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Abstract
We reformulate gravity as the geometry of time: a single scalar field ® controls the lapse
N = €%, while the spatial geometry (v;;) follows from the ADM constraints and evolution
equations with shift w. Starting from the Einstein—Hilbert action we reconstruct g,, from
(®,w,";;) and derive the full constraint/evolution system, establishing classical equivalence
with general relativity (GR). In the static, spherically symmetric sector a single ODE,
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integrates to Schwarzschild [10] and reproduces all standard tests. Horizons are coordinate
artifacts of the diagonal foliation and are regular in Painlevé-Gullstrand [6, 9] and Eddington—
Finkelstein coordinates [3]. Rotation resides in the shift: solving the momentum constraint
outside a compact source yields g, and the Lense-Thirring rate [8] with the Kerr normalization
[7]. In spherical dynamics, 0;® is sourced by radial energy flux, reproducing the Vaidya/Bondi
mass law [11]. Linearized vacuum contains only the two transverse-traceless tensor modes,
propagating at ¢ with the standard GR energy flux. Cosmology maps via dr = e®dt and
a = e~®, exactly reproducing the Friedmann equations [4, 5] including k¥ and A. Quantiza-
tion is posed as a constrained QFT: ® and w enforce the Hamiltonian/momentum constraints
(instantaneous/Coulomb-like), while the propagating quanta are the TT tensors with the same
low-energy EFT status as GR. We make no claims here about improved renormalizability or
additional polarizations; such extensions are deferred to Part II. This reformulation provides
computational advantages in spherical scenarios, clearer physical intuition with time as the pri-
mary geometric variable, and a more direct path to canonical quantization of the physical (TT)
sector.
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1 Introduction and Main Claim

Thesis. Gravity is the dynamics of a temporal scalar field ® (with N = e®). Spatial geometry
7vi; and shift w follow via constraints and evolution. We claim classical equivalence to GR [2] and
a clean, conservative route to quantization of the physical radiative sector.

Advantages of this formulation. (i) Spherical problems reduce to a single ODE for ® rather
than coupled PDEs; (ii) The temporal nature of gravity becomes manifest—all gravitational effects
stem from time dilation; (iii) Horizons are naturally regular in this foliation; (iv) The constraint
structure cleanly separates physical (TT) from gauge degrees of freedom; (v) Practical calculations
in atom interferometry and gravitational wave detection map directly to ®.

Caution (no extra degree of freedom).

® is the logarithm of the lapse (N = e?®). In the full 3+1 system, the lapse and shift are Lagrange
multipliers enforcing the Hamiltonian/momentum constraints. None of the scalar relations in this
paper introduce an independent propagating “scalar graviton”; radiative content remains the two
TT tensor modes. Rotation and frame dragging reside in the shift w (the gravitomagnetic potential);
the lapse ® remains gravito-electric.
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Figure 1: Time-first dependency: ® — A = e*® — g, = 1/A. The lapse controls temporal

curvature; spatial geometry follows from constraints.

Equivalence statement. Given fields (®,w,v;;) satisfying the constraint/evolution system
of Sec. 3, the reconstructed g, solves Einstein’s equations with the same 7},,. (Proof sketch
in Sec. 3 and App. C.)

2 Variables and Dictionary (Rosetta Map)

We use a 3+1 split with lapse N = e®, shift w and spatial metric 7i;j- The reconstructed spacetime
metric is ‘
g =—N>+wi',  gu=wi,  gij =i (1)

Time-first GR / Cosmology

N=¢® Lapse

w Shift, carries rotation/frame dragging
Yij Spatial 3-metric

dr = e®dt Proper (cosmic) time increment
a=e® FRW scale factor (Sec. 9)

H = —®'(7) Hubble rate in cosmic time

P

Lapse-first, shift-allowed. Throughout we take the lapse N = e¢® as the primary scalar while

allowing a nonzero shift w when dynamics or nonsphericity demand it; the diagonal, zero-shift form



Table 1: Lapse-first Rosetta map: variables <+ metric, plus Kj;.

Forward (variables — metric) Reverse (metric 4+ time function ¢ — variables)
N=¢e Ni=uw;, N = \/—=g"0utdut, Ni= gind"t, ~ij = gij
900:—N2+Nz’Ni, goi = Ni,  gij = Vij ®=InN, w;=N;

1
Eaxtrinsic curvature: K;j = ﬁ(—&g'yij + D;N; + D;N;).

is a convenient gauge for static cases, not a physical restriction.

Gauges. We use diagonal (zero-shift) in static spherical cases; for horizons or flows, we switch
to Painlevé-Gullstrand (PG) or Eddington-Finkelstein (EF). Full maps in App. A.

3 3. Constraints and Evolution from the Action

We work in a lapse-first 3+1 split [1] with lapse N = €2, shift covector w; (shift vector N = y¥w;),
and spatial metric ;;:

ds? = —N2dt? + ~;; (da' + N'dt)(dz? + N7dt). (2)
The extrinsic curvature is
1
Kij = 55 (S0 + ViNj + ViNi), - Nj = iRNF = wj, (3)

where V; is the Levi-Civita connection of ~;;.

3.1 3.1 341 decomposition of R and the action

Boundary terms. We include the Gibbons—Hawking—York term so that the Dirichlet variational
problem is well-posed. Changing variables from N to ® does not alter the boundary structure since
ON = N §® and N > 0; no extra boundary contributions arise from the field redefinition.

Up to the Gibbons—Hawking—York boundary term, the Einstein—Hilbert action reduces to

_ b fas OR 4 KoK — K2
Sgn = 167rG/dtde\Fy< R+ KiK'~ K?), (4)

with K = % K;; and ()R the Ricci scalar of 7ij. The only canonical variables are (v;;, 7il), with

. oL \ﬁ . .
i = - K — AU ).
4 8(0yi;) 167G ( 77 K) 5)

There are no 9;N or d; N’ terms, so their conjugate momenta vanish (primary constraints).

3.2 3.2 Hamiltonian and momentum constraints

Varying w.r.t. the lapse N = e?® gives the Hamiltonian constraint

167G
\/’7

j_ 1 2) \ﬁ(?))R:()’ (6)

Hio= 2™ )T 167G

(TFz‘jﬂi




Table 2: Which variation yields which equations (with matter).

Variation Equation type Representative equation (ADM form)
ON  (or §® with 6N = Hamiltonian constraint OR+ K;;K7 — K* = 167G p
Noe) I _
ON; (or dw;) Momentum constraints D;(KY7 —4YK) =8rGS"
(5’71']' Evolution (metric) 8t'y¢j = —QNKij + D»;N]' + DjNi
8 Ki; = — DiD;N + N((3)Ri- + KKij — 2K, K" )
07ij Evolution (Kj;;) v ! ! ! P

+ Ly Kij — 8nG N (Sij — 37%ii(p = 5))
Maitter projections: p :=n,n,T", S*" = —v',n,T", Sij := vipy; T"", S :=~"S;;.

and varying w.r.t. the shift N* = 4w, gives the momentum (diffeomorphism) constraints

/HZ' = —QVjﬂ'ji =0 | (7)

The canonical Hamiltonian reads

Hcan = NHJ_ +NZH27 (N = e(I)7 NZ = fy”w]) (8)

3.3 3.3 Evolution for v;; and Kj;
The first evolution equation is simply the definition of Kj;; rewritten:
Oyij = —2NKj + ViN; + V;N; = —2e*K;; + Viw; + Vjw;. (9)
The second evolution equation follows from 6.5/d+;; (or Hamilton’s equations):
(00— L) Ky = = ViV;N + N(ORy; + KK - 2K k")
+ (matter sources, if present), (10)

with £ the Lie derivative along N i in our variables N = e®, N = % wj. In vacuum the source
term vanishes.

3.4 3.4 Acceptance check: non-propagating lapse/shift

Because Sgy contains no 9;N or 9;N*, their conjugate momenta vanish:

oL oL

which are primary constraints. Time preservation generates the secondary constraints H; = 0 and
H; = 0. All are first-class; N = ¢® and N’ enter only as Lagrange multipliers in (8). Hence in
vacuum they carry no propagating degrees of freedom. Linearizing about Minkowski and imposing
the constraints/gauge leaves only the two transverse—traceless tensor modes h;ro as propagating

DOF.

DOF ledger (vacuum). On each slice: (v;j,7%) = 12 phase-space DOF. Four first-class con-
straints (H,H;) remove 8, leaving 4 phase-space = 2 configuration DOF (the two TT graviton
polarizations). The lapse N = e® and shift w; are non-dynamical multipliers.



4 4. Static spherical ODE = Schwarzschild and classic tests
For static, spherically symmetric vacuum with zero shift,

ds? = =22 4 7220 g2 4 r?dQ?, e*® = f(r). (12)

4.1 4.1 Vacuum ODE for ®(r)

For the metric (12), the vacuum Einstein equations reduce to a single independent equation, con-
veniently taken as

rf'(r)y=1-f(r),  with f(r)=e*®". (13)
Using f' = 2¢2*®’, (13) is equivalent to the lapse-first ODE
1— 62<I>(7")
0, ®(r) = 9 e20(r) (14)
4.2 4.2 Integration to Schwarzschild
Integrating (13) gives
C
flry=1-%, (15)
and asymptotic flatness fixes C = 2G M, hence
2GM 2GM 2GMN\ 1
(20 _q_ %€ . ds? = —(1 _ ¢ )dt2 + (1 _ ¢ ) dr? + 1202, (16)
r r r
14 horizon o s
=
e 0.5 7
(8]
0 .
1 2 4 6 8
r/rs

Figure 2: The lapse e®(r) = /1 — rs/r for Schwarzschild: vanishes at the horizon, approaches
unity asymptotically.

4.3 4.3 Classic tests

Gauge-invariant outputs. All quoted observables (gravitational redshift, light bending, Shapiro
delay, perihelion precession, horizon invariants, GW luminosity) are computed in forms independent
of slicing/coordinates.



Gravitational redshift.

(D) —2(re)

Ve

z=— —

Vo

Static observers at r. (emit) and 7, (observe) measure

GM

Te

GM

To

. (17)

Light bending. A null geodesic with impact parameter b is deflected by

A¢

4GM
b

+0(

G2M?
b2

)

(18)

Shapiro time delay. For endpoints at radii r1,r2 with Euclidean separation Ri2, the one-way

excess coordinate time is

w + 1o + Rio
AtOY = oGy LTI L 0GR 19
Shapiro n r1+ry — Ryo + ( ) ) ( )
which in superior conjunction reduces to
(1w) N 47’17’2 (2w) ~ 47’@7”1‘
At = 2GM ln( 2 > v Atgie = 4GM ln< )2 > : (20)

Perihelion precession. For a bound orbit (semi-major axis a, eccentricity e), the per-orbit

advance of perihelion is

6rGM

Aw = a(l —e?)

+ 0G?) | (21)

4.4 4.4 Acceptance check

Equations (17)—(21) are the standard GR results for the Schwarzschild geometry to leading post-
Newtonian order, with Eddington parameter v = 1. Thus the lapse-first ODE (14) reproduces all
four classic tests exactly in vacuum.

5 5. Horizons, regular foliations, and invariants

We exhibit explicit horizon-regular coordinates (PG, EF), the curvature invariant K = R, R**7,
and the proper time for a radially infalling observer to cross r = 2GM.

5.1 5.1 Finite proper time across the horizon

For Schwarzschild ds? = —(1 — 2GTM)dlt2 +(1— QGTM)”CZT2 +7r2dQ?, a radial timelike geodesic with
specific energy FE satisfies

dr\ 2 2GM dt FE
or - E?_ (1 _ ) = = 22
(dT> r /)’ dr 1 - 26M (22)
Hence J
dr — " . (23)
E2 1 + 2GM

T



At r = 2GM the denominator is v E2, so the integrand is finite and the crossing proper time is
finite. For the common case F = 1 (fall from rest at infinity), one obtains the explicit primitive

3/2 3/2
2ry " =1
T\"r) = = ) 24
(r) 3 2GM (24)
so the proper time from ry to the horizon is
2 3/2
Tro—2GM = 3\/2G7M (TO/ - (2GM)3/2> < 00 | (25)

Trg A

11 directions tilt inwards: dr/dT" = —v £ 1
(r) = —:>J/T‘ (PG)

infalling timelike

»
>

r

Figure 3: Painlevé-Gullstrand spacetime diagram: infalling worldline crosses the horizon smoothly
as light cones tilt inward.

5.2 5.2 Acceptance check

In EF and PG coordinates the metric components are finite at r = 2GM; the curvature invariant
(77) is finite at r = 2GM and diverges only at r = 0; and a radial timelike geodesic crosses
r = 2GM in finite proper time (23)—(24). Therefore the horizon is not a physical singularity, only
a coordinate artifact of the diagonal chart.

6 6. Rotation as shift: momentum constraint = slow—Kerr cali-
bration

We consider a stationary, weakly rotating vacuum exterior to a compact source of mass M and
angular momentum vector J. Take the background spatial metric to be asymptotically flat and, to



leading (dipole) order, treat 7;; ~ d;;; the lapse is the static Schwarzschild lapse N 2=1-2GM/r+
O(J?), while the rotation lives entirely in the shift N (covector w; = v;; N7).

6.1 6.1 Momentum constraint outside the source
In the stationary, linearized limit (0yv;; = 0, K;; = %(&Nj + 0;N;)), the momentum constraint
/Hi = —2Vj(Kji — (5JZK) = 87TGSl

reduces (with V— 9 and gauge 9; N’ = 0) to the vector Poisson equation

V2N; = 167G S;,  O;N'=0 (26)

where S; is the matter momentum density (S; ~ Tp, for slow sources). Outside the compact body,
S; = 0 and
Vx(VxN)=0, N=(N'N? N3, N=0asr— oo (27)

Matching to the total angular momentum J = f d3rx x S fixes the unique decaying solution (up
to a pure gradient):

_Ixr UxN = 2C 3n@m)-J3] | n

373

N(r) =

Il
alls

(28)

3

(We keep ¢ explicit here for later comparison; set ¢ = 1 elsewhere.)

6.2 6.2 From shift to g, and Q(r)

2GJ
In spherical coordinates, the only nonzero component is N¥(r) = — ——= (for J || 2). Since
A c3r
gti = Yi; NV = N; and vy, = r2sin? #, we obtain
2GJ .
gip = Ny = 7o, N¥ = — = sin?9 | (29)
Equivalently, writing the slow-rotation line element as
2GM 2GM\ -1
ds? ~ —(1 . )dt2 —2Q(r) 2 sin® 0 dt dyp + (1 - 7) dr? + r2d0?2, (30)
r T
the dragging (ZAMO) angular velocity is
2GJ
Q(r) = — N¥ — , 31
(" - (31)

6.3 6.3 Exact factor checks: Lense—Thirring and Kerr

i

Match to Lense—Thirring (frame dragging). The Lense-Thirring “frame-dragging frequency’
in the slow-rotation exterior is precisely the Q(r) that multiplies dt dy:

QLT (7“) =

(ZAMO/frame—dragging rate). (32)

c2r3

10



Match to linearized Kerr g;,. Expanding the Kerr metric to first order in a = J/(Mc) and at
large r gives

orr 2GJ . a®
g = = sin?@ + O<T2) (33)

which exactly matches (29). Therefore the shift field derived from the momentum constraint re-
produces the slow-Kerr cross term with the correct normalization and angular dependence.

Vector (dipole) gravitomagnetic field. From (28), the curl of the shift (the gravitomagnetic
field) has the standard dipole form

2G

VxN = w[Sn(J-n)—J} : (34)

agreeing with the Lense-Thirring dipole structure and fixing all numerical factors by the g;, cali-
bration above.

Callout. Frame dragging is carried by the shift w (the gravitomagnetic potential): B, = V X w.
Time-variation of ® alone does not generate B, in the absence of mass currents.

equator
0 |
E
J 2 051
9
&
\ -1 } ; O(fsmz‘e |
\ 0° 45° 90° 135° 180°
9

By = V X w (frame dragging)

Figure 4: Frame dragging: gravitomagnetic field lines (left) and g4, oc — sin® § angular dependence
(right), maximal at the equator.

11



Gravito-EM conventions (linearized, lapse-first).
Metric perturbations in the lapse-first gauge:

goo = —(1 +29), 90i = Wi, gij = (1 = 20)d;;.

Fields and sources:
EQE—VQ)—%&:L«J, B, =V xw,

V2® = 47G p, V2w = —16rGJ (quasi-static).

Ampere-like relation:
V x By = —167G J + 2 0;E,.

Lense—Thirring calibration (slow rotation, far field):

2GJ
c3r

2GJ

) .
S11 6, QLT(T) — W

Gtp = —

6.4 6.4 Acceptance check

Equations (29) and (32) give g1, = —(2G.J/c3r) sin? @ and Qur(r) = 2G.J/(c*r3), exactly matching
the linearized Kerr result and the slow-rotation frame—dragging rate. Thus in the lapse-first picture,
rotation is the shift: the momentum constraint outside the source determines a unique (dipolar) N

with the correct normalization.

7 7. Spherical dynamics = Vaidya/Bondi

We derive the spherical flux law for ®(¢,7), map it to ingoing EF (v), and recover the Bondi mass

balance at .#*, including a worked null-shell example.

7.1 7.1 Flux law 0,® = —4nGr T},

In the spherical, zero-shift ansatz

d82 — _eQ‘P(t,T‘)dtQ _|_ e—2¢‘(t,7”)dr2 + T2dQ2, A = 62(1),

the mixed Einstein component is

2
Gy = —— 0.
r

With G, = 87G T, this yields the spherical flux evolution law

6t<I> = —47TG’I“Ttr ‘, <~ ‘ atA = —87TG7"ATtT .

7.2 7.2 EF map and Vaidya mass function
Define the tortoise coordinate by dr, = dr/A and the advanced EF time

v=t+r., = ds®=—Adv?+2dvdr+ r2dQ>.

12

(38)




Allowing ingoing null dust gives the Vaidya metric

2 1 d
@22—(L—fﬁﬂﬂ)mﬂ+2m@r+ﬂmﬂ, o = s | (39)
r 4mr2 dv
The diagonal/EF components relate via the ingoing null vector k*oc(A~1, —1,0,0):
T’UU
T, = 2% | 4
=1 (40)
Using Gy, = —% 0y® and the EF dictionary T}, = T, /A one finds
WA = —81GrTyy,
which matches the Vaidya/Bondi balance relation d,A = —(2G/r)d,m upon identifying A =
1—-2Gm/r.
7.3 7.3 Bondi balance at ./*
From (37) with A =1 — 2GM/r one has, at fixed large r,
20 . :
@A:-_gﬂﬂw::—&GrAﬂh = | M(t) = 4nr? ATy, | (41)
T
At #* we have A — 1, and the EF components give the standard Bondi laws:
. _ dm 9
Ingoing at .#~ (advanced v): =P Ty dS2 (42)
dM
Outgoing at £t (retarded u): g B _ —j{rzTuu Q) |. (43)
u
Using (40) (ingoing) and its outgoing analogue Ty, = —T, /A,
M
M :t%)ﬂfynmdg — jﬁr?nrdg. (44)
du A—1
Equivalently, if one defines the outward flux density Fou = —T%-, then
dmM
TB =— f 2 Fo dQ | (Bondi mass loss). (45)
u

7.4 7.4 Worked example: thin ingoing null shell

Take an ingoing shell injected at advanced time v = vy with total energy AM. The Vaidya mass

function and stress tensor are

AM
‘ m(v) = M; + AM O(v — vg) ‘, Tpy = i d(v — o)

In diagonal variables this corresponds to

Ty AM

Tultyr) = A As1 A4Amr? O(v = wo),
and (37) integrates across the shell to
2
A=Al A= anm,
Yo Yo r

ie. A=1-— @ with M jumping by AM—the horizon grows from 2GM; to 2G(M; + AM).

13
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7.5 7.5 Acceptance check

Equations (37)—(44) ensure: (i) the diagonal flux law matches EF/Vaidya (T3, = Ty,w/A), (ii)
dm/dv = ¢ r*T,,d? (ingoing) and dMp/du = — ¢ r?T,,d2 (outgoing) have the correct signs/nor-
malizations for Bondi mass change, and (iii) the null-shell example produces the expected jump
M — M+ AM.

8 8. Linearized vacuum: constraints, TT waves, and energy flux

We linearize about Minkowski in lapse-first variables, impose the scalar/vector constraints, and
show only the two TT tensor modes propagate with DhiTjT = 0 and speed c.

8.1 8.1 Constraints = TT sector only

Write ;5 = 6;5 + hij, N =14+ ¢ (¢~ ®), and N; = w;. To first order, the Hamiltonian/momentum
constraints read

HY = 00k - °h =0,  HY = 20;(p'i — 5ip) =0, (49)

with p¥ conjugate to hij (traces h = h*., p = p*1). Using these first-class constraints plus gauge
freedom removes all scalar/vector pieces; in TT gauge

Ohy; =0,  (BTT)=0. (50)

Only the TT sector is physical.

8.2 8.2 Free equations: [h;" =0 at speed ¢

The quadratic Hamiltonian reduces to the two TT polarizations,
1
HO = / P (WIS + L @)@ Eh)], (51)

implying

OFhET — 9*hIT =0 | (52)

so TT waves propagate luminally. No scalar or vector mode propagates.

8.3 8.3 Polarizations

The physical configuration space has 2 DOF: the + and x tensor modes of h};T;

tions appear.

no extra polariza-

8.4 8.4 Acceptance check

Eqs. (49)—(50) remove all scalar/vector pieces; only hz-TjT propagates. The free dynamics follow
DhiTjT = 0 with speed ¢, and the Isaacson flux (Appendix D) reproduces the GR quadrupole
luminosity. Thus the radiative content is exactly the two tensor polarizations (+, x), with the
correct normalization.

14



Gauge bridge to TT waves. In vacuum, linearized constraints solve (®,w;) as instantaneous
(non-radiative) functionals of sources. A diffeomorphism with parameters (£°, ¢%) satisfying

He? = -, &+ 0:° = w

takes any lapse-first perturbation to a gauge with ® = 0 = w/, leaving only h;;rT as radiative data
(standard TT gauge). Conversely, starting from TT one can reach lapse-first by inverting these

relations. Radiative observables (strain, Isaacson flux) are unchanged.

9 9. FRW mapping: from dr = e®dt, a = ¢ ® to Friedmann

Assume homogeneity /isotropy with a single temporal potential ®(¢) and spatial curvature k €
{-1,0,+1}:
dr?

2 _ _ 28(t) 7,2 —28(t)
ds e dt® + e e

+r2d0?| . (53)

A comoving perfect fluid has u* = (e=%,0,0,0) and T, = (p + p)uyuy + P Guw, s0 Ty = pe?®,
Tij = pgij-

9.1 9.1 Einstein equations in {-time

A direct computation gives the independent components
Gy =3ke'® + 382, Gog = r2e 4® <—ke4¢ — 532 + 2<I>) , (54)

so G, = 87G T}, yields the pair

P2 4 ket = % pe® (F1)
20 — 502 — ke'® = 8nG pe?® (F2)
(which we will map to the standard Friedmann pair below).
9.2 9.2 Map to cosmic time and recover the Friedmann equations
Define cosmic time and the scale factor by
® —a(t(r)) _ lda ,
dr = e%dt, a(t) =e , H(t)=-——=-39'(7), (55)
adr
with "= d/dt and = d/dr. Using ® = e®®’ and €?® = 1/a?, (F1)-(F2) become
k  8nG
H* 4+ = = —— FRW1
+ 22 3 (FRW1)
dH k
— = —4nG — FRW2
= 7G(p+p) + 2 ( )
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and V,T* = 0 gives p' + 3H(p + p) = 0 as usual. To include a cosmological constant, either
write G, + Agu, = 87GT), or treat A as a fluid with pp = A/(87G), pn = —pa. In either case,
(FRW1)-(FRW2) become

k rG A
24+ -2 = F 1+A
+ 3 5 T3 (FRW1+A)
dH k A

exactly matching standard FRW cosmology.

Big-Bang limit. With a = ¢~® and dr = e®dt, the initial-singularity limit is
®—+o00 <= a—0,

whereas ® — —oco gives a — 0o and N = e¢® — 0 (degenerate lapse / no proper-time flow). We
therefore use ”Big Bang = & — +00” and reserve & — —oo for a formal no-time boundary.

9.3 9.3 Variable map (dictionary)

FRW variable Time-first expression
a(T) e~ ®

H(t)=a/a —0 = — %P

k/a? ke2®

PAs PA pr =A/(87G), pr=—pa

Here a prime denotes d/dr and an overdot d/dt.

9.4 9.4 Acceptance check

Using dr = e®dt,a = e~®, H = —®’, the t-time equations (F1)—(F2) map exactly to (FRW1)—(FRW2);
including A gives the standard H? + k/a? = (87G/3)p+ A/3 and H = —47G(p+p) + k/a®> + A/3
in cosmic time. Therefore the FRW background is reproduced exactly in the time-first variables.

10 10. Quantization as a constrained QFT

We quantize gravity in the ADM/lapse-first form by imposing the constraints first and then quan-
tizing the reduced (physical) sector. The canonical Hamiltonian density is

Hcan = NHJ_ + N%Hz, (N = €<I>’ NZ = ’Yijwj)v (56)

with H, = 0 and H; = 0 the Hamiltonian and momentum constraints. Dirac quantization
imposes the operator constraints on states:

Ho [Tphys) = 0, H; | Wphys) = 0. (57)

Linearizing about Minkowski and solving the constraints removes the lapse N and the longitu-
dinal/trace parts of v;;, leaving only the transverse-traceless (T'T) tensor sector as propagating
degrees of freedom. The physical Hilbert space is therefore the TT Fock space.

16



10.1 10.1 TT sector and equal-time commutators

Write the spatial metric perturbation as v;; = d;;4h;; and decompose h;; = h;gT—i—(longitudinal /trace).
In momentum space define the transverse projector

Pyj(k) = 6;5 — kik;

and the TT projector A
Aija(k) = $(PuwPji + PuPjy — PijPu) . (58)

The quadratic TT action is (setting ¢ = h = 1)

R S TT\2 TT\2
Srr = g [ 4t [@RTD? — @anET?], (59)

so the canonical momentum is WETJT = ﬁ 8thiTjT. Equal-time commutators on the reduced phase

space read

[ib;ro(tv X)v 7A‘—]’f‘l’l‘(ta y) ] = iAijkl(_ivX) 5(3) (X - y) . (60)

Equivalently, in terms of time derivatives,

(AT (t,x), kit (ty) ] = 327G Ayja(—iVx) 6 (x — y). (61)

10.2 10.2 Mode expansion and TT propagator

Define k = v327G. Using polarization tensors efj(f{) (s = +, x) with efjefj/- = 265" and kief; =
e;; = 0, the TT field expands as

~ K d3k s /1) ~ —ik-x S 1.\ A ik-x
5w = 5 Y [ G [000a00 e £ g alag e ] w= k(6
s=%

Creation/annihilation operators satisfy
[as(k), al, (k)] = (27)3 2wy 059 04 (k — K). (63)

The time-ordered two-point function (TT propagator) is

2 4 . .
PTT (. \7TT _ K[ dk i N (k) —ik-(z—y)
OTHE @) )10) = T [ e , (64)

with Ajj i the TT projector (58) built from the spatial direction k.

10.3 10.3 Acceptance check

The operator constraints (57) enforce that only hiTjT propagates. The equal-time commutators (60),
the mode algebra, and the T'T propagator (64) fully specify the physical (TT) Hilbert space and
free dynamics.
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11 11. One operational formula: atom—interferometer phase via
)

We give a single, experimentally usable expression for the light—pulse Mach—-Zehnder atom—interferometer
(AI) phase shift in terms of the temporal potential ®, applicable to static gravity, moving sources, or
modulated masses. We then show it reduces to the standard GR result in the tested (nonrelativistic,
weak-field) regime.

11.1 11.1 Sensitivity function and phase in terms of ¢

For a three-pulse Al (7/2-7m-7/2 at t = 0,T,27T) with effective wavevector keg along z, the total
phase can be written with the standard sensitivity function gs(t),

. £, 0<t<T,
Ab = k- / g(Dalt)dl,  gt)=2T —t, T<t<oT (65)
o 0, otherwise.

In the lapse-first/weak—field limit (|®| < 1), proper time is dr = e®dt and the geodesic equation
gives the local acceleration a(t) = —c? V@(t, xa(t)). Hence the operational Al phase in terms of ®
is

Ap = —Pkeg- / gs(t) VO(t,x,(t)) dt | (66)

For a uniform static field, V® = —g/c?, and (66) reduces immediately to the textbook result

Ap = keg-gT? |. (67)

11.2 11.2 Moving/modulated source: near—field expression

For a compact source of mass M at position R(t) with |R| < ¢, the weak field potential is
d(t,x) = —-GM/(c? |x — R(t)|), so

GM x—R(t
Vo(t,x) = 2 xo R((t))]3

(68)

Inserting this into (66) gives the phase for a moving or modulated source. In the quasi-static
limit (modulation frequency 2 < 1/T"), V& is effectively constant over the interferometer, and
A¢p ~ keg-6g T? with §g(x) = —c? V® evaluated along the nominal atomic path.

11.3 11.3 Equality to GR in the tested regime

In full GR, the AI phase is the sum of (i) propagation phases o« wc [dr for each arm (with
wc =mc?/h) and (ii) laser phases at the pulses. To leading post-Newtonian order these combine
to (65) with a = —c?*V®, yielding (66) and hence (67). Thus the time-first operational formula
is exactly equivalent to the standard GR calculation in all current near-field tests (static gravity,
moving or modulated laboratory masses, and small atomic velocities).
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11.4 11.4 Worked examples
We take 8" Rb Raman Al at A ~ 780 nm S0 keg ~ dr /N ~ 1.61 x 107m~1.

Scenario T (s) a(m/s?) ke (m™!) Ag (rad)

Earth gravity (uniform g) 0.10 9.81 1.61 x 107  1.58 x 106
10kg source at r = 0.20m* 0.10 1.67 x 107 1.61 x 10”7 2.7 x 1073

* Assuming alignment along 2 so a = GM /r? projects fully onto keg. Numbers use G' = 6.674 x 10711 SI.

11.5 11.5 Acceptance check

Equation (66) gives the Al phase directly from ® and reduces to A¢ = keg g T2 for static fields. The
worked examples yield standard magnitudes (Earth: 1.6 x 10%rad; 10kg at 0.2m: 2.7 x 1073 rad),
and the derivation matches the GR (TT) calculation in the tested, weak-field regime.

12 12. Discussion and Outlook

Computational advantages. The Schwarzschild solution emerges from a single first-order ODE
(Eq. 14) rather than solving the full Einstein equations. Spherical collapse (Section 7) reduces to
scalar evolution 9;® = —47GrT, instead of metric PDEs. Cosmology maps cleanly via a = e~ 2
and H = —®', directly connecting expansion to temporal geometry.

Conceptual clarity. Gravitational redshift, time dilation, and cosmological expansion all man-
ifest as aspects of the single field ®. The shift w cleanly encodes rotation without mixing with
temporal effects. Frame dragging becomes the curl of w: B, = V x w. Black hole horizons appear
as coordinate artifacts of the diagonal gauge, naturally regular in EF /PG coordinates.

Practical applications. Atom interferometer phases (Eq. 66) and gravitational wave calcula-
tions map directly to @, potentially simplifying experimental predictions. The lapse-first constraint
structure provides a natural separation between instantaneous (Coulomb-like) and radiative sectors
for numerical relativity.

Quantization route. The constrained QFT approach treats ® and w as non-propagating mul-
tipliers while the physical TT modes carry the same radiative content as GR. This provides a
conservative path to quantum gravity without additional polarizations or modified dispersion rela-
tions.

Deferred to Part II: PPN suite; ADM/Komar/Bondi charges in (®,w); linear cosmological

perturbations; EFT /renormalization; PN/EOB for binaries; any beyond-GR phenomenology if
V(®) is treated as new physics.
What we quantize (and what we do not). Evolution is with respect to physical (cosmic)
time 7 defined by dr = N dt = e®dt. In this classical Part I we establish equivalence with GR;
quantization—when pursued—treats the field ® and the transverse-traceless graviton modes as
quantum fields evolving in 7. We do not quantize the coordinate label ¢ itself, and we defer any
EFT potential V(®) or beyond-GR phenomenology to a separate work.
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Horizon-regular coordinate maps (EF/PQG)
Horizon invariants and regularity checks
Constraints from the action (ADM ledger)

Isaacson tensor and GW energy flux

g0 O Q W »

FRW mapping and Friedmann pair
F Integrating out ¢ (if included)

G Notation and sign conventions

Schwarzschild (diagonal).

ds® = —

(1—2GM)dt2+<1—2GM

-1
: ) dr? + r2d02. (69)

r

Eddington—Finkelstein (EF). Define the tortoise coordinate

re =r+2GM In

”
-1

2GM (70)

Ingoing EF (advanced time v) and outgoing EF (retarded time u) are

v=t+ 1y, u=t—r,. (71)

The metrics are
dstpp = — (1 - QG;M)va + 2dv dr 4 r?dQ?, (72)
ds?p = — (1 - QGTM)du — 2dudr + r*d02. (73)

All components remain finite at r = 2G M.

Painlevé—Gullstrand (PG). Define the (ingoing) PG time tpg by

\f \/2G
t =t+2v2GMr+2GMIn 74

This yields

2GM
dsl%G:—<1—G7)dtPG 2/ —— 26M dtpg dr+dr?+72dQ? = —dtp e+ (dr+ ) 2EM dtpg)* +r2d02.
r
(75)
Equivalently, the lapse-shift form is N = 1, N, = —/2GM/r (“river” speed v, = —/2GM/r).

At the horizon r = 2GM the metric is manifestly regular.
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Direct maps. From EF to PG one may write t = v — 7, and insert into (74), giving

VP —V2GM

tpg = v+ F(r), F(r)=—r«+2V2GMr 4+ 2GM In
PG (r) (r) Jr+ V2G|

The inverse maps are obtained by reversing the above definitions.

Appendix B: Invariants at the horizon

For Schwarzschild vacuum (R, = 0), the only nontrivial quadratic invariant is the Kretschmann
scalar

,  A8G?M?
K = RMVpO_RHVP = T (77)
(in ¢ = 1 units). Evaluated at the horizon r = 2G M,
48 G2 M 3
K = = (finite), (78)

r=2GM (2GM)6 4GAMA
while K — oo only as 7 — 0. Thus the divergence of g4+ and g, at r = 2G' M in diagonal coordinates
is a coordinate singularity, removed by EF /PG.

Appendix C: Constraints and Evolution from the Action

Write H =0, H; = 0 and the evolution equations explicitly; give the DOF ledger.

Appendix D: Isaacson averaging and GW energy flux

Isaacson/LL effective stress tensor. For wavelengths A small compared to background cur-
vature scales, the GW energy—momentum is captured by the (gauge-invariant, averaged) Isaacson
tensor in TT gauge,

4 =

(Our project already uses the Landau-Lifshitz/Isaacson notion of GW stress for flux balances.)

Oy hTT Oy hTT , (---) = average over many cycles. (79)

Flux through a sphere. The GW energy luminosity is

dE
f Ot O, T )ag. (80)

r2t§WntdQ =

dt 327TG

Far-zone TT solution and quadrupole formula. In the radiation zone (R > source size),
the TT field is

hij (8, %) = 7QTT(t— R) + O(R7?), (81)

with @;; the tracefree mass quadrupole. Inserting (81) into (80) and angle-averaging yields the
standard GR result

= -S04, | (52)

This matches the statement in our gravitomagnetic note that radiation in GR arises from evolving
quadrupoles and appears only in the 4+, X tensor modes.
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Appendix E: Detailed FRW derivation in time-first variables
1) Ansatz and matter. Start from (53). For a comoving perfect fluid, Ty = pe?® and Tj; = p gi;.

2) Einstein tensor. From the metric one finds

1
1 — kr2

consistent with (54). Insert these in G, = 817G T),, to obtain (F1)-(F2). If a cosmological constant
is present, either (i) use G, + Agu, = 87GT), directly, or (ii) move Ag,, to RHS as a fluid with
pa = A/ (87G), pa = —pa.

3) Cosmic time map. Define dr = e®dt, a = ¢e~®, H = —®'. Then €2® = 1/a2 and ® = ¢®9'.
Substitute into (F1)—(F2) to get (FRW1)-(FRW2). Covariant conservation gives p'+3H (p+p) = 0.

4) Interpretation. In this language, expansion is time’s divergence: a = e~® and H = —®/;
spatial growth follows from the geometry of time.

Appendix F: Static potential from integrating out the lapse ¢

In the weak, static limit set N = e® ~ 1+ & and vij =~ 6;5. Including matter energy density p(x)
(with Ty ~ p), the Hamiltonian constraint becomes

V20 (x) = 47G p(x), (84)
with instantaneous Green’s function G(x) = —1/(4n|x]|). Solving (84) gives
(x) = —G / iy LY (85)
x — |
The (static) interaction energy is
_ 1 3 _ G 5. 3 PX)py)
V = 2/d;v,o(x)(I)(x)——2/d:valy x—y] (86)
For two static point masses p(x) = m 0®) (x — x1) + M 6 (x — x3),
GmM
Vir) = — . r=|x; —xa| | (87)

Momentum-space view (tree level). Integrating out ® in the static limit yields the instanta-
neous kernel iAg(q) = i (47G)/q? coupled to p, so the nonrelativistic scattering amplitude between
heavy sources is iM(q) = i(47G) mM/q?, whose Fourier transform is (87). This shows that the
Newtonian potential is reproduced at tree level by instantaneous ® exchange, while dynamical
gravitons are the TT quanta (62).

Acceptance check. The TT commutators and propagator are given in (60)—(64); the static limit
of the constrained (instantancous) lapse reproduces the Newtonian potential (87).

22



Appendix G: Notation and Sign Conventions

Signature and units. Metric signature (—,+,+,+). We set ¢ = 1 unless displayed for calibra-
tion.

Indices. Greek p,v,... € {0,1,2,3} (spacetime), Latin ,7,... € {1,2,3} (spatial). Spatial in-
dices are raised/lowered with 7;;, spacetime with g, .

Volume elements and Levi-Civita. eg23 = +/—g, 23 = +1/\/—g so that d*z\/—g is
invariant.

Connections and curvature. V,g.3 =0,
]‘_‘ZV = %gpg(a,ugau + al/gau - 8aguu)a
[V}M VV]VP = Rpauuvga Ruu = Rp,upm R = guyRuuv G;u/ = Ruy - %gm/R‘

Wave operator 0 = ¢V, V, (flat limit: O = —97 + V?).

341 split (ADM, lapse-first).
ds* = —N?dt* + ~;;(da’ + N'dt)(da? + N7dt), N =¢e® N;=~y;N =uw;.
Kij = 5 (=0vij + DiN;j + D;N;) .

Fourier conventions.

4 ' ~ .
fa) = [ e . )= [ et so)

Spacetime, indices, and metric

We work on a four-dimensional Lorentzian manifold (M, g,,,) with signature
(_7 +7 +7 +)

Greek indices p,v,p,... € {0,1,2,3} denote spacetime components; Latin indices i,j,k,... €
{1,2,3} denote spatial components on a hypersurface ;. Indices are raised and lowered with the
corresponding metrics: g, (spacetime) and +;; (spatial). Symmetrization and antisymmetrization
use

Ay = %(A;w + Aup), Apw) = %(AW — Aup).

The volume element and Levi—Civita tensor adopt the orientation
1
V=5

so that d*z \/—g is the invariant measure, with g = det Guv < 0.

0123
€0123 = +v 4, € =+
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Derivatives and curvature

The covariant derivative V,, is metric-compatible (V,g.g = 0) with Christoffel symbols

FZV = %gpg (augau + Ovgop — 8aguu)-

Our Riemann tensor is defined by its action on vectors:
Vu, Vo VP = RP,,, VO,
Contractions give the Ricci tensor and scalar,
R, = R’,p, R=¢""R,.,

and the Einstein tensor
G,uz/ = R,uy - %g,LWRv
so the field equations read G, = 817G T, with TH = \/%7 08m/6gu. The d’Alembertian is
0= g¢""V,.V,,

so that in flat space with signature (— + ++), 0 = —9? + V2.

341 (ADM) decomposition

We foliate M by spacelike slices ¥y with future-directed unit normal n# satisfying n,n* = —1. The
induced spatial metric and projector are

Vv = Guv + Ny, h#, = 6", + ntn,, Yij = hi"h;" g
With lapse N and shift N, the line element is
ds®> = —N?dt* + v, (da’ + N'dt) (da? + N7dt).
The extrinsic curvature adopts the sign convention

K,w = huahyﬁ Vang, = Kij = - 8,5% + DiNj + DjNi) = —% ['n’)’ijv

w(
2N
where D; is the Levi-Civita connection of (£¢,7;;). The three-dimensional Ricci tensor/scalar are
denoted (3)Rij and GR.

Fourier conventions

We use the spacetime Fourier transform

4 ~ ~ .
fa) = [ e ™ i, Fo = [ate e po),

with k2t = g, kHx” = —wt + k - x in Minkowski coordinates. Thus plane waves read e~ Hwt—kx)
The delta-function normalization is

d4k —ik-(x—x’
[ ) = 0 ),

For purely spatial transforms on ¥,

3 ~ ~ .
fx,t) = / (jf)g X i 1), ft) = / P X f(x,1).
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Units and dimensions

Unless explicitly stated, we use relativistic units with ¢ = 1. Newton’s constant G is kept explicit.
Restoring factors of ¢ follows the replacements ¢t — ct, N — N/¢, T, — Tw,/cz, etc., so that,
e.g., the Schwarzschild lapse reads gy = —(1 — 2GM/(c?r)) ¢*>. When h = 1 is adopted (quantum
sections), it is noted locally.

Miscellany

Parentheses () and brackets [ | denote symmetrization/antisymmetrization as above. A dot on a
scalar denotes 0; at fixed spatial coordinates; £, is the Lie derivative along v*. Spatial indices are
moved with 7;;; spacetime indices with g,,. The Hodge dual uses the €,,,, defined above, with
Fuy = 260 Fpo.
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