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Abstract 

This paper provides a proof by a contradiction, leveraging Terence Tao’s result that any 

hypothetical set H of counterexamples does not diverge. We prove that the minimal element  

h1∈H must satisfy h1=12k+3 and derive a contradiction in the resulting cycle structure modulo 3. 

This confirms the Collatz conjecture. 
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1. Introduction 

The Collatz conjecture (1937) [1] posits that for every positive integer n, the sequence 

defined by the function:  

𝑓(𝑛) =  {  
𝑛 2             if 𝑛 ≡ 0(mod2)⁄

3𝑛 + 1       if 𝑛 ≡ 1(mod2)
 

eventually reaches the cycle 4 → 2 → 1,4 → 2 → 1.  

The Collatz conjecture remains unsolved despite extensive computational verification 

for𝑛 < 1030[3] but no general proof exists. Tao [4] showed that almost all sequences descend 

below 200, but this remains probabilistic. 

This paper provides a proof by contradiction, leveraging Terence Tao’s result that any 

hypothetical set H of counterexamples does not diverge. We prove that the minimal 

element ℎ1 ∈ 𝐻  must satisfy ℎ1 ≡ 3(mod12)  and derive a contradiction in the resulting 

cycle structure modulo 3. This confirms the Collatz conjecture. 

Strategy of Proof: 

1. Assume a non-empty set H of counterexamples exists, with minimal element  ℎ1. 

2. Prove ℎ1 = 12𝑘 + 3  for ∈ 𝑁 . 

3. Show that any cycle in H has minimal element divisible by 3. 

4. Prove this minimal element must be ℎ1. 

5. Derive a modular contradiction in such cycles. 

6. Conclude H =  . 

2. Preliminaries 

Definition 2.1.  The Collatz function f:  𝑍+ →  𝑍+ is defined above. The Collatz 

sequence for n is n, 𝑓(𝑛), 𝑓2(𝑛)… 

Definition 2.2.  A counterexample is a positive integer whose Collatz sequence never 

reaches 1. Let 𝐻 be the set of all counterexamples, assumed non-empty. 



Theorem 2.3 (Tao) [4]. If H ≠   then: 

(i) H contains no divergent sequences. 

(ii)  H contains at least one cycle. 

Definition 2.4. By the Well-Ordering Principle,  𝐻has a minimal element ℎ1 = 𝑚𝑖𝑛 (𝐻). 

Necessarily, ℎ1is odd (if even, ℎ1/2 < ℎ1contradicts minimality). 

3. Structure of the Minimal Counterexample 

Lemma 3.1.  ℎ1 = 2𝑘 + 1, 𝑘 ≡ 1(mod2), ℎ1 = 4𝑝 + 3, 𝑘 ∈ 𝑁, 𝑝 ∈ 𝑁 

Proof 
In ℎ1 = 2𝑘 + 1, if 𝑘 ≡ 0(mod2), let 𝑘 = 2𝑘1, then  ℎ1 = 4𝑘1 + 1. 

𝑓(2)(4𝑘1 + 1) = 𝑓(12𝑘1 + 4) = 3𝑘1 + 1 <  ℎ1, 

∵ 3𝑘1 + 1 < 4𝑘1 + 1, ∴ 4𝑘1 + 1 ≠  ℎ1[Definition] ,  ℎ1 = 4𝑝 + 3. ∎ 

Lemma 3.2.  ℎ1 ≡ 0(mod3) 

Case A: 

  ℎ1 = 3𝑘1 + 2: For ∃𝑞 = 2𝑘1 + 1 <  ℎ1, 𝑓
(2)(2𝑘1 + 1) =  ℎ1, Since𝑞 ∈ 𝑊, contradiction. 

Case B:  

If  ℎ1 = 3𝑘1 + 1 Lemma 3.1 implies 𝑘1 = 2𝑘2 so  ℎ1 = 6𝑘2 + 1, for 𝑘2 = 3𝑡 + 2, let 

𝑞 = 16𝑡 + 11 <  ℎ1, then:𝑓3(𝑞) =  ℎ1, again contradicting minimality. 

Thus  ℎ1 = 3𝑘1. ∎ 

Corollary 3.3.  ℎ1 = 12𝑘 + 3 for some k ∈ N. Proof. Combine Lemmas 3.1 and 3.2. ∎ 

Lemma 3.4. Exclude ℎ1, no element of H∖ * ℎ1+ is divisible by 3. 

Proof 

Let ℎ𝑖 = 𝑓
𝑚( ℎ1) ≠  ℎ1 Then ℎ𝑖 =(3𝑞 + 1)/2

𝑚  for some 𝑞 ∈ 𝑍, 

If  3 ∣ ℎ𝑖  then: 3𝑞 + 1 ≡ 0(𝑚𝑜 3)  1 ≡ 0(𝑚𝑜 3) a contradiction. ■ 

4. Minimal Element of Cycles in H 

Theorem 4.1. Let C ⊆ H be a cycle with minimal element m = min, (𝐶)m = min𝐶 

Then m ≡ 0(mod 3) 

Proof 

By contradiction. Assume M ≡0(mod3) Since m is minimal in C and C ⊆ 𝐻, m must be 

odd (if even, 𝑓(𝑚) = 𝑚/2 < 𝑚 contradicts minimality). Thus 𝑚 ≡ 1𝑜𝑟 2(𝑚𝑜  3) 



    Consider the Collatz step from 𝑚 : 

𝑓(𝑚) = 3𝑚 + 1(even). 

After   1 divisions by 2, we obtain the next odd element a in C : 

 = 𝑓 (𝑚) =
3𝑚+1

2 
 . 

Since  𝑚is minimal in 𝐶, we have   𝑚 Thus: 

3𝑚+1

2 
 𝑚  3𝑚+ 1  2 𝑚 2 ≤  3 + 

1

𝑚
< 4  

where the last inequality holds since 𝑚  1. Therefore 2 < 4, implying  = 1 or  = 2  

Case 1: =    =
3𝑚+1

2
 𝑚  3𝑚 + 1  2𝑚   𝑚   1. 

which is always true for 𝑚  1. However, since  ∈ 𝐶 and m = min  (𝐶) minimality 

requires   = 𝑚  

 =
3𝑚+1

2
= 𝑚  3𝑚+ 1  2𝑚   𝑚   1 ∈ 𝑍+ contradiction. 

Case 2:  =   a = 3 +1
4
 m  3m+ 1  4m   1  m 

Thus 𝑚 = 1. But  𝑚 = 1is not a counterexample: 

𝑓3=1→4→2→1, contradicting  𝑚 ∈ 𝐻. 

Both cases yield contradictions, so 𝑚 ≡ 0(𝑚𝑜 3). ■ 

Corollary 4.2. Any cycle  C ⊆ 𝐻 must contain h1  

Proof 
By Theorem 4.1, m = min  (𝐶)≡ 0(𝑚𝑜 3). By Lemma 3.4,  h1   is the only element 

in H divisible by 3. Thus  𝑚 =  h1 ∈ C . ■ 

5. Impossibility of Cycles in H 

Theorem 5.1. The set H contains no cycle. 

Proof.  

Consider a cycle 𝐶 = * 1, …   +  C ⊆ 𝐻 under the Collatz function, where: 

 𝑗+1 = 𝑓
 𝑗( 𝑗) for𝑗 = 1,2… , 𝑙  (with   +1 =  1), 

 𝑗  1is the minimal integer such that 
3𝑎𝑗+1

2
 𝑗

 is an odd integer (since   𝑗is odd) 

𝑠 = ∑  𝑗
 
𝑖=1 is the total exponent of 2 removed in one full cycle. 

Step 1: Express the transition for each  𝑗 

For each element  𝑗in the cycle, the Collatz function gives:  𝑗+1 = 
3𝑎𝑗+1

2
 𝑗

 



Rearranging this equation yields:   𝑗+12
 𝑗 = 3 𝑗 + 1 (Equation A) 

Step 2: Take the product over all elements in the cycle 

Multiply Equation (A) over all j = 1to𝑙: ∏ (3 𝑗 + 1) =
 
𝑗=1 ∏ ( 𝑗+1

 
𝑗=1 2 𝑗) 

Step 3: Simplify the right-hand side 

The right-hand side decomposes as: ∏ ( 𝑗
 
𝑗=1 2 𝑗) = (∏  𝑗

 
𝑗=1 )(∏ 2 𝑗 

𝑗=1 ) = (∏  𝑗
 
𝑗=1 )2

𝑠 

Product of  𝑗+1: Since   +1 =  1, the sequence  𝑗+1 is a cyclic permutation of the cycle 

elements: ∏  𝑗+1
 
𝑗=1 = ∏  𝑗

 
𝑗=1  

Product of 2 𝑗 : ∏ 2 𝑗 = 2∑  𝑗
𝑙
𝑖=1 

𝑗=1 = 2𝑠 

Thus, the right-hand side simplifies to: 2𝑠∏  𝑗  
 
𝑗=1 (Equation B) 

Step 4: Equate both sides 

By Theorem 2.3, if 𝐻 ≠   , it contains a cycle C. By Corollary 4.2, h1 ∈ C. 

Let  𝐶 = * 1, …   + with  1 = ℎ1. The cycle satisfies: 

Combining the results, we obtain: ∏ (3 𝑗 + 1) = 2
𝑠 

𝑗=1 ∏  𝑗
 
𝑗=1  (Equation 1) 

Left side modulo 3: 

∀j, 3 𝑗 + 1 ≡ 1(mod3), so: ∏ (3 𝑗 + 1) ≡ 1(mod3)
 
𝑗=1  

Right side modulo 3: 

Since  1= ℎ1 ≡ 0(mod3) (Lemma 3.2) and  𝑗 ≡ 0(mod3) for j  2  (Lemma 3.4): 

∏  𝑗
 
𝑗=1 ≡ 0(mod3)  2𝑠∏  𝑗

 
𝑗=1 ≡ 0(mod3)    

Equation (1) yields1 ≡ 0(mod3) contradiction. ■ 

6. Proof of the Collatz Conjecture 

Theorem 6.1. The Collatz conjecture holds for all n ∈ N. 

Proof. 

Assume 𝐻 ≠  . Then: 

 By Theorem 2.3, H contains a cycle. 

 By Theorem 5.1, no such cycle exists. 

  This contradiction implies 𝐻 =   ■ 

7. Conclusion 



This proof resolves the Collatz conjecture by establishing: 

1. Minimal counterexamples satisfyℎ1 ≡ 3(mod12)  (Lemmas 3.1–3.3). 

2. Any cycle in H has minimal element divisible by 3 (Theorem 4.1). 

3. This minimal element must be  ℎ1 (Corollary 4.2). 

4. Such cycles induce an elementary modular contradiction (Theorem 5.1). 

The argument uses only number theory and Tao's result, providing a self-contained 

solution to this longstanding problem.  
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