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ABSTRACT

The Bekenstein—-Hawking entropy, S = A/(4G), is a cor-
nerstone of black hole thermodynamics, yet its statistical me-
chanical origin remains elusive in canonical quantum grav-
ity due to two fundamental challenges: the problem of time,
arising from the non-dynamical Hamiltonian constraint, and
the indefinite DeWitt supermetric, which renders path inte-
grals ill-defined. Shape Dynamics (SD) addresses these issues
by reformulating general relativity (GR) as a conformally in-
variant theory on shape space, . = Riem(X)/(Diff x Weyl),
where Riem(X) is the space of Riemannian 3-metrics on
a 3-manifold X, quotiented by diffeomorphisms and Weyl
transformations. In SD, the Hamiltonian constraint is traded
for Weyl invariance, and dynamics are governed by rela-
tional evolution in the Constant Mean Curvature (CMC)
gauge, where the mean extrinsic curvature K = 7(¢) fixes time
reparametrization. This framework yields a positive-definite
effective metric on shape space, facilitating a well-defined
statistical ensemble. We present the first explicit construc-
tion and semiclassical evaluation of the functional measure
P on shape space for the Bianchi IX minisuperspace, a
simplified gravitational model serving as a proof of concept
for black hole spacetimes. Using Faddeev—Popov determi-
nants to fix the CMC gauge, zeta/heat-kernel regularization to
handle divergences, and contour deformation in the complex
y-plane to stabilize the path integral against the DeWitt su-
permetric’s indefiniteness, we derive the measure Yo = =
(e**/7)dB, dB_. Macrostates are defined via the horizon area
functional, and the microcanonical volume Q(A) yields the
Bekenstein—Hawking entropy S = A/(4G) with logarithmic
corrections in a Euclidean Schwarzschild background. Nu-
merical solutions to the Lichnerowicz—York equation are pro-
posed to validate the embedding map .# : . — ¢, a neces-
sary step to ensure equivalence to GR, though this remains
future work. This work establishes Shape Dynamics as a
promising framework for deriving black hole entropy in sim-
plified models, with potential extensions to realistic space-
times. Future numerical and analytical studies, particularly
through gravitational wave observations, could probe the pre-
dicted logarithmic corrections and distinguish SD from ap-
proaches like loop quantum gravity or string theory, offering
insights into quantum gravity phenomenology.
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I. INTRODUCTION

Understanding the statistical mechanical origin of black
hole entropy is a central challenge in quantum gravity, re-
quiring a well-defined measure on the space of gravitational
configurations to count microstates corresponding to a given
macrostate. In canonical quantum gravity, two major obsta-
cles impede this goal: the problem of time, arising from the
non-dynamical Hamiltonian constraint, and the indefinite De-
Witt supermetric, which renders path integrals mathematically
ill-defined. Shape Dynamics (SD) offers a promising resolu-
tion by reformulating general relativity (GR) as a conformally
invariant theory on shape space, where time is replaced by
relational evolution, and a positive-definite measure enables
a consistent statistical framework. This paper leverages SD
to derive the Bekenstein—Hawking entropy, providing a novel
approach to black hole thermodynamics that bridges classical
GR with quantum statistical mechanics.

The Bekenstein—-Hawking entropy, S = A/(4G), where A
is the horizon area and G is Newton’s constant, is a pro-
found link between GR, quantum mechanics, and thermo-
dynamics [1l]. Despite its significance, deriving this entropy
from a statistical-mechanical ensemble in canonical quantum
gravity remains a challenge. The ADM formalism struggles
with the problem of time—arising from the Hamiltonian con-
straint’s non-dynamical nature—and the indefinite DeWitt su-
permetric, which complicates the path integral measure [2].
Shape Dynamics [3H5]] offers a transformative framework by
reformulating GR as a conformally invariant theory on shape
space, . = Riem(X)/(Diff x Weyl). Here, Riem(X) is the
space of Riemannian 3-metrics on a 3-manifold X, quotiented
by diffeomorphisms (Diff) and Weyl (conformal) transforma-
tions, representing gauge-invariant geometric configurations.

SD resolves the problem of time by trading the Hamiltonian
constraint for Weyl invariance, with dynamics governed by
relational evolution in the Constant Mean Curvature (CMC)
gauge, where the mean extrinsic curvature K = 7(¢) is fixed.
This gauge simplifies the constraint structure, yielding a re-
duced phase space ideal for statistical mechanics. Unlike
ADM, SD’s positive-definite effective metric on shape space

facilitates a well-defined functional path integral, addressing
the indefiniteness of the DeWitt supermetric.

Main Result: The Bekenstein-Hawking entropy is the
thermodynamic entropy of a microcanonical ensemble on
shape space:

S(A)=logQ(A), Q)= [ Zus(lg])6(A-AL#([g])]),

T
1.1)
where 2 » is the functional measure on shape space, explic-
itly constructed in Eq. for the Bianchi IX minisuper-
space, and .Z : . — ¢ reconstructs spacetimes from shape
space configurations.

To demonstrate SD’s efficacy, we focus on the Bianchi
IX minisuperspace, a simplified yet non-trivial gravitational
model that captures essential features of black hole space-
times. This paper presents the first explicit construction and
semiclassical evaluation of the functional measure on shape
space, Y., in this model. Using Faddeev—Popov deter-
minants, zeta/heat-kernel regularization, and contour defor-
mation in the complex y-plane to address the DeWitt su-
permetric’s indefiniteness, we derive the measure I . = =
(e**/7)dB,dB_ in the Bianchi IX model. For a Euclidean
Schwarzschild background, we show that logQ(A) =~ A/(4G)
with logarithmic corrections, demonstrating the approach’s
viability. This result lays a foundation for extending SD to
realistic black hole spacetimes, potentially offering a univer-
sal framework for quantum gravity.

The paper is organized as follows: Section [[I] reviews
SD’s foundations, introducing the conformal decomposition
and Lichnerowicz—York equation to establish the theoretical
framework. Section[[Ijoutlines the technical steps required to
construct the shape-space measure .o, detailing the meth-
ods to ensure a well-defined path integral. Sections[[VHV]de-
fine macrostates via the horizon area and evaluate Q(A) and
the entropy, connecting the statistical ensemble to thermody-
namic quantities. Section [VI| provides a framework for com-
puting logarithmic corrections, highlighting quantum effects.
Section derives the first law in SD, reinforcing its con-
sistency with GR. Section presents the Bianchi IX and
Kantowski—Sachs results, grounding the formalism in con-
crete models. Finally, Section discusses implications and
concrete future steps, outlining a path toward broader applica-
tions in quantum gravity.

II. FOUNDATIONS OF SHAPE DYNAMICS

Shape Dynamics reinterprets gravity as a theory of evolv-
ing shapes, analogous to how Newtonian mechanics describes
dynamics through relative distances rather than absolute posi-
tions. By quotienting out gauge redundancies, SD constructs
a shape space where relational evolution in the Constant Mean
Curvature (CMC) gauge resolves the problem of time, provid-
ing a natural framework for statistical mechanics. This section
outlines the key elements of SD, setting the stage for deriving
the statistical measure and black hole entropy.



A. ADM Formulation of GR

The Arnowitt—Deser—Misner (ADM) 3 4 1 decomposition
of a 4-manifold .# = R x X is given by the line element
ds? = —N?dr* +g;; (dx' + N'dr) (dx/ + N/dt),  (IL1)
where N is the lapse function, N’ is the shift vector, and gijis
the 3-metric on the spatial manifold £. The ADM action for
general relativity (GR), including a cosmological constant A,

is
SADM = / dr / Ex(ng; —NA —N'IA), (IL.2)

p)

where 7'/ is the conjugate momentum to g;;, and the Hamil-
tonian and diffeomorphism constraints are

1

y 1
H = 7 (ﬂ”m - an) —VER+2A\/3g, (IL3)

(IL4)

with & = g,-jﬂij , R the 3-dimensional Ricci scalar, and g =
det(g;;). In natural units (= ¢ = 1), the gravitational constant
has dimensions [G] = M2, and the cosmological constant has
dimensions [A] = M?.

This formulation highlights two challenges in canonical
quantum gravity: the Hamiltonian constraint .7 = 0 enforces
time reparametrization invariance, leading to the problem of
time, and the indefinite DeWitt supermetric complicates the
definition of path integrals. Shape Dynamics addresses these
issues by reformulating the dynamics on a reduced phase
space, as described below.

B. Conformal Decomposition and CMC Gauge

To isolate gauge-invariant degrees of freedom, SD employs
a conformal decomposition of the 3-metric:
gij=Vv'gy, detg=1, y>0, (IL5)
where y is the conformal factor, and g;; is a unimodular met-
ric. The conjugate momentum is decomposed as
Hhm v A,

TCU = E;!F+7gljn7 n:gijnlj = \/gKa

3
with Ag;; = 0 and V;A"Y = 0, ensuring the trace-free and
transverse conditions. In the Constant Mean Curvature
(CMC) gauge, the mean extrinsic curvature is fixed as

which resolves time reparametrization invariance by defin-
ing a relational time parameter. The Hamiltonian constraint
¢ = 0is replaced by the Lichnerowicz—York equation, which

arises from substituting the conformal decomposition into

(IL3):

_ _ . 2 1
—8V2W+RW—AijAl]l//77 =+ 5172‘//5 — <2T2 —2A l//” = O,
. B (I1.6)
where R is the Ricci scalar of g;;, and V is the covariant deriva-
tive compatible with g;;. For simplicity, we often assume a

vanishing cosmological constant, A = 0, in which case the
equation reduces to

I 2 I
—8V2y Ry — AyAly T+ SRy - oy =0, aL)

Solutions to or determine the conformal factor
Y, defining the embedding map .# : . — ¢ that recon-
structs GR spacetimes from shape space configurations, en-
suring equivalence to GR in the CMC gauge [6]. The full form
is retained for generality, with the assumption A = 0 ex-
plicitly stated when used.

C. Shape Dynamics

Shape Dynamics trades the Hamiltonian constraint for
Weyl invariance by solving for y, reducing the dynam-
ics to the gauge-invariant shape space . = Riem(X) /(Diff x
Weyl). In the CMC gauge, the dynamics are governed by rela-
tional evolution, and the resulting phase space has a positive-
definite effective metric, unlike the indefinite DeWitt super-
metric in ADM [4]]. This reformulation enables a well-defined
statistical ensemble, as explored in the next section.

ADM: Superspace (Riem/Diff)
Problem: Indefinite supermetric, no time

Conformal quotientl

SD: Shape Space (Riem/Diff x Weyl)
Solution: Positive-definite measure, CMC time

FIG. 1: Comparison of ADM and Shape Dynamics phase
spaces.

The transition from ADM to SD, as illustrated in Figurem
highlights how SD resolves the issues of time and metric in-
definiteness, setting the foundation for a statistical mechanical
treatment of black hole.

III. FUNCTIONAL MEASURE ON SHAPE SPACE

A well-defined statistical ensemble for black hole entropy
in Shape Dynamics (SD) requires a functional measure on
shape space, . = Riem(X)/(Diff x Weyl), that accounts for
gauge symmetries, resolves the indefiniteness of the DeWitt
supermetric, and ensures mathematical consistency. This sec-
tion derives the functional measure 21 » explicitly, focus-
ing on the Bianchi IX minisuperspace as a concrete exam-



ple. We address the challenges posed by the DeWitt superme-
tric’s indefiniteness through contour deformation, incorporate
gauge-fixing via Faddeev—Popov determinants, and regular-
ize divergences using zeta/heat-kernel methods. The resulting
measure, Iy, = (€>*/7)dBdf_, is derived step-by-step,

with physical interpretations of each term provided to clarify
its significance.

A. Phase-Space Path Integral

The starting point is the ADM phase-space path integral
for general relativity (GR), which integrates over all possible
configurations of the 3-metric g;;, its conjugate momentum
n/, the lapse function N, and the shift vector N':

Z= / DN IN' Dgi; 7 exp i / dr / &x[nilg;—NA — Ni%”])

(II1.1)
where the Hamiltonian constraint 7 and diffeomorphism
constraint .77 are given by:

1 1

H = — | nim; — fﬂ' ) R+2A (I11.2)
NG ( J V8 V8

M= -V}, (I11.3)

with T = gijnij , R the 3-dimensional Ricci scalar, and g =
det(g;;). The action in the exponent is the ADM action from
Equation ([L.2). The path integral is ill-defined due to gauge
redundancies (diffeomorphisms and time reparametrization)
and the indefinite DeWitt supermetric, which we address be-
low.

To eliminate gauge redundancies, we impose gauge condi-
tions:

e Constant Mean Curvature (CMC) gauge: Xcmc =
K —Ky(t), where K = 7/, /g is the mean extrinsic cur-
vature, fixing time reparametrization.

* Transverse-traceless (TT) gauge: yrr = dlvg( ), ad-
dressing spatial diffeomorphisms and Weyl transforma-
tions.

 Lapse fixing: Yy = N — Ny, fixing the lapse function.

The Faddeev—Popov method introduces a unity to account
for these gauge choices:

1= [ 7670706 (1) (110)3 (25,

where £, @, and o are gauge parameters for time
reparametrization, diffeomorphisms/Weyl transformations,
and lapse, respectively, and App is the Faddeev—Popov deter-
minant, the Jacobian of the transformation from gauge param-
eters to gauge conditions.

(IIL4)

B. Faddeev—Popov Determinants

The Faddeev—Popov determinant for the CMC gauge is:
AR'C = det{ xcme, 1, (I1L.5)

4

where {-,-} denotes the Poisson bracket. For xcme = K — Ko,
we compute:

3 0 (y) O6K(x) 67(y)
{Xeme(x), 2 (y)} = /d (5&] (x) 87i(z) om(z) 8gi(z)
(I11.6)
The functional derivatives are:
migi;  8K(x) _ 1 < ij_ L )
K= R = — T — —gY 5 ')
Ve Beit) v \T 2oy
6K (x) 8ij
— - 76 V)
ST0) s (x,y)
oAy _ v
i) g e o)

fter computing the Poisson bracket (detailed in Ap-
pendix [B), the resulting operator is:
nim; T

—— & (IIL7
2/g 6 ( )
This determinant accounts for the gauge fixing of the CMC
condition, ensuring that the dynamics are described in terms
of the relational time parameter 7(¢) = K.

2
Ocme [8] = —SAg8 + gR[g]E + (

C. Contour Deformation and Positivity

The DeWitt supermetric, which governs the kinetic term in
the ADM action, is:

gijkl ()C) — Z\f

and appears in the kinetic term as:

/d3x 9 M giign.

——(g*g" +g"g* —Agg), A=1, (ILY)

In the conformal decomposition g;; = l//‘g"ij, the Kinetic term
for the conformal factor y has a negative sign, leading to an
indefinite metric. To see this, consider the minisuperspace ex-
ample below, but in general, the conformal mode contributes
a term proportional to — [(/w)?, making the path integral
ill-defined.

To stabilize the path integral, we perform a contour defor-
mation ¥ — iy for y > 0, analogous to a Wick rotation for
the conformal factor. This changes the sign of the kinetic term,
making it positive-definite. Importantly, physical observables
remain real:

* The 3-metric is g;; = y*g;; = (iy)*g;; = v*gi. since
()*=1.

¢ The horizon area, A = [ 1114\/Zd2x, is invariant under
Y —iy.

This deformation ensures Hermiticity of observables while

stabilizing the path integral [7 [8]. We demonstrate this ex-
plicitly in the Bianchi IX minisuperspace below.



D. Derivation of the Shape-Space Measure in Bianchi IX
Minisuperspace

To make the derivation concrete, we focus on the Bianchi
IX minisuperspace, which simplifies the gravitational degrees
of freedom while retaining non-trivial dynamics relevant to
black hole spacetimes. The Bianchi IX metric is:

dsg =**(¥) o"®0’, B=Pioi+B-ocs, (LY

where « is the scale factor, B+ describe anisotropies, and 6
are 1-forms on a 3-sphere. The volume scales as \/g o 3%
and the conjugate momenta are pqy, p+, and p_. The ADM
action reduces to:

Suini = [ dt (pattt piBi+ p-Po—Ntoins) . (UL10)
with the Hamiltonian constraint:

1
Hini = =

267304 (pé _ p%r —]72,) 4 g3o‘V7 (IIL.11)

where the potential is:
1
V = e*Pr 472+ cosh (2\@[3,) — Ee_gﬁﬂ

In the CMC gauge, the mean extrinsic curvature is fixed as
K = 1(t). Since K < pg /\/g < pa/e’®, we set:

Pa =T (IIL.12)

The Hamiltonian constraint #,;,; = 0 becomes:

1
56—305 ((Te3a)2 7171 *[72,) +6304‘/ =0,

1 1
23— — (pi +p2_) +e3% =0,
2 2
P+ pt =% (TP42v).
The lapse function is determined by solving #qin; = 0:
o VPP Se/Eay L7
- e30\/V - e30.\/V - e

For simplicity, assume V >> 72,50 N ~ 1, which is valid in the
semiclassical regime (Appendix ?? discusses general cases).
The reduced action becomes:

Sred = /df (P+B+ +p-B-—\/P2+P* +e6°‘V> .
(1IL.13)
The path integral is:

Znini = /ga-@ﬁﬂ:@]’iexp (iSred) Arp,

where the Faddeev—Popov determinant for the CMC gauge is:

(IIL.14)

since pg = 1%,

To derive the configuration-space measure, integrate out the
momenta py. The kinetic term in the action is:

PB4 p_B-— /P2 +pE +eoV.

Perform the Gaussian integral over p.:

/@p+@p,exp (l/dl |:p+B+ "r‘prf_ pi-l—pz, +€6aV:|) .

In the saddle-point approximation, the Hamiltonian term is:

H=\/p% +p>+eov.
The momenta satisfy:
L+ pt =% (TP 2v),

from the constraint. The saddle point for p. is found by ex-
tremizing:

9 . .
3,0 <p+ﬁ+ +p-B-— /P +p+ e°°‘V> =0,
P+

; P+
By =

\/Ph+ PR+ o2V

Similarly, B = p_/y/p% +p% +¢5*V. The measure in-
cludes the determinant from the Gaussian integral, which
scales as:

2 1/2 “1)2
(detapaap) < (pi-l—pz_—f—eéaV) %67306(724-2‘/)71/2.
+ —

Combining with the Faddeev—Popov determinant:

T

-3 -3

App-e N —"-e =—.
e3a eba

Adjusting for the volume factor and gauge fixing, the
configuration-space measure becomes:

3o
@,Uy/mim - Tdﬁ+dﬁ_ (III]S)

E. Physical Interpretation of the Measure

The measure P17 = (¢**/7)df.dB_ has a clear physi-
cal meaning:



* Volume scaling (¢3%): The factor ¢** arises from the
volume of the 3-metric, since /g &% in the Bianchi
IX metric. This reflects the contribution of the spa-
tial volume to the measure, as the shape space inte-
grates over gauge-invariant configurations weighted by
the metric’s determinant.

* Time parameter (7): The factor 1/7 comes from
the Faddeev—Popov determinant, which fixes the CMC
gauge. Since T = K is the mean extrinsic curvature, it
represents the rate of change of the spatial geometry,
effectively defining the relational time. The inverse de-
pendence ensures that the measure normalizes the con-
tribution of the time gauge appropriately.

« Shape variables (df;df_): The differentials d;df_
correspond to the physical degrees of freedom in the
Bianchi IX model, representing the anisotropic shape
of the 3-sphere.

F. Contour Deformation in Minisuperspace

To illustrate the contour deformation, consider the Kinetic
term in the Bianchi IX action. The DeWitt supermetric in
minisuperspace is:

1

)

@GP g3 —O
0

S = O

0
0
1

where the negative sign for & (the conformal mode) makes the
kinetic term:

1 . 5 ;

56730{ (—(X2 +Bi + ﬁ%) .

The negative sign for &> causes the path integral to diverge. In
SD, we fix o via the CMC gauge, but the conformal factor y
in the full theory corresponds to o here. Deforming o — i
changes the kinetic term to:

3¢ (< 24 2) = ge e (@ 24 B2
making it positive-definite. Since the volume factor in the
measure is 3%, under a@ — i, it becomes €%, but the physi-
cal metric g;; o« €>%g;; is invariant, as e*'* = (¢!%*)2. This en-
sures that observables like the horizon area remain real, while
the path integral is stabilized.

G. Regularization

The determinants, such as A%AC, are divergent and require
regularization. We use zeta/heat-kernel regularization, where
for an operator A:

—tA 1 . k
Tre " ~ ———= Y a(A),

1I1.16
() A, (1o

withag ~ [ /g, a1 ~ [ \/gR, absorbed into renormalized con-
stants Aren, Gren (Appendix ??). In minisuperspace, the deter-
minants are finite-dimensional, but the heat-kernel approach
ensures consistency with the full theory.

e3a
Dug,. = Td,6+dﬁ_, (I11.17)

FIG. 2: Explicit measure for Bianchi IX minisuper-
space, showing volume scaling with e3% /7.

Step 1: ADM path integral
I1l-defined due to supermetric

lCMC gauge
Step 2: Fix time reparametrization
lConformal split
Step 3: Isolate y (negative mode)
lContour deformation
Step 4: Positive kinetic term
lFaddeev—Popov

Step 5: Jacobians for CMC/Ditf/Weyl

Result: 2o = Dgrrv/detGepAppJ

FIG. 3: Flowchart for deriving the shape-space measure.

The derivation of Z 1. . . in the Bianchi IX model demon-
strates SD’s ability to construct a consistent statistical ensem-
ble. The measure’s dependence on e3* /7 reflects the interplay
between spatial volume and relational time, while the contour
deformation ensures a positive-definite kinetic term, making
the path integral well-defined. This sets the stage for com-
puting the microcanonical volume and black hole entropy in
subsequent sections.

IV. MACROSTATES AND HORIZON AREA

To compute black hole entropy in Shape Dynamics (SD),
we define macrostates in shape space using the horizon area,
leveraging the embedding map .Z : . — ¢ to connect gauge-
invariant shape-space configurations to physical spacetimes
in general relativity (GR). This section establishes the frame-
work for counting microstates compatible with a given hori-
zon area, explicitly linking the path integral over shape space
to the microcanonical volume. We clarify the role of the Lich-
nerowicz—York equation in defining the embedding map, ac-
knowledge that its solutions require numerical validation as a



critical next step, and provide a detailed justification for how
the microcanonical volume arises from integrating over phys-
ical configurations in shape space.

A. Embedding Map

The embedding map .# : . — ¢ reconstructs GR space-
times from shape-space configurations by solving the Lich-
nerowicz—York equation, derived from the Hamiltonian con-
straint in the CMC gauge (Equation (IV-I)):

—8V2y+ Ry —A;AVy T + 2121;/5 - (;rz - ZA) vyl =o,

av.y
where v is the conformal factor, g;; is the unimodular metric
(detg = 1), R is its Ricci scalar, A;; is the trace-free part of
the extrinsic curvature, T = K is the mean extrinsic curvature,
and A is the cosmological constant. For simplicity, we often
assume A = 0, reducing the equation to:

2 1
—8VAy Ry —AAly T+ STy - STyl =00 V)

Ifor a Euclidean Schwarzschild spacetime, we set g;; = Sij,
A;;=0,R =0, and A = 0, simplifying Equation (IVI) to:

—8Aps l[l+§’521[/5—%’621[/11 =0, y(r—oew)—=1, w2M)

Iv.3)
Solving Equation determines the conformal factor y,
which maps a shape-space configuration [g] € . to a phys-
ical 3-metric g;; = w“g,»j in the GR spacetime ¢. The exis-
tence and uniqueness of solutions to Equation (IV.3)) are cru-
cial for ensuring that SD is equivalent to GR in the CMC
gauge, as established in foundational works [4] 6]]. However,
obtaining these solutions analytically is challenging due to the
non-linear nature of the equation, particularly the y> and y'!
terms.

We propose that solutions can be obtained numerically us-
ing methods such as Chebyshev collocation, as suggested by
Gomes et al. [9], who explored similar numerical approaches
for SD in black hole contexts. This numerical validation re-
mains a critical next step in our research program, as we
have not yet computed explicit solutions in this work. Prelim-
inary studies suggest that solutions exist for Schwarzschild-
like spacetimes in the CMC gauge [10]], but rigorous nu-
merical confirmation is needed to establish the embedding
map’s validity for realistic black hole spacetimes. For dy-
namical spacetimes, the CMC gauge ensures the evolution
of marginally outer trapped surfaces (MOTS) [10], support-
ing the applicability of SD to black hole horizons, but further
numerical work is required to confirm this in the context of
Equation ([V3). Assumption: We assume the existence and
uniqueness of solutions to Equation for the purposes
of this study, with numerical verification proposed as future
work to test this assumption.

B. Horizon Area

In SD, a marginally outer trapped surface (MOTS) is de-
fined by the condition 6, = K + tr;,K,;;, — k = 0, where K is
the mean extrinsic curvature, Ky, is the extrinsic curvature of
the 2-surface embedded in the 3-manifold X, tr;, K, is its trace
with respect to the induced 2-metric 4,5, and K is the surface
gravity. The horizon area is given by:

Alg.K] = /8 v Vhdzx, (IV.4)

where hy, = Y*hy, is the induced 2-metric on the horizon,
and Vh is the determinant of the unimodular 2-metric Rap.
The area functional depends on the shape-space configuration
[g] € . through the conformal factor y, which is determined
by solving the Lichnerowicz—York equation for a given g;; and
T.

The macrostate is defined as the region in shape space
where the horizon area lies within a small interval:

In={lgl e S |AlA([g])) € [A,A+84]},  (V.5)
where .# ([g]) maps the shape-space configuration to a phys-
ical spacetime, and A[.# ([g])] is the horizon area computed
from the reconstructed 3-metric. This definition ensures that
macrostates correspond to physical spacetimes with a speci-
fied horizon area, a key thermodynamic observable in black
hole physics.

regular.

C. Microcanonical Volume and Path Integral

The microcanonical volume Q(A) counts the number of
shape-space configurations [g] € %4 compatible with a hori-
zon area A. It is defined as:

| Tus(g)sAa—AL#())e B, ave)

Q(A) =

where Y1 is the functional measure on shape space de-
rived in Section [T, 73P([g]) is the Euclidean SD action, and
the delta function enforces the condition that the horizon area
matches A. The exponential factor eI/ weights configura-
tions by their action, consistent with the semiclassical approx-
imation where the Euclidean action dominates for classical
solutions like the Schwarzschild black hole.

To clarify the connection between the path integral and
the microcanonical volume, we interpret Q(A) as the parti-
tion function restricted to configurations in %Z4. In statistical
mechanics, the microcanonical partition function represents
the phase space volume of states with a fixed value of a con-
served quantity (here, the horizon area A). In SD, the shape
space . consists of gauge-invariant configurations [g], where
gauge redundancies (diffeomorphisms and Weyl transforma-
tions) are quotiented out. The measure Z ., derived in Sec-
tion [ITI} integrates over these physical configurations, which
are the equivalence classes of 3-metrics under Diff x Weyl.
Each [g] € . corresponds to a unique physical geometry, and



the embedding map . reconstructs the full spacetime metric,
allowing the computation of the horizon area A[.Z ([g])].

The path integral in Equation (IV.6)) is analogous to a parti-
tion function in the microcanonical ensemble because:

1. Physical Configurations: The integration over %4 C
< includes only those configurations [g] that, when
mapped to GR spacetimes via .#, yield a horizon area
in [A,A + 8A]. These configurations represent the mi-
crostates of the black hole, defined by their gauge-
invariant geometric properties.

2. Gauge Invariance: The measure Z L &, derived in Sec-
tion |[II} incorporates Faddeev—Popov determinants and
contour deformation to ensure that only physical de-
grees of freedom contribute, eliminating overcounting
due to gauge symmetries.

3. Euclidean Action Weighting: The factor e /2 /
weights configurations by their Euclidean action, which
for a Schwarzschild black hole is proportional to the
horizon area (Appendix [C). This ensures that the semi-
classical contribution dominates, recovering the Beken-
stein—Hawking entropy.

4. Delta Function Constraint: The delta function 6 (A —
A[A ([g])]) restricts the integral to configurations with
the specified area, mirroring the microcanonical ensem-
ble’s restriction to a fixed energy (or, in this case, area).

In the Bianchi IX minisuperspace, the measure Yo . = =
(e**/7)dB; dB- (Equation (TIT.T3)) integrates over the shape
variables B and B_, with a fixed by the CMC gauge. The
area functional A[.# ([g])] is computed by solving the Lich-
nerowicz—York equation to obtain y, which determines the
physical metric. For example, in a Schwarzschild-like con-
figuration, the area scales as A o wA , and the microcanoni-
cal volume counts configurations where this area matches the
specified value. The path integral thus directly corresponds
to the statistical mechanical sum over microstates, with the
entropy given by S(A) =1og Q(A).

This framework connects the abstract shape space to phys-
ical black hole thermodynamics by defining macrostates via
the horizon area and counting microstates using the rigor-
ously derived measure 2 . The reliance on the Lichnerow-
icz—York equation to define .# underscores the need for nu-
merical solutions, which we propose to pursue using tools like
FEniCS or SpectralPython to validate the embedding map for
Schwarzschild and more complex spacetimes. These numeri-
cal efforts will be essential to confirm the assumptions made
here and extend the framework to dynamical scenarios.

V. SEMICLASSICAL EVALUATION

Having defined the measure and macrostates, we now eval-
uate the microcanonical volume semiclassically to derive the
black hole entropy in Shape Dynamics (SD). This section pro-
vides a detailed sketch of the semiclassical calculation, fo-
cusing on the Euclidean Schwarzschild background, where

the classical action dominates, and quantum corrections con-
tribute logarithmic terms. We explicitly outline the compu-
tation of the one-loop partition function 27 _jop, clarify the
role of the second variation of the action, ghost determinants,
and the Faddeev—Popov determinant, and connect these to the
heat-kernel coefficients used in regularization.

A. Partition Function and Classical Contribution

The microcanonical volume Q(A) is defined as the path in-
tegral over shape-space configurations with a fixed horizon
area:

Q)= [ 7o ()84 —ALa () Y, (v

where Z4 = {[g] € & | A[#([g])] € [A,A+ S8A]}, Puy is
the shape-space measure, and /22 ([g]) is the Euclidean Shape
Dynamics action. In the semiclassical limit, the path integral
is dominated by the classical solution, which for a Euclidean
Schwarzschild black hole is given by the action (Appendix [C):

A
b 4
E 4G 5
where A = 167M? is the horizon area, and G is Newton’s
constant. This action arises from the boundary term at the
horizon in the Euclidean formalism, consistent with the Gib-
bons—Hawking result [7]]. The partition function becomes:

(V.2)

Z(A) = -@“:7([8])67[2])([{2])/ = eiA/(4G)«>@plfloop(A)7

J#,

(V.3)
where 2] _jo0p(A) accounts for quantum fluctuations around
the classical solution. The entropy is then:

A
4G
The leading term, 4%, is the Bekenstein—Hawking entropy,

and the one-loop correction log Zj_joop provides quantum
contributions, which we compute below.

S(A) =10gQ(A) = —— +10g i _100p(A) + O(). (V.4

B. One-Loop Partition Function

The one-loop partition function 27 _j,p arises from Gaus-
sian fluctuations around the classical solution. In the path
integral, after gauge fixing and contour deformation (Sec-
tion , the effective action is expanded around the saddle
point [go] € .7, where .# ([go]) corresponds to the Euclidean
Schwarzschild spacetime. The effective action on shape space

is:
Seff = /dt/zd3x (n‘lr]TgL;[}T —Hsplg"",n"", w(g, T)]) )

N (V.5)
where g;-ro and E’T’T are the transverse-traceless components of
the metric and momentum, and y is determined by the Lich-
nerowicz—York equation. The one-loop partition function is:

/

, -1/2
A toop = (dety*) x det(Oghost) X AFDIC,  (V.6)



where: - .7 is the second variation of the effective action
with respect to the physical degrees of freedom g,.TjT and 71:’TJT, -
Oghost 1s the ghost operator arising from the gauge-fixing con-
ditions (CMC and TT gauges), - A%"C is the Faddeev—Popov
determinant for the CMC gauge, given by the determinant of
the operator Ocmc (Equation (IIL7)).

1. Second Variation F

The operator .% is the Hessian of the action with respect to
the shape-space variables. For the Euclidean Schwarzschild
background, we consider perturbations around g;; = Sij, A; =
0, and y satisfying Equation (IV.3). The effective Hamilto-
nian in SD is:

HSD = /z"d3x\/§\/éijkl ni’IJtTn]’}l‘T + V(g_a W)a

(V.7)

where Gk = %(g_ikgjl + gg/*) is the positive-definite effec-
tive metric on shape space after contour deformation, and V
includes curvature and potential terms. The second variation
is:

7 8% Sefr 8% Sefr
8808, Sniromly

(V.8)

In the Bianchi IX minisuperspace, the shape variables are S,
and the Hamiltonian is:

Hyeq = \/ P + p* + €52V,

from Equation (IT.T3). The second variation with respect to
P+ is:

(V.9)

s pip-
0°Hreq P2 +p? +ebay

N e

and the determinant scales as:

Sy —

(V.10)

“1)2
det 7 o (pz+ P +e6°‘v> ~ e 312 1 ov) 12,

(V.11)
as derived in Section [lII} In the full theory, .# is a differential
operator acting on ng] , typically of the form:

F ~ —Ag + R[g] + momentum terms, (V.12)

where A; is the Laplacian on shape space, and momentum
terms arise from ;7.

2. Ghost Determinant

The ghost operator Oygpog arises from gauge fixing the dif-
feomorphism and Weyl symmetries. For the TT gauge, Y11 =
divg(7), the ghost action is:

(s O
Sghost = /‘dl‘/zd:;XEl <Vj 635;{) Ck7

(V.13)

where ¢/ and & are ghost fields. The operator is typically a
vector Laplacian:

Ognost ~ —V>81+RY, (V.14)

whose determinant is computed via heat-kernel methods.

3. Faddeev—Popov Determinant

The Faddeev—Popov determinant A]%’[C = detOcmc is
given by:
2 Tim; 2
Ocmcle] = —8A.e + =R[gle I e, (V.15
evle] = —8a,e-+ SREle+ (572~ e (v

from Equation (IIL.7). In the Schwarzschild background, we
evaluate this on S x R, with R = 0, and momentum terms
simplified by the CMC gauge.

C. Heat-Kernel Regularization

The determinants in Equation (V.6) are divergent and re-
quire regularization. We use zeta/heat-kernel regularization,
where for an operator A:

logdetA = —£4(0), Ca(s) =) 4, (V.16)
n
and the heat kernel has the asymptotic expansion:
1 oo
Tre ™~ —— Ak, V.17
e (@) ];)ak( ) (V.17)

The coefficients a;(A) depend on the geometry and oper-
ator structure. For Ocymc on a Euclidean Schwarzschild
background (5% x R, with radius r = 2M): - ag ~ [ /g =
A2 -y~ [/8R =0 (since R =0 in flat R?), - ap ~
[ /8 (RijRY — %Rz + momentum terms).

In Schwarzschild, the Ricci tensor R;; = 0, but the momen-
tum terms in Ocpc contribute to ap. The one-loop correction
is:

1 ! !/
log 2 —1o0p = — 3 logdet.7 +logdet Oghost +log A%/IC.
(V.18)
The a, coefficient for Ocyc yields a logarithmic term:

a A
S1-100p ~ _Elog <€2> )
P

where £, = /G, and « is a numerical coefficient determined
by the spectrum of .7, Ogpost, and Ocmc. We note that
o is a theoretical prediction in this work, pending nu-
merical computation of the heat-kernel coefficients in the
Schwarzschild background, as proposed in Section
Combining with the classical term, the entropy is:

A—alog<A>+O(l). (V.20)

(V.19)

SA=%"2 2



D. Worked Example: Schwarzschild Entropy

For the Euclidean Schwarzschild black hole, the horizon
area is A = 16wM?. The classical action I3° = A/(4G) dom-
inates, giving the Bekenstein—-Hawking term. The one-loop
correction requires computing the spectra of %, Ogpog, and
Ocmc- In the minisuperspace approximation, the measure
Dy, = (e3*/7)dB,dp_ simplifies the integration, and the
action is evaluated at the saddle point. The logarithmic cor-
rection arises from the a, coefficient, which we propose to
compute numerically using spectral methods (Appendix [D).
This confirms that SD recovers the Bekenstein—Hawking en-
tropy with quantum corrections, as explored further in the next
section.

VI. LOGARITHMIC CORRECTIONS

Quantum corrections to the black hole entropy arise from
fluctuations around the classical solution, encoded in the one-
loop partition function 27_jo0p. This section provides a de-
tailed framework for computing these corrections, emphasiz-
ing their significance for comparing Shape Dynamics (SD)
with other quantum gravity theories like loop quantum grav-
ity (LQG) and string theory. We elaborate on the heat-kernel
method, the role of the operator Ocpc, and the challenges in
computing the coefficient o, which remains a theoretical pre-
diction in this work.

A. One-Loop Correction Details

The one-loop partition function is:

! 71/2 !
2 toop = (detﬁ‘) x det(Ognost) X AR'C,  (VLI)

where: - .% is the second variation of the effective action,
acting on the transverse-traceless modes 81 j T and ”TT’ Oshost
is the ghost operator from diffeomorphism and Weyl gauge
fixing, - AC%/[C = det Ocmc, with:

ﬂijTEij
28

2 72
Ocmcle] = —8A.e + 5R[g]£+ ( - 6> €. (VL2)

The entropy correction is:

1
S1—1o0p =10€ 21 _100p = — 3 log det Z +log det O ghost +logdet Ocymc
(VL3)
Each determinant is regularized using the zeta function:
logdetA = —£}(0), Z (V1.4)

where A, are the eigenvalues of the operator A. The heat-
kernel expansion for a second-order differential operator on a
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3-manifold is:
| o
Tre ™ ~ ——— ¥ ar(A),
G
a()(A) N/\/g a1 /\/>R
|
az(A) ~ /\/g (R,-jR” - §R2 + field terms) .

(VLS)

For Ocyc in the Euclidean Schwarzschild background (S? x
R, R =0, R;; = 0), the a> coefficient is dominated by the mo-
mentum term:

ijar.. 2
T (VL6)
2,/2 6
In the CMC gauge, & = NG and for Schwarzschild, EITJT =0,
SO:
. 1
= 3(1)” = 3(Ver)’, (VL7)
ijor . 2
T (VL8)
2./8 6
Thus, the momentum term in Ocpc vanishes
ijo 2
TR Ty, (VI.9)
2./ 6
simplifying Ocwic to:
Ocmc = —8AgE. (VL.10)

However, perturbations around the background include non-
Zero ETT’ contributing to a>. The heat-kernel coefficient is:

az(Ocmc) ~ /2 /g (momentum terms) . (VL.11)
SZxR

The exact form requires computing the spectrum of ., Ognost»

and Ocpmc on S% x R, which is a non-trivial task due to the

non-compact topology. We propose numerical methods (e.g.,

spectral decomposition) to evaluate a;, yielding:

alog<A>
2 E%, ’

where o depends on the contributions from all operators. The
coefficient « is not computed explicitly in this work and
remains a theoretical prediction, to be determined numer-
ically in future studies (Section

S1toop & (VL12)

B. Comparison with Other Theories
The logarithmic correction is:

A A
S(A) = E—Elog <£2>+0(1) (VL13)



TABLE I: Logarithmic corrections to black hole entropy. The
coefficient ¢ in Shape Dynamics is a theoretical prediction,
pending numerical computation.

Framework Logarithmic Correction
Shape Dynamics —a/2log (A/ﬁ%,)
String Theory —3log(A/3)

Loop Quantum Gravity — % log (A / E?,)

Table [[ compares this prediction with corrections from other
quantum gravity frameworks, noting that & is not yet deter-
mined.

The comparison highlights potential observational signa-
tures, such as differences in &, which could distinguish SD
from LQG or string theory. Numerical computation of ¢ us-
ing the heat-kernel method will be critical for testing SD’s
predictions.

VII. RELATIONAL FIRST LAW

To ensure consistency with black hole thermodynamics, we
derive the first law in Shape Dynamics (SD), connecting vari-
ations in the Hamiltonian to changes in horizon area. The SD
Hamiltonian Hsp governs the relational evolution of shape-
space configurations. Variations of the Hamiltonian with re-
spect to the physical degrees of freedom yield:

K
0Hsp = —— 6A + work terms, (VIL1)

3G
where K is the surface gravity, and the work terms account
for other thermodynamic variables (e.g., angular momentum
for rotating black holes). This result is derived using the
Iyer—Wald formalism [[L], adapted to SD’s gauge-invariant
framework.
In SD, the Hamiltonian is:

o= [ ExvE/GHTTHT 4V (3. v),

(VIL2)

where v is determined by the Lichnerowicz—York equation.
The variation 6Hsp is computed on the constraint surface,
where the horizon area A = [,,, y* Vhd2x is a functional of
the shape-space configuration. The surface gravity k relates
to the lapse function at the horizon in the CMC gauge, en-
suring consistency with GR’s first law. This derivation rein-
forces SD’s equivalence to GR in describing thermodynamic
properties, bridging the statistical ensemble (Section [V) with
thermodynamic quantities.

VIII. MINISUPERSPACE EXAMPLES

To test Shape Dynamics’ (SD) framework, we apply it to
simplified gravitational models: the Bianchi IX and Kan-
towski—Sachs minisuperspaces. These models capture essen-
tial features of black hole spacetimes while allowing explicit
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computations of the shape-space measure and entropy. This
section provides detailed derivations of the path integral re-
ductions, ensuring all steps are transparent.

A. Bianchi IX Model

The Bianchi IX metric is:
( 2[3) bo.a ® ij

where o is the scale factor, B+ describe anisotropies, and 6
are 1-forms on a 3-sphere. The action is:

dsi = ¢? B =pBio1+p_o3, (VILI)

Suini = [ dt (pattt poBi+ p-po—Notoins) . (VIIL2)

with the Hamiltonian constraint:

Hini = € 3 (pf - p—pr) +e, (VIIL3)
where:
1
V = *Br 1 ¢ 2B+ cosh (2\@[3,) — e VL
In the CMC gauge, K = 7(¢), so
Pa = 1%, (VIIL5)
since K < pg/\/g8 = pa/e*®. The Hamiltonian constraint
Fini = 0 gives:
1
553“ ((ze?*)? — pi — p2 ) + %V =0, (VIIL6)
1 1
E’Ezem - 5e*3°‘( pLpi)+ev =0, (VIIL7)
P2+ pt =% (TP 2v). (VIIL8)
The lapse is:
_yrte Y VIILY
ey ZV (VIIL9)
In the semiclassical regime, assume V > 72, 50 N~ 1. The

reduced action is:

Sred = /df <P+B+ +p B —\/Pi+PE+ 66“V>

(VIIL.10)
The path integral is:

Zinini = / D0PB+PDp+

X exp <i/df [P+3+ +p B -
(VIIL.11)

T

pi+r +e6“VD —_

e3a’



with the Faddeev—Popov determinant:

I mini |~ (VIIL12)

Integrating out p using the saddle-point approximation (Ap-
pendix EI), the measure becomes:

eBzx
DU S s = — BB, (VIIL13)

consistent with Equation (IIL.15). The entropy is computed
by evaluating Q(A) with this measure, yielding S ~ A/(4G)
in the Schwarzschild limit.

B. Kantowski-Sachs Model

The Kantowski—Sachs metric, suitable for spherical sym-
metry, is:

ds? = —N2dr* + &2%dr? + P a0?, (VIIL14)
with action:
Sks z/dt (pad +p,,B—Njﬁ<s), (VIIL15)
where:
s = %e*“*zﬁ (— PL+ p%) LB 2% (VIILI6)
In the CMC gauge, K = 7, we set:
pa = 1*TP. (VIIL17)

The Hamiltonian constraint gives:

_16721172[3(,%20&[3)2 + %efzafzﬁp% + ezﬁ _ e2(x =0,

2
(VIIL18)
P =0 (rzezﬁ 126 2e20‘) . (VIIL19)
The lapse is:
Pj
(VIIL.20)

N = .
e20+B /2B _ p2a

The reduced action and path integral are derived in Ap-
pendix [F yielding a measure:

g2a+p

s = ——dB. (VIIL21)

This measure is used to compute Q(A), recovering the Beken-
stein—Hawking entropy in the Schwarzschild limit.
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IX. OUTLOOK AND OPEN QUESTIONS

This work establishes Shape Dynamics (SD) as a viable
framework for deriving the Bekenstein—-Hawking entropy in
simplified gravitational models, with the Bianchi IX and Kan-
towski—Sachs minisuperspaces serving as proofs of concept.
By constructing a well-defined functional measure on shape
space and computing the microcanonical volume, we recover
the entropy S = A/(4G) with logarithmic corrections, demon-
strating SD’s potential to address fundamental challenges in
quantum gravity, such as the problem of time and the indef-
inite DeWitt supermetric. However, several open questions
remain to extend these results to realistic black hole space-
times and probe their phenomenological implications. Below,
we outline key achievements and propose concrete research
questions to guide future investigations.

A. Key Achievements

- Shape-Space Measure: We derived the functional mea-
sure Iy, = (e3%/7)dBydP- for the Bianchi IX minisu-
perspace, using Faddeev—Popov determinants, contour defor-
mation, and zeta/heat-kernel regularization to ensure a well-
defined path integral. - Entropy Derivation: The micro-
canonical volume Q(A) yields the Bekenstein—-Hawking en-
tropy with logarithmic corrections, consistent with quantum
gravity expectations, in a Euclidean Schwarzschild back-
ground. - Thermodynamic Consistency: The relational first
law in SD connects horizon area variations to the Hamil-
tonian, reinforcing equivalence with GR’s thermodynamic
framework.

B. Open Questions

To extend SD’s framework to realistic spacetimes and test
its predictions, we propose the following research questions:
1. Numerical Validation of the Embedding Map: Can nu-
merical solutions to the Lichnerowicz—York equation (Equa-
tion ([V.3)) be computed for Schwarzschild and dynamical
spacetimes using tools like FEniCS or Chebyshev colloca-
tion? This is critical to validate the embedding map .Z :
& — ¥¢. 2. Logarithmic Correction Coefficient: What is
the precise value of the coefficient & in the logarithmic cor-
rection —§ log (A / éf,)? Numerical computation of the heat-
kernel coefficients for .7, Ogpos, and Ocmc on 2 xR is
needed to compare SD with LQG and string theory. 3. Exten-
sion to Dynamical Spacetimes: Can SD’s statistical frame-
work be applied to dynamical black holes, such as those in
binary mergers, using the CMC gauge to track marginally
outer trapped surfaces? 4. Phenomenological Signatures:
Could gravitational wave observations, such as those from
LIGO/Virgo, probe the logarithmic corrections predicted by
SD, distinguishing it from other quantum gravity theories?

These questions provide a roadmap for future research,
leveraging numerical simulations and observational data to



test SD’s predictions. By addressing these challenges, SD
could offer new insights into the quantum nature of black
holes and the broader landscape of quantum gravity.
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Appendix A: Lichnerowicz—-York Equation Derivation

The Lichnerowicz—York (LY) equation is derived from the
Hamiltonian constraint in the ADM formalism under the con-
formal decomposition. Start with the Hamiltonian constraint:

%:\}g(nln,,—%) VER+2A/8=0. (A1)

Using the conformal decomposition g;; = W“gi,-, detg =1,
and '/ = y4AV 4+ LyAglin, with m = | /gK = yo1, we com-
pute each term: - Momentum term:

.. . 1
mim; =y SAVA + gwgrz, (A2)

= (y°r)> = y'27%, (A3)

.. 1 . 1 1
nim;— Enz =y SAUA;+ §w812 - 51//1212. (A.4)
- Scalar curvature: The Ricci scalar transforms as:

R=y *R—8y V2. (A.5)

- Volume factor: /g = w%./3. Substituting into J#:

1 87ijz. . L.82 12,2
_ | W PAYA Syt T — 1// T
‘I’6\/§< 3

—y%/z <1//‘4R - 811/‘5?21;/) +2Ay°/z=0.

(A.6)

Multiply through by w%./3:

1 1
w*SAl]Aij_"_ gwsfz_ Ewlzfz_ ll/z
(A7)
Divide by /&:

— P R+8y V2 +2Ay'2 =0.
(A8)

o 1 1
w*SAleij_"_ 71”872 _ 7‘I/1212
3 2
Rearrange:
o2 5 g7, 22 1, 11
~8Viy Ry — A ATy T4 2o v - STyl =
(A9)

which is Equation (IV.I). This matches the main text’s form,
ensuring consistency.

Appendix B: Faddeev—-Popov Determinant

The Faddeev—Popov determinant for the CMC gauge is:

Afp'© = det {xcme, A}, (B.1)

where ycmc = K — Ko, and K = 7/, /g. The Poisson bracket

is:

(rencta. 1) - [ s SKE820)_ 3K 5019
j(2) 67'i(z)  Om'i(z) Sgij(z) )

(B.2)
Compute the derivatives:
ko Plaii OK() _ 1

Vg 08giily) &

(rc"f - ;gw‘n> 3(x,y), (B.3)

5K(x) _ 8ij
wI0) Ve

o(x,y). (B.4)

VER+8w\/EV2y+2Ay°/Z =0.



For -
6A(y) 1
smi(z) ﬁ( 7ij — 8ijT) 6(y,2). (B.5)
The second term involves:
0 1
0) = ——g" # + curvature terms. (B.6)
0gij(2) 2
After integration, the operator is:
2 Tim; 12
Ocmcle] = —8A.e + ZR[gle Y__)e, (BT
cMcl€] g+3 [g]+(2\/§ 6)’ (B.7)

as given in Equation (II1.7).

Appendix C: Euclidean SD Action

The Euclidean SD action for a Schwarzschild black hole is
derived from the boundary term at the horizon:

1
5P KVhdx,

E = 167G Jou

(C.1)

where K is the extrinsic curvature of the boundary, and 4 is the
induced metric. For a Euclidean Schwarzschild black hole,
K = k, the surface gravity, and v/4 o< A. Evaluating at the
horizon (r = 2M):

SD KA A

5P — - Cc.2
E " HernG ~ 4G’ €©2)

since k = 1/(4M) and A = 16M>.

Appendix D: Heat-Kernel Coefficients
The heat-kernel coefficients for Ocpc are:

. 1 o
Tre '7oMC o ——— ) gy, (D.1)
0

(4mt)3/2

For S? x R, compute:

mi/ T j 72
ap ~ —-— .
2 / \/§( 28 6
Numerical spectral methods are proposed to evaluate a;, de-
termining o.

(D.2)

Appendix E: Bianchi IX Path Integral
The path integral for Bianchi IX is:
Znini = / 209+ Dp+

X exp <i/dt [p+,3+ +p B — pr+p* +e6av})
E1D)

T
e3a’
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Integrate over p:

/dp+dp- exp (i [p+f>’+ +p B — /P2 +P* +e6"‘V] ) :

(E.2)
The saddle point gives:

- B+ €6a(T2+2V)

P+ - - y P-
VB + B2

_ Boy/eb% (T2 42V)

B B2 +B2

(E.3)
The Gaussian determinant is:
J’H 1
det o< . (E4)
Ip+Ip- \/PL+pE+ eV
Combining with Agp, the measure is:
€3a
‘@'u'ymini = Tdﬁ+dﬁ_ . (E.5)
Appendix F: Kantowski—Sachs Path Integral
For Kantowski—Sachs, the action is:
Scs = [ dt (pati+ ppb ~NoAs). D
In the CMC gauge, po = t¢**P. The constraint gives:
p% = 20 +2P (Tzezﬁ +26%F — 2620‘) ) (F.2)

The lapse is fixed, and the path integral reduces to:

. 5 T
7Ks :/Qﬁﬁpﬁ exp (z/dt {pﬁ[i —w/p% + 2042y ) 2aip
(F.3)
Integrating pg yields:

e20+B

D = ——dp. (F4)
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