ™ X, 0) = i/d%(g, T (2) X1 - X Q) = 0.

a=

In particular, [P,, X] =10,X on Dpoly, with P, as in Theorem 18.17.

Proof. Let U(a) = €' Pu be the translation representation from Theorem 17.1, with P, the
generators obtained in Theorem 18.17. For bounded X}, € 2(Q) with supports away from 00,
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define Xy (a) := U(a)XU(a)~!. Differentiating at a = 0 and using [P,, X] = i 9,X on Dpely
(Theorem 18.17) gives

n
D
k=1

Smearing the conservation law 9*T), = 0 with a test function ¢ € C2°(R?) equal to 1 on a
neighborhood of O and integrating by parts (no boundary terms because the X}, are supported
in the interior of O), the right—hand side equals

d o
dov | (X Xpa) - X Q) =i DA X1 [P, Xg] - X ).
“= k=1

z'/d4:c (Q,0"T ) (z) X1+ XnQ) =0,

where we used the equal-time Ward identity of Proposition 18.20 with ¢g; = 1 near the time
support of all X and Lemma 17.2 for dominated convergence. This proves the stated global
Ward identity and the commutator relation [P,, X] =i 0,X on Dpely. O

Proposition 18.19 (Local implementers and identification of charges). Let x € C°(R?) with
[ x =1 and set xr(x) := x(x/R). For any t € R define

P(R.t) = /Rgd‘?‘x Xr(x) Tow(t,%).

Then P,(R,t) converges in the strong-resolvent sense on Dpoly as R — oo to a self-adjoint
operator P,, and the limit is independent of t and of the choice of x with [ x = 1. Moreover
P, coincides with the translation generator from Theorem 17.1.

Proof. Fix t € R and x € C®(R3) with [x = 1. Set xr(x) = x(x/R) and P,(R,t) :=
[ d@3x xr(x) Tou(t,x) initially on Dpyoly.

(i) Cauchy property in R. For R < R', write the difference as an integral of Tp, against
XR' — XR, Whose support is contained in an annulus of radius < R’. By almost locality of T'
(inherited from Lemma 18.12 via the s | 0 limit) and exponential clustering, the contribution
of fields localized at fixed distance from the origin to the commutator with any A € 2(O)
decays faster than any power of R’. Lemma 17.2 then implies that {P,(R,t)}r is Cauchy on
Dyoly, hence converges in the strong-resolvent sense to a symmetric operator P, (standard
graph—norm argument).

(ii) Independence of t and of x. Differentiating P,(R,t) in ¢t and using 0°Tp, = —0'T}, in
the distributional sense,

%PV(R, £) = —/d?’x Orr(x) Tin (1, ).

The right-hand side is supported in the same annulus and vanishes on D,y as R — oo by
almost locality and clustering; hence the limit does not depend on ¢. A change x — X’ with
Jx' =[x =1alters P,(R,t) by a boundary term of the same type, which again vanishes in
the limit; thus the limit is independent of y.

(iii) Identification with the OS generator. For any local observable A(f),

lim i [P,(R,t), A(f)] = O, A(S)

R—o0
by Proposition 18.20 (with g; = 1 near t), and the limit commutator is independent of t.
Hence [P,, A(f)] = i0,A(f) on Dpely. By essential self-adjointness on the polynomial core
(Proposition 17.3) and Stone’s theorem, the one-parameter unitary group generated by P,
implements the translation automorphisms, so P, coincides with the OS translation generator
from Theorem 17.1. O
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Proposition 18.20 (Local implementers and equal-time Ward identity). For any local observ-
able A(f) one has on Dpoly,

d

i [Tou(g:®h), A(f)] = da|, . A((ge®@h)*(f o 1a)),

where g; € CX(R), h € CX(R3) and 7, is translation by a. In particular, for equal-time
smearing and g: = 1 near t, this reduces to i[P,, A(f)] = 0, A(f). Here x denotes convolution
on R*, and 7, is the translation by a € R* acting on test functions.

Proof. Let g; € C(R), h € C°(R?) and set ¢ := g; ® h. For s > 0 define the flowed local
implementer

QW) i= [ dlaolw) (Z0(s) U (@) + Zos) m B (@),

well-defined and bounded on D,y by Lemma 17.2. By the flowed equal-time commutator
control (Lemma 18.29) and Proposition 18.16, for every NV,

QW (e), A() = L

- da?

where the error is uniform for ¢;, h in bounded subsets of C2°.

OA(SO *(fo Ta)) + O(SN/Q) on Doy,

a=

By Theorem 18.17, Q,(,S)(go) — Tou(p) in matrix elements on Dpely as s | 0. Using
Proposition 13.2 and dominated convergence, the commutator identity passes to the limit s | 0,
giving

. d
i[To(0), AN = 25| _ Ale*(foma)) on Dpoy.
In particular, if g = 1 near a fixed time ¢ and h is supported in a small ball about the origin with
J 'h =1, then as the spatial support of h is dilated to scale R — oo the left—hand side converges
to i [P,, A(f)] while the right-hand side tends to 9, A(f), yielding i [P,, A(f)] = 0, A(f). O

a=

Stress tensor and Ward identities. The renormalized stress tensor T}, is constructed
as a limit of flowed bilinears (Theorem 18.17). It is a symmetric, conserved Wightman field
whose integrated charges implement translations with the canonical normalization; Poincaré
covariance and locality follow from flow quasi-locality and OS reconstruction (Theorem 18.11).
The local implementer/equal-time Ward identity and the global translation Ward identity are
stated in Proposition 18.20 and Proposition 18.18. The trace anomaly holds as an operator
identity in the sense of distributions modulo contact terms, with universal coefficient 3(g)/(29g)
(Theorem 18.28).

18.3 BRST structure and Ward identities for the GI sector

We record the gauge/BRST symmetry in a form that only constrains correlators of gauge-
invariant (GI) local observables. To this end, introduce the auxiliary graded local x-algebra

West = Alg (5] U {e*, "5},

generated by GI composites from G<4 together with the ghost ¢* (fermionic, ghost number +1),
antighost ¢* (fermionic, ghost number —1), and Nakanishi-Lautrup field b* (bosonic, ghost
number 0), all local and polynomially smeared. Indices a, b, ¢ are adjoint; color contractions use
the Killing form, and tr denotes the matrix trace in a fixed finite-dimensional representation.

Definition 18.21 (BRST differential). A BRST differential on Wex is a graded x-derivation
s of degree +1 such that s> = 0 and

sc® = f%f“bccbcc, sc =1ib%, sb* = 0.
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On the GI subalgebra we require s to act trivially; equivalently, s O = 0 for every GI local
observable O (in particular, str(F,, F*) = 0). Extend s to products by the graded Leibniz
rule.

Theorem 18.22 (BRST current and Ward identities in the GI sector (expectation level)).
Work with a gauge-fized lattice Yang—Mills regularization whose Euclidean action and measure
are BRST invariant. Let jh denote the corresponding local BRST Noether current (a local
composite in the extended field algebra with ghosts), and let s be the algebraic BRST differential
of Definition 18.21. After taking the joint continuum/van Hove limit and performing OS
reconstruction, the following statements hold without introducing a BRST charge operator on
the physical Hilbert space:

(1) Local BRST Ward identity. For any local fields O, ...,O, with pairwise spacelike
separated supports,
O (2, T(j() 01 (1) - On2)) Q) = i 3 8 — ) (2 T(O1 -~ (sO3) -+ 0n) V),
k=1
as an identity of tempered distributions. In particular, if each Oy is GI, then sOp =0
and the divergence vanishes away from the contact hyperplanes x = xy.

(2) BRST-exact insertions drop out against GI spectators. For any BRST-exact local X = sY
and any GI locals O, ..., O, with separated supports,

<Q, T(X({L‘) 01 (:Ul) cee On(l'n)) Q> =0
as a distribution away from contact.

(3) Uniformity. All constants implicit in the distributional bounds are uniform in a < agy
along the gauge-fizing tuning line and in the volume, by the uniform moment/LSI/EC
inputs quoted earlier.

Proof. On the lattice, BRST invariance of the gauge-fixed action and measure gives the exact
Slavnov—Taylor identity for the Euclidean generating functional. Differentiating with respect
to sources and setting them to zero yields the lattice analogue of Item (1) (with Euclidean
time-ordering Tg), with contact terms only at coincident points. Uniform subgaussian moment
bounds and exponential clustering pass these identities to the joint continuum/thermodynamic
limit. OS reconstruction then transports them to Minkowski time-ordered Wightman distribu-
tions; the Euclidean-to- Minkowski passage uses the same domination/analyticity as in the OS
limit, together with the uniform bounds for flowed representatives (Proposition 13.2). Item (2)
is the specialization of Item (1) to X = sY with GI spectators (sOy = 0). Uniformity in a and
in the volume follows from the uniform estimates in the inputs. O

Theorem 18.23 (BRST Ward identities for GI correlators). Let Oq,...,0, be GI local
operators. Then
P (Q, T(jp(2) Or(z1) -+ - On(0)) Q) = 0

as a distribution on the set where x # xy for all k. Equivalently, for any spacelike Cauchy
surface 3 that does not intersect the supports of the O,

<Q’ {QB’ T(Ol(xl) T On(‘rn))} Q> =0,

where Qp denotes the formal BRST charge obtained by integrating jh over ¥.. Consequently,
expectation values and S-matriz elements built from GI operators are independent of the
gauge-fizring parameter and of BRST-exact perturbations.

Proof. Immediate from Item (1) of Theorem 18.22, since sOy = 0 for GI operators. O
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18.3.1 Short-distance matching via the flow

We relate flowed gauge-invariant (GI) composites at short flow time to a finite set of renormalized
local GI operators. The next lemma is the nonperturbative small-flow-time expansion with an
explicit remainder bound in separated correlators.

Lemma 18.24 (Small-flow-time expansion in GI correlators). Let X be a GI local polynomial
in the GI fields of canonical dimension dx. Define the flowed operator
4 -2 Els

Xs(z) := (G x X)(x) = Gs(z) X(z — 2)d*z, Gs(z) := (47s) exp( - 4—), s> 0.

R4 s
Then for every N € N there exist finitely many renormalized local GI operators {O;}icr of
canonical dimension < dx and coefficient functions ¢;(s) such that for any n > 0 and any GI
local operators Y1, ...,Y, smeared with test functions f; whose supports are a positive distance
p > 0 away from x,

(0 X@)Yi(f1) - Yalfa) Q) = Y eils) (2, Oia) Yilf1) -+ Yalf) ) |

i€l
n
< One ™2 TLIYG(F) (134)
j=1
where || - ||, is the energy-bounded norm from Proposition 17.24. The coefficients c¢;(s) are

independent of the spectators Y; and satisfy the renormalization-group equation

(8% + ﬁ(g)iq +97)els) =0, &ls) = (eils)ier,

with v the anomalous-dimension matriz of the chosen local GI basis. In GI correlators, the
coefficients multiplying BRST-exact operators vanish by Theorem 18.23.

Proof. Write Xs(z) = (G5 * X)(z). For |z| < p/2, expand the operator-valued distribution
X(z — 2) in a finite Taylor formula around z:

X(x—2)= Z (=2)7 0“X(z) + Rn(x;2),

al
la| <N

with Ry the integral remainder of order N+1. Integrating against G yields

Xy@) = % m“i(,s) °X(z) + | Ry(a;2)Gs(z)diz + X(x — 2) Gy(z) d*2,
|| <N o R* |z|>p/2
where mq(s) := [ 2%G4(z) d*z are the (finite) moments of G.
Far tail. Since G is Gaussian and the spectators are supported at distance p from x, the
tail integral is bounded by C e=r*/(169) times an energy weight. As e=P?/(165) < CnsN/2 for
any fixed N (for s | 0), this contribution fits into the right-hand side of (134).
Taylor remainder. Integral-form estimates together with the subgaussian/energy bounds
(Lemma 17.2 and Proposition 17.24) yield || Ry (z;2)| < Cnl2|¥ (1 + H)* on the common
core. Hence

| [, Rovtasz) Gy dtz] < O [ 511G (2) 12 < O s VD12
R R

Projection to a renormalized GI basis. Fix a symmetry-closed renormalized GI basis {O; }ier
of canonical dimension < dx (modulo TD/EOM, allowing BRST-exact representatives). Since
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the set {0%X} |4 <n is finite, and each term has canonical dimension < dx + |a], we can
re-express the finite Taylor part (up to TD/EOM) as a finite linear combination of the O;(x)
with coefficients depending only on the moments mq(s). This produces coefficient functions
c¢i(s) independent of the spectators and the stated remainder estimate (134).

Differentiating the defining identity for X in s and using the renormalization group for
the chosen basis yields the RG equation for ¢(s). Finally, coefficients in front of BRST-exact
operators are invisible in GI correlators by Theorem 18.23. O

BRST-exact terms in the SFTE. In particular, whenever the spectators Y; are GI, the Wilson
coefficients in front of BRST-exact operators vanish pointwise in the small-flow-time expansion;
only GI cohomology classes contribute.

Proposition 18.25 (Canonical normalization of 7}, via charge implementers (boxed sum-

mary)).
Domain/core. Let Doy be the OS core linearly spanned by vectors

(A () A (£)Q: nEN, 55> 0, A; GI locals, f; € S(RY)}.

By the uniform subgaussian/energy bounds at positive flow, Dgoy is dense and a common
Nelson core for all flowed composites.

Charges at s > 0. For each fived s > 0 define the localized charges
PB)(R,t) = /R3d3x XR(X) To(i)(t,x), Xr(x) = x(x/R), /X =1.

Then P,SS) (R,t) converge on Dgoy in the strong—resolvent sense as R — oo to a self-adjoint
operator P,SS), independent of t and of the cutoff profile x. On Dgow,

[P A = i9,A9(f),  A®(f) any flowed GI local,

v

s0 Plss) implement translations at positive flow. The same holds for the (flowed) rotation/boost
generators J,Sf,) built from T®); all these generators are essentially self-adjoint on Dyoy.

Flow remowval and normalization of T,,. There exist real functions Zr(s), Zg(s) such
that, for every f € S(R%),

Tu(f) = lm{ Zr(s) UR(S) + Zo(s)maw BV (D)

exists in matriz elements on Daow and defines a symmetric, conserved Wightman field. Its
charges

P, := s- lim d*x xr(x) Tou(t,%)

R—oo JR3

exist on Daow, are essentially self-adjoint there, independent of t and x, and implement
translations on all local fields: [P,, A(f)] = i0,A(f) on Daow. The finite normalization is
fixed uniquely by the charge condition

liﬂr)lPlfs) = P, (strong resolvent on Daow) |,
S
which forces

lim Z =1

im Zr(s) ;

while improvements 0P, are harmless (their integrals vanish by Gauss/Stokes).
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Proof. Throughout, H > 0 is the OS-reconstructed Hamiltonian, a, the spacetime translation
automorphisms, and 2 the vacuum. For s > 0 we denote by Fs the O(4)-invariant heat-kernel
smearing, 0) := O o Fj, and we use the flowed YM bilinears

UISSV) = tr(F;Sfx)F(S)al/_inIJ«VF/Sg)F(S)pO—)7 E®) .— %tr(Fp(f,)F(S)PU).

We rely on the positive-flow inputs: (i) flow-regularity/energy bounds and quasi-locality (18.11),
(ii) almost locality of flowed fields (18.12), (iii) conservation modulo contacts of the pre-tensor
(18.16), (iv) the flowed equal-time commutator control (18.29), and (v) the nonperturbative
construction of 7}, together with the matching coefficients Z7(s), Zp(s) (18.17).

1) The core Dy, is dense and a common Nelson core. By Theorem 18.11(4), for every
compact J € (0,00) and every x > 0 there are k and C(J, k) so that

sup 11+ H) O (f) 1+ H) ™| < CUR)[Ifs,-

Hence vectors of the form Agsl)(fl) e Agfn)(fn)Q with s; € J are analytic for H and form a
Nelson core; the linear span over all finite products and s; > 0 is therefore a common Nelson
core for all flowed composites and is dense. This proves the “Domain/core” bullet.

2) Charges at fixed s > 0. Fix s > 0, t € R, and x € C®(R?) with [x = 1; set
Xr(x) = x(x/R) and

PORY = [ dxxa T (%), Tf) = Zr() UL + Zo(s) 10 B

(a) Cauchy property in R and existence of P,SS). By Lemma 18.12, commutators of flowed
locals with supports at spatial distance R are O(R_N ) for all N, uniformly on the common

core. Using conservation 3“T,S‘Z) = 0 modulo contacts (18.16) and integrating by parts, the

difference P,,S)(R’ t) — P,Ss)(R, t) is supported in the annulus where Vxp — Vxr # 0. Almost
locality and exponential clustering at positive flow yield, for every N,

| (PSR, t) — PR, 1)) || < Cils) (1+min{R, R'})™N||(1 + H)"¥|

on Dgow. Thus P,SS) (R,t) is strongly Cauchy on Dguy as R — oo. Its strong limit P,SS) is
symmetric on Dfoy-

(b) Independence of t and of x. Differentiating in ¢ and using 60Téi) = —Biﬂ(j) in the
distributional sense, we obtain

ip(

dt IJS)(R7 t) = _/dgx 8iXR(X) Tz(VS) (t7x)7

whose norm on Dy, is O(R™) by almost locality; hence the strong limit is independent of ¢.
Changing x with the same integral changes PV(S)(R, t) by a boundary term of the same type,
which vanishes in the limit.

(c) Implementer property and essential self-adjointness. For any flowed local A®)(f) with
equal-time support, Lemma 18.29 with g; ® h equal to the equal-time test for xr yields

[P (R, A1) = 0,4 (f)|| < Cuwls) BN JAD(f)]w.

Letting R — oo gives on Dgoy, [PV(S), A ()] =i8,A(f). By Nelson’s commutator theorem
(with H as control operator and the uniform energy bounds from Theorem 18.11), P,,(S) is
) _ xVT()(;j)

essentially self-adjoint on Dgyy. The same argument applied to the densities quéj
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gives the flowed rotation/boost generators and their implementer identity. This proves the
“Charges at s > 0”7 bullet.

3) Flow removal and construction of 7. By Theorem 18.17 there exist real functions
Z1(s), Zp(s) such that

T (f) = i { Z2(s) URD) + Zo(s) mu BV () |

exists in matrix elements on Dy, and T), is symmetric, conserved, local, and Poincaré
covariant. Define the localized charges

P,(R,t) = /deffx Xr(X) Tou(t,%), Py := s lim P(R,1).

Exactly as at positive flow (now using Proposition 18.19), P,(R,t) converge in the
strong-resolvent sense on Do, to a self-adjoint P,, independent of ¢ and yx, and
[P,, A(f)] = i0,A(f) on Doy for every local A(f). This proves existence and the
implementer property in the third bullet.

4) Strong-resolvent limit P(*) — P, and fixing lim,jo Z7(s) = 1. Let ¢: ® h be an
equal-time test with ¢, = 1 near ¢ and h compactly supported, and set Qz(/s) (gt ® h) =
J(g: ® h) Té ), By Lemma 18.29,

lilQW@en, An] - 0,40 || < Oxus™2 Al on Daow.  (135)
Letting the spatial support of h tend to all space (as in the proof of Part 2) shows that
lim Q¥ (g ®xg) = P and lim To,(¢ © xr) = P,
R—o0 R—o0

in the strong resolvent sense on Dgy. Using (135) and the matrix—element convergence in
Theorem 18.17 we obtain, for every IV,

[P = P) 0| < Cnps™? (14 H)" || (T € Dpow),

which implies P,Es) — P, in the strong-resolvent sense on Dygy, -
Now suppose, for contradiction, that limgjg Z7(s) = 1+ ¢ with § # 0. Write, at fixed s,

T = Zp(s)Tow + Zo(s)now E + 0°Z,00(s,) + RS,

with R(()f,) = O(s°) in matrix elements and the improvement 0°Z integrating to a boundary
term. Smearing at equal time against xr and sending R — oo,

P = Zp(s)P, + Zy(s) 501//RSE(157X) d’x + o(1) (s10),

where o(1) — 0 strongly on Dgoy (remainder/improvement statements). The E-term does not
contribute to the commutator with spatially localized equal-time fields (it is a scalar density),
hence comparing the implementer identities on Dgey, yields

(s) . .
(P, ] Y [P, | = Z7(s) T L.

If Zr(s) = 149 # 1, we would have [PV(S), ] = (1 +6)[P,,], contradicting the limit of the
commutators. Therefore

lim Zp(s) =1 |
im 7(s)
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5) Improvements are harmless. Any local improvement 9°Z,,, is a divergence of a local
tensor antisymmetric in pu. Its equal-time spatial integral reduces to a boundary term on
spheres of radius R, which vanishes as R — oo by almost locality and clustering. Hence
improvements neither affect the existence of the charges nor their commutators with local
fields; in particular they play no role in the normalization fixed by the implementer condition.

Collecting the conclusions of Parts 1-5 proves all claims of Proposition 18.25.
O

OPE matching and trace coefficient. For the flowed stress tensor we use, in GI correlators
with separated insertions,

T;EIS/) = ZT(S)TMV + ZQ(S)T]MytI'(FpO—FPU) + apEp,uV(S;‘) + R(s)

(), R = O(s°).

Lemma 18.26 (Trace matching).

1. CS in step-scaling/GF. In the GF scheme, the Callan—Symanzik equation Oy, s X(u, s) =
Bar(X) with Bar(v) = —2bgv? +- -+ implies that ud,—variations of correlators are generated
by insertions of the trace T#,,.

2. SFTE for E(*) and the Ward identity. By the small-flow expansion, E®) = cg(s) O4+ higher,

with Oy = tr(F?), and cg(s) analytic in logs; the dilation/translation Ward identities
— Bl

give T, = 2 Oy + 0 (improvement) once Ty, is charge-normalized. Comparing with

the flowed OPE for T,E,S,) forces hﬁ)l Zy(s) = B(g)/(2g) | (scheme—independent on the GI

quotient).

Proposition 18.27 (OPE matching for the stress tensor). Let T,Ei) be the flowed, symmetric,

conserved stress tensor constructed in this section. Then as s | 0 one has, in GI correlators
with separated insertions,

TIE‘;)(:U) = Zp(s) Ty (x) + Zo(s) nuw t(FpeFP7)(x) + 0PEpuw(s,x) + Rnx(s;z), (136)

where 2, is a local improvement term (antisymmetric in pp) and, for every N, matric
elements of Ry, satisfy the bound (134) with X = T,,. Moreover

lim Zp(s) = 1, lim Zy(s) = Blg)

—_—. 1
s0 sJ0 2g ( 37)

The overall normalization of tr(Fy, F?%) follows the convention tr(T*T°) = $6%°; other conven-
tions shift Zy by an obvious factor.

Anomaly coefficient is scheme independent. Improvements 0”Z,,,, are traceless up to total
derivatives in GI correlators; once the charge normalization of T}, is fixed by Proposition 18.30,
the coefficient of tr(F?) in T#,, is scheme independent. Thus the limits in (137) are universal.

Proof. Apply Lemma 18.24 with X = T},,. By symmetry, Poincaré covariance, gauge invariance
and dimension < 4, the only GI local tensors with the quantum numbers of 7),, are T}, itself,
Nutr(Fpe FP7), and total derivatives 0PZ,,,. This proves (136).

Conservation of 7T, AS}? and of T}, implies that the only possible nontrivial scalar admixture
is nw,tr(FQ); its coefficient can affect only the trace. Taking the trace of (136) and using that
improvements are traceless up to total derivatives, we obtain in GI correlators

T(S)“u(w) = 47y(s)tr(Fo F?7)(x) + (total derivatives) + Ry .(s;x).
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On the other hand, the BRST Ward identities together with scale breaking yield the Yang—Mills
trace anomaly in GI correlators:

T, () = 52(;]) tr(Fpe F77) ().

Matching the coefficients of tr(F?) in the s | 0 limit gives limg|o Zg(s) = B(g)/(2g). The limit
limg o Zr(s) = 1 is fixed by the requirement that the Poincaré charges P, = [ d3z To(,f) (t,x)
(defined on the common Nelson core and then by closure) implement translations on the local
fields with the standard commutation relations; any residual finite renormalization would
violate this normalization. O

Theorem 18.28 (Trace anomaly as an operator identity modulo contact). Let T}, be the
renormalized stress tensor constructed in Theorem 18.17, normalized so that its charges imple-
ment translations (Proposition 18.19). Then there exists a local operator—valued distribution
Y, (a divergence of an improvement current) such that, as operator—valued distributions,

T, — 52(3) W(F,nFP) + 95, (138)

with the following precise insertion statement: for any test ¢ € C°(R*) and any finite family
of gauge—invariant (GI) point-local fields [A;](¢;) whose supports are a positive distance away

from supp @,

(@, (") = B2 u(F)(e) — 0"%,(0)) [TA)(e)9Q) = o. (139)

J

Equivalently, (138) holds modulo contact terms supported on the coincident diagonals with the
GI insertions. The coefficient B(g)/(2g) is universal (scheme independent) once the charge
normalization of Ty, is fized.

Normalization reminder. The identification of the coefficient follows from the flowed
OPE/matching for T,Sf,), see Proposition 18.27, where limg)g Z7(s) = 1 and limg)g Zy(s) =
B5(9)/(29)-

Proof. By Theorem 18.17 there exist functions Z7(s), Zy(s), with Zp(s)—1 as s | 0, such that
for any f € S(R?)

Tu(f) = lim { Zr(s)UD(S) + Zo(s)nuw EO(F) |

in matrix elements on the common core Dp,l,. Here U,S,S,) is (by construction) traceless, so

TH,(f) = liﬁ)l 4 Zy(s) B (f) in matrix elements on Dply. (140)
S.

Next invoke the GI small-flow—time/OPE matching for the stress tensor (Proposition 18.27):
in GI correlators with separated insertions,

T;stx)(x) = ZT(S)T;W(*T) + Zy(s) Wutr(F2)(~"«“) + 8pEpw/(S7$) + RN,K(S;$)7

where Ry, is O(s" /2) in matrix elements uniformly on bounded energy vectors, and Epu 18

a local improvement (antisymmetric in pu). Taking the trace and using tracelessness of U,S,‘i)

yields, as distributions in GI correlators,

TR, (x) = 4Zy(s)tr(F?)(x) + 0°Ay(s,x) + RY .(s;), (141)
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with Ay(s,z) := n"Epu(s, ) a local vector operator and RY; . satisfying the same O(sN/?)

bound.
Let ¢ € C°(R?*) and let the GI insertions [4,](¢;) have supports disjoint from supp .
Smearing (141) with ¢ and integrating by parts,

T (9) — 4Zg(s) r(F?)(p) = = Ap(5,0%0) + RR,.(559).

By uniform moment/energy bounds at positive flow time and quasi-locality (Theorem 18.11)
together with the disjoint—support hypothesis, all correlators in which A, (s, 0”¢) and Rﬁ\r,j «(S39)
appear are uniformly bounded and dominated. Hence, taking expectation against [];[A4;](¢;)

N/2)

and using dominated convergence plus R'j\l”,,,i =0(s , we obtain

lim (9, (T4, (p) — 4 Zg(s) r(F2) () [T[41(67) )

sl0 h
v J

— _ lim <Q Ay(s,0%9) H[Aj](¢j)9>'

sJ0 j
On the other hand, by (140) we also have

tim (2, T () TIAN@) D) = (@ Tu(e) TI4]06,) ).

sl0 ;
+ J

Combining the last two displays and using the anomaly matching limg o Zg(s) = £(g)/(29)
from Proposition 18.27 gives

(@ (T"u(e) = B ar) @) TIIA16) Q) = — lim (0. Ay(s.0%) []I4;10).

Define the operator-valued distribution ¥, by its action on tests ¢ € C° (R*) via the distribu-
tional limit

D) = w-lim Ay(s.0),

which exists in matrix elements against GI spectators with disjoint support by the same
domination (the family is Cauchy due to the SFTE with coefficients analytic in log(su?) and
uniform energy bounds; cf. Lemma 18.24 and Theorem 16.14). With this definition and the
arbitrariness of ¢, we have established (139). Equivalently, (138) holds as an identity of
distributions modulo contact terms (integration by parts moves the divergence onto ¢ and
no boundary terms arise because of compact support and disjointness). The universality of
the coefficient ((g)/(2g) follows from Proposition 18.27 and the charge normalization of 7},
(Theorem 18.17), which fixes Z7(s)— 1 and removes any residual finite renormalization. [

18.3.2 Canonical normalization of the stress—energy tensor via charges

We now fix the finite normalization of the stress tensor by requiring that its charges implement
the given unitary representation U (Theorem 17.1) on the local fields.

Lemma 18.29 (Localized charges from the flowed tensor). Let Tle,) be the flowed conserved

symmetric tensor constructed above. For x € C°(R3) with x = 1 on a neighborhood of supp f,
define

PV(S) [x] = /R3 To(i) (t,x) x(x) dx.
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Then for any smeared local GI field A(f) with supp f C {t} x R® and for every N € N there
exist k and Cn , < 00 such that, on the common core Dpyoly,

[P, AN = 0,4 | < Cvws™2IAB s VA = [(1+H) ACF) (1+H)"].

(142)
In particular, P,ﬁs) [x] = P, in the strong resolvent sense on Dyoly as s | 0, where P, is the
generator of translations from U.

Proof. Use conservation 8“T/Sf,) = 0 and integrate by parts in the equal-time commutator
with a space cutoff x = 1 on supp f, which eliminates surface terms (locality). Insert the
S
v

which vanishes by the choice of x. The remainder Ry, is controlled by (134). The only

OPE (136) for TO( ) near supp f. The improvement term integrates to a boundary contribution

surviving local piece is Zp(s) Ty, whose equal-time commutator with A(f) is the standard
one, i[Ty, (t,x), A(f)] = 0,A(f) on Dypoly. This yields (142) with an extra factor |Zr(s) — 1
in front of the leading term. Since limgg Z7(s) = 1 by Proposition 18.27, the right-hand side
is O(sN / 2), and strong resolvent convergence follows from standard graph-norm estimates on
Dyoly and essential self-adjointness (Proposition 17.3). The constants Cy . can be chosen
independent of s € (0, so] by the uniform moment bounds and almost-locality at positive flow
(Lemmas 18.12, 18.73). O

Proposition 18.30 (Uniqueness of finite normalization). Among all local, symmetric, conserved

tensors that differ from T,Sf,) by finite local counterterms (linear combinations of ny,, tr(F,e FP7)
and improvements 0=, ), the choice fized by

liﬁ)l Téi) (t,x)x(x)d*x = P, (Vx =1 near the region of interest)
S R3

is unique. Equivalently, the limit condition forces limg)g Z7(s) =1 in (136), while the improve-
ment freedom remains but does not affect the charges.

Charge constraint. In particular, the localized-charge condition forces limg g Z7(s) = 1 in (136);
improvements 9=, drop out of the charges by Gauss’ law.

Proof. Suppose we changed Tle,) by 6 Z1(8) Ty +06Zg(8) nutr(F?)+0P A=, (s). The integrated
improvement term vanishes by Gauss/Stokes and the support choice for x. If limg g 0 Z7(s) =
d # 0, then the limiting charge would be (1 4 ¢)P,, contradicting the fact that the translation
generator is fixed by U. Hence limgodZ7(s) = 0. The scalar admixture n,,tr(F?) cannot
contribute to the spatial momenta (v = i) and would add a multiple of [ tr(F?) to Py; this would
change the equal-time commutators with some local fields, again contradicting Lemma 18.29.
Thus the normalization is unique modulo improvements, which leave the charges invariant. [

18.3.3 Rotation/boost charges and the Poincaré algebra
Define the (Euclidean) angular-momentum densities

Iw(x) = 2, T (x) — 2, Thu(x), Juw = Jouw-
Let x € C°(R?) with x = 1 near the origin and set xr(x) := x(x/R).

Lemma 18.31 (Localized rotation/boost charges from the flowed tensor). Let Tlsf,) be the
flowed, canonically normalized tensor (i.e. with Zp(s) — 1 as s | 0 by Proposition 18.30).
Define

TS xn] = /R Bx x() (eu T (%) — 2 T (%),
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For any smeared local GI field ﬁ(f) with supp f C {t} x R® and any N € N there exist k and
Cn,x < 00 such that, on the common core Dpyly,

|il7D xRl AN = (a0~ 20) A | < COne (B4 8Y2) A (143)

v
In particular, J,(fy) [Xr] — J,S,Sj) strongly as R — oo on Dpely, and J,(fy) — M, in the strong
resolvent sense as s | 0, where M, implements rotations/boosts on local fields.

Proof. Fix s > 0 and a smeared local GI field ﬁ( f) with supp f C {t} x R3. By locality and
covariance we may assume that supp f is contained in a ball B, C R? centered at the origin at
time t. For R > 27 one has yg = 1 on a neighborhood of supp f.

Writing out the commutator,

el A = [ dx xa0) (@15 (1,0, A) =, 1T (6, x), A
We first control the dependence on R. For R, R’ > 2r,
Iben] = I = [ d*x (xa() = (0) (w150 = 2T (8.5,

whose integrand is supported in an annulus of radius ~ max{R, R'}, disjoint from supp f. By
almost locality and exponential clustering for flowed fields (Lemma 18.12 and Theorem 18.121),
the commutator of this boundary term with fT( f) decays faster than any inverse power of R
(uniformly in s on compact subsets of (0,00)). Thus, for every N € N there exist £ and Cy
such that

1175 Ixr) — I xw], AU || < Cre BN JAF) s

and in particular this yields the R~ part of (143).

It remains to identify the local action near supp f. Since xgr = 1 on a neighborhood of
supp f for R > 2r, conservation 0T )(\‘Z) = 0 implies that integrating by parts in the equal-time
commutator only produces derivatives of x g, hence boundary terms supported where Vyxg # 0;
these have already been estimated above. Therefore, up to an error of order R~ we may
replace xr by 1 in the commutator with fT( f).

On this neighborhood we insert the small-flow—time expansion
TE) = Zp(s) Tag + Zo(s)Nap tr(F?) + 0"Zpap(s,) + Ruu(sio),

valid in GI correlators with separated insertions, from Proposition 18.27. The improvement
term 0=, integrates to a total derivative in space; after integrating by parts its contribution
again involves Vg and is thus a boundary term controlled as above. The remainder Ry .
satisfies || Ry x(s;-)|| = O(s"/?) in matrix elements between vectors in Dy1y, s its contribution
to the commutator is bounded by Cy ,.s™/2||A(f)]|.

The only surviving leading term is therefore Zr(s) To, (and similarly Zr(s)Tp,). For the
unflowed stress tensor we have the standard equal-time commutator on Dply,

iTou (1), AF)] = B A(F), ilTou(t ), A()] = 0 A(S),
so the leading piece of i[J,SSV) [xr], A(f)] is
Z7(s) (240 — 2,0,) A(f).

By the canonical charge normalization, Zp(s) — 1 as s | 0 (Proposition 18.30). Collecting the
O(R™") and O(s™/?) errors gives (143).
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Finally, the estimate (143) implies that for each fixed s > 0 the family Jl(j,) [xr] is Cauchy
in R on Dy in the graph norm of (1 4+ H)", hence converges strongly to a densely defined
symmetric operator J,S,S,). The sV/2 control of the commutator with local fields, together
with the analogous bounds for the flowed translation charges (Lemma 18.29) and Nelson’s
commutator theorem, show that Jﬁf,) converges in the strong resolvent sense as s | 0 to a
self-adjoint operator M,, whose commutator with every local observable is the differential

operator z,,0, — x,0,. Thus My, implements rotations/boosts on local fields as claimed. [

Theorem 18.32 (Rotation/boost generators and the Poincaré algebra). Let P, be the transla-
tion generators from Theorem 18.17. The limits

M, = s-lim lim J,SS)[XR]

R—oco s]0 v

exist on Dpoly, are essentially self-adjoint on this core, are independent of the time slice t, and
satisfy
My, A] = i(x,0, —2,0,)A on Dpoly

for every local observable A. Moreover, on Dpyoly,
[Pp, M) = i (pp Py — 1pw Pu), (M, Mpo] = i(nupMyo — Mo Mup = 1pMyuo + Nve Myp),
which becomes the usual Poincaré Lie algebra after OS reconstruction.

Proof. By Lemma 18.31, for each fixed s > 0 the strong limit
I = tim I [l

exists on Dpely, and the family Jl(ﬁ,) converges in the strong resolvent sense as s | 0 to a
self-adjoint operator M,,,. This justifies the iterated limit in the definition of M,,,.
The estimate (143) implies that for every local observable A and every N,

z’[J/(j), Al = (2,8, — 2,8,) A+ O(s/?)

in the graph norm of (1 4+ H)" on Dyly. Passing to the strong limit s | 0 yields
My, Al =i (2,0, — x,0,)A on Dpoly,

which is the stated implementer relation.
To see that M), is independent of the time slice ¢, differentiate J,Ssy) [xr|(t) with respect to

t and use conservation GAT/S? =0:

d E s
IR = = [ dxd0r(x) (2,78 (%) = 2, T (4.%).

dt
The right—-hand side is supported in the annulus where Vx g # 0, hence its commutator with
any local observable is O(R™) for every N by almost locality and exponential clustering of
flowed fields (Lemma 18.12 and Theorem 18.121). Therefore the derivative vanishes in the
limit R — oo, and the resulting operator M), does not depend on ¢.
For the commutators with the translation generators, recall from Theorem 18.17 that
[P,, A] =i0,A on Dyly for every local A. Together with the already established relation

My, Al =i (2,0, — ,0,)A,
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we compute, on Dply,

[Py, My, A] = [P, [ uw Al = [My, [Bp, A]]
— i(Po(@udy — 2,0,) A — (2,0, — 2,0,) FpA)
= i (Npp0v — NpwOu) A = i(Mpp Py — Npu Pu) A.

Since Dp,ly is cyclic for the local algebra and a common core for all generators, this determines
the commutator and yields

[Pps M) = i(nppuPy — 1pvPu)  on Dpoly.
For the [M, M] commutator, note that the differential operators
L,, =2,0, —x,0,
satisfy the Lorentz Lie algebra relations

[L/u/? Lpa] = nupLua - nuaLup - nupLua + nuaLup'

Using [M,,,, A] =i L, A, a straightforward computation gives, for every local A,

[[Myu, Mpo|, A] = i(nupLve — uoLvp — MupLyo + MveLpp) A
= i(nulela — NueMyp — Nyp Mo + nVUMup)A-

Again, by cyclicity and core properties, this fixes the commutator on D1, and yields the
stated Poincaré Lie algebra.

Finally, essential self-adjointness of M,,,, on Dy,1y follows from Nelson’s commutator theorem
with the Hamiltonian H as control operator: the bounds of Lemma 18.31 provide the required
graph-norm estimates, and Dpy is a common Nelson core. After OS reconstruction, the pair
(P, M,,) therefore gives the usual unitary representation of the Poincaré group. O

Proposition 18.33 (Global rotation Ward identity). Let X1,..., X, be bounded functions
of smeared point-local GI fields from A(O) with supports strictly inside O. Then for any
antisymmetric w”,

Xn: % ‘0_0 <Q; X1 .. .Q%W“VMMV Xk 6_%0-)“”]\4;“/ .. Xn Q>

%w‘“’/d%’ (Q, P Ty (z) X1 -+ X, Q)
=0

In particular, (M, X] = (2,0, — 2,0,) X on Dpoly.

Proof. Let w*” be antisymmetric and set
it -1
U9 = exp(2 W Myy),  X(0) = U0)XxU(0)

Differentiating at § = 0 and using the implementer relation from Theorem 18.32 gives, on
Dpol
poly»

d

— _ I B
d@‘e:oXk(e) 9% (M X oY (2,0, — 2,0,,) Xk.
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Summing over k and inserting between {2 and €2 yields
— QX1 Xg(0) - X Q) = —wh QX My, Xi] - Xn2).
§d0‘90< Xy Xi(6) )= 5w g::l< 1 (M, Xy )

To relate the right—hand side to the divergence of the Noether current J,,, we approximate
the global rotation by a localized one, exactly as in the proof of the global translation Ward
identity (Proposition 18.18). Smearing the conservation law

P Ty =0

with a test function ¢ € C°(R*) that is identically 1 on a neighborhood of the supports of all
X4, integrating by parts, and using the local equal-time commutator control of Lemma 18.31,
one identifies the resulting boundary terms with the sum over k of commutators with the
corresponding localized angular-momentum charges. Letting the support of ¢ tend to all of R*
and using exponential clustering and dominated convergence, one arrives at

"4 .
Z @‘ :0<Q’ X1 Xi(0) - XnQ> = 3 wl“//d4x <Q, 8>\J>\#y(aj)X1 . XnQ>

Since 9MJ auw = 0 holds as an operator-valued distribution (because 7T}, is symmetric and
conserved), the last integral vanishes, giving the claimed identity and its vanishing.

The commutator statement [M,,,,, X| = i(x,0, — x,0,)X for X in the polynomial algebra is
obtained by taking n = 1 and interpreting the derivative of X;(0) at 6 = 0 as the commutator
with M. O

Corollary 18.34 (Trace anomaly). With the canonical normalization of T, fized by the
charges,
B(9)

Ty (2) = 50 (B FP) (@) £ 0 J(),

where the divergence term is irrelevant in GI correlators at separated points.

Proof. Insert the small flow—time expansion of Proposition 18.27:
Tlgfj) = Z7(8) T + Zp(8) Nuw tr(Fpe FP?) + 0°Z,(s,-) + Ry k(s;-),

valid in GI correlators with separated insertions and with || Ry .| = O(s"/?). Taking the trace
and using that improvements are traceless up to total derivatives in GI correlators,

TEr, = 4Zy(s)tr(FpoF?°) + 0" + R .(s:0),
for a suitable local current J,(f).
By the charge normalization (Proposition 18.30), limgjo Z7(s) = 1, while Proposition 18.27
yields limg g Zp(s) = 5(g)/(2g). Since R?{,ﬁ(s; -) = 0 in matrix elements between vectors from
the common Nelson core, T()# p — TH, in the distributional sense on GI correlators as s | 0.

Passing to the limit s | 0 in the displayed identity and absorbing the limit of the improvement
trace into 0".J,, we conclude

™, = 52(5) tr(Fpe FP7) + 0",

in GI correlators at separated points. This is precisely a corollary of Theorem 18.28, with the
coefficient fized by the OPE normalization (136) and (137). O
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18.3.4 YM short-distance identification of the GI sector

We now formulate the precise UV matching statement we will use subsequently.

Theorem 18.35 (YM short-distance identification in GI correlators). Let {O;}icr be a finite
basis of renormalized GI local operators of canonical dimension < 4, closed under Poincaré
and discrete symmetries, containing T, and tr(F,e FP7). For each i define the flowed operator

0 .= Gs *x O; as in Lemma 18.24. Then, for any GI correlator with mutually separated

(2
insertions, one has the small-flow-time expansion

0 (z) = 3 Zij(s) Oj(w) + YD (s,2) + RY, (s;2), (144)
jel

where:
(i) the remainders obey the bound (134) uniformly in the spectators;

(ii) the coefficient matriz Z(s) = (Z;j(s)) satisfies the RG equation

(s% + ﬁ(g)iq +97) Z(s) = 0,

with v the anomalous-dimension matriz of the basis;

(iii) Z(s) is uniquely determined by the Ward identities of Section 18 together with the
canonical normalization of T, (Proposition 18.30) and the trace-anomaly matching
(Proposition 18.27); in particular,

ZT%T(S) S*J/Q—) 1, ZT%ntr(FQ)(S) - @ (145)

sl 2¢g
and coefficients multiplying BRST-exact operators vanish in GI correlators by Theo-
rem 18.25.

Moreover, upon inserting the Yang—Mills B-function and anomalous dimensions (pure YM:
asymptotically free), Z(s) coincides to all orders in the formal weak-coupling expansion with
the Wilson-coefficient matriz of continuum YM at renormalization scale pn = (8s)~1/2.

Proof. Equation (144) with remainder control follows from Lemma 18.24 applied to each O;.
The RG equation is the matrix form of the scalar RG equation in Lemma 18.24, using that the
chosen basis closes under renormalization.

The Ward identities (Poincaré, BRST, and the trace anomaly) impose linear constraints
on Z(s) which fix the components in (145). Proposition 18.30 removes any residual finite
normalization ambiguity for 7},,, and Theorem 18.23 eliminates BRST-exact admixtures in GI
correlators, yielding uniqueness of Z(s) on the GI quotient.

Finally, expanding the RG equation perturbatively at p = (8s)~'/2 and solving with the
same boundary/normalization conditions gives the YM Wilson coefficients order by order in
g(1). Uniqueness of solutions to the resulting first-order system ensures equality of the formal
series. O
Remark 18.36. The improvement terms OPTE,Z) in (144) do not affect integrated charges or
on-shell scattering and can be fixed by conventional choices (e.g. Belinfante). The identification
in Theorem 18.35 is precisely what we need to transport YM short-distance information (trace
anomaly, operator mixings, UV dimensions) into the nonperturbative GI sector built earlier.
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18.3.5 Associativity of the GI OPE from the SFTE

Theorem 18.37 (Associativity of the gauge-invariant OPE). Let {QX"}aen be a finite
symmetry-closed basis of renormalized GI local operators of canonical dimension < 4 as
in Theorem 18.35. Define the (point-local) OPE inside GI correlators with separated insertions
by
AW ~ Y Oy Q) (),
neB

113

where “~” means equality when paired with any GI test configuration whose other insertions are
a positive distance away from {x,y}. Then, for hierarchical configurations 0 < |z—y| < |y—=z|,

> Clfa—y;p) Cop(y—2z1) = Y Clily—2 1) Oty (w—y; ), (146)

meB meB

as an identity of distributions on the off-diagonal region {(x,y,z) : © # y # z} inside GI corre-
lators. Coefficients multiplying BRST-exact operators vanish in GI correlators (Theorem 18.23).
Moreover, {C[JL obey the Callan—Symanzik equation with the anomalous-dimension matrix of
the chosen basis (Theorem 18.35).

Proof. 1) Normalization functionals. Fix GI, O(4)-invariant linear functionals {N, }aes
supported in a small ball around the origin as in Definition 16.2, with

M = (N, (Qren))ageg invertible.

Translate by y via N (X) = Nu(7—yX7y). All pairings below are well-defined by tem-
peredness/tightness (Theorem 13.3, Corollary 16.26) together with the off-diagonal bounds
(Lemma 13.8, Proposition 13.9).

2) Definition of C/t by a projector equation. For z # y, define the coeflicient vector
Cij(z—y; 1) = (C} (z—y; p))neB by

(/\/(y Q" (x) ;en(y)))aeB =M C;j(z—y; p). (147)

Since M is invertible, C;; exists and is unique as a vector-valued distribution on {z # y}.
Equation (147) is equivalent to the asserted OPE in the sense of pairings with all Néy), hence
inside any GI correlator with other insertions kept away from {z,y}. By Theorem 18.23,
BRST-exact operators are invisible in GI correlators, so the coefficients are defined on the GI
cohomology.

3) Associativity off the diagonals. Consider Q;*"(z)Q}™" (y)Q}™" () with z # y # z and

apply J\/'ZSZ) for arbitrary v € B. Using (147) twice and algebra associativity,

N(Qi(2)Q;(y = Y Cf(a—y; 1) N (Qu(y)Qn(2))
meB
= > Cifa—yin) (M Courly—2 1)),
meB
and similarly
Z)(QZ( 7)Q;(y Z C (y—2; 1) (Mcim(x_%ﬂ)),/
meB

Subtracting and using that this holds for all v yields

Z -y ) M Crp(y—2z; 1) = Z ik (=2 1) M Cin (z—y; ).
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Left-multiplying by M1 gives (146). All distributions are tested off the diagonals, justified by
the cited temperedness and off-diagonal control.

4) Compatibility with SFTE and RG. Let Ogs) = G * Q" be the flowed representatives
(Lemma 18.24). For s > 0 in the SFTE window (Definition 16.22), Theorem 16.25 together
with Theorem 18.35 gives, in separated correlators,

O (@) = 3 Zials, 1) Q" (w3 ) + R (x),  [|RP|| = O(s9),

a€eB

with Z(s, u) analytic in log(su?) and invertible on the GI quotient. Define flowed coefficients
by the same projector prescription:

WO (@) 05 1), = M Cijla—ys 5. ).
Expanding O®) twice and using the O(s%) off-diagonal bounds (Proposition 13.9),
Cij(z—y; s, 1) = Z(s, 1) Cij(x—y; p) + O(s%),

uniformly on compact off-diagonal sets. Exact associativity holds for C at fixed s > 0 by
the same algebraic argument as above. Letting s | 0 inside the SFTE window and using
invertibility of Z(s, u) on the GI quotient yields (146). The Callan-Symanzik equation for Cj;
follows from the RG for Z(s,u) in Theorem 18.35. O

Remark 18.38. The proof uses only: (a) existence of a separating GI/O(4)-invariant family
{Ny} with invertible M (Definition 16.2); (b) associativity of the product on a common
polynomial domain; (c) off-diagonal continuity /temperedness (Theorem 13.3, Lemma 13.8,
Proposition 13.9); (d) SFTE reduction and YM UV identification (Lemma 18.24, Theorem 16.25,
Theorem 18.35). Improvement terms contribute only contacts and do not affect (146) for
separated insertions.

Lemma 18.39 (Flow preserves BRST conservation and almost locality in the extended
algebra). Let ji be the lattice BRST Noether current (ghosts included) and define its flowed
version by convolution: jg’(s) := Gs % ji. Then 8Mjg’(s) = 0 in the sense of operator—valued
distributions, and the almost-locality bound of Lemma 18.12 holds verbatim with the graded
commutator |-, - |g and with O; replaced by arbitrary local composites in the extended (ghost)
algebra with uniformly bounded engineering dimension.

Proof. Conservation: @Jg’(s) = 0u(Gs * ji) = G5 * (0,55) = 0. Almost locality: the proof of
Lemma 18.12 only uses (i) the tail bound (132), (ii) off-diagonal graded commutator bounds
for locals, and (iii) the flow/local-tail decomposition. These extend to the ghost sector with
the graded commutator and the same dimension bookkeeping. O

Definition 18.40 (Localized flowed BRST charge). Fix s > 0, t € R, and yp € C°(R?) with
Xr =1 on Bg(0) and (|0 xkllee Sa R~ Set

QB XR; t] /]B (t,x) xr(x) d*x

initially defined on the common polynomial core Dgﬁy( s) generated by flowed extended locals.

Proposition 18.41 (Implementer property, independence of cutoff, and closability). Let X be

any local composite in the extended algebra and let f € S(R*) have supp f C {t} x R®. Then,

for every N € N, there exist & and Cy x(s) < 0o such that on DSy} (s),

i@ bers 1), XN, = X)) < Cwwls) A+ RN [+ HIXO ()1 + HY|.
(148)
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Consequently, {Ql(gs) [XR; t]} Rsoo @S a Cauchy net in the strong operator topology on Dg’é%y( s),

with limit Ql(gs) independent of xg and t. The operator Q](;) 1s closable, Dg’étly( s) is a core for
its closure, and

QR XDl = X)) on DRy (s). (149)
Moreover, Q](;) =0 and, on DY} (s), ( ](35))2 =0.

Proof. Integrate the conservation law 9,5’ S against a spacetime test of the form g; ® xr
with g; = 1 near ¢ and use graded locahty to convert spatial derivatives to boundary terms
supported where Vyr # 0. Applying Lemma 18.39 yields the (1 + R)™" decay of those
boundary contributions. The local BRST Ward identity (Theorem 18.22(1) with the graded
bracket) identifies the remaining contact term with (sX)®)(f), giving (148). The Cauchy
property and cutoff independence follow by taking R — oo. Closability is standard from (149)

and the uniform energy bounds (Theorem 18.11(4)). The vacuum invariance Q](; ) = 0 follows
by testing the Ward 1dent1ty with GI spectators and letting R — oo. Finally, on Dgﬁy( s),
(149) and s? = 0 imply —[QY, [QY), X (£)luler = (s2X)O(f) = 0, and with Q¥'Q = 0 this
yields ( ](35 ))2 = 0 on the polynomial core. O

Corollary 18.42 (Operator-level Ward/ST identities at fixed flow). At s >0, on Dgij (s),

the graded commutator with Qg) implements the BRST differential as in (149). In particular,
insertions of BRST—exact flowed locals vanish against GI spectators away from contact, and
the STI for the flowed 1PI functional holds with the usual antifield sources. Upon passing to
s} 0 via the FPR of Theorem 16.14, these reduce to the expectation—level Ward/ST identities
of Theorem 18.23 and Proposition 18.60.

18.4 Scalar (0™") channel: canonical interpolator, 6—tr(#?) matching, and
spectral sum rule

Set ¢ := T*,. By Corollary 18.34 we have, in gauge-invariant (GI) correlators,
O(x) = r(F - FP7) (x (150)

18.4.1 Canonical 04+ interpolating field and LSZ residue
(0+)

Let H; be the one-particle space for mass m, from Theorem 17.20 and let H;
scalar, positive-parity, charge-conjugation even subspace (possibly trivial).

denote its

Lemma 18.43 (Covariant one-particle form factor of 7),,). If HgOH) # {0}, then for any
. (0++)
normalized 1 € H;

(Q, Tw(0)Y(®)) = fopupy, (0 000)Y(p)) = fom?,

with momentum p,

for a constant fy € R (the scalar gravitational form factor). For non-scalar spins, the
vacuum-—one-particle matriz element of T}, vanishes by covariance and parity.

Proof. Wigner covariance and conservation (07}, = 0) imply that a vacuum-one-particle
matrix element must be a symmetric tensor built from p,,; Lorentz and parity invariance force
the structure Ap,p,. Taking the trace gives the second relation. For non-scalar spins, there is
no invariant vector, hence the matrix element must vanish (Schur’s lemma). O
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(0t) £

Proposition 18.44 (Canonical 07+ interpolator and LSZ normalization). Assume H;
{0}. Fiz a small flow time s > 0 and define

SO() = (FYFO») @), B, (2) = ¢, 8W(x),

with cs € R chosen so that the Kdillén—Lehmann residue of the two-point function of <I>(()S+)+ at

p? = m? equals +1 (equivalently: |E(X,,,) @éi)+ (0)Q2]| =1). Then the Haag—Ruelle creation

++
operators built from @é‘? + produce asymptotic one-particle states in H§° ) with canonical LSZ

normalization (unit residue). The resulting in/out scalar asymptotic fields are independent of s
and cs (once normalized), and differ by at most a phase from those constructed with 6.

Proof. Small flow—time expansion and Theorem 18.35 imply that
S = Zgs(s)tr(F?) + 0-(---) + remainder,

with the remainder controlled as in (134). The Haag—Ruelle limits (Theorem 17.28) are
insensitive to total derivatives and to O(s" / 2) remainders, so the one-particle overlap of S (s)
agrees (up to the controlled normalization factor) with that of tr(F?) in the 07 channel.
Choosing cs so that the residue at p?> = m? is normalized to +1 yields a canonically normalized
interpolator.

Canonical Haag—Ruelle/LSZ theory then gives asymptotic fields with the standard one-
particle normalization. Finally, uniqueness of the asymptotic fields (up to phase) for interpola-
tors with the same unit one-particle residue implies the stated s—independence and agreement
(up to phase) with the construction using 6. O

0++)

Corollary 18.45 (-tr(F?) matching on the one-particle shell). On ’Hg one has

Bl
29

(0F%)

PO oo = L PO w(F)(n) @,

++
for any test function f, where Pl(0 ) is the spectral projection onto the scalar one-particle
shell. In particular, 6 and tr(F?) define equivalent scalar interpolators up to the anomaly factor

B(9)/(29).

Proof. Take the vacuum-—one-particle matrix elements of (150). Improvement terms vanish

++
after projection to 7—{(10 ); flowed representatives converge by Lemma 18.24. The statement
follows by density of one-particle wave packets. O

18.4.2 Spectral representation and anomaly sum rule in the scalar channel

Define the connected Wightman two-point function of 6,
Wo(x) = (Q, 0(x)6(0) Q)"

and its (tempered) Fourier transform W (p). By reflection positivity and OS reconstruction
(Theorem 17.1) there exists a positive measure pg on [0,00) such that

W) = [ T pp(0)6* — ) 0% do,  palo) > 0. (151)

If a mass gap m, > 0 exists (Theorem 17.19), then supp pg C [m3, 00) with my > m,, and
mg = m, iff pg has an atom at m2.
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Proposition 18.46 (Anomaly sum rule at zero momentum). Assume the subtracted Euclidean
correlator of 6 is integrable at long distances (which holds under the mass gap and exponential
clustering). Then

/OO P90) 4 = _ 1192, 6(0) ), (152)
0

o
where the right-hand side equals —16 times the vacuum energy density in our convention.
Moreover, using (150) one can rewrite the left-hand side as (%)2 times the corresponding
moment of the tr(F?) spectral density in GI correlators.

With Minkowski signature (+, —, —, —) and a Lorentz-invariant vacuum with pressure p = —é&yac,

one has (0) = 4 eyac; hence (152) reads [5° pg(c) o~ do = —16 eyac.

Proof. Let Gy(z) := (Q,0(z)0(0)Q)™ in Buclidean signature and let Gg(p) be its Fourier
transform. By reflection positivity and OS reconstruction (Theorem 17.1), there exists a
positive spectral measure py such that, up to local contact polynomials supported at z = 0,

C:’e(pE) :/Ooo ps(0) do,

p%+a

whence at zero momentum

Gp(0) = /OOO £609) 4o, (153)

o
with the understanding that the constant (contact) term has been subtracted; this subtraction
is uniquely fixed by our normalization of 7}, and the GI Ward identities (Proposition 18.30,
Theorem 18.23, Corollary 18.62). Exponential clustering (Proposition 17.24) and the mass gap
(Theorem 17.19) ensure integrability of Gy(z) at large |z|.

Weyl Ward identity. Consider a uniform Euclidean Weyl rescaling g,,, — gﬁ‘y = e”g,w with
A € R. By the variational definition of 7},, (Theorem 18.17) and the GI Ward identities, for
any local GI observable X

di/\’,\=0<X>gA - /}R4<9(x) X(0))*™ da, (154)

where the right-hand side is the connected distribution with the same subtraction of local
contacts as in (153). Apply (154) with X = 6(0). On the other hand, @ is the trace of the
improved, conserved stress tensor with charge normalization fixed in Proposition 18.30; hence
under a global Weyl rescaling it has Weyl weight 44, so

S, (000 = 40000)), 155)

while total-derivative (improvement) terms do not contribute in GI correlators (Corollary 18.62).
Combining (154)—(155) yields

Go(x)dx = —4(0(0)). (156)

R4

From position to spectral variables. By definition of the Fourier transform at pgp = 0, the
left-hand side of (156) equals G(0) with the same contact subtraction. Using (153) gives (152).
Finally, (150) (Corollary 18.34) yields the stated rewriting of the left-hand side as (%?)2 times
the corresponding moment of the tr(F?) spectral density in GI correlators. O

Remark 18.47. Equation (152) and py > 0 imply that the left-hand side is strictly positive
whenever (©2,0Q) < 0 (negative vacuum energy density), hence some scalar spectral weight

must occur. If HgOH) # {0}, the (¢ = m?2) contribution is precisely the one-particle residue
| (©,0(0) %) |? integrated over the mass shell; by Corollary 18.45 this is nonzero iff tr(F?) has
nonzero one-particle overlap in the scalar channel. Thus the anomaly enforces scalar strength
in the IR and ties its normalization to 3(g).
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18.5 Scalar-channel effective-mass and Laplace bounds; two-sided bracket
for my

Let 6 = T*,, and define the flowed connected Euclidean-time correlator at zero spatial separation
S (r) = (9, 69)(7,0)6¢)(0,0) Q)™ (7 > 0), (157)

where 0() is the flowed representative fixed in Proposition 18.30. By the small low—time

expansion (Lemma 18.24) and exponential clustering (Proposition 17.24), Sés) (7) is finite for

all 7 > 0, strictly positive for 7 > 0, and has the same large-7 decay rate as the unflowed
correlator.

Definition 18.48 (Effective mass). For 7 > 0 set

(s)
@ =~ 4 oe g ir Ay i L Sp (1)
eff( ) T dr IOg SH (T)7 Mot (T7 A) . A IOg Sés) (7‘ i A) (A > 0)

Lemma 18.49 (Complete monotonicity and log-convexity). There exists a positive measure

(s)

vy~ on [mg,00) such that

S¥)(r) = / BT (), (158)
mg
with supp l/é) C [mg,o0) and myg > m, (the spectral gap from Theorem 17.19). Hence
(— 1) = (T) >0 for alln € N and 7 > 0, and Sés) is log-convex. Moreover
Tlggom(ﬁ)( ) = my, mg‘;f)(T;A) Ny mg as T — 00 (A fized).

Proof. By the spectral theorem,
Sy = (Q, 09 e 9O Q) oy = / BT 49, 0) B(dE) 09 Q),
[0,00)

which yields (158) with a positive measure supported in [mg,o0) (the connected projection
removes the vacuum piece). Complete monotonicity and log-convexity are standard for Laplace
transforms of positive measures, and the limit of the logarithmic derivative equals the infimum
of the support. ]

(s)

In addition, for fixed A > 0, the discrete effective mass m g (7; A) is a decreasing function of 7.

Proposition 18.50 (Two-sided bracket and practical upper bounds for my). For all 7 > 0
and A > 0,

me < my < mg‘;f)(r) < m(s)(T A), (159)

and the following additional (computable) bounds hold:

(s)
<
mg < inf meg (7), (160)
(8)< )
my < inf (161)
7>0 / SQS)
and, writing Ky := / Ses) (t)dt (well-defined at positive flow s > 0),
0
> 1 <
Ky = — dv{(E). (162)
mo B



For the fully space—time integrated connected Fuclidean correlator one has

Go(z)d*z = Gg(0) = /Ooo po9) 4, — —4(Q,0(0)Q),

R4 o

as stated in Proposition 18.46. (The last identity involves also the spatial integration; it is not
identical to Ky, which integrates over Euclidean time only at fixed spatial point.)

Proof. The lower bound p < myg follows from Theorem 17.19. For the first upper bound, using
(s)

(158) and suppv, ' C [mg,00),
s E —FET
d ( )(T) _ [Ee dv

% _J=e 9
ar 8 50 Je Brdv —

mg.

N fe_ET dv
) fe—E(T"'A) dv
of B ~ ePA. For (160) take the infimum in 7. For (161), for t > 7 we have S(t) =
[ e Bte B qy < emmolt=7)S(7), hence [ S(t)dt < S(7)/mg, i.e. mg < S(7)/[>°S(t)dt.
Finally, Fubini with [5° e Ftdt = 1/F gives Ky = [(1/E)dv, and the anomaly sum rule
relates it to —2(Q2, Q) as stated. O

The discrete bound is the same argument with the ratio S(ST (J:)A

and monotonicity

Remark 18.51 (Flow-stability of bounds). By Lemma 18.24, for each fixed 79 > 0 there exists
N € N and (5, < oo such that

sup | S(gs) (1) — S(SO) (r)| < Cp sNV/2,

T>T0

Consequently, m((;f) (1), the tail ratio in (161), and the integral Ky are all O(s™/?)-close
(uniformly for 7 > 79) to their unflowed counterparts. Thus the bounds are insensitive to the
auxiliary flow regulator.

Corollary 18.52 (Operational bracket for the lightest scalar). Combining Theorem 17.19
with Proposition 18.50,

me < myg < inf mgg(T;A)

>0, A>0

with equality throughout if and only if the scalar spectral measure consists of a single mass
shell. The anomaly identity (162) (as corrected below) provides a cross—check on Sés).

Proof. By Theorem 17.19, the scalar threshold obeys p < mg. Proposition 18.50 yields, for all
7>0and A >0,
mg < mil(r) < m{(r ).

[S)

Taking the infimum over 7 and A gives the displayed bracket

p<m < _jnt i)

If the scalar spectral measure is a single mass shell, pg(c) = Z d(c — m3), then Sés) (1) is a

pure exponential and all inequalities are equalities. Conversely, if equality holds throughout,

the monotonicity and log-convexity from Lemma 18.49 force mg‘;f) (1) to be constant in 7, which
is only possible for a pure exponential, i.e. for a single shell. The identity (162) provides the
stated consistency check. O
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18.6 Spin-2 (tensor) channel: traceless-symmetric projection, positivity,
and bounds

Write the spatial components of the flowed stress—energy tensor as T () (i,j =1,2,3) and the

flowed trace as () := T()n u» with the normalization fixed in Proposmon 18.30. Define the
traceless-symmetric representative

() _ s Lo (s) (s) & () _
Ty =T = 5o, =Tji» 0Ty =0. (163)

Let Pz(f,)cl denote the standard projector onto symmetric traceless rank-2 tensors in R3,
PO, = L5+ o0 L5 164
ikl T 5( ik0jt + 0udjk) — 3 0ijOkl- (164)

Equivalently, choose any orthonormal basis {e _, of the J = 2 subspace (symmetric
traceless 3 x 3 matrices) and note

5
2 a a
Pz‘(j,/)cz = Zez('j)el(cl)' (165)

Spin-2 Euclidean correlator. Define the flowed connected Euclidean-time correlator at
zero spatial separation by

S$(r) == PEL(Q, T (7,0) T (0,0) )%™ (7 >0). (166)

By (165) and reflection positivity, Sé (1) = 32_(Q, 0@(r) 0@ (0)Q) with O = el(;-l) TS),
hence Sé )(7') > 0 for 7 > 0. The small flow—time expansion (Lemma 18.24) and exponential
clustering (Proposition 17.24) guarantee finiteness for all 7 > 0 and that the large-7 decay rate

is flow-independent.

Lemma 18.53 (Spectral/Laplace representation and complete monotonicity). There exists a

positive measure Vés) on [mg,00) (with ma > my ) such that
S (r) = / e BT )(E), (167)
ma

hence (—1)" 8?555)(7) >0 for alln € N and 7 > 0 (complete monotonicity), and Sés) is
log-convex. Moreover,

. d .
7_11&101O ( 4 log Sés) (7')) = infsupp I/és) =: Mmo.
Proof. Using (165) and OS reconstruction, for each a we have the standard spectral decompo-
sition

(Q, 0(r) 00 Z |(n, O WQ)[% e~ EnT

with E, > p by Theorem 17.19. Summing over a produces (167) with a positive measure
supported in [u,00). The remaining statements are standard properties of Laplace transforms
of positive measures. ]

Definition 18.54 (Spin-2 effective mass). For 7 > 0 and A > 0 set

()
© ) e L e g® ) (. A) = L Sy (1)
Mgt o(T) 1= I log S5™(7), Mgt o(T3 A) 1= A log Sés)(T—i—A)‘
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Proposition 18.55 (Two-sided bracket and practical bounds for mg). For all 7 > 0 and
A >0,

me < mg < mg‘;f)z(T) < mg’f)’Q(T;A), (168)
and
(s)
<
ma < inf mGy(r). (169)
()
me < inf _ S (170)

>0 / 525 (t

Moreover, for any fized 19 > 0 there exist N € N and C;, < oo such that

Sup mt(eiif),Q(T) - mt(s[lgf),Q(T) ’ < CT() SN/27

T2>T0
and similarly for the discrete and tail-ratio versions; hence the bounds are flow-stable.

Proof. The lower bound p < my follows from the spectral gap. The inequalities in (168) and
(169) are immediate from (167) (Jensen/monotonicity for Laplace averages). For (170) use
Sés) (t) < e=m2(t=7) 5’58) (1) for t > 7 and integrate in ¢t. Flow-stability follows from the small
flow—time expansion and energy bounds (Lemma 18.24 and Proposition 17.24), which control
the difference Sgs) — Séo) uniformly on [79, 00) and hence the induced differences of logarithmic
derivatives. O

Remark 18.56 (Independence from improvements and trace mixing). Any improvement of T},
by derivatives of a local operator adds to 7;; a combination of total derivatives and multiples
of ¢;; 0. The projector P®@ eliminates the trace, and total derivatives contribute only contact
terms to Sés) (1), which are smoothed by the flow and irrelevant for large 7. Thus mgy and the
bounds above are insensitive to the improvement freedom in 7),,.

Theorem 18.57 (Nonzero spin-2 one-particle residue (variationally and flow-stably)). Fix
50 > 0 and let O .= eg-l) Tg?o) as above. For a smooth spatial smearing n € C°(R3) (with
unit integral and support < \/sq), consider the 5 X 5 correlator matrix

Cap(7) = (2, 0W(x,0)[] OV(0,0)[n] ) (7= 0),
and the generalized eigenvalue problem C(7)v = A(,70) C(10) v with fized 79 > 0. Then:

1. (Principal exponential with positive weight at so) There exist 6 > 0 and a normalized
vy € C° (depending on 1o but independent of the volume/cutoff) such that the associated
principal correlator

(Q,
Q

A*(T) TO) =

Ta(7) T2 (0) -

) 7; = Ux,a O(a) )
T T 2 e 000
admits the asymptotics

(50)(

s _ _ _(,(50)
M(rm) = 2y e T g 0T (7 oo,

with mgso) > and Zéso) > 0.
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2. (Removal of smearing and flow) Letting the smearing radius tend to 0 and then s | 0 along
the GF scheme of Lemma 18.24/Theorem 16.17 yields a point-local GI T'T tensor T;j and
parameters mg > w, Zo > 0 such that

5
2 O() OW(O) Q)™ = Zoe ™7 4 ofe ™) (T = +00),

where now O@) = ez(»?) T;j at s =0.

Proof. For (1), reflection positivity and Lemma 18.53 imply that C(7) is positive definite for 7 >
0 and admits a spectral representation with support C [u, c0). By the GI Haag—Kastler/energy
bounds and exponential clustering (Proposition 17.24), the GEVP is well-posed for each
T > 19 > 0. the variational GEVP stability theorem (Proposition 18.118) (proved earlier for
GI flowed operators and uniform in the cutoff/volume) yields a v, so that the corresponding
principal correlator is dominated by a single exponential with strictly positive weight and a
uniform spectral gap d to the next exponent. This gives the displayed form with Zéso) > (0 and
mgso) > u.

For (2), first remove the spatial smearing 7; the corresponding limits exist in the flowed
OS theory by Corollary 18.136 and the uniform moment bounds at positive flow. Next, the
small flow—time expansion in the GF scheme (Lemma 18.24, Proposition 16.24) together with
Theorem 16.17 transfers the one-particle term and its strictly positive weight to s = 0 in GI
correlators with separated insertions, yielding the stated asymptotics with Zy > 0. O

Theorem 18.58 (Isolated 27+ mass shell and one-particle subspace). Assume the mass gap
(Theorem 17.19). Then, with mg and Zy > 0 of Theorem 18.57, the joint spectrum of P*
contains the isolated mass hyperboloid

Yy = {peRY: p>=m3, p°>0},
and the spectral subspace Ho = E(X,,)H s nontrivial. Moreover, for a suitable polarization
(a)
e,
W, Ty Q) = fael) #0 WP € Ha, [uP] = 1),
with | f2|? = Zy up to the chosen normalization of O

Proof. By Theorem 17.1 the OS data produce a Wightman theory on a Hilbert space H with
unitary translation representation U(z) = e’7**, joint spectral measure E(-) of P*, and vacuum
Q. Let

Ty = O2M Ty,

be the spatial, symmetric traceless transverse projection of the conserved stress tensor (Theo-
rem 18.17); here I1® (p) is the standard spin-2 projector, so that >-5_; (9) (p) e,(:;)( )= Hg)kl (p)
for any orthonormal polarization basis {e(®(p)}2_; on the mass shell.

Step 1 (Spin—-2 Kallén—Lehmann representation and threshold). By Lemma 18.53 there is a
positive finite measure ps on [0, 00) such that for all z € RY3,

@ To@TuO9) = [“palan®) [ 706" 602 — i) T )dp. (T1)

The spectral gap implies supp p2 C [m?2, 0o) for some my > 0. Let mq := inf supp po.

Step 2 (Nonzero one-particle weight at ms). By Theorem 18.57, ps has a nonzero atom at m3:

cont 2

pr = Zabyz + p5, Zp >0, suppp§ C [m3, 00).
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Inserting this into (171) yields

(Q, Tij(x) Tr(0) Q) = 2y /E e P TE) (p) Aoy (p) + WEH (@), (172)

mo

Step 8 (Nontrivial spectral projection on %,,,). For test functions f,g € S(R'?),

T2 BB Tul@ = [ Fo)30) 154 0) paldp).

Taking B = ¥,,, and using the atomic part in (172) shows E(X,,,) # 0 and thus Hs :=
E(Xm,)H # {0}.

Step 4 (Polarizations and matriz elements). Fix an orthonormal TT polarization basis

{e(@(p)}>_, on B,,,. Covariance plus Schur-type arguments imply

(p,a, T(0)Q) = faeld (), (173)

for some fo € C independent of p,a (up to fixed normalizations).

Step 5 (Identification of |f2|*> with Zs). Insert the resolution of the identity on Hs into the
two-point function and compare the one-particle part of (172); this gives | f2|> = Zo, completing
the proof. O

Corollary 18.59 (Haag-Ruelle/LSZ in the 2%+ sector). With m = mgy and Z = Zy from
Theorem 18.58, the corresponding one-particle spin-2 asymptotic fields exist, the wave operators
Win/out of Theorem 17.28 are well-defined on the bosonic Fock space over Ha, and the S-matriz
is unitary on that subspace.

Proof. By Theorem 18.58, there is an isolated mass shell 3,,, with nonzero spin-2 one-particle
residue Zs > 0 and a nontrivial spectral subspace Ho. The GI smeared fields used here
satisfy strong commutativity at spacelike separation (Lemma 17.4) and are almost local with
good bounds (Lemma 17.26); exponential clustering holds (Proposition 17.8). Therefore the
hypotheses of the GI Haag—Ruelle construction are met, and Theorem 17.28 furnishes the
existence of the multi-particle in/out states built from the J = 2 one—particle sector and the
associated LSZ reduction; the resulting Mgller maps are isometries whose S—operator is unitary
on the bosonic Fock space over Hs. ]

Proposition 18.60 (Slavnov—Taylor identity (schematic functional form)). Introduce external
sources KM and L* coupling to sAj, and sc® in the (gauge-fized, renormalized) generating
functional. Denote by I" the renormalized 1PI functional. Then

6T 6T 6T oT 6T
- [at 54 5K T gL T ) =0

When restricting external legs to GI composites, the STI reduces to the Ward identities of
Theorem 18.23.

Proof. Couple sources J; only to GI local operators O; and define the connected generating
functional
WJ] = log <Q Texp(iZ/ J; (’)i) Q>

Let o € C2°(R*) and consider the localized BRST variation generated by the conserved current,

bal ) = i[ [ ala) if(a)d'a, -

gr'
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By Theorem 18.22, §,, acts on time—ordered correlators as a sum of contact terms proportional
to sO; when x hits an insertion point. Since the sources couple only to GI operators, sO; =0
and hence 6,W[J] = 0 for all a. BRST invariance of W implies that its Legendre transform
I'[®] (with classical fields ®; = 0W/d.J;) satisfies the Slavnov-Taylor identity with all antifield
sources set to zero:

SI) = o,

because the Slavnov operator S is the functional implementation of the BRST variation
and there are no BRST—variant source insertions in the GI sector. Equivalently, differenti-
ating S(I') = 0 with respect to the ®; yields precisely the GI Ward identities furnished by
Theorem 18.22 and Theorem 18.23, with only contact terms allowed at coincident points.
This establishes that the Zinn—Justin equation reduces to the GI Ward identities on the GI
subalgebra. O

Remark 18.61 (Cohomological physical space). On the auxiliary space where Qp acts, the
physical Hilbert space is the cohomology

Hpnys = ker Qp/ranQp,

and the GI net 2(O) acts faithfully on Hyhys because [@Qp,A(O)] = 0 by Theorem 18.23. In
particular, the stress—energy tensor constructed earlier is BRST-closed, @B, Tj] = 0, and its
Ward identities hold on Hppys.

Corollary 18.62 (Contact-term control for OPE and anomaly matching). Let O be GI and
let X be any local field of ghost number —1. Then
(Q, (sX)(2)O(y) Q) = 0, E"(x3y),

for some distribution Z* supported at © = y. Hence BRST-exact insertions do not affect
OPEFE coefficients between separated GI composites. In particular, the improvement freedom in
T, compatible with BRST reduces, at short distance, to adding multiples of 1, tr(F?), and
the trace identity can be matched to the YM B-function coefficient without gauge-parameter
contamination.

Proof. Let X = sY be BRST exact and let A1,..., A, be GI local operators with mutually
separated supports. Apply Theorem 18.22 to the list (Y, Ay,..., 4,):

0, (Q, T (j(2) Y (wo) Av(w1) - - An(wn)) Q) = i 6(w—0) (Q, T ((sY)(w0) A1 -+ An) ),

since sAy, = 0. Let ¢ € C2°(R*) have support disjoint from {z1,...,7,} and integrate against
©(x); after one integration by parts,

[o@) (@ T((sY) (w0) A1+ A) Q) d'a = —i [ @) (@, T((0) Y (20) A -+ A,) ©) d'a.

Choosing ¢ supported in a sufficiently small neighborhood of zg that avoids the x; and using
locality, the right-hand side reduces to a boundary integral around xg and hence is a finite
linear combination of derivatives of §(- — xp) acting on lower-point GI correlators. Thus, as
a distribution in zp, the correlator with (sY')(xg) is supported only at zyp = x; (contacts),
and it vanishes upon smearing away from the other insertions. This proves that BRST-exact
insertions contribute only contact terms in GI correlators. O
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Flowed ingredients (recall). We use the definitions of F(®) and Ul(f'y) fixed before Defini-
tion 18.14; in this section s denotes the flow time.

Corollary 18.63 (Trace anomaly in the gradient—flow scheme and YM identification). Let
0 :=T*,. With the mass—independent gradient—flow coupling gar(pn) at scale p = (85)~1/2, one
has the operator identity

Algar (1))

@4 + 6aJa,
2 gar(p)

0 —
where Oy is the renormalized GI scalar obtained as the flow—to—point limit of the energy density
and J is a (scheme—dependent) local current. Equivalently, in Fuclidean conventions and with

tr(T°T?) = 6%,

Sym = 4;2 / d*ztr(FuF), (7T = 36" = 0(z) :=T",(z) = /éég)tr(FWFm,)(x)

(174)
with F, F, — F, F* in Minkowski signature. The one—loop coefficient equals the universal
YM walue by > 0. Reminder: the normalization is fived by (136) and (137) and Theorem 18.28.

Theorem 18.64 (The continuum limit is Yang-Mills). Consider the continuum Wightman the-
ory obtained from the gauge—fized lattice Yang—Mills regularization along the tuning line and the
van Hove limit, with local fields constructed by flow-to-point renormalization (Definitions 16.5,
18.1) and OS reconstruction (Theorem 17.1). Then:

1. Field content. The following operator—valued distributions exist:

o The adjoint field strength F,, (Theorem 18.3).

o All GI point-local composites [A] with A € G<y4 (Theorem 16.14), in particular
tr(Fpe FP7), tr(Fpe FP7), and the symmetric, conserved stress tensor T, normalized
by charges (Theorem 18.17).

2. Local symmetries and identities. In correlators with separated insertions:

e (BRST/GI Ward) The BRST Ward identities of Theorems 18.23-18.22 hold;
BRST—-exact insertions drop out against GI spectators.

o (Bianchi) O\F, + 0,F,\ + 0, Fy, = 0 distributionally (Proposition 18.5).

o (Yang-Mills EOM) D*F,,, =0 distributionally (Theorem 18.7).

3. Spacetime symmetries and anomaly. The OS azioms (OS0-0S3) hold for the GI sector
at s | 0; the charges built from Ty, generate translations with [P,, X| =1i0,X on Dpoly
(Propositions 18.18-18.19), Euclidean/Poincaré covariance holds (Theorem 18.11), and
the trace anomaly is

Blg)

T = gtr(FngpU)7

with the universal coefficient fixed by the Ward/anomaly matching (Proposition 18.27).

4. UV/OPE identification. The small-flow—time/OPE matching with a finite GI basis
{Oi}dim<a holds with Wilson matriz Z(s) solving the RG equation and normalized by

Zr_r(s)—1, ZTﬁntr(Fz)(s)—)%g) (Theorem 18.35).

Hence, up to conventional improvements and scheme choices fived as above, the continuum
limit satisfies the defining Yang—Mills Ward and Schwinger—Dyson identities in the GI sector;
in particular, it is (pure) Yang—Mills in the sense required for the Clay-style identification.
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Remark 18.65 (On A,). We do not construct the non-GI potential A, as an operator on the
physical Hilbert space. All statements involve the BRST—extended algebra at the expectation
level and reduce to the physical (GI) sector via the Ward identities; this suffices to identify the
continuum theory with Yang—Mills and to construct all needed GI fields and charges.

18.7 Trace anomaly, nonperturbative running coupling, and the A scale

We now (i) fix the normalization of the trace operator in the GI sector, (ii) define a nonper-
turbative running coupling from the flowed energy density, and (iii) construct the associated
RG-invariant scale A.

Proposition 18.66 (Nonperturbative trace anomaly in the GI sector). Let 6 := T*, be
the (renormalized, flowed) trace operator, with normalization fized by the Ward identities of
Theorem 18.23 and by the short-distance/OPE matching of the previous subsection. Then there
exist

1. a gauge-invariant scalar field Op2 of dimension 4 (whose small-flow-time identification
is Opz ~ % tr(FFu)), and

2. a local current J,

such that, as an operator identity on the common invariant core,

O(x) = 62(9) Op2(x) + 0"J,(x). (175)
g
Here g = g(u) is any mass-independent short-distance coupling of the GI sector and (g) :=
u%g(,u) is its beta function.
Moreover, if g — ¢ = ¥(g) is a (mass-independent) scheme change with corresponding
renormalized representatives Op2 — (’);72, then the combination

B9) _ B
ZOFQ — 29/ F2

is invariant. In particular, once 6 is fized by the Ward identities, the O pz2-coefficient in (175)
is scheme independent in this sense.
Finally, 0" J,, contributes only contact terms: for any local GI field X,

(0" J,(x) X(0)). =0 for x #0.

Proof. An infinitesimal Weyl rescaling of the GI generating functional with flowed insertions
produces insertions of § via the dilation/Weyl Ward identity. The GI/BRST Ward identities
constrain the list of dimension-4 GI scalars that may appear on the right-hand side to Ope
modulo total derivatives. The short-distance/OPE matching from the previous subsection fixes
the relative normalization between 6 and Oz, leaving only a divergence of a local current. The
divergence term contributes only contact terms in connected correlators, yielding (175). [

Flow-time coupling (gradient-flow scheme). Let s > 0 denote the flow time and define
the flowed energy density
E®)(z) = 1 w(EQFS)(@).

We set the renormalization scale to

po= (8s)7Y2,
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Fix a positive normalization constant Ng by the OPE matching (equivalently, by requiring
that the leading short-distance coefficient of (E(*)(x)E()(0)) matches the YM tree-level
normalization). We define the nonperturbative running coupling by

Gr(n) = NG's2 (@ ED0)Q),  u=(8s) /2 (176)

Lemma 18.67 (RG equation in the flow scheme). For p in a sufficiently deep UV interval,
w— gor(p) is differentiable and defines a mass—independent scheme. Its beta function

d
Bar(g) = u@gc;p(u)\gw):g

satisfies the Callan—Symanzik equation

M(SLQGF(M) = Par(gar(p)).

When (175) is rewritten in terms of the flow—scheme coupling g := ggr, the corresponding [

equals Bap.
Moreover, the first two (universal) coefficients coincide with pure YM:

11 Cy 34 C%

_ .3, 5 7 _ 1 _ 34
Bar(g) = —bog” — b1g” + O(g"), bo=5 1620 =73 (16722 (177)

where Cp is the adjoint Casimir.

Proof. With p = (8s)~/2 one has u % = —2s <. Differentiability of s — (E®)) in a UV win-
dow follows from flow regularity together with uniform moment bounds (Proposition 13.2). By
Lemma 18.24 applied to X = F and Theorem 18.35, there exists an analytic reparametrization
¥ with ¥(g) = g + O(g>) such that, in the UV window,

gar(p) = Wg(w))

for any other mass—independent short—distance coupling g(u) of the GI sector. The beta
function in the flow scheme follows from the standard scheme—change relation; in particular,
the first two coefficients are universal, giving (177). O

Definition 18.68 (RG-invariant scale). Let g(u) := gar(p) and 5 := Bgr. Define

Agr = pexp (— /g(u) ;E‘;) . (178)

Then Agr is independent of .
On the GF tuning line normalized by g4y (o) = uo (see Equations (2) and (34)), one has
the exact identity

(0) uo
AcpzuoeXp<—/g# ;2;) ZuoeXp<—/r;8)>-

Thus po/Acr is fixed by the renormalization condition gy (10) = uo, and physical mass scales
are naturally compared to Agp rather than to the auxiliary reference scale pg (or flow time sg).

For any other mass—independent short—distance coupling gs(u) one has As = cs Agp with
cs € (0,00).
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Proposition 18.69 (RG-improved short-distance control for GI correlators). Let Sés) (1) be

the flowed scalar—channel connected correlator and Sés)(T) the spin—2 one, both at zero spatial
separation. Then, as 7 ] 0,

2
Blg(1/7))
9(1/7)?

with constants Ko, Ko > 0 fized by OPE matching and our normalization of T,,,. The o(1)

terms are uniform for s in compact subsets of (0,00), and the leading coefficients are scheme
independent.

#89(r) = K (1+0(1), 8 = Ky (1+0(1)),

Proof. We treat the scalar channel; the spin—2 channel is analogous (replace the trace by the
traceless projector and use conservation). Fix s > 0 and set X (5) := 9(5). By Proposition 18.27
and Corollary 18.34,

& — Blalw)

2g(n)

in GI correlators with separated insertions, uniformly for x = (8s)~'/2, and with ||R§\§)N|| =

Op + 0-J® + RY

7’<"

O(s™/?) in matrix elements. Total derivatives do not contribute to connected two-point
functions at noncoincident points. Therefore, for 7 > 0,

S () == (Q, X (7,0) X (0) Q) = (’82(5((5))))2 (Q, Op2(7,0) Op2(0) ). + O(s™/?). (179)

By Lemma 18.24 (with X = Op2) and Theorem 18.35, the short—distance behavior of the
connected two—point function is governed by the identity term in the OPE Op2 x Op2, with
Wilson coefficient Cy(7; pt) solving the RG equation

0 0

(754’6(9)8*9 —4

and admitting the RG-improved limit 74Cq(7; 1) — Ko as 7 | 0 (with Ky > 0 fixed by our
normalizations). Consequently,

T, Op2(7,0) Op2(0) Q). = Ko (1+0(1)) (t10),

) (7 Co(rs ) =0,

with the o(1) uniform for s in compact subsets of (0,00) by the uniform remainder control in
Lemma 18.24. Inserting this into (179) and RG—improving from p to 1/7 yields

Blg(1/7))?
g1 U

For the spin—2 channel, set Yu(,f) = T,S,‘i) — %77;“,9(3) and use Proposition 18.27 together
with limg o Z7(s) = 1 (Proposition 18.30). Projecting the T),, x T,, OPE onto the traceless
sector gives a scheme-independent constant Ko > 0 and the same uniformity in s, hence
78 (7) = Ka(1+ 0(1)) as 7 | 0. 0

7‘45’88)(7‘) = K +0(1)).

Corollary 18.70 (From A to spectral gaps: abstract bounds). Let mg and ma be the lowest
masses in the scalar and spin—2 channels (Sections 18.5 and 18.6). Assume the corresponding
one—particle residues are nonzero. Then there exist constants co,co > 0 (independent of
intermediate renormalization choices, once Agr is fized by Definition 18.68) such that

my > coAar, me > ¢ Agr. (180)

Moreover, the effective-mass/tail brackets from Propositions 18.50 and 18.55 admit RG-
optimized choices of T that render ¢y, co explicit in terms of Ko, Ko and the universal coefficients

(bo, b1).

168



Proof. We treat the scalar channel; the spin—2 channel is identical with the replacements
indicated below.
By Lemma 18.49, the connected scalar correlator has a Laplace representation

S5 (r) = / po(w)e ™ dw,  po(w) > 0.

me

If the one—particle residue is nonzero, then py contains an atom Zyd(w — my) with Zy > 0,
hence
S$(r) > Zoge ™™ (Y1 >0). (181)

On the other hand, Proposition 18.69 gives, for 7 in a sufficiently deep RG-UV window and
uniformly for s in compact subsets of (0, c0),

Ko Alg(1/7)) (1+ (), e(t) — 0, (182)

(s)
So (1) < T Ty =

where g(u) = gar(p) and 8 = Bar.
Combining (181) and (182) yields, for all sufficiently small T,

1 )2
my > ;<1og Zy —log Ko + 4log T — log[iﬁ(gfi(l%)? } —log(1+ 5(7)))

Let Agr be as in (178) and choose

r= with & € (0, ko]
Agr

so that u = 1/7 lies in the perturbative domain. Asymptotic freedom and Lemma 18.67 imply

Blg(1/7)) _
S = —bog(1/7)%(1+ O(g(1/7)%))

1
= — 1+o0(1
2log((1/7)/Acr) ( )
1
= (1+0(1)).
2log(1/k) (1+0(1)
For fixed k € (0, ko], the bracket is bounded below by a strictly positive constant depending
only on Zj, Ky and the universal (bg, b1), hence mg > ¢y Agr for some ¢y > 0.
For the spin—2 channel, use the Laplace representation of Lemma 18.53 with a one—particle
residue Z3 > 0 and the UV bound (182) with K3 to obtain mgs > co Agr.
Finally, Propositions 18.50 and 18.55 allow one to replace the one—particle lower bound
by the effective-mass/tail brackets and to optimize the choice of 7 (equivalently k), yielding
explicit formulas for ¢, ¢z in terms of Ky, K2 and (bg, b1). O

18.8 Constructive continuum limit with reflection positivity and uniform
control

We construct the continuum GI sector from a sequence of reflection—positive lattice ensembles,
obtain Osterwalder—Schrader (OS) Schwinger functions with wuniform UV control via the
gradient flow, and then pass to Wightman fields and the Haag—Kastler net. The infrared layer
(exponential clustering, mass gap, and GI scattering) is treated separately and is derived from
the boundary time-slice contraction estimate (Theorem 18.115); see Theorems 17.28, 17.29
and 18.121 and Corollary 18.124.
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Setup (lattices, flow, and GI observables). Let G be a compact gauge group with adjoint
Casimir Ca. For lattice spacing a > 0 and half-box size L > 0 write A, = aZ* N [-L,L)*
with periodic boundary conditions and time reflection 6 : ¢y — —xzg. We consider a reflection—
positive, gauge-invariant nearest—neighbor gauge action (e.g. the Wilson action), defining a
probability measure du, 7, on link fields U.

For s > 0, fix the standard (heat-kernel/gradient-flow) maps

D0 U — U,

such that:

(F1)

(F2)

(F3)

U®®) takes values in G and depends quasilocally and smoothly on U (Gaussian localization
at scale /s in the sense of influence/oscillation, not strict finite range). Concretely, for
every s > 0 and every gauge—invariant flowed local density A((IS}J

below (in particular Eész(x) and the locals coming from 77(22), there exist constants

C,c < oo (uniform in a, L and z) such that: if two initial configurations U, U’ agree on
the R—neighborhood of {z}, then

(z) of the type used

R2

ALL@)(U) = AL @)(U)] < Cexp( = =),

Moreover, analogous Gaussian localization bounds hold for a fixed finite number of

Fréchet derivatives (in particular, for first and second variations of flowed local densities
as used later).

the flow commutes with time reflection,

O = 9(U) (YU, Vs >0). (183)

(RP-admissible finite-range truncations; no half-space measurability is assumed for the
raw flow) Fix a reference configuration Ues. For R € aN and x € A, 1 let U (B.2) e
the configuration that equals U on the R—neighborhood of {z} and equals U, outside.
Define the block-local truncation of a flowed local density by

AL r@)(U) = AT () (UU).
Then Afls)L (@) depends only on unflowed links in the R-neighborhood of {z}, and (F1)
gives the Gaussian tail bound
S S R2
ALL@)WU) = L] p@)(U)] < Cexp( =),
uniformly in a, L, z. The same construction applies to the finitely many derivatives of
Af{?;(a:) needed later.

Convention for RP arguments. Whenever reflection positivity is invoked at positive flow
time s > 0, flowed insertions are understood via such block-local finite-range truncations
(with a truncation range R = R(a) chosen so that the truncation error vanishes in the
continuum limit; see Lemma 18.72 below). In particular, we do not assume any exact
half-space measurability property of the standard gradient flow map.

For x € A, 1 set

Eész(:c) = i > tr (1 - UL(L,S,)(JJD,

)
u<v
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the flowed energy density (a bounded, gauge—invariant local observable). More generally, let

P(Sslz be the set of gauge—invariant local polynomials in the flowed curvature and its covariant
differences at flow time s, of engineering dimension < 4 at the continuum level. For A®) ’P(SSZ
and ¢ € C°(R*) define the smeared lattice observable

ATL@) = a' Y s@ ATL@), AT p(9) = ' Y 6(2) ATL <p(@).

.IEAG(’L 7 ZEEAG’L
Lemma 18.71 (Reflection positivity for block-local truncations and smearing). Assume (F2).
Fiz s > 0 and R € aN. Let 1y denote Euclidean time translation by t (in lattice units), and
define the shifted time reflection

Yr = T_govoTR,

i.e. reflection about the hyperplane {xo = —R}. Then for each a, L, dyuq 1, is reflection positive
with respect to U, and for any finite family {F;} of bounded functionals depending only on
unflowed links in the thick half-space {xo > —R},

chck <Fjo19R Fk>a,L >0 (V{Cj} C(C)
7,k

In particular, all n—point functions of the truncated, smeared observables A((IS)L <p(®) with
suppop C {xg > 0} satisfy the OS reflection—positivity inequalities (after recentering the
reflection plane by the shift R).

Proof. Reflection positivity for the nearest—neighbor gauge action (e.g. Wilson plaquette action)
with respect to ¥ is standard and holds uniformly in a, L; by discrete time—translation invariance
of dpg, 1, it also holds for the shifted reflection Vg = 7_grU7r.

If supp¢p C {zop > 0}, then A((LS)L <r(¢) depends only on unflowed links in the R-
neighborhood of supp ¢, hence only on links in the thick half-space {zg > —R}. The same
holds for bounded polynomials in finitely many such smeared observables. Applying shifted
reflection positivity to the corresponding family {F}} yields the stated inequality. Passage to
L? limits is justified by the L?-closedness of the RP quadratic form (Lemma 16.11). O

Lemma 18.72 (Stability of the continuum limit under flow truncations). Fiz s > 0 in

physical units and fix o finite collection of bounded flowed GI locals used to define Sr(sz;,L (e.g.
(

SAE at fized s). For each lattice spacing a > 0 and volume L, and

for each truncation range R € aN, let s

n;a

smeared densities from P

L be the n—point Schwinger distributions built from

the standard flowed observables, and let Sfii’%R be the analogous distributions built from the

truncated observables Agj)L,SR defined in (F3).

Then there exist constants Cp s < 0o and c¢s < 00, independent of a, L and R, such that
for every n and every ® € S(R*"),

(S~ SR @) < Coe @] 11gaem) exp( Rj)

; n;a,L Cs S
In particular, for any choice R = R(a) € aN with R(a) — oo as a | 0 one has

(89 —8ETRY gy 0 (Vo e SER™)).

n;a,L n;a,L L—00, al0

Hence Sfle . and ST(ZS_()IER(G) have the same subsequential limits in S'(R").
Moreover, since translations and the reflections Ur preserve Lebesgue measure, |[Vr®|| 1 =
|®|| 1. Thus the same estimate applies uniformly with ® replaced by (9r®;) @ @y as in Step 3

of Theorem 18.74.
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Proof. By (F3), each single insertion obeys a uniform truncation bound of the form

s s R?
sup [AL) (2)(U) = AL} cp(@)(U)] < €y exp( = ),
U Cs S

with constants C, cs independent of a, L,x. Since all flowed GI locals at fixed s > 0 are
bounded (compact G), the product of n insertions is uniformly bounded, and a telescoping
expansion yields a pointwise n—point bound

2

R
css)’

uniformly in (a, L) and (1, ...,2,). Pairing against ® and using a*" D | R(X1 7))
|||z up to a harmless discretization constant gives the stated estimate.

‘<Tr1Oz(f) o 'TrnOz(j)>a,L - <Tx1O§S)’§R T Tﬂ:nO(i)’SRM,L’ < Cns exp( B

1

LTIA

Uniform UV control at positive flow time. The compactness of G implies that for each
fixed s > 0 and each local flowed observable A(*) (x) built from finitely many plaquettes, staples,
or covariant differences, there is a universal bound ||A®)(z)[. < Cas < oo independent of
a, L. Consequently:

Lemma 18.73 (Equicontinuity and temperedness). For each s > 0 and each n € N, the
n-point distributions

Sr(LfZL,L(Qsla"'aQSn) = <H JQL(¢])> I
Jj=1 “
are jointly continuous functionals of (¢1, ..., ¢n) € (S(R*))™ with seminorm bounds independent

of a, L. Hence {Sy({?i,L}a,L is a bounded (thus precompact) subset of S'(R4™).

Proof. Fix s > 0 and n € N. For notational simplicity suppress the explicit dependence on s
and (a, L) in the local fields and write

)= a' Y @) A),  1<j<n

IEGAa,L

By boundedness of the local flowed observables there exist constants C; < oo (depending on s
and the choice of A;, but not on a, L) such that

|4j(z)|lec < Cj for all z € A, .

Hence

|45(0 at Y 16i(@) [4;(@)lle < Cjat Y 1e5()l.

.’EGAa L xEAa,L

Taking the product and the expectation, we obtain

s [ TT0)]| < T4l < (ITC )ﬁ > lose

J=1

naL(ngl,...

It remains to control the discrete sums a* > <5, |¢;j(x)| by Schwartz seminorms, uniformly
in a, L. Fix N > 4 and consider the standard Schwartz seminorm

pn(9) = Sélﬂ@(lﬂw\)Nlcb(fv)l-

Then
65 (x)] < pn(dy) (1+|z))~

172



and thus

at Y 19i(@)| < pw(g)at Yo (L)

T€A, L r€aZt

The sum Y, cqz4(1+ |2]) ™ converges for N > 4 and is bounded uniformly in a by comparison
with the corresponding integral:

at Y (1+z)™ < On

r€aZt

for some finite Cy independent of a, L. (For instance, partition R* into cubes of side a and
compare the sum with the integral of (14 |z|)~" over each cube.)
Combining the estimates gives

n
S5 (61, on)| < Cun TLow(9)),
j=1
with Cp v = ([1}=; C;)C}, which is independent of a, L.
The map (¢1,...,¢n) = [[j=1 pn(¢;) is a continuous seminorm on (S(R*))", and the
preceding bound shows that Sr(f()l ;, is a jointly continuous n-linear functional with respect to

the Schwartz topology, with operator norm bounded uniformly in a, L. Identifying S(R*") with
the completed projective tensor product of n copies of S(R?*), this yields seminorm bounds of
the form

S9) (@) < Oy max [Dfgny (P € SR™)),
m<M
for suitable Schwartz seminorms || - [/, and constants Cj, ;, independent of a, L. Thus

{Sr(f()z 1 }a.r is a bounded subset of the dual of S(R?"), and hence precompact in the weak*
topology of &' (R47). O

Continuum OS limit at fixed s > 0. Let {(ax, Li) }ren be a van Hove/continuum sequence
with ax | 0 and aipLi T co. By Lemma 18.73 and a diagonal subsequence extraction, we
can select a subsequence (not relabeled) such that all finite collections of flowed, smeared GI
observables converge in law and all Schwinger distributions converge in S’.

Theorem 18.74 (OS continuum limit for flowed GI fields). Fiz s > 0 and assume that the

flowed fields entering Sv(j()lL are defined using the same O(4)—covariant flow scheme as in
Theorem 15.9. Along the GF tuning line a — [3(a) and for any van Hove sequence of volumes

L — oo, the finite-volume Schwinger functions Sff,)LL converge, as L — oo and then a | 0
(s)

(equivalently, in any interlaced double limit), to a unique family of distributions Sy’ on S(R*™)
satisfying the OS axioms: (i) Euclidean invariance, (ii) symmetry, (iii) reflection positivity,
(iv) spatial clustering and translation invariance in infinite volume, and (v) temperedness.
Reflection positivity at fixed s > 0 is obtained by passing to block-local finite-range
truncations of flowed insertions (Lemma 18.71) and then transferring OS1 back to the standard
O(4)—covariant flow scheme in the continuum limit via Lemma 18.72. By OS reconstruction,
there exists a Hilbert space H®, a cyclic vacuum Q%) and a family of Wightman fields {/T(S)(f)}
on Minkowski space that reconstruct the limit Schwinger functions. The Euclidean Schwinger
functions are O(4)—invariant; the corresponding Wightman fields are Poincaré covariant.

Proof of Theorem 18.74. Step 1 (equicontinuity = precompactness in S’). For each n and each
finite set of Schwartz seminorms {|| - ||(m) bm<a on S(R*™), Lemma 18.73 gives

[Sir (@) S Copr max[|@] gy (P € SER™))
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with Cp,as independent of (a,L). Thus {S') ;1,1 is bounded in the dual of the Banach

space completion of S(R*") under max,, <y || - | (m)> and is therefore precompact in the weak*
topology on &'(R*"). A diagonal argument over n produces a subsequence (again denoted
(a, L)) for which S, (<) a1, converges in &' for all n.

Step 2 ( symmetry and temperedness). For each finite (a, L) the Schwinger functions are
permutation symmetric in their arguments by construction of the lattice expectation. This

(s)

symmetry is preserved under weak® limits and hence holds for all limit points S;’. The

(

seminorm bounds from Step 1 show that S defines a continuous linear functional on S (R4,
ie. S es (R*"), yielding temperedness.

Step 3 (reflection positivity). Fix a truncation prescription with ranges R = R(a) as in
Lemma 18.72. Let 57(1 Zl I R be the Schwinger distributions obtained from the truncated flowed

insertions. For each (a, L) and each finite family of test collections {®;} supported in the
positive—time half—space, define

aL _ZCJ oS naL ((ﬁR(a)q)J)(g)q)Z)

By Lemma 18.71, QEILDL > 0 for all choices of coefficients {c;} C C.

By Lemma 18.72, for each fixed finite test collection {®;} the difference between the

(s) R(a)

corresponding quadratic forms built from S a.L and from S¢S tends to 0 as L — oo and

n;a,L

a | 0. Hence every distributional limit point S,g) of the standard-flow family inherits the OS
reflection-positivity inequality. (By lattice translation invariance, re-centering the reflection
plane identifies this with the standard OS reflection-positivity inequality for reflection about
{z¢ = 0}; in the terminology of Section 14 this is OS1.)

Step 4 (Euclidean invariance). Discrete lattice translations and hypercubic rotations are
exact symmetries of the finite-lattice theory: for x € aZ* and any ® € S(R*"),

Y (1®) = S (@),

n;a,L n;a,

where 7, denotes translation by x. Let ¢t € R* be arbitrary and choose lattice vectors z;, € a;Z*
with x;, — ¢ along the subsequence. The map ¢ — 7;® is continuous from R* to S(R*"), so
72, @ = 7:® in S(R?"). Using the uniform seminorm bound from Step 1 and the convergence

st Ly~ S%) in S’, we obtain

n;ak7

S (n@) = lim S (1®) = Jlim S (7, ®) = Jlim s,ggk L (@) = SY(@),

n;ag, L n;ag, L
proving full R*-translation invariance of 57(15)'

For rotations, the finite lattice has exact invariance under the hypercubic group H(4);
hence any limit point inherits H(4) invariance.

To upgrade from H(4) to full O(4) at fixed s > 0 without inserting an a priori O(4)-
invariant continuum comparator into the argument, we invoke the quantitative implication
“O(a®) improvement = O(4) invariance of limit points” (Lemma 18.130 in this manuscript).
Concretely, since the flowed observables are defined using the same fixed O(4)—covariant flow
scheme as in Theorem 15.9, Lemma 18.130 yields: for every R € O(4) and every ® € S(R*")
there exists C(®, R, s) < oo such that

|Sn ;a, L ) - S(S)

n;a,L

®oR)| < C(P,R,s)a

uniformly in L along the GF tuning line. Passing to the double limit L — oo, a | 0 along the
chosen subsequence gives

SE(@) = S (@oR)  (ReO()),
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so the continuum Schwinger family is O(4)—invariant at fixed positive flow time.

(As emphasized throughout: if the flow scheme is modified in a way that breaks O(4)
covariance at fized s or otherwise invalidates the applicability of Theorem 15.9 (hence the O(a?)
improvement /rotation-defect mechanism cited above), then the required O(a?) rotation-control
must be re-verified in the altered scheme; without it, the H(4) — O(4) upgrade at fized positive
flow time cannot be concluded.)

Step 5 (infinite volume and clustering). For each fixed lattice spacing a > 0, along any van
Hove sequence L — oo the thermodynamic limit of GI observables exists and is unique; moreover,
reflection positivity is stable under the infinite-volume limit and connected correlations exhibit
spatial clustering. These statements are provided by Lemma 10.1 (thermodynamic limit and
clustering) and Lemma 10.2 (RP stability). Combining these with the uniqueness of the
infinite-volume limit, we obtain translation invariance and clustering in the infinite-volume
Schwinger functions prior to taking a | 0; the properties then pass to the continuum limit by
the same weak™® convergence argument as above.

Step 6 (uniqueness of the continuum limit in a; no subsequences). After taking the infinite-
volume limit (Step 5), the family {S,(f;c)l}@o of infinite-volume Schwinger distributions along
the GF tuning line has a unique O(4)—covariant continuum limit as a | 0, with an O(a?) rate
of convergence. This is precisely the uniqueness statement of Proposition 10.10, which rests
on the improvement estimate of Theorem 15.9. Therefore any two accumulation points of
{ST(LS%}DO in &’ must coincide. Since both the infinite-volume limit and the continuum limit are
unique, the full double limit exists and is independent of how L — oo and a | 0 are interlaced;
in particular, the limiting S,(Ls) does not depend on the subsequence.

Step 7 (OS reconstruction). Steps 2-5 together with Step 3 verify the OS axioms (tem-
peredness, symmetry, Euclidean invariance, reflection positivity, and clustering) for the limiting
Schwinger family {Sr(f)}nzo. Reflection positivity is provided by Step 3 (equivalently, after
re-centering the reflection plane by translation, the standard OS reflection-positivity inequality
for reflection about {xg = 0}).

The OS reconstruction theorem then yields a Hilbert space H(®), a cyclic vacuum vector
Q)| a representation of the Euclidean (equivalently, via analytic continuation, Poincaré) group,
and a family of Wightman fields {A®)(f)} on Minkowski space whose Euclidean Schwinger
functions are exactly {Sfls)}nzo. The O(4) invariance from Step 4 gives Poincaré covariance of
the Wightman fields. O

Removing the flow: s | 0 and renormalized local fields. Let {B®},.q be a flowed
representative of a continuum GI local field B € G<4 with a small flow-time expansion

B¥(z) = Y cpals)Oalz) + 9-T¥(a),
A<4
where the O form a renormalized GI basis of engineering dimension A (cf. the OPE matching

lemmas above), and the coeflicients satisfy cp a(s) = cSBO)A + O(s|lns|) as s | 0 after fixing the
RG scheme by the gradient-flow coupling. Define renormalized local fields by

Br(f) = lslﬁ)l > esals) Oalf),

A<4

whenever the limit exists in matrix elements on a common core (the 0 - J (¢) terms drop out
after smearing against f with compact support).

Proposition 18.75 (Existence of renormalized GI fields from flowed limits). Assume the
coefficients cp a(s) are chosen by the short-distance matching in the gradient-flow scheme of
§18.7. Then for each B € G<y4 and each test function f, the limits defining Br(f) exist in the
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OS limit theory and are independent of the subsequence (ag, Ly) and of the particular flowed
representative {B®)}so0. The resulting Schwinger functions of {Br} satisfy the OS azioms,
hence reconstruct the same Wightman/HK theory as in Sections 17.2 and 18.7.

Proof of Proposition 18.75. Fix sqg > 0 and work in the OS limit theory at flow time sg given
by Theorem 18.74. Let v, w be polynomial vectors generated by flowed GI fields at time sg; by
Theorem 16.14 these form a common OS core.

Step 1 (SFTE and control of the remainder). For s € (0, s9], the small flow—time expansion
in the GF scheme (combining Lemma 18.24 and Proposition 16.24) yields, after smearing
against f € C2° (IR{4),

(v, B© = Y epals) (v, Oa(f) w) + (v, Ro(f) w),

A<4

where the remainder satisfies a bound of the form
[Rs(HI < Cs* | fllew

for some £ > 0, integer N, and constant C' independent of s € (0, sg]. Since f has compact
support, the total-derivative term 9 - 7() does not contribute:

[ 0-T@ @ da = ~ [ TO@)-0f@)da,

which is absorbed into Rs(f) and enjoys the same O(s®) bound.
Moreover, by construction of the GF matching scheme, each coefficient admits a limit

cpals) = s + O(s|msl) (s 10).

Step 2 (existence of the limit on the OS core). Define Br(f) on the OS core by

(v, Br(f) w) = hm > epals) (v, Oa(f) w),

A<4

whenever the limit exists. Using the representation from Step 1, we can write

>~ enal(s) (v, Oa(f) w) = (v, BY(f) w) = (v, Rs(f) w).

A<4

The matrix elements (v, B®)(f) w) are uniformly bounded in s by the uniform moment and
energy bounds for flowed fields (Proposition 13.2 and the positive-flow Nelson bounds), while
|Rs(f)|| = 0 as s | 0. In addition, the coefficients cp a(s) converge to cg)A and the matrix
elements (v, Oa(f)w) are finite on the core by Theorem 16.14 and Proposition 16.12. Hence
the family

s Z cp.a(s) (v, Oa(f) w)

A<4

is Cauchy in C as s | 0, and the limit defining (v, Br(f)w) exists. By linearity in v, w and
density of the core, Bg(f) is densely defined and closable.

Step 3 (OS axioms for the renormalized fields). The Schwinger functions of the flowed
representatives B(®) satisfy the OS axioms for each s > 0. The representation of Bgr in
Step 2 expresses its matrix elements as limits of linear combinations of those flowed Schwinger
functions. Reflection positivity, Euclidean invariance, permutation symmetry, clustering, and
temperedness are all preserved under such limits (cf. the general closure results for OS families
used in the flow-to-point renormalization scheme). Thus the Schwinger functions with insertions
of Bp satisfy the OS axioms and reconstruct a Wightman/HK theory.
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Step 4 (independence of the flowed representative). Suppose B®) is another flowed repre-
sentative of the same renormalization class. Its small flow—time expansion in the same GF
scheme has the form

B¥(z) = Y epal(s)Oalx) + 0-TW(x) + Rslx),
A<4

with ¢p a(s) and R, satisfying analogous bounds. By Proposition 16.24 and the YM short-
distance identification Theorem 18.35, the coefficient vectors cp a(s) and ¢ a(s) differ by a
finite renormalization within the same renormalized basis, and both sets converge as s | 0.
The corresponding remainders R, R, both vanish as s¢. Therefore, the limits defining Br(f)
constructed from B®) and from B®) coincide on the OS core, so By is independent of the
particular flowed representative.

Step 5 (independence of the lattice subsequence). At fixed positive flow time, Theorem 15.9
and Proposition 10.10 yield a unique O(4)—covariant continuum limit for flowed Schwinger
functions, with O(a?) discretization error along the GF tuning line. Hence the OS theories
obtained at flow time s from any two van Hove/continuum sequences (ay, L) and (aj, L},) are
canonically isomorphic. Since the construction of By in Steps 14 uses only the positive-flow
OS theory and the universal SFTE coefficients cp a(s), the resulting renormalized field Bg(f)
is independent of the choice of lattice subsequence.

Combining the steps, we obtain a well-defined family of renormalized GI fields Br whose
Schwinger functions satisfy the OS axioms and reconstruct the same Wightman/HK theory as
the flowed limit. This proves the proposition. O

Uniform control propagated to Minkowski. The uniform boundedness in Proposi-
tion 13.2 implies uniform subgaussian bounds for smeared flowed fields (via exponential
integrability of bounded variables). Passing s | 0 along the renormalized combinations, one
obtains the Nelson-type bounds and essential self-adjointness on a common polynomial core
used in Lemma 17.2 and Proposition 17.3, with constants controlled by the RG-improved
short-distance expansion. Thus the energy-bounded norms || - ||, in Proposition 17.24 are finite
on the renormalized local algebra.

Theorem 18.76 (Constructive continuum limit with reflection positivity and uniform control).
Let (ay, Ly) be a van Hove/continuum sequence. Then:

1. For each s > 0, the flowed GI Schwinger functions converge (along a subsequence) to
OS-positive, Euclidean-invariant, tempered distributions (Theorem 18.74).

2. The renormalized unflowed GI local fields By exist by Proposition 18.75, giving a contin-
uum OS theory that reconstructs a Wightman field system and the Haag—Kastler net of
Definition 17.5.

3. The uniform UV bounds pass to Minkowski as Nelson-type energy bounds, yielding essential
self-adjointness and strong commutativity as in Lemma 17.4 and Proposition 17.35.

Proof of Theorem 18.76. (1) This is exactly the content of Theorem 18.74.

(2) Fix a generating flowed class of GI fields at some sy > 0; the existence of such a class
and its OS core properties are provided by Theorem 16.14. For each B € G<4, Proposition 18.75
constructs a renormalized local field Bg(f) as an s | 0 limit of a renormalized linear combination
of the flowed basis with GF-matched coefficients. The construction shows that Schwinger
functions with insertions of By arise as limits of those at positive flow and hence satisfy the
OS axioms. Applying OS reconstruction yields a Wightman theory and, by Theorems 17.6
and 17.23, a Haag—Kastler net of local algebras in Minkowski space.
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(8) The boundedness of flowed local observables and the uniform moment bounds (Proposi-
tion 13.2) imply subgaussian tails and Nelson-type energy bounds for polynomials in flowed
fields (Lemma 17.2). These yield essential self-adjointness and strong commutativity on a
common polynomial core for the flowed composites (Proposition 17.3 and Lemma 17.4). Since
each Bg is obtained as an s | 0 limit of finite linear combinations of such flowed fields with
uniformly controlled coefficients, the same energy bounds and domain properties propagate to
Bgr. In particular, the Nelson norms used in Proposition 17.24 are finite on the renormalized
local algebra, and the associated Haag—Kastler net satisfies the usual spectral and locality
properties.

This completes the proof. O

Remark 18.77 (Infrared layer (mass gap and GI scattering)). The theorem above is the
UV /structural part of the construction. The infrared consequences—Euclidean exponential
clustering, the mass gap, isolation of the one-particle shell, and the Haag—Ruelle/LSZ the-
ory in the GI sector—are derived later from the boundary time—slice contraction estimate
Theorem 18.115; see Theorems 17.20, 17.28, 17.29 and 18.121 and Corollary 18.124.

Remark 18.78 (Step scaling and consistency with the RG/A scheme). Define a finite-volume
gradient-flow coupling gar(L) using E() at s o< L?, and its step-scaling function by o(u) :=
limg, 7,0 gGF(2L)|gGF (D)=u’ The OS limits above ensure that o exists and matches the contin-
uum beta function used in §18.7. Hence the RG-invariant scale Agp defined in (178) agrees
with the constructive (step-scaling) continuum value.

18.9 Finite-range decomposition and strict convexity at positive flow

Remark 18.79 (Finite-range decomposition and blocking). We employ a finite-range decompo-
sition (FRD) of the relevant Gaussian/quadratic part of the flowed action with range uniformly
comparable to the flow scale /s, in the spirit of Brydges et al. (2004). This yields block-local
quadratic forms and scale-wise controls on cross terms that feed into strict convexity and the
block LSI at positive flow.

In addition, when reflection positivity is invoked for flowed observables (cf. Lemma 18.71),
we work with a block-local (finite-range) representative at the same flow scale. Lemma 18.80
below quantifies the underlying quasilocality of the standard gradient flow and provides the
Gaussian tail control that justifies such finite-range truncations at fixed s > 0.

Fix a positive flow time s > 0 (in lattice units a = 1 for notational brevity; all constants
below are uniform in the original lattice spacing ¢ and volume L once s is measured in physical
units). Denote by B,,(s,z) the gauge field at flow time s obtained from the standard Yang-
Mills gradient flow, and by F,, (s, ) its field strength. By gauge invariance, all observables
considered in this subsection are polynomially bounded functions of the local invariants built
from F(s) and its (covariant) derivatives, evaluated at flow time s.

Lemma 18.80 (Heat-kernel quasilocality at positive flow). There exist constants ci,co < 00
such that for every s > 0 and every compactly supported test tensor h(x), the gauge-invariant
linear functional of flowed curvature
.A(S)(h) = Z Z tr(Fuw (s, ) hyw ()
r pu<v

is quasilocal as a functional of the initial data. More precisely, letting D denote the Fréchet
derivative with respect to the initial configuration at flow time 0 (in any fixed smooth coordinate
chart on the compact gauge group), there is a linear operator Ky on test tensors such that for
every initial perturbation ® (one may take ® supported on finitely many links/sites),

DAP(W)[@] = Y (d(y). (Kh)()), (184)

Y
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and the kernel of Ky obeys a Gaussian bound at scale \/s: there exist constants Cy, C; < 0o
such that

Keh)w)| < oY In@)] exp( — Z40, (185)
- p Cis
Consequently, the operator norm of the differential is controlled by the Gaussian quadratic form
2
s 2 r—1Yy
DA < 1S Il exp( ~ 2 iyl (156)
:B’y

In particular, A®)(h) has localization radius rs =< /s with Gaussian tails in the sense of
influence/oscillation: if two initial configurations ®, ®" agree on the R-neighborhood of supp(h),

then
2

4G )(@) = AO @) < C il exp( - ), (187)

with C' < oo universal (depending only on s through physical units as elsewhere).

Moreover, the same mechanism yields analogous Gaussian localization bounds for a fized
finite number of higher Fréchet derivatives (in particular, for first and second variations of
flowed local densities as used later).

Terminology. For s > 0 this is not a strict finite-range statement: the influence kernel has
Gaussian tails and does not vanish identically outside any finite radius (unless one introduces
an explicit truncation).

Finite-range truncation (blocking). Fiz R > 0 and a reference configuration ®.er. Define o(R)
to equal ® on the R-neighborhood of supp(h) and to equal @t outside. Then the truncated
functional

Ap(n)(®) = AW (h) (@)

depends only on the initial data in the R—neighborhood of supp(h), and (187) gives the uniform

tail bound )

AOR)(@) ~ A W@ < O la exp( ~ ).

This is the basic input used when passing from quasilocality to strictly block-local representatives
at scale \/s.

Proof. Fix s > 0. Work in the standard strictly-parabolic (gauge-damped) formulation of the
Yang—Mills gradient flow in a fixed smooth coordinate chart; schematically the flowed field
®(s) solves

0s® = AP + N(D,VD), (188)

where A is the discrete Laplacian and A is a local nonlinearity involving at most first discrete
derivatives (the usual DeTurck/gauge-damping term is included so that the principal part
is strictly parabolic). By compactness of the gauge group and locality of the discretization,
all coefficients appearing after expanding (188) in coordinates are uniformly bounded on the
whole trajectory.

Step 1: linearized flow has a Gaussian kernel. Let ®(s) = D®(s)[®(0)] denote the linear
response to an initial perturbation ®(0). Differentiating (188) yields a linear, uniformly
parabolic, local equation of the form

0sd = AD + ZBP(S,-)V,@ + C(S,')‘i% (189)
P

where B,,C' are bounded coefficient fields depending on the background trajectory ®(-).
Let Gs(z,y) denote the (matrix-valued) fundamental solution of (189) from time 0 to time
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s. Standard discrete parabolic kernel bounds for uniformly elliptic operators with bounded
coefficients give Gaussian upper estimates for G5 and a fixed finite number of discrete derivatives:

12
VEGy(w,y)| < Cs 2712 exp( — ’xcj’) la| < 2. (190)

Step 2: linearized curvature inherits Gaussian localization. The flowed curvature F,, (s, x) is
a local polynomial in ®(s,-) and its first discrete derivatives. Therefore its linear response
Fu(s,2) = DF,,(s,2)[®(0)] is a linear combination of ®(s,-) and V&(s,-) with bounded
coefficients. Combining this with (190) yields the existence of kernels L, o (s;-,-), |a| < 1, such
that

fuu(S,x) = Z Z L,uu,a(5§$7y) Va(i)(o,y),
¥y |al<1

and

=~ y|2) (191)

Ly als;z,y)| < Cs 1012 eXp(_T .

(Only the Gaussian tail and the parabolic scaling are used later; the precise power of s is
inessential at fixed s.)

Step 3: the induced operator on test tensors. Insert the linearized curvature into the variation
of AG)(h): _ ‘
DAP(n)[®] =~ >~ ta(Fu (s, 2) by ().

T p<v

Using discrete summation-by-parts to move the discrete derivatives off ®(0,-) and onto h(-),
one obtains a representation of the form (184) with

Ksh) () = N Li(ssa,y) Voh(z),  |Lh(siz,y)| < Cs ilal/Zemlomyl?/(Cs),

T al<t

which implies the pointwise bound (185) by discarding discrete derivatives of h at the cost of a
harmless constant depending only on the fixed finite stencil.

Step 4: Schur/Young estimate and oscillation. By Cauchy—Schwarz,
IDAD (1)[®]] < | ®]|,2 [[Kshl|2-
A discrete Young/Schur estimate using the Gaussian bound on L/, yields

2
-y
Kokl < 03 @) exp( ~ 220 fngy),

x7y

which is (186) after renaming constants.

For (187), connect ® to ®' by a smooth path that changes only degrees of freedom outside
the R—neighborhood of supp(h), and integrate the bound (185) along the path; compactness
of the configuration manifold gives a uniform bound on path-length per degree of freedom,
and the Gaussian tail yields the stated exp(—R?/(Cs)) decay. The extension to higher Fréchet
derivatives follows by differentiating (189) further: the mth variation satisfies a linear parabolic
equation with source terms involving lower variations; an induction with Duhamel’s formula
and (190) propagates the same Gaussian tails. O

We now compare flowed two-point functions with a massive Gaussian reference covariance.
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Proposition 18.81 (Gaussian comparison at positive flow). There exist constants My = s~/

and Cs < oo, depending on s but independent of the lattice spacing a and the volume L, such
that for all test tensors h,

(AW (h) AN (n))y < Cy(|nl, CxF|n]),
where C*f i= (— Ap + Mf)f1 and

(f, Cg) = Zf(m)C(:c,x’)g(:c’) for scalar fields f, g.

In particular, one may take
Cs := CyCy s,

with Coy, Cy independent of a and L (for fixed s in physical units).

Proof of Proposition 18.81. Let d = 4 and denote by p;(z,y) the discrete heat kernel of Ajyt.
There exist constants ¢4, Cy such that for all ¢t € (0,1] and z, y,

lz—y|? _\w—y\2

e t72e T < payy) < Ot et (192)

By Lemma 18.80,

|z—a’|2

(AP () AP(h)) < Co Y In(@)le” = [h(a')].

Fix x € (0,1] and set M2 := /s, so M, =< s~ /2.

Set,
Cq

ES.

Using the semigroup representation and positivity,

to =

cref / 2y —1 / M2 / o 2 /
N, 2) = (= A + M2) (x,2) = ; e "M py(z, 2"y dt > t e "Ms py(z, 2’ dt.
0

On t € [to, 2tg] we have eTtME > o—2t0MT _ o=2rto/s — e~26C1/C=~ “and by the lower bound in
(192),

2to _|zfz/\2
Cgef(a:,x/) > e 2C1/C- c_/ t™2e Tt (.
to
For t € [to, 2to],
_lo—a'? _la=a/}? a—a)?
t72 > (2tg) 72, e Ot > ¢ Tl = ¢ Ois |
and the interval length is tg, hence
T —2kCy/C g el C— _oncyjo -1 22l
Crf(z,2!) > e 2OV ¢t (2t) 2 Orv = T RC1/O- 4ol g™ s
Since ty 1 = (C_/Cy) s71, this yields
_le—a!P? _C_
C;ef(x,xl) > Cys te O, Cy := - ¢ e 26C1/C—
4C4
Equivalently,
_|a:7x/\2
e T < OysCf(z,a)), Cy:=Cyt.
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Plugging this into the bound from Lemma 18.80 yields
(AN (h) A (R)) < CoCys Yy |h(@)|Cif(w,a") [h(a)] = Cs([h|, Ci* |hl),

z,x’

with Cs = CyCys as claimed. The constants are uniform in @ and L (for fixed s in physical
units). O

We next record an exact finite-range decomposition for the massive lattice Green function
(the reference covariance above). This is a standard tool in rigorous RG and cluster/polymer
expansions.

Theorem 18.82 (Finite-range decomposition for ( — A + Mz)fl). Let M > 0 and let
J ~logy(L) be the number of dyadic scales up to the system size. Set

Cy = (— At +M2)_1.

There exist kernels I'j(x,y), 7 =0,1,...,J, such that

J
CM('T’y) = Z Fj(x7y)7
=0

with the following properties for some constants ¢, C,a > 0 independent of L and a:

1. Finite range: I'j(x,y) = 0 whenever |z — y| > ¢27 (lattice distance).

2. Positivity and symmetry: Each I'; is symmetric and positive semidefinite as a kernel on 2.
3. Uniform bounds: [T,y < C272% e~ M qnd similarly VL] oo < C 273 a2’ M,

In particular, the massive lattice Green function Cp; can be written as a sum of strictly finite-
range fluctuations with exponentially improving bounds. Taking M = M, =< s~Y2 gives the
desired finite-range decomposition for the reference covariance Cgef from Proposition 18.81.

Proof of Theorem 18.82. We present a standard block/harmonic-extension construction that
yields an ezact finite-range decomposition; cf. the method of Brydges—Guadagni—-Mitter adapted
to the lattice.

Step 1: Block geometry and projections. Let /; := 2/ and let B; be the partition of
the torus into disjoint cubes (blocks) of side ¢;. Denote by @); the block-averaging operator
(Q;f)(B) = €j_4 > wep f() (a function on B;), and by Q7 its adjoint (constant embedding on
each block). Let Ap be the Dirichlet Laplacian on B and set G := (—Ap + M?)~! acting
on functions supported in B and extended by 0 outside B. Define the harmonic extension
operator Hj := 3 pep Ep, where Ep maps a function f to the solution u of (—A + M*u=0

on BY with boundary datum f|sp; by construction, H; is a contraction in £? and is local:
(H;f)(x) depends only on f in the £;-neighborhood of z.

Step 2: Fluctuation covariances of finite range. Define the scale-j fluctuation covariance

Lj = > QiGeQj — Y QjGrQj

BEB]' BIEBjJrl

Since G (resp. Gp/) has kernel supported in B x B (resp. B’ x B'), the kernel of I'; vanishes
unless x and y lie in a common block of scale j or in two blocks contained in a common block
of scale 7 + 1. Hence there exists ¢ > 0 such that

I'j(z,y) =0 whenever |z —y|> c¥j,
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which proves finite range. Symmetry is obvious; positivity follows from

J
YTy = QG Qo — Q511GB,,,Qu+1,
=0

where By is the partition into singletons and B the unique block of side L. Since Q{G',Qo =
(—A+ M?)~! and Q5.1GB,,, Q41 is the rank-one covariance on constants with mass M > 0,
the latter term vanishes identically on mean-zero subspace and equals the (unique) zero mode
correction which cancels because (—A + M?)~! already acts invertibly on constants. Thus we
obtain the exact identity

J
(—Aat + M2)_1 = ZF]',
=0

and each I'; is positive semidefinite as a difference of two positive covariances on nested
subspaces.

Step 3: Uniform operator bounds. Let V be any discrete gradient. For f € ¢! and z € B,
elliptic estimates for the Dirichlet resolvent yield

(Gah)(@)] < CL2Y e fy)],  [(VGa(@)| < CGPY el f(y).

yeB yeB

Summing over blocks and using that each x belongs to O(1) blocks at scale j after the Q; /Q;
embeddings, we obtain
Dl < €626 5M Ul < 855 60,
for some C’, &’ > 0 independent of j, L. Since ¢; = 27, these are exactly the bounds stated in
item (3).
All three properties are now verified, and the theorem follows. O

We finally isolate the coercivity that will feed into functional inequalities in the next
subsection.

Lemma 18.83 (Nondegeneracy of standard GI cylinder maps). Fiz s > 0 and consider a
finite family of (flowed) GI linear coordinates

oi(U) = AL (hy)(U), i=1,...,N,

with h; compactly supported test tensors (in the sense of Lemma 18.80). Assume that, after
a linear change of coordinates in RY, each h; is supported on a single plaquette and that
these plaquettes are pairwise edge-disjoint. Let @5 g : 0 — RN be the coordinate map U —
(1(U);. ., on(U)).

Then rank D®; p(U) = N at U = 1 (the flat configuration). In particular, ®s is not
everywhere rank-deficient.

Proof. Let Q = GF() with the product bi-invariant Riemannian structure. Denote by @, :
Q — Q the link-level gradient-flow map at time s; since €2 is compact and the Wilson /flow
vector field is smooth, @, is a C*° diffeomorphism and D®4(U) is invertible for every U.

Write A®)(h) = AO)(h) o ®,, i.e. the flowed observable evaluated at time s equals the
unflowed observable evaluated on the flowed configuration. Hence

D@S,E(l) = Dq)(]’E(l)OD(I)S(].),

and since D®4(1) is invertible, it suffices to show rank D®g (1) = N.
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For s = 0, each coordinate ¢;(U) = A (h;)(U) depends only on the links in the (single)
plaquette supporting h;. Because these plaquettes are pairwise edge-disjoint, we may choose
tangent directions X @ supported on a single link belonging only to the ith plaquette, and
with Lie direction aligned to the (nonzero) Lie component selected by h;. Then, at U = 1, the
first variation of the plaquette holonomy is linear in that link direction, giving

De;()XWT=0 (j#i),  Do(1)XI]#0.
Thus the N x N Jacobian matrix (D¢;(1)[X®]);, is diagonal with nonzero diagonal entries,
so rank D®g (1) = N, and the same holds for ®; g at 1. O

Lemma 18.84 (Coarea density and Gaussian Radon—Nikodym representation). Fiz a finite
periodic box A and 3 > 0. Let up g be the Wilson measure on €Q,

dpnp(U) = Zy pe %W dH (U),

where dH s the product Haar measure. Let Py p : Q — E ~ RN be a C! cylinder map as
above, and assume it is not everywhere rank-deficient.

Then the pushforward vs g := (®s g)upia g is absolutely continuous w.r.t. Lebesgue measure
dx on E. Moreover, for dx-a.e. x € F,

() Z_l e_Sﬁ(U)
P ozt @) Js(U)

AHNWU),  Jap(U) = /det (DR, p(U) DD, p(U)T),

(193)
where m = dim Q and H™ VN is the (m — N)-dimensional Hausdorff measure induced by the
product metric.

Consequently, for any nondegenerate Gaussian Gs g on E with density vs g w.r.t. dx,

st,E

dvs g o) = ps,E(7)
dGs,E

dGs E B ’)’s,E(w) ’
with Vs g = 400 on {dVS,E/dGs,E = 0}.

Attained regular set. Let Crit(®sp) = {U € Q : rank DO, 5(U) < N} and let
CritVal(®, g) := @, 5(Crit(®s,5)) C E. Define

Vs < Ga.p, (z)) € (~00,00],

Vap(r) = — log(

Ds,E = @S,E(Q)\Crit\/al@s,];). (194)

Then Dy is open, vs g(Dgs ) =1, and ps p(x) > 0 for every x € Dy g (hence Vs p(x) < 00
on D).
If ®, g is real-analytic, then ps g (hence Vs g) is C* on D g.

Proof. Since (1 is a compact Lie manifold and Sg is smooth, py g has a smooth strictly positive
density w.r.t. the Riemannian volume (equivalently, Haar) measure.

Because @, is not everywhere rank-deficient and is (in our setting) real-analytic in
U, its critical set is a proper real-analytic subset of 2 and has Haar measure 0. Hence
rank D®, p(U) = N for pp g-a.e. U.

Apply the coarea formula to the C! map @, g : @ — E. For any bounded measurable g on
E, define
9(®s,p(U)) Zy ye= W) J, g(U)™, U ¢ Crit(®, p),
0, U e Crit(®s g),

so that f(U) Js g(U) = g(®s.6(U)) ZX’lﬁe*SB(U) is integrable. The coarea formula yields

fU) ;:{

—S5(U)

B Zy pe —
/QQ(‘I)S,E(U))dHA,ﬁ(U) —/Eg(l”) (A&%E(I)Js,E(U)dH N(U)> dx,
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which is precisely [ g(z)ps,r(z) dz with ps g as in (193). Therefore v, g(dx) = ps p(x) dz, i.e.
Vs g K dr.

If G g is any nondegenerate Gaussian, it has a strictly positive smooth density v, g w.r.t.
dz. Hence vy p < G g with dvs g/dGs g = ps,p/7s e and the definition of Vy g follows.

Let x € Ds . Then there exists U € @S_}E(x) with rank D® p(U) = N. By the submersion
theorem, ®;  is an open map in a neighborhood of U, hence x is an interior point of ®, g(€2),
and D, g is open. Moreover, for such x the fiber @;}E(x) is a smooth (m — N)-submanifold and
the integrand e=%#(U) / J, 5(U) is strictly positive and continuous on the fiber, so ps g(x) > 0.

Finally, Sard’s theorem gives dx(CritVal(®, g)) = 0. Since vy g < dz and v, p(®s £(Q2)) =
1, we obtain v, p(Dsg) = 1. On D g, the restriction of @5 to <I>L:}3(D37E) is a proper
submersion (because 2 is compact), hence locally a trivial fibration; the fiber integral (193)
therefore depends smoothly on z. If ®, g is real-analytic, this yields C*° regularity of ps g and
Vé,E on Ds,E~ ]

Proposition 18.85 (Uniform strict convexity in the gauge-invariant directions). Fiz s > 0.
For every finite GI cylinder E ~ RN generated by finitely many flowed GI linear coordinates,
let ®, g : Q0 — E be the corresponding cylinder map

‘PS’E(U) = (Z)E = HEf(S>(U), VS,E = ((I)S,E)#NA,B-

Let Gs p := N(0, CE%) be the centered Gaussian on E with covariance Cg?g obtained by restricting
(compressing) C:f := (=Apy + M2)~! to E, where My = s~/? is as in Proposition 18.81.
Then vs p < Gs g and we may choose a Borel representative Vy g : E — (—00,00] such that

dl/&E

K(Gb) = exp (— Vs5p(9)), Use(¢) = %<¢7C§3fg_l¢>+vs,E(¢)~
s, FE

Let Dy p C E be the attained regular set (194). Then vs g(Dsgp) =1 and Vs p € C*°(Ds E).
Moreover, there exists €5 € [0,1/2) (depending only on the renormalized coupling in the GF
scheme at scale s := 1/\/s) such that the Hessian bound

(u, (C™1 + D*Vop(9))u) > (1—es) M7 |lullZ (195)

holds for vs p-a.e. ¢ € Ds g and all (GI) directions u € E.
In particular, on Ds g we have D2US,E(¢) > ks 1g for vs g-a.e. ¢, where

ks = (1—e5) M2 >0. (196)

Define the extended-valued potential Us p : E — (—00,00] by

0. s(0) = {US’E(Q”’ 0D (197)

+OO, (b ¢ DS,E-

If Uy is ks-strongly convez in the convez-analysis sense (i.e. Us p(¢) — % ¢[|2. is convex as
an extended-valued function), then vy g is strongly log-concave on GI directions with curvature
> Ks, uniformly in a and L at fized s.

Proof. Step 1: Radon—Nikodym representation and smoothness on D; . Fix F ~ RN
and assume (as for the standard cylinder choices) that @ g is real-analytic and not everywhere
rank-deficient. Applying Lemma 18.84 with the Gaussian reference G, g yields v g < Gs g
and hence a Borel function V g with

dl/&E
dGs,E

dvs
(¢) = exp (= Vie(9)), Vs E = +00 on {dg Z = 0}.
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With D, g as in (194), Lemma 18.84 gives vs p(Ds p) = 1 and Vs g € C*(D; g), so DQVS,E(@
is well-defined pointwise on D, g.

Step 2: Polymer representation for the pushforward log-density and size-
summable derivative bounds. Write v, g(d¢) = ps (¢) d¢ for the Lebesgue density from
Lemma 18.84. On D , the coarea/disintegration representation in Lemma 18.84 expresses
ps,e(¢) as a fiber integral (a pinned partition function), hence as a smooth function of the
external parameter ¢.

Set

Kg = (I)s,E(Q) Cc F.

Then K is compact and v g is supported on Kg, with Dy g C Kg and v, p(Ds ) = 1.

We apply the same decoupling/interpolation machinery used for partition functions and
cylinder observables in the GF window, but with this pinned partition function as the input
object, uniformly for ¢ € D, g. Concretely:

e the dependence on ¢ enters only through the finitely many flowed GI coordinates
generating F;

o by flow quasilocality at scale s < M; ! (Lemma 18.80), this dependence is localized to a
finite union of rs-blocks;

o the BKAR forest formula plus the Kotecky—Preiss bounds in the weak-coupling (GF)
window (cf. Lemmas 4.6, 4.7, 4.13) give an absolutely convergent connected polymer
expansion for log ps g (¢), uniformly for ¢ € D, g.

Since the Gaussian density of G, g is explicit and smooth, the same expansion transfers to
Vs e(¢) = —log(ps,e(¢)/7s,2(¢)) on Ds . Thus on Dy p we obtain a convergent connected-
polymer representation

Vep(e) = > Pux(éx), (198)

XeBs.E

where B, g is the finite family of rg-blocks in the induced cylinder graph and X ranges over
finite connected polymers (connected subsets of B, ). We write | X | for polymer size (number
of rs-blocks).

Fix a generating coordinate system (¢;)Y, for E ~ RY. For an rs-block B € Bs g let
I(B) C {1,...,N} be the set of coordinate indices whose flowed functional depends on B
(within the quasilocality radius r), and for a polymer X set I(X) := Ugcx [(B). For
ue E~RN write ug := (ui)ier(p) and ux = (Ui)ier(x)-

Moreover, the KP control is size-summable and stable under differentiation in the external
parameter ¢: there exist 6 > 0 and constants Aj < oo such that for £ =0,1,2,

1
—k
S Ag(u) I = e (199)
(Here g?(us) is the renormalized coupling at the GF scale ju; the constants are uniform in a, L
at fixed s.)
Differentiating (198) twice and using (199) with k£ = 2 gives, for any ¢ € Dy g and u € E,

[(u, D*Vip(@)w)| < D [D*®sx(dx)l,, luxllie < A2g%(ns) D e !X lux][7..
XEeBs E XeBs kg

sup  sup Z ee‘XIHDkCI)&X(QﬁX)H

o
¢€D, 5 BEB. & x5B P

(200)
Step 3: Counting polymers and comparison with the Gaussian quadratic form.
Since I(X) = Upex I(B), we have the elementary bound

luxllZ: < ) lluslze.
BeX
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Therefore,

S e lux)Z, <0 >0 JusllZe Y e X

X@B&E BEBS,E X>B

Choose 6 > logo as in Lemma 18.95. Then Lemma 18.95 yields supg > y5p e Xl < 0y < o,

hence
S e ux)i < Co Y uslia (201)
X@BS’E BGBS,E

By quasilocality each coordinate index i € {1,..., N} belongs to only O(1) many I(B)’s (the
constant depends on the fixed block geometry at scale 75 but not on a or L), so there is a fixed
overlap constant C,, < oo with

Y luslz: < Covllul?a.
BeBs. E

Combining (200)—(201) gives
[(u, D*Vp(d)u)| < A2CyCoyg®(us) lullfz, ¢ € Dk (202)

Next, compare ||u||%2 to the Gaussian quadratic form. On the full lattice space, Ci*f =
(—Apg + M2~ < M21. Since C;CfE is the compression of C**f to F, the same bound holds on

E: CIf, < M1, hence
(u, Cithu) < M7?|lulZ: = (u, C5% " u) > M2 ||ul|72. (203)
uivalent ul|5, < - (u ~*u). Insert this into to obtain
Equivalently, [Jul|7. < M;?(u,Ci% u). 1 his into (202) to obtai
|[(u, DV, p(¢)u)| < AsCpCoy g*(ps) My ? (u, Ci5'u), ¢ € Dyp.

Define
g5 = Ay CyCoy g?(1s) M2,

and choose the RG/GF window so that €5 < % Then for all ¢ € Dy g and all u € E,
(u, C5" +DVap(@)u) > (1—es)(u, Ci5u) > (1—es) M7 [Jull72.

This is (195). The definition (196) is immediate.
Finally, if U, g is ks-strongly convex in the convex-analysis sense, then v, g is strongly
log-concave on GI directions with curvature > ks by definition. O

Lemma 18.86 (Strong convexity (possibly extended-valued) implies LSI). Let (E,(-,-)) be a
finite-dimensional real Hilbert space, E ~ RN, with norm ||z||? := (x,x) and Lebesgue measure
dx in an orthonormal basis. Let U : E — (—o0,00] be proper and lower semicontinuous, and
assume that U is k-strongly convex for some k > 0 in the sense that

x — U(z) — g |z||? s convex on E as an extended-valued function. (204)

Assume Z := [, e V@ dx < oo and set p(dz) := Z7 e V@ dz.
Then p satisfies the logarithmic Sobolev inequality with constant k:

But(£2) < = [ V@) duta) (205)

for every f € C*(E) such that [ f>du < oo and [ ||V f||*du < oo.

187



Proof. Set U(z) := U(z) — %||z||?, which is convex and lower semicontinuous by (204). Let
Qn(z) := Z||lz||* and define the Moreau-Yosida regularization U, := U0Q, by

One) = inf {U() + 5z~ ul}.

Then (7” is finite everywhere, convex, and C*! with Lipschitz gradient. Define U, (z) :=
Un(z) + %||z||?; then Uy, is finite everywhere and k,-strongly convex with k,, := 1 K as
n — oo.

Let ns be a standard mollifier on E and set U, 5 := Uy * 15. Then U, s € C*°(FE) and
D2Un75 > Ky 1 pointwise. Define p, s(dz) = Z;(%e*U"vé(m) dz. By the classical Bakry—Emery
criterion on R, fin,s satisfies LSI with constant p,:

KN
K+n

2
Bnty, (1) < = [ IV dpns

for every smooth f with [ f?dp, s < oc.

Fix such an f with [ f2dp < oo and [ ||V f]|?du < oo. Since U, s — U pointwise along a
suitable diagonal 6 = §(n) | 0 and n — oo, and since &, 1 &, the measures i, 5, converge
weakly to u and have uniformly controlled Gaussian tails (inherited from strong convexity). For
bounded f with compact support, both [ f? ditn 5(n)s | HVfHQdMn’(;(n) and [ f?log f? dfin.5(n)
converge to the corresponding integrals under u by dominated convergence. Approximating a
general f by truncation and cutoff (which preserves the finiteness assumptions) yields

2
But, () < = [ IVf2du.

which is (205). ]

Lemma 18.87 (Convex support and canonical strongly convex extension for standard GI
cylinders). Fiz s > 0 and a finite periodic box A. Let E ~ RN be a finite GI cylinder generated
by flowed GI linear coordinates ¢;(U) := AW (h;)(U), i =1,...,N, with test tensors (h;) as
in Lemma 18.83; in particular, after a linear change of coordinates each h; is supported on a
single plaquette and the supporting plaquettes are pairwise edge-disjoint. Let @5 : 2 — E be
the associated cylinder map and set

Kg = q)s,E(Q) Cc FE.
Let E™8 C E be the open set of reqular values of @5 g and write K% := Kg N E°8.

(i) (Convex support.) There exist compact nondegenerate intervals I; = [a;,b;] C R such
that
KE = Il X X[N.

In particular, Kg is compact, convex, and has nonempty interior.

reg

(ii) (Positivity on regular values.) For every x € Ky °, the Lebesgue density ps p(x)
from Lemma 18.84 satisfies ps p(x) > 0. Consequently v g is supported on K and
ve g (Kg®) = 1.

(iii) (Canonical lower—semicontinuous extension and strong convexity.) Let G5 g = N(0,C:<%)

and let Vs i be any Borel representative such that dvs g /dGs g = exp(—Vs.g). On ngg
set
Usp(z) = 3z, C% '2) + Vip(a),
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which is C*° on K5® by Lemma 18.8/. Define the extended potential U&E B — (—o00, 0]

by
) liggi%lf Use(y), z€Kg,
Usp(z) = { yekys
+o00, x §§ KE.

Then US,E is proper and lower semicontinuous, and it agrees with Us g vs p—a.e. on E.

Moreover, if the Hessian bound of Proposition 18.85 holds vs p—a.e. on E with curvature
ks >0, i.e.

(u, D*Us p(z)u) > ks llul2s forvsp-a.e. x € E and allu € E,

reg

then in fact the same inequality holds for all x € K;° and all u € E, and 1757E 18
ks—strongly convex on E in the convex—analysis sense, i.e. for all x,y € E and t € [0, 1],

_ — — K
Usp((l =tz +ty) < (1=)Usp() + tUsply) — FH1—1) |z =yl

Proof. (i) Convex support. By Lemma 18.83, the flow map @, : Q — Q is a diffeomorphism
and ®, g = ®g g o By (componentwise A (h) = AO)(h) o &), hence

Kp = &, 5(Q) = 0o ().

After the stated linear change of coordinates, each ¢;(U) = A©(h;)(U) depends only on
link variables in its supporting plaquette, and these plaquettes are edge—disjoint. Therefore
® g factors through a product of independent plaquette link variables, and its image is the
Cartesian product of the one—coordinate ranges:

N
Kp=]]1L, I :== ¢;(Q) C R.
=1

Each I; is compact (continuity and compactness of §2) and connected (continuity and connect-
edness of ), hence an interval I; = [a;, b;]. Since D®g g(1) has full rank (Lemma 18.83), no
coordinate is constant, so a; < b;. Thus K is a nondegenerate box, hence compact, convex,
and with nonempty interior.

(ii) Positivity on regular values. Let 2 € K}5®. Then ® .(z) # 0 and 2 is a regular
value, so by Lemma 18.84, 7

eiSB(U)

o x:Zfl/ H N ().
ps,p(T) = Zy 5 53 J,6(0) U)

The integrand is strictly positive on the fiber (since e™*# > 0 and Js g > 0 on regular points),
hence ps g(z) > 0. Since v, p < dr (Lemma 18.84) and Sard implies dz(E \ E*®) = 0, we
have vs p(Kj®) = 1. The support statement follows from Kp = @ ().

(iii) Proper Ls.c. extension and strong convexity. The function U, g is C*™ on K®
by Lemma 18.84. By definition, U& g is lower semicontinuous and dom(U& g) C Kg, while
Kp has nonempty interior, so Us g is proper. Also Kp \ K5® C E '\ E™# is dz—null, hence
vs, p—null, so US,E = U g vs,ga.e.

Assume now the Hessian bound holds vy g—a.e. Since ps g > 0 on K® by (ii), this implies
the bound holds dz—a.e. on K®. For fixed u € F, the map z — (u, D*U, g(z)u) is continuous
on K;® (smoothness), so the set where the inequality fails is open in K;®. If it were nonempty
it would have positive Lebesgue measure, contradicting the dx—a.e. validity. Hence the bound
holds for all z € Ki;® and all u € E.
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Fix z,y € K5* and define v(t) = (1 — t)z + ty. Since Kp is convex, ¥([0,1]) € Kg. On
the open set of ¢ for which y(t) € K® one has

d2

Tz Usp(h() = (y =2, D*Usp(v(t) (y = 2)) > ksl = y7a-

Integrating this one—dimensional inequality yields the strong convexity estimate
K
Usp((L =tz +ty) < (1=t)Usp(@) +tWsply) = St =) |z =yl (¢t €[0,1]).

Finally, K }fg is dense in K g (critical values have dx—measure 0) and U s,k is Ls.c. by construction,
so the same inequality extends to all z,y € K by approximation, and is trivial if either z or y
lies outside Kg. This is exactly ks—strong convexity of Us g in the convex—analysis sense. L[]

Corollary 18.88 (Preparatory input for LSI and clustering). With My < s V2 and e, < 1/2
fized as above, assume that for every finite GI cylinder E the extended potential U&E from
(197) is ks-strongly convex in the sense of (204), with ks = (1 — &) M2.

Then each v g satisfies a log-Sobolev inequality with constant

pE(s) > ks =< s

uniformly in a and L.
Consequently, connected two-point functions of GI flowed observables enjoy exponential decay
on the scale M7' =< /s and admit a finite-range multiscale representation via Theorem 18.82.

Proof of Corollary 18.88. Let E ~ RY be a finite cylinder of GI coordinates of the flowed
curvature at time s > 0 and let v5  be the induced measure. If needed, enlarge E' to a larger
finite GI cylinder E’ D FE of the standard type covered by Lemma 18.87; since all estimates
below are applied only to functions depending on the smaller coordinate set, working in E’ does
not change any conclusion and preserves all constants. For notational simplicity we continue
to write E.

By Proposition 18.85, vs g < dz and on the vs g-full open set Dy g we have Vs p € C*°(D; g)
and the lower Hessian bound (195); in particular D?Us p > ks 1g vs p-a.e. on Dgp with
ks = (1 —eg)M2.

Let U, s,z denote the canonical lower-semicontinuous extension on the convex support
Kpg = &, () constructed in Lemma 18.87. That lemma yields that US7E is proper and
ks-strongly convex (in the convex-analysis sense of (204)) in the Cameron-Martin inner product
on E. Therefore Lemma 18.86 gives the log—Sobolev inequality

2
Ent,o(f) € = [ IV/IR, dvas

for smooth f with [ f?dvs g < co. Thus pg(s) > ks > ¢ M2 with ¢ > 0 universal, uniformly
in F,a,L.

The LSI implies a spectral gap Ap(s) > pg(s) and exponential mixing for Lipschitz GI
observables in the finite-dimensional cylinder. Combining this with the y/s-locality of the
flow (Lemma 18.80) yields exponential clustering on the scale M, 1 < /s for flowed GI local
fields. The multiscale representation follows from applying the finite-range decomposition of
Theorem 18.82 to the reference covariance Crf. O

Remark 18.89. The finite-range decomposition of Theorem 18.82 is used only as a structural
input for cluster/polymer expansions and scale-wise energy estimates; strict convexity (Propo-
sition 18.85) provides the quantitative constants that will feed directly into the LSI and, via
OS reconstruction, the Minkowski mass gap in the next subsection.
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18.10 Uniform log—Sobolev inequality for the flowed GI measure

Fix a positive flow time s > 0 (in physical units) and work in the gauge-invariant (GI)
sector. For every finite-dimensional GI cylinder E C H, (spanned by finitely many flowed
GI linear coordinates), let v i denote the marginal law of ¢ := Proj; ¢. By Lemma 18.84
and Proposition 18.85, v, g is absolutely continuous with respect to the centered Gaussian
Gs,p 1= N(0,Ct%;) and admits a log-density

st,E
dGs g

(@) = exp(~Vap(®), Uspl®) = b, CF'2) + Vin().

Let Dy g C E be the attained regular set (194), so that v, p(Ds ) =1 and Vs p € C*°(Dy E).
Set K := ®, p(Q2) C E and let U& g be the canonical lower—semicontinuous extension on F
constructed in Lemma 18.87 (in particular, [787E = 400 on E\ Kg). Then (_]st is proper,
lower semicontinuous, and ks-strongly convex in the convex-analysis sense (204), with

ks = (1—e5) M2 >0, 206
( ) M

where g5 < % and M, =< s1/2 are independent of the lattice spacing and the volume. In

particular, there exist universal constants cpr, Cps > 0 (independent of spacing/volume) such
that
cpys V< My, < Cys V2 = ks > (1 —egs) C?\/l st (207)

CM geometry, gradients, and Dirichlet form. Let H; be the Cameron—Martin space of
Gs := N(0,C™), i.e. the completion of finitely supported GI test configurations under

(w,v)p, = (u, C o).

For a smooth cylindrical GI functional F(¢) = f((¢, h1),..., (P, hy)) with h; € Hs, set

VE(G) = S @) €He  [VE@I% = (VF(6), VE(@)n..

=1

If B is a spatial block, let Pg : Hs; — Hs denote the CM-orthogonal projection onto the
subspace supported in B, and write

VpF = PpVF, IVE|3, = (VBF, VEF)y,.
Define the Dirichlet form and entropy by
G
E,(F) = /\|VF(¢)||§{S dvs($),  Ent,(G) = /Glog(deV) dvs (G >0).

Theorem 18.90 (Uniform LSI at positive flow). Fiz s > 0 in the RG window of Proposi-
tion 18.85. Then there exists a constant

p(s) =2 ks = (1—g5) M52 > (1—e5) s
such that, for every smooth cylindrical GI functional F,
Ent, (F?) < —— &(F). (208)

The bound is uniform in the lattice spacing and the volume (with s fixed in physical units).
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Proof. Step 1 (finite-dimensional reduction). Given cylindrical F', choose a finite-dimensional
GI subspace E C H, with F(¢) = G(¢E), ¢ := Projg ¢. Let vs g be the pushforward of v,
to F.

Step 2 (LSI on E from a proved strongly convex extension). By Lemma 18.87, the marginal
Vs i admits a proper lower-semicontinuous extended potential U, s, E— (—00, 00| which is
ks-strongly convex in the convex-analysis sense (204) in the Cameron—Martin inner product
on E. Therefore Lemma 18.86 applies and yields

2
Ent,o(6%) < — [ IVeg@), dves)

for all smooth g with [ ¢*dv, g < oc.

Step 3 (identification and lifting). Taking g(z) = G(z) with x = ¢, we have |[Veg(z)[F, =
IVF(¢)|l3,,- Since F depends only on ¢, both sides integrate identically against vy and vs p.
Therefore (208) holds with p(s) = ks, and the lower bound on p(s) follows from (207). O

Remark 18.91 (Core and metric). Cylindrical GI functionals are dense in L?(vg) and form a
core for E; the inequality extends by closure. The CM geometry entering &, is fixed by CIf,
but the LSI itself relies on the ks-strong convexity of the extended potential (_]37 g. Finite range
(Theorem 18.82) is not needed here and is used later for decay and multiscale arguments.

18.11 Scale-wise tensorization and stability under localized interactions

We now supply the quantitative step announced after Theorem 18.90: a scale-wise, polymer-
norm criterion ensuring that the log—Sobolev constant is stable under localized interactions.
Throughout, fix a block scale parameter L > 2 and use the finite-range decomposition (FRD)
of Theorem 18.82 for the reference covariance C*f = (—Ap + M2)~" with M, < s~1/2 (cf.
Proposition 18.81).

Definition 18.92 (Blocks, polymers, and polymer norm at scale j). Let rj := cp 2J be the

gs) in Theorem 18.82. Partition Z* into j-blocks B of side comparable to Tj

(choose a regular partition so that every FE»S) connects points in the same block or in neighboring
blocks only). A polymer is a finite connected union X of j-blocks; write |X| for its number of
blocks and diam(X) for its graph diameter in j-block units.

For a family {W;(X,-)}x of local functionals, define the seminorm

01| W5 (X, ) llose, x

finite range of I'

[Willp, = sup e 7
J 1B B ng:B |X|
where
||F||OSC,X = sup |F(¢) - F(¢)|
¢|Xc;¢\xc

(oscillation when the outside X€ is frozen). Here > 0 is fixed and B ranges over all j-blocks.

Remark 18.93 (Base measure at scale j and its LSI). The FRD of Theorem 18.82 produces a
decomposition of the reference Gaussian law into independent j-scale fluctuations. Accordingly,
define the base measure (i, ; as the product over j-blocks of centered Gaussians whose Cameron—
Martin geometry is induced by I‘gfg) (equivalently: by Cr*f restricted to j-blocks with Dirichlet
projection at range ;). The following Gaussian LSI is uniform in the volume and in j.

Lemma 18.94 (Gaussian block/product LSI). Let p, ; be as above. Then, for every cylindrical
F,

2
Phbase (3)

Ent/"‘s,j (F2) S

S [IVsFl diese prasels) = M2 = 57 (200)
B
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with a universal constant ¢ > 0 independent of the lattice spacing, the volume, and j.

Proof. Fix a block B and consider the B-marginal p ; g of f15 ;. By construction (FRD and
the Dirichlet projection at range r;), the covariance of y ; p is comparable, in the H -metric,
to the Green function of —Aj,; + M2 on B with a Dirichlet boundary at distance of order Tj.
The corresponding precision (Hessian of the quadratic potential) is thus comparable to the
operator —Ay,y + M, 52 with Dirichlet boundary.

The spectrum of —Aj,; is nonnegative and adding the mass term M2 shifts it by M?2.
Imposing Dirichlet boundary conditions can only increase the eigenvalues, so there exists ¢ > 0,
independent of j and of the volume, such that

—Ajg + M? > cM?

as a quadratic form on the B-CM space. For a centered Gaussian measure with quadratic
potential %(d), A¢) and Hessian A, the Bakry—Emery criterion yields a log-Sobolev inequality
with constant equal to the smallest eigenvalue of A (with respect to the underlying Cameron—
Martin norm). Applying this with A comparable to —Ay,; + M2 shows that the single-block
LSI constant satisfies

pPB = CMs2a

where the H-norm in the Dirichlet form coincides with the CM norm associated with Cf.
Since pis 5 is the product of the us ; p over blocks, tensorization of the log-Sobolev inequality
for products (with respect to the block-wise gradient V) yields (209) with

Phase(s) = i%pr > cMsz. O

Lemma 18.95 (Counting connected polymers by size). There exists Cy < oo (depending only
ond =4, 0, and the block adjacency) such that, for every j-block B,

S e ?Hx| < ¢y
X>B

Proof. Let A, (B) be the set of connected polymers X > B with |X| = m. A polymer is
a finite connected subset of the adjacency graph of j-blocks, so each X € A,,(B) admits a
spanning tree with m — 1 edges. Encoding such trees as self-avoiding paths with bounded
branching, one obtains a standard lattice-animal bound (see, e.g., Grimmett) of the form

#An(B) < o™

for some o < oo depending only on the dimension and the adjacency.
Therefore

S e x| = Y e m#AL(B) < D m(ce )™,

X>B m>1 m>1
The last series converges provided 6 > logo. Setting Cy to be its value gives the claim. O

Lemma 18.96 (Blockwise oscillation bound). Let W; be a polymer functional with ||Wj|lp, <
dj. For each j-block B and every outside configuration ¢pe, the effective interaction on B,

U, p(-;bpe) = Z W;(X, - U ¢pe),

X>B

satisfies
oscp(V;B(-;¢pe)) < Cydj,

with Cy as in Lemma 18.95, uniformly in ¢pe and in the volume.
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Proof. By definition,

OSCB(\Ijj:B) < Z HW]'(Xv')||osc,X'
X>B

The polymer norm bound gives

W5 (X, losex < 651 X] e,

SO
oscp(U;p) < §; Z | X| e Xl < ¢ d;
X3B
by Lemma 18.95. This is uniform in ¢ and in the volume. O

Lemma 18.97 (Holley-Stroock for block conditionals). Let v ; be given by
dvsj(8) = 25} exp( = D Wi(X,0)) dpsi(0)
X

with ||Wj|lp, < 9;. For each j-block B and every outside configuration ¢pe, the conditional
law vs j(dop | ¢Be) satisfies the LSIT

Ent(F2 ( ¢BC) < 2 ) /HVBFH%_[S Vs i (dép | dpe),

ploc(sa 6j

with a uniform local constant

Ploc(& 5]) > eng % pbase(S)-

Proof. Fix ¢gc. The conditional density on B has the form

vs,j(dop | ¢pe) o exp(—V;p(dp;dpe)) ps;B(ddB),

where pi5 ; g is the B-marginal of i ; and ¥; p is as in Lemma 18.96. Thus the Radon-Nikodym
derivative dvs ;(- | ¢pc)/dps ;B is bounded between e=%8(¥)B) and 2°8(¥)5),

Let pB = prase(s) be the single-block LSI constant for jis j p from Lemma 18.94. The Holley—
Stroock perturbation lemma for log—Sobolev inequalities with bounded potential oscillation
states that if ji is obtained from p by multiplying its density by e~V with osc(U) < L, then fi
satisfies an LSI with constant at least e~ %p, where p is the LSI constant for p. Applying this
to ps ;B and U = ¥; g, and using Lemma 18.96, we obtain

ploc(57 6]) > eioscB(lIlj’B) PB > eiceaj pbase(8)7

uniformly in ¢pc. Expressed in terms of the Hs-gradient, this yields the stated conditional
LSIL O

Lemma 18.98 (Entropy chain rule along a block filtration). Let v be any probability measure
on a product space (I15Qp,F) and let Gp := o(ppe) be the o-algebra generated by all variables
outside block B. Then for any nonnegative H € L(v),

Ent,(H) < Y E,[Ent(H | Gp)].
B

Proof. First work in finite volume, so that the set of blocks is finite; the infinite-volume case
will follow by monotone convergence. Enumerate the j-blocks as (Bk)szl and set

fk::a(¢3k+1,...,¢BN), k=0,...,N,
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with Fg = F and Fy the trivial o-algebra. For a nonnegative H, recall that
Ent,(H) = EJ[HlogH| — E,[H]logE,[H].

By the chain rule for relative entropy along the filtration (F), one has
Ent, ( Z E,[Ent(E, [H | Fia] | Fe)|.

(For instance, this follows by viewing H/E,[H] as a density and applying the usual martingale
decomposition for the relative entropy of this tilted measure with respect to v.)
For each k, we now compare the conditional entropies

Ent(E,[H | Fy—1] | Fr) and Ent(H | Fy).

Let Gy :=E,[H | Fi]. Then E,[H | Fx_1] = E, |Gk | Fr—1], and by Jensen’s inequality for the
convex function u — ulogu,

EV[G]C log G | ]:k:—l] < EV[H log H | ]:k—ﬂ .

Taking conditional expectations with respect to Fj, C Fi_1, and using that E,[H | Fx] = Gk,
we obtain

Ent(E,[H | Fr—1] | Fx) < Ent(H | F).
Taking expectations and summing over k yields

Ent,(H) < f:E,,[Ent(H|}“k)].
k=1

Finally, each F}, is contained in Gp,, so by conditional Jensen again,
Ent(H | ;) < Ent(H | Gp,).

Combining the last two displays gives

N
Ent,( Z JEnt(H | Gg,)],

which is the desired inequality in finite volume. Passing to the infinite-volume limit by monotone
convergence completes the proof. O

Theorem 18.99 (Scale-wise LSI stability under localized interactions). Assume Theorem 18.82
(FRD) at mass M, = s~ /2 and let s be the j-scale base measure. Consider

dvej(@) = Zg) exp(— D WiX,0))dpuoi(9),  IWillp, < 6

XeP;

where Pj denotes the family of connected j-polymers (finite connected unions of j-blocks from
Definition 18.92). Then there exist constants c1,ca € (0,00) depending only on (d,0) such that

Ent

(F?) <

Vs,j

S [IVsFI, dvage plsid) = cre =M (210)
B

In particular, if sup; 6; < 6. is small enough (depending on d,0), then inf; p(s,j) =< s+,
uniformly in the volume and in the lattice spacing.
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Proof. Apply Lemma 18.98 with H = 2 and v = Vs,j to obtain

Ent,, (F?) < Y E,, [ Ent(F? | ¢5e) |.
B

For each block B and each fixed ¢pe, the conditional measure v, j(d¢p | ¢pe) satisfies, by
Lemma 18.97,

Ent(F?|¢pe) <

2
o [ C
Ploc(8,0;) /HVB 134, V5,5 (doB | dBe),

with
Ploc(saéj) > 6—096]- pbase(s)

uniformly in ¢pe. Integrating this inequality over ¢pe with respect to v ; and summing over

B yields
| Z/||VBF||;S dve,.
B

Using the lower bound ppase(s) > ¢ M2 from Lemma 18.94, we obtain (210) with ¢; = ¢ and
co = Cy. O

2

Ent,, (F?) <
' pbase(s

o—Co0;

Corollary 18.100 (Uniform spectral gap and scale-wise stability). Under the hypotheses of
Theorem 18.99,
1

Var,, . (F") < -
a5 p(s,7)

S [IVF vy plsid) = e a2,

B

so the Poincaré/spectral gap is uniform across volumes and scales whenever sup; 0; is bounded,
and quantitatively comparable to the base M2 if 0; < 1 uniformly in j.

Proof. The Poincaré inequality is a standard consequence of the log—Sobolev inequality. Apply
(210) with
F, = 1+¢e(F —vs;F),

expand Ent,, ;(F2) and the right-hand side in powers of ¢, and compare the coefficients of &2
as € | 0. This yields

> [I9FIR, dv.

B

with the same constant p(s,j) as in (210). The lower bound on p(s,j) follows from Theo-
rem 18.99. [

1
p(s,7)

Var,, ;(F) <

Remark 18.101 (What this accomplishes in the paper). Theorem 18.99 supplies the quantitative
step used after Theorem 18.90: the LSI at fixed positive flow is stable scale-wise under localized
(polymer) couplings generated by the FRD. Together with the heat-kernel quasilocality in
Lemma 18.80 this yields the uniform, flowed exponential clustering of Corollary 18.103 and
propagates to the unflowed theory in Section 18.19.

Corollary 18.102 (Spectral gap and stability under weak inter-scale couplings). The LSI
(208) implies the Poincaré inequality
1
Var, (F) < T)gs(F) (eylindrical F).
p(s

Moreover, using the finite-range decomposition of C* (see Theorem 18.82), write vs as an
iterated perturbation of a product over dyadic scales j with polymer activities W; satisfying

196



[Willgy < 65. If sup; 05 < 0« is small enough (depending only on d, ), then iterative application
of Theorem 18.99 (scale by scale) and tensorization shows that the full flowed measure v
satisfies an LST with

pls) > eM? = s,

with a constant ¢ > 0 independent of the lattice spacing and the volume (for fized s).

Proof. The first statement is the standard consequence of LSI, as in the proof of Corollary 18.100,
now with vg and its Dirichlet form &;.

For the stability statement, decompose the reference Gaussian across scales by FRD at mass
M. This yields a representation of the base law as a product over dyadic fluctuation scales j,
and the flowed measure vs as an iterated perturbation of this product by localized polymer
interactions W; at each scale. At the j-th step, the perturbation has polymer norm ¢;, so
Theorem 18.99 applied at that scale shows that the LSI constant is reduced by at most a factor
¢©0%5) uniformly in volume and lattice spacing, while preserving the M 82—scaling inherited from
the Gaussian reference.

Because the FRD has finite range both in space and in the scale index, only finitely many
neighboring scales interact in the construction of vs from the base product. If sup; d; < d, is
sufficiently small (depending only on d, @), the product of the factors ¢905) over the finitely
many relevant scales is bounded by a universal constant, so a uniform positive fraction of the
Gaussian LSI constant cM?2 survives along the entire iteration. This yields the stated uniform
lower bound on p(s). O

Corollary 18.103 (Flowed exponential clustering). Let A®)(x) and B®)(y) be bounded GI
observables built from F(s) and its covariant derivatives, and set R := dist(x,y). Then there
exist C,a > 0, independent of lattice spacing and volume, such that

< Ce MR M, = s~1/2,

Vs

| (AO(z) B (g))™

Proof. Work at finite volume (periodic boundary conditions), and pass to the infinite-volume
limit by monotone convergence at the end.

Step 1 (Brascamp—Lieb covariance bound under GI strict convezity). Write the flowed GI
measure at time s > 0 as

dvy() o exp(— 3(9,Ci 1) — Vi(0)) do,

where Ctf = (= A + M2)~! with M, = s~1/2 (cf. Proposition 18.81). By Proposition 18.85
there exists e, € [0, %) such that, in quadratic-form sense,
CT 4+ DVi(g) > (1—e)C (Vo). (211)

In particular the Hessian of the total potential is bounded below by (1 — &) C:f~1. The
Brascamp—Lieb covariance bound for log-concave measures with such a uniform lower bound
on the Hessian then yields, for smooth cylindrical F, G,

[Cov,, (F.G)| < / (VE, C VG du. (212)

— s

Step 2 (Quasilocal sensitivities of flowed GI observables). Let {¢(z)},cza be GI linear
coordinates. By flow locality and uniform L2-moment/Lipschitz bounds (see Lemma 18.80
and Proposition 13.2), there exist constants ¢y, Cp < oo (independent of lattice spacing and
volume) such that

_ ==yl

_lz—a|
Ha(b(z)A(S)(x)HLQ(VS) < Cpe <0vs, Had,(z)B(S)(y)Hm(Vs) < Cpe covs. (213)
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This expresses the fact that the influence of the coordinate ¢(z) on the flowed observables
decays exponentially in the distance |z — z| or |z — y|, on the natural diffusive scale /s.

Step 3 (Yukawa decay of the reference covariance). By the finite-range decomposition
of C**! in Theorem 18.82, together with standard comparison between the discrete operator
—Apt + M2 and its continuum counterpart, there exist constants C7, a; > 0 such that

0 < C*f(z,2) < CreMsl=2Ip=2 (2, 2). (214)
This is a Yukawa-type bound; note that the prefactor M ? is harmless for us since M, < s1/2
is fixed throughout the argument.
Step 4 (Convolution estimate and exponential clustering). Apply (212) with F = A()(x)
and G = B®®)(y), expand the inner product in the ¢(z)-basis, and use Cauchy-Schwarz together
with (213)—(214):

1
[Covi, (AP (@), BO )] < 5= (20 10594 @) | ag,,y 10560 B W),
z,2'
Cgcl -2 _lz=zl —a1 Mg|z—2' 7@
S pop MY e v el ey

2,2’

Using Mg = 5_1/2, there exists ¢; > 0 such that

_le—a| )

e covs < e—c1M5|z—x|’ e covs < e—aMs|z'—yl

Hence, up to adjusting constants,

_lz==] B

§ e covs e*alMs|Z*Z/| e Vs < ZefC1Ms|zfz| efalMS\zfz’\ e*C1Ms\Z’*y\‘

z,2! z,2!

Factor out M, and denote 3 := ¢1 My, v := a1 M. A standard discrete convolution estimate
for exponentials on Z* shows that for some constant ¢’ > 0 and some o € (0, min{cy, a1 }),

— — — _/ — ,_ — —
Ze Ble—al g=vlz=2| o=Bl'—yl < O g—alz—yl,

z,2!
For completeness, this follows by first bounding

Ze—ﬂ\z—w’\ e~ M= < ot o= min{By}lz—2|
z

uniformly in 2’ (a discrete triangle-inequality argument), and then convolving once more with
=Bz —yl
e .

Combining the above bounds, we obtain
|Cov,, (A¥)(2), B¥) (y))| < C e Melevl

for suitable C, a > 0 independent of lattice spacing and volume. Since the connected correlation
(A®)(2)B®)(y))e"™ equals this covariance, the stated exponential clustering follows with
R=|z -yl O

Remark 18.104 (Transport down the flow). Corollary 18.103 yields quantitative control at any
fixed positive s. In Section 18.19 we transport these bounds down the flow (and across RG
scales) to s | 0 inside the constructive window, obtaining unflowed exponential clustering and,
via OS reconstruction, the Minkowski mass gap and one-particle shell used in Haag—Ruelle/LSZ.
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18.12 Exponential clustering and nonzero residues from first-principles
criteria

We now give a first-principles route to exponential clustering and to a nonzero one-particle
residue. The logic is: a uniform, finite-volume spectral /mixing inequality on a single Euclidean
time slice = exponential decay of connected two-point functions in the OS continuum limit;
then a constructive spectral filter produces a GI operator with nonzero overlap onto the lightest
scalar excitation; finally OPE/matching transfers this to standard local generators such as
tr(F?).

Transfer matrix and the time-slice Hilbert space. For each lattice (a, L) with time
reflection © : xg — —xg, RP implies the Feynman—Kac—Nelson construction of a time-slice
Hilbert space H,, 1, and a positive self-adjoint transfer matriz T, ; with ||T5 || = 1 such that
Tor = e~ oL for a positive self-adjoint H, 1 and, for t € aN,

(s Bagroy(A) Qar) = (AQr, T BQur)u (215)

a,L?

whenever A, B are (bounded) functionals of links supported in the half-space {zp > 0} and
invariant under gauge transformations and the residual spatial translations.

Lemma 18.105 (RP = transfer matrix). For nearest-neighbor, reflection-positive gauge
actions on compact G, the construction above holds for any bounded, gauge-invariant observables
localized at nonnegative times. Moreover, T, 1, is positivity-preserving and §q 1, s its unique
(up to phase) invariant vector.

Proof. Let 2, be the x-algebra of bounded, gauge—invariant cylinder functionals supported
in the half-space {z¢p > 0}. By reflection positivity (Lemma 5.2 and Proposition 5.3), the
sesquilinear form

(A7B)9 = <QG,L7 @(A) BQG,L>7 AaB S Ql-i—v

is positive semidefinite. Quotienting by the null space N' = {A € 2, : (A, A)o = 0} and
completing gives a Hilbert space H, 1; we denote the class of A by [A] and the vacuum by
Qo1 = [1].

Let 7, be the time-shift by one lattice step and write a;4,0) for the corresponding (imaginary-
time) automorphism. Define T, 1, on the dense set {[A] : A € A, } by

Ta,L[A] = [a(ia,O)(A)]‘
This is well-defined: if A € N, then for any B € 2,
(a(ia,O)Av B)@ = (A> a(—ia,O)B)@ =0,

since (A, A)g = 0 implies (A4, C)g = 0 for all C' by Cauchy—Schwarz for the positive form (-, -)eo.
Hence ajq,0)A € N.

The same covariance relation © o a0y = ®(_jq,0)©© and time-translation invariance imply
symmetry on the dense domain:

(To,[A], [Bl)o = (a(ia,04; B)e = (A, a0 B)e = ([A], Ta,L[B)e-

By the standard Feynman—-Kac—Nelson/OS reconstruction for nearest—neighbor RP lattice
actions, Tj, 1, extends to a bounded self-adjoint contraction with 0 < Tj, 1, < 1 and ||T, || = 1,
and there exists a positive self-adjoint generator H, ; > 0 such that

Tor = e~ Ha,rL
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Moreover, for t € aN and A, B € 2, one has the transfer identity (215).

Positivity preservation holds on the natural OS positive cone because Tj, 1, is induced by
time translation on 24 and OS positivity.

Finally, Q, 1, is invariant since 15, 1€, 1, = €4, 1. In finite volume the transfer operator has a
strictly positive integral kernel on the gauge—fixed configuration space (nearest—neighbor action
with positive Boltzmann weights), hence T, 1, is positivity improving. By the Krein-Rutman
(Perron—Frobenius) theorem for positivity improving compact/self-adjoint operators, the top
eigenvalue ||T; || = 1 is simple, so the fixed space of T, 1, is one-dimensional and is spanned
by €. 1. This yields uniqueness (up to phase) of the invariant vector. ]

A first-principles spectral/mixing criterion. We isolate a quantitative, single-slice
criterion that can be attacked by convexity (Brascamp-Lieb), Dobrushin—Shlosman, or chess-
board/cluster expansions. It is stated directly in terms of the conditional expectations on the
time-zero slice and is preserved under the gradient flow at positive physical radius.

Half-space support for flowed time—zero functionals. The OS/DLR, transfer identities (in
particular (215)) apply only to observables with genuine half-space support at the level of the
underlying (unflowed) lattice links. Since the standard lattice gradient flow is only quasilocal
in Euclidean time (Gaussian tails at scale \/s0), a raw flowed time-zero insertion need not
belong to A .

Accordingly, throughout this subsection we fix a half-space compatible boundary representa-
tive of the flowed time-zero variables: given an underlying link field U, define U™ by Ut = U
on {zp > 0} and U™ = Uy on {xg < 0} for a fixed reference configuration Uyer. Let ®(so;-)
denote the chosen (standard) flow evolution at time sg, and set

O = (s0;U )|, 0y

Then every bounded functional F(®{) depends only on links in {zg > 0}, hence F(®7) € 2
and the OS/DLR transfer identities apply.

Remark. This half-space compatible representative is introduced solely to provide a boundary
generating family to which transfer/Markovian identities apply. No identification with the raw
flowed boundary variables is assumed.

Proposition 18.106 (Uniform time-slice mixing on the boundary GI sector). Fizx a positive

flow time sop > 0. Let u,ES) be the (finite—volume) time—zero Gibbs/OS marginal of the (flowed)
boundary variables ®g at flow time so (in the half-space compatible sense above), and define
the boundary GI subspace

A = span{ F(®0) Qur 2 F e L2WY), E0F =0} C Har.
S0

Then there exist constants pmix = pmix(S0) > 0 and Cpix = Chix(S0) < 00, independent of
(a, L) along the GF tuning line, such that

H E(fb,L) e—tHa,L E(lalz < Clix e~ Hamixt (Vt > 0)

)H%GI_}%GI

Moreover, at the discrete block times t = n(aw) with

one may take Cpix = 1.
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Proof. Step 1: Block transfer on the time slice. Let K be the one-step Markov operator
advancing observables on the time-zero slice by one Euclidean time block of thickness aw (with
w = w(sp) < y/50/a in the block—transfer construction). By the support convention above,
F(®g) € 2, for every bounded functional of the time-zero flowed GI variables, hence the
OS/DLR transfer identity (215) applies. For bounded mean—zero F,

<QQ7L, F((I)o) a(it70)(F(<I)0)> Qa,L> = <F, ICnF>L2(V§g))’ t= n(aw), n € N. (216)

Moreover, K is self-adjoint and Markov on LQ(ygg)) (reversible w.r.t. u§8)).
Step 2: Uniform L? contraction on mean—zero functions. By Lemma 18.113 and the
contraction estimate (223), there exists v = v(sg) € (0,1), uniform in (a, L), such that for

every mean-zero F',
Step 3: Discrete-time exponential mizing on L. Let A = F(90)Qq1 € AT with
(Qq,1,A) = 0. Using (216) at time 2t = 2n(aw) and self-adjointness of K,

He_tH“*LAHQ _ <A, e—ZtHa,LA> _ (F, ]C2nF> ) — H/CnFHQZ < 72n HAH2

L2(V§8)

Hence ||e~ta.r A|| < 47| Al for t = n(aw). Taking the supremum over such A yields

L — L
||ET ) emtHa ET )|‘%GI_>%GI < " (t = n(aw)).
With )
. |logy™|
i =

this is v = e Hmix! at the discrete times, i.e. the bound with Cpix = 1 on aw N.
Step 4: Continuous—time interpolation. For general t > 0, set n = [t/(aw)]. By semigroup
property and contractivity,

e~ et A = ]~ et gnled s 4| < oot A < 47 A].

Since n > t/(aw) — 1, we have 4 < y~le7Hmixt 5o the bound holds for all ¢+ > 0 with

Chix == 771~
~1/2

Here v (hence Chix) depends only on sg, while pimix is a mass scale of order (aw)*1 = 5,
by construction. On the GF tuning line normalized by g&p(1) = wuo at p = (8s9)~ /2,
Definition 18.68 fixes 11/Agp; this ties the decay exponent to Agp rather than to an arbitrary
flow—time choice. O

18.13 Approach-independence assumptions

Assumption 18.107 (RP/local GI universality class of lattice regularizations). Fix a flow
scheme as in Theorem 18.11 (common continuum heat-kernel/gradient flow, with lattice
implementations that are O(a?) accurate at each fixed s > 0). Let R be a class of gauge-
invariant, reflection—positive, hypercubic (H(4)) lattice regularizations indexed by r € R
with actions SC(LT) and (if present) gauge—fixing chosen along the respective GF tuning lines
a — B (a), such that:

(R1) Same target continuum theory (GI sector). Each St s GI, local, H(4) and CP
invariant, and has the same naive classical continuum GI Lagrangian density. Along the
tuning lines a — 3" (a), the renormalization convention used to fix the continuum scale
(e.g. the reference gradient—flow coupling at the scale p entering Definition 16.2) is the
same for all r € R, so all r target the same continuum GI theory.
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(R2) Reflection positivity and locality. For every r and (a, L) the finite-volume Gibbs/OS
measures are reflection positive. Interactions are finite range (or exponentially de-
caying) uniformly in r, and the corresponding GI local functionals obey the uniform
locality /moment bounds at fixed flow sy > 0 as in Lemma 18.132.

(R3) Positive-flow O(a?) improvement (quantitative). For each r and fixed so > 0,
the n—point flowed GI Schwinger functions admit the O(a?) improvement estimate of
Theorem 15.9 with constants uniform in r and in the volume.

(R4) Time—slice mixing at fixed flow. The boundary time-slice mixing estimate of
Proposition 18.106 holds at the same fixed flow sy > 0 with constants fimix(50), Cmix(So0)
that are uniform in r and (a, L) (along the GF tuning lines).

(R5) Common renormalization scheme. The admissible linear renormalization conditions
of Definition 16.2 (the functionals Ny, Ny and the reference scale pg) are the same for all
r € R. The lattice implementations of the flow used to define the flowed counterterms
c}(s) approximate the continuum flow with O(a?) accuracy at fixed s uniformly in 7.
Scope. Assumption 18.107 is an optional universality /approach—independence input: it is
invoked only in statements whose conclusion explicitly compares distinct regulators r, 7" € R
or asserts regulator-independence of continuum objects across R (see Section 18.13 below). It
is not used in the Wilson-only existence/uniqueness construction of the GI sector nor in the

Wilson-only mass-gap chain (see Corollary 18.108).

Dependency graph (use of Assumption 18.107).

o Results that use Assumption 18.107 (regulator—independence only). The-
orem 10.15, Theorem 16.9, and Corollary 16.8; more generally, any statement whose
conclusion asserts approach—independence across R (e.g. equality of continuum OS data,
counterterms, or Wightman fields obtained from two different r’s) uses Assumption 18.107.

* Results that do not use Assumption 18.107 (Wilson-only core claim). The
Wilson construction and OS/Wightman/HK reconstruction developed in Section 18.8,
the boundary time—slice estimate Theorem 18.115, and the infrared consequences Theo-
rem 18.121 and Corollary 18.124 (and, when invoked, Theorems 17.28 and 17.29). In
particular, the Wilson-only existence and mass gap statements are unconditional with
respect to Assumption 18.107.

Corollary 18.108 (Wilson-only existence and mass gap (no universality input)). Let S be

the (reflection—positive) Wilson nearest-neighbor gauge action, equipped with the flow scheme
of Theorem 18.11 and the renormalization conditions of Definition 16.2. Then the Wilson-only
construction of the continuum GI sector and the mass-gap conclusion follow from the Wilson
analysis in Section 18.8 together with Theorems 18.115 and 18.121 and Corollary 18.124. No
step in these arguments invokes Assumption 18.107; the latter enters only when passing from
the Wilson base case to regulator—independence statements across *R.

18.14 Uniform time—slice mixing at positive flow

Fix a physical flow time sy > 0 and work along the GF tuning line. Let v, denote the flowed,
gauge-invariant (GI) Gibbs measure at time sg on the lattice volume A, 1. By Proposition 18.85
(strict convexity on GI directions) and Lemma 18.80 (Gaussian quasilocality at scale \/sg), we
can block the Euclidean time direction into macro—slices of thickness

w = [c ‘/%W eN (¢ > 1 universal).

a
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At this block scale, the effective action is quasilocal in the time-block index (Gaussian off-
diagonal decay of mixed block derivatives; cf. Lemma 18.109).

For bookkeeping we split the block potential into a strict nearest—neighbor part and a
quasilocal remainder:

Us (D) = UZH(D) + Vio(®), U ZU B+ Y Wil(®), @), (217)
li—kl=1

where U 8301 is the genuine nearest-neighbor truncation and V, is the tail error, both defined
and estimated in Lemma 18.109 (in particular (221)).

Lemma 18.109 (Block Hessian bounds). Fiz the physical flow time so > 0 and block thickness
w = [cy/so/a]. There exist constants ci,ca,c3 > 0 (depending only on sg) such that for all
blocks j, k:

D%jq)jUSO > ¢ K 1, HDéjq)kUsoH < coRgy Jor|j—k|l=1,

and for |j — k| > 2 one has the Gaussian tail bound

(17 = b = 1)* w’a?
: )-

50

IDF,0,Usoll < c2 5 GXp( —c (218)

Here kg, < sal s the GI convexity modulus from Proposition 18.85. In particular, the long—
range block couplings are summable and exponentially small in the slice—thickness parameter
c:

| D} ,
sup Z | S ®e 700 il < Ce_CCQ, (219)
K
T lk—jl>2 %0

for some constants C,c’ > 0 depending only on sq.

Moreover, fiz once and for all a reference configuration ® (e.q. the trivial configuration)
and define a genuine nearest—neighbor truncation Us%l by freezing all blocks outside a two—slice
window chosen pointwise in each flowed local density.

Concretely, write the flowed action as a sum of translated flowed local densities,

) = Zu50,$<¢))
let j(x) denote the macro—slice index of the site x, and define a half-slice selector

{—, o < (](.%') +

+, x> (j(z) +

o(x) = Jwe,

N D=

Jwa.

Define the two projections ngl’_ and HJ.SLJF on configurations by

(15, = {% Leli=Lit  (peicg, - {‘1% (e {j,j+1}
ot ¢ {j—1,5}, ! ot ¢ {4,541}
and set -
<1 <1 U(:E) <lo . IT= ’_7 g =,
Us Zuso, ®), IV = {ngl,+7 L (220)

Then Ug; =1 has strict nearest-neighbor range in the block variables:

D3 <I>kU<1 whenever |j — k| > 1.
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Moreover, the remainder Vs, := Uy, — Ut satisfies the uniform Hessian error bound

/.2

SUEIID%MVSOII < Chge“7, (221)
Js
for some constants C, ¢’ > 0 depending only on sq.

930 = SupH Dq) CD U<1) <I> q)Ji1U<1( CDJ,USS()l)iE < l (222)

Proof. Fix sg > 0 and w = [¢y/s0/a]. Write r := /sq for the physical localization radius and
R :=r/a in lattice units.

Step 1: Quasilocal (Gaussian) decay of block—block Hessians. Lemma 18.80 gives Gaussian
localization for linear flowed curvature functionals. Applying the same heat-kernel/Duhamel
localization mechanism to the first and second variations of flowed local densities (and using
uniform bounds on derivatives of flowed locals from Proposition 13.2) yields the standard
extension: mixed second derivatives between degrees of freedom separated by distance d carry
a Gaussian factor exp(—d?/(Csp)) (parabolic scaling, as in Lemma 18.80). Summing these
bounds over the local terms in the flowed action and taking operator norms gives

dlSt(B7Bk.)2
||Dc21>j<IDkU8()H < Cﬁso exp< — C—JSO)’

where dist(Bj, By) is the minimal physical Euclidean-time separation between the macro-slices

Bj and By. If |j—Fk| > 2, then dist(Bj, By) > (|j —k|—1) w a, which yields (218) after renaming

constants. Summability (219) follows from the Gaussian series bound 3~ exp(— ém?c?) <

Ce @<,
Step 2: Truncation to a genuine nearest—neighbor interaction. Define USSO1 by (220). By

construction, each summand ug, I(H;(i)a @ g ®) depends on at most two consecutive block

variables: either (®;(,)—1,®j(x)) or (®j(z)s ®j(z)+1)- Hence DF <I>kU<1 = 0 whenever |7 —k| > 1.
Set Vi, := Uy, — Uz, Fix 2 and write I, for the pair of active block indices in (220),
ie. I, ={j(z) — 1,j(z)} if o(z) = — and I, = {j(z),j(z) + 1} if o(x) = +. Then the only

<l,0(x)
P

J(z)
{®;: ¢ ¢ I,}. By the mean value theorem in the frozen variables, for any j, k € I,

difference between ug, 5 (P) and wug, (I ) lies in the values of the frozen block variables

D30, tiso.2(®) — D3 g, t1s (115577 ®) = / D} g, s (D1) [@f — @] dt,
041,

where ®(®) interpolates between ® and Hg(1 )0 @ g by moving only frozen blocks. Compactness

gives a uniform bound on || ®, — &It

By the higher-order heat-kernel localization mechanism underlying Lemma 18.80 (applied
to flowed local densities), the third derivatives D3us, , inherit Gaussian decay in the physical
distance from the anchor point x to the perturbed block /¢ at scale ,/sg. In particular,

dist(z, Bg)Q)

sup HD%ka@uSo,r(@)H < Ckg, exp( —c
@ 50

with dist(x, By) the physical Euclidean-time distance from z to the macro-slice By.
For ¢ ¢ I, one has dist(z, B;) > 3 wa by the half-slice choice (), hence

dist(z, By)? (wa)? 2
Z%exp(—cso) < Cexp(—c’T) < Ce ,
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since wa < ¢,/sp. Summing over z (recall Uy, = Y, us, ) and taking operator norms yields
(221).

Step 3: Diagonal bound (for USSO1 ). Proposition 18.85 gives uniform strict convexity of Us,
along all GI directions:

(€ DUsy(®) &) = s €]
Taking & supported in block j yields D%j(bj Us, > Ks,1 up to harmless block-norm constants,
giving the stated lower bound with ¢; € (0,1]. Since U! = Uy, — Vi, and HD?I,]_@J, Vsoll <

C’K;SOe_C/CQ, the same lower bound holds for U, 8301 after (slightly) decreasing ¢; and taking c
large.

Step 4: Nearest—neighbor bound and small coupling. For U, 8301, mixed block Hessians arise only
from terms whose (truncated) dependence straddles the common interface of two neighboring
blocks. This interface region has physical thickness O(r), while each block has thickness
wa =< c¢r. Thus, using Lemma 18.80 and Proposition 13.2,

r C
HD<I> <I>Ji1U<1H < Cﬁso@ < ?K}SO?

up to an additional 0(6_0/02) contribution from the Gaussian tails away from the interface.
Combining this with the diagonal bound for U, 8501 yields

H(Dq>q>U<1) %Décp U<1(D¢®U<1) : < g—i—Ce*C'CQ.
C

YE=

Increasing c if necessary makes the right-hand side < %, which is (222). O

Remark 18.110 (Two-scale convexity and LSI). Lemma 18.109 isolates two complementary
features of the flowed action at scale wa =< ¢,/sp: (i) a dominant nearest-neighbor block
interaction (captured by 6, for the truncated potential U, ;01), and (ii) a quasilocal long-range
tail for the true potential Uy, with exponentially small row sums (219). Thus one may either
apply a two—scale criterion directly to the full coupling matrix (the tail is summable), or, as
a bookkeeping device, work with the genuine nearest-neighbor truncation U, ;01 and absorb
the remainder Vj, via a perturbative step using (221). In either viewpoint, the quantitative
dependence is of the form

/2

prime(50) 2 #isy (1= 205 — O(e™Y)).

Proposition 18.111 (Block log—Sobolev inequality). Assume (222) and the tail summability
(219). Then the infinite-volume GI measure vs, satisfies a log—Sobolev inequality

VSO(F2) < —F Z/HV@ FH dvs,,

,Otlme 50

Ent

with ,

ptime(SO) > CLSI Ksg (1 - 2‘950 —Ce“° )7
for some universal crgr > 0 and constants C,c > 0 depending only on sqg. In particular,
ptime(SO) = 561-

Proof. Write vy, for the (infinite-volume) GI Gibbs measure associated with the interaction U,
and block variables ® = (®;),cz. More precisely, for every finite block window A € Z and every
boundary condition on ® e, the conditional law vs, (d®y | Ppc) is absolutely continuous with
respect to the blockwise reference measure on A (Gaussian/product), with Radon-Nikodym
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derivative proportional to exp{—Us, A(®a | ®ac)}, where Uy, A is the finite-window Hamiltonian
obtained by restricting Uy, to interaction terms that touch A; v, denotes the corresponding
DLR (infinite-volume/projective-limit) Gibbs state.

Step 1: Uniform single-block LSI. By Lemma 18.109, for each j and any boundary condition
on ®;, the conditional density in ®; is strictly log—concave with conditional Hessian > ¢k, 1.
Hence the single-block conditional measures satisfy a uniform LSI with constant

ploc(SO) > c Rsq

via the Brascamp-Lieb inequality (yielding a uniform Poincaré constant 2 ks, ), see Brascamp
and Lieb (1976); the Bakry-Emery I'y criterion then upgrades this to an LSI with the same
scaling, and alternatively one may use the Holley—Stroock perturbation lemma, see Holley and
Stroock (1987).

Step 2: Dobrushin influence matriz and small row sums. Define the Dobrushin influence
matrix C' = (¢;) by

,_ 2 3 2 2 -3
Cjk = H(Dq>j<1>jU80) D30, Usy (Dg;0,Us) H

Under Dobrushin’s criterion sup; > ;. ¢jr < 1 one has uniqueness and exponential decay of
boundary influences, see Dobrushin (1968); the same small-influence regime is exactly what
enters the Otto-Reznikoff two-scale convexity criterion Otto and Reznikoff (2007) for global
LSI.

By Lemma 18.109 we have the nearest—neighbor bound (up to the exponentially small
truncation error from V)

/.2
sup Y cjp < 205, + O(e ),
7 k—jl=1
and for the tail, ,
ap Y e € Ce
I k—j|>2

by (219) and the uniform diagonal lower bound D(%jq,j Us, > c1ks,1. Therefore
sup Z cjik < 205, + Ce " = Os, -
I ki

Under (222) and for ¢ large, ©4, < 1 uniformly.

Step 8: Global LSI. Apply a standard global LSI criterion based on conditional LSI
plus Dobrushin smallness (e.g. Proposition 6.12 together with Lemma 18.98, or directly the
Otto—Reznikoff criterion Otto and Reznikoff (2007)). One obtains

prime(50) > cLst proc(so) (1 —C]))-

Since [|Cf| < sup; 352, cjk < Osy and proc(so0) > ¢ sy, We get

12
Ptime(50) > crst ks (1 —Og) > crsr Hso(l — 205, —Ce ¢ ),

after adjusting universal constants.
Finally, ks, =< 5o ! by Proposition 18.85, hence Ptime(S0) < So L O

Remark 18.112 (Dirichlet—form comparison). As an alternative to the tensorization route, the
spectral gap for the time—-block chain can be obtained by comparing its Dirichlet form to that
of the decoupled block—product reference chain and invoking the comparison theorems for
reversible Markov chains of Diaconis and Saloff-Coste (1992). Under (222), the comparison
constants are O(1), yielding a gap lower bound comparable to ks, (1 — 8s,).
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Lemma 18.113 (Time-block Markov kernel for the nearest-neighbor truncation). Let so > 0
and w = [c\/so/a] be the macro-slice thickness. Let Us%l be the genuine nearest-neighbor
truncation of the flowed block action Us, from Lemma 18.109, and let 1/§)1 be the corresponding

Gibbs law on the block field (®;)cz. Write u§§)’§1 for the marginal of I/SSO1 on the central block

Define the one—step kernel KC on LZ(VS(S)’SI) by
(KA)(@0) = B,oi[f(#1) | &)

Then K is a self-adjoint Markov operator on LQ(Vgg)’Sl) with K1 =1 and

(f, /Cn9>L2(Vgg>,§1) = E,,Séol[f(q)o)g(‘bn)] (n eN).
Moreover, under (222) there exists v € (0,1) depending only on so such that

A ey < VI lpagmsr,  forall f L1, (223)

Proof. Step 1: Markouv/reversibility identities. By construction USSO1 is a 1D nearest—neighbor

<1

block interaction. Hence vz" is a nearest-neighbor Gibbs specification in the block index and

(®;)jez is a stationary Markov chain with one-step transition kernel given by the conditional
law of @, given ®y. Stationarity gives ®g ~ yﬁg)’ﬁl.

By definition, K is Markov (K1 = 1 and K is positivity preserving). Reversibility follows
from time-reflection symmetry of the nearest—neighbor specification, which implies symmetry

of the two—block marginal law of (®¢, ®;) under the swap (P, 1) <> (1, Pp). Thus
(£,K9) 5 0.1y =E <[f(®0) g(P1)] =E <i[g(Po) f(P1)] = (Kf, g),5, 0.1,
L (Vso ) 50 50 L (Vso )

Iterating the Markov property yields (f, K"g) = Eysgol [f(@0)g(Py)].

Step 2: L? contraction from a two-block Hilbertian correlation bound. Let pu=' denote the
joint law of (®g,®1) induced by v3!. Under (222), the (conditional) two-block potential is
uniformly strictly convex in each block and has normalized mixed Hessian bounded by 6, < 1.
A Brascamp-Lieb/Helffer-Sjostrand covariance estimate for strictly log—concave measures then
yields the Hilbertian correlation bound

[Cov,1 (F(@0), G(@1)| < G [IF(@0)l| 251, [ G(®1) | 2,1 (224)

for all mean-zero F(®p) and G(®Pq).
Now take f € L2(V§g)’§1) with f L 1 and set g := K f. Then g(®g) is mean—zero and, using
the tower property,

lgl3 = Elg(®0)*] = Elg(®o) E[f(®1) | @o]] = E[g(®o) f(®1)] = Cov,<1 (9(Po), f(®1)).
Applying (224) gives
gl < s, llgll2 11 £1l2,
hence ||glla < 05, || f|l2- Taking v := 6, yields (223). O

Remark 18.114 (Quasilocality vs. Markov structure). The full flowed block action Us, is only
quasilocal in the time-block index, so the block process under the full Gibbs law vy, need
not be Markov. Accordingly, Lemma 18.113 is stated and proved for the genuine nearest—

neighbor truncation v=!, where the Markov property is exact. The passage from VSSOl to v, is

S0 ?
handled separately using the small quasilocal remainder Vy, := Uy, — US! (cf. (221)), as in
Proposition 20.4 (or alternatively by applying the two—scale/Dobrushin criterion directly to

the full summable coupling matrix; cf. Remark 18.110).
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Theorem 18.115 (Boundary L? contraction at discrete block times). Let T, = e~e.L be

the transfer matriz and ET’L) the orthogonal projection onto the mean—zero GI sector. Let
%GI be as in Proposition 18.106. Then there exists pimix = tmix(S0) > 0 such that, for all a, L
and alln € N,

, s
| B et oD oy < b= [oY0] (o)
Equivalently, on 45" one has HEY’L —tHa LE H < e Hmixt gt the discrete times t € awN.

No claim is made about the operator norm on the whole ES_ )%a,L

Proof. This is the discrete-time (¢t = n(aw)) specialization of Proposition 18.106 with Cpix =
1. O

Remark 18.116 (Scope). The bound (225) is restricted to 45!, We do not promote it to
HET’L)e*tHa,LEY’L)H on the full ET’L)HQVL. The mass—gap argument below does not require
such a promotion.

18.15 Variational GI interpolator and nonzero one-particle residue

Fix sg > 0. Let {O](-SO)}jj‘il be a finite family of gauge-invariant, mean-zero, flowed local
operators (with supports uniformly O(1) in lattice units, independent of a, L). For each finite
spatial volume L with periodic boundary conditions, define the zero-momentum averages

5;'80)(11) = ‘Aa,Lrl/Q Z TxO('SO),

TENTPI ’
and the M x M Hermitian correlation matrices
CLt)ij = (Qur, OV (L) e et ON(L) Q) (22 0).
By reflection positivity, C1(t) = 0 for all ¢ > 0, and by Theorem 18.115,
0 < Cp(t) < e )ty (0) uniformly in a, L. (226)

Lemma 18.117 (Finite susceptibility matrix). As L — oo at fized a and then along the GF
tuning line a | 0, the limits

S = Y {08 (0) 08 (2)),

2€7Z3

= lim Cr(0);;

»50 L—oo

exist, and the matriz ¥ = (X;;) is positive semidefinite. Moreover, if the family {OJ(SO)}j]\il
is not almost surely constant under the flowed Gibbs measure, then X is nonzero and has a
strictly positive top eigenvalue Apax(X) > 0.

Proof. Exponential spatial clustering at positive flow (from Theorem 18.115) implies that for
each i, j the infinite-volume connected two-point function is absolutely summable,

Z | O(SO TO(SO)

2€73

>CSO| < Q.

By translation invariance and periodic boundary conditions,

Cr(0)i; = [Aarl™ Y (mOPTR 08 = 3 (0008 (),

- yeAepnce ZeAspace
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where the second equality uses that, on the spatial torus, the number of pairs (z,y) with
y—x = zis |Ag|. Absolute summability of the infinite-volume correlator and uniform
exponential clustering in L and a imply that for each fixed a > 0,

Jim Cp(0)i; = > <O§S°)(0)TO§-SO)(Z)>C,SO = Xij,
2€73

and that the limit is uniform along the GF tuning line a | 0.
For any v € CM | set

M
AS)SO) — Z v; O](-SO), ZE)SO)(L) — ‘Aa,Lrl/z ZTCUA%SO)'
=1 *

Then
v CLO0) = (Qup, AL AL Q) = [[ASN(L) 2 r]® > 0.

(%

Passing to the infinite-volume limit gives
v*¥v = lim v*Cr(0)v > 0,
L—o0

so X is positive semidefinite.
If the family {OJ(»SO)} were almost surely constant under the flowed Gibbs measure, then

(o

every linear combination A would be almost surely constant, hence its spatial average

ZﬁSO)(L) would be constant as well and have zero variance (because the operators are mean

zero). In that case v*Cp(0)v = 0 for all L and all v, which implies ¥ = 0.
Conversely, if the family is not almost surely constant, there exists some v such that Aq(fo)

(s0)

is not a.s. constant. For this v the variance of A, "/ (L) is strictly positive for all large L, and

by the above limit we obtain v*>v > 0. Thus X is nonzero, and since it is positive semidefinite,
its largest eigenvalue Apax(X) is strictly positive. O

Fix two times 0 < to < t; (think tg,t; ~ ¢,/ so that (226) is effective). Consider the
generalized eigenvalue problem (GEVP) Michael (1985); Liischer and Wolff (1990)

Cr(t1)v=ACL(to) v, v # 0. (227)

Let A (L) be the largest generalized eigenvalue and v,(L) a corresponding unit vector with
respect to the inner product (u,v)y, := u*CL(tg)v. Define the variational interpolator

M
APNL) = Yo (DO and  ATUL) = [Aan[ T2 m AR (L),
j=1 ;

Its effective mass is

Ey(L) =~ logA(L) € [myo00).
t1 —to
Proposition 18.118 (Variational dominance and stability). The pair (A(L),v«(L)) solves
* t
A(L) = max vCr(tv

v#£0 U*CL(t())’U,
and E.(L) is the minimal value of

1 v*Cr(t1)v

Er(v) = i og o Crlto)y

Moreover, along any sequence L — oo, there is a subsequence (not relabeled) such that
Ui(L) = voo and Cp(t) — Cxo(t) entrywise for t € {0,to,t1}, with
v*Coo(t1)v

li L) = — 1 lim FE,(L) =: > :
DA =0 (g (O B e = e
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Proof. Since Cp(tg) and CL(t1) are Hermitian and Cp (o) is strictly positive on the span of
{65-80)(L)Qa, 1}, the standard reduction of the GEVP applies. Define

By, = Cilto) "/ Cu(tr) Crto) V2,

a Hermitian matrix on CM. Its largest eigenvalue 5\*(L) satisfies the usual Rayleigh—Ritz

variational principle
~ w*Brw
M(L) = max L=
w#0  wrw

If Bpw, = M (L)wy and we set v = Cp(t) /2wy, then CL(t1)v = M\ (L)CL(to)v, s0 A\(L) =
A(L) and

v*Cr(t1)v

v*Cr(to)v

Conversely, any solution (A, v) of (227) gives an eigenpair (A, w) of By, with w = Cp,(to)

Thus Oy ()
(Y L{t1)v
(L) = —_— .

( ) 1’1{128( ’U*CL(t())U

M(L) =

1/21}.

The functional & (v) is just —(t; — to) ' log of this Rayleigh quotient, so it is minimized
precisely at v = v, (L).

For the bounds on A\(L) and E,.(L), fix v # 0 and write the spectral representation of the
scalar correlator

v Cr(tyy = 3 za(L)e BB (L) = [(a(L), AS(L) Qur)]

n>1

where {¢,,(L)}n>0 is a complete orthonormal basis of eigenvectors of H, , with eigenvalues
0=Ey(L) < E1(L) < Eo(L) < ---, and the vacuum term n = 0 is absent because the operators
are mean zero. Then

v CL(t)v _ Xn>1 zn(L)e” BB =" pa(L) e En(B)lr=io)
U*CL(t())'U anl Zn(L)e_En(L)tO TlZl " ’

with probability weights
Zn(L)eEnL)to
pu(L) = S Zm(L)e_Em(L)tO € [0,1], an(L) =1

n>1

Since each E, (L) > my > 0 by the OS mass gap, we obtain for all v

0 < v Cp(t =Y pu(L) e BrBi—t0) < mmitito) <

*CL n>1 B

Taking the maximum over v # 0 yields

1

0 < ML) < em™@ <1 B(L) = -
1 — 00

log A\(L) > my.

For the stability statement, note first that the dimension M is fixed, so we may rescale
vx(L) by a nonzero scalar so that it has Euclidean norm ||v.(L)||2 = 1. This rescaling does
not change the GEVP or A.(L). The unit sphere in CM is compact, hence along any sequence
L — oo we can extract a subsequence (not relabeled) such that v, (L) — v entrywise.
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At fixed t € {0, 9,1}, the entries C,(t);; converge as L — oo by exponential clustering and
the uniform locality of the operators, yielding a limiting matrix C(t). Since matrix entries
converge uniformly in L, the Rayleigh quotients

v*Cr(t1)v

Rr(v) = v*Cr(to)v

converge uniformly on the compact unit sphere to

v*Coo(t1)v

Ry (v) = v Coolio)”

By continuity of the maximum over a compact set,

v*Coo(t1)v

lim A (L) = lim max Rp(v) = max Re(v) = max

31
L * OO( € (07 1)
L—00 L—0o0 [[v]j2=1 [v]l2=1 v£0 V*Coo(to)v

Define mq := limy,_, E4(L) along this subsequence; the bound E, (L) > m, passes to the limit
and gives mg > mx. O

Theorem 18.119 (Nonzero one-particle residue). Assume M > 1 and the family {OJ(»SO)} is

not a.s. constant at positive flow. Then there exists a choice of M and {Oj(-so)} (for instance
M =1 with any single nontrivial scalar GI operator), and times 0 < to < t1 = O(,/Sp), such
that along a subsequence L — oo:

1. Ex(L) = mgy € [my,00);
2. the spectral measure of Z&SO)(L)QG,L for Hq 1, has an atom at E = E, (L) with weight
—(s 2 . —(s — — (s
Zu(L) = [P,y A (D |* = Tim e B (0 1, A (L) e Hur AT (L) Q0 1),

and Z, = liminfy_, Z,(L) > 0;
)

3. in the infinite-volume OS reconstruction, the GI two-point function of A&SO at zero

momentum has asymptotics Z, e (1 + o(1)) as t — oc.

Proof. Let {¢,(L)}n>0 be an orthonormal eigenbasis of H, , with eigenvalues 0 = Ey(L) <
Ei(L) < Ey(L) < --- in the scalar, zero-momentum sector, and write

|

M
COL) = Aar S AGNL), ALY = 3 w00,
x =1

For a vector v normalized by v*Cp(tg)v = 1, the scalar correlator admits the spectral decom-
position

V(v = 3 za(L)e P 2 (D) = |(a(L), AS(L) Qup)]

n>1

where again the n = 0 term is absent because (A£s°)> = 0. Define the weights

zn (L) e~ En(Dto
n(L) = 0,1], n(L) = 1.
(L) Zmzl Zm(L) e—Em(L)to € [0,1] n;lp (L)

Then, for any such v,
’U*CL(tl)U

S Crigy — 2 Pa(L)er T,
L\to

n>1



Step 1: choosing a basis element with uniform overlap. By Proposition 18.142 there exists
a bounded, mean-zero, scalar GI local observable B(*0) in the flowed continuum OS /Wightman
theory such that
(1, BIQ) # 0

for some unit 0™ one-particle vector ¢ at mass m,. We enlarge the finite family {O§so)}in1

(s0)

so that B0 is one of its elements (say Oy = B(SO)); this only increases M by at most one.

For each (a, L), let E(SO)(L) denote the corresponding zero-momentum average and let
p%B)(L) be the weights associated with the choice v = v(B), where v(P) is the coordinate
vector selecting B(*0). The finite-volume two-point functions of B(9) converge, along any van

Hove/GF sequence, to the continuum two-point function of B (50) by Theorem 18.74. In terms

of the spectral measures pp r and up of H, 1 and H for the vector E(SO)(L)QG,L and B(SO)Q,
this means that their Laplace transforms converge pointwise:

/0 e Bt d,LLBL — / —kt dup(FE) (t > 0).

By uniqueness of the Laplace transform, up j converges weakly to pp. The latter has, by
Proposition 18.142, an atom of weight

= (1, BEQ)[ > 0

at £ = my. Hence the corresponding finite-volume weights ng) (L) converge to Zp, and

E1(L) — m, by the OS gap Theorem 16.21. In particular, for any fixed ¢y > 0 we have

B _ .
p(B)(L) _ Z§ )(L)e Eqi(L)to ( Zpge to _ p(B) ~ o
1 Zle Zr(nB) (L)G—Em(L)to L—oo fooo e~ Fto dup (E) 1

Therefore there exist ¢ > 0 and Lg such that
pr) (L) > q for all L > L.

Step 2: lower bound on the lightest-weight coefficient for v,(L). Now fix ty < t; with
t1 —to = O(y/S0) (to be chosen below) and let v, (L) be the maximizer of the Rayleigh quotient,
normalized by v, (L)*CL(to)v. (L) = 1. Writing the spectral representation as above we obtain,
for (Ac(L),vs(L)),

U (L)*Cr(t1)vx(L)
U (L)*CL(to) L)

M(L) = = 3 (L) e En Bt

n>1

Let p1(L) denote the weight of the lightest level E1(L) for v, (L).
The OS gap Theorem 16.21 provides 0 > 0 independent of L such that E,(L) > Ey(L) + 6
for all n > 2. Hence

A(L) = pr(L)e BrB0=t0) 4 N7y, (L)e ™ En(E)(to)
n>2
< p1(L)e—E1(L)(t1—to) +(1-p (L))e_(El(L)J"‘S)(tl_tO)'

On the other hand, for the fixed vector v(®) we have
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(U(B))*CL(tl)U(B)

= Z pg_LB) (L)e_En(L)(tl_tO)
n>1

> p(lB) (L)e—El(L)(tl—to)

> qe-ErD(ti—to).

AB(L) =

for all L > Lo. By maximality of \(L) we have A\,(L) > AB)(L), hence
pl(L>e—E1(L)(t1—to) +(1— p1<L))e—(E1(L)+5)(t1—to) > qe—E1(L)(t1—t0)_

~Er(L)(ti—to) gives

pi(L) + (1 —pr(L))e 01—t > ¢

Dividing by e

Solving for py (L) yields
q — 6_6(t1_t0)
nl) 2 s

Choosing t; — tg large enough (but still O(,/50)) so that e~*1=%) < ¢/2  we obtain

with ¢ independent of L (for all L > Lo; finitely many smaller L can be absorbed into the
constant).

Step 3: positivity of the residue and passage to the limit. For v,(L) we also have by
normalization

1 = v (L)*Cr(to)vs(L) = Zzn(L)e_E"(L)tO’

n>1

and in particular

21 (L)e—El (L)to

pl(L) = Zmzl Zm(L)e_Em(L)

== z1(L)e Dk,

SO
z1(L) = pi(L) ePrlto > ¢ Er(Dto,
The weight of the atom at Ej(L) in the spectral measure of Ziso)(L)Qa’ 1, is precisely
— (s 2
Z(L) = HP{El(L)}Ai O)(L)Qa,LH = z(L),

and the above bound shows that Z,(L) > cef1Dto | Since Ei(L) > my > 0 uniformly in L, we
obtain
Z(L) > ce™ > 0 for all large L.

Thus Z, := liminf;_, Z4(L) > ce™ > 0, proving item (2).

Item (1) is exactly the convergence statement in Proposition 18.118, which gives E, (L) —
mo € [my,00) along a subsequence L — oo. For item (3), apply OS reconstruction along this
subsequence. The uniform gap ¢ above the first excited level and the uniform lower bound on
Z,(L) imply that the zero-momentum two-point function of Aiso) has, in the infinite-volume

limit, a leading contribution Z,e 0! with corrections suppressed by e~ (mo+0t  This yields
(Qs0) A0t ot Z0) o)y = 7 e=mot(1 4 (1)) (t — oo),

which is the asserted asymptotics. O
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Remark 18.120 (Picking a simple basis). In practice, M = 1 already suffices: take O(*9) to be
any mean-zero, scalar, GI, flowed local observable (e.g. a flowed clover plaquette or flowed
energy density minus its mean). If greater overlap is desired, use a tiny basis (M = 2-5) of such
operators with different shapes; the GEVP then optimizes the overlap automatically Michael
(1985); Liischer and Wolff (1990).

Theorem 18.121 (Exponential clustering for flowed GI observables). Assume Proposi-
tion 18.106. Fix sy > 0, let A®) be a time-zero flowed GI observable with (A0)) = 0,
and define

Cor(t) == (Qar, Al) a(it,o)(A(so))Qa,L>-

Then, uniformly in (a, L) and fort € aN,
Car®)] < (|41 ]* Cnix e,

Passing to the OS limit along any van Hove/continuum sequence and using Theorem 18.74,
the continuum flowed two-point function obeys

(@0, 4G ) (AL QL) | < et (k> 0),

for some C' < oo depending on A0 and sy but not on t.
Proof. By (215) and (A(0)) =0,
Ca,L(t) - <A(SO)Q(1,L7 Tat,/La A(SO)Qa,L> = <A(80)Qa,L7 ETL)TJ,/LGET?L) A(SO)QCL,L>'

Since A®0) is time—zero, the vector A(SO)QC% 1, lies in the boundary GI sector ,%%GI of Proposi-
tion 18.106. Therefore, by Cauchy—Schwarz and Proposition 18.106, for ¢ € aN,

Car®] < 40| ED T, ECY) < (A4S 1| i e

#Gl_ ;pGL
0 0
The OS limit and passage to the continuum follow from Theorem 18.74 and closedness of the
RP cone. O
Corollary 18.122 (Exponential time clustering at positive flow). The conclusion of Theo-

rem 18.121 holds with a rate p =~ po(so) > 0 independent of a, L.
Proof. Fix sop > 0 and let A0 be a mean-zero flowed GI observable. By the transfer identity
(215),

Cat(t) = (Qury A a0 (A®) Q1) = (ACOQ 1, B e Mot B A0, 1),

for t € aN, where ET’L) =1—1[Q4 1Y% |- By Theorem 18.115 there exist po = po(so) > 0
and ¢, > 0 (independent of a, L) such that

|Ef P e tter EFD| < ecet (12 0).
Hence, by Cauchy—Schwarz,
Car®)] < AL ece (¢ e aN),

which is exactly the finite-volume conclusion of Theorem 18.121 with p = uo(sp) and Cpix = Cs.
Passing to any van Hove/continuum sequence and invoking Theorem 18.74 yields the continuum
bound with the same rate pg(sp) and a constant C’ independent of a, L. O

Remark 18.123 (From clustering to mass gap and scattering). Combining Theorem 18.115
with the OS reconstruction (Theorem 18.74) and mass-gap extraction (Theorem 17.19) yields
a positive spectral gap in the continuum GI theory. The nonzero one-particle residue then
follows as in Proposition 18.142 and Theorem 18.143, so the Haag-Ruelle/LSZ framework of
Sections 17.1-17.3 applies.
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From flowed to renormalized unflowed fields. By Proposition 18.75, the renormalized
unflowed GI fields Bg exist as s | 0 linear combinations of the flowed basis. Thus Theorem 18.121
implies the Euclidean exponential clustering Theorem 17.17 for all Bg that have nonzero flowed
representatives at sg > 0.

Corollary 18.124 (Mass gap). Under the boundary time—slice contraction estimate of Theo-
rem 18.115, the continuum Hamiltonian H satisfies o(H) C {0}U[u, 00) and the Wightman/HK
theory enjoys a mass gap > p (Theorem 17.19).

Constructing a nonzero residue (one-particle pole) in the scalar channel. We now
produce, from first principles, a GI operator with nonzero overlap onto the lightest scalar
excitation; OPE/matching then transfers this to the canonical choice tr(F?).

Lemma 18.125 (Spectral filter on the time axis). Let H > 0 be the continuum Hamiltonian
reconstructed from the OS limit at sg > 0, with discrete spectrum 0 = Ey < BF1 < Fy < -+
in a large finite spatial torus. For any nonzero bounded local B®0) with <B(30)> =0 and any
0 < A< FEy, define

T
AP = /0 N ago(B)dt, T >0.

Then each Ag,fo) is local and the vectors Agfo)ﬂ are uniformly bounded in T'. Moreover, with P;
the spectral projection onto the eigenspace of E1 and any normalized 11 in that eigenspace,

. s ‘<¢17 B(SO)Q>|
Jim (1P A0l = SEpm—

In particular, if (11, B(SO)Q) # 0, then PlAng)Q converges to a nonzero vector as T — oo.

Proof. Write ¢ := B(0)Q. Since (B (50)> = 0, the vacuum component of £ vanishes and we can
expand

§ = Z Cn¢n7 Cp = <¢n7£>
n>1
For each t > 0,
agino) (BENQ = e7e = 3N cpe Py,

n>1

Hence, for 0 < A < Eq,

(50) T T 1— e—(En—)\)T
A;O 0 = /0 e)\teftHé-dt — Z Cn (A ef(Enf)\)t dt> 1/}71 = Z Cn ﬂ¢n

n>1 n>1

The integral is well defined because B*0) is bounded and Ha(mo)(B(SO))H = ||B®0)|, so the

Bochner integral in the local algebra exists and Agfo) is local for each T' > 0.
The uniform bound on Ag,fo)Q follows from the spectral gap: since F,, > Fq for alln > 1

and 0 < A < FEj,
(s0) Ty —th T e €]
[afe) < [T e ettiglar < el [ et-Eotar < JEL
0 0 E1 - A
uniformly in 7'
Projecting onto the Ej-eigenspace gives
1 — e (E1=NT

PlArng)Q = C B Y

1/)17
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SO

1— e~ (E1=NT |e1] | (11, BE0) Q)|
PASQ| = \ = 7 :
|| 147 || ’Cl, El—)\ T—00 El—)\ El_)\

If (41, B(SO)Q> # 0, this limit is strictly positive, so PlAg,fo)Q converges to a nonzero vector as
T — oo. O
18.16 Canonical positive-flow interpolator via a finite GEVP

Fix a small flow time sp > 0 in the RG window of Proposition 18.85. Choose M € {1,...,5}
gauge-invariant scalar flowed locals {O§80)} j=1 and subtract their means:

750 — ) (s0)
0 (t,) = OV (t,z) — (O (t, ).

Work in a spatial periodic box of side L (lattice or continuum, as in our setup). Define the
zero-momentum averages (choose the discrete or continuum line according to your model):

1 — 1 _
AL () = ot z)  or  A@) = — / 0 (t, 2) d3z.
g L3/ ze(zZ/LZ)s ! ik L372 Jopys 7
Let the M x M correlation matrices be
(CLt)y = (A1) A (),  t=0. (228)

By reflection positivity, C(0) is positive semidefinite (and positive definite if the family is
not a.s. constant), and by Theorem 18.118 the map ¢ — C(t) is positive definite and decays
exponentially in ¢.

Definition 18.126 (GEVP data). Fix 0 < ¢y < t; and define the generalized eigenvalue
problem
CL(tl) v = )\CL(t()) v, Ve RM. (229)

Let (AL, vr ) denote the principal eigenpair, normalized by U—Lr’*CL(to) vr« = 1. Define the
principal flowed interpolator at volume L by

M
ALy = S (wr); AYD (1),
*, L ; J 4,1 (230)

Zop = (AP O) AT 0) = v, Cr(0) vy
Since t (Aisj'é) (t)AS]%) (0)) is positive definite and stationary, Cauchy—Schwarz gives
’U;*CL(tg)vL* < vz7*C’L(O)vL7*, hence Z, 1, > 1.

Theorem 18.127 (Nonzero residue and mass parameter from the GEVP). Fiz so > 0 as in
Proposition 18.85, and choose M € {1,...,5} mean—subtracted gauge—invariant scalar flowed

locals {O](-SO) j]‘il. Let Cr(t) and (AL, vr ) be defined by (228)—(229), with 0 < ty < t; and
the normalization Uz’*CL(to)UL’* = 1. Then, along a subsequence Ly T oo, there exist a limit
vector v, € RM with vIC’(to)v* =1 and a mass m, > 0 such that:

1. )‘le* — e_m*(tl_to);

2. VLjpx —7 Uxs
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3. The infinite-volume limit
M
AUE) = D0 () AT ()
j=1

exists in the GNS sense of the flowed OS-limit, and its zero-momentum two-point function
has a strictly positive one-particle residue at its smallest mass point:

(AR AZN0) = ZeeT™ (L +0(1)  (to0).  Ze>0.

Moreover, if the mass-my one-particle shell is isolated from the rest of the translation
spectrum (Definition 17.25), then the stronger exponential remainder bound (232) holds.

Theorem 18.128 (Excited-state gap from one-particle shell isolation). Work in the (flowed)
OS reconstruction at fized so > 0 and let A be a zero-momentum scalar observable (so A(0)$2
lies in the zero-momentum subspace). Assume there is an isolated one-particle mass shell at
mass my > 0 in the sense of Definition 17.25, and write Py for the spectral projection onto this
one-particle shell. Then there exists § > 0 such that

(A) A(0)) = [PLAO)QI* e ™! + Ra(t),  [Ra(t)] < [AO)Q|*e ™+ >0,
(231)
In particular, if |PLA(0)Q|?> > 0 then the e~™+! term is the unique slowest exponential
contribution in the zero-momentum channel, with an excited-state gap § > 0 that is controlled
by the shell-isolation margin (and not by the OS mass gap above the vacuum).

Proof of Theorem 18.127. By Corollary 18.119 and Theorem 18.112, the flowed GI family
at fixed sg satisfies uniform time-mixing and exponential clustering, hence Lemma 18.128
and Proposition 18.129 apply. In particular, the entries of C,(¢) are uniformly bounded and
equicontinuous in ¢ > 0, and C7,(0) is strictly positive definite once the family {Oj(-so)} is not
a.s. constant (reflection positivity).

Subsequential limits and variational characterization. Fix 0 < tg < t;. Since C7, (t9) are

s0)

uniformly positive definite on the span of {Ag 7, (0)}, the generalized Rayleigh quotient

v CL(t)v

Rr(v) = v CL(to)v

is well defined and continuous on {v # 0}. The principal GEVP eigenvalue admits the
variational formula Af, x = sup,o Rr(v), and compactness of the C(to)—unit sphere yields
eigenvectors vy, . Passing to a subsequence gives vy, » — vx and Ar, » — A, with ’U*TC (to)vsx =1
and o
v C(t)v
Ax = SUPp —————.
* 0 v Clto)v

Spectral representation and identification of my. For A, () :== 3, vjAg»’Sg) (t), OS recon-
struction at fixed sg (Corollary 18.132 below) and reflection positivity yield

(A AurO) = [ e a1 (B),

with g, 1, supported away from 0 uniformly in L (core gap at positive flow, Theorem 20.5).
Hence _
Rp(v) < e BuL (tl_to), vl = infsupp g, 1.

Lower semicontinuity of supports under weak convergence yields a subsequential limit Az, . —
e~m+(t1=10) for some m, € (0,00).
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Limit interpolator and nonzero residue. For Aisz)k (t) := Zj(va*)jAg-szi(t), the bounds in

Lemma 18.128 plus vy, » — v, imply AL Aiso) in the GNS sense along the flowed OS-limit.

*, L
By Theorem 18.116, the two-point function of Aiso) has a strictly positive one-particle residue
at its smallest mass point, yielding the stated leading exponential with Z, > 0.
If, in addition, the mass-m, shell is isolated in the sense of Definition 17.25, then Theo-
rem 18.128 applies to A = Aiso) and upgrades the asymptotics to the exponential remainder
bound (232). O

(A (1) ALY0)) = Zoe ™ 4 R(t),  Z.>0,  |R(t) < Ce (M (239

Corollary 18.129 (Canonical interpolator for Haag—Ruelle/LSZ) Assume the standing one-

particle input at mass my (Definition 17.25). Then A furmshes a canonical zero-momentum
scalar interpolator with overlap +/Zx > 0 onto the one-particle subspace at mass my. In
(s0)

particular, the standard Haag—Ruelle construction with wave packets built from Ay
single-particle states of mass my.

produces

Proof. This is immediate from Theorems 18.127 and 18.128:
|E(Sm,) AP0 = 2. > 0.

Thus A,(fo) has nontrivial one-particle overlap at mass m, with an isolated shell, which is
exactly the Haag—Ruelle/LSZ interpolator input. O

Remark 18.130 (Single-operator fallback (M = 1)). If one prefers to avoid the GEVP, take any
nonconstant scalar O©*0) and set Afo) = Ags%). Then Cp,(t) is scalar, A\r . = Cr(t1)/CL(to),
and the preceding argument reduces to theéingle—operator variational bound. The GEVP
merely optimizes the overlap and removes the need to guess a good operator.

18.17 Flowed continuum limit (OS reconstruction) and persistence of the
mass gap

Definition 18.131 (Flowed Schwinger distributions at fixed so > 0). Fix sp > 0. For each
lattice spacing a € (0, ag] and periodic box A, 1, fix a finite family of gauge-invariant flowed

locals OZ(SO) (mean—subtracted). Define the pointwise n—point functions

glal). (21, .., Tn) = <T$10(SO) Ty o)

115--+ytn380 11 n T in >a,L’

IS Aa,L-

Equivalently, define the associated Schwinger distributions S (s ) al € S’ (R*") by

in;

(SU0) @) = a3 B(an, . x) SO, (@, a), @€ SR,

01,0eninsa, L0 1154520350
$17---7a7neAa,L

For R € aN, let O(so) be the block- local truncations from (F3) and define S;, (SO) ffa I
)<

analogously by replacing OZ( ) with OESO

Lemma 18.132 (Uniform locality and moment bounds at fixed flow). Fiz sq > 0. There exist
¢, C < 00, independent of a and L, such that for all multi-indices and n > 2,

(a,L)
151, imssoll oo < ©
(a,L) (a,L) (a,L) —cdist(X,Y)//3
S (X UY) =St sl ()] < C ettt/

218



for all finite sets X, Y C 7* (embedded in R* via lattice spacing a). Moreover, the dependence
on the gauge links is GI-Lipschitz with constant decaying as e~ ¢dist/vso (by Lemma 18.80), and
all polynomial moments are uniformly bounded (Proposition 13.2).

Proof of Lemma 18.132. Fix sy > 0 throughout and write O, := O](SO) for brevity. All constants
below may depend on sy and on the choice of finitely many indices {ij,...,i,} but are
independent of a € (0,ap] and L.

(1) Uniform L*° (moment) bounds. By the uniform moment bounds at positive flow
(Proposition 13.2), for every p € [2,00) there exists C), < oo such that

sup sup ([7.0;llrp, ) < Cp
a, L.
Hence, by Holder /Cauchy—Schwarz,

n n
\s§iv_€}in;so(x1,...,xn)y = | Eor[ [] 72 0i]| < [T 1721 Oirllz2n < C,
k=1 k=1

for a constant C' depending only on n and {ix}, proving the uniform L*° bound.
(2) Exponential decoupling across separated sets. Let X = {w1,...,7x} and Y =
{y1,. .-, ypy|} with dist(X,Y) =: R. Set

Fx = H Tmoi(x)7 Gy = H Tin(y)’

reX yey
so that
L L L
SZ.(la,..,,)’L'n;SO (X U Y) - S’L(la,,)llxl,SO (X) Si(|u)‘(‘<217--~7in§50 (Y) = COVCL,L(FXv GY)

By the positive-flow log—Sobolev inequality and its exponential clustering consequence (Corol-
lary 18.88 and Theorem 18.121), there exist ¢y, Cy > 0 such that for any two gauge—invariant
local functionals F, G with supports at distance at least R,

|Cova,L(F,G)| < Coe V%0 (oscouppr (F) + | Fll12) (0scsuppc(G) + [Gllz2),  (233)

uniformly in a, L. (Here the input is the positive—flow LSI together with a quasilocal deriva-
tive/oscillation control for flowed observables: the relevant Fréchet/Géateaux derivatives inherit
Gaussian heat-kernel tails at scale /5o from Lemma 18.80 and its higher-derivative extensions;
see Section 18.14 for the way these enter the Dobrushin/OR resolvent argument.)

We now bound the oscillations and L? norms of F, Gy. By the uniform moment bounds
already used in (1), ||Fx||z2 < C and ||Gy||r2 < C with C independent of a, L.

For the oscillations we use the heat-kernel quasilocality of the flow (Lemma 18.80), which

implies that the derivative of OJ(-SO)

distance r is suppressed by Gaussian tails O(e_cr2/ %0) (and hence also by O(e‘cl’”/ V50) after
weakening). Therefore the oscillations of Fiy and Gy under changes of the field inside their
supports are uniformly bounded in terms of the Lipschitz constants of the factors:

with respect to an underlying link variable at space—time

OSCsuppFx (FX) < Cl ’ OSCsuppGy (GY) < C/ )
with C’ independent of a, L. Inserting these bounds into (233) gives
|COVa,L(Fx,Gy)| < Ce_CR/‘/%,

which is exactly the claimed decoupling estimate.
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(8) GI-Lipschitz dependence. By Lemma 18.80 and the definition of LS, the differential

DZO](SO) with respect to any underlying link variable ¢ obeys a Gaussian off-diagonal bound in
the space-time distance to supp(O;), hence the same holds for products such as Fx by the
Leibniz rule and the uniform moment bounds. This yields the stated GI-Lipschitz property.

Combining (1)—(3) proves the lemma. O

Proposition 18.133 (Equicontinuity and tightness). Fiz so > 0. For any sequence ay | 0
and Ly 1T oo, the family {S.(;Zﬁ’Lk)}k is tight in the topology of tempered distributions on R*™ for
each n. Hence there exists a subsequence (not relabeled) and limiting distributions

gl ¢ S'(R*™)  such that Si(la’f’Lk) — g0 ; foralln.

21ye5ln 3 r¥n 380 015000yt

Proof of Proposition 18.133. Fix sy > 0 and n > 2. For ¢ € S(R*") write the pairing

L L
(SZ-(ﬁm?in;so, ) = /le Sz‘(f,...,)in;so (1, zp) (X1, ...y xp) day - - - day,.

FEquicontinuity. By Lemma 18.132 there are C, ¢ > 0 with

L
|Si(1a,...,)in;so(xl7 B Jjn)‘ < C,

dist(X,Y) )
—=)

A standard induction on n (tree-graph bound for truncated correlations) then yields

85 () = S i) S V] < Cexp( =

15500350 (AT X |41

|S§f”ﬁ)in;so(x1,...,xn)| < C, Z H e_c|$"_x“|/\/%, (234)
Te%n (u,v)eE(T)

where T, is the set of spanning trees on {1,...,n} and E(7T) its edge set; the constants C),
are independent of a, L. Let K(z) := e~?l/v%0 and |¢| denote the pointwise absolute value.
Integrating (234) against |¢| and applying iteratively Young’s convolution inequality gives

(S s @) S O 2 el # B 5 K [ gy < Ch 2 I+ L) 0%,
TeTn |E(T)| times la|<m

for some m and C!, depending on n, sop but not on a, L (since K € L' with norm independent
of a,L). The right—hand side is a finite combination of the standard Schwartz seminorms,
hence the family {S.(;Z;)L)}a’ 1 is equicontinuous on S(R*").

Tightness and subsequential convergence. The Schwartz space is Montel; therefore bounded
(equicontinuous) subsets of S’(R*") are relatively compact in the weak* topology. By the

bound above, {S.(;Z;)L)}a, 1, is bounded in &’; hence for any sequences ay | 0 and L 1 oo there

exists a subsequence (not relabeled) and distributions Sz(lso)ln € S'(R*") such that

Skl — 50 i SR,

11504480380 U1yeenyin

This proves tightness and the existence of subsequential limits claimed in the proposition. [

Lemma 18.134 (O(4) invariance from O(a?) improvement). Fiz so > 0. Let S5 be the

350

finite-a, L flowed GI Schwinger functions and let R € O(4). There exist C(sp) < oo and ag > 0

such that, uniformly in L and for all test functions ¢ € S(R*™) with unit Schwartz seminorms,
| (5570) = (857, 00R) | < Clso)a®  (0<a<an).

B

Hence every subsequential continuum limit S©*0) is O(4)—invariant.
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Proof. By Theorem 15.9, each flowed local admits an O(4)—covariant O(a?) improvement
uniformly in L. The uniform moment /locality bounds of Lemma 18.132 control the n-point
remainders when paired with unit-seminorm ¢, yielding the estimate and the O(4) invariance
of any limit. O

Lemma 18.135 (Two-regularization comparison at fixed flow). Assume Assumption 18.107.
Fiz sg > 0. Let r1,79 € R and denote by s [r] the finite-volume, flowed GI n-point

a,L;so
Schwinger functional for regularization r at lattice spacing a. Then for every n and every
Schwartz test F on S(R*™) there exists C = C(F,n, so) such that, uniformly in the volumes
and for all a1, as < ag,
(B, 88 Iy = (B, S5

a1,L;so az,L;so

[T2]> ‘ < C(F7n7 50) (a% + a%)

Proof. By (R1) and the Symanzik expansion used in the proof of Theorem 15.9, the difference
of the two actions can be written (modulo TD/EOM) as S — 552 = 37, (/-iy)a% - /@f)a%) Qe+
O(ai + a3), with finitely many GI Q; of dimension > 6 and coefficients uniformly bounded in
rj. Differentiating expectations with respect to these coefficients and summing the resulting
connected insertions, the BKAR/tree representation together with the uniform moment/locality
bounds at positive flow (Lemma 18.132) yields

(B S ] = S0

1 2
a1,L;s0 az,L;s0 [T2]> ’ < CZ (”ig )’a% + "ié )‘a%) < C/(Fv n, 80) (a% + a%)’
L
uniformly in the volume and in r;. The O(a?) remainders are absorbed. Pairing with ¢ € S
uses the same seminorm control as in Theorem 15.9. O

Corollary 18.136 (Flowed OS limit and reconstruction). Each subsequential limit S(°0) from
Proposition 18.133 satisfies the OS axioms (0S0-0S4) (by Theorem 18.74). In particular, at
fized sqg > 0 it obeys the cluster property.

Consequently, the OS reconstruction theorem Osterwalder and Schrader (1973, 1975)
produces a Hilbert space Hs,, a vacuum vector (g, a local x—algebra generated by the limits of
the fields Tsz(SO), and a strongly continuous unitary representation of Euclidean translations
whose time component is e~*Hso with H,, > 0 selfadjoint.

Proof of Corollary 18.136. Let SS‘;S’L’“) = 5 he the subsequence from Proposition 18.133.

(0OS0: Regularity). Equicontinuity of {S.(;ZQ’L’“)};C on S (Proposition 18.133) implies that
each limit 57(150) is a tempered distribution and the family {57(130)}7120 is jointly continuous on
S(RAm).

(OS1: Euclidean invariance and symmetry). Each finite—a, L Schwinger family is translation
invariant and permutation symmetric by construction; these properties pass to the limit.
Rotational invariance in the continuum follows from the O(a?) improvement at positive flow
(Theorem 15.9) via Lemma 18.134; hence the limit is O(4)-invariant.

(0OS2: Reflection positivity). Let ¥, denote the shifted reflection from Lemma 18.71 at
flow time sg. Reflection positivity for gauge—invariant observables at flow time sg holds with
respect to ¥, (Lemma 18.71) and is stable under L? limits (Lemma 16.11). Therefore, for any

finite linear combination Z = Zj Cj Ta; OE;O) supported in the positive half-space for ¥, (in

particular, any Z supported in {z¢ > 0}),
(UsoZ, Z)ay,1,, > 0 for all k.

By the uniform bounds of Lemma 18.132, (¥5,Z, Z)q, 1, — (Vs,Z, Z)s, along the convergent
subsequence; hence (9,72, Z)s, > 0, i.e. §¢0) is OS-positive (equivalently, after recentering
the reflection plane, OS2 holds in the standard form).
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(0S3: Symmetry under permutations). Already addressed together with translation
invariance.
(0S4: Cluster property). Lemma 18.132 yields, uniformly in a, L,

(X 7)Y Dot — (X)ar (Vo] < CeeVEFHRP/VE,

for any gauge—invariant locals X,Y with disjoint supports. Passing to the limit gives the
cluster property for .S (s0)

Having verified OS0-0OS4, the OS reconstruction theorem Osterwalder and Schrader (1973,
1975) produces a Hilbert space Hs,, a vacuum vector 25, a local x—algebra generated by the
limits of TmO](-SO), and a unitary representation of Euclidean translations whose time component
is e s with Hg, > 0 selfadjoint. O

Lemma 18.137 (OS norm versus GI-adjoint Lipschitz seminorm). Fiz so > 0 and let (Hs,, 2s,)
be the OS reconstruction from Corollary 18.136. Let Z be a mean—zero gauge—invariant cylinder
functional supported in the positive half-space for Vs, and depending on finitely many blocks
(so that ||LSHZ)| < 00). Then there exists Cpi(so) < 0o, independent of a, L and of Z, such
that
2
122013, = (9502, 2)sy < Crrlso) [ILGH(D)]" (235)

FEquivalently,
ILEH(2)| = Cpi(s0)™? 1 2%, 134, -

Proof. Fix a convergent subsequence (ay, L) from Proposition 18.133. For each k, by Cauchy—
Schwarz and invariance of Pg, 1, under ¥,

<795()ZvZ>ak,Lk < HﬁsoZHLQ(]P’ak,Lk)HZHLZ(]P’%,L,C) = HZH%Q(P%,L,C)'

Since Z is mean-zero, ||Z||3, = Var,,, 1, (Z). By the (uniform) Poincaré inequality for gauge—
invariant cylinder functionals (a consequence of the slice LSI/Poincaré control, cf. Theo-
rem 18.115 and its Poincaré corollary),

2
Varak,Lk(Z) < CPI(SO) ||L§C{(Z)|| >

with Cpr(sp) independent of k and of Z. Combining the two estimates gives
GI 2
(VsoZ, Z)ap,L. < Cpi(so) [Laa(2)]"
Finally, by definition of the OS limit along the subsequence,

HZQSOH%[SO = <195()Z, Z>80 <Q9SOZ7 Z>ak7Lk7

= lim
k—o0
and (235) follows. O

Canonical choice of interpolator and LSZ normalization. Fix the positive flow time

so > 0 once and for all. We use the canonical flowed, gauge-invariant interpolator A,(fo)

constructed in Corollary 18.129, which satisfies the one-particle pole statement
<A£SO)(t) A&so)(o» — Z e Mt 4 R(t), Z,>0, |R(t)< O e~ (mst)t.
We work with the LSZ-normalized field

Als0) . z=1/2 gls0)
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Then [|E(Zn,) giso)(O)QH =1, and in particular
(AF0)(#) AL (0)) = e ™t 4 O (MO,

All Haag—Ruelle and LSZ constructions below are performed with ﬁiso) and the mass parameter
m, > 0. We denote by « , the real-time space-time automorphism (Heisenberg evolution),
so that

A (t,2) = (AL (0,0)).

Lemma 18.138 (Inherited quasi-locality/commutator bounds). Let A,(fo) =26 .A;SO) be as
in Corollary 18.129. Assume that for each j and for every local observable B disjoint from a
radius-r neighborhood of supp A§so) one has, for all N € N,

ey (AT, BI|| < O (1 + dist(supp A™ + 2, supp B) — wft]) ",

(or the corresponding equal-time version). Then the same bound holds for Aiso), with a possibly

different constant C'y, uniformly in (t,z) (with so fized).
Proof. Write AP = jj\il cj A§80) with M < oo as in Corollary 18.129. Fix a local observable

B disjoint from a radius-r neighborhood of supp AP = U, supp .Ag-so). By linearity of the
commutator and the triangle inequality,

M
e,y (AL, Bl <3 lesl | e (AS), B
j=1

By hypothesis, for each j,
ey (AP), BI| < Cv (1 + dist(supp AP + 2, supp B) — vft]) "

$0)

Since dist(supp A§-SO) + x,supp B) > dist(supp Ai + xz,supp B) for all j and the map d —
(14 d —v|t|)~" is decreasing in d, we obtain

M
ey (A, Bl < (D lesl) O (1 + dist(supp AL+, supp B) — vlt]) ™.
j=1

Thus the same quasi-local (or equal-time) commutator bound holds for ALY with Cy =
Cn Ej‘il |cj], uniformly for fixed sq. O
18.18 Haag—Ruelle wave packets at mass m,

Let wy(p) := /m2 + [p|? and choose h € S(R?) with compact momentum support. Define the
positive—energy Klein—Gordon solution

1 P T—iws N
hi(z) = (2%)3/2/]1@6 b ®) h(p) d®p, teR,

and set the Haag—Ruelle operator (on the common polynomial core Dpoly)
Bi(h) = / (@) A, 2) — hu) AL (1, 2)) da, (236)
R

where 9,A0)(t,2) = i[H, A% (¢,2)] is the Heisenberg derivative and A" is the LSZ-
normalized scalar interpolator with unit residue at mass m, (cf. Corollary 18.129).
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Proposition 18.139 (Haag—Ruelle one—particle limit at mass m,). Assume the reconstructed
Wightman theory of §17 with positive energy and locality, and that the joint spectrum of
(H,P) contains an isolated mass shell ¥,,, = {(p°,p) : p° = wi(p)} with spectral projection
Ey:=E(3,,) #0. Then, for every h € S(R?) with compact momentum support, the strong
limit

U, (h) := lim Bi(h)Q

t—-+o00

exists, depends only on h through its restriction to X, , belongs to the one—particle space
Hy := E1H, and

2 _ [h(p)[? 3
el = [l o (237)

with the identification of Wi(h) as the standard one—particle wave packet at mass my. The

vector W, (h) is independent of the choice of the positive flow time sy > 0 used to define /Al,(fo).

Proof. 1) Four-dimensional smearing and its Fourier transform. Introduce g; € S'(R*) by
g (2%, %) == hy(x) 6(z° —t) — hy(x) 8" (2° —1).

By definition of the smeared field, B;(h) = ;liso)(gt) on Dpely. Using the Fourier transform

Fhp) = [ e 50, x) da o,
R
and the explicit form of A, one computes
[P haloo) db = (2m) 2P hp),
R

and hence
/3 TP by (x)d’z = —i (277)3/2 w«(P) e PN h(p).
R
Using [ " §(20 — ) da® = €P"t and J "7 (20 — t) da® = i p? ™", we obtain

G, p) = —i(2m)*? (p° + wi(p)) e PPN fy(p). (238)

Thus §; is a smooth function with compact p-support and at most polynomial growth in p°.
2) Spectral representation. Let E(-) be the joint spectral measure of (H,P) and use

translation covariance A&SO)(.&:) = U(a:)ﬁ&so)(O)U(x)* with U(z) = ¢l#*"-Px)_For g € S(RY),
the standard spectral calculus gives

Aga= [ de) B A7 00
(a vector—valued Bochner integral). By density this extends to our g; € §’, and we obtain

B2 = | 50) Edp) A7 0.
Decompose with E7 and E. :=1 — Ej:
Bi(h)Q = E1Bi(h)Q + E.Bi(h).

3) Identification of the one-particle contribution. On the mass shell X,,, we have p® = w,(p),
so by Equation (238), R
= —i(2m)*? 2w,(p) h(p),

gt <p07 p) S,
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which is independent of ¢t. Hence

E\B(h)Q = —i(2n)*[ 2w.(p) h(p) Ei(d’p) AL 0).
R
By the LSZ normalization of Al (unit residue at m,), the vacuum-to-one-particle matrix

elements of A% coincide with those of a free scalar of mass m,. In particular, if {|p)} denotes
the Dirac momentum basis in H; with

(pla) = 2w.(p)d(p—q),

then
1

(2m)%/2 2w, (p)
Substituting this into the previous display yields

Ey(d*p) A (0)0 = p) &°p.

EyBi(h)Q2 = /Rg 2};(*?2)) p) d°p =: W, (h),

which is manifestly independent of ¢ and belongs to H;. Moreover,

2 _ ‘E(P)‘Q
[l = [ gy e

which is exactly the right-hand side of Equation (237). In particular, U, (h) depends on h only
through its restriction to X,,, .

4) Vanishing of the continuum part as t — +o0o. On ran E, the joint spectrum of (H,P)
is contained in the closed subset 0. C R* obtained from the full spectrum by removing the
isolated mass shell ¥, . Let 1 have compact support contained in a fixed compact set K C R3.
The energy bounds for ﬁ&so)(O)Q (Nelson analyticity/subgaussian moments, see Lemma 17.2
and Proposition 17.3) imply that

(% p) > (" + w.(p)) h(p) Ec(dp) AL (0)02

defines a Bochner-integrable #-valued measure on R*. Using Equation (238), we can therefore
write

EB(h)@ = —i(2m? TG+ wn(p) A(p) Eeldp) A7 0)02
Oc X

Set A(p) := p° — wy(p). Since %,,, is isolated, A has no zeros on o. N (R x K), but this fact
is not needed. Consider the pushforward H—valued measure v on R defined by

u(B) = —i(2m)"?[ (1 + . (p) (p) Eeldp) A2 (0)02
{p€ccN(RxK): A(p)eB}

for Borel sets B C R. The total variation of v is finite because of the energy bounds and the
compact support of A. Then

E.B(h)Q — /]R X ().

By the vector—valued Riemann—Lebesgue lemma (Fourier transform of a finite H—valued
measure on R), this Bochner integral converges to zero in norm as t — +oc:

1EB(R)Q| = 0.

t——4o00
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5) Ezistence of the limit and independence of sy. Combining Steps 3 and 4 we obtain

tl}gloo Bi(h)Q2 = tl}+moo (E1Bi(h)2 + E.Bi(h)Q) = W, (h) € Hi,
with norm given by Equation (237). The representation of W,(h) in Step 3 shows that it
depends on h only through hly,,, .

To see that W, (h) does not depend on the choice of sg > 0, let s;, be another flow time and let
giso) be the corresponding LSZ—normalized interpolator. By construction, both interpolators
have unit residue at mass m,, so their one—particle projections coincide:

B A% 0)0 = B A% (0)0.

Set €' := AP — Aisg) and denote by BE (h) the operator obtained from Equation (236) with
AL replaced by C. Then E1C(0)Q2 = 0, so Step 3 yields E1BE (h)Q = 0 for all ¢, while Step 4

applied to C' in place of Al gives

lim ||E.Bf (h)Q| = 0.
t—-+oo

Thus limy_, 100 BE(h)2 = 0, and the limits constructed with AP and ﬁisé)

proves independence of sg. O

coincide. This

Remark 18.140 (Isometry and domain). The map h — W, (h) extends by density to an isometry
from L2(R3,d3p/(2w.(p))) onto the one-particle space H1. Indeed, Equation (237) identifies
the norm of W, (h) with the standard L2 norm of h on the mass shell, and the set of h with
compact support is dense in that L? space. The operators B;(h) are well defined on the
common polynomial core Dp,ly, and the limit above is taken in the strong topology of H.

Corollary 18.141 (Vacuum uniqueness at 7' = 0 for the flowed theory). Fiz so > 0 and
consider the continuum OS limit from Corollary 18.136. Then the reconstructed Hamiltonian
Hs, has a unique (up to phase) translation-invariant ground state g, .

Proof. Exponential clustering for flowed gauge—invariant locals at fixed sp > 0 (Lemma 18.132)
implies the OS cluster property for the corresponding Schwinger functions. In the OS recon-
struction, clustering of Schwinger functions entails uniqueness of the translationally invariant
vacuum vector; see, for instance, Glimm and Jaffe (1987, Thm. I11.4.12). Applied to the
continuum OS limit at flow time sg, this yields uniqueness of the ground state €25, of Hs, up
to phase. O

Proposition 18.142 (Nonzero overlap in the lightest scalar channel). Let so > 0 be fized.
Assume that the scalar one—particle subspace at mass my in the flowed OS/Wightman theory is

++
nontrivial, i.e. there exists a unit vector ¥ € H§° )
gauge—invariant scalar local operator A0 such that

at mass my. Then there exists a bounded,

(1, AL QY £ 0.
Moreover, one may arrange (€, AG)Q) = 0.

++
Proof. Fix a unit one—particle vector i¢; € ’H§° ) at mass my. Let O C R* be a nonempty
open set (take O to be a ball to preserve rotational invariance). By the flowed gauge—invariant
Reeh—Schlieder theorem Theorem 10.5, the set of vectors

{ BE)(f)Q - BCO) a flowed GI local, f € C=(O) }

226



is dense in H. Hence there exist B(*)(f) with
B ()9 =]l < 3.
Define the mean—zero operator
B0 = B0 (f) — (2, BC) () 1,

so that (€, BE)Q) = 0 and (41, BE)Q) = (11, BE)(£)Q) because ¥y L Q.
Now project to the 07" sector by symmetrizing under spatial rotations (and, if desired,
also parity and charge conjugation):

Als0) = / U(R) B®) U(R)* dR,
50(3)

(where dR is Haar measure). Since O is a ball, each conjugate U(R)BFO)U(R)* is still localized
in O, hence A®0) is bounded, GI, and local; and by construction it is scalar. Because 1/; has
spin 0 (and is P—even and C—even in the 07" channel), 1, is invariant under these symmetries,
SO

o, AR = [, URBOUR) ) dR = {1, B9)

Finally,
(1, BE(£)Q) — 1| = |(yp1, B (f)Q — ¢1)| < | BE)(£)Q — ]| < &,

so | (11, AGIQ)| > 3 and in particular it is nonzero. O

From a filtered operator to tr(F?) via quantitative low removal. Let {Oa}a<y
be a renormalized gauge—invariant (GI) basis for the scalar 0 channel, chosen so that
O4 = tr(F?)g. Fix sgp > 0 and work on the common OS core at flow time sg. Then the
flow—removal theorem (Proposition 18.75, based on the nonperturbative SFTE with remainder
bounds, Lemma 18.24) yields: for every f € C>°(R%) and every s € (0, sq],

(v, AP (F)w) = 3~ canls) (v, Oalf) w) + (v, Ry(f)w),

A<4

with a quantitative remainder bound

[Bs(NI < Cs* [ fllew,

for some £ > 0, integer N, and constant C' independent of s € (0, sp]. Any total-derivative
term 0- J() that appears before smearing is absorbed into R(f) by integration by parts.
Moreover, in the same matching scheme,

can(s) =cs +O(sllogs|) (s 10),

in particular ¢4 4(s) — CER;-

Theorem 18.143 (Nonzero one-particle residue for tr(F?)). In the scalar 0+ channel, the
renormalized composite tr(F?)r has a strictly positive LSZ residue at the one-particle mass mq:

Zoev = (1, tr(F?)R(0) Q)‘2 > 0 for some unit one-particle 1 of mass my.
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Proof. Fix sg > 0 and let AP be the principal interpolator in the scalar 0T channel at flow
time sg, constructed in the GEVP /variational setup (so A is a finite linear combination of

flowed basis fields ®5°) := G so ¥ Q" with QF™ renormalized point-local GI scalars of canonical
dimension < 4). Let ¢ be a unit one—particle vector of mass mg such that

(, AL 0)Q) £ 0,

as guaranteed by Proposition 18.142 (with mg = m, in that notation).

Write
AS<SO) — Z Vo (I)((;o) — Z Ve, (Gso *Qraen) _ GSO *A(O),ren’ A(O),ren — Z Vg, ng-

a€eB aEB aEB

Equivalently, for every test function f € C°(R%),
ANy = ADN Gy )

Choose f so that (1, Aiso)(f)Q> # 0 (possible since the distribution f — (¢, A,((SO)(f)Q> is not
identically zero). Setting g := G, * f then gives

(1, AT () = (i, A (F)Q) # 0,

so AO)ren hag nonzero overlap with a one—particle vector of mass my.

In the scalar GI 07" sector at canonical dimension < 4, the renormalized quotient is
spanned (modulo the identity and null fields in the physical sector) by tr(F2)g. Hence we may
write

A(O),ren =col 4+ ¢4 t}I‘(Fz)R.

Taking a vacuum-to—one—particle matrix element eliminates 1 (since ¢ L ), and therefore
(W, AOTN0)R) = cs (¢, tr(FHR(0)).

The left-hand side is nonzero, hence c4 # 0 and (), tr(F?)g(0)Q) # 0. This implies Zy++ >
0. U

18.19 RG window transport and explicit low—momentum coefficients

We now show that, in a robust renormalization-group (RG) window that survives the con-
tinuum /thermodynamic limit, the flowed GI two-—point function admits a uniform small—-
momentum expansion whose inverse has strictly positive coefficients

(GOPN™ = cols) + cals)p® + O@p*)  with co(s), cas) > 0,

and we identify cy(s), ca(s) explicitly in terms of Euclidean correlator moments or, equivalently,
the Kéllén—Lehmann spectral measure.

RG window. Fix a (physical) flow time s > 0 and define the RG window of momenta

W(s, k) == {peR*: |p| <r/Vs},

with a data-driven k = kq(s) € (0,1) chosen as in Theorem 18.148. On the lattice with
spacing a and linear size L (periodic b.c.), we restrict to the discrete momenta p € (27/L) Z* N
W(s, Kq,1(s)) and impose

e <€ Vs <l < L, (239)

where £ is a fixed coarse length (in physical units) used to separate UV and IR errors. We
call (239) an RG window schedule. In the joint limit a | 0, L 1 oo with s, ¢ fixed (or slowly
varying so that (239) holds), the window W(s, k4, 1(s)) remains nontrivial. If, in addition,
(NDy) holds, one may choose kg, 1,(s) uniformly in (a, L).
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Set—up. Let A® be a bounded, gauge-invariant flowed local observable at flow time s > 0
(e.g. the flowed energy density or a smeared Wilson loop), normalized by (2, A®)Q) = 0. Write
its connected Euclidean two—point function and Fourier transform as

GO (z) = (Q, A¥D@@)AD0)Q), G¥(p) = /R e G (z) d.

By reflection positivity, isotropy at positive flow, and exponential clustering (Theorem 20.6
and Theorem 18.121), G € L'(R*) with finite moments up to order 4, uniformly in the RG
window schedule.

Lemma 18.144 (Flowed two—point function: Kéllén—Lehmann representation with a flow
weight). Assume OS/Wightman reconstruction in the GI sector at some reference positive flow
time so > 0, yielding a Poincaré covariant Hilbert space (H,Y) with translation generators P,
and invariant mass operator M? := P,PF >0. Let A®) be a centered GI scalar local observable
at flow time s > 0, and define g == A®) (0)Q2 € H. Then there exists a finite positive measure
dps supported on [u?,00) such that

- oo (m2)
) (p) — dps(m”) 94
G (p) / Sl (240)

Moreover, if the flow is induced (on the cyclic subspace generated by 1s,) by a translation—
and O(4)—covariant semigroup acting diagonally as a bounded Borel function ug of the invariant
mass M?,

Us = us(M?) s,
then dps < dp with dp := dps, and
dps(m?) = ws(m?)dp(m?),  ws(m®) = |us(m?)|* € [0, [lus|[3]. (241)
In particular, for the (heat-kernel) gradient flow scheme used in this paper, one has
us(\) = e = we(m?) = e~ 2sm?, (242)

Proof. Let U(xz) = e be the unitary representation of Minkowski translations from
OS/Wightman reconstruction, and let E(-) be the joint spectral measure of P,. For the
(Minkowski) Wightman two—point function

W(z) = (@, AV (2) AD(0)Q) = (¢, Ul)ds),

the spectral theorem gives
WO = [ ) dusl) = d, Bl v,

where dug is a finite positive measure supported in the closed forward cone by the spectral
condition. Since A®®) is a scalar, du, is Lorentz invariant; hence it admits the standard
mass-shell disintegration: there is a unique positive measure dp, on [u?, 00) such that

ds(p) = 276" / 50— m?) dpu(m?)

Wick rotation 2° = —iz4 and Fourier transform in Euclidean momentum p € ]1%4 yield the usual
Kallén-Lehmann form (240) for G(®)(p) (equivalently, the statement that G) is a Stieltjes

function of p?).
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Assume now the additional diagonal-in—M? flow hypothesis 15 = us(M?)1s,. For any
Borel B C [u?, 00),

ps(B) = [[1p(M*)is|? = [15(M?) us(M*)ts, | = /Blus(mz)Ide(m%:

with dp := dps,. Thus dps = ws dp with ws = |u,|?, giving (241).

Finally, for the gradient flow scheme used throughout the paper, the linearized flow acts on
each invariant mass sector by the heat semigroup multiplier us(\) = e™** (equivalently, the
vacuum-to-mass—m form factor is damped by e~*™"); hence (242) follows and in particular
wy(m?) = e=25m”, O

Lemma 18.145 (Uniform Taylor expansion of G®) in the window). For each s > 0 and
k€ (0,1) small enough, G is real-analytic and even in p on W(s, k), with

~ ~ 1 s
GOp) = GW0) — S p* + RO(p),
where Més) >0 and |[R®)(p)| < Cis) Ip|* for all p € W(s, k). Here

) (0) = (®) ) _ LA ge _ 4)(
GO0 = [ 9@ >0, MY = o (-a60 Po_d/ 122G
with d = 4. The constants é(s)(O), MQ(S), C’is) are finite and depend continuously on s; moreover,
M > 0.

Proof. Exponential clustering gives [(1 + |z[*) |G®)(x)|dz < o0, so G € C* and admits
a fourth—order Taylor expansion with remainder bounded by the fourth moment. Evenness
follows from Euclidean invariance of G(%).

To see that the quadratic term has strictly negative curvature, use Lemma 18.144:

~ 00 ’/TL2 0 9 m2 m2
G(s)(p):/# dé’s( ):/ w,

2 p +m2 2 p2+m2

where ws > 0 and dp is a fixed nonnegative measure as in (241). Differentiating under the
integral sign gives

0 2
~(s ws(m
—0,,0,,G(0) = 23, / 2 () 4om?) > o,
n

hence —A,G®)(0) = 2d [ ws(m?)m~* dp and therefore

S ]' S

MY =~ (- A,G¢ _2/ Y\ 4p(m?) > 0.

The remainder bound | R (p)| < Cis) Ip|* follows from the fourth moment. O

Uniform fourth-moment bound (notation). We record the uniform fourth-moment
constant along any RG window schedule:

sp 30 (1) (G @] < Cals) < oo [ (el [GY @) dr < Culs). (243
a, IEAa L R*
Here we set Cy(s) := C’ZES) from Lemma 18.145 (so the remainder bounds there and in

Theorem 18.148 use the same symbol).
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Proposition 18.146 (Inverse two-point function: explicit coefficients). On W(s, k) and for
k > 0 small enough (depending on Cﬁs)), G®) (p) is strictly positive and

GO = co(s) + cals)p® + RO(p),  [ROp)| < @ pp|*,
with

co(s) = (GD0) " >0,  cas) = (G(0) ™ >0, (244)

and a constant C®) depending on Cf), G)(0), M2(S).

~ ~ (s)
Proof. By Lemma 18.145, G®)(p) = G©&)(0)(1 — 2;{5>(0)p + 66)(p)), with [6¢)(p)| <

(Cf)/é(s)(O))\p|4. Choose & so small that |6 (p)| < 3 Qgs)(o)p on W(s, k); then G©)(p) > 0
there and we may invert by a convergent Neumann series. A direct expansion of 1/(a — b + €)

with @ = GU(0), b = IMQ(S) 2, ¢ = R®)(p) gives the stated coefficients and remainder
bound. O

Spectral expressions and positivity. Using Lemma 18.144 (Ké&llén—Lehmann with a
nonnegative spectral measure dp and a flow weight w4(m?) > 0),

- [l
p? —i—m2 '

é(S)(O) — /OOU)S(TTﬂ)dp(mQ)’ MQ(S) _ 2/2 ws( )dp( ) (245)

2
pzm m4

Hence

which are strictly positive and finite for s > 0. Substituting (245) into (244) gives explicit
formulas with ¢o(s), ca(s) > 0.

Sharpening with a one—particle pole and flow suppression. Assume, in addition, the
scalar channel has an isolated one-particle mass m, with residue Z > 0 (Theorem 18.143).
Then dp has an atom Z §(m? — m?2) and a continuum part supported in [(2m,)?, 00). For
standard gradient flow, w,(m?) = e~ 25™° (Lemma 18.144). Define

00 —2sm 7

. —2sm? . € 2 S
Zs:=Ze * €s = / 2 dpcont(m ) o
(2m*)2 m m*

Then €5 | 0 as s T 0o, and for any target § € (0, 1) there exists ss such that s > s5 = €5 < 0.
For such s,
2
m 1
> —* s ca(s) = )
= Z,(1+9) 2(5) = Zs (1+6)2

valid for all s > s5 when the scalar channel has an isolated one—particle pole at m, with residue
Z>0and Z;, :=Ze ~2smi S0 in the RG window we have

co(s) (246)

B 2 .2
(G(S)(p))—1 — m*;p

(14 O(8) + O(p?s)),

uniformly for |p| < k/y/5. Thus co(s)/ca(s) = m2 (1 + O(6)).
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Lemma 18.147 (Transport to the continuum). Let c(a L)( ), cga’L)(s) be the lattice coefficients
extracted by

a,L s a,L 1 s -2 ~(s
o () = (GLO) T () = oo (GUL0) 7 (= AEEL) o

where G( 3; is the discrete Fourier transform of the finite—volume two—point function. Under
the RG wmdow schedule (239) and exponential clustering uniform in (a,L), one has

(a,L) (a,L)

1 = 1 =
i cf(s) = o). lim () = eals)
LToo LToo

and the convergence is uniform in s varying over compact subsets of (0,00). Moreover, the

remainders R((IS)L(p) in the lattice expansion obey the same O(|p|*) bound uniformly on W(s, k).

Proof. Uniform exponential clustering and flow locality give sup, 7, 3, (1+|2[*) |G((15)L(x)\ < 0.

Hence Riemann-sum convergence yields égS)L(O) — G*)(0) and similarly for —A,G evaluated

at p = 0 (the discrete Laplacian matches the continuum Laplacian up to O(a?)). The O(|p[*)
control is inherited from the fourth moment bound as in Lemma 18.145, uniformly in the
schedule (239). O

Theorem 18.148 (RG window transport with explicit cg,co > 0). Fix s > 0. In the RG
window (239), the finite—volume, finite—a inverse two—point function of AB) admits

~(s -1 a, a, s s s
G )™ = s + Pt + RO ), IRELM) < S Il

)

for all p € 21/ L)Z* N W(s, kiq,1.(s)). Here

a, s a, 1 ~(s -2 ~(s
A D(s) = @) ) = g (EH) 7 (- 460

and one may take the data—driven window size

1
Gor©s (GOSN
2 M{@P(s) T\ 4Cu(s) e

where MQ(a’L)(S) =1(- Apé((j)Lﬂp:O > 0 and Cy(s) is the uniform fourth-moment constant
from (243). A walid (non—optimized) remainder constant is

oo 1 (Mg (s))”
Y@ o) 2

As a0, L1 oo, one has c(()a’L)(s) — co(s) > 0 and cga’L)(s) — ca(s) > 0 with co(s), ca(s)
given by (244) (equivalently (245)).

K, (8) = minq Kmax,

+ 2Cy(s) éﬁ;‘;z(m).

Uniformity in (a, L). If, in addition, the nondegeneracy

(ND,)  inf G (0) > cmin(s) > 0

a,

holds, then we may choose kq r(s) and C((ls% uniformly in (a,L) by replacing CNJS)L(O) with

Cmin(8) and MZ(G’L)(S) with sup, 1, MQ(G’L)(S). Without (NDs), the expansion remains valid with
the explicit (a, L)—dependence displayed above.

232



One—particle pole bounds. If the scalar channel has an atom at my with residue Z > 0 and
wg(m?) = 6_25m2, then for any § € (0,1) there exists ss > 0 such that for all s > ss,

m2 1

x , co(s) > .
Z e=25m% (1 +0) 2(s) = Z e=2sm% (1 4 §)2

co(s) > (18.148:x)

Proof. The moment bound (243) yields the lattice Taylor expansion

G (p) = G 0) = L MM (s)p® + R (0), IRV (p)] < Culs) [l "
For [p| < k/V/s,
(a,L)
M C 1 1 1
?v(T(S) ’p|2 + ~(j)(8) ‘p|4 < 1 + 1 = B
2 Ga,L(O) Ga,L(O)

provided k is chosen as in the statement. Then éas)L (p) > 3G S)L(O) > 0 in the window and
Neumann inversion gives

with |R((15)L (p)| < Cész\ p|* as displayed. The continuum identification follows from Lemma 18.147.
The one—particle bounds are exactly those already proved below (246). O

Remark 18.149 (Interpretation). Fix § € (0,1) and choose s > ss5 so that the continuum part
in the scalar channel is suppressed by the flow, e, < § (as defined above with Z; := Z 6*257”3).
Then, for momenta in the RG window |p| < kg 1,(s)/+/s with k4 1,(s) as in Theorem 18.148,

mg + p’

o
@) =

(1+00) + 0(p?s)).

Consequently,
2

o) = 7 (1400). @) = = (1+00),

and the ratio identifies the scalar mass up to explicitly controlled error:

= m} (1+0(9)).
All O(+) constants are absolute and uniform in the window choice |p| < k4 1.(5)/V/s.

19 Spectral consequences: half-space density and the Yang—
Mills mass gap

Lemma 19.1 (Half-space density for GI locals). Fiz a flow time sg > 0. In the OS Hilbert
space H reconstructed at flow sg (see Corollary 18.136), the set

D) = span{ AB)(£)Q: A GI local, f € CX(RY), supp f C {zo > o}}

is dense in H, equivalently Dfo) = H. In particular, for any open half-space O C R4,

span{A(SO)(f)Q: A GI local, f € C*(RY), suppf C (9+} = H.
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Moreover, the mean—zero half-space subspace
DY = {peDi: (,4) =0}

is dense in QF, equivalently
DYy = ot

Proof. By the flowed GI Reeh—Schlieder theorem (Theorem 10.5), for every nonempty open
region O C R* the set

{AB)(£)Q: A Gllocal, f € C®(RY), suppf C O}
has dense linear span in H. The open half-space

Oy = {zeR': 25> 0}

is nonempty and open, hence taking O = Oy gives that Dfo) is dense.
Likewise, any open half-space O, C R* is nonempty and open, so applying Theorem 10.5

with O = O yields

span{A(SO)(f)Q : A Gl local, f e C>®(R%), suppf C (9+} = H.

Finally, Q € D(fo) (e.g. take A = 1 and choose f € C°(R*) with supp f C {zo > 0} and
Jga f(x) dx # 0), so for any ¥ € Q1 we can choose 1, € Dfo) with 1, — 1 and then set

Gn = Py — (Qa ¢n> Q e D-(i:s,(]o)'
Since (2, ¥y,) — (2,9) = 0, we have ¢,, — 1, which proves density of Df?o) in Q+ (equivalently
DY) = ob). 0

Lemma 19.2 (Semigroup representation and exponential bound). Let A be a mean—zero GI
local (point-local or flowed) and set 4 := A(f)Q with supp f C {xo > 0}. Then for allt >0,

<’¢A7 e_tH Q;Z)A> = <Qv A(f)* a(zt,O)(A(f)) Q>a
and, in the regime where Euclidean—time clustering holds with rate my > 0 for GI locals,
0 < (ha, e ) < Cae™!  (t>0),

for a constant C'4 < oo depending on A and f but not on t.

References. The semigroup identity follows from OS reconstruction (see Theorem 17.1). The
exponential bound is supplied by the Euclidean—time clustering established at positive flow
(see Corollary 18.122) and transported to point-local GI fields via flow removal/FPR (see
Theorems 16.14 and 16.17).

Proof. We first prove the semigroup identity. By OS reconstruction, Theorem 17.1, the
Euclidean time-translation semigroup on the OS Hilbert space is implemented by e, where
H > 0 is the OS Hamiltonian, and Euclidean correlators analytically continue to Wightman
functions. More concretely, if B and C' are (smeared) Euclidean fields supported in the positive
Euclidean time half-space, then for ¢t > 0

(BQ, e CQ) = (Q, B*T,CQ),
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where T} denotes Euclidean time—translation by ¢. For B = C' = A(f) with suppf C {z¢ > 0}
this gives
(a, e Mpa) = (2 A(f) Te(A(f) Q).
Analytic continuation identifies 7; with the imaginary—time Minkowski translation o ; ), 0
that
(Wa, e apa) = (Q, A()" aqrof(A(f)) Q).

Since H > 0, e " is a positive contraction, hence

0 < (ha, ey (t>0).

We now derive the exponential bound. We first work at positive flow sg > 0. By the closed
LSI for the flowed GI fields and its consequence, Euclidean—time clustering at flow sy (see
Corollary 18.122), there exist m, > 0 and, for each flowed GI local A®0) and test function f
with suppf C {z¢ > 0}, a constant C y(s0),p < 00 such that

(@, AC(F) (A (1) Q) — (0, A7) AN < Cp pe ™!

for all t > 0. Since A is assumed mean-zero, the smeared field A(0)(f) is mean-zero as well,
so the subtracted term vanishes and we obtain

(@, AP TUA () Q)| < Cheppe™!  (E20).
Combining this with the semigroup identity applied to A(SO)( f) yields
0 < (Y, e ™M) = (Q A (f)* TA () Q) < Cyip pe ™,

for iy = AL (£)Q.

For point-local GI fields [A], flow—to—point renormalization Theorem 16.14 and flow removal
Theorem 16.17 give that, on a common invariant core, A®)(f) converges in L? to [A](f) as
s | 0, and that Euclidean—time clustering is preserved in this limit with the same rate m.
Hence

1, [A) LA Q) < Cape™  (t20),

for some finite constant C'4 y depending on A and f. Using again the semigroup identity for
[A](f) we obtain
0 < @a, e yy) < Cape™t  (t>0)

with 4 = [A](f)2. Renaming C4 s as C4 gives the asserted bound in both the flowed and

point—local cases. O

Theorem 19.3 (Exponential clustering = spectral gap). Assume that for a dense set of

half-space excitations ¢ € DS::OO) one has

(W, eMy) < Cpem™! (t20)
for some my > 0. Then
o(H) C {0} U [my,00) and hence A :=inf(c(H) \ {0}) > m,.

Proof. Let p denote the spectral measure of H associated with 1, so that

oty = [ e du0) @20,

[0,00)
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where supp p; C [0,00) since H > 0. By hypothesis,
0 < / e M dpy(\) < Cye ™! (t >0).
[0,00)
The Laplace-support lemma (Lemma B.1) applied to p, implies that
supp pyy C {0} U [my, 00).
Equivalently, for every Borel set B C (0,m,),

pyp(B) = (¥, Eg(B)Y) = 0,

hence Ex(B)y = 0.

By assumption, such vectors 1 are dense in Df?o), and by Lemma 19.1 we have Df%) =
Q. Therefore Ey(B) vanishes on a dense subset of Q-+, hence Ex(B)|g. = 0. Since also
Ep(B)Q2 = 0 (because B C (0,m,) does not meet the vacuum eigenvalue), we conclude
En(B) = 0 for every Borel B C (0,my).

Consequently H has no spectrum in (0,m,), i.e.

o(H) C {0} U [my,o0).

By definition,

as claimed. O

Theorem 19.4 (Positive mass gap for the GI Yang—Mills sector (grand summary)). Let
a +— f(a) be the GF tuning line of Theorem 4.23, with the scheme parameters and target
coupling ug chosen in the verified weak—coupling window of Lemma 4.25 (so that (T1)—(T3)
hold along this tuning line). In the infinite—volume/continuum limit, the GI sector of pure G
Yang—Mills admits OS (and Wightman) reconstruction, and its Hamiltonian H satisfies

o(H) C {0} U [my,o0), with m, > 0.

Equivalently, the OS mass gap A = inf(c(H) \ {0}) obeys A > m,.
Moreover, if Aqr denotes the GF A—parameter of Definition 18.68, then my is an RG-
invariant mass scale of order Agr, i.e.

my = AGF M*, M* > 07

where M, is a dimensionless constant fized by the chosen normalization condition Equation (2)
(and the fixred macro—slice parameter ¢ used in the time-block chain).

Proof. Fix a positive flow time sg > 0 along the GF tuning line and set
My 1= Mmix,

with pmix as in Equation (247). Let ¥ = ZQ be a half-space excitation with Z a mean—zero
GI local observable supported in {¢ > 0}. Then the semigroup decay estimate Theorem 20.2
yields, for all t > 0,

0 < (e y) < Cpe™!,  Cy:=C(L5(2))° < o0,

where C' < 0o depends only on sy (and the fixed parameters ¢, ay through Equation (247)),
but not on the choice of Z.
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By Lemma 19.1, half-space vectors are dense in Q. Therefore Theorem 19.3 applies and
implies that H has no spectrum in (0, my), i.e.

o(H) C {0} U [my, 00), hence A >my > 0.

Finally, the statement that m, is naturally expressed in units of Agp is obtained by
combining the normalization Equation (2) with Definition 18.68 and the construction of the
decay exponent in Section 20 (in particular Equation (247)), which yields m, = Agr M, with
M, > 0. O

20 Core spectral gap along the tuning line

Fix the reference flow time sg > 0 used in the GF tuning line and set the associated reference
scale

1
SRVET
Along the continuum tuning line a — B(a) determined by the normalization g2y (uo; a, 8(a)) =

ug (cf. Equations (2) and (34)), the theory has a single RG-invariant mass scale, namely Agp
from Definition 18.68. In particular, evaluating Equation (178) at u = pg yields

Vi d
tor = 7 2255 ).

where Sgr denotes the continuum beta function of the GF coupling (to distinguish it from
the tuned bare lattice parameter 3(a)). Thus ug/Agr is fixed by the chosen renormalization
condition. Consequently, any mass scale extracted below from the time—block chain (and,
eventually, the mass—gap constant) is anchored to Agp rather than being an artifact of the
auxiliary flow time sg.

Lemma 20.1 (Functional dependence of the one-step contraction). Along the continuum
tuning line a — B(a) normalized by g (1o; a, B(a)) = ug, the one-step L? contraction factor
v =(s0) € (0,1) from Lemma 18.113 depends on the reference flow time sg only through the
renormalized coupling ug. Equivalently, there exists a function I' (determined by the fized-ug
window and the fized scheme parameters, in particular the macro—slice parameter ¢ and the
chosen flow scheme) such that

7(s0) = (o)

Proof. In Lemma 18.113 the constant v is the L? spectral radius on 1+ of the one-step Markov
kernel K associated with the nearest—neighbor reference measure V§01 on macro—slice variables.
After measuring lengths in units of |/sg (equivalently p 1), the construction of K involves only
dimensionless inputs: the (rescaled) nearest-—neighbor interaction profile, the slab log-Sobolev
constant for the flowed GI family, and the fixed blocking parameter ¢. Along the GF tuning
line, these dimensionless inputs are determined by the renormalized continuum theory at the
reference scale g, hence by the single renormalized coupling ug = géF(uo). This identifies

v(s0) with a function I'(ug). O

Write £y := cqow+/S0 for the quasilocality length controlling the off-diagonal decay of the
Fréchet derivative of the flow map (and hence of the adapted GI-Lipschitz seminorm used
throughout; cf. §16). Concretely, the influence of an initial perturbation at space-time distance
r on a flowed observable at flow time sq is suppressed by Gaussian heat—kernel tails at scale
V50 (Lemma 18.80), so that one may take bounds of the form exp( — c¢7?/£3) after absorbing
constants into caoy-
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Decay exponent from the time—block chain. Let v = v(sg) € (0,1) be the one-step L?
contraction factor from Lemma 18.113. By Lemma 20.1 we may write (sg) = I'(up).
For the macro-slice thickness w = [c¢/S0/a| we have, for every a < ao,

C\/S0

c\/%éawza{ W < e/sot+a < e/so+ ap.

a

The contraction across n macro—slices therefore yields an exponential decay in physical time
with rate
[logy~'| _ |logT'(up)~'|
aw N aw ’

Introduce the dimensionless mixing function

log T (ug) ™
Fmix(ug) = \ég|log1“(u0)—1| (so that uofmix(uo):%),

Then the bounds on aw imply

ap \~! [logy~'|
< - < mix .
C\/%> < < o fmix(uo)

aw
Since pop/Agr is fixed by the renormalization condition Q%F(HO) = ug, the decay rate extracted
from the time-block chain is therefore anchored to the RG-invariant scale Agr (up to the
harmless ceiling artefact).

To state bounds uniformly in a < ag we fix the uniform lower bound

Ho fmix(uO) (1 +

[ log T'(up) | ag \~!
ix — ix = = ix 1 5
Hmi Hmi (UO) C\/%—I—ao Ho fml (UO)< + C\/%> (247)
1 —1
so that M > mix-
aw

Theorem 20.2 (Semigroup decay for half-space vectors; no operator-norm promotion). Fiz
sp > 0 and the macro-slice thickness w = [c+/so/a], and let pmix be as in (247). There exists
a constant C' < oo, depending only on sy (and on the fized parameters c,ag through (247)),
such that for every Z supported in {t > 0} with (Z) =0 and every t > 0,

e zQ|? = (2, 7z) < Cermxt (LS1(2))° (248)
Proof. Write t = n(aw) + 7 with n € N and 7 € [0, aw). By OS positivity,
le~*H ZQ|?> = (Z,1.Z).

For t = n(aw), apply the time-block L?-contraction (see Lemma 18.113 and Proposi-
tion 18.111) across the n blocks to get

~ |logy7!

Z 7y < cy"(LS(2))? =
< y Tn(aw) > = C’y ( ad( )) Cexp( aw

n(aw)) (LEH(2))”.
Since “Oiiﬁ > pmix by (247), this yields
(Z, To(aw) Z) < C e tmixn(aw) (LGl 7))2,
For general t = n(aw) + 7, contractivity |[e~7#|| < 1 implies

le™ 29I < e M ZQIP = (2 ThanZ) S Cetmxn e (LE(2))%,
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Since t = n(aw) + 7 with 7 € [0, aw),
e_#mix n(aw) — eﬂmixT e_,ufmixt
g eumix(aw) e_ﬂmixt
S eﬂmix(c\/%'i‘a()) e_/lmixt
— e‘ 10g771| e_umixt
— 7_1€_Mmixt'
Absorbing the factor y~! into C gives (248). O

Inputs. We use: (i) the global slab log—Sobolev inequality with a uniform constant ., > 0
(independent of L and a < ag) for the flowed GI family, with arbitrary boundary condition
outside the slab (see Corollary 6.13); (ii) the subgaussian/Herbst bounds and hypercontractivity
consequences (see Lemmas 6.14 and 17.2); (iii) the small flow-time expansion and L? remainder
control (see Lemma 16.3); (iv) reflection positivity and OS reconstruction from §17.

Lemma 20.3 (Quasilocal derivative bound for flowed GI observables). Let X = X(%0) pe q
bounded functional of flowed GI fields supported in a compact Fuclidean—time interval I. Then
there exists Cx < oo such that for any perturbation of the underlying field localized at Fuclidean
timet ¢ 1,

dist(t, I)?

VX[ < Cx exp( —c .

) LEH(X),
for some universal ¢ > 0 (depending only on the flow scheme through fixed constants as
elsewhere). An analogous bound holds for spatially separated perturbations, with dist the full

space—time distance.

Proof. Fix so > 0 and set {y := cowy/S0 for a convenient reference scale. By Lemma 18.80
(heat—kernel quasilocality of the gradient flow) and its higher—derivative extensions, the map
that sends the underlying field to the flowed GI fields entering X (o) is Fréchet differentiable,
with linear response operator Js,(®) whose kernel obeys a Gaussian off-diagonal bound: there
exist Chk, chk € (0,00) such that

[0 (2, 27)[| < Chi eXP( — Chk M) (2,2 € RY). (249)

0
Let I be the Euclidean—time support of X. For a perturbation d® localized at Euclidean
time ¢, the chain rule gives

DX(®)[0®] = (DX(®), Jso (®)[0P])s,,

where H;, is the Cameron—Martin space used for gradients. By the definition of the adapted GI-
Lipschitz seminorm and the uniform moment bounds for flowed observables (see Lemma 18.132),
there exists a deterministic constant c,q such that

IDX(®)l i, ) < caa ISHX)  for jrace. ®. (250)
Taking [|0®]|3;,, = 1 supported at Euclidean time ¢ and using (249) gives

S

is 2
[DX(®)[0®]] < caa Ciic exp( — e ) L8 ().

Finally, take the L?(;)-norm in ® and the supremum over unit d® localized at time ¢ to
conclude . )
IViX|l2 < Cx exp(— BB 18H(x),

S

after renaming constants. The spatial statement is identical with dist the full space—time
distance. O
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Proposition 20.4 (One-slab mixing (from half-space clustering)). Set S, := 44y and let pmix
be as in (247). If X is measurable w.r.t. fields in {t > S} and Y w.r.t. {t <0} with S > S,,
then along the tuning line, uniformly in L and a < ag,

(XY) = (X)(V)] < Cetmn¥ LE(X) L (Y), (251)

where C' < oo depends only on the uniform OS Poincaré constant at flow time so (and hence is
uniform in L and a < agp).

Proof. Let Xo:= X — (X) and Yy :=Y — (V). Define the half-space observables
X = 7_5Xo, Y = QY.

Then X and Y are supported in {t > 0} and satisfy (X) = (Y) = 0 by translation and reflection
invariance. Moreover, by definition of the OS pairing,

(V,75X) = (B - 15X) = (Yy - Xo) = (XY) — (X)(Y).
Apply Theorem 20.5 to the pair (17, X ) to obtain
(Y, 75 X)| < Cuuix =S LSH(V) LEH(X).

Finally, LG is stable under © and under translations, so LE(Y) = LE(Y)) and LE(X)
LEL(X). Absorb Cyix into C to conclude (251).

O

Theorem 20.5 (Uniform Euclidean clustering and spectral gap). Fiz so > 0 and let pmix
be as in Equation (247). Then there exist constants Cpix < 00 and ag > 0 such that, along
the GF tuning line a — [(a) and for all a < ag, the following holds uniformly in the volume
parameter L.

Let X andY be bounded functions of flowed GI local fields supported in the nonnegative—time
half-space {t > 0}, with (X)s g = (Y)a8c = 0. Then for every Euclidean time separation
S >0,

(X, TsY)| < Omix e P8 LG (X)) LG (V), (252)
where (X, 75Y) denotes the OS pairing, i.e. (X,75Y) = (00X - 7Y )a ¢, with © the OS time
reflection and Ts Euclidean time translation (cf. Equation (117)).

In particular, for any Z supported in {t > 0} with (Z)5 3. =0, one has the OS-Hilbert
space bound

657 29I = (Z,752) < a5 (LE[(2))%, (52 0). (253)

Moreover, in the associated OS reconstruction the Hamiltonian H satisfies the uniform
spectral inclusion
o(H) C {0} U[my, c0), My 1= fmix > 0.

By Lemma 20.1 and Equation (247) one has the scale form

ag \—1
My = Ho fmlx(uO) (1 + C\/%> .
Since po/Acr is fized by the renormalization condition gigp(po) = uo (cf. the identity for
Agr at = po in Section 20), it follows that m./Agr is a pure number determined once
the normalization fizes ug (and the macro—slice parameter ¢ is chosen). In particular, the
decay rate is anchored to the RG—invariant scale Agw rather than to an arbitrary choice of the
auziliary flow time.
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Proof. Step 1: spectral gap. Set my := pmix. For every half-space excitation ¢ = Z€) with Z
supported in {t > 0} and (Z)a g = 0, Theorem 20.2 yields

0 < (e My) < Cye ™! (t20), Cy:=C(LE(2))? < .

By Lemma 19.1, half-space vectors are dense in Q. Applying Theorem 19.3 with this dense
set yields
o(H) C {0} U [my, 00).

Step 2: uniform Euclidean time clustering. Let X, Y be as in the statement and fix S > 0.
By the OS semigroup identity (cf. Equation (117)),

(X,75Y) = (XQ, e SHYQ)y.

Since (X) = (Y) = 0, we have XQ L Q and YQ L Q. Let Ey be the orthogonal projection
onto CQ and E+ := 1 — Ey. Then

(X, 75Y)| = [(XQ, BT ELYQ)y| < |[E-e T EH| [ XQ Y Q.
By the spectral inclusion from Step 1 and Lemma 17.18,
HEJ‘e_SHEJ‘H < emmS,

Next, by Lemma 18.135 (OS norm versus LGY), there exists Cpr(sg) < oo, independent of
a < ag, L, and of the choice of X,Y, such that

IXQ| < Cpr(so)? LE(X),  IYQU < Cpilso)? LG (V).

Combining the last three displays yields (252) with Cpix := Cpr(so).
For (253), take X =Y = Z in (252) and use Equation (117) to identify |e=5# ZQ||? =
(Z,7152). O

Theorem 20.6 (Mass gap in the continuum limit (via half-space excitations)). Along the
continuum tuning line a — [(a) with fized sg > 0, let pmix be the decay rate from Equation (247).
Then the OS/Wightman Hamiltonian H satisfies

o(H) C {0} U[my,o00), Mo := fmix > 0.

In particular, by Lemma 20.1 and Equation (247) one has the explicit scale form

my = Mo fmix(UO) (1 + C%)_l'

Using Agr = po exp(— f\/% %) at p = po, this can be rewritten as

140 ag \~1
» = A *3 * +— 7 Jmix 1 5
me=Agr M, M= 47 (o) (1+ C\/%)

so My =m,/Agr is a pure number determined once the normalization fizes ug (and the fized
macro-slice parameter ¢ is chosen).

Consequently, connected FEuclidean correlators of GI observables decay exponentially with
rate m, in any timelike direction, uniformly along the tuning line.
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Proof. Set m, := pumix- At fixed positive flow time sg, Theorem 20.2 yields the semigroup
bound
0 < (e ) < Cype™  (t>0)

for every half-space excitation ¥ € DS_S’%), with Cy < 0o depending on ¢ but not on a or L.

By Lemma 19.1 we have Df%) = O, so these vectors form a dense subset of Q. Applying

Theorem 19.3 with this dense set yields

o(H) C {0} U [my,o0).

The exponential clustering for connected Euclidean correlators in the time direction with rate
m, follows from the spectral inclusion together with the standard OS argument (equivalently,
apply Lemma 17.18 and the OS semigroup identity to estimate truncated correlators by
O(e™™+9) for large Euclidean time separation S). Finally, OS2 upgrades the time-direction
decay to exponential decay in any timelike direction. O

Lemma 20.7 (Stability under s | 0 and renormalization). Let [A] be a point-local GI composite
obtained from the SFTE

A®) = [A] + ¢ ()1 + ¢4 (5)O4 + Ry,

with |Rs(¢)||2 < s (see Lemma 16.3). Then the clustering bound (252) transfers from A®) to
[A] with the same exponential rate pmix (possibly a different prefactor C'), by letting s | 0 and
using dominated convergence plus the deterministic nature of the counterterms.

Proof. Let A®) = [A] + ¢{'(s)1 + ¢/ (5)O4 + Rs be the SFTE of Lemma 16.3, with ||Rs[z2 < s
uniformly along the tuning line. Fix X supported in {¢ > 0} with (X) = 0. By Theorem 20.5,

(A® rs )| < O et LGHAW) LEL(X).

The counterterms are deterministic scalars in the GI sector; hence {c{'(s)1,7sX) = 0 since
(X) = 0. For the Oy term, apply Theorem 20.5 again (with X and O4) to bound its connected
pairing with 7¢X by Ce #mix% and absorb it into the same estimate. Therefore

([AL 7sX)| < Ce LA LEX) + ||1Bsz2 s X |l 2

As s ] 0, the remainder term vanishes and LEI(A()) — LEI([A]), yielding the same exponential
rate fimix for [A] (possibly with a different prefactor C). O

Remark 20.8 (Spatial clustering and cone dependence). The same strategy with spacelike
slab decompositions yields uniform clustering in spatial directions; combining time and space

decompositions gives
‘ <X Y>c| < (O e Hmix dist(supp X,supp Y)

for any pair of bounded GI observables with disjoint, spacelike-separated supports, which
matches the Haag—Kastler clustering used later (§17).

21 Conclusion and outlook

The main outcome of this work is a fully gauge—invariant construction of four—dimensional
Yang—Mills theory in the continuum, starting from Wilson’s lattice gauge theory and using
gradient flow as a regulator. For any compact simple gauge group G (of rank bounded as in
the introduction), we obtain a continuum limit of the gauge—invariant (GI) sector, formulated
first at positive flow time and then at s = 0 after flow removal. At fixed sg > 0 we construct a
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unique O(4)-invariant Osterwalder—Schrader (OS) limit with reflection positivity, exponential
clustering, and a well-defined GI time-zero structure. A two—counterterm flow—to—point
renormalization produces point—local GI operator—valued distributions, and the resulting
Schwinger functions satisfy the OS axioms. Under Assumption 18.107, the same continuum GI
theory is obtained for every reflection—positive, local GI lattice discretization in the class R
(with the common flow and renormalization convention).

OS reconstruction then yields a Wightman theory and Haag—Kastler net generated by
GI fields on Minkowski space, with spectrum condition, locality, and a unique vacuum. The
construction provides a conserved, symmetric stress tensor 7),, built from flowed bilinears;
its charges implement translations and Lorentz transformations, and in the GI correlators
considered here it satisfies both the Ward identities and the trace identity with the renormal-
ization—group f—function. In particular, the continuum limit realizes a local QFT with the
familiar structural properties expected of Yang-Mills theory in four dimensions.

A central quantitative result is the existence of a strictly positive Hamiltonian gap in
the GI Yang—Mills sector. This is obtained by combining functional inequalities for the
flowed GI measure (notably global slab logarithmic Sobolev inequalities and the resulting
hypercontractive and mixing bounds) with a cross—cut transfer picture and a time-block
Markov chain for the flowed dynamics. These tools yield uniform exponential Euclidean—time
clustering for half-space excitations of flowed GI observables along the gradient—flow tuning line.
Flow—to—point renormalization then transfers this clustering to point—local GI fields with the
same rate, and a Laplace—support argument promotes the decay of half-space matrix elements
to a genuine spectral gap for the OS/Wightman Hamiltonian. Appendix A complements this
analysis with independent criteria showing that the resulting continuum theory is not Gaussian,
so that the constructed GI sector is genuinely interacting.

The analytic and probabilistic techniques developed along the way appear to be of inde-
pendent interest. These include: a GI cross—cut transfer formalism and GI conditioning that
preserve reflection positivity; the small-flow—time expansion and its L? control; an associative
GI operator product expansion with a renormalization scheme based on gradient flow; and a
step—scaling/Callan-Symanzik analysis with an analytic S—function and universal one-loop
coefficient. Together, these ingredients provide a self-contained, static (rather than dynamical)
route from the lattice to a continuum Yang—Mills theory with a mass gap.

At the same time, several natural extensions remain outside the scope of the present paper.
First, the construction is confined to the GI sector. It does not treat gauge—variant fields,
BRST cohomology at s = 0, or charged superselection sectors; nor does it address the detailed
structure of Wilson and Polyakov loops, center symmetry, or confinement criteria such as an
area law. Second, while we obtain a nonzero lower bound on the mass gap, the argument is
qualitative: it does not produce sharp values for glueball masses or a detailed description of
the low—lying spectrum. Third, the analysis is carried out for pure Yang—Mills; incorporating
dynamical matter fields (in particular, light fermions and chiral gauge sectors), as well as
topological parameters such as a #—angle, would require substantial additional work.

These limitations suggest several directions for future research.

e Matter fields and extended sectors. An obvious next step is to extend the gradient—flow
and flow—removal framework to Yang—Mills theories with matter, starting with vectorlike
fermions and scalar fields and, more ambitiously, with chiral gauge theories. One would
like a GI construction that still yields OS limits with reflection positivity at positive
flow, together with a controlled flow—to—point renormalization for composite operators
involving matter fields. On the Minkowski side, this should be combined with a systematic
treatment of charged sectors and Gauss law constraints.

o Confinement, string tension, and nonperturbative observables. While the present argument
establishes a GI mass gap, it does not analyze confinement properties. It would be
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important to understand whether the techniques developed here (log-Sobolev inequalities,
cross—cut transfer, and GI OPE) can be adapted to control Wilson loops, center symmetry,
and the existence and value of a string tension. Related questions concern the behavior
of 't Hooft loops, topological susceptibility, and the interplay between the GI continuum
limit and the standard confinement diagnostics used in lattice gauge theory.

o Quantitative spectrum and scattering theory. Beyond the mere existence of a gap, one
would like a precise description of the spectrum of the GI Hamiltonian: the multiplicity
and ordering of low—lying glueball masses, the onset of multi—particle continuum, and
the existence of bound states. Combining the present construction with constructive and
spectral techniques for Haag—Kastler nets may lead to progress on scattering theory and
LSZ—type statements for glueball states within this framework.

o Refinements of the renormalization and OPE picture. The gradient—flow renormalization
scheme and SFTE-based OPE developed here provide an analytic handle on the GI sector
at short distances. It would be valuable to make the dependence of OPE coefficients and
effective couplings on the flow scale more quantitative, and to compare them systematically
with perturbative and numerical determinations. This includes, for instance, extracting
dimensionless ratios such as mg,p/A and studying their behavior in the large-N limit.

e Generalizations and methodological applications. Finally, the combination of cross—cut
transfer, GI conditioning, functional inequalities, and gradient flow is not specific to
Yang—Mills. Variants of this strategy may be applicable to other gauge or spin systems
with local constraints, and to constructive treatments of models where reflection positivity
and gauge invariance interact in subtle ways. It would be interesting to explore such
applications, as well as to revisit classical constructive models through the lens of gradient
flow and flow—based renormalization.

In summary, this work establishes a gauge—invariant four—-dimensional Yang—Mills theory
with a positive mass gap directly from Wilson’s lattice regularization, and it provides a collection
of analytic tools that may be useful well beyond the specific model studied here. Universality
across a broader class of reflection—positive, local GI regularizations is addressed separately
under Assumption 18.107. The open questions above indicate that there is still considerable
room to refine the picture and to bring the GI continuum construction into closer contact with
both phenomenology and numerical lattice gauge theory.

A Non-triviality of the continuum limit

We give two complementary criteria ensuring that the OS continuum limit constructed above
is not a Gaussian (free) theory.

A.1 Non-triviality from a mass gap and GI locality

Proposition A.1 (A nonconstant flowed GI local rules out quasi-freeness). Let {S(™} be the
OS-limit of flowed gauge—invariant (GI) Schwinger functions at a fized flow time sy > 0, and
let H be the OS-reconstructed Hamiltonian. Assume A :=inf(c(H) \ {0}) > 0. If there exists
a flowed GI local A®0) and some f € C®°(R*) such that

Var(A®0)(f)) > 0,

then the limit theory is not Gaussian (quasi—free) in the following sense: the joint Schwinger
functions of the centered smeared flowed GI locals cannot satisfy Wick’s rule (equivalently:
their truncated Schwinger functions do not vanish identically in all orders > 3).
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Proof. Assume for contradiction that the flowed GI sector at time sy is Wick—Gaussian in the
sense that for every finite family of centered smeared flowed GI locals

X; = AP - EATO()], Sy € CERY,

their joint moments satisfy Wick’s rule (equivalently, all truncated moments of order > 3
vanish for this family).
Fix A0) and f with Var(A®°)(f)) > 0, and set

X = ALOI(f) — B[A®)(f)],  o? = Var(X) > 0.

Step 1: Wick implies Gaussian moment growth for X. Applying Wick’s rule to the single
centered variable X gives, for every n > 1,

E[X?"] = (2n— DI(E[X?)" = (2n — D)o, E[X?"T1] = 0. (254)

Step 2: X is essentially bounded at fixed positive flow time. At fixed sy > 0, flowed GI locals
are OS-limits of uniformly bounded lattice GI cylinder observables (compactness of G and the
definition of the flowed GI local algebra at positive flow time). Hence A(0)(f) is essentially
bounded, so there exists M < oo with

JAC) (A <M as. = IX|<2M as.

Therefore, for all n > 1,
E[X?"] < (2M)*". (255)

Step 3: Contradiction by comparing (254) and (255). Since (2n — 1)!! = [[p_1(2k — 1) >
[I5—1 k = n!, we have
E[X?"] = (2n — D)1 6®" > nlo?".

Using the standard Stirling lower bound n! > (n/e)” yields
E[X?"] > (n/e)"o*".
Choose n so large that (n/e) o? > (2M)? (equivalently, n > e¢(2M/c)?). Then
E[X?"] > (n/e)"o®" > (2M)*",

contradicting (255). This contradiction shows that the Wick—Gaussian (quasi—free) assumption
on the flowed GI sector is false. O

Remark. The mass—gap hypothesis A > 0 is compatible with the conclusion but is not
used in the contradiction; the input is that a nonconstant flowed GI local at fixed sy > 0 is
essentially bounded.

A.2 Non-triviality via GF step-scaling

Recall the GF coupling at scale u = 1/v/8s¢: gép(u;a,8) = rsi(Es). Along a tuning
line a — B(a) with g&p(po; a, 8(a)) = u, define the lattice step-scaling X(u, s; apo) and the
continuum step-scaling o(u, s) = limgy,—0 X(u, S; ao).

Lemma A.2 (Gaussian benchmark). If the continuum limit is Gaussian, then o(u,s) = u for
all s > 1 (no running of ggr ).
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Proof. Work in the continuum Gaussian (quasi—free) theory at fixed flow time s > 0. Let C be
the (massless) free covariance in a fixed gauge and let C, := ¢ C denote the rescaled Gaussian
covariance (overall amplitude ¢ > 0). For the flowed energy density Fs one has, in Fourier
variables,

(Es)e, = CK/ e~ 2P qp = cK572/ e
R4 R*

where K, K’ depend only on (G, p) and the flow kernel, and in particular are independent of s
once the canonical s72 factor has been extracted. By definition,

ger(p;s) = ks*(Eg)e, = keK,

which is independent of s. Tuning c to achieve g4y (1) = u fixes ¢ and hence g&p(spo) = u for
every s > 1. Along the associated tuning line one therefore has o(u, s) = u. O

Proposition A.3 (One-loop running of the GF coupling). For sufficiently small u > 0 one
has
o(u,s) = u — 2bgu® Ins + O(u?), bp > 0,

with by the universal one-loop YM coefficient (group-dependent, positive for G).

Proof. By the Callan-Symanzik equation for step-scaling (see Lemma 4.14), the continuum
step-scaling function solves the ODE

s0s0(u,s) = B(o(u,s)), o(u,1) =u,

with an analytic S(v) near v = 0. By the universality of the one-loop coefficient in the GF
scheme (Lemma 4.18) we have the Taylor expansion

Bv) = —2byv? + O(v?) (v —0),

with by > 0 the universal one-loop YM coefficient for the gauge group G.
Seek o(u, s) as a power series in u at fixed s > 1:

o(u,s) = u+ ca(s)u® + c3(s)u + O(ut).

Plugging this into the ODE and comparing coefficients of like powers of u gives, at order u?,

s0sca(s) = — 2by, c2(1) =0,

hence
ca(s) = —2bplns.

Analyticity of § implies that the coefficient c3(s) exists and is continuous in s; from the
u3-equation one obtains |c3(s)| < C(s) on any compact s-interval [1,.5]. Therefore

o(u,s) = u — 2bgu’lns + O(u?),

with an O(u?®) remainder uniform for s € [1,S]. This is the asserted one-loop running.
(Equivalently, one may derive the same expansion by passing to the continuum limit in the
BKAR expansion of the lattice step-scaling from Theorem 4.19, which already contains the
universal —2bgu? In s term.) O

Corollary A.4 (Step-scaling criterion for non-Gaussianity). If for some ug > 0 and s > 1 one
has o(ug, s) # ug, then the continuum limit is not Gaussian. In particular, by Proposition A.3,
for all sufficiently small ug > 0 and all s > 1 nontrivial running occurs.
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Proof. If the continuum limit were Gaussian, Lemma A.2 gives o(u, s) = u, so o(ug, S) # o
for some ug, s > 1 rules out Gaussianity.
For the second claim, Proposition A.3 yields

o(ug,s) = up — 2boud In s + O(uy)

with by > 0. For any fixed s > 1, Ins > 0, hence o(ug, s) # ug for all sufficiently small ug > 0.
Thus nontrivial running occurs and the continuum limit is not Gaussian. O

B Laplace—support lemma and Hamiltonian gap

Let H > 0 be the OS-reconstructed Hamiltonian and let 4 be the spectral measure of H in
the vector AQ), where A is a mean-zero GI local (flowed or point-local).

Lemma B.1 (Laplace-support lemma). Assume there exist constants C,m > 0 and 79 > 0
such that
(AQ, e ™HAQ) < Ce™™ (1 > 10).

Then supp ua C [m,00). In particular, if this holds for a dense set of A, then o(H) C
{0} U [m, 00) and the spectral gap satisfies A > m.

Proof. By the spectral theorem for H > 0,

(AQ, e THAQ) — /[O )e’TEduA(E) (r > 0),

where p4 is a finite positive measure on [0, c0).
Fix € € (0,m) and suppose for contradiction that

1a([0,m —€]) > 0.
Then, for every 7 > 0,

/ e P dpa(E) > / e P dpa(B) > pa((0,m—el)e ",
[0,00)

0,m—¢
Combining this with the assumed Lipper ]bound for 7 > 19 gives
pa([0,m —g]) e~ M= < CemmT (1 > 1),
hence
pa([0,m —e¢]) < Ce™" (1 >10).
Letting 7 — oo forces pa([0,m — €]) = 0, contradicting the assumption. Thus
pa([0,m—e]) =0  for every € € (0,m),
and therefore 14((0,m)) = 0. Since A is mean-zero, (2, AQ) = 0 and the spectral measure has
no atom at 0, so pa({0}) = 0 as well. Hence
supp pa C [m, 00).

For the “in particular” statement, assume that the bound with the same m > 0 holds
for all A in a set A such that the vectors {A) : A € A} are dense in the Hilbert space. Let
Po,m) = L(0,m)(H) be the spectral projection of H onto the open interval (0,m). For any
A€ A,

pa((0,m)) = (AQ, PomAQ) = [|PomAQ*.

The first part of the proof implies p4((0,m)) = 0, hence P ,,)AQ2 = 0 for all A € A. By
density of {AQ : A € A}, the projection P,y vanishes on a dense subspace and therefore
P,m) =0. Thus o(H) N (0,m) = &, and since H > 0 we obtain

o(H) C {0} U[m,o0),
so the spectral gap satisfies A > m. O
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C Group—agnostic constants for DB/KP at weak coupling

Let G be a compact, connected Lie group. Fix a faithful finite-dimensional unitary representa-
tion p: G — U(d,) and define the Wilson plaquette potential

V,(U) = 1- diﬁ% Tr p(U),  wp,(U) = e PVe®),
P

All constants below depend only on (G, p) and geometric blocking parameters, not on the
volume.

Lemma C.1 (Local convexity near the identity). There exist ro € (0,1) and kg > 0 such that
for every U € By, (1) and every right-invariant vector X,

Hess V,(U)[X, X] > k¢ || X%
Consequently wg , is Brag-log-concave on By, (1).

Proof. Let p: G — U(d,) be faithful and unitary, and write V,(U) =1 — dip% Tr p(U). Fix a

bi-invariant Riemannian metric and the associated norm || - | on the Lie algebra g, identifying
right-invariant vectors with g.
At U =1 one has, for X € g and t € R small,

plexp(tX)) = exp(tdp(X)) = 1+tdp(X)+ L%(dp(X))* + O(#).
Taking real parts of traces and using that dp(X) € u(d,) is skew-Hermitian,
RTr plexp(tX)) = d,+ 3 RTr (dp(X))* 12 + O(#),
and hence

V,(exp(tX)) = Zilp(—greTr (dp(X))%) & + O(#%).

Since ¢ dp(X) is Hermitian,
—RTr (dp(X))* = Tr((idp(X))?) = |lidp(X)|}s > 0,

and for X # 0 this is strictly positive because p is faithful, hence dp is injective. Thus the
Hessian at 1 is the positive-definite quadratic form

1
Qu(X) = 2d, i dp(X)IIs

on g. The restriction of @; to the compact unit sphere {X € g: || X|| = 1} is continuous and
strictly positive, so
Ko = min Q1(X) > 0.
[ X[[=1 (X)
By smoothness of U +— Hess V,(U) and compactness of
{U,X): U e B(1), | X] =1},
there exists 79 € (0,1) such that
Hess V,(U)[X,X] > Lko|X|? forallU € B, (1), X € g.

Set kg := Ko/2. Then V, is kg-strongly convex on By, (1) in the sense of the chosen Riemannian
metric, and
wg ,(U) = e PV l)

is frg-log-concave on By (1). O
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Lemma C.2 (Exponential tail of the plaquette weight). There exists cian = cait (G, p,70) > 0
such that

sup  wg,(U) < e~ Crailh (B>1).
U¢Byy(1)

Proof. By continuity, V,(1) = 0 and V,(U) > 0 for U # 1. Hence, on the compact set G\ By, (1)
the continuous function V), attains a strictly positive minimum

vp:= min V,(U) > 0.
0 U¢Bry(1) p( )

Therefore, for 4 > 1 and all U ¢ B,,(1),
wgyp(U) = e—ﬁVp(U) < e Bvo e_ctailﬁ’
with cail := vo depending only on (G, p,rg). -

Proposition C.3 (Group-agnostic influence bound across an L-layer slab). For the GI cut
specification after L-blocking and step size a one has

il < SUGD LG e B CRT L ay(Gp)

8L

Cab Cen

with B(G, p) = cuait(G, p,10) and a1(G, p) =

to-link Lipschitz and chain Schur-complement constants).

, where Cqp, Cen, are geometric (plaquette-

Proof. Split each plaquette weight as “core + tail” using Lemmas C.1 and C.2: on B,,(1) the
potential V), is kg-strongly convex, while on the complement the weight is bounded by e B8
with B = ¢t (G, p,70).

Core contribution. On the core, the single-layer conditional law is Srg-log-concave. Using
the mixed cross-cut derivative bound from Lemma 7.7 and the curvature representation for
conditional derivatives from Lemma 7.8, one obtains a bound

C
M), <« Zdb
oy, < S

on the single-layer Dobrushin influence across the cut. Propagation across L layers through
the Dirichlet chain yields an additional factor Cc,/L by the Schur-complement chain estimate
in Lemma 7.5, hence

CapCon  a1(G,p)

C core < =
el < Sk A
Tail contribution. If any plaquette exits By,(1) along the cross-cut, Lemma C.2 gives a
multiplicative penalty e~58. Summing over connected families of such plaquettes and using
the polymer/tail bounds in Lemma 7.10, together with the same Lipschitz constants as above,
yields

ICIF" < ax(G, p) e PG,

Anisotropy and finite-range effects. Blocking and discretization induce a residual O(a?)
correction that adds linearly to the row-sum bound by Lemma 7.12. We write this as a3(G, p) a®.
Summing the three contributions gives

a1 (G, _
IClh < M + (@, p) e BERAB L 03(G, p)a?,
: : _ _ Cap Can
as claimed, with B(G, p) = ¢iu(G, p,70) and aq (G, p) = : O
KG
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al(Ga P)

Corollary C.4 (KP activities and smallness). Let d1(3) := 5L

+as(G, p) e BEPB . Op

the 26-neighbour cross-cut geometry with
Ny < 26-25F1 (k>1)

the KP parameter satisfies

o 2601,(8)
o(L,B) = kz;lNkaL(,B)k < T=555,03)

In particular, 61,(8) < ﬁ implies o (L, f) < %, uniformly in the volume. (The sharp threshold
for o(L,B) < 5 is 6.(B) < =.)

Proof. Let 01(5) := g—z + age B with oy = a1 (G, p), etc. On the 26-neighbour geometry,

the number of connected polymers of size k > 1 touching a fixed block satisfies Nj, < 26 - 25%~1.
Standard Kotecky—Preiss bookkeeping (cf. Lemma 18.95) yields

B ko 2660(8)
o(L,B) = ];Nk(SL(ﬁ)k < 265L(5)]§)(255L(5)) = 1-250.(8)

If 6,.(8) < 15, then 256.(3) < 0.25 < 1 and

26/100 1
L < — s.
o(L.B) = o500 < 2
The sharp threshold follows by solving 13(;65 s = %, ie 0 < 7% O

Remarks. (1) For G = SU(N) with the fundamental representation, kg and ciaj are
strictly positive and volume-independent; all bounds above remain valid with group-dependent
constants only.

(2) The numerical window used in the main text for G is recovered by choosing a; = 4.5 and
B = ¢aj1, as in Section 7.

D Numerical budget summary and window inequalities

Window inequality (for the cone comparison). The cone comparison requires the
quantitative budget
7o €2ME 4 Co 0, < V0,

Under the KP oscillation bound 7, < 8, and the numerical choice of mg, which gives
e2eme < (9*—1/4

(Lemma 9.3), one has

Ta€ME 4 Coyf), < 0,2 + Oy < 07" + Curhs.
Thus the cone budget is satisfied whenever

0+ Cabp < VO, = Ca < 0070
In particular, any bound of the form C¢; < C' is admissible provided

C< 0;1/2 B 9;1/4;

for the explicit C from Proposition 9.8 this will be verified in Lemma D.1.
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Parameter Value Comment

B 20 weak—coupling lower bound

L 18 cross—cut block size

ao 0.05 maximal lattice spacing

€0 AL + e 2% + a2 2~ 0.00527778 Dobrushin row-sum (upper bound)

*

Ox same as € one—step activity proxy on the cut
26 0.

0. ﬁ ~ 0.15808 KP oscillation (26/25 geometry)
- *
V0, ~ 0.39759 two—step contraction

1/ ~ 0.63055 IT|| < 6% on 1+
03/4 ~ 0.25070 BKAR contact budget
Cet < 0.52 annulus contact constant (Proposition 9.8)

Table 1: Uniform numeric window for kernel comparison and spectral bounds; KP counting
uses the 26/25 cut geometry.

Lemma D.1 (Window inequalities). Let 6, € (0,1) be as in Table 1. Then

-0, Vo.-o" _1-o"

n = i >0 (256)
* * *

so that
O
0, RV

Consequently the two sufficient conditions for the cone comparison are fulfilled whenever

(257)

6, — 63"
Cet < ‘ﬁe. (258)
For the explicit parameter choice recorded in Table 1 one has
7, — 62"
VO =0 0.52, (259)

O

and therefore both sufficient conditions hold for every Cey < 0.52. In particular, this applies to
the bound on Cq from Proposition 9.8.

Proof. The identity in (256) is obtained by a direct algebraic simplification:

1—9*_m—ei’/‘*:1—9*_(6-1/2_9_1/4):1— "y
NG 0. o, o\ T i

Since 0 < 6, < 1, the right-hand side is strictly positive, which yields (257). Thus the more
restrictive condition on Cg is (258).

For the numerical window specified in Table 1, we insert the values of S, L, and ag into
the definitions of d, and 6, and evaluate the ratio in (259). A straightforward numerical
computation shows that this ratio is strictly larger than 0.52, which implies (259) and hence
the final assertion about Cy < 0.52. O
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