Abstract

We study how gauge-invariant correlations change when two quantum-gravitational re-
gions are joined by a minimal "handle” in Loop Quantum Gravity. For a cut «y through a spin
network, we analyze the relational entropy S, = log dim Invgy(2)(#H,), which counts SU(2)
singlet channels across the cut. Our main result is a closed-form formula for the entropy
change when a bridge of spin-j, edges is added: AS, = In(2j, + 1) for even-parity bound-
aries and zero for odd parity. For multiple non-intersecting bridges, the entropy increments
add linearly. These results provide analytic benchmarks for spin-foam simulations, model
entanglement growth in quantum geometry, and connect to the ER=EPR correspondence
in a background-independent context.
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1 Introduction

1.1 Entanglement in background-free quantum gravity

In conventional quantum field theory, entanglement is computed by partitioning a fixed back-
ground geometry. Loop Quantum Gravity (LQG) inverts this logic: geometry itself is quan-
tum—described by spin networks whose edges carry SU(2) irreducible representations—and the
background is absent. As a result, the physical Hilbert space does not factorize across a surface
because the Gauss constraint acts diagonally on the cut. Any sensible entropy must therefore
be gauge-invariant.

A natural candidate is the logarithm of the dimension of the SU(2)-invariant subspace of
the boundary Hilbert space [I 2]. We call this relational entropy because it counts singlet
channels that can mediate correlations between the two sides of the cut without violating gauge
symmetry:

S, = log dim Invgy(9) (Hy) (1)

1.2 Minimal geometrical connectivity: the bridge move

A particularly simple process that changes the topology of a quantum geometry is the addition
of a bridge: two parallel edges piercing the surface in opposite directions and labeled by the
same spin jp. In the 2-complex dual to the spin network, this is the smallest possible Einstein-
Rosen throat, so analyzing how S, reacts to such a move gives a clean test of the ER=EPR
slogan ”one wormhole <+ one Bell pair” [3].

1.3 Main results

¢ Bridge-Monotonicity Theorem 11} : If the cut carries N1 = 2m half-integer edges
2

(m>1) and parity is even, inserting a single spin—% bridge multiplies the singlet dimension

by 477‘:1—22’
dm + 2 Cm+1
A8, = () = (=5,
S . m+ 2 . Cm

where C), is the m-th Catalan number. For the smallest case m = 1 this reproduces In 2.

ie.,

e Higher spins and many bridges ( 3.4)): For non-intersecting bridges the entropy
jump adds linearly, AS, = > . In(2j; + 1), delivering an analytically tractable toy model
of the linear entanglement growth familiar from quantum quenches.

e Mixed-spin boundaries (§4.1): We extend our results to boundaries containing both
integer and half-integer spins, showing that the entropy increment formula remains valid
in this general case.



e Quantum-group saturation (§5.2)): Deforming to SU(2), cuts off the channel count
at min(2jp, k — 2j) + 1, reproducing the finite de Sitter entropy bound at root of unity.

1.4 Literature review and context

Black-hole micro-state counting first exposed parity constraints on SU(2) invariant spaces [4, 5.
Entanglement in gauge theories was systematized in the ”edge-mode” framework [2], [6] and
extended to LQG spin networks in [7, 8]. Character-orthogonality techniques similar to those
we exploit appear in the analytic works of Freidel-Leigh—Perez [9] and in the ¢g-deformed context
of Turaev—Viro invariants [10].

Our contribution differs by focusing on dynamical topology change: we give a closed-form
formula for the entropy increment produced by a handle insertion and show that it realizes the
minimal ER=EPR expectation. Linear additivity under multiple bridges links our result to
entanglement-growth studies in many-body systems [11] and provides an analytic benchmark
for spin-foam numerics [12].

Table 1: Static vs. dynamic results in SU(2) gauge-invariant entropy

Reference Setting Quantity computed Result type
ABCK "98 [4] fixed horizon punctures dim Inv static
Donnelly-Wall ’15 [2]  split lattice link edge-mode entropy  static

This work bridge insertion AS, =1In 4$j22 dynamic

1.5 Relational versus von Neumann entropy

In an ordinary quantum field theory on a fixed background, the entanglement between two
regions is quantified by the von Neumann entropy Syny = —Trp4logpa of the reduced density
matrix. In gauge theories—and a fortior: in background-free LQG—this quantity splits into
two conceptually distinct pieces [2], [6]:

SVN(7> = edge(’y) + Srel(’}/)' (2)

® Sedqge counts edge modes: surface degrees of freedom that appear if one artificially enlarges
the Hilbert space so it factorizes across . They are pure gauge and cannot be accessed
without breaking the Gauss constraint.

o Sl = logdimInv(H,) = S, is what remains after imposing gauge invariance. It measures
the number of orthogonal singlet channels through which genuine, Gauss-law-compatible
correlations can flow.

Operational meaning. Suppose two observers on opposite sides of v share the physical state
|¥) and are allowed local gauge-invariant operations plus classical communication. The maximal
number of Bell pairs they can reliably distill is bounded by S,/In2. In this sense, S, plays the
role of the distillable entanglement within the constrained Hilbert space, whereas S,y would
over-count by including unphysical edge-mode entropy.

Our focus is exclusively on Sy, the gauge-invariant core relevant for dynamical topology
change: a bridge insertion alters the set of available singlet channels but leaves the local edge-
mode count unchanged. Consequently, AS., captures precisely the physically meaningful entan-
glement created (or not) by sewing a handle between two quantum-geometric regions.



2 Mathematical Preliminaries

Before presenting our main results, we establish the mathematical foundation connecting SU(2)
invariant subspaces and Catalan numbers, which is essential for understanding the bridge-
monotonicity theorem.

2.1 Catalan numbers and SU(2) singlet counting

The connection between SU(2) invariant subspaces and Catalan numbers arises from counting
planar binary fusion trees. For a system of 2m spin—% particles, the dimension of the singlet
subspace equals the m-th Catalan number:

2m
. 1 2m
dim Inv <® V1/2> == Cm == m7—|—1 ( m ) (3)

=1

This correspondence can be understood as follows:

e Each spin—% particle can be represented as a ”"leaf” in a binary tree

e The particles must be paired to form singlets (spin-0 states)

e The number of distinct ways to form these pairings equals C,,

e Each pairing corresponds to a unique intertwiner in the invariant subspace

The Catalan numbers satisfy the recurrence relation:
n
Cny1 = Z CiCn—i (4)
i=0

From this, one can derive the ratio between consecutive Catalan numbers:

Cm+1 _ 477’L+ 2

C,, m+2 (5)

When we add a bridge consisting of two spin—% edges with opposite orientation, we effectively

add two more leaves to our binary tree. The number of possible fusion trees increases from C,,
to Cpm41, and this ratio directly yields the entropy increment in our main theorem.

2.2 Boundary parity and selection rules

A key concept in our analysis is the parity of a boundary, which determines whether SU(2)
singlets can exist across the cut.

Definition 2.1 (Boundary parity). For a cut v let

N1 = #{eev|2jis odd} (# of half-integer spins).
2
The parity of ~ is

N ; +1 even parity,
—1 odd parity.

The parity selection rule is a fundamental constraint in SU(2) representation theory: an
invariant tensor (intertwiner) can exist only if the tensor product of representations contains
the trivial representation. For SU(2), this occurs only when the boundary has even parity.



Definition 2.2 (Bridge). A bridge of spin j, consists of two edges carrying the same spin jj,
that pierce the boundary v with opposite orientations. In the spin network, these edges connect
vertices on opposite sides of the cut.

Definition 2.3 (Pairwise Disjoint Bridges). Two bridges by and by are said to be pairwise
disjoint if they do not share any vertices in the spin network. Equivalently, the four edges
comprising the two bridges connect to distinct vertices in the spin network, ensuring that their
Hilbert spaces factor as an external tensor product.

3 The Bridge-Monotonicity Theorem

We now present our central result on how relational entropy changes when bridges are added
to a spin network.

3.1 Physical motivation and scope

In loop quantum gravity, a spin network is a basis state for the quantum geometry of a spatial
slice ¥: edges e carry irreducible SU(2) spins j. that quantize two-surface areas, and vertices
carry intertwiners that quantize volumes. The orientation of every edge encodes the sign of its
flux—hence ”oppositely oriented” bridge edges enter the cut with opposite flux and can fuse to
a gauge singlet.

Because the total SU(2) Gauss constraint must hold at every vertex, conventional von Neu-
mann entanglement between two regions is not gauge-invariant: the physical Hilbert space does
not factorize. Instead, one must work with relational degrees of freedom—those invariant under
the diagonal SU(2) action across the cut. The quantity

S, = log dim Inv (7—[7)

therefore counts the number of orthogonal gauge-singlet channels available to mediate correla-
tions between the two sides of ; it is the natural entropy notion in a background-free, gauge
theory setting [T, 2.

A bridge move adds the minimal topological handle (two antiparallel spin-j;, strands) that
can connect the two regions while respecting the Gauss law. In the dual 2-complex, this is
an elementary Einstein-Rosen throat of area o jp, so the result AS, = In(2j;, + 1) supplies a
concrete "one handle < one Bell pair” incarnation of ER=EPR [3].

3.2  Main results
Theorem 3.1 (Bridge-Monotonicity, spin-1). Let the cut v contain N1 = 2m (m > 1) half-

2
integer edges and no integer edges, so that dy = dim Inv(H) = Cy, with Cy, the Catalan number.
Attach a single spin—% bridge with opposite orientations. Then

di=Cpyr, | ASy =n(122) — (%)

if v has even parity, while AS, =0 for odd parity.

Proof. With 2m spin—% edges, the invariant multiplicity equals the Catalan number C,,, which
counts the number of planar binary fusion trees with 2m leaves. This can be proven by induction

using the recurrence relation for Catalan numbers:

n—1
Cn=) CiCp i (6)
=0



Adding a spin—% bridge appends two more spin—% edges with opposite orientation. These
can fuse either:

e Directly with each other, preserving the original (), fusion patterns, or

e With the existing structure in various ways that follow the Catalan recurrence relation

The total count of invariant states is Cy,+1. The ratio Cp,y1/Cp, = 4;:‘52 gives the stated

entropy jump.
For odd-parity cuts, the parity selection rule (Proposition |3.2)) implies that no SU(2) singlets
exist, so both dp and d; vanish, resulting in AS,, = 0. O

Remark. For the minimal even cut (m = 1, i.e., two half-integer edges) C; = 1, Cy = 2
and AS, = In2, recovering the Bell-pair value. For larger m the entropy increment grows
monotonically and asymptotes to In4.

AS vs m: approach to In 4
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Figure 1: Relational-entropy jump AS, produced by a single spin—% bridge as a function of
the number m of pre-existing spin—% pairs on the cut. The jump rises monotonically from
In2 =~ 0.693 at m = 1 and saturates at In4 ~ 1.386 as m — oo.

Figure [1| shows the monotone approach to the analytic ceiling In 4, making clear that the
Bell-pair value In2 is the steepest possible increment. Once several half-integer channels are
already present, the Gauss constraint can route a new bridge through existing singlet paths;
the marginal number of independent Bell pairs therefore decreases and asymptotically halves

(In4/1In2 = 2).
Proposition 3.2 (Parity-selection rule). Let Hy = @, Vj. and dy = dimInv(H,) > 1. Then

1+ 7(v)

dp.
5 0

dim Inv (’H,y ® V1) =

Equivalently

do even parity,

dimInv(H, ® Vi) =
0 odd parity.
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Proof. Write x;(g) = Try,(U;(g)) for the character of spin j and x,(g) = [Iee, Xj.(g) for the
character of the boundary space. By Weyl’s orthogonality,

do = /S 700 (1)

(The integral is normalized so that [ dg = 1.) Likewise

dimInv(3, Vi) = [ dg x(9) a(9). 2)

Step 1: Behavior under the center element —1.
For any j, we have x;(—1) = (=1)*(2j + 1). This follows from the fact that —1 acts as
(—1)% times the identity in the representation V;. Hence

(1) =x() [[@+1),  xa(-1)=-3. (3)
e
The value x;(—1) = —3 arises because in the spin-1 representation, —1 acts as —13x3,
giving trace —3.
Step 2: A symmetry argument.
Define the involution g — —g on SU(2). Because Haar measure is bi-invariant, [ f(g)dg =

[ f(—g)dg. Using (3),

1 1
s xtomate) =5 [dsbotomato) +x(-aha-9)] = 5 [ dox@a@L+ (). (@)
If m(v) = —1 (odd parity) the bracket vanishes identically, so the integral and hence the

invariant dimension is 0.
Step 3: Even-parity integral.
When 7(vy) = 41 the bracket in (4) equals 2 and we recover

/ dg X2 (@)x1(9) = / dg xo(9) = do (by (1).

Combining with (2) completes the proof. O

Corollary 3.3 (General bridge - even and odd parity). Let v be a boundary with dy =
dimInv(H,) > 1 and let j, € %Zzo After inserting a spin-jp bridge the relational entropy
changes by

In(2j, + 1) even parity,
0 odd parity.

Proof. Decompose the bridge: Vj, ® V;, = ij:bo V. All k are integers, so xx(—1) = xx(1).
Using Proposition [3.2] once for each channel we obtain

1+ 7(7y)

dim Inv (H7 ® Vk) = 2

do  (Vk).

There are 2j; + 1 such channels, plus the internal-singlet channel V; that always contributes
another dy. Hence d; = dy + H%('Y) (24p)do, and ASy =logd; —logdy = log[l + H%('Y) (2jb)].
If m(y) = +1 this reduces to In(2j, + 1); if 7(y) = —1 the bracket equals 1 and the entropy is
unchanged. O



3.3 Multiple, non-intersecting bridges

The single-bridge result extends straightforwardly when several bridges pierce the same cut at
distinct locations.

Theorem 3.4 (Composability of bridge insertions). Let the initial boundary have dy = dim Inv(H,) >
1 and even parity. Insert k pairwise disjoint bridges B = {by, ..., b} with spins ji,...,jk € %N,
and denote the resulting boundary by v¥). Then

k k
dimInv(H,m) = do [[(24i + 1), ASHE) = "In(2j; +1).

i=1 i=1

Remark. Additivity holds only when bridges do not share boundary vertices. Linked bridges
must be treated with 9j-symbols; see Section for the first linked-pair example.

Proof. Because the bridges are disjoint, Hom) = Hy ®®f:1(‘/ji ® V;,). For each bridge b; one
has the Clebsch-Gordan decomposition Vj, ® Vj, = @3{;0 Vin. All summands V,,, carry integer
spin m, hence—by Propositionwith even parity— dim Inv(H,®V;,) = dp. There are exactly
2j; + 1 such summands, so the invariant dimension is multiplied by that factor for each bridge.
Multiplying over ¢ = 1, ...,k yields the stated product, and the entropy increment follows by

taking the logarithm. O

Corollary 3.5 (Linear growth for identical spin—% bridges). If k spz'n—% bridges are added to
an even-parity boundary,
ASH) = kIn2.

Example 1 (Entropy jump for different values of m). Let us calculate the entropy increment
AS, for several values of m:

e m =1 (two spin-§ edges): AS, =In$ =1In2~0.693
e m =2 (four spin-; edges): AS, =Ini) =In2.5~0.916

o m =3 (six spin-3 edges): AS, =In =1In2.8 ~ 1.030

e m = 10 (twenty spin-3 edges): AS, =In12 =In3.5 ~ 1.253

e m — oo (limit): AS, —In4 ~ 1.386

This demonstrates the monotonic growth and asymptotic approach to In4 as shown in
Figure [I}

4 Extensions and Applications

4.1 Extension to mixed-spin boundaries

While our main results focus on boundaries with only half-integer edges, the approach general-
izes to mixed-spin boundaries. Consider a boundary ~ containing both integer and half-integer
spins. The parity 7(7) remains determined solely by the number of half-integer edges.

For such mixed boundaries, the dimension of the invariant subspace no longer follows the
simple Catalan number formula, but the bridge-monotonicity principle still applies:

Proposition 4.1 (Bridge-Monotonicity for Mixed-Spin Boundaries). For a boundary v with
both integer and half-integer spins and dg = dimInv(#H,) > 1, adding a spin-j, bridge results

m:

AS, =1In |1+ H;(”)(zjb) (7)



This matches our earlier result (Corollary [3.3), showing that the entropy increment depends
only on the bridge spin j, and boundary parity m(), not on the specific spin content.

Example 2 (Mixed-spin boundary). Consider a boundary with two spin—% edges and one spin-1
edge. The parity is even (m(v) = +1), and the invariant dimension is dy = 1. Adding a spin-3
bridge yields:

AS, = 1In [1+1"2”(2-;)] —1n2 (8)

This demonstrates that the formula works equally well for mixed-spin boundaries.

4.2 Physical implementation in LQG dynamics

The bridge moves studied in this paper arise naturally in several contexts within Loop Quantum
Gravity:

e Spin foam evolution: In the EPRL/FK models [15, [16], bridge configurations appear
as elementary faces in the 2-complex connecting previously disconnected vertices. The
amplitude for such processes depends on the spins j, and the boundary data.

e Coarse-graining operations: When implementing real-space renormalization on spin
networks [17, 18], bridge insertions represent the fundamental ”bond” moves that tensor
network algorithms apply during graph refinement.

e Hamiltonian dynamics: In the canonical picture, the action of certain terms in the
Hamiltonian constraint [I9] can be interpreted as creating minimal handles between pre-
viously disconnected regions.

Our entropy formula AS,, = In(2j,+1) for even-parity boundaries provides a state-independent
measure of the information-theoretic cost of these elementary topology-changing moves, regard-
less of which specific dynamics implements them.

4.3 Physical interpretation of the ER=EPR connection

The ER=EPR correspondence proposed by Maldacena and Susskind [3] suggests a deep con-
nection between quantum entanglement and spacetime geometry, specifically that entangled
particles might be connected by wormholes (Einstein-Rosen bridges). Our results provide a
concrete realization of this idea in the context of Loop Quantum Gravity.

When we add a spin-j, bridge across a cut ~, we are effectively creating a minimal wormhole
or "handle” between two regions of quantum geometry. The corresponding increase in relational
entropy, AS, = In(2j,+1), quantifies exactly how much additional entanglement this topological
connection creates.

For the simplest case of a spin—% bridge with m = 1, we get AS, = In2, which corre-
sponds precisely to one Bell pair or one entanglement bit (ebit). This is the minimal quantum-
gravitational realization of the ER=EPR principle: one minimal handle corresponds to one Bell
pair.

As the pre-existing entanglement increases (larger m), the marginal contribution of each
additional bridge decreases, asymptotically approaching In4 per bridge. This saturation effect
suggests that in highly connected quantum geometries, the entanglement-geometry relationship
becomes more complex than the simple ”one handle, one Bell pair” picture.

In the quantum group case (Section , the entropy increment is bounded by the level k&,
providing a natural UV cutoff that mirrors the finite entropy bounds expected in de Sitter space.
This offers a background-independent perspective on holographic entropy bounds, where the
limitation emerges from the algebraic structure of quantum groups rather than being imposed
by hand.



4.4 Applications and benchmarking
4.4.1 Benchmark data for spin-foam simulations

The closed-form formula for entropy jumps provides essential benchmark data for spin-foam
Monte-Carlo codes and tensor-network coarse-graining algorithms. Current numerical explo-
rations of EPRL and Barrett-Crane foams [12, [13] lack analytic calibrations for topology-
changing moves. Our results furnish such benchmarks: they predict exactly how many gauge-
singlet degrees of freedom a simulation must generate when it stitches two vertices by k spin—%
edges (viz. ASy = kIn2). Disagreement would signal either sampling errors or an incorrect
implementation of the Gauss constraint.

4.4.2 Entanglement tsunami models

Our formula provides a discrete analogue of entanglement tsunami models in black-hole mergers:
a handle insertion translates to a Bell-pair injection with a precisely quantized entropy cost.
The linear additivity under multiple bridges links our result to entanglement-growth studies
in many-body systems [I1] and realizes, in a purely discrete setting, the linear entanglement
growth familiar from global quenches in 1+1-dimensional CFTs: each additional topological
handle contributes an independent Bell pair without further inter-bridge interaction.

4.4.3 Modular-flow graphs in background-free holography

The bridge-monotonicity theorem provides an elementary building block for analyzing modular-
flow graphs in background-free holography, where every integer channel contributes one bit per
bridge. When a quantum throat of area ~ j,¢% forms, S, jumps by In(2j, + 1)—mirroring the
single-puncture contribution in horizon entropy and giving a discrete version of the " ER=EPR”
expectation that entanglement and wormhole geometry grow in lock-step.

4.4.4 Prospects for laboratory tests

Gauge-theory quantum simulators based on ultracold atoms now reach the SU(2) regime [14].
Their programmable links and on-site Gauss-law penalties allow the controlled creation of an-
tiparallel spin ladders—the analogue of our bridges. Randomized—-measurement protocols de-
veloped for both generic qubit arrays and lattice—gauge simulators [22], 23] 24] now allow direct
extraction of the order-0 Rényi entropy within the gauge-invariant sector, making it possible to
verify the universal entropy jump AS, = In(2j, + 1)—for example, the Bell-pair value In 2 when
the bridge carries spin %

5 Outlook: Beyond Simple Bridges

5.1 Intersecting (linked) bridge insertions

The ”non-intersecting” assumption in Theorem [3.4] ensures that the bridge Hilbert spaces factor
as an ezternal tensor product. When two bridges share a boundary vertex or are linked inside the
spin network, their Hilbert spaces intertwine before projection and one must resolve a coupled
Clebsch-Gordan problem.

Concretely, for a pair of spin-ji, jo bridges that fuse through a common vertex into an
intermediate spin m, the invariant multiplicity becomes

dimInv(Hy @ Vin),  m € |j1 — jo|,- .-, 1+ ja.
A parity-selection analysis analogous to Proposition shows that:

e Even-parity cuts admit all integer m channels;
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e Odd-parity cuts admit no integer m, but do admit half-integer m—hence a single linked
pair of spin—% bridges does raise an odd-parity invariant from zero to dy, giving the first
non-trivial entropy.

Example 3 (Linked bridges). Consider a minimal case with two spin—% bridges that share a
vertex. For an even-parity boundary with dy = 1, numerical calculation shows that the invariant
dimension increases to d; = 5, giving AS, ~ 1.609, which is greater than the 2In2 ~ 1.386
expected for non-intersecting bridges. This demonstrates how linking can enhance entanglement
beyond the simple additive formula.

The full analysis of linked bridges requires 9j-symbol calculations to account for the various
ways the angular momenta can couple. For two spin—% bridges that share vertices, the calculation
involves:

J1+j2
dimInv(H, @ Vj, @ Vi) = Y dimInv(Hy ® V) (9)
m=|j1—ja|

where the fusion channels m must satisfy the parity selection rule. This leads to a richer
structure of entropy increments that depends on the specific topology of the bridge connections.
A complete theory of linked bridges would provide insight into how complex topological
structures affect quantum correlations in spin networks, potentially revealing new aspects of

the geometry-entanglement relationship beyond the simple bridge picture presented here.

5.2 Quantum-group deformation SU(2);
At a root of unity g = e%, the fusion category Rep(SU(2)) is finite: j < k/2 and

min(2j,k—25)

VeV, @ Ve

m=0

This truncation has profound physical consequences. For a spin-j, bridge, the ”channel
count” 27, + 1 in Corollary is replaced by min(2jy, k£ — 27,) + 1, and the entropy increment
saturates when 2j, > k/2.

This reproduces the expected holographic cap Spax = In((k + 1)”7_1) for de Sitter radius
A~Y2~klp, consistent with the Turaev-Viro state-sum [20].

The quantum group deformation is particularly relevant for quantum gravity with a positive
cosmological constant, where the quantum deformation parameter q is related to the cosmolog-
ical constant by g = "GP [21]. In this context, our entropy formula acquires a natural cutoff
that reflects the finite entropy bound in de Sitter space:

AS, = In[min(2jy, + 1,k — 24, + 1)] (10)

Figure [2] illustrates how the entropy increment behaves in the quantum group case. Unlike
the classical SU(2) case where AS, grows monotonically with jp, in SU(2), it reaches a maximum
at j, = k/4 and then decreases, reflecting the ”folding” of the representation theory at the root
of unity.

This saturation effect provides a concrete realization of the holographic principle in a
background-independent setting, where the entropy bound emerges naturally from the rep-
resentation theory of quantum groups rather than being imposed externally.
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Figure 2: Entropy increment AS,, for a spin-j;, bridge in the quantum group SU(2);, with k£ = 10.
The entropy initially grows as In(2j,+1) but reaches a maximum at j, = k/4 and then decreases,
reflecting the finite-dimensional nature of the quantum group representations.

5.3 Summary of open directions

1. Linked bridges: Develop a complete classification of entropy increments via fusion
graphs and 9j-symbols.

2. Dynamical networks: Study growth rates under Pachner moves in the presence of
intersecting bridges.

3. Quantum-group regime: Verify the saturation formula numerically for SU(2); spin
foams and explore the approach to the de Sitter bound.

4. Experimental realization: Design protocols for testing the predicted entropy jumps in
quantum simulators implementing SU(2) gauge theories.

We leave these developments for future work; the present results provide the necessary
building blocks and selection rules.

6 Conclusion

We have derived a closed-form expression for the change in relational entropy when a bridge is
added to an SU(2) spin network. Our main result, AS, = In(2j, + 1) for even-parity bound-
aries, provides a quantitative measure of the information-theoretic cost of elementary topology-
changing moves in Loop Quantum Gravity.

The formula exhibits several remarkable properties:

e It depends only on the bridge spin j, and boundary parity (), not on the detailed spin
content

e For multiple non-intersecting bridges, the entropy increments add linearly

o It saturates at In4 for large pre-existing spin—% boundaries
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e In the quantum group case, it reproduces the de Sitter entropy bound

These results establish a concrete link between topological changes in quantum geometry
and information-theoretic quantities, providing a background-independent realization of the
ER=EPR correspondence. The bridge-monotonicity theorem offers a precise mathematical
framework for understanding how entanglement grows when minimal handles connect previously
separate regions of a quantum spacetime.

Beyond its theoretical significance, our formula provides practical benchmarks for numerical
simulations of spin foams and suggests experimental tests in quantum simulators implementing
SU(2) gauge theories. The extension to linked bridges and quantum groups opens promising
avenues for future research, potentially revealing deeper connections between quantum infor-
mation, topology, and gravity.

A Numerical verification

To verify our analytic results, we implemented a Python script that directly computes the
dimension of invariant subspaces by recursively applying the Clebsch-Gordan decomposition.
The code uses the following algorithm:

import numpy as np
from sympy.physics.quantum.cg import CG
from sympy import S

def count_invariants(spins):
"""Count SU(2) invariant subspace dimension for a list of spins"""
if len(spins) ==
return 1
if len(spins) ==
return 1 if spins[0] == 0 else O

# Take first two spins and fuse them
j1, j2 = spins[0], spins[1]
remaining = spins[2:]

# Determine allowed total angular momenta
j_min = abs(j1l - j2)

jomax = j1 + j2

j_values = np.arange(j_min, j_max + 1)

# Count invariants for each possible fusion outcome
count = 0
for j in j_values:

count += count_invariants([j] + remaining)

return count
# Example: Two spin-1/2 edges
spins_initial = [S(1)/2, S(1)/2]

d0 = count_invariants(spins_initial)

# Add a spin-1/2 bridge
spins_with_bridge = spins_initial + [S(1)/2, S(1)/2]

13



dl = count_invariants(spins_with_bridge)

print(£"d0 = {d0}, d1 = {d1}, ratio = {d1/d0}, 1ln(ratio) = {np.log(d1/d0)}")

For the case m =1 (two spin—% edges), we obtain dy = 1, d; = 2, giving AS, = In2 =~ 0.693,

exactly as predicted by our formula.

For the case of two intersecting spin—% bridges added to a minimal even-parity boundary,
we obtain dy = 1, di = 5, giving AS, ~ 1.609, which exceeds the 2In2 ~ 1.386 expected for
non-intersecting bridges, confirming our discussion in Section

B Catalan numbers and recurrence relations

The Catalan numbers C), appear in many combinatorial problems and can be defined by the
recurrence relation:

Co=1, Cpy1=Y CiCp (11)
=0

They have the closed form:

o 1 (271):((271)! 12)

n+1\n n+ 1)In!

The ratio between consecutive Catalan numbers can be derived as follows:

-5 I ; o 282'237/523('” = (14)
NI i 1)
ey
- 4: j 22 (17)

This ratio directly yields our entropy increment formula for a spin—% bridge.

C Code Availability

The numerical verification scripts, Catalan number calculations, and SU(2) invariant subspace
computations used in this work are available in the GitHub repository:

https://github.com/duke-arioch/quantum-play

The repository includes:
e Python implementations of the recursive Clebsch-Gordan algorithm (Appendix
e Catalan number ratio calculations and verification scripts

e Numerical benchmarks for bridge-monotonicity testing
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e Example computations for linked bridge cases

All code is provided under an open-source license to facilitate reproducibility and further

research.
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