Polynomial Algorithms for Graph Isomorphism in
Directed and Undirected Graphs
Author: [Liang] [Chen]



1 Abstract

In this paper, only two graphs with identical initial degree sequences are compared,
as graphs with different degree sequences can be easily distinguished through simple
traversal, rendering further discussion unnecessary.

The core idea of this paper is reverse thinking: if two graphs are identical, they can
be constructed step-by-step in the same manner, and they can also be deconstructed step-
by-step in the same manner, with each deconstruction step producing identical

intermediate results.

2 Keywords

2.1 Degree Sequence:

After deleting a vertex or during initialization, vertices are sorted in descending
order based on their degrees. For undirected graphs, the sorting process ends here.

For directed graphs, additional steps are required. Vertices with the same total
degree (sum of in-degree and out-degree) are further grouped and sorted. In this paper, if
multiple vertices share the same total degree, they are additionally sorted in descending
order based on their in-degrees. Vertices with larger total degrees always precede those
with smaller total degrees, and only when the total degrees are identical are the vertices

further sorted by their in-degrees.

2.2 Adjacent Vertices:

Two vertices sharing an edge are referred to as adjacent vertices.

2.3 Temporary Degree Sequence:

Deleting a vertex affects its adjacent vertices, necessitating a small-scale re-sorting
of these affected vertices, following the same rules as in Section 2.1. However, the
lifespan of this temporary sequence lasts only until the global vertex sorting forms a new

degree sequence.

2.4 Graph A and Graph B:

Before determining graph isomorphism, the two graphs are labeled as A and B.
During vertex deletion, Graph A selects a fixed vertex, while Graph B searches for a
vertex with identical properties to the one selected in Graph A. This process continues
until a matching vertex is found for deletion. Simply put, Graph A serves as the reference

graph, and Graph B is the backtracking graph.



2.5 Vertex Properties:

In undirected graphs, this refers to the degree of a vertex. In directed graphs, it

refers to the count of in-degrees and out-degrees of a vertex.

3 Algorithm Description

Step 1: Clear the temporary degree sequence. Sort the
vertices in both graphs to form a new degree sequence,
and select a pair of vertices with identical properties

from the front of the sequences in Graphs A and B.

Step 3: Backtrack in

Graphs A and B. The

Step 2: Delete the previously selected vertex

selected pair of vertices in Graph A remains

in both graphs, forming unchanged, while in

a temporary degree Graph B, the next vertex

sequence. Compare with properties identical

whether the temporary

sequences are identical.

If both graphs are fully
deleted in sync, the

graphs are identical.

to the selected vertex in
Graph A'is chosen. If no
such vertex remains in

Graph B, the graphs are

deemed different.




4 Time Complexity Analysis

Let n be the number of vertices in the graph.

Step 1:T(n)=2nlg(n)=0(nlg(n))

Step 2:

Undirected Graphs:T(n)=2nlg(n) + n + 2n? = 0(n?)
Directed Graphs: T(n)=2nlg(n) + n + 4n? = 0(n?)
Step 3:T(n)=1+1=0(1)

Overall:T(n)=nlg(n) x n? x 1 = 0(n3lg (n))

5 Proof

The algorithm ensures that after each deletion, the resulting degree sequence and
temporary degree sequence remain identical, and the relationships between the vertices
and other vertices are preserved. If Graphs A and B are different but a pair of deleted
vertices share identical properties and produce identical temporary degree sequences,
this does not affect the final result—it merely indicates that the graphs' differences lie
elsewhere and that their local structures are identical. If Graphs A and B are identical but
the deleted vertices do not correspond in the overall structure, this also does not affect
the result. For example, suppose vertices a,a,b,b,share identical properties, with a,
corresponding to b; and a, to b,,but a; and b, or a, and b; do not correspond.
If deleting a; and b,produces the same temporary degree sequence, the consequences
can be offset by subsequently deleting a, and b;, ensuring no impact on the final

result.

6 Appendix (Original Chinese Text)
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