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Abstract

High-dimensional modeling of spatially correlated observation errors in meteorological data assimi-
lation faces computational complexity (O(n*)) and precision loss (truncation noise >8x108). This
paper proposes an innovative framework integrating quaternion algebra (TOENS-Q) with hierarchi-
cal matrices: (1) Spatial topology encoding via geographic quaternion Qobs = ¢ + Ai + 05 + hk;
(2) Precision error control with intensity parameter s achieving € = 27 error bound (§ < 107°
when s > 1024); (3) Hierarchical acceleration reducing complexity to O(nlogn) with 16X mem-
ory compression. Experiments demonstrate 98% reduction in truncation noise and assimilation time
compression from 42 minutes to 2.2 minutes for SEVIRI data assimilation.
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1 Introduction
High-dimensional error modeling in meteorological data assimilation faces critical challenges:
e Dimensionality curse: Satellite observation error covariance matrices (R € R4X105X4X105) are

computationally intractable [1]

e Truncation noise: Lanczos low-rank decomposition (K = 500) underestimates short-range corre-
lations by 20% (Fig. 2)

e Terrain effect: Conventional models cannot express elevation-dependent error decay (Ah effect)

due to lack of explicit topographic coupling

Core innovation: Geometric algebra revolutionizes meteorology through quaternion spatial encoding
(4, j, k), unifying physical consistency with computational efficiency.
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2 Methodology

2.1 Geographic Encoding Quaternion

Qobs = ¢ +)\Z+9]+hk
~— —_————
physical quantity  spatial position
e )\, 0, h mapped to imaginary components

e Resolves abstract-geographic coordinate disconnect

2.2 Spherical Differential Operator
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Terrain kernel function:

rk(AR) = e P12 8 = 0.02 (empirical fit from 80km correlation scale [1])

2.3 Hierarchical Matrix Fusion
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Complexity: O(n®) — O(nlogn) [3]

Figure 1: Hierarchical matrix fusion framework (theoretical basis: [3])

2.4 Error Control Algorithms
2.4.1 Variance Normalization Correction

5corr = ln(”QdiagH) ® Qa (Sa > 1024)

Theoretical guarantee: ||| < 2% (exponential convergence [2])



2.4.2 Spatial Anisotropy Preservation

QX (Qy X Q2)

Qcorr =
1Qal @ [1Qy |l

Achieves 99.2% correlation preservation at 80km scale [2]

3 Experimental Results

3.1 Precision Validation

Table 1: Performance comparison in SEVIRI data assimilation

Metric Fisher method [1] New framework Improvement
Truncation noise 8.3%x103 1.7x10 98% |
Variance fluctuation +20% +0.1% 99.5% |
Assimilation time (4x10 obs) 42 min 2.2 min 19x faster
Memory usage 200 GB 12 GB 16.7x compression
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Figure 2: Dual-axis comparison of variance fluctuations (left axis) and improvement ratios (right axis)

3.2 Implementation and Reproducibility

// Rust implementation of H-Matrix compression
impl HMatrix for QTOENS {
/// Compress matrix with tolerance-controlled precision
/// # Arguments
/// * ‘tol® - Maximum allowable error tolerance
/// # Returns
/// Compressed matrix representation
fn compress(&self, tol: £f64) -> CompressedMatrix {
// Calculate intensity parameter s from tolerance
let s = (-tol.log2()).ceil() as ul6;
self .with_precision(s) .compress()
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e Open-source: github.com/TOENS-Q/Atmos4D

— API documentation with usage examples
— Sample dataset: SEVIRI_L1B_sample.nc (10,000 obs)

— Jupyter notebook tutorials

e Full dataset: ESA SEVIRI L1B (2016-2017)

Conclusion

Threefold breakthrough:

1. Theoretical completeness: Explicit coupling of k(Ah) and s-¢ theorem
2. Engineering practicality: 19x faster assimilation enables operational implementation

3. Domain extensibility: Quantum-level precision (§ < 10~?) migrates to meteorology

Case study: In Typhoon Maria (2018) analysis, the framework reduced eye-wall pressure errors by
42% compared to operational benchmarks, demonstrating effective quantum-to-meteorology precision
migration.

Final insight: When Hamilton’s quaternions meet Lorenz’s butterfly, the "digital revolution" in weather
forecasting finally grows geometric wings—taming million-dimensional uncertainty while reshaping the
precision boundaries of numerical prediction.

References

References

1]

Michel, Y. (2018). Revisiting Fisher’s approach to the handling of horizontal spatial correlations of the
observation errors in a variational framework. Quarterly Journal of the Royal Meteorological Society,
144(716), 2498-2512.

Lin, Y. (2025). TOENS-Q: Numerical System for Uncertainty Quantification Based on Quaternion
Algebra.Preprints.https://doi.org/10.20944/ preprints202507.1394.v2

Hackbusch, W. (2015). Hierarchicalmatrices:algorithmsandanalysis. Springer.

Bormann, N., Collard, A., & Bauer, P. (2010). Estimates of spatial and interchannel observation-error

characteristics for current sounder radiances for numerical weather prediction. Quarterly Journal of
the Royal Meteorological Society, 136(649), 1051-1063.

Raynaud, L., Berre, L., & Desroziers, G. (2012). Accounting for model error in the meteo-france
ensemble data assimilation system. Quarterly Journal of the Royal Meteorological Society, 138(662),
249-262.

Weaver, A. T., & Mirouze, I. (2013). On the diffusion equation and its application to isotropic and
anisotropic correlation modelling in variational assimilation. Quarterly Journal of the Royal Meteo-
rological Society, 139(670), 242-260.



[7] Weston, P. P., Bell, W., & Eyre, J. R. (2014). Accounting for correlated error in the assimilation

of high-resolution sounder data. Quarterly Journal of the Royal Meteorological Society, 140(685),
2420-2429.

[8] Durand, M., Fu, L. L., Lettenmaier, D. P., Alsdorf, D. E., Rodriguez, E., & Esteban-Fernandez, D.
(2010). The Surface Water and Ocean Topography Mission: Observing Terrestrial Surface Water and
Oceanic Submesoscale Eddies. Proceedings of the IEEE, 98(5), 766-779.

[9] Janjic, T., & Cohn, S. E. (2006). Treatment of Observation Error due to Unresolved Scales in Atmo-
spheric Data Assimilation. Monthly Weather Review, 134(10), 2900-2915.



