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Abstract

We develop a resolution-aware quantum field framework grounded in the hierarchy of
Cantor cardinals, wherein the continuum is stratified by a sequence of decreasing resolutions
{€; = 1/¥;}. This architecture allows us to reformulate classical and quantum field theories
by replacing infinitesimal constructs with tiered differentiable operators. Beginning with the
modification of scalar field dynamics via €;-derivatives, we extend the formulation to gauge
fields, BRST.We construct ¢;-based renormalization group flows, wherein coupling constants
evolve not only with energy scale but across resolution layers. Statistical field theory is en-
riched with €;-dependent entropy, including Gibbs and von Neumann entropy, and extended
to Langevin-type stochastic systems with regularized entropy production. In the geometric
domain, we introduce ¢;-curvature tensors and Einstein equations over resolution-aware mani-
folds. Finally, we formulate topological and categorical field theories indexed by ¢;, integrating
smooth topos logic, stratified cohomology, and resolution-sensitive path integrals. This frame-
work offers a logically consistent, divergence-free, and epistemically aware foundation that
bridges field theory, information, and geometry across scales.

1. Mirror Structures of Continuum and the Infinitesimal Hier-
archy

The infinite cardinalities, first introduced by Cantor through the transfinite series Ny, Ny, .. ., have
long served as a foundational scaffold in set theory and the understanding of the real line. In the
present work, we mirror this cardinal tower by constructing a symbolic hierarchy of infinitesimals,
denoted ¢; = 1/X;. This pairing gives rise to a textured structure of the continuum where each
level of cardinality has a corresponding infinitesimal layer. The continuum, therefore, is no longer



a monolithic entity but stratified across scales, each indexed by ordinals and characterized by
distinct analytical and geometrical properties.

To formalize this structure, we define infinitesimal-indexed function spaces Cfi (R), where
functions are k£ times differentiable only at resolutions coarser than ¢;. These spaces form a nested
hierarchy given by

Cr. (R)CCER)C - C CHR). (1)
In these settings, differentiability becomes a scale-sensitive notion, dependent on the infinitesimal
structure under consideration.

Furthermore, we generalize tangent bundles by defining e-stratified tangent spaces 7 M for
smooth manifolds M. These allow differential geometry to be extended to settings where smooth-
ness is relative to resolution cutoffs. Scalar curvatures in such geometries can be regularized by

bounds such as )
R, ~ = ()

7
which mitigate singularities often arising in gravitational theories.

The symbolic duality between N; and ¢; permeates logic as well. We construct e-graded logical
languages that restrict the expressibility of formulas to those observable under infinitesimal cutoff
€;. This parallels forcing constructions in set theory, but is indexed not by cardinal height but
infinitesimal resolution.

Sheaf theory is also extended, with e-sheaves defined over topoi refined by resolution. In-
finitesimal stalks, jets, and local sections are now indexed by ¢;, giving rise to what we term a
texture-preserving Grothendieck topology. These notions are critical in aligning local-global dual-
ities in analysis and geometry with the stratified nature of the continuum.

This construction of a mirror hierarchy is strongly informed by the dual behavior of infinite
and infinitesimal quantities. Surreal numbers, nonstandard analysis, and synthetic differential ge-
ometry all contribute to the formalization of these textures, as previously explored in [1], [2], and

[3].

2. Temporal Textures and Functional Hierarchies

The second stage of this development transfers the structure from spatial continuum to temporal
flow. Just as the spatial real line is stratified via ¢;, time itself is expressed as a multi-resolution
entity through infinitesimal temporal widths dt; = ¢;. At each level i, we define temporal fibers
7, leading to a hierarchy of time structures.

In this formalism, differential equations are restructured to operate within scale-limited regimes.

Derivatives such as
At . ft+h) = f()

7 ft) = A A 3)

are defined to reflect the resolution beyond which behavior cannot be probed. These derivatives are
particularly relevant in quantum dynamics, where the Heisenberg uncertainty principle naturally
enforces minimal temporal scales.

We also construct a family of scale-indexed dynamical systems X, (¢), each evolving under
constraints imposed by the resolution dt;. These models accommodate decoherence and entangle-
ment in quantum systems by allowing causality to propagate across multiple layered times.
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Jet bundles for time-dependent functions are generalized to e-jet bundles, where functional
behaviors up to order k are recorded only within a resolution cutoff ¢;. These constructions refine
our understanding of causality, influence, and emergent temporality, particularly in fields where
micro-temporal behavior influences macroscopic phenomena, such as quantum cosmology and
non-equilibrium systems [4}, 5]

The transformation of classical Feynman path integrals is a key implication. Path summations
are now restricted to histories that are visible at resolution ¢;, producing regularized expressions
that naturally eliminate ultraviolet divergences. Thus, temporality is no longer a parameter, but a
sheafed, stratified structure intertwined with the mathematical fabric of quantum dynamics.

The entire framework leads to the realization that time, like space, must be understood as
textured, with continuity and differentiability emerging from the spiral hierarchy of infinitesimals
[6,[7].

3. Differentiation Rules in the ¢;-Hierarchy

Classical differential calculus is defined over the continuum of real numbers, where limits are
taken as h — 0 in an unstructured and uniform manner. In the hierarchical framework of Dancing
Cardinals, however, the infinitesimal scale at which a function is examined is fixed by a resolution
parameter ¢, = 1/X;, where X, are the transfinite cardinals first defined by Cantor. Each level
¢; introduces a fundamental granularity, implying that all analysis and differentiation must now
respect a particular resolution scale.

We define the ¢;-derivative of a function f at a point x as

D..f(z) = flx+e) —f@)’ )

€;

which replaces the classical limit definition and anchors the derivative to the scale ;. This deriva-
tive respects the granularity imposed by the cardinality-indexed infinitesimals.
We now examine the fundamental rules of differentiation under this new formulation.

Linearity Rule

Suppose f(z) and g(x) are ¢;-differentiable and a, b € R. The derivative of their linear combination
is given by
D laf(x)+bg(z)] = aDe, f(x) + bD.,g(z). 5)

This rule follows by directly applying the definition of the €;-derivative and the distributive proper-
ties of real numbers. The structure of this result aligns with its classical analogue because linearity
is preserved across resolution layers.

Product Rule

Let h(z) = f(x)g(x), where both f and g are ¢;-differentiable. Then the product rule in this
framework takes the form

D [f(z)g(z)] = f(z)De,g(x) + g(x + &) D, f(). (6)
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Unlike in classical calculus, the asymmetry introduced by g(x + ¢;) instead of g(z) reflects the
temporal directionality or causality embedded in the resolution-level dynamics. This behavior
is consistent with observations in stratified temporal sheaves and multi-scale quantum dynamics
[4.15].

Quotient Rule

If f(x) and g(x) are ¢;-differentiable and g(z), g(x + €;) # 0, then the quotient rule becomes
D {f(l’)} _ Do f(x)g(x) — f(2)De,g(x)
" Ly(@) g9(x)g(x + ) '

This formulation ensures that the derivative accounts for the layered behavior of the denominator
function and maintains consistency across the ¢;-cutoff.

(7

Chain Rule

Let y = g(x) be ¢;-differentiable and suppose f is also ¢;-differentiable at y = g(z). Then the
chain rule is expressed as

De,[f(9(x))] = De, f(g(x)) - Deg(). ®)

This rule emerges by observing that for small ¢;, the increment Ag := g(z + ¢;) — g(x) is itself of
order ¢;, allowing a Taylor expansion of f(g(z+¢;)) around g(x) to yield the composite derivative.

In each case, the behavior of derivatives depends critically on the resolution level. The depar-
ture from classical symmetry in the product and quotient rules introduces new dynamics suitable
for €;-structured physical models. Such models naturally appear in resolution-limited quantum
field theory and quantum gravity, as demonstrated in regularization schemes for path integrals and
jet bundle formalism [6, [7].

4. Differentiation Across Multiple Infinitesimal Resolutions

The classical notion of differentiation relies on taking limits as the increment i/ — 0, without re-
gard to any structured hierarchy of scales. In contrast, the Dancing Cardinals framework introduces
a hierarchy of infinitesimal resolutions ¢; = 1/¥;, each associated with a transfinite cardinal X;.
In this enriched structure, differentiability is indexed by resolution layers, leading to scale-aware
analysis. In previous developments, differentiation was anchored to a single €;, but many physical
and logical phenomena demand sensitivity across multiple such layers simultaneously.

Let us suppose a finite collection of resolutions {¢;, , €;,, ..., €;, }, ordered so that ¢;, > ¢, >

- > €,, 1s chosen. These may correspond to increasing cardinalities N;, < R;, < --- < N; .

We seek to define derivatives that combine contributions from each resolution level, revealing the
function’s behavior across multiple scales simultaneously.

We begin with a general linear combination of e-derivatives. Let f be a function that is differ-
entiable at all €;,. Then we define the multi-resolution derivative as

i flx+e,)— f(x)
> wi

Eij

; €))

Jj=1

:
Def(w) =y w; - De, f(z) =
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where the coefficients w; € R act as scale weights. The choice of w; can be informed by observa-
tional filters or resolution-specific sensitivities, echoing ideas from multiscale analysis and wavelet
theory, yet now grounded in a transfinite structure.

Such derivatives preserve linearity and provide a spectral decomposition of differential behav-
ior across layers. As all ¢;, — 0, this recovers the classical derivative under uniform weighting. In
the nonstandard analysis literature, weighted difference quotients have been previously explored
by Robinson [[1], although not in the context of cardinal-indexed infinitesimals.

We next construct hierarchical higher-order derivatives by composing e-derivatives across nested
resolutions. Let f be differentiable at all resolutions €;,, €;,, ..., €;,. Then a stratified k-th order
derivative is defined by

D). D, D, f(x), (10)

which generalizes the classical notion of the k-th derivative. Each application of Deij probes finer
structure than the previous, enforcing scale-dependent regularity. As an example, consider the
second-order composition:

Del'QDeilf(x) = i f(-’lf + i EiZ) _ f(l’ - Eil) _ f(l’ + €i2) B f(l’)

€iy €i €iy

(In

This formula bears resemblance to a finite difference approximation to f”(x), yet its interpretation
is geometrically richer. It reflects successive displacements along a sheaf of tangent directions,
where each displacement is constrained by the observational horizon ¢;;. This formulation relates
closely to the jet bundles used in synthetic differential geometry [3]] and the resolution-structured
spacetimes in quantum gravity [S]].

We also define asymmetric or non-linear combinations of e-increments to capture nonlocal
features. Let ¢, ,€;, be two distinct infinitesimals. Then a symmetric bidirectional derivative is
given by

oy fla) = HEE L)

This construct allows us to define derivatives even when the forward and backward observational
capacities are asymmetric, a condition relevant in non-equilibrium physics or systems with mem-
ory. Furthermore, this form permits smoother approximations where left and right behaviors are
known to diverge or carry different scaling exponents, as in multifractal time series.

Multi-resolution differentiation suggests a profound shift in how we approach smoothness,
causality, and local behavior. By choosing multiple ¢;, one can define partial regularity and partial
differentiability criteria where a function is differentiable with respect to a subset of resolutions.
This leads to a fine-grained stratification of function spaces, introducing new classes of functions
which are “piecewise €;-smooth”, yet nowhere classically differentiable.

This structure is especially powerful when paired with distributional objects such as J.,, the
Dirac distribution smeared over a scale ¢;, which completes the triad N; <+ ¢, > 0.,. These
ideas are expected to find applications in regularized quantum field theories, where interactions are
smeared not arbitrarily but according to structured resolution principles, and in renormalization
flows with scale-textured coupling constants [[7].

(12)



5. Reformulation of Physical Equations in the ¢;-Hierarchy

In classical physics, partial differential equations model the evolution of physical quantities con-
tinuously in space and time. These equations rely on calculus over a uniform real continuum.
However, the introduction of the ¢; = 1/¥; hierarchy, built upon Cantor’s transfinite cardinals,
allows us to reinterpret these differential equations within a textured framework of infinitesimal
scales. This leads to resolution-aware formulations of physical laws, wherein all differential oper-
ato (see surrounding discussion for full detail).

We first define the ¢;-temporal derivative:

u(t + €, ) — u(t, z)

Ojiu(t, z) = (13)
€
and the ¢;-Laplacian:
" u(r + ee;) — 2u(z) + ulz — ee;)
I = 12 (14)
Jj=1 ¢
Using these, the ¢;-heat equation becomes
Ou(t, ) = aV2u(t, z). (15)

This models thermal diffusion within a resolution-layered continuum, capturing temperature gradi-
ents observable at a fixed ¢; resolution. The formulation generalizes to a multi-resolution structure
as

Ou = Zwﬁf"u, Viu = Ziniu, (16)

yielding
Ofu(t, x) = aViu(t, ). (17)
Such an equation applies to systems with fractal substrates or hierarchical conductivity, as seen in

structured porous media and certain biological tissues [8, 9].
Next, we consider the Navier-Stokes equations for incompressible fluids:

i+ (@-Ve)i=—-Vep+vVid, V. -@=0. (18)

Here, all operators are redefined with respect to resolution ¢;, reflecting layered fluid behavior
where eddies at one scale interact with those at others. Multi-scale variants of this equation allow
modeling turbulence with internal texture:

Ot + (- V)i = —Vep +vVii, Ve ii=0. (19)

These equations are promising in scale-sensitive turbulence modeling, as in eddy-viscosity models
or wavelet-based fluid dynamics [10, [11].
We now consider the classical wave equation:

2
07U _ 2y, (20)



Replacing with resolution-based operators, we define the second-order ¢;-temporal derivative:

) —9 — e
5. ult, ) = u(t +€,x) u(t2, x) + u(t el,x)7 1)

€

yielding the €;-wave equation:
07 u(t, x) = V2 u(t, x). (22)

This describes wave propagation constrained by resolution cutoffs. It is relevant in latticed me-
dia, granular crystals, and in causal set theory in quantum gravity, where spacetime intervals are
discretized in a nontrivial hierarchy [12, 13].
The Schrodinger equation is also susceptible to this reformulation. Classically, it is given by
oy

. n_,
ihmr = =5 =V + Vo). (23)

Using the ¢; derivative, we write:

2
RVt ) = 52 (1) + V() ). 1)

This governs quantum evolution where measurement or interaction is resolution-limited, and ¢;
quantifies epistemic horizons or minimal probing intervals. This is closely related to regularized
path integrals and lattice-based quantum field theories [[14, [7].

Resolution-based operators can also support richer structures in relativistic field theory, elec-
trodynamics, and Hamiltonian systems, where texture and causality become resolution-dependent
entities rather than mere coordinate effects. This perspective suggests that traditional physics equa-
tions are merely projections of a broader, layered dynamics, embedded in the cardinal-textured
continuum proposed by the Dancing Cardinals framework.

6. Resolution-Structured Field Theory: Klein-Gordon and Maxwell
Equations

The formulation of field theories in physics has traditionally been based on differentiable mani-
folds, where spacetime is modeled as a smooth continuum. This structure underpins the variational
principles in classical mechanics, electrodynamics, and relativistic quantum fields. However, the
introduction of the ¢; = 1/X; hierarchy offers an enriched viewpoint. In this textured framework,
spacetime is not uniformly smooth, but stratified across infinitesimal layers indexed by cardinal h
(see surrounding discussion for full detail).

We begin with the classical Klein-Gordon equation, which describes a scalar field ¢ of mass m

in Minkowski space:
O¢ 4+ m?¢ = 0, (25)

where the d’ Alembertian operator [J = 9? — V2 acts as the relativistic Laplacian. Within the ¢;
framework, we define resolution-aware second-order derivatives:

aielqb(t,f) — ¢(t + Eivx) B 2¢(i7 l’) + ¢(t - Eiax)’ (26)

€




Vfﬁb(x) - Z d(x + €ej) — 2q5€(2x) + o(x — 61'6]‘).

(27)

j=1
Substituting these into the Klein-Gordon equation, we obtain its resolution-structured counterpart:

0,0 +m?¢p =0, where O :=0?

t,ei

— V2. (28)

This form captures scalar field propagation across discrete resolution scales. Importantly, it en-
forces that causality and wavefront propagation are observed only within resolution-defined neigh-
borhoods. The support of the field is now ¢;-localized, analogous to causal diamonds in discrete
spacetimes [12, [13]].

We now turn to the Maxwell equations, which in classical tensorial form read:

O F"™ = ", OnFly =0, (29)

where F),, = 0, A, — 0,A, is the electromagnetic field strength tensor derived from the poten-
tial A,, and J” is the four-current. In the resolution-textured formulation, we replace all partial
derivatives 0, with their resolution-specific counterparts ;. For the temporal component,
) Ayt—FEi,f — A¥ t,f
oA = ( ) ( )’ (30)

€;

and similarly for spatial derivatives:

AV . ) — AV .
aJEzAV = (tﬂ l'] + 61) (t7 27]) ) (31)

€;

We define the resolution-aware field tensor F;, as
Fo, =00 A, —0) A, (32)
The inhomogeneous Maxwell equations then become:
O = o], (33)

while the homogeneous equations (Bianchi identities) retain the same form, now acting over ¢;-
adjusted tensor fields:

IF, = 0. (34)
These equations describe electrodynamic behavior within a medium where observation and inter-
action are constrained to specific resolution layers. The tensorial nature of electromagnetism is
preserved, but its dynamics acquire a scale-dependent character. This formulation connects with
scale-dependent dielectric properties, and layered charge densities, akin to behaviors studied in
metamaterials and fractal photonics [15,[16].

It is instructive to revisit the action principle. The classical Maxwell action is

1
ﬂm:—Z/FW@m%. (35)



In our resolution-based framework, the integral becomes a sum over resolution neighborhoods, and
the action reads:

== Z Fi (2)F () € (36)

.’L‘GM&

This structure is aligned with discretized variational principles, and resonates with ideas from
lattice gauge theory and Regge calculus [17, 18].

Resolution-structured field equations are not merely discretizations. Instead, they emerge from
a foundational shift where differentiability is no longer absolute but defined layer-by-layer. This
provides a powerful language to encode causal uncertainties, fractal textures, or quantum geometry.
Fields in this framework are inherently stratified, and their dynamics exhibit rich inter-resolution
coupling—Ilaying a fertile ground for future models of spacetime, interaction, and quantum fields.

7. Resolution-Aware Hamiltonian and Symplectic Geometry

The formulation of classical mechanics in the Hamiltonian formalism relies on the geometry of
phase space (¢, p) endowed with a symplectic structure. This framework provides the foundation
for modern analytical dynamics, geometric quantization, and classical field theory. Within the ¢;-
structured continuum, we reinterpret the differential geometric foundations of Hamiltonian systems
by encoding resolution-awareness directly into the phase space and its associated forms.

Let us begin with the classical Hamiltonian equations of motion:
d OH d 0OH
“a _ -— a _ . (37)
dt dp dt dq

These express the evolution of generalized coordinates (¢, p) via the gradient of the Hamiltonian
function H(q, p,t) under the canonical symplectic form w = dg A dp. In our framework, time
derivatives are no longer smooth limits but ¢;-indexed finite differences:

dg  g(t+e)—qlt) dp  plt+e)—plt)

P 38
dt €; ’ dt €; ( )
Hence, the ¢;-Hamiltonian equations become:
q(t +¢€)—qlt p(t +¢€) — p(t
( 2, ©_ 9,H(q,p, 1), ( 2 ® _ —0,H(q, p, t). (39)

This formulation respects canonical form but enforces resolution-constrained trajectories. The
phase-space paths traced by (¢(t), p(t)) are now ¢;-textured curves, and the differential symplectic
form w is discretized as a resolution-aware 2-form:

We; = dQEi A dpqa (40)

where dq., := q(t + ¢;) — ¢(t), and similarly for dp,,. The preservation of w,, under Hamiltonian
flow reflects a generalized Liouville’s theorem at resolution level €;. This leads to a scale-indexed
symplectic geometry, where each layer maintains its own symplectic volume and Poisson bracket
structure.



Let us now define a resolution-structured Poisson bracket. For two observables f(q, p), g(q, p),

the classical bracket is: af 0 af o
gy =550 =50, .

In the ¢; framework, we define:

5.f Oug Ouf O
(f.gh = T T

_ 42
04 0ep 0P 0eq’ 42)

where each ., f/.,q is the ¢;-finite difference quotient. The bracket satisfies antisymmetry and
bilinearity, and defines a resolution-stratified Lie algebra. The symplectic manifold (M, w) now
becomes a sheaf of manifolds (M,,,w, ), one for each resolution layer, stitched together by inter-
layer gluing morphisms.

One notable application arises in integrable systems. In traditional Hamiltonian dynamics,
complete integrability requires n independent, commuting integrals of motion in involution. In the
resolution-aware context, the involutivity condition becomes:

{F;, Fj}e, =0, Vi,j, (43)

and the integrability is now conditioned on the ¢;-Poisson algebra. This leads to ¢;-integrable
systems, with conserved quantities only at certain resolution layers. Such systems may exhibit
quasi-integrability when considered across multiple ¢; scales.

Additionally, the variational principle must be reformulated. The classical action integral

t1

Slql = / L(q,q,t)dt (44)
to

becomes, in our framework,

.l = o (aten), 000 ) @3)

€

where ¢, = ty + ne;. The extremals of this functional yield the ¢;-Euler-Lagrange equations,
and thus the ¢;-Hamilton equations above. This formulation aligns with the discrete variational
mechanics discussed in [19], but with a deeper embedding into the hierarchy of N; cardinal scales.

Finally, resolution-aware symplectic geometry provides a new lens for quantization. The de-
formation quantization of Poisson brackets or the path integral formalism must now incorporate
resolution-dependent structure. Observables are no longer functions on a smooth phase space,
but sections of a resolution-stratified sheaf of algebras, potentially opening a novel path toward
scale-aware geometric quantization as hinted in [20} 21]].

8. Modified Lightcones and Causality in the ¢; Framework

Causality in relativistic physics is classically governed by the structure of lightcones in Minkowski
space. These define the boundary between causally connected and causally independent events.
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However, in the ¢;-textured continuum—where spacetime resolution is stratified across infinitesi-
mal scales ¢; = 1/N;—the notion of causal connection must also be resolution-aware. This leads
to a profound modification of lightcones and introduces a hierarchy of scale-dependent causality.

Let us recall the classical lightcone condition between events A = (¢1, 1) and B = (2, 22) in
1+1 dimensional Minkowski space:

|.CE2 — 331‘ = C’tQ — t1|, (46)

with timelike separation if |z — x| < c|ty — 1], and spacelike separation otherwise. The boundary
|xe — x1| = |ty — t1] defines the sharp lightcone. However, this assumes infinitely precise local-
ization of events and arbitrarily small resolution in measurements. In the ¢;-layered continuum, no
event can be localized more finely than within a spatial-temporal neighborhood 4.

Therefore, we define the ¢;-lightcone condition by a broadened causal tube:

|.CE2 — 1'1’ € [C(|t2 — tl‘ — Ei), C(’tg — t1| + 61)} (47)

This defines a band of causal admissibility at scale €;. At coarser scales (larger ¢;), the lightcone
becomes thicker, capturing greater uncertainty in propagation. Conversely, at finer scales, the cone
approaches the classical structure. This formulation aligns with the notion of causal granularity
found in causal set theory [12, [13]].

We now formalize a scale-aware causal relation. We say that A <., B if:

’332 — .CE1| < C(tQ — tl) + €, with £ > ;. (48)

This defines a resolution-indexed partial order on events. For any fixed ¢;, the relation <., is
reflexive and transitive, and as ¢; — 0, it converges to the classical causal relation <.

The causal structure over all scales can be viewed as a sheaf C of causal neighborhoods, where
each stalk C,, encodes causal connectivity at resolution ¢;:

C,CC,C---CC. (49)

This hierarchical refinement echoes ideas from multiscale spacetime and causal renormalization in
discrete quantum gravity [22].
Let us examine wave propagation under this structure. The classical wave equation in flat space
is:
¢ =030, (50)
whose solution respects lightcone propagation. In the ¢; framework, derivatives are replaced with
resolution-constrained finite differences:

ot + €, x) —20(t,x) + o(t — €, x)

Ore (b ) = 5 : (51)
N —9 — €
0 oft.a) = AL T ) = 20(0) + ot — ) )
1= EZ
The resolution-modified wave equation then reads:
07 0(t,x) = 02 . o(t, x). (53)

11



Solutions to this equation spread across €;-thickened neighborhoods, and their Green’s functions
acquire a finite ¢;-width in both space and time. This is equivalent to replacing the sharp Dirac ¢ in
Green’s function with a smeared J.,, reflecting measurement constraints and causal imprecision.

Consequently, a signal that would propagate instantaneously to the lightcone in classical theory
now propagates to a finite annular band. This has implications in early universe models, where
quantum fluctuations and causal horizons must be evaluated within bounded resolutions, and in
quantum communication where signal fidelity interacts with resolution-limited operations.

Moreover, time reversal and causal inversions become resolution-conditioned. Two events A
and B may be ¢;-causally ordered for a certain ¢, but not for another. Hence, the direction and
transitivity of causality are no longer binary invariants but functions over the ¢;-index. This offers
anovel way to encode causal uncertainty and quantum causal superpositions, as discussed in recent
works on indefinite causal order [23, 24]].

Finally, resolution-aware causality enriches Lorentzian geometry. The metric ds? = —c2dt? +
dx? becomes resolution-adapted:

dsi = —02(dt)2 + (dx)2 + ef, (54)

where the +¢? term reflects indeterminacy in temporal or spatial measurement at the given reso-
lution. This is akin to the smeared causal metrics used in effective quantum geometry and causal
dynamical triangulations [25].

The ¢;-framework thus provides a layered causal geometry, where lightcones are no longer
absolute constructs but dynamically textured by cardinal-indexed infinitesimals. This enriches the
ontology of spacetime with a richer, transfinite structure.

9. Resolution-Aware Quantum Field Theory and Regulariza-
tion via the ¢; Hierarchy

Quantum field theory (QFT) encounters ultraviolet divergences in perturbative expansions, where
integrals over momentum space extend to arbitrarily high energies. Traditional techniques such
as dimensional regularization, lattice cutoffs, and Pauli—Villars regularization are external pre-
scriptions designed to tame these divergences. However, within the framework of the ¢;-hierarchy,
where ¢; = 1/, for Cantor’s transfinite cardinals N;, the regularization is intrinsic to the continuum
itself. The introduction of resolution-dependent differential operators and structured infinitesimals
renders divergence unnatural, as no field or integral probes beyond the observational cutoff ¢;.

Let us consider a scalar field ¢ defined over a spacetime where differentiability is constrained
by a resolution layer ¢;. The classical Klein—-Gordon equation,

O¢ +m?¢ =0, (55)

is redefined in this context using resolution-aware derivatives. We write the ¢;-modified d’ Alembertian

operator as
O.¢:=0;.¢— V? (56)

€; 7

where the finite-difference expressions are given by

Qzﬁicb(t, 2) = ot +e,x) — 2q§(t2, x) + ot — €, :lc)7 57)

€

12



and
n

O(x + €iej) — 2¢(x) + P(x — €i¢;)
= : 58
n =2 2 (58)

The associated Green’s function G, (x — z’) satisfies the smeared relation
@, + mH)G,,(z — 2') = 6., (z — '), (59)

where d., is a regularized delta distribution of scale width ¢;, such as
1 2

0 () = —=e 7/ (60)

Eiﬁ
This formulation eliminates singularities at coincidence limits, thereby removing the ultraviolet

divergence from the outset.
In the path integral formulation of QFT, we define the partition function in the resolution-

structured setting as
2.~ [Dsien (i [ uoo.00d). (6D

where the Lagrangian density £, uses only ¢;-derivatives, and the functional measure D, |[¢] is
defined over functions that are smooth up to the ¢; resolution layer. In this setting, quantum fluctu-
ations are restricted to scales observable under ¢;, making all path integrals finite and well-defined.

Let us examine how perturbative loop integrals are affected. In conventional scalar ¢* theory,
the one-loop propagator correction involves the divergent expression

d*p 1
—_— 62
| e ©2
In the resolution-aware framework, the momentum integral is naturally capped at a cutoff A; =
1/€;, yielding
A4
d 1
/ e (63)
(2m)4 p? + m?

which is manifestly finite. Unlike in traditional approaches, this regularization arises from the
structure of the continuum rather than an external cutoff, thereby respecting both mathematical
and physical consistency.

Furthermore, multi-resolution models can be introduced through weighted combinations of
propagators across resolution layers. Define

Az — ) E:% @ — ), (64)

where the w; are resolution weights. This induces a spectral decomposition of field behavior across
infinitesimal scales and opens a path to a renormalization group flow across ¢; layers. Coupling
constants may now flow across resolution tiers, and renormalization becomes an internal tracking
of scale-dependent dynamics.

This resolution-aware formulation also aligns with techniques developed in synthetic differen-
tial geometry and non-standard analysis [, 26]]. It further resonates with causal set theory, where
spacetime is discretized without introducing a preferred frame [27]. The approach presented here
offers a mathematically principled and physically meaningful regularization of QFT that preserves
locality, causality, and consistency with the hierarchy of cardinal-indexed infinitesimals.
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10. Worked Example: ¢;-Modified One-Loop Correction in ¢*
Theory

To illustrate the application of resolution-aware quantum field theory, we present a detailed worked
example of the one-loop correction to the two-point function in scalar ¢* theory, regularized by the
¢; hierarchy.

Consider the interaction Lagrangian in Minkowski spacetime:

1 1 A
_ Lo _t242 A4
L= 28 $0,0 5™ o) 1% (65)
The tree-level propagator is given by the Green’s function
1
Gp)= 53— (66)

S op—m24ie

At one-loop order, the correction to the two-point function arises from the “bubble” diagram.
Conventionally, the one-loop correction is written as

iN [ d%k 1
s(p) = 2 . 67
9 2/(27r)4k:2—m2+ie (©7)

This integral is ultraviolet divergent and requires regularization.
In the resolution-aware formalism, we replace the continuum with a resolution-structured space-
time where the momentum integration is naturally cut off at a scale A; = 1/¢;. The regularized

loop integral becomes
A d*k 1
S0 =5 [ (68)
Ik

2 Jig<a; m) k2 —m?2 e
Switching to Euclidean space via Wick rotation and defining k% = —k?, the integral takes the form
A d*kp 1
S =3 [ . (©)
2 ‘kE‘SAi (27'[')4 kQE +m2

This is evaluated using hyperspherical coordinates in 4D Euclidean space:

d*k Ak dk
/ R R / Eyct (70)
k| <A; k‘E—l-m 0 k +m
Evaluating this integral yields:
A 3 2
kP dk 1 Az
— = = A2 —m?ln(1 . 71
[ e s (14 55) ™

Thus, the regularized one-loop correction becomes

A A?
5.0 2 [ (1 2] )
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Since A; = 1/¢;, we rewrite this as

A1, 1

This expression is finite for every finite ¢;, with divergence reappearing only in the limit ¢, — 0.
In physical terms, €; encodes the minimal resolution of spacetime that the theory is sensitive to,
thereby naturally regularizing the theory at all perturbative orders.

This approach also ensures that no counterterms are required to cancel infinities. Instead, the
renormalization procedure becomes a resolution-tracking process in which physical observables
evolve across the ¢;-hierarchy. The finite nature of the correction supports the viability of the
resolution-aware continuum as an internally consistent and divergence-free foundation for quantum
field theories.

11. Gauge Field Extensions in the Resolution-Aware Formal-
ism

Gauge theories form the foundational structure of modern particle physics. The Yang—Mills frame-
work, based on local symmetry groups, governs electroweak and strong interactions. In the
resolution-aware formalism, gauge fields and field strengths are extended to accommodate the
€;-stratified continuum, thereby introducing an intrinsic resolution structure into gauge symmetry,
curvature, and dynamics.

Let A, (x) be a gauge potential taking values in the Lie algebra g of a compact gauge group G,
with corresponding field strength tensor F,, = 0, A, — 0,A, + [A,, A,]. In the resolution-aware
formulation, we define the ¢;-modified potential and field strength as

Afi(x) = A,(z) with all derivatives replaced by 0, ,, (74)

and
Fo = 0pe Ay — 0ue Ay + [A, AT (75)

Here, the resolution-aware partial derivative d,, ., is defined as

O f (1) = flotac,) = 1) (76)

€;

where e, denotes the unit vector in the y-th direction. This structure preserves gauge invariance
since the finite difference quotient transforms covariantly under local gauge transformations.
The ¢;-regularized Yang—Mills action takes the form

1
Y M 4 € v
S =—7 / d'z Tr (F5, F1Y) (77)

which reduces to the standard action in the limit ¢, — 0. The functional integral over gauge fields
becomes

z M = / D, [Au] exp (iSTM), (78)

15



where D, [A,,| denotes a measure on resolution-structured gauge configurations.

Resolution-dependent gauge field dynamics naturally regularize divergences in non-Abelian
theories. For instance, the vacuum polarization diagram in quantum chromodynamics, which leads
to asymptotic freedom, typically involves integrals that diverge at high momenta. In the resolution-
aware framework, such integrals are rendered finite due to an intrinsic cutoff A; = 1/¢;.

Moreover, the resolution-aware field strength FJ;, encodes curvature not as a continuous deriva-
tive but as a difference across scales, which parallels the formulation of holonomy in loop quantum
gravity. This approach also invites the definition of €;-Wilson loops,

We[C] = TrPexp (i%Afjd:c“) , (79)
c

where P denotes path ordering along a closed loop C. These objects measure curvature at a given
resolution scale and enable a scale-indexed description of confinement phenomena.
Gauge fixing can also be formulated at resolution levels. Consider the ¢;-Lorenz gauge condi-
tion
oLAL =0, (80)

which leads to well-defined propagators and ghosts in the Faddeev—Popov quantization scheme.
The resulting BRST symmetry remains intact under resolution-aware transformations due to the
covariance of 0, ;.

The ¢;-extended gauge theory thus forms a divergence-free, structurally coherent generaliza-
tion of standard Yang—Mills theory. It bridges concepts from lattice gauge theory and synthetic
differential geometry while maintaining compatibility with local gauge invariance, curvature, and
holonomy. This formalism offers a foundational pathway for the ultraviolet completion of gauge
field dynamics without invoking extrinsic regulators.

12. Resolution-Aware BRST Symmetry in Gauge Field Theory

BRST symmetry provides a cohomological formulation of gauge symmetry that is essential for
quantizing non-Abelian gauge theories while preserving gauge invariance at the quantum level. In
the resolution-aware framework, we extend the Becchi—Rouet—Stora—Tyutin (BRST) formalism to
include the ¢;-indexed structure of the continuum, ensuring that the symmetry and nilpotency are
preserved even under resolution constraints.
Let Ajj denote the gauge field defined with resolution-aware derivatives. The field strength
tensor £} is given by
Fo = 04 A — 0,6 A5+ (A5 AL (81)

To implement BRST symmetry, we introduce ghost fields ¢, antighosts ¢, and auxiliary fields
B¢, all defined over the same resolution level ;.
The BRST transformations s, are defined as:

SEiAZi = auﬂficg + [AEZ’ Cq]’ (82)

1
S, = _§[C€i7 Cq]7 (83)

(3
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8¢, = B, (84)
s, B = 0. (85)
These transformations preserve the key property of nilpotency:
s =0, (86)

and obey the graded Leibniz rule. The resolution-aware ghost and auxiliary fields obey the same
statistics and algebraic structure as in the continuum theory, but are evaluated with finite-resolution
derivatives 0y, .

The gauge-fixing and ghost Lagrangian in Lorenz gauge at resolution level ¢; is given by

L

gireh = (c ((‘JZAZ + gB)) : (87)

§

which expands to

= BUOLAL + 5(BY) = 0L Dy ©

gf+ gh

where D), ., c = 0,.,c% + [Ag}, c] is the covariant derivative at resolution ;.
This resolution-aware BRST-invariant Lagrangian, when combined with the Yang—Mills term,
defines the full quantum action for gauge fields:

(89)

59—+ [
The quantization of the gauge theory proceeds via the path integral over D,,[A,, ¢, ¢, B, and the
physical Hilbert space is defined as the cohomology of the BRST operator s, acting on the space
of states.

This extension ensures that gauge symmetry, unitarity, and renormalizability are preserved at
all resolution layers. Moreover, it permits a scale-indexed analysis of gauge invariance and physical
observables across the ¢; hierarchy, embedding BRST symmetry into the transfinite structure of the
continuum. The approach is consistent with the synthetic differential geometric treatment of gauge
theory and echoes constructions in lattice BRST formalism [26), (14, [1]].

13. Resolution-Aware Superfields in Supersymmetric Gauge The-
ories

Supersymmetry unifies bosonic and fermionic degrees of freedom by enlarging spacetime with
Grassmann-valued coordinates. Supersymmetric field theories are naturally formulated using su-
perfields, which are functions on superspace. In the resolution-aware formalism, we extend the
concept of superfields to ¢;-indexed superspace, incorporating resolution-dependent structure di-
rectly into supersymmetry.

Let the superspace be described by coordinates (2#,60%,0,), where 6 and 6 are Grassmann-
valued spinors. We define an ¢;-resolution superspace S, by allowing x* to vary over the ¢;-
textured continuum and generalize the derivative operators accordingly. The superfields &< (z, 6, 0)
are defined over S, and obey resolution-dependent smoothness constraints.
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The standard supersymmetry covariant derivatives are

_ 0

a . fate] ale]
Da = % + ZU&LQQ 8,“ Dd = —% — 10 O'Zda'u. (90)
In the resolution-aware formalism, we replace 0, with finite difference operators 0, ,:
D= 2 it g9 Dg O _igegn o 91)
T —_ o, €9 ,'L:——,.— g . € e
« HH aa Hs€q ' 800[ aa K€
These operators continue to anticommute and obey
{D&, DS} = —2ick 0,6, 92)
preserving the supersymmetric algebra at finite resolution.
A chiral superfield @ satisfies B
D&% =0, 93)
and expands as
% (z,0) = ¢(x) + V201 () + 00F (), (94)

where ¢(x), ¥(z), and F'(z) are component fields that are smooth at resolution ;.
We can define a resolution-aware Wess—Zumino Lagrangian as

‘CS/Z _ /d29d20¢)6ﬁq)6i + (/ d%0 W(@Ei) + h.C.) , 95)

where W (®) is the superpotential, and the integration is defined over ¢;-indexed superspace. Su-
persymmetric gauge theories are extended similarly. Vector superfields V' are expanded with
resolution-indexed component fields, and gauge transformations are made covariant under ¢;-
modifications.

For example, the supersymmetric gauge kinetic term becomes

LEee = /d20 Tr(W“WS) + h.c., (96)
where W§ = _%;DZ D%<D%V<, The structure of supersymmetry remains intact at resolution

scale ¢;, while the field dynamics avoid ultraviolet divergences due to the €;-bounded operators.
This formulation provides a resolution-aware, divergence-free foundation for supersymmetric
quantum field theories. It merges scale-layered structure with supersymmetric covariance, preserv-
ing all Ward identities, BRST symmetry, and auxiliary field constraints at each resolution level. It
also offers a natural path toward regularized supergravity and scale-indexed superspace geometries.

14. Renormalization Group Flows Across Resolution Tiers in
the ¢;-Structured Continuum

In conventional quantum field theory, renormalization group (RG) flows describe how coupling
constants evolve with respect to changes in energy scale. The underlying assumption is that the
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continuum is smooth and unstructured, and scale transformations are externally imposed through
regularization schemes such as dimensional continuation or hard cutoffs. However, within the
resolution-aware framework built on the ¢;-hierarchy, the notion of scale is embedded intrinsically
into the continuum. Ea (see surrounding discussion for full detail).

Let us consider a quantum field theory defined on a resolution-layered manifold, where each
layer corresponds to a minimal observable length scale ¢, = 1/X;. Physical observables, such as
coupling constants, masses, and correlation functions, acquire a dependence not merely on energy
but on the resolution level ;.

To make this precise, we define a resolution flow operator R;; that maps effective actions across
resolution tiers €; — ¢;:

fif f
Rij [S:Z ] - Sfj . (97)
This operation corresponds to integrating out modes finer than €; but coarser than ¢;. Analogous to
Wilsonian RG, we write

526 _ / D 4] ei519], (98)
¢ej<e<ei

where the functional integral is over fields defined on intermediate layers between ¢; and ;.
Let g., denote a coupling constant (e.g., in ¢* theory, the quartic interaction coefficient) defined
at resolution ¢;. Its flow is governed by a resolution beta function:

dg..
B, = €5, (99)
dGi

This can be calculated via matching conditions between effective actions. For example, in scalar
¢* theory, the one-loop correction to the coupling due to a bubble diagram is

3\ A? +m?
= 1 ‘ 1
where A; = 1/¢;. Consequently, the running coupling becomes
392 €2
— S In( -2 101
leading to a beta function of the form
39
= —— 102
ﬁ 3 87T2 ( )

This indicates asymptotic freedom in resolution space: as €; — 0, the coupling vanishes, mirroring
high-energy behavior.

The resolution hierarchy introduces a new form of RG flow, not tied strictly to energy, but
to spatial differentiability. It generalizes the Wilsonian paradigm to an infinitesimal hierarchy,
where each scale is not simply a numerical cutoff but a formal layer in the set-theoretic continuum.
This hierarchy is transfinite, indexed by cardinality, thereby extending RG flows into the logic-
topological domain of mathematical physics.

An additional insight is gained by examining how operator dimensions change with resolution.
If O, is an operator defined at resolution ¢;, its scaling dimension A, evolves according to

dA.,
dEi

€

= Ve, (103)
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where 7, is the resolution-dependent anomalous dimension. This affects correlation functions

such as
1

e yPS

(O (2)Oc, ()

The behavior of A, across the hierarchy may encode new universality classes that cannot be ac-
cessed via standard field-theoretic flows.

The transfinite stratification also implies that RG fixed points may emerge not at finite energies
but at resolution boundaries. For instance, a UV fixed point in ¢; space occurs when

(104)

Be; = 0, (105)

at a specific resolution threshold €;. This allows for a novel definition of continuum limits and
phase transitions that are resolution-induced rather than energy-induced.

Finally, resolution-aware RG flows integrate seamlessly with scale-dependent sheaf structures
and topoi, linking physics with logic. The stratification of couplings by ¢; layers hints at a deeper
principle wherein scale, causality, and computation are unified.

15. Resolution-Aware Entropy and Statistical Field Theory

Entropy is a central concept in statistical mechanics and quantum field theory, quantifying the dis-
order or information content of a system. Traditional formulations rely on a fixed background con-
tinuum, where state-counting and partition functions are computed over unstructured configuration
spaces. In the resolution-aware framework, however, entropy acquires a layered structure governed
by the ¢; hierarchy. The observability and distinguishability of microstates are constrained by the r
(see surrounding discussion for full detail).

Let ¢, = 1/X; denote the resolution threshold of observability in a physical system. At this
layer, field configurations are smooth only up to ¢;-differentiability. Let ., denote the space of
such resolution-smooth field configurations. The partition function of a classical statistical field
theory over ., is defined as

7. =

K3

D, [¢] e, (106)
Fe;
where H|[¢| is the Hamiltonian (or energy functional) and 8 = 1/kgT. The measure D,,[¢] ac-
counts only for configurations resolvable at scale ¢;, effectively coarse-graining the phase space.
The Gibbs entropy at resolution ¢; becomes

S, = —kp | Do) F,[0]In P, [¢], (107)
Fei

where P,,[¢] = e ?Hl?l /7 _is the resolution-aware Boltzmann distribution. Because F,, is smaller
than the full configuration space, the entropy S, is also reduced, reflecting the coarse-grained
perception of microstates at finite resolution.

A useful insight arises by comparing entropies across resolution tiers:

ASZ']' = Se - Sei, (108)

J
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quantifies the increase in accessible information when the observational threshold is refined from
€; to €; (with €; < ¢;). This differential entropy AS;; measures the latent information content
between scales and plays a role analogous to mutual information in information theory.

In the quantum field theoretic setting, resolution-aware entropy can be defined via the density
matrix p, over fields in F:

_ L eiﬁH[¢+¢/

pel6.0) = - s 0 0, (109)

where 0., is a smeared delta function compatible with ¢; resolution. The von Neumann entropy is
then
S99 = —Tr(p, In pe,), (110)

and is guaranteed to be finite, since the underlying density matrix is regularized by resolution.
This offers a divergence-free definition of quantum field entropy, especially important in curved
spacetimes and gravitational settings.

Additionally, resolution entropy can be localized. Let 2 be a spatial region, and define the
restricted partition function

Z.,[0] = /f o D,,[¢] e 1, (111)

leading to a subregion entropy S, [€2]. This construction supports a resolution-aware analog of
entanglement entropy, allowing comparisons across resolution thresholds without the need for UV
cutoff regularization.
Entropy production and flow across resolution layers can be studied by defining an entropy
flow operator
Seie; =S,

e, — Seis (112)
which becomes especially meaningful in non-equilibrium statistical field theories. Systems evolv-
ing under diffusion or Langevin dynamics constrained by ¢; yield entropy rates that reflect both
thermodynamic irreversibility and information growth across scales.

Furthermore, resolution entropy admits a holographic interpretation. If we consider a resolu-
tion surface X, separating regions of different observational granularity, then entropy flux across
2, becomes a geometric quantity, evocative of Bekenstein—-Hawking entropy, but generalized be-
yond event horizons to epistemic boundaries in resolution space.

Overall, resolution-aware entropy introduces a formal structure for quantifying information that
is not merely physical but logical and topological in nature. It creates a bridge between statistical
mechanics, quantum field theory, and set-theoretic epistemology, reflecting how resolution limits
shape the landscape of possible configurations, correlations, and causality.

16. Resolution-Aware Gibbs and von Neumann Entropy

Entropy serves as a bridge between statistical mechanics and quantum information theory. In
classical systems, the Gibbs entropy quantifies ignorance over microstates. In quantum systems,
the von Neumann entropy captures uncertainty encoded in the density matrix. The resolution-
aware formalism introduces a new dimension to both concepts by incorporating the e;-stratified
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structure of field configurations, where only degrees of freedom smooth at a particular resolution
layer are admissible. (see surrounding discussion for full detail).

Let us consider a classical field theory with a Hamiltonian H[¢] defined over the space of field
configurations . In the standard formulation, the canonical ensemble is defined via the Boltzmann
probability density

1

Plo) = Zexp(=BHIe). 7= [ Die] exp(~plo]). (113)

In the resolution-aware formulation, we restrict the configuration space to F,, the space of field
configurations differentiable up to resolution ¢;. The partition function is now

ZEi = DGi [gb] eXp(_BH[¢D7 (114)
Fe,
and the Gibbs probability density becomes
1
P.[¢] = - exp(~BH]|9)). (115)

The resolution-aware Gibbs entropy is thus
SO = —ka [ DI (116)
Fe;

This entropy reflects only the distinguishable microstates under resolution €;. As ¢; — 0, F, — F,
and SE(G ) 5@, recovering the full classical entropy.

In the quantum case, the state of a field theory is described by a density operator p acting on a
Hilbert space H. In conventional QFT, p may be written in coordinate basis as

plonof) = g oo (=t | 252 ) o0 - ). 1)

However, this expression is often ill-defined due to UV divergences. In the resolution-aware theory,
we regularize the delta function via

A2
0, (0 —¢') =exp (—%) , (118)

where the norm is defined with respect to a field-space inner product. The resolution-aware density

matrix becomes . .
pulon ) = e (=t |22 Yoo - o) (19)

€
This defines a trace-class operator on the resolution-limited Hilbert space H.,. The von Neumann
entropy is now

S = —Tr(p, Inpe,), (120)

which is finite for every ¢; > 0 and becomes divergent only in the formal limit ¢, — 0. This
construction allows us to compute entropy of quantum fields, including entanglement entropy,
without introducing arbitrary UV cutoffs.
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Additionally, the -von Neumann entropy admits a spectral decomposition. Let {)\,(:i)} denote
the eigenvalues of p.,, then

D= =3 AP mAl. (121)
k

This formulation directly connects resolution to information content: finer resolutions support
larger entropy by allowing more distinguishable eigenstates. This framework also enables entropy
flow analysis across tiers:

ASS = 5D - 5@ fore; <. (122)

In this setting, entropy becomes a scale-sensitive quantity that reflects both physical uncertainty
and observational granularity. It builds a principled pathway for regularizing entropy in quantum
fields, black hole thermodynamics, and holography. Moreover, it offers a natural language for
reconciling statistical and information-theoretic formulations of entropy through the lens of reso-
lution.

17. Entropy Flows in Dynamical Systems Governed by ¢;-Langevin
Evolution

Dynamical systems far from equilibrium exhibit rich entropy flow behaviors. In the classical set-
ting, Langevin equations describe stochastic processes involving both deterministic drift and ther-
mal noise. In resolution-aware field theory, the Langevin framework can be extended to account
for observational granularity, where the state evolution and entropy production are governed not
only by physical dynamics but also by the finite resolution threshold ;.

We consider a scalar field ¢(x, t) evolving according to an ¢;-regularized Langevin equation:

(1) _ GH[Y
ot 5o(a) |,

where denotes the functional derivative computed with e;-smoothing, and 7, (z, ) is a stochas-
tic noise field with resolution-limited correlations. The noise satisfies

(e, (1)) = 0, (e, (0, )e, (2, ') = 2Dc, b, (w — )6 (8 — 1), (124)

Here, J.,(x — 2’) is a Gaussian-smoothed delta function representing coarse-graining, and D, is
the diffusion coefficient at resolution ¢;.

The evolution of the probability functional P, [¢,t] associated with the field distribution is
governed by the resolution-aware Fokker—Planck equation:

OP, [, 1] :/ddx 5 <5H[¢] P.lo4]+ D 0P [¢ t]) (125)

+776¢($7t>7 (123)

5H’

o 55(@) \ s9(x) |, “So@)

This equation captures the evolution of information flow in configuration space restricted by reso-
lution.
The entropy at any time ¢ is given by the Gibbs form:

. / D, 0 P.,[é,1], (126)
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and evolves in time due to drift and diffusion. Differentiating with respect to time yields the entropy

production rate:
ds., 1 (0P,
= D[] =— ). 12
T / «l9) P. ( ot ) (127)

Substituting the Fokker—Planck equation and integrating by parts leads to the entropy production
formula:

2

dS., ks
dt D,

OHS)| b, g, 9P
op(x) |, © “og(x)
This expression demonstrates that entropy always increases under ¢;-Langevin evolution, reflecting

the second law of thermodynamics within a resolution-aware context.
Furthermore, one can define an entropy flux functional across resolution layers as

> (). (128)

D¢;[¢]

‘7€i_>€j (t) - SEj (t) - SEi (t)v (129)

which quantifies how much additional entropy is revealed by refining observational granularity.
This flux can be analyzed under dynamical evolution, where both ¢€; and time ¢ evolve.
A particularly insightful construction is the ¢;-free energy:

F€i<t) = <H[¢]>61 - TSQ' (t)v (130)
whose time derivative is given by
df,, d(H)., ds.,
- = L —-T—. 131
dt dt dt (131)

Since entropy production is positive, the free energy monotonically decreases as the system relaxes
toward an ¢;-dependent equilibrium.

These developments allow one to study thermodynamic irreversibility, information growth,
and field relaxation processes in a resolution-sensitive framework. It paves the way for deeper
connections between stochastic field theory, statistical mechanics, and logic of observational limits.

18. Resolution-Aware Spacetime Geometry and Curvature

In standard differential geometry, the continuum manifold is assumed to be smooth at all scales,
and geometric quantities such as curvature are defined via limits of infinitesimal structures. In
the resolution-aware framework, the notion of smoothness is stratified across the hierarchy {¢;},
each corresponding to a finite resolution tier ¢; = 1/RX;. Geometric constructs such as metrics,
connections, and curvature tensors are no longer strictly infinitesimal, but regulari (see surrounding
discussion for full detail).

Let M be a differentiable manifold equipped with a resolution-aware structure indexed by ¢;.
At each tier, we define an ¢;-metric gy, that is differentiable only up to a scale ¢;. The Christoffel
symbols are modified to:

1 | . .
Fl);V,Gi = 592\:) (a/ﬁ#iglejp + aVyfig;jp - ap,fig;;y) ) (132)
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where 0, , is a finite-resolution derivative operator satisfying lim,, o 0, ¢, = 0,.
The Riemann curvature tensor at resolution ¢; is defined analogously:

R =9, T° —9,. " 4+1° T —1° T (133)

OUV,€E; H€i™ vo,e; V€t o€, PN € VO,E; VA€ [HO,E; "

The Ricci tensor and scalar curvature are defined in the usual way:

R, = R) Re, = g Ry, (134)

HAV,€;)

All geometric invariants thus acquire a tier-dependent structure that reflects differentiability at
the given resolution. Importantly, curvature divergences (e.g., at singularities) are regularized, as
resolution-aware operators eliminate infinitesimal structures below ;.

The geodesic equation becomes

., da¥ daf

dr? YeSdr dr
where affine parameter 7 parametrizes motion over the ¢;-structured manifold. Proper time, dis-
tances, and curvature-integrals over manifolds are now sensitive to resolution. For example, the
proper length between points x and y at resolution ¢; is

=0, (135)

Y dz+ dxv
L (z,y) = i (T(N))—— dA. 136
= [ otaon (136)
Furthermore, the Einstein field equations at resolution ¢; take the form:

GS, + Mgl = 87GTS:

v % N

(137)

with G, = Ryue, — % g,i, Re,. This defines a hierarchy of gravitational theories indexed by resolu-
tion, each self-consistent but compatible with different degrees of observational granularity.
Importantly, the resolution-aware curvature formalism connects to noncommutative geometry
and sheaf-theoretic logic. Since infinitesimal neighborhoods are replaced by finite resolution balls,
differentiability is generalized to ¢;-coarse maps. Differential forms and exterior derivatives also
adapt:
dew = Oy qwjda’, (138)
J
allowing the construction of ¢;-cohomology and characteristic classes. This structure is compatible
with synthetic differential geometry, where smoothness is redefined using logical axioms rather
than limits.
Moreover, the causal structure of spacetime at resolution ¢; is defined using ¢;-lightcones, i.e.,
domains where
g dztdz” =0, (139)

modulo ¢;-smooth test functions. These causal cones define finite-width neighborhoods and natu-
rally regularize both UV and IR divergences in field propagation.

In conclusion, resolution-aware spacetime geometry constructs a layerwise differentiable struc-
ture that generalizes Riemannian geometry while preserving compatibility with general covariance
and Einsteinian dynamics. It paves the way toward divergence-free gravity and a unification of ge-
ometric and logical stratifications.
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19. Resolution-Aware Gravitational Entropy and Black Hole
Interiors

Gravitational entropy, most notably associated with black holes, represents one of the deepest in-
tersections of thermodynamics, quantum theory, and geometry. The Bekenstein—Hawking formula,
k B C3

Sen =~ A, (140)

links entropy to the horizon area .4, revealing a holographic principle where gravitational de-
grees of freedom reside on lower-dimensional surfaces. However, the standard derivation relies
on continuum field theory, leading to divergences and paradoxes, especially near singularities.
The resolution-aware formalism offers a regularized approach by introducing a stratified geometry
governed by resolution thresholds e;.

In a resolution-aware geometry, the black hole interior is modeled by a metric gy, which is
differentiable only up to a finite resolution ¢; = 1/X,. Singularities are smoothed out by replac-
ing infinitesimal structures with finite-resolution differentiable domains. The curvature invariants,
such as the Kretschmann scalar,

K., =R}, R, (141)

v po
remain finite even at the center r = 0, as the resolution-aware Riemann tensor is defined via
¢;-differentiable Christoffel symbols. This eliminates the divergence typically encountered in
Schwarzschild or Kerr geometries.

To define gravitational entropy within this framework, we modify the horizon area integral to
reflect resolution-aware surfaces. The entropy becomes

. k’BC3
" AGh

where A, is the area of the horizon computed using the ¢;-metric. Explicitly,

A, = / Vdet h$y d*x, (143)
X

with A, being the induced metric on the horizon cross-section at resolution ¢;. As ¢; — 0, we
recover the classical entropy.

This regularization prevents entropy divergence in near-extremal or Planck-scale black holes.
Furthermore, it enables a local notion of entropy inside the event horizon. Let {2 C M be a region
inside the black hole interior. The entropy content within €2 at resolution ¢; is

ks

5,100 = 2 [ d'ay=g7 (R + ), (144)

Se A, (142)

drawing inspiration from entropic action principles. This interior entropy avoids curvature singu-
larities and remains finite.

The resolution-aware formulation also supports an entropy flow equation across horizons. Let
‘H be a null surface (the event horizon), and define the flux of entropy across ‘H from the exterior
£ to the interior Z:

oF = /H TH X udS,, (145)
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where TF" is the stress-energy tensor at resolution ¢;, and x* is the Killing vector generating
horizon translations. This links gravitational entropy with quantum energy flux in a manifestly
regularized manner.

Moreover, one can define a resolution-aware entanglement entropy for fields near the horizon.
Let p., be the reduced density matrix for the exterior field modes. The entropy is then

Sent,ei = _Tr(pei ln pei)7 (146)

which is finite because the density matrix is smeared over ¢;-scale test functions. This approach cir-
cumvents UV divergence in standard quantum field theory near boundaries and naturally connects
to the finiteness of S...

Finally, resolution-aware geometry offers new insights into the information paradox. Since
interior observables are defined at finite resolution, the non-unitary evolution associated with sin-
gularity evaporation may be replaced by a continuous entropy flow through €;-layers. Information
loss may thus be an artifact of attempting to resolve below the observational threshold.

In summary, resolution-aware gravitational entropy provides a divergence-free, scale-aware,
and logically structured framework for black hole thermodynamics. It blends geometric regu-
larization with information theory and paves the way for reconciling semi-classical gravity with
quantum principles.

20. Resolution-Aware Topological and Categorical Field The-
ory

Topological field theories and categorical formulations of quantum physics seek to capture global,
non-local, and structural aspects of field configurations that transcend metric details. In the resolution-
aware paradigm, the continuum is no longer an undifferentiated background but a stratified hi-
erarchy indexed by resolution thresholds ¢; = 1/X;. This structure naturally lends itself to a
sheaf-theoretic and categorical treatment, where observables, field spaces, and even logic (see sur-
rounding discussion for full detail).

In conventional topological quantum field theory (TQFT), a theory assigns:

* To each closed (n — 1)-dimensional manifold >: a Hilbert space Hsy,
* To each n-dimensional cobordism M : 3y — ¥o: a linear map Z(M) : Hy, — Hsy,.

This assignment is functorial and encodes the core idea that topology governs field dynamics.
In the resolution-aware setting, we refine this structure by introducing a hierarchy of resolution
categories Res;, whose objects are open regions of differentiability at scale ¢;, and morphisms are
€;-smooth embeddings.

A resolution-aware TQFT is thus a functor:

Z..: Cob% —» Hilb,,, (147)

where Cob;’ is the category of ¢;-smooth cobordisms, and Hilb,, the category of resolution-
dependent Hilbert spaces. The morphisms now track not only topology but also differentiability
constraints induced by finite resolution.
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Moreover, categorical field theory in the spirit of Baez and Dolan elevates TQFTs to higher
categories. In the resolution-aware context, we define a stratified (oo, n)-category of field data,
where each level corresponds to a resolution tier. The stack of field configurations F., becomes a
sheaf on the site of ¢;-smooth open sets, and field evolution is governed by natural transformations
respecting resolution stratification.

Let F be a presheaf of fields. Then the resolution-aware field stack is:

Fe,(U) == Homges, (U, F), (148)

for each open set U in the ¢;-topology. The gluing of local fields into global configurations obeys
descent conditions modified by resolution overlap.
Topological invariants, such as homology or cohomology, also become tiered:

H f (M, Z) = Cohomology group of M at resolution ¢;. (149)

These stratified cohomologies naturally capture the failure of structure below ¢;, encoding topo-
logical information in a resolution-aware way. They are closely related to persistent homology in
topological data analysis, where features are tracked across scales.

The path integral in categorical field theory is generalized into a colimit over resolution layers:

4= / D [¢] "%, (150)

blending categorical colimits with functional integration. This aligns with synthetic differential
geometry where integration and differentiation are categorical constructs over toposes of smooth
sets.

From a logical standpoint, the resolution-aware framework induces an internal logic at each
layer. The logic of ¢;-fields is intuitionistic and respects ¢;-sheaf conditions, resembling the internal
logic of a topos. Thus, field observables become internal morphisms in a topos of resolution-aware
sheaves.

Furthermore, braided tensor categories describing anyonic statistics in low-dimensional sys-
tems can be resolution-stratified. Let C., be a braided fusion category encoding quasiparticle
statistics at resolution ¢;. Then the modular data (S, T") of the theory becomes:

Seir  Tes (151)

reflecting not only topological braiding but also resolution-accessible transformations.

This categorical framework enables a new class of field theories—those invariant under strati-
fied cobordism equivalence and modulated by observational granularity. It offers powerful tools for
encoding phase transitions, symmetry breaking, and even dualities as morphisms between stratified
topoi.

In summary, resolution-aware topological and categorical field theory constructs a logic-rich
and geometrically regularized foundation for physics beyond the continuum. It preserves the power
of TQFTs while resolving their limitations in handling singularities, divergences, and epistemic
constraints.
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21. Conclusion

This work has introduced a resolution-aware framework for quantum field theory and spacetime
geometry, grounded in the transfinite stratification of the continuum via the hierarchy {¢; = 1/X;}.
By systematically replacing infinitesimal notions with ¢;-differentiable structures, we have con-
structed a scale-aware formalism that is both logically coherent and physically regularized. This
has enabled the consistent reformulation of scalar and gauge field dynamics, renormal (see sur-
rounding discussion for full detail).

We further extended the framework to statistical and quantum information theory by defining
resolution-aware entropy functions, such as ¢;-modified Gibbs and von Neumann entropy. These
quantities not only capture thermal and quantum fluctuations at finite observational granularity but
also provide insight into information flow and entropy production in stochastic systems governed
by €;-Langevin dynamics.

In the gravitational domain, the resolution-aware Einstein equations and curvature tensors offer
a singularity-free approach to black hole interiors and entropy. The finiteness of curvature invari-
ants and the modulation of entropy across resolution layers point toward a physically viable path
for integrating quantum information with classical spacetime geometry.

Finally, we explored categorical and topological extensions, developing ¢;-indexed functorial
field theories, resolution-stratified Hilbert spaces, and stratified cohomologies. This categorical
foundation establishes a high-level structure where geometry, logic, and quantum field interactions
converge across scales.

In essence, the theory developed herein offers a transfinite yet operationally finite framework
that dissolves divergences, encodes observational limitations, and bridges disparate domains of
physics. It lays the groundwork for future research into quantum gravity, category-theoretic dy-
namics, and multiscale epistemic geometry within a logically stratified continuum.
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