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Abstract: We present a comprehensive survey of the theory of elliptic curves over the
rational numbers, centered on the Birch and Swinnerton-Dyer (BSD) conjecture. We
trace the historical development of the subject, from the foundational results of
Gross-Zagier and Kolyvagin for curves of rank at most one, through the development
of Iwasawa theory and the proof of the Main Conjecture for GL(2), to the recent
breakthroughs in arithmetic statistics by Bhargava, Skinner, and Zhang. Throughout,
we ground the discussion in explicit computational data from the L-functions and
Modular Forms Database (LMFDB), illustrating the deep interplay between theory,
computation, and conjecture that defines modern number theory.

Section 1: The Birch and Swinnerton-Dyer Conjecture: An
Analytic-Algebraic Dictionary

The study of Diophantine equations—polynomial equations for which one seeks
integer or rational solutions—is one of the oldest branches of mathematics. Among
the most studied and arithmetically rich are those defining elliptic curves. An elliptic
curve is, at its heart, a simple object, yet its structure has proven to be a gateway to
some of the deepest and most challenging problems in modern number theory. For
the past six decades, research in this area has been overwhelmingly guided by a
single, unifying problem: the Birch and Swinnerton-Dyer (BSD) conjecture. This
conjecture proposes a profound and precise dictionary, translating the algebraic
properties of a curve's rational solutions into the analytic language of a complex
function, its associated L-function. This section introduces these fundamental objects
and lays out the statement of the conjecture that will serve as the narrative thread for
this entire work.



1.1. Elliptic Curves over the Rational Numbers

An elliptic curve E defined over the field of rational numbers, Q, can be represented by a
generalized Weierstrass equation of the form

y2+alxy+aldy=x3+a2x2+adx+aéb,

where the coefficients ai are rational numbers.1 The condition that this equation defines an
elliptic curve is that its discriminant, a polynomial expression in the

ai, is non-zero, which ensures the curve is smooth. The set of rational points on the
curve, denoted E(Q), consists of all pairs (x,y) €Q2 that satisfy the equation, together
with a special point at infinity, denoted O, which serves as the identity element for a
remarkable algebraic structure. The points on an elliptic curve form an abelian group
under a geometrically defined addition law.

A cornerstone of the theory is the Mordell-Weil theorem, which states that this group
is finitely generated. This means its structure is completely described by two
components: a finite torsion subgroup and a free part consisting of a finite number of
copies of the integers.” We write this decomposition as:

E(Q)=E(Q)torseZr

The non-negative integer r is a fundamental invariant of the curve known as its algebraic rank.
While the torsion part is well-understood and can be effectively computed—Mazur's theorem
famously classifies all possible torsion subgroups over Q—the rank remains deeply
mysterious.5 There is no known algorithm guaranteed to compute the rank of an arbitrary
elliptic curve.

Associated with any elliptic curve are several other key invariants. The conductor N is
an integer that encodes information about the primes where the curve has "bad
reduction," meaning primes where its reduction modulo p becomes singular. More
precisely, the conductor is an ideal divisible by the prime ideals of bad reduction and
no others, with exponents determined by the type of reduction (multiplicative or
additive) according to Tate's algorithm.® The discriminant

A and the j-invariant are other crucial quantities derived from the Weierstrass
coefficients that characterize the curve up to isomorphism and twisting.'

The systematic collection and organization of these invariants for millions of curves is
the monumental achievement of the L-functions and Modular Forms Database
(LMFDB). The LMFDB is not merely a static repository but a dynamic, relational



database that charts the landscape of modern number theory.? It contains
comprehensive data on elliptic curves, modular forms, L-functions, number fields, and
Galois representations, illustrating the profound connections between these objects
predicted by the overarching Langlands program.® With data on over 7.5 million
varieties, including elliptic curves over

Q and other number fields, the LMFDB provides the computational bedrock upon
which much of the modern theory is tested and developed.™

1.2. The Hasse-Weil L-function

The bridge between the algebraic world of rational points and the analytic world of complex
functions is the Hasse-Weil L-function of the elliptic curve, L(E,s). For each prime p of good
reduction (i.e., p does not divide the conductor N), one can count the number of points on the
reduced curve over the finite field Fp, denoted #E(Fp). The trace of Frobenius, ap, is then
defined as ap=p+1-#E(Fp). The L-function is constructed as an Euler product over all primes:

L(E,s)=p |NMNLp(E,s)-1p+NMN(1-app-s+p1-2s)-1

where the local factors Lp(E,s) for primes of bad reduction are defined according to the
reduction type.3 This product converges for complex numbers
s with real part %(s)>3/2.

A priori, this function is only defined in a right half-plane. However, the Modularity
Theorem—a profound result conjectured by Taniyama and Shimura, and proven for
semistable curves by Wiles and for all rational curves by Breuil, Conrad, Diamond, and
Taylor—states that every elliptic curve over Q is modular.* This means that the
sequence of

ap coefficients for an elliptic curve E is identical to the sequence of Fourier coefficients of a
certain type of modular form. A critical consequence of modularity is that the function L(E,s)
has an analytic continuation to the entire complex plane and satisfies a functional equation.
This equation relates the value of the L-function at s to its value at 2-s. The completed
L-function A(E,s)=(2m)-sl(s)Ns/2L(E,s) satisfies:

A(E,s)=w(E)A(E,2-s)

where the root number w(E) is either +1 or -1.14 The existence of this analytic continuation
and functional equation is the essential prerequisite for the formulation of the BSD



conjecture, which concerns the behavior of
L(E,s) at the central point s=1.

1.3. The Statement of the BSD Conjecture

The Birch and Swinnerton-Dyer conjecture provides a dictionary between the
algebraic invariants of E(Q) and the analytic invariants of L(E,s). It consists of two
parts.

First, the weak BSD conjecture predicts an equality of ranks:

ords=1L(E,s)=rank(E(Q))

The order of vanishing of the L-function at the central point s=1, an analytic quantity, is
conjectured to be precisely the algebraic rank r.3 The integer
ords=1L(E,s) is thus often referred to as the analytic rank, ran.

Second, the strong BSD conjecture gives a precise formula for the leading term in the Taylor
expansion of L(E,s) at s=1. It states that:

$3$ \frac{L™(r)}E, ) }Hr'} = \frac{\Omega_E \cdot \mathrm{Reg}(E) \cdot \prod_p c_p \cdot
\text{LL}(E)I}{|E(\mathbb{Q}){\text{tors}}|*2} $$

where $r=r{\text{an}}$.2 Each term in this formula is a deep arithmetic invariant:

QE is the fundamental real period of the curve, computed from an integral over
the real points.

Reg(E) is the regulator, the determinant of the canonical height pairing matrix on
a basis of the free part of E(Q). By convention, if the rank is O, the regulator is 1."
cp are the Tamagawa numbers, local factors correcting for bad reduction at each
prime p. For a prime p of good reduction, cp=1.

|E(Q)tors| is the order of the finite torsion subgroup.

LW$(E)$ is the Tate-Shafarevich group. This group, defined using Galois
cohomology, measures the obstruction to the Hasse principle for torsors of E. It is
conjectured to be finite, but this is not known in general. Its (conjecturally finite)
order is denoted |LW(E)|."

To ground these abstract definitions, we introduce four key elliptic curves from the
LMFDB that will serve as running examples throughout this paper. Their fundamental
invariants, as predicted by the BSD conjecture, are summarized in Table 1.1.



Table 1.1: Arithmetic Invariants of Key Elliptic Curves from the LMFDB

LMFDB Conduct Rank r Torsion Regulato | Real Tamaga Analytic
Label or N Group r Period wa L
Reg$(E) QE Product
$ Mcp
1.a1 1 0 Trivial 1.0 6.788... 5 1
37.al 37 1 Trivial 0.0511... 7.338... 1 1
389.a1 389 2 Trivial 0.231... 5.239... 1 1
5077.a1 5077 3 Trivial 19.35... 3.518... 1 1

Data for this table is compiled from the LMFDB and associated computational
resources.® The analytic order of LUl is computed assuming the validity of the strong
BSD formula.

The curve 11.a1is the first elliptic curve with a trivial Mordell-Weil group (r=0 and
trivial torsion).” The curve

37.alis the elliptic curve of minimal conductor with positive rank (r=1).° The curve
389.a1is the elliptic curve of smallest conductor with rank 2 %, and

5077.alis an example of a rank 3 curve.” This table immediately illustrates the
conjecture's predictive power. For

37.a1, the LMFDB provides the value of the regulator, real period, and Tamagawa
numbers.* Assuming the BSD formula and that

|| =1, one can compute the predicted value of the first derivative of the L-function.
Conversely, given the analytic data, one can predict the algebraic invariants. This
deep interplay between computation and theory is a central theme of the subject.

1.4. Guiding Principles and Emerging Themes

The very formulation of the BSD conjecture reveals a foundational principle in modern
number theory: the idea that "easy" local information can determine "hard" global



structure. The computation of the ap coefficients, which define the L-function, is an
algorithmic, finite process for any given prime p. One simply counts points on a curve
over a finite field. The construction of the L-function from these local data is then a
standard procedure in complex analysis. In stark contrast, determining the global
structure of E(Q)—specifically, its rank—is an unbounded problem. A priori, there is no
algorithm guaranteed to find all generators of the Mordell-Weil group or even to
determine if a single point has infinite order. The BSD conjecture posits that these two
objects, one built from finite local computations and the other describing an infinite
global structure, are not just related but are two sides of the same coin. This is not
merely a formula; it is a philosophical statement about the deep arithmetic unity
between the local and the global.

This principle is not just theoretical; it is deeply computational. The history of the BSD
conjecture is inextricably linked with the history of computational number theory. The
conjecture itself arose from early computer experiments by Birch and
Swinnerton-Dyer, who noticed patterns in the product of local factors Mp<xNp/p.’
Today, this symbiotic relationship between theory and computation is embodied by
the LMFDB.? The database serves as a laboratory where theoretical predictions can
be tested on a massive scale. The existence of computational algebra systems like
Magma, Sage, and Pari/GP, which are directly integrated with or referenced by the
LMFDB, allows researchers to move seamlessly between theoretical formulation,
algorithmic implementation, and data verification.® This creates a powerful feedback
loop: theory suggests what to compute, and computation provides the evidence and
discovers the exceptions that shape the next generation of theory. The story of the
progress on the BSD conjecture, which we will now trace, is a testament to the power
of this synthesis.

Section 2: The Breakthrough for Rank One: Heegner Points and
the Gross-Zagier Formula

For nearly two decades after its formulation, the BSD conjecture remained largely a
matter of heuristics and numerical evidence. The first major theoretical breakthrough
came in the 1980s with the work of Benedict Gross and Don Zagier. They established
a stunningly precise formula that connected the analytic world of L-functions to the
algebraic geometry of special points on modular curves. This work provided the first
concrete, theoretical evidence for the rank part of the BSD conjecture and laid the



groundwork for the subsequent algebraic advances of Kolyvagin.

2.1. Heegner Points on Modular Curves

The key objects in the Gross-Zagier theory are Heegner points. To define them, one
must first introduce the concept of modular curves. A modular curve, such as XO(N),
can be understood as a geometric object that parameterizes isomorphism classes of
elliptic curves equipped with some additional structure. Specifically, a point on the
complex curve XO(N) corresponds to a pair (E,C), where E is an elliptic curve and C is
a cyclic subgroup of order N.° By the Modularity Theorem, any elliptic curve

E/Q of conductor N admits a non-constant map, called a modular parametrization,
TE:XO(N)—E.

Heegner points are special, arithmetically significant points on the modular curve
XO(N). They arise from elliptic curves that possess an extra symmetry, namely
complex multiplication (CM). An elliptic curve is said to have CM if its endomorphism
ring is larger than the integers, Z; in this case, it must be an order O in an imaginary
quadratic field K=Q(-d) for some square-free d>0.° A Heegner point on

XO(N) corresponds to a pair (E',C'), where E' is an elliptic curve with CM by an order O
in an imaginary quadratic field K.

For these points to be well-defined and useful, the field K must satisfy the Heegner
hypothesis relative to the conductor N: every prime factor of N must split into two
distinct prime ideals in the ring of integers of K. When this condition holds, the theory
of complex multiplication shows that the Heegner points are defined over certain
abelian extensions of K, known as ring class fields. The image of a Heegner point
under the modular parametrization, TtE, gives a point on the elliptic curve E that is also
defined over a ring class field of K. By taking the trace of this point from the ring class
field down to the field K, one obtains a canonical point yK € E(K).

2.2. The Gross-Zagier Formula

The landmark result of Gross and Zagier, published in 1986, provides an explicit



formula relating the arithmetic height of the Heegner point yK to the analytic behavior
of an L-function.* Specifically, they considered the L-function of the elliptic curve

E over the quadratic field K, denoted L(E/K,s). This L-function factors as
L(E/K,s)=L(E,s)L(ED,s), where ED is the quadratic twist of E by the discriminant D of the field K.
The Gross-Zagier formula states that the canonical height of the point yK is proportional to
the first derivative of the L-function L(E/K,s) at the central point s=1:

L'(E/K,1)=C-h"(yK)

where C is a non-zero constant involving periods and other arithmetic terms.30

The most profound consequence of this formula is a non-vanishing statement. If the
analytic rank of E over Q is one, one can choose the imaginary quadratic field K such
that the root number of L(E,s) is -1 and the root number of L(ED,s) is +1. This implies
that L(E,1)=0 and L(ED,1){E=0. In this situation, the derivative L'(E/K,1) is non-zero, and
the Gross-Zagier formula then forces the height h*(yK) to be non-zero as well. Since
only points of infinite order can have non-zero canonical height, this proves that the
Heegner point yK is a point of infinite order in E(K). This provided the first theoretical
construction of a point of infinite order on an elliptic curve, conditioned only on the
analytic rank being one, thereby giving powerful evidence for the BSD conjecture.

The elliptic curve 37.a1 provides a perfect illustration. It is the quotient of the modular
curve X0(37) by the Fricke involution.® Its L-function has a simple zero at

s=1, so its analytic rank is one.® The Gross-Zagier theorem thus predicts the existence
of a Heegner point of infinite order. Indeed, the Mordell-Weil group

E(Q) has rank 1. The regulator, which for a rank 1 curve is simply the canonical height
of a generator, is found in the LMFDB to be Reg(E)=0.0511....°° The Gross-Zagier
machinery constructs a generator whose height is precisely this value, confirming the
prediction.

2.3. A Quantitative Foundation and Its Inherent Limitations

The Gross-Zagier formula represents a crucial pattern in the development of number
theory: a precise, quantitative formula often serves as the necessary foundation for a
more general, qualitative structural theory. The formula provided an explicit link
between an analytic value, L'(E/K,1), and an algebraic quantity, h*(yK). The most



critical consequence was the non-vanishing result: if the derivative is non-zero, the
point is non-trivial. This non-trivial point was precisely the "seed" that Viktor Kolyvagin
needed to initialize his powerful algebraic machinery of Euler systems, which we will
discuss in the next section. Without the guarantee from Gross and Zagier that a
non-torsion point existed under the appropriate analytic conditions, the entire Euler
system construction would have yielded only trivial results. Thus, the analytic
breakthrough of Gross and Zagier was the direct catalyst for the algebraic
breakthrough of Kolyvagin.

However, the very specificity that makes the Heegner point construction so powerful is also
the source of its fundamental limitation. The construction is tailored to the analytic rank one
case and fails dramatically for curves of higher rank. Consider an elliptic curve E with analytic
rank 2. The root number of its L-function must be +1. One can typically choose an imaginary
quadratic field K (satisfying the Heegner hypothesis) such that the twisted curve ED also has
analytic rank 1. In this scenario, both L(E,s) and L(ED,s) have root number -1, which forces
L(E,1)=0 and L(ED,1)=0. The derivative of the product L-function is given by the product rule:

L'(E/K,1)=L"(E,1)L(ED,1)+L(E,1)L'(ED,1)

Since both terms are zero, L'(E/K,1)=0. The Gross-Zagier formula then implies that h”*(yK)=0,
meaning the constructed Heegner point yK must be a torsion point. The method is
constitutionally incapable of producing points of infinite order for curves of rank greater than
one.34 This "creative failure" was a major impetus for the development of the more
sophisticated theories that will be explored in the subsequent sections, as mathematicians
sought to generalize these ideas to the elusive higher rank setting.

Section 3: The Finiteness of LL: Kolyvagin's Euler Systems

Building directly on the foundation laid by Gross and Zagier, Viktor Kolyvagin
introduced a revolutionary algebraic framework in the late 1980s. He constructed
what he termed an "Euler system" from the collection of Heegner points. This
powerful machine allowed him to control the size of the Selmer group, leading to the
first proofs of the finiteness of the Tate-Shafarevich group for elliptic curves and a full
proof of the BSD conjecture for all curves of analytic rank zero and one.

3.1. Descent, Selmer Groups, and the Tate-Shafarevich Group



The primary tool for relating the global Mordell-Weil group to local data is the method of
descent, which is formalized using Galois cohomology. For a prime p, the multiplication-by-p
map on an elliptic curve gives rise to a short exact sequence of Galois modules. The long
exact sequence in Galois cohomology then yields the fundamental descent sequence:

$$ 0 \to E(\mathbb{Q})/pE(\mathbb{Q}) \to \mathrm{Sel} p(E/\Amathbb{Q}) \to
\text{LU}(E/Amathbb{Q})[p] \to O $$

where Selp(E/Q) is the p-Selmer group and LW$(E/Amathbb{Q})[p]$ is the p-torsion part of the
Tate-Shafarevich group. The Selmer group is a subgroup of the Galois cohomology group
H1(Gal(Q/Q),E[p]) defined by imposing local conditions at every prime. While defined
abstractly, it is, in principle, a finite and computable group.

The descent sequence is of paramount importance because it connects the three key
objects of interest. The term on the left, E(Q)/pE(Q), is a finite group whose dimension
as an Fp-vector space is r+dim(E(Q)tors[p]). The term on the right,
LUS(E/Amathbb{Q})[p]$, is the mysterious $p$-part of the Tate-Shafarevich group. The
sequence shows that if one can compute or bound the size of the Selmer group, one
simultaneously obtains bounds on both the algebraic rank $r$ and the size of
LU$(EAmathbb{Q})$. The central difficulty in arithmetic geometry is that while
E(Q)/pE(Q) is hard to compute directly, Selp(E/Q) is more accessible, but it is generally
larger. The goal is to prove that the Selmer group is no larger than necessary.

3.2. Kolyvagin's Euler System

Kolyvagin's ingenious insight was to use the entire system of Heegner points, not just
a single one, to systematically build cohomology classes that would constrain the size
of the Selmer group. He considered not just a single imaginary quadratic field K, but
the tower of ring class fields Kn of K with conductors n for a set of suitable primes.
Over each field Kn, there is a Heegner point yKn. This collection of points {yKn} forms
an Euler system.*

The defining property of an Euler system is that the points are related by norm maps.
Specifically, if n=m® for a prime ¢, the trace of the point yKm® from E(Km®) down to
E(Km) is related to the point yKm via the action of a Hecke operator.’” This
compatibility relation is the algebraic engine that drives the entire theory.

From this norm-compatible system of points, Kolyvagin used the machinery of Galois
cohomology (specifically, a construction now known as the "Kolyvagin derivative") to



produce a set of cohomology classes {kn€H1(Gal(K /K),E[pk])}.** These classes are
constructed to be trivial when restricted to decomposition groups at most primes, but
are non-trivial at primes dividing

n. By carefully choosing the primes n, he could produce classes in the Selmer group
and use local Tate duality to show that these classes must annihilate corresponding
elements in the Tate-Shafarevich group.

3.3. Main Results and Consequences

The culmination of this intricate algebraic construction is Kolyvagin's main theorem.

Theorem (Kolyvagin): Let E/Q be a modular elliptic curve and K an imaginary
quadratic field satisfying the Heegner hypothesis. If the Heegner point yK€E(K) has
infinite order, then:

1. The Mordell-Weil group E(Q) has rank one.
2. The Tate-Shafarevich group W$(E/\Amathbb{Q})$ is finite.

33

Combining this with the Gross-Zagier formula provides a stunning result. If the
analytic rank of E is one, then L'(E,1){E=0. By Gross-Zagier, the Heegner point yK must
have infinite order. Kolyvagin's theorem then implies that the algebraic rank is one and
LLl is finite. This proves that ran=1=r=1and | LU | <oo.

A similar argument applies when the analytic rank is zero. In this case, L(E,1){E=0. A
variant of the Euler system argument, initiated with a different set of cohomology
classes, proves that the Selmer group is trivial, which in turn implies that the algebraic
rank is zero and LW is finite.*®

Together, these results provide a complete proof of both the weak and strong forms
of the Birch and Swinnerton-Dyer conjecture for all elliptic curves over Q with analytic
rank at most one.® The curve

11.a1, with rank O, and 37.a1, with rank 1, are the quintessential examples where this
theory applies perfectly. For 37.a1, the finiteness of its Shafarevich-Tate group is a
direct consequence of Kolyvagin's theorem. Modern computational tools can even
provide an explicit bound; for instance, the SageMath command E.sha().bound() for



the curve 37.a1 returns (, 1), indicating that the only possible prime divisor of the order
of W is 2.? The LMFDB confirms the final result that

| W | =1, perfectly consistent with the theory.*

3.4. A New Paradigm and Its Implications

Kolyvagin's work represented a monumental paradigm shift in the field. It moved
beyond the specific, quantitative formula of Gross and Zagier to a general, structural
machine. The concept of an "Euler system" is purely algebraic and cohomological,
defined by the abstract property of norm-compatibility.*” The proof that a non-trivial
Euler system can be used to bound a Selmer group is a masterclass in Galois
cohomology, relying on the intricate machinery of local and global duality theorems.*

The power of this abstraction is that the method is not limited to elliptic curves. The
Euler system machine is general; one only needs to supply a valid input. For modular
elliptic curves, Heegner points provide this input. But for other arithmetic objects,
other constructions can be used. For example, in his work on cyclotomic fields, which
was a direct inspiration for Kolyvagin, Francisco Thaine used cyclotomic units as the
input for an Euler system to bound ideal class groups.®” As we will see in the next
section, Kazuya Kato later constructed a new Euler system from elements in algebraic
K-theory to tackle the Iwasawa Main Conjecture. Kolyvagin's deepest contribution was
therefore not merely the resolution of the rank one case of BSD, but the invention of a
powerful and general method that has become a cornerstone of modern arithmetic
geometry.

Furthermore, the proof of the finiteness of the Tate-Shafarevich group was a
landmark achievement in its own right. Before Kolyvagin's work, it was not known
whether LUl was finite for even a single elliptic curve.* His result provided the first
general finiteness theorem in the subject. This has profound theoretical
consequences. For instance, the Cassels-Tate pairing on LU is an alternating,
non-degenerate bilinear form. A direct consequence is that if the order of L is finite,
it must be a perfect square.” This provides a powerful internal consistency check for
computations related to the BSD conjecture. The numerical verifications of BSD for
higher-dimensional abelian varieties, for example, explicitly check whether the
analytically predicted order of LU is a rational square, a test that is only meaningful



because of the finiteness established by these methods.* For our example

37.a1, the LMFDB gives | LU |=1=12, in perfect agreement with this structural
constraint.”

Section 4: The p-adic World: Iwasawa Theory and the Main
Conjecture

The resolution of the BSD conjecture for curves of rank at most one was a watershed
moment. However, the methods of Gross-Zagier and Kolyvagin were fundamentally
limited to this case. To move forward, a deeper and more refined theory was needed.
This theory emerged from the p-adic realm, in the form of Iwasawa theory. By
studying arithmetic objects not just over Q, but over an infinite tower of number fields,
lwasawa theory reveals a hidden structure governed by a "Main Conjecture" that can
be seen as a vast p-adic generalization of the BSD conjecture.

4.1. Iwasawa Theory for Elliptic Curves

The central idea of lwasawa theory is to study the growth of arithmetic objects, such
as Selmer groups, in a tower of number fields. For an elliptic curve E/Q and a prime p,
the relevant tower is the cyclotomic Zp-extension of Q, denoted Q. This is the unique
Galois extension of Q whose Galois group N'=Gal(Q«/Q) is isomorphic to the additive
group of p-adic integers, Zp.

Instead of studying the Selmer group Selp«(E/Q), Iwasawa theory considers the
Selmer group over the entire tower, Selpeo(E/Q). This object is no longer just a finite
group; it is a module over the lwasawa algebra, A=Zp[[I'1]1zZp].*® The Iwasawa algebra
is a powerful algebraic object, a two-dimensional regular local ring. Modules over this
ring have a well-understood structure theory, analogous to the structure theory of
finitely generated modules over a principal ideal domain.

The Pontryagin dual of the Selmer group, X(E/Qe)=Homcont(Selpe(E/Q),Qp/Zp), is a
finitely generated, torsion A-module. According to the structure theory, any such
module has a characteristic ideal, generated by a power series charA(X(E/Qw)) EA.



This characteristic ideal is a purely algebraic object that encodes the precise growth
of the sizes of the Selmer groups Selpeo(E/Qn) as one moves up the tower of fields
QNC Qeo.

4.2. p-adic L-functions and the Main Conjecture

The analytic counterpart to the algebraic characteristic ideal is the p-adic L-function.
In the 1970s, Amice, Vélu, and Vishik showed how to construct a p-adic analytic
function, Lp(E,s), which can be viewed as an element of the Iwasawa algebra A. This
function is characterized by an interpolation property: its values at certain special
points correspond to the classical special values of the complex L-function L(E,¥,s)
twisted by Dirichlet characters y of p-power order.*® The p-adic L-function is the
analytic object that captures the p-adic behavior of the special values of the complex
L-function.

With these two objects defined—the algebraic characteristic ideal and the analytic p-adic
L-function—one can state the Iwasawa Main Conjecture for GL(2). It asserts a profound
equality of ideals within the Iwasawa algebra:

charA(X(E/Qw))=(Lp(E,s))

.48 This conjecture states that the algebraic object governing the growth of Selmer groups is
precisely the analytic object that interpolates special values of L-functions. It is a vast and
deep refinement of the BSD conjecture, connecting not just two numbers, but two entire
power series.

4.3. Kato's Euler System and the Proof of the Main Conjecture

The proof of the lwasawa Main Conjecture for GL(2) is one of the crowning
achievements of modern number theory, requiring the synthesis of two entirely
different and monumental research programs.

The first half of the proof, establishing the divisibility (Lp(E,s)) S charA(X(E/Q)), was
accomplished by Kazuya Kato. Kato constructed a new and highly sophisticated Euler
system for modular forms.>? Unlike Kolyvagin's system built from Heegner points,



Kato's system is constructed from

Beilinson elements in the algebraic K-theory group K2 of modular curves. The
construction and manipulation of these classes required the development of powerful
new tools in p-adic Hodge theory, including an explicit reciprocity law that relates the
Euler system classes to the p-adic L-function.®* Kato's Euler system is more general
than Kolyvagin's and, crucially, is not restricted to the rank one setting. Applying the
Euler system machinery to these classes, Kato was able to bound the Selmer group
from above, proving his divisibility, often referred to as the "easy" direction of the Main
Conjecture (despite its immense technical difficulty).*

The reverse divisibility, charA(X(E/Q)) S (Lp(E,s)), was proven by Christopher Skinner
and Eric Urban using completely different methods rooted in the theory of
automorphic forms.* Their approach involved studying congruences between
automorphic forms on the unitary group GU(2,2). By constructing an Eisenstein ideal
in the Hecke algebra for this group and relating it to Selmer groups, they were able to
bound the Selmer group from below, establishing the required divisibility under
certain technical hypotheses (including the irreducibility of the residual Galois
representation and a ramification condition at a prime dividing the conductor).*

Together, the works of Kato and Skinner-Urban provide a full proof of the Iwasawa
Main Conjecture for GL(2) for a large class of elliptic curves.*®

4.4. A "Master Conjecture" and the Synthesis of Modern Methods

The Iwasawa Main Conjecture can be viewed as a "master conjecture" from which the
BSD conjecture can be derived. While BSD relates two numbers, L(r)(E,1)/r! and the
algebraic invariants of the curve, the Main Conjecture relates two functions (power
series) in the Iwasawa algebra, Lp(E,s) and the characteristic power series of the
Selmer module. By evaluating these power series at specific characters of the Galois
group I, one can recover the classical BSD formula for curves of rank O and 1. This
demonstrates a powerful principle in modern number theory: to understand an
arithmetic phenomenon over a base field like Q, it is often advantageous to study it
over an infinite tower of fields like Qoo. The richer structure of the Galois group of the
tower often regularizes the arithmetic in a way that reveals deeper structural truths.
The relationship between L-values and arithmetic is not a one-off phenomenon at the



point s=1, but a continuous, p-adic property that holds throughout an entire family.

The proof of the Main Conjecture is also a testament to the state of the art in number
theory. It required the confluence of a vast array of modern techniques: the algebraic
geometry of modular curves, algebraic K-theory, the intricate machinery of p-adic
Hodge theory, the representation theory of p-adic groups, and the theory of
automorphic forms on higher-rank groups. The fact that two completely independent
and conceptually distinct approaches—Kato's geometric/cohomological construction
of an Euler system and Skinner-Urban's analytic/automorphic method of
congruences—were both required to prove the two separate divisibilities of the
conjecture highlights its extraordinary depth. This successful synthesis of different
mathematical worlds is a concrete and powerful validation of the philosophy of the
Langlands program, which conjectures that such deep equivalences should exist.

Section 5: The Statistical Theory: A Breakthrough for a "Typical"
Elliptic Curve

While the proof of the Iwasawa Main Conjecture provided a profound understanding
of the BSD conjecture for a large class of curves, it did not resolve the conjecture for
any specific curve of rank greater than one. In the 2010s, a revolutionary new
approach emerged, pioneered by Manjul Bhargava and his collaborators. This
approach shifted the focus from proving BSD for every individual curve to proving it
for a "positive proportion" or a "majority" of all curves. This statistical perspective has
led to some of the most dramatic progress on the conjecture to date.

5.1. Arithmetic Statistics and Ordering by Height

The field of arithmetic statistics aims to understand the distribution of arithmetic
objects, such as number fields, class groups, or elliptic curves. To ask meaningful
statistical questions about an infinite set like the set of all elliptic curves over Q, one
must first define a way to order them. The standard method is to order curves by the
height of their minimal Weierstrass coefficients. An elliptic curve E:y2=x3+Ax+B has
height H(E)=max(4|A3|,27B2).°" One can then study the properties of a "typical”



elliptic curve by analyzing the average behavior of invariants as the height tends to
infinity.

Based on extensive heuristics and numerical data, it is conjectured that when ordered
by height, 50% of elliptic curves have algebraic rank O, 50% have algebraic rank 1,
and a vanishing proportion (0%) have rank 2 or greater.* If this rank distribution
conjecture is true, it would imply that 100% of elliptic curves satisfy the weak BSD
conjecture.

5.2. The Bhargava-Shankar Method: Averaging Selmer Groups

Directly computing the rank for all curves up to a large height is computationally
infeasible. The groundbreaking work of Bhargava and Shankar was to bypass the
direct computation of the rank and instead compute the average size of the n-Selmer
groups, Seln(E/Q), over all elliptic curves ordered by height.®’

Their method involves a masterful application of the geometry of numbers. They
established a correspondence between elements of the n-Selmer group and integral
orbits of certain algebraic groups on high-dimensional vector spaces. By developing
techniques to count these integral orbits in fundamental domains, they were able to
compute the average size of the Selmer groups. Their key results include:

The average size of the 2-Selmer group is 3.**
The average size of the 3-Selmer group is 4.*
The average size of the 4-Selmer group is 7.%°
e The average size of the 5-Selmer group is 6.°

Since the rank of E(Q) is bounded by the rank of the n-Selmer group, these results
had immediate and profound consequences. For example, the fact that the average
size of the 2-Selmer group is 3 implies that the average rank of elliptic curves is
bounded above by 1.5.%° This provided the first-ever unconditional proof that the
average rank of elliptic curves is finite, a major milestone in the field.*®

5.3. The Role of the Parity Conjecture



A crucial ingredient in leveraging the Selmer group results to obtain information about the
rank itself is the Parity Conjecture. This conjecture, which is a direct consequence of the BSD
conjecture, states that the parity of the algebraic rank of an elliptic curve is determined by the
sign (or root number) w(E) in the functional equation of its L-function:

(-Trank(E(Q))=w(E)

.71 The root number

w(E) is a product of local root numbers and is, in principle, computable. The Parity
Conjecture is therefore a more accessible consequence of BSD. Significant progress
on this conjecture has been made by Tim and Vladimir Dokchitser, who have proven it
holds for elliptic curves over Q and in many other cases, often by relating the parity of
the rank to the parity of the dimension of the p-Selmer group.™

5.4. The Main Result of Bhargava, Skinner, and Zhang

The culmination of this line of research was a landmark 2014 paper by Manjul
Bhargava, Christopher Skinner, and Wei Zhang. They brilliantly synthesized the three
major threads of research discussed so far: the Bhargava-Shankar results on average
Selmer sizes, the Skinner-Urban proof of the Iwasawa Main Conjecture, and the
Dokchitsers' work on the Parity Conjecture.

Their strategy was to first identify families of elliptic curves for which the hypotheses
of the Skinner-Urban theorem hold. For curves within these families, the Iwasawa
Main Conjecture is true, which in turn implies that the BSD conjecture holds, provided
the analytic rank is at most one.®® They then used the powerful counting methods of
Bhargava and Shankar to prove that these "good" families of curves have a positive
density among all elliptic curves when ordered by height. By carefully combining
results for different primes

p (especially p=3 and p=5) and analyzing the distribution of root numbers, they were
able to prove their main theorem:

Theorem (Bhargava-Skinner-Zhang): A positive proportion (in fact, greater than
66%) of elliptic curves over Q, when ordered by height, satisfy the Birch and
Swinnerton-Dyer conjecture and have a finite Tate-Shafarevich group.®’

This result also established for the first time that a positive proportion of all elliptic



curves have proven algebraic and analytic rank zero (at least 16.5%) and a positive
proportion have proven algebraic and analytic rank one (at least 20.68%).°’

5.5. A New Synthesis and a Philosophical Shift

The work of Bhargava, Skinner, and Zhang represents a powerful new synthesis in
number theory. It demonstrates how the deep, structural results of Iwasawa theory,
which apply to specific (if large) classes of curves, can be used as essential input for
the machinery of arithmetic statistics to yield sweeping conclusions about "most"
curves. The proof is a beautiful interplay between the algebraic and the analytic, the
individual and the statistical. The Skinner-Urban theorem provides the necessary
BSD-type results for certain well-behaved families, and the Bhargava-Shankar
methods provide the crucial density estimates to show that these families are not
arithmetically rare.

This breakthrough also marks a significant philosophical shift in the field. While the
ultimate goal remains a proof of the BSD conjecture for every elliptic curve, the
statistical results demonstrate that the conjecture is "generically true." We now know
with certainty that the BSD conjecture is the norm, not the exception. This provides
enormous theoretical and psychological validation for the conjecture and reframes
the outstanding problem. The question is no longer "Is the BSD conjecture true?" but
has become "What are the special arithmetic properties of the (at most) 34% of
curves for which we cannot yet prove it?". This also clarifies the important distinction
between proving that "100% of curves satisfy BSD" and proving that "all curves
satisfy BSD." The former is a statistical statement that allows for a set of exceptions of
measure zero, while the latter is a stronger, purely algebraic statement that allows for
no exceptions whatsoever.” The work of Bhargava, Skinner, and Zhang brings us
tantalizingly close to the first statement, while the second remains a distant, albeit
central, goal.

Section 6: Frontiers: Higher Rank and Future Directions

The progress on the Birch and Swinnerton-Dyer conjecture for elliptic curves of



analytic rank at most one, and for a majority of all curves, has been nothing short of
spectacular. However, the case of curves with rank two or greater remains a
formidable fortress. The methods that were so successful in the rank one case break
down completely, and the path forward requires the development of new ideas and
deeper generalizations. This final section surveys the challenges of the higher rank
case and explores the current frontiers of research, from the construction of
high-rank curves to the search for new Euler systems and the discovery of
unexpected patterns through computational exploration.

6.1. The Challenge of Higher Rank

The fundamental barrier to progress on higher rank elliptic curves is the failure of the
Heegner point construction. As explained in Section 2, the Gross-Zagier formula
relates the height of a Heegner point to the first derivative of an L-function. For an
elliptic curve E/Q with analytic rank ran>2, the L-function L(E,s) has a zero of order at
least two at s=1. For any choice of imaginary quadratic field K satisfying the Heegner
hypothesis, the twisted L-function L(ED,s) will also have a zero at s=1. Consequently,
the derivative of the combined L-function L(E/K,s) at s=1is zero. The Gross-Zagier
formula then implies that the corresponding Heegner point has height zero, meaning
it is a torsion point and provides no information about the rank of the curve.*

This is not merely a technical issue; it is a fundamental obstruction. At present, there
is no known general, theoretical method for constructing points of infinite order on an
elliptic curve of rank two or greater, nor is there a method for proving that two such
constructed points are linearly independent over Z.” The elliptic curve

389.a1, the curve of smallest conductor with rank 2, and 5077.a1, a rank 3 curve, serve
as stark reminders of this challenge.”? While we can find their generators using
computational search methods, we lack a theoretical construction analogous to
Heegner points that would produce them from first principles. This is the central open
problem in the field.

6.2. Constructing High-Rank Curves



Despite the theoretical difficulties, there has been significant progress in the explicit
construction of elliptic curves with high rank. For many years, it was not known if there
were infinitely many elliptic curves of any fixed rank r>2. This was recently settled for
rank 2 by David Zywina.

Theorem (Zywina): There are infinitely many elliptic curves E/Q, up to isomorphism,
for which the Mordell-Weil group E(Q) has rank exactly 2.°

Zywina's proof involves constructing an explicit one-parameter family of elliptic curves
over Q(T) that has rank 2. He then uses a deep result from additive combinatorics, the
polynomial Szemerédi theorem of Tao and Ziegler, to show that there are infinitely
many rational specializations t€Q for which the resulting elliptic curve over Q has
rank exactly 2, proven via a direct 2-descent computation.®

The question of whether the rank of elliptic curves over Q is bounded or unbounded
remains a major open problem. For decades, the record for the highest-known rank
stood at 28, a curve found by Noam Elkies. Very recently, in late 2024, Elkies and Zev
Klagsbrun announced the discovery of a curve with rank at least 29, breaking the
long-standing record and breathing new life into the debate.” These constructions,
while not providing a general theory, serve as crucial test cases and demonstrate the
extreme arithmetic complexity that elliptic curves can exhibit.

6.3. Generalized Heegner Cycles and New Euler Systems

The most ambitious and theoretically deep research program aimed at tackling the
higher rank case involves generalizing the Heegner point construction. The hope is to
find analogous "special cycles" on more complicated algebraic varieties that could
play the role of Heegner points for higher derivatives of L-functions. This has led to
the study of generalized Heegner cycles on varieties fibered over modular curves,
such as Kuga-Sato varieties or products of an elliptic curve with a CM elliptic curve.®®

These generalized Heegner cycles are algebraic cycles supported on fibers above CM
points, defined over abelian extensions of imaginary quadratic fields. The central
conjecture is that the heights of these cycles (or more generally, their images under a
p-adic Abel-Jacobi map) should be related to the values of higher derivatives of
Rankin L-series. For example, the height of a generalized Heegner cycle on a variety
Xr might be related to the central value of the (r+1)-th derivative of a Rankin



L-function. If such a formula could be established, it might provide a way to construct
a non-trivial Euler system for an elliptic curve of rank r+1. This research program,
pursued by Darmon, Rotger, and others, is at the absolute frontier of the field,
requiring a deep synthesis of the theory of automorphic forms, p-adic Hodge theory,
and the arithmetic of algebraic cycles.”

6.4. The Role of Computation and New Phenomena

As theoretical progress on higher rank curves faces formidable obstacles,
computational work continues to push the boundaries of our knowledge. The
numerical verification of the strong BSD conjecture is being extended to abelian
varieties of higher dimension, such as the Jacobians of genus 2 curves. The work of
van Bommel, Stoll, Keller, and others has provided exact verification of the strong BSD
conjecture for hundreds of abelian surfaces, including cases where the
Shafarevich-Tate group is non-trivial."® These computations provide crucial test cases
for the general theory and refine the algorithms needed to compute the various terms
in the BSD formula.

In a surprising recent development, the application of machine learning techniques to
the vast dataset of elliptic curves in the LMFDB has revealed a completely new
phenomenon. In 2022, He, Lee, Oliver, and Pozdnyakov discovered unexpected
statistical patterns in the sequences of ap coefficients, which they dubbed
"murmurations”.” They found that when averaging the

ap values over large families of curves, the resulting plots form distinct, oscillating
waves that cleanly separate curves of rank O from curves of rank 1. This discovery,
which was made possible by modern data science techniques, suggests that there are
deep, underlying structural regularities in the arithmetic of elliptic curves that are not
yet understood theoretically. Recent work has begun to provide theoretical
explanations for these murmurations, connecting them to the properties of Hecke
operators and root numbers, but the full picture is still emerging.®” This points to a new
era of computer-assisted discovery in number theory, where data-driven approaches
may uncover patterns that guide future theoretical development.

6.5. Concluding Remarks



The landscape of research on elliptic curves is currently characterized by a
fascinating bifurcation. On one hand, the statistical approach pioneered by Bhargava
and his collaborators has achieved stunning success, proving that the BSD conjecture
holds for a majority of elliptic curves without needing to resolve the conjecture for any
single curve of rank greater than one. This approach leverages the power of averages
and density theorems to make broad, sweeping statements. On the other hand, the
structural approach, which seeks to understand the mechanics of individual curves,
has been forced into ever deeper and more abstract territory to confront the
challenge of higher rank. The study of generalized Heegner cycles, p-adic Rankin
L-series, and new Euler systems represents a formidable but potentially revolutionary
path toward a general proof of the BSD conjecture.

The future of the field likely lies in the eventual synthesis of these two approaches.
Perhaps the statistical patterns of the murmurations will provide the necessary clues
to construct the correct generalized cycles for higher rank curves. Conversely, a
deeper understanding of the geometry of these generalized cycles might provide a
theoretical explanation for the observed statistical biases. The journey to understand
the arithmetic of elliptic curves, which began with simple questions about integer
solutions to cubic equations, has led to the development of some of the most
profound and powerful tools in modern mathematics. It has required a synthesis of
complex analysis, abstract algebra, algebraic geometry, representation theory, and,
increasingly, large-scale computation and data science. The Birch and
Swinnerton-Dyer conjecture, elegant and simple in its statement, remains a central
organizing principle in this grand endeavor, and its pursuit continues to generate
some of the deepest and most beautiful mathematics of our time.
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